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Abstract
On RY equipped with a normalized root system R, a multiplicity function k() > 0, and
the associated measure

dwx) =[] Itx, 0)[*@ dx,

aeR

let i, (x, y) denote the heat kernel of the semigroup generated by the Dunkl Laplace operator
Ag.Letd(x,y) = mingeg ||x— g(y)|l, where G is the reflection group associated with R. We
derive the following upper and lower bounds for £, (x, y): forall¢; > 1/4and0 < ¢, < 1/4
there are constants C;, C,, > 0 such that

dxy)? d(x

v2
Crw(Bx, V) e A, . 1) < hi(x.y) < Caw(B(x, V1)l Ak, v, 1),

where A(X,y, t) can be expressed by means of some rational functions of ||x — g(y)||/+~/7.
An exact formula for A(x,y, ) is provided.

Mathematics Subject Classification 44A20 - 35K08 - 33C52 - 43A32 - 39A70

1 Introduction and statement of the results

On the Euclidean space R" equipped with a normalized root system R and a multiplicity
function k() > 0, let A denote the Dunkl Laplace operator (see Sect. 2). Let dw(x) =
w(Xx) dx be the associated measure, where
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w) =[] 1x ) = [T Itx, @)@, (1.1)

oaER aE€Ry

where R is a fixed positive subsystem of R. It is well-known that A; generates a semigroup
{e! Dk }i>0 of linear operators on L?(dw) which has the form

e f(x) = /R @) dwy),

where 0 < h;(x,y) is a smooth function called the Dunkl heat kernel.

The main goal of this paper is to prove upper and lower bounds for %, (X, y). In order to
state the result we need to introduce some notation.

Fora € R, let

(x, &)

1.2
a2 (12

ou(X) =x—2

stand for the reflection with respect to the subspace perpendicular to «. Let G denote the
Coxeter (reflection) group generated by the reflections oy, @ € R4. We define the distance
of the orbit of x to the orbit of y by

d(x,y) =min{|lx — g(y)|| : g € G}.
Obviously,
d(x,y) =d(x,g(y)) forallx,y e RY and g € G.

It is well known that d(x,y) = ||x — g(y)|| if and only if x and g(y) belong to the same
(closed) Weyl chamber (see [6, Chapter VII, proof of Theorem 2.12]). Let

Bx,r)={x eRY : |Ix —=x/|| <r}

stand for the (closed) Euclidean ball centered at x and radius ». We denote by w(B (X, r)) the
dw-volume of the ball B(x, r).

For a finite sequence & = (@1, a2, . .., &) of elements of Ry, X,y € RN and ¢t > 0, let
L) :=m (1.3)
be the length of «,
Oq := Oy, ©0q,,_; ©...00q, (1.4)
and
Pa(X,y, 1)

(. Ix=vl ‘2< ||x—oa,<y)||>‘2< ||x—o~a2ooal<y>||)‘2. .
._<1+ 7 ) 1+ 7 1+ 7 (1)

( X — O, o...ooal(y>||>‘2
1+ .
NG

Forx,y € RV, let n(x, y) =0ifd(x,y) = ||x — y|| and

n(x,y) =min{m € Z : d(X,y) = ||[X — 0g,, 0...0 0, 004, (Y)|l, o € Ry} (1.6)

otherwise. In other words, n (X, y) is the smallest number of reflections o, which are needed
to move y to a (closed) Weyl chamber which contains x (see Sect. 2.3). We also allow « to
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be the empty sequence, denoted by & = @. Then for « = ¥, we set: o, = I (the identity
operator), £(a) = 0, and pg (X, y,?) = 1 forallx,y € R¥ and 7 > 0.

We say that a finite sequence & = («1, a2, . . ., &) of positive roots is admissible for the
pair (x,y) € RN x RY if n(x, 04 (y)) = 0. In other words, the composition

Oq = Og,, ©0q,_; O...00q,

of the reflections o; maps y to a Weyl chamber containing also x.
The set of the all admissible sequences a for the pair (x, y) will be denoted by A(X, y).
Note that if n(x,y) =0, then « = J € A(X,y).
Let us define
AX,y. 1) = > Pa (X, . 1). (1.7)

acA(x,y), £(0)<2|G]|
Note that for any ¢ > 1 and for all x, y € RY and r > 0 we have
c2OIA, y, ct) < A(X, Y, 1) < A(X, Y, ct). (1.8)

We are now in a position to state our main result about upper and lower bounds for the
Dunkl heat kernel which are given by means of w-volumes of Euclidean balls, the function
A(X,y,1),and d(x,y). Recall that k(@) > 0 in the whole paper.

Theorem 1.1 Assume that 0 < ¢, < 1/4 and ¢; > 1/4. Then there are constants Cy,, C; > 0
such that for all X,y € RN and t > 0 we have

dxy)?

Crw(B(x, V1) 'e™ T A, y, 1) < hi(X,y), (1.9)

d(x.

v2
hi(x.y) < Caw(B(x, /1)~ le o Ax.y. ). (1.10)

Let us remark that this way of expressing estimates of the heat kernel is convenient
in handling real harmonic analysis problems, because it allows us to apply methods from
analysis on spaces of homogeneous type in the sense of Coifman and Weiss.

The proof of the theorem is based on an iteration procedure. In order to illustrate the
method we start by proving upper and lower bounds for /; (X, y) in the case where the root
system is associated with symmetries of a regular m-sided polygon in R?, e.g. when G is
the dihedral group. In this case the formulation of the estimates and they proofs are much
simpler.

Theorem 1.2 Assume that G is the group of symmetries of a regular m-sided polygon in R?
centered at the origin and let R be the associated root system. Fix a positive subsystem R
of R and set

1 ifn(x,y) =0,
Ix—yl'\ 2 .
Ap(x,y, 1) = <1+ 7t ) ifnx,y) =1,
) 0
Ix—yl Ix—0a - _
(14 B2) 5, (1 D=2 0) T ey =2,

Let 0 < ¢, < 1/4 and ¢; > 1/4. There are constants C,, C; > 0 such that for all
X,y e RN andt > 0 we have

d(x,

x.y)?
T Ap(X,y, 1) < hi(X,y), (.11

Crw(B(x, V1) te™@
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X,

dexy)?
hi(x,y) < Caw(B(x, V1) e T Ap(x, y, ). (1.12)
Theorems 1.1 and 1.2 can be consider as improvements of the following estimates
Clw(Bx, V) le IV <y (xy) < Cw(B(x, i) e W (113)

obtained in [2, Theorems 3.1 and 4.4] (see Sect. 3 for more details).
A natural problem one can post is to define a positive function H (X, y, t) by means of
volumes of balls, reflections, and distances, such that C~1 < h,(x, Y/ H(X,y, t)<C.

2 Preliminaries and notation

2.1 Basic definitions of Dunkl theory

In this section we present basic facts concerning the theory of the Dunkl operators. For more
details we refer the reader to 3, 8, 10, 11].

We consider the Euclidean space RY with the scalar product (x, y) = Z;V:l X;jyj, where
X = (x1,...,xn),y = (¥1, ..., yn), and the norm |12 = (x, x).

A normalized root system in RV is a finite set R € RY \ {0} such that R N R = {#a},
04(R) = R, and ||a|| = +/2 for all @ € R, where o, is defined by (1.2). Each root system
can be written as a disjoint union R = Ry U —R,, where R, —R, are separated by a
hyperplane through the origin. Such a set R is called a positive subsystem. Its choice is not
unique. In this paper, we will work with a fixed positive subsystem R .

The finite group G generated by the reflections o,, @ € R is called the Coxeter group
(reflection group) of the root system. Clearly, |G| > |R|.

A multiplicity function is a G-invariant function k : R — C which will be fixed and > 0
throughout this paper.

LetN=N + ZaeR+ 2k (o). Then,

w(B(tx, tr)) = tNw(B(x,r)) forallx e R, t,7 > 0,

where w is the associated measure defined in (1.1). Observe that there is a constant C > 0
such that for all x € RN and r > 0 we have

ClwBx ) <N [T dx ) +n*® < CwBx,r), @.1)
aceRy
so dw(x) is doubling, that is, there is a constant C > 0 such that
w(B(x,2r)) < Cw(B(x,r)) forallx e RV, r > 0. (2.2)

For & € RV, the Dunkl operators T are the following k-deformations of the directional
derivatives d¢ by difference operators:

f&) = floax)

o, x)

Tef(X) =0 f(X) + > k(@) &)

aE€Ry

The Dunkl operators T, which were introduced in [3], commute and are skew-symmetric
with respect to the G-invariant measure dw.
Letus denote T; = T, i where {e;}|<j<n is a canonical orthonormal basis of RN,
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For fixed y € RY the Dunkl kernel E(x,y) is a unique analytic solution to the system

Tef =&y f fO) =1

The function E(x,y), which generalizes the exponential function ¢®™¥), has a unique
extension to a holomorphic function on CN x CN. Moreover, E(z, w) = E(w, z) for all
z,we CN,

2.2 Dunkl Laplacian and Dunkl heat semigroup

The Dunkl Laplacian associated with R and k is the differential-difference operator Ay =
Zj-vzl sz, which acts on C2(R™)-functions by

A f ) = Aeer f () + Y 2k(@)80 f (%),

aeRy

o f(X) llal® f(X) — f(ou(x))
(a0, X) 2 (a, x)2 '

O f(X) =

The operator Ay is essentially self-adjoint on L?(dw) (see for instance [1, Theorem 3.1])
and generates a semigroup H, of linear self-adjoint contractions on L?(dw). The semigroup
has the form

Hf ) = fR Y @) dw ),
where the heat kernel

h(x.y) = ¢ 2)"N2E (\/% %) o~ (IxIZ+ly1%)/(40) 2.3)

is a C°°-function of all the variables x, y € R¥, ¢t > 0, and satisfies
0 < hi(x,y) = he(y, x).

Here and subsequently,
cr = / e IXI7/2 dw(x).
RN
The following specific formula for the Dunkl heat kernel was obtained by Rosler [9]:

hi(x,y) = ¢ 27NN /RN exp(—A(X, y, n)?/4t) dux(n) forallx,y e RVt > 0.

2.4)
Here

A Yo = IXP 4+ I¥IP =20 = JIXI2 = 2+ ly =0l @5

and x is a probability measure, which is supported in the convex hull conv O(x) of the orbit
Ox) ={gx): g€ G}
One can easily check that

d(x,y) < A(x,y,n) forall n € convO(x). (2.6)
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2.3 Weyl chambers and their properties

The closures of connected components of
(xeRY : (x,a) #0foralla € Ry}

are called (closed) Weyl chambers. Below we present some properties of the reflections and
the Weyl chambers, which will be used in next sections.

Lemma2.1 Fixx,y € RN and g € G. Then d(x,y) = ||x — g(y)|| if and only if g(y) and x
belong to the same Weyl chamber.

Proof See [6, Chapter VII, proof of Theorem 2.12]. O
Lemma2.2 Lerx,y € RN and assume that n(x,y) > 1. Then there is « € R, such that
Ix =yl > [Ix — oa(Y)I. 27

Proof 1If for a fixed @ € Ry, [|Xx — y|| < |[x — 04 (¥)]l, then x and y are situated in the same
half space with the boundary a [6, Chapter VII, proof of Theorem 2.12]. Now, suppose
towards a contradiction that ||x —y|| < ||Xx — 04 (y)| for all« € R,. Then x and y belong to
the same Weyl chamber, hence n(x, y) = 0. This contradicts our assumption. O

Corollary 2.3 For any X,y € RN such that n(x,y) > O there are: 1 < m < |G| and
o = (a1, a2, ...,oy,) such that

IXx=yll > [Xx—0q; (Wl > [IX—0u, 000, (VI > -+ > |X—0g,004,_,0...000, ()= d(X,y)
2.8)

and
n(x, oq(y)) = 0. (2.9)

3 Auxiliary estimates for the heat kernel

In the present section we establish auxiliary estimates for the heat kernel which will be used
for proving Theorems 1.1 and 1.2. Our starting point is the following proposition which is
an improvement of the estimates (1.13).

Proposition 3.1 For any constants ¢ > 1/4 and 0 < ¢, < 1/4 there are positive constants
Cy, Cy, such that for all X,y € RN and t > 0 we have

Cow(Bx, /i)~ eI/ <y, y) = Cuw(Bx, V)Tl IOV 3.

Proof To obtain the upper bound with any constant 0 < ¢, < 1/4 arbitrarily close to 1/4,
we apply (2.4) together with (2.6) and get

I (1 —42)Ax,y, n)? -
mixy) < 6! oo [ exp (S )exp (= Gdx, )2 /1) dpxn)
= (1= 42) ™ 2hy -4z, (X, y) exp ( — Cud(x,y)* /1)
< CowBx. V1) exp (= Eud(x,y)* /1),

where in the last inequality we have used the second inequality in (1.13) and the doubling
property (2.2).
The lower bound in (3.1) with any constant ¢; > 1/4 is Corollary 2.3 of Jiu and Li [7]. O
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We now turn to deriving estimates for the heat kernel which will be used for an iteration
procedure.

Proposition 3.2 Let ¢y, ¢, be the constants from Proposition 3.1 and let ¢| < ¢,. There is
C1 > 1 such that for all x,y € RN and t > 0 we have

~ (x—y|? _ -2
cr l(wuse(x, Vil T (” ”Xﬁy”> > hulx, oa<y>>> < hi(x.y),

a€ER

(3.2)

x—yl|2 — -2
hi(x.y) < Cy (w(s(x, JiyTlema B (1 + ”Xﬁy“> > hr(x,aa@)))' (3.3)

aERy

Proof The following formula was proved in [4, formula (3.5)]: for all x, y € RN and ¢ > 0,
we have

ok Clx—yl? N 1
hy(X,Y) = ———hi (X, Y) = —h(X,Y) — = > k(@h(x,00(y).  (34)
(21) 2t t ey
On the other hand, by (2.4),
N Ax,y, n)?
hi(x,y) = —~1" " (x, y) +ck_l2_N/2t—1t—N/2/ ARY T —ay /4t g o)
2 RN 4t
=L@, x,y)+ L(,xYy).
(3.5)
Combining (3.4) with (3.5) we get
(2N oy I —yllz)h B
—2N+ T i y) = 4h X Y) H4 Y KOl 0y). (3.6)
aceRy

Note that I5(¢, X, y)>0, and, thanks to our assumption on k(&) > 0, we have N > N. So,
by (3.6),

—y||2\ -1
msy = 40N 2N+ 07 (14 B2 S . @)

aERy

Now, taking the arithmetic mean of the lower bound in (3.1) with (3.7) we obtain (3.2),
since there is a constant C > 0 such that for all x,y € RN and r > 0 we have

—1 _ —1
oo (1 IXEYIENT IRy Xl
t - NG - t '

In order to prove (3.3), set ¢ = (¢, — ¢1)/(2¢,). Clearly, by the assumption ¢; < ¢,,, we

have 0 < ¢ < % To obtain (3.3), we split the integral for 71 (¢, X, y) as follows:

tht,x,y) = ck_12_N/2t_N/2f e
Ay, =(1—e)|x—yl?

n ck—lz—N/Zt—N/2/ (3.8)
Ax,y,m?>(1—&)|x—y|?

=:1th1(t,x,y) +th(t X,Yy).
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Clearly,
_vl2
thi(t.x,y) < ¢ 27N —s)t*N/Z/ I = ¥ oy gy )
RN 4t
_ lIx —ylII>
=(1- S)Thz(X, Y), 3.9)

where for the equality we have applied (2.4). In order to estimate /7 > (¢, X, y), note that there
are C, Cf, C/ > 0 such that

tha(t,x,y) < Cgt*Nﬂ/ o~ (1200 Ay, /(41 (1-8) ,—e Ax.y. 1)/ (81 (1—¢)) diix(n)
Ay 2> (1-8)|x—y|?
< Csef(l725)\|x7y||2/4tt7N/2/ efsA(x,y,n)z/(St(lfs)) dux(m)
]RN
= CLem =2ty e (x,y) < CLw(B(x, V1)) e (1720IxyI/4r
(3.10)

In the last inequality we have used Proposition 3.1. Combining (3.6), (3.9), and (3.10) we
obtain

Ix — yII>
—F &y

IN — N 4 X ylI?

F4C!w(B(x, /1) e Im2IyIP/4r (311
+4 ) k(@)h(x, 0u(y)),

aceRy
which finally leads to (3.3), because, by our assumption, N > N. |
Observe that our basic upper and lower bounds [see (3.2) and (3.3)] are of the same type

and they differ by the constants in the exponent of the first component.
From now on the constants Cy, ¢; from Proposition 3.2 are fixed.

Remark 3.3 The estimate (3.3) together with (1.13) imply the known bounds

hi(x,y) = CoBx Vi~ (1+ ”XJ_;y”)_ze_“d("’”z/ ’ (3.12)

see [4, Theorem 3.1]. An alternative proof of (3.12) which uses a Poincaré inequality was
announced by W. Hebisch.

4 The case of the dihedral group: proof of Theorem 1.2

Let D,, be a regular m-polygon in R?, m > 3, such that the related root system R consists
of 2m vectors

og:ﬁ(sin(ﬂ),cos(ﬂ)), je{o,1,...,2m— 1},
m m

and the reflection group G acts either by the symmetries oy, or by the rotations oy; o 0g;,
0 <i,j <2m — 1. Consequently, MaXy yepr? n(x,y) = 2.

Proof of Theorem 1.2 Fix 0 < ¢, < c1, where ¢ is a constant from Proposition 3.2. Let us
consider three cases depending on the value of n(x, y).
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Case n(x, y) = 0. By the definition of n(x, y) [see (1.6)], in this case ||x —y|| = d(Xx,y).
Hence Proposition 3.1 reads

Cow(B(x, V1) e OV < pxy) < Cuw(B(x, V) e IV (4)
which are the desired estimates, since Ap(X,y, t) = 1 in this case.

Case n(x,y) = 1. Then, by the definition of n(x, y) [see (1.6)], there is ap € R4 such
that n(X, 0, (y)) = 0, thatis, ||x — 04, (y) || = d(x,y). Using (3.2), we get

o =2
hx,y) > C7! (1+”X y”) S (X, 0u(y)

VG’ aER,
L Ix -yl 4.2)
>Cp 1+ 7 hi (X, 0 (¥))
-2
> C;lagw(B(X, ﬁ))—le—czd(x,wz/z <1 + ”X\/;y”> i

where in the last inequality we have used (4.1).
In order to prove the upper bound, we use (3.3), Proposition 3.1 together with the inequality
d(x,y) < ||x — y|| and obtain

he(x,y) < Cow(B(x, «/E))“e‘%d“‘»”z/’(l + ”"7\;;”)_2. (43)

Case of n(x,y) = 2. In the proof of the upper and lower bounds we use the fact that, in
this case, n(x, o4 (y)) = 1 foralla € R,.
We start by proving the lower bound. Using (3.2) we have

hi(x,y) = CT! <1 + ”"_y”>_2 S hi(x,0 ¥
VG’ aERy

. L s day? Ix —ylI\ > Ix — o () 2
> C;2Cow(B(x, V1) le @ <1+ 7 ) Z(HT) ,

aERy
4.4
where in the last inequality we have used (4.2), since n(x, 04(y)) = 1 foralla € R,.
In order to obtain the upper bound, we apply (3.3) and then (4.3), and get

-2
hxy) = O | wB Vi ea 2 4 (1 B y||> Y hulx 0a(¥))
VG’ aeR4

Ix—yl?
t

< Clw(B(x, Vi) e "7

1 —erd(y) Ix —yl\ 2 Ix — oa
+ C1Cuw(B(x, V1)) lec1d®n/t <1+7) Z (HT) .

aeRy
4.5)
Let now ag € Ry be such that [|X — og, ()| = mingeg, [[Xx — 0¢(y)|l. Then

dx,y) =[x —ouy (VI =[x =yl
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(see Lemma 2.2). Thus, from (4.5) we conclude that

, 1 —eudieg)e Ix — yli )2 ( X — 0wy (Y )2
hi(x,y) <Clw(B(x, V1) 'e (1 T 1+ — (4,6)

which implies the desired estimate (1.12).
O

5 Proof of Theorem 1.1
5.1 Proof of the lower bound (1.9)

The proposition below combined with Corollary 2.3 imply (1.9).

Proposition 5.1 Assume that 6@, ¢y are the constants from Proposition 3.1 and Cy is the
constant from Proposition 3.2. For all X,y € RNt >0, andea € A(x,y) we have

£(a)

he(x,y) > C; 7 pa(X, Y, )hi (X, 0a(y))

e - diy? (5.1)

> C " CowBx, VD) e T palx, y, 1)
Proof The proof is by induction with respect to m = £(a). For m = 0 and m = 1 the claim
is a consequence of Proposition 3.1 and (3.2) [see also (4.2)]. Assume that (5.1) holds for all
x1,y1 € RV, 11 > 0,and & € A(x, y;) such that £(&) = m. Leta = (1, @2, ..., 0pt1) €
A(x, y) be such that £(¢) = m + 1. By (3.2) we have

Ix —yll
NG
Note thate € A(x, y) implies that the sequence & = (a2, . . ., @p+1) belongs to A(X, oo, (¥))
and, obviously, £(&) = m. Therefore, the claim is a consequence of the induction hypoth-
esis applied to X, oy, (y), and @, and the fact that, by the definition of py(X,Yy, ) and

P& (X, 0, (y), 1) (see (1.5)), we have

-2
he(x,y) > Cfl <1 + > hy (X, 0w, (¥))-

Ix -yl

Vi

-2
pd(X7 Y7 t) = <1+ ) p&(xvoal(y)vt) [m}

5.2 Proof of the upper bound (1.10)

Let us begin with a corollary which follows by Proposition 5.1.

Corollary 5.2 Assume that ¢; is the constant from Proposition 3.1. Then there is a constant
C> > 0 such that for all X,y € RN and t > 0 we have

~ dxy)? _ —2|G|
C5  w(B(x, Vi) le o (1 " ”Xﬁy”> < hy(x, ). (5.2)
Proof If n(x,y) = 0, then (5.2) holds by Proposition 3.1, because d(x,y) = ||x — y| in this
case. For fixed x,y € RY such that n(x, y) > Lletae = (1,2, ...,0,), m < |G|, be as

in Corollary 2.3. Then, thanks to (2.8), we have

lIx — y||)‘2G'
7 ,

Pa(X,y, 1) > (1 +
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so the claim follows by Proposition 5.1. O
From now on the constant C, from Corollary 5.2 is fixed.

Proposition 5.3 Let C1> 1 and 0 < ¢; < ¢, be the constants from Proposition 3.2. There is
a constant c; > 4C1|G| such that for all x,y € RN and t > 0 satisfying

Ix =yl > c2d(x, y) and ||x —yll > cav/t (5.3)
we have 5
Ix —yll\ "~
hi(x,y) <2C1 1+ > hi(x, 0a(y)). (54)
\/; aERy

Remark 5.4 The condition“c, > 4C1|G|”occurs in the formulation of the proposition for
some technical reasons and it will be used later on in the proof of (1.10).

Proof Thanks to (3.3) and the fact that 0 < h,(X,y) < oo it is enough to show that

w(Bx, Vi) le B < %hxx, y). (5.5)
1

To this end, by Corollary 5.2, we get

~ d(x,y) _ —2|G|
hi(x.y) = C5lw(B(x, Vi) le 0 (1 n ||Xﬁy||) |

so (5.5) is a consequence of the fact that taking ¢ > 0 large enough in (5.3), we have

—2|G| 2 2
_ X — _~ dXx.y) oy Ix=yll
C2 1 <1 + ” Y||> e Ccp i Z 2C1€ Cl 7 .

NG

From now on the constant ¢, from Proposition 5.3 is fixed.

Proposition 5.5 Assume that ¢, is the constant from Proposition 3.1 and c; is the same as in
Proposition 5.3. Let 0 <c3 < Cy. Then there is a constant C3 > 0 such that for all X,y € RN
and t > 0 such that

Ix —yll < cav/tor |x =yl < c2d(x,y)
there is ¢ € A(X,y), £(a) < |G|, such that
d(x,y

hi(x,y) < Cu(Bx /D) e py(x, v, 1), (5.6)

Proof If n(x,y) = 0, then one can take « = ¢ and the claim is a consequence of Proposi-
tion 3.1. Assume that n(x,y) > 0. For fixed x, y, let « = (x1, a2, ..., o), m < |G|, be as
in Corollary 2.3. If ||x — y|| < c2+/%, then the claim is satisfied by Proposition 3.1 and (2.8),
and we may take even c¢3 = ¢, in the inequality (5.6). If ||x — y|| < c2d(x,y), then by
Proposition 3.1 we get

dx.y)?

= C,w(B(X, VD) le™ T e~

i(x,y)? i(x,y)?
t(xry) _03)t(x’y> .

hi(x,y) < Cow(B(x, V1) e

Moreover, the assumption ||x — y|| < c2d(x,y) implies

2
~ X—
d(x,y)2 —(cu—c3) Ix=yI=
—_— Czl
t <e 2

= )

e_(a(_c3)
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so the claim follows by the fact that there is C > 0 such that

2
~ x—
—(@—c3) Il 2yH

e c5t < C (] + ”X _Y||

Vi

where the second inequality is a consequence of (2.8). O

—-2|G|
) < Cpg(X,y,1),

From now on the constants C3, ¢3 from Proposition 5.5 are fixed.

Proofof (1.10) Let ¢, be the constant from Proposition 5.3. Fix x,y € RN and ¢ > 0 and
consider

Go :={g € G : the assumption ( 5.3 ) is not satisfied for x, g(y), ¢}.

Note that Gy # @, because thereis go € G suchthat || x—go(y)|| = d(x,y) = d(x, go(y)),
so the assumption (5.3) is not satisfied for x, go(y), . We will prove (1.10) for i, (x, g(y))
for all g € G. Note that, by the definition of Gy, if g € G, then by Proposition 5.5 we have

e daxy)?
hi (%, g(¥)) < C3w(B(x, V1) le=e3™ Z Pa(X, g(¥), 1). (5.7
e A(x,g(y)) : £(@)=|G]
If G = Gy, the proof is complete. Assume that Go # G.Consider all the values i, (x, g(y))

for all g ¢ Go and list them in a decreasing sequence, that is, G \ Go = {g1, g2, ..., &m}
and

hi(x, g1(y)) = h(X, g2(y)) = -+ = ht(X, gm(¥)). (5.8)

For 1 < j < m let us denote
Gj:= G()U{gl,...,gj}. 5.9

We will prove by induction on j that for all 1 < j < m we have

2
he(x, 8;(¥) < C3Q2CHIG) w(B(x, VD)~ e 7 > pa (X, g;(¥), 1),
acA(x.g; () : L@)<|G|+j
(5.10)
where C3, c3 are the constants from Proposition 5.5 and Cj is the constant from Proposition
3.2. We have already remarked that (5.10) is satisfied for g € Go with j = 0, [see (5.7)].
Fix 0 < j < m — 1 and suppose that the estimate (5.10) holds for all g € G ;. We will
prove (5.10) for g; 1. Since gj+1 ¢ Go,

X — gj+1M > c2d(x, gj41(¥) and [x — gjr1(WI > cav/t (5.11)
[cf. (5.3)]. Hence, by Proposition 5.3, we get

Ix— g~
hi(x, gj41(¥)) < 2C (1 + ) Y hxowogia(). (512
Jt
aeRy
Further, from (5.11) and the fact that ¢, > 4C1|G|, we conclude that
-2
2, (1 Ll g,+1(y>||> ) L 513
NG 8C1|G] 2|G|
Let g € R4 be such that
hi(X, 0oy 0 gj+1(y)) = max hy(X, o4 0 gj+1(¥))- (5.14)
aeRy
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It follows from (5.12) and (5.14) that

Ix—gj+1 (Ml

Ji

We claim that oy, o0 gj+1 € G;. To prove the claim, aiming for a contradiction, suppose
that oy 0 gj+1 € G\ G;. Thenoy, o gj41 € {gj+2, ..., &n}, because oy 0 gj11 # gj+1-
Consequently, by (5.8), h;(X, gj+1(¥)) = hi(X, 0ay © gj+1(y)). Hence, using (5.15), we
obtain

-2
h(x, gj+1(y)) < 2C) (1 + ) [R+1hi (X, 04 © gj+1(¥))- (5.15)

Ix — gj+1(¥)I
NG

Since h; > 0, applying (5.16) together with (5.13), we get

-2
hi(x, gj+1(¥)) < 2Cy (1 + > IRy he (X, gj+1())- (5.16)

R
R < By

Ix — g+ 1M1\ >
S FARL AL <361 =

Jt
and we arrive at a contradiction. Thus the claim is established.

Thanks to the claim and by the induction hypothesis, the estimate (5.10) already holds
for oy, © gj+1, in particular, since 2C1|G| > 1, we have,

1§2C1<1+

ht (X7 Oqg © g;+1(Y))

. 1 dx, )2
< GGG w(B(x, V1)~ e > Pa(X, 0y 0 8 41(¥), 1)
e A(X,00408+1(¥)) : L()=|G|+]
5.17)
Hence, utilizing (5.15) combined with (5.17), we obtain
Ix — g1 I~ j O
he(x, gj+1(y)) <2C1 | 1+ V- |R{|C3Q2C1 G w(B(x, V1))
dy? (5.18)
e Pu(x’ Oug Ogj+l(Y)vt)‘
€ A(X,0008+1(Y)) : L@)=|G|+j
For any sequence
o= (a,0,...,0)
from A(X, 0y, © gj+1(y)) with £(a) < |G| + j, we define the new sequence
& = (a()valvaZa ~~~a05n)
from A(x, gj+1(y)) satisfying (@) < |G|+ j + 1. Moreover,
Ix — gj1 I
(1 + + Pa (X, 0oy © 8j+1(¥), 1) = pa(X, gj+1(¥), 1). (5.19)
So (5.10) for g+ follows from (5.18) and (5.19). The proof is complete. O
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6 Applications of Theorem 1.1

6.1 Regularity of the heat kernel

The following theorem can be consider as an improvement of the estimates [2, Theorem 4.1

()]

Theorem 6.1 Let m be a non-negative integer. There are constants Ca, c4 > 0 such that for
allx,y,y € RN andt > 0 satisfying ||y — y'|| < we have

v
107" he (%, y) — 3" hy (%, ¥)| < Cat ™" whw(x, y)- (6.1)

The constant c4 does not depend on m.

In the proof of Theorem 6.1 we will need the following lemma (which is a Harnack type
inequality).

Lemma 6.2 There are constants Cs,cs > 0 such that for all x,y,y € RY andt > 0
satisfying |ly — y'|| < Y \ve have

hi(X,y) < Cshest (X, Y). (6.2)

Proof Fix x,y,y € R" andt > 0 such that |y —y'|| < ﬁ. By Theorem 1.1 we have

he(x,¥) < Cuw(B(x, VD)~ e A(X y: 1), (6.3)

where

Ay, 1) = > pu(X, ¥, 1). (6.4)

acAx,y), L(a)<2|G|
Let us consider a sequence a € A(X,y) such that £(a) < 2|G|. We shall prove that
paX, ¥y, 1) < 22 oy (x, ¥, ). 6.5)
If £(a) = 0, then (6.5) is trivial. If @ = (a1, a2, ..., ap) € A(X,y) and |ly — Y| < % ,
then for any 1 < j < f(a), we have

X — 64 00, © . 00a, (¥l

+1
NG
< ||X70'aj Oaa/_l 0~~~00a1(Y)|| +||Uaj OUaj_l O~--00’a1(y)7ao(, O(faj_] 0...00q (y/)” 1
- Vi
_Ix=oy 00 0 0o MI+Iy =Yl Ez(nx—aaj 0 Gy, 000 )] +1).
7 i

Hence, by the definition of py (X, Yy, f) [see (1.5)], we obtain (6.5).
Now, for @ € A(x, y), £(a) < 2|G|, we are going to define a new sequence o of elements
of R, such that @ € A(x,y"), £(&) < 4|G|, and

2|G|
pa(x.y', 1) < 2261 (1 + d(fﬁy )) PR, Y1). 6.6)

To this end, let us consider two cases.
Case 1. @ € A(x,Y'). Then we set & := a. Clearly, in this case (6.6) is satisfied.
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Case 2. ¢ ¢ A(x,Y). Let B = (B1, B2, ..., Bm;) be a sequence from Corollary 2.3
chosen for the points x and o4 (y’). In particular, by (2.8), then by the fact that @ € A(x, y)

and [ly —y'll < % forany 1 < j < €(B), we have
Ix — 0pg; ©0B; | 0...00p8 0 oY) < lIx — oa(¥)l

< IIx = oa Wl + lloa ) — oY)
= lIx — oIl + Iy =¥l

t
Sd(x,y)—i—i.
2
Consequently,
B d(x, y)\ 20l
1> pp(x,04(y), 1) > 272101 (1 + =222 . 6.7
2 pp(x oay) ) 2 27714 =22 ) (6.7)
We set
o= (B1, P2, -, Bmy) ifl(a) =0,
o= (otl,otz,.._,am,ﬂl,ﬂz,...,ﬂml) if(x=(0€1,0[2,---,am)~

Then, by the choice of B, we have & € A(x,y’), £(&) < 4|G|. Moreover, by the definition
of p(x,y’, 1) and pz(x,y’, 1), and (6.7) we have
d(x,
|4 (x,y)

)—2|G| ( , t)
X,y.,1),
Ji Pa (X, Y

P, Y1) = pa(X, ¥ D%, 0a(¥), 1) = 2729 (

which implies (6.6).
Applying (6.5) and (6.6), we have

A(X’yv t) = Z /Oa(vav t)

acAx,y), {(a)<2|G]|
d(x, y)\ 261
< 26\0\(1 n (73')) Z Pa(X, Y, 1),
Vi acA(x,y'), () <4|G]|

which, together with (6.3), gives

d(x, 26l dx.y)?
hi(x.y) = 2°°IC, (1 + (Ty)) w(B(x, /1)~ > pa(x.y. 1)
! acAxy), £(@)<4|G]
J X, 2
< CLw(Bx, VD) e Yy,
acA(x.y'), £(a)<4|G|
(6.8)
Note that |ly —y'| < % implies
t
2d(x,y) = d(x,y)? =2lly = y'I* = d(x,¥)* = 3.
Therefore, by (6.8) we get
/ d(x, "2
h(x,y) < Clw(B(x, V1)) e 3 Z pa(X, Yy, 1). (6.9)
acAx,y), L(ax)<4|G|
Finally, (6.2) is a consequence of Proposition 5.1, (6.9), and (1.8). ]
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Proof of Theorem 6.1 For x € R and ¢t > 0 let us denote

~ xz
hi(x) := c,:12_N/2t_N/2 exp <——> .
4¢
Then the formula (2.4) reads

he(x,y) = /R Ay, m) iy (). (6.10)

Observe that 6 () =0, 8,’"/2; (x) is equal to ,m%flt (x) times a polynomial in % Hence,
for any non-negative integer m there is a constant C,, > O such that forallx e Rand ¢ > 0
we have ~ .

50| < Con 17" 72 By (x). (6.11)

Further, by (6.10) and (6.11) we get

0 R (%, y) — 0" he(x, Y = | | {8 (A, y, ) — 0y (A, Y, m) }dpx ()
]RN

1
0 n / /
=[] sy s—y). m ds dusn)
v Jo s yoyy)
Ys

l ~
slly—y’II// 16, (A, 3. )| dixn) ds
0 JRN

- 1
< Cpt " ”yﬁy ”/ oy (x. ) dis.
0

(6.12)
Finally, note that for any s € [0, 1], we have
ly —ysll < lly =¥l < g
so, by Lemma 6.2, we get
hot (X, ¥s) < Cshoese (X, Y). (6.13)
Now (6.12) together with (6.13) imply the desired estimate (6.1). ]

Remark 6.3 In the proof of Theorem 6.1, we partially repeat the argument from [2, Theorem
4.1 (b)]. The novelty of the approach is using Lemma 6.2 instead of Proposition 3.1 in
estimating the last integral of (6.12).

6.2 Remark on a theorem of Gallardo and Rejeb

In [5], the authors proved that the points g(x), g € G, belong to the support of the measure
x (see [5, Theorem A 3)]). Below, as an application of the estimates (1.9) and (1.10), we
provide another proof of this theorem. The proof, at the same time, gives a more precise
behavior of the measure (1 around these points.

Fory € RY and r > 0 we set

Uy, 1) := {n € convO(y) : lyl* = (y, n) <1}, (6.14)
V(y, 1) := (conv O(y) \ U(y, 1) = {n € convO(y) : lylI> — (y,m) > 1}.  (6.15)
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Theorem 6.4 There is a constant Cg > O such that for allx € RN, t > 0, and g € G we

have
_1 ZN/2A(X, g(x), 1) tN/zA(x, g(x),1)

6 B v = nx(U(g(x),1)) = Cs w(Bx. V) (6.16)

Proof Lety = g(x). Then d(x,y) = 0. Moreover, by the definition of A(x, y, ) [see (2.5)]
and the fact that ||y|| = [|x|| we have

Ay, m)? = IxI2 + llyl* = 20y, n) = 20IylI* — 2(y, n).

We first prove the upper bound in (6.16). Observe that (IxI1? + ||y||2 —2(y,n))/4t < 1/2
forall n € U(y, t). Thus, applying (2.4), we get

px(U(y, 1) :/

_ 2 2_
dps(n) S61/2/ e~ UXIZHIYIZ =200 /41 gy
U UGy

2 2
<ol /R 2 A g 6.17)

tN/zA(Xa Y, t)

ciN?h c’
<Ct7 h(x,y) < DB D)

where in the last inequality we have used (1.10).

We now turn to prove the lower bound in (6.16). From Theorem 1.1, the fact thatd (x, y) =
0, (1.8), and the doubling property (2.2), we deduce that there is a constant C > 0 being
independent of X, g € G, and ¢t > 0 such that

hai (%, g(x)) < C,w(B(x, v20) ' A(x, g(x), 21)
< CLw(B(x, V1) 'Ax, g(x), 1) < Chy(x, g(x)).
Hence, using (2.4) applied to h2; (X, g(x)) and h; (x, g(x)) together with (1.8) and the doubling

property (2.2), we conclude that there is a constant ¢ > 0 independent of x, g € G,and ¢ > 0
such that

/ e~ CWE=20)/8t 4y () < F / e~ CIWIP=2yD 4 gy (. 6.18)
RN RN

Let M = 4(¢'+ 1). We rewrite (6.18) by splitting the areas of the integration:

_ 2_ —_ 2_
,U+,V::/ o= (I¥IP=(y.n) /4t dux(n)+/ eIV /41 gy ()
Uy, Mt) V(y,Mt)
- ez/ e~ P=ymD/2t gy () +e?/ e~ UM =D/t gy ()
UM V(y. M)
= Jyu+Jy.
(6.19)

Observe that, by the definition of V (y, Mt) [see (6.15)], and the fact that M = 4(¢ + 1), for
alln € V(y, Mt) we have

L g—ayiz—omzar _ L —ayi2—m 2 iy 12— ty.my e > Ly —tymy/ae yaja
2 : 2 (6.20)

= o NIP=(y.m)/2t T+ 5 T o= (IyIP=ty.m) /21
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Consequently, (6.20) implies Jy < %Iv. Therefore, by (6.19), we get

1
Iy + EIV <Ju.

Applying Theorem 1.1, we deduce that

G A y20) 1 1y RN
S, y) = Eckl(zm N2y + Iv) < e @y N2y

2 w(B(x. v21) 621)
< ¢ @ N el g Uy, M1)).
Now the claim follows from (1.8) and the doubling property (2.2). O

We want to remark that Theorem 6.4 extends the result of Jiu and Li [7, Theorem 2.1],
where the behavior of uy around x is studied.
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