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Abstract

We find extremely general classes of nonsmooth open sets which guarantee Mosco con-
vergence for corresponding Sobolev spaces and the validity of Sobolev inequalities with a
uniform constant. An important feature of our results is that the conditions we impose on the
open sets for Mosco convergence and for the Sobolev inequalities are of the same nature,
therefore it is easy to check when both are satisfied. Our analysis is motivated, in particular,
by the study of the stability of the direct acoustic scattering problem with respect to the scat-
terer, which we also discuss. Concerning Mosco convergence in dimension 3 or higher, our
result extends all those previously known in the literature. Concerning Sobolev inequalities,
our approach seems to be new and considerably simplifies the conditions previously required
for the stability of acoustic direct scattering problems.

Mathematics Subject Classification Primary: 49J45 - 46E35; Secondary: 35P25

1 Introduction

The purpose of this paper is twofold. We consider highly nonsmooth open sets in RN, N > 2.
First, we investigate Mosco convergence of Sobolev spaces defined on these sets. Second,
we study the validity of the Sobolev inequality. In particular, we find general classes of sets
for which Mosco convergence holds or the Sobolev inequality holds with a constant which is
independent on the set but depends only on the class. Both these results are of independent
interest. However, another interesting feature is that the conditions we impose on the sets
for the two issues at hand are of the same nature, making much easier to check whether
for some class of sets both properties are true. This is relevant since, following [20], it is
known that this is needed to guarantee stability of solutions to acoustic scattering problems
as the sound-hard scatterer varies. Instead, previously in [20] or in [16], besides those to
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ensure Mosco convergence, further and rather involved conditions were required to have
uniform Sobolev inequalities. Indeed, as an application, we later prove a stability result for
this acoustic scattering problem that greatly generalizes the ones of [16, 20], since we allow a
much larger class of scatterers, with conditions much easier to be verified, and we also allow
the coefficients of the corresponding Helmholtz equation to vary.

About Mosco convergence of Sobolev spaces under variations of their domains, let 1 <
p < 4oo andlet D,, n € N, be open sets which are uniformly bounded. The aim is to
prove that, for some open set D, we have Mosco convergence of wLP(D,) to WP (D).
Also Deny-Lions spaces L'? or H (curl) spaces are of interest, but these cases can actually
be often reduced to the analysis done for Sobolev spaces, see Remark 2.12, therefore we
concentrate our attention mostly to the Sobolev case.

The importance of studying this Mosco convergence is due to the fact that it has a well
known strict relationship to stability of solutions to Neumann problems, still under variations
of the domains, see for instance the characterisation in Proposition 2.13. In turn, the stability
of solutions to Neumann problems has important applications in several fields, from fracture
mechanics, see for instance [11], to stability of direct scattering problems with varying
scatterers, see [16, 20] for the acoustic case and [17] for the electromagnetic case where
H (curl) spaces come into play.

Typically, one assumes some kind of convergence of D, to D as n — 00, usually conver-
gence in the Hausdorff complementary topology. The characterisation of Proposition 2.13
implies that a necessary condition for Mosco convergence is that, as n — oo, |D,| — |D|,
actually that | D, AD| — 0, see Corollary 2.14. Another assumption that seems to be neces-
sary is that the complement of D,, has a uniformly bounded number of connected components,
since otherwise we might end up in counterexamples such as the famous Neumann sieve, see
[21]. In dimension N = 2, these conditions are indeed sufficient for 1 < p < 2, a result first
shown in [5, 6] for p = 2 and then in [10] and, by a density argument, in [14] for 1 < p < 2.
In [10] the result was also extended to Deny-Lions spaces L7, under the same assumptions.
We mention that an important preliminary result in this direction was proved in [7], where
a uniform bound on the ! measure of 3 D,, was also required. These 2-dimensional results
made important use of complex analytic techniques, thus for N > 3 (and for H (curl) spaces)
it is extremely challenging to reach such a general result. Hence, the aim has been to find as
general conditions as possible to ensure Mosco convergence. The breakthrough was in [13],
where 0 D, belongs to the class G(r, L, C), see Definition A.4, given by suitable Lipschitz
hypersurfaces, and Mosco convergence was proved for Sobolev spaces with 1 < p < 2.1In
[20] the same result was proved by using still Lipschitz hypersurfaces, with slightly more
regular boundary, corresponding to the class MR (r, L) of Definition 3.4, that were allowed
to intersect each other, in a controlled way, along their boundaries. This result was extended
to H (curl) spaces in [17]. We note that a crucial feature in the result of [20] was the fact that
for MR (r, L) hypersurfaces converging in the Hausdorff distance we have convergence of
their boundaries as well. Such a property is unfortunately not satisfied by G(r, L, C), see
Example A.7, and this makes gluing hypersurfaces in this class not straightforward.

The first aim of the present work is to construct an extremely general class, that contains
both the one of [ 13] and the one of [20], for which Mosco convergence holds, with 1 < p < 2.
This class extends all previously known results, it is optimal in many respects and its generality
makes it fit for most applications. Let us mention that there are counterexamples, in [10] for
N =2 andin [13] for N > 3, for the case p > 2 which seems to be still quite open.

The main difficulty in establishing this new class was in understanding better the properties
of hypersurfaces beloging to the class G(r, L, C) introduced in [13], which we discuss in
the “Appendix”, and in finding a way to properly glue them together to construct more
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complicated structures. In Definition 3.5, we construct the class FR(r, L, Mp) given by
Lipschitz hypersurfaces which are given by the union of at most My hypersurfaces of type
MR(r, L). This new class, which clearly extends the class MR(r, L), also generalizes
classes of the type G(r, L, C), see Theorem A.8. Instead of the boundary, for Lipschitz
hypersurfaces in FR(r, L, M), the important set is what we call the singular set which is
the union of the boundaries of the MR (r, L) components of the hypersurfaces. It turns out
that, contrary to the boundary, the singular set is stable under convergence in the Hausdorff
distance and this allows us to glue together hypersurfaces from FR(r, L, M), taking care
of doing that along their singular sets and not just their boundary as was done in [20] for
MTR(r, L) hypersurfaces. We obtain a class, FR(r, L, My, ) of Definition 3.9, which is
thus more general than all previous examples. Still, a Mosco convergenceresultfor 1 < p <2
holds, see Theorem 3.13, the first main result of the paper. We note that our work here is
pretty much of a geometrical nature. In fact, once the right geometrical conditions are found,
the Mosco result follows straightforwardly from the arguments of [20], which in turn were
strongly based on those of [13].

About Sobolev inequalities, this is a classical problem which has been widely studied and
several quite general sufficient conditions have been investigated, see for instance [1, 19]
and the references therein. Here we are dealing with a particular case, since the complexity
of the sets of FR(r, L, My, w) constructed in Sect.3 makes it hard for them to fit into the
well established cases. Moreover, we wish to control the constant of the Sobolev inequality.
The main difficulty lies in the intersection of the hypersurfaces which, although controlled
by the function w, could be very general. If @ goes to zero fast enough we can create very
narrow regions between two different hypersurfaces and estimates there become critical.
Thus, in order to have enough control on these in-between regions, we need to make some
assumptions on w. In particular, we assume that, for s > 0, w(s) = as for some positive
constant a, that is, w is linear. This essentially excludes cusp-like situations which are difficult
to handle. Another restriction we need to make is that the intersection cannot happen along the
singular sets of the different hypersurfaces, but only along their boundaries. In fact, we have
a sufficient control on the boundaries of hypersurfaces in FR(r, L, My), whereas very little
can be said about their singular sets. However, provided these two restrictions are enforced,
we are able to prove that the Sobolev inequality holds with a constant independent on our
set, see Theorem 4.6, the second main result of the paper. In our opinion also the method of
proof can be of interest, because it employs the so called Friedrichs inequality, in its general
version due to Maz’ya, see [18] and [19, Corollary on page 319], which has been further
generalised in [23]. Indeed, our assumptions on the boundary allow to control the traces
of Sobolev functions in suitable integral norms on the boundary. Using this estimate in the
Friedrichs inequality leads to an estimate on suitable integral norms of the Sobolev functions
inside the domain, thus establishing the Sobolev inequality. In this respect, Proposition 4.1,
which relates the validity of the Sobolev inequality to that of an optimal trace inequality,
might be useful in other applications.

The plan of the paper is the following. In Sect.2 we set the notation and discuss general
properties of Mosco convergence for Sobolev spaces. In Sect.3 we construct our classes of
hypersurfaces and discuss our Mosco convergence results. In Sect. 4, we discuss conditions
on our open sets for the Sobolev inequality to hold. In Sect.5 we apply our results to the
stability of solutions to acoustic scattering problems. Finally, in the “Appendix” we discuss
classes G(r, L, C) from [13] and we compare them with our classes FR(r, L, My).
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2 General setting and first properties

The integer N > 2 denotes the space dimension and we note that we drop the dependence

of any constant on N. For any Borel set E C RY, we denote with | E| its Lebesgue measure,

whereas, for any s > 0, H*(E) denotes its s-dimensional Hausdorff measure. For any x €

R¥ and any r > 0, B,(x) denotes the open ball with center x and radius r. Usually B,

stands for B, (0). For any £ C RY, E not empty, and y € R", we call distance of y

from E the number dist(y, E) := 122 ly —z|. For any E C R™, E not empty, we call
Z

By(E) := | J B/ (x) = {y e RN | dist(y, E) < r).

xeE
Forany p,1 < p < 400, we denote with p’ its conjugate exponent, thatis 1/p+1/p’ = 1.
N
If p < N we call p* its Sobolev conjugate exponent, that is p* = Np .
-p

With MY N (R) we denote the space of symmetric real-valued N x N matrices, whereas
Iy denotes the identity N x N matrix.

By a domain in RY we mean an open and connected set. We say that an open set @ C RY
has a Lipschitz boundary if for any x € 92 there exist a neighbourhood U, of x and a

Lipschitz function ¢ : R¥~! — R such that, up to a rigid change of coordinates, we have

QNU;={y=01,.--»yn-1,YN) €EUx | yn <9o1,..., yn-1)}.

We usually denote with v the exterior unit normal to 9€2.

We say that an open set 2 C RY belongs to the class A(r, L, R) if 2 C Bg and its
boundary is Lipschitz with constants r and L in the following sense: for any x € 92 we can
choose in the previous definition U, = B, (x) and ¢ with Lipschitz constant bounded by L.

Remark 2.1 For any bounded open set €2 with Lipschitz boundary, there exist constants r, L
and R such that Q € A(r, L, R).

Definition 2.2 Let 1 < p < +o00. A bounded open set D in RY satisfies the Rellich com-
pactness property for p (RCP),) if the natural immersion of WLP(D)into LP (D) is compact.

Remark 2.3 1f abounded open set D is Lipschitz, then it satisfies RCP, forany 1 < p < 4-o0.
Another sufficient condition is a higher integrability property. Namely, if there exist ¢ > p
and C > 0 such that

lvliLapy < Clivllwippy forany ve whP (D), 2.1)
then RCP), holds.

A function w is a modulus of continuity if o : (0, +00) — (0, 400) is a non-decreasing,

left-continuous function such that 1im+ w(t) =0.
t—0

Let @ C RN be a fixed bounded open set. We define K(Q) = (K C Q |
K not empty compact set} and O(2) := {D C Q | D open set}. We use the following
notation. For any D € O(), we call K (D) = Q\D € K(RQ).

Given two not empty compact sets K and K, the Hausdor{f distance between K and K is
given by

dy (K, K) := max sup dist(x, K), sup dist(y, I?) .
xeK yek
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We recall that (K(S2), dy) is a compact metric space, see [9, Chapter 8] for instance.

Given {K,}peny C K(R2) and K € K(R2), we say that K, converges to K in the Hausdorff
distance if dy(K,, K) — 0 as n — o0. Analogously, given {D,},en C O(2) and D €
O(R2), we say that D, converges to D in the Hausdorff complementary topology if the
sequence of compact sets K, = K(D,) converges to the compact set K = K (D) in the
Hausdorff distance.

Remark 2.4 The following statements about convergence in the Hausdorff distance are equiv-
alent.

(1) K, — K in the Hausdorff distance.

(2) For any ¢ > O there exists 7 € N such that K C B.(K,) and K,, C B.(K) for every
n>n.

(3) Forany y € K there exists {x, },en With x,, € K, such that x,, — y and for any {xnj }jeNn
with Xn; € K,,./. such that Xn; = Y, theny € K.

By using condition (2), it is also easy to show that if K;,, — K in the Hausdorff distance,
then |K,\K| — O as n — oo.

Remark 2.5 Another useful property of the convergence in the Hausdorff distance is the
following:

if K, > Kand 0K, — K in the Hausdorff distance, thendK C K C K.

Indeed, the inclusion K C K is trivial. Suppose, by contradiction, that 0K ¢ K. Then,
there exists x € dK such that x ¢ K. Since K, — K, there exist ¢ > 0 and {ni}ren such
that dist(x, 0K, ) > c for every k € N. However, x € 9K C K implies that there exists a
sequence x, € K, such that x,, — x, hence dlst(x,,k, 0K,,) > c/2 forany k > k for some
k € N. It follows that B./2(xp,) C Ky, for any k > k and, since x,, — x, we conclude that

Be/2(xp,) — Beja(x) in the Hausdorff distance, thus B./2(x) C K, which contradicts the
fact that x € 0K.

2.1 Mosco convergence for Sobolev spaces

Let X be a reflexive Banach space and let {A, }, < be a sequence of closed subspaces of X.
Denote with A’ the set made of the elements of X which are weak limit of a sequence of
elements taken from a subsequence of {A, },en and with A” the set made of the elements of
X which are strong limit of a sequence of elements in {A, },cN. In other words

A = {xGX|x:w— lim xy,, xn, eAnk}
k— 00
A”:{xeX|x:s- lim xn,xneAn}.
n—o0
Observe that, from the definitions, it is clear that A’ and A” are subspaces of X such that
A” C A’ and that A” is closed in X with respect to the strong topology given by the norm.
Then, we can define Mosco convergence.
Definition 2.6 Let X be areflexive Banach space, {A,,},,cn be a sequence of closed subspaces

of X and A" and A” be as above. We say that A, converges in the sense of Mosco as n — o0
to a closed subspace A C X if it holds that A = A’ = A”.
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Remark 2.7 From the definition and the properties of A’ and A” it follows that the condition
A = A" = A” is equivalent to the two conditions

(M1) [A" C A] For any x € X, if there exists a subsequence {A,, }ren and a sequence
{x}ken with x; € Ay, such that x,—x weakly as k — oo, then x € A.

(M2) [A C A”] For any x € A, there exists a sequence {x,},cn With x, € A, for every
n € Nsuch that x, — x in X asn — oo.

Therefore, to prove Mosco convergence of A, to A, it is enough to check if the conditions
(M1) and (M2) are satisfied.

Condition (M2) is generally the most difficult to prove, indeed we recall that there are
two useful reductions which will be used later on. First, since A” is closed, it is enough to
prove (M2) for a subset S dense in A. Second, it is enough to prove (M2) for subsequences,
that is, to prove that for any x € A and for any subsequence {A,;}jen there exist a further
subsequence {A"ik }en and elements x; € A"jk such that x; — x in X.

Mosco convergence of Sobolev spaces on varying open sets is defined as follows. Let
N >2and 1 < p < 400 be fixed. Let @ € RY be a fixed bounded open set. For any
D € O(L2), we have an isometric embedding of WLP(D)in LP(2; RN+1) given as follows.
For any u € WP (D) we associate (1, Vu) € L?(2; R¥*!) where u and Vu are extended
to O outside D. In this way it is possible to consider W!7(D) as a closed subspace of
LP(Q; RN ‘H). Then, we can state the following definition.

Definition 2.8 Let @ C R" be a bounded open set. Let {D,},en C O(Q) and D € O(Q)
andlet 1 < p < +00. We say that WP (D,,) converges in the sense of Mosco to WP (D)
as n — oo if, interpreted as closed subspaces of L (2; RV*1), such spaces converge in the
sense of Definition 2.6.

One of the purposes of this work is to find very general conditions on the sequence
{Dy}nen C O(K) such that the spaces W7 (D,,) converge in the sense of Mosco to W -7 (D)
for some D € O(R). Typically, one assumes that the sequence {D,} converges in some
sense to D. For example, one assumes that the sets D, converge to D in the Hausdorff
complementary topology.

Remark 2.9 Sometimes D is described as Q\K for some K € K(2) and properties of K are
considered instead of those of D. Here we recap how to go from this latter formulation to the
one we use in this paper. We have that K (D) = KU9Q,0DNQ = dKNR, Q\IK = Q\dD,
d(Q\0K) = 0K U9 = K(R2\0K) and the following holds.

Let {Ky}neny C K(R), K € K(Q) and K € K(Q). We call D, = Q\K, and D = Q\K.
Then, if K,, — K in the Hausdorff distance, we conclude that D, converges to D in the
Hausdorff complementary topology. Consequently, if 0K, — K in the Hausdorff distance,
then Q\3 K, converges to 2\K in the Hausdorff complementary topology and 8(Q\dK,,)
converges to K U <2 in the Hausdorff distance.

Remark 2.10 Sometimes, it is useful that in condition (M1) we have convergence of u,, to u,
as k — oo, strongly in L?(€2). To this aim the following result, which can be easily proved
by using a similar argument to the one of [20, Proposition 2.9] for p = 2, is of interest.

Let1 < p < +ooand let {D,},eny C O(R) and D € O(L2) for some arbitrary bounded
open set 2. Assume that D,, converges to D in the Hausdorff complementary topology and
that there exist ¢ > p and C > 0 such that (2.1) holds uniformly with D replaced by D,
for any n € N. Let u,, € wLP(D,) and u € WL-P(D) be such that (u,, Vuy,) converges
to (u, Vu) weakly in L?(Q; RN*1), with the usual extensions to 0. Then u,, converges to u
strongly in L?(2).
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We now state the first result about Mosco convergence of Sobolev spaces W7, 1 <
p < +00. Of particular importance are points iv) and vi) that extend Proposition 2.2 in [20],
which dealt with the case p = 2 only. We would like to stress that this result is very useful
since one can prove Mosco convergence of Sobolev spaces like W7 (Q\3D,,) and then use
Proposition 2.11 iv) and vi) to recover also convergence for those like wLP(D,). Since,
with a little amount of regularity, d D,, are roughly speaking hypersurfaces in RV, in the next
section we will focus on this kind of closed sets.

Proposition 2.11 Ler 2 C RY be a bounded open set. Let {Dy}nen C O(2) and D € O(R)
andlet 1 < p < +00. Denote A, = WbLP(Dy), n € N, and A = W-P(D). Then we have
the following results.

(1) If D, — D in the Hausdorff complementary topology and |D,\D| — 0 asn — oo,
then condition (M1) of Mosco convergence holds, that is, A’ C A.

(i) If D, C D for everyn € N and |D\D,| — 0 as n — oo, then condition (M2) of
Mosco convergence holds, thatis, A C A”.

(iii) If Dy, — D in the Hausdorff complementary topology and D, C D for everyn € N,
then A, converges to A as n — o0 in the sense of Mosco.

(iv) If Dn — D in the Hausdorff complementary topology, 9D, U 32 — K, Jor some
K € K(Q), in the Hausdorff distance and wh P (Q\JOD,) and wl p(Q\K) satisfy
condition (M1), then condition (M1) of Mosco convergence holds, that is, A" C A.

(v) If D — D in the Hausdorff complementary topology, D, U €2 — K, for some
K e K(R), in the Hausdorff distance and |K N Q| = 0, then condition (M1) of Mosco
convergence holds, that is, A’ C A.

(~vi) If Dy — D in the Hausdorff complementary topology, dD, U 0Q2 — K, Jor some
K € K(Q), in the Hausdorff distance and WP (Q\dD,) and W p(Q\K) satisfy
condition (M2), then condition (M2) of Mosco convergence holds, that is, A C A”.

Proof For points (i), (if) and (iii), see Lemmas 2.3, 2.4 and Corollary 2.6 in [20] where the
same results are proved for p = 2.

For point (iv), we note that, as in Remark 2.5, dD C dK (D) U 92 C K C K (D). Then
we can use the argument of the first part of the proof of Proposition 2.2. in [20], which is
done for p = 2. For point (v), we just use point (iv) and (7).

For point (vi), one can repeat the argument of the second part of the proof of Lemma 4.2
n[17]. O

Remark 2.12 An important remark is the following. We can consider Mosco convergence
not only for Sobolev spaces WP, 1 < p < +oo, but also for Deny-Lions spaces L7,
1 < p < +00. Werecall that, forany D € O(Q),L"P(D)={u € LIOC(D) | Vu € L?(Q)},
which is a Banach space if we identify two elements of L!:?(D) having the same gradient
and if we endow it with the norm |lullz1.,(py = [VullLr(p). Moreover, L'“P(D) can be
identified with a closed subspace of L? (2; RM) by associating to u € L'7(D) the function
Vu, which is extended to O outside D.

If N =3, H(curl)(D) = {u € L*(D; Rg) | Vxue L2(D;R3)} is a Banach space
endowed with the norm ||u||H(Curl)(D) = ||u||L2(D) + IV x u||L2(D) It can be seen as a closed

subspace of L2(2; R%) by associating to u € H (curl)(D) the pair (u, V x u), which are
both extended to 0 outside D.

We can define Mosco convergence of L!*? spaces or H (curl) spaces as done for Sobolev
spaces in Definition 2.8.

In this respect we have the following two observations. First, all results of Proposition 2.11
extend naturally to LLP 1 < p < —+oo, and to H(curl) spaces. Moreover, we have the
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following. Let 2 C R¥ be a bounded open set and let {D, },eny C O(2) and D € O(Q),
then:

() Let1 < p < +oo. If WhP(D,), n € N, and WP(D) satisfy condition (M2), then
L'“P(D,), n € N, and L'-7(D) satisfy condition (M2) as well. In fact, it is enough to
observe that, by a truncation argument, WP (D) is a dense subspace of L1 (D).

(2) If Wh2(D,), n € N, and W'-2(D) satisfy condition (M2) and W'-2(D; R?) is dense in
H (curl)(D), then H (curl)(D,), n € N, and H (curl)(D) satisfy condition (M2) as well.

We would like to recall that Mosco convergence for Sobolev spaces when p = 2 has been
widely studied thanks to the close relationship between convergence in the sense of Mosco of
the spaces W -2 and the stability property of weak solutions to Neumann problems for elliptic
equations under variations of the domains, see [7], [5], [6], in particular [6, Proposition 3.2
and Corollary 3.3]. For the sake of completeness, we recall this characterisation by stating
and proving a similar one that holds for any p, 1 < p < 4-o00.

Let1 < p < 4o00. Forany D € O(RQ2), any f € L” (D) and any F € LY (D; RN), let
u =u(D, f, F) be the solution to the variational problem

1
min  J(v) = min (7/ (|Vv|p+|v|p)—/ fv—/ F-Vv). (2.2)
veWl.P(D) veWlr(D)y\ P Jp Q Q

Such a problem has a unique solution 1 € W!”(D), which is characterised by solving,
for any ¢ € WhP (D),

/D(|W|P—2w-w+|u|l’—2u¢)=/D(f¢+F-V<p). (2.3)

In other words, u € W!-7(D) is the unique weak solution of the homogeneous Neumann
problem

—div(|Vu|P72Vu) + [u|P"?u = f —div(F) in D,
oyu =0 on dD.

We have the following result.

Theorem 2.13 Let {D, }eny C O(R2) and D € O(2). Let 1 < p < +00. Then the following
holds.

(a) If WhP(D,) converges in the sense of Mosco to WhP(D) as n — oo, then for any
f e LP/(Q) and any F € LP/(Q; RN) one has that u, = u(D,, flp,, Flp,), solution
to (2.2) with Dy, in place of D, converges in LP(; RV 10 u = u(D, flp, Flp),
solution to (2.2), namely u, — u in L?(2) and Vu, — Vu in LP(Q; RN) (with the
usual extensions to 0).

(b) Viceversa, if D, — D in the Hausdorff complementary topology and if for any
f e L”/(Q) one has that u, = u(Dy, f|p,,0) converges to u = u(D, f|p,0) in
LP(Q2; RN then WP (D,,) converges to WP (D) in the sense of Mosco as n — o0.

Proof For any f € LV (), any F € L” (2; RV) and any n € N, we call

J,,(u):lf (|Vv|p+|v|p)—/ fv—/ F -V
p Dn Dn Dll

and

uy, = u(Dy, flp,, Flp,) = argmin J,(v),
UEWI'p(DM)
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and, correspondingly,

J(v)

%/D(|VU|"+IUI”)—/va—/DF'Vv’

u(D, flp, Flp) = argmin J(v).
veW!.r(D)

u

We begin by proving (a). By the variational characterisation, it is easy to infer that, for a
constant C depending on ||f||L,,/(Q), ||F||L,,/(Q) and p only, we have that [|u, | w1.»p,) < C
for every n € N, which means that the sequence {(u,, Vu,)} is bounded in L?(2; RN+,
Hence, there exists (v, V) € LP(;RN*!) and a subsequence (uy,, Vu,,) such that
(ttny, Vg, )—(v, V) weakly in LP(; RN+, By condition (M1) of Mosco convergence,
we immediately deduce that v € wlp (D), with V = Vv in D, and that v and V are 0
outside D. We also obtain that, by lower semicontinuity, J(v) < liminfy J,,, (uy,).

We now want to show that v = u = u(D, f|p, F|p)). Indeed, take any w € wbkp(D),
then, by condition (M2) of Mosco convergence, there exists a sequence w, € W L.r(D,) such
that w, — w strongly in L?(2; RN*1). Then, by strong continuity of the functionals, we
have that 7, (w,) — J(w) as n — oo. Therefore, using the minimisation property satisfied
by u,, we infer that

J(v) < limkinf Iy (Up,) < limkinf Jn, (wp,) = J(w).

By uniqueness of the solution to the minimisation problem (2.2), we conclude that v = u =
u(D, flp, Flp).

Since u,, and u are solutions to the minimisation problems, by using the weak formulation
(2.3), testing by ¢, = u, and ¢ = u respectively, and exploiting the weak convergence
Up, —u, we obtain that

11/?1 |Gy s Vi)l r@irn+ty = 1@, Vi)l ppo.ri+1y,

hence (uy, ., Vuy,) — (u, Vu) strongly in LP(£2; RV as k - oo. By Urysohn, we
conclude that the whole sequence (u,, Vu,) — (u, Vu) strongly in L? (2; RNty asn —
0.

Now we proceed to prove (b). To show condition (M1), we apply Proposition 2.11. By
hypothesis, we already have that D,, — D in the Hausdorff complementary topology, then
we just have to show that |D,\D| — 0 as n — oo. Consider f = 1 € LP’(Q) and the
corresponding solutions u#, = u(K,, 1,0) and u = u(K, 1,0) to (2.2). By uniqueness of
the solution, we have that u = 1 in D and u, = 1 in Dy, for any n € N. Additionally, by
hypothesis, we know that u, — u in L?(2), with the usual estensions to 0 outside D,, and
D, respectively. It follows that

|DyAD| = |lu, — Mllip(m —0 as n — oo,

hence |D,\D| — 0 as n — oo and condition (M1) is proved.

Next, we recall that it is enough to show condition (M2) only on a dense subset of W7 (D).
Define the resolvent operator Rp : LP/(D) — WP (D) such that Rp(f) = u(D, f,0),
solution to (2.2). Then, if we can show that Rp (Lp/ (D)) is dense in W7 (D), condition (M2)
casily follows. Indeed, take u € Rp(L? (D)), thenu = u(D, f,0) foracertain f € LP (D).
Now, extend f to 0 outside D and consider the solutions u, = u(D,, f|p,,0) € wlr(D,)
for every n € N. It follows directly from our hypothesis that (u,, Vu,) — (u, Vu) in
LP(2; RN, which proves (M2).
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To show that RD(LI’/(D))is densein WP (D), takeu € WP (D). Then,u = u(D, [, F)
where f = |u|?~2u € LP (D)and F = |Vu|P~2Vu € L (D; RN). Wecall F* = (f, F) €
(WL (D))* the corresponding element of the dual space. Since W7 (D) is dense in L? (D),
L? (D) is dense in (W!-?(D))*, thus there exists { f, }neny C L? (D) such that ( f,, 0) — F*
in (WLP(D))*. As a consequence, u, = u(D, f,,0) € RD(L”/(D)) for every n € N and it
is not difficult to prove that u,, — u in whr(D). ]

Corollary 2.14 Let {Dp}pen C O(R2) and D € O(R2). Let 1 < p < 4o0. If Whr(Dy)
converges to WP (D) in the sense of Mosco as n — oo, then one has that |D,AD| — 0 as
n — oo and, in particular, |Dy| — |D| as n — oo.

Proof By using part (a) of the previous theorem, one can use the argument with f = 1 used
in the proof of part (b) of the same theorem. O

3 Classes of hypersurfaces and Mosco convergence

Letus fix N > 2 and © c RY an open and bounded set. In the notation that we will use
to name the following classes of compact sets, we will suppress the dependence on €2, since
here it is considered fixed, but they will clearly depend on it. We begin with the following
definition of Lipschitz hypersurfaces.

Definition 3.1 We say that K € K(Q) is a (compact) Lipschitz hypersurface with constants
r > 0and L > 0, with or without boundary, if for any x € K there exists a bi-Lipschitz map
®, : B,(x) c RN — R such that

(@) L7Yz1 — 22| < |9 (21) — Px(22)| < Llz1 — 22| forany zy,z2 € B, (x).
(b) ®,(x) =0and (K NB,(x)) C7:={yeRY | yy =0}

Moreover, for such K we say that x € K belongs to the interior of K if there exists § > 0
such that Bs(0) N7 C &, (K N B-(x)) and we define:

bdry(K) := {x € K | x does not belong to the interior of K}

Let us point out that we used a little abuse of notation here, since subsets which are
actually not hypersurfaces, such as a point or a smooth curve in R3, satisfy this definition.
More precisely, for it to be a hypersurface we should at least ask that the interior of K is
nonempty. This will be the case for all the next definitions of hypersurfaces which just use
Definition 3.1 as a starting point.

Remark 3.2 1t is easy to prove that there exists C; = Ci(r, L, 2) > 0 such that for any
Lipschitz hypersurface K

HVNI(K) < C < 400, 3.1)

and that bdry(K) is compact. Moreover, we have that ®, (B, (x)) is an open set containing
B, /.. We also note that if z € B, belongs to the boundary of ®,(K N B,(x)) as a subset
of ,then y = <I);1 (z) belongs to bdry(K).

Remark 3.3 Let us note that Lipschitz hypersurfaces of Definition 3.1 are stable with respect
to Hausdorff convergence. In fact, let K,,, n € N, satisfy conditions (a) and (b) and let K be
the limit of K, in the Hausdorff distance. Let x € K and let x,, € K,, be such that x, — x
as n — oo. Observe that, up to a translation, the maps @ﬁ” can be rewritten as @ﬁ” =
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®, (- — x,) with @, : B,(0) — R" bi-Lipschitz with constant L. Then, by Ascoli—Arzela
theorem, we have that, up to a subsequence, d~>,, - ® uniformly with o B,.(0) — RN
bi-Lipschitz with constant L. Now define &, := D —x). Clearly @, satisfies (a) and, since
&Dn (0) = 0 for every n € N, also ®,(x) = 0. In order to show (b), we only need to prove
that ®, (K N B,(x)) C 7. Indeed, let y € K N B, (x), then, by Hausdorff convergence, there
exist y, € K, such that y, — y. In particular, there exists 7 € N such that, for every n > n,
yn € Br(x) N Ky, so that &Dn (yn — xn) € . Now observe that, by uniform convergence,
@, (y, — xp) = ®(y — x), therefore @, (y) = ®(y — x) € 7 and (b) is proved.

In order to introduce some regularity on the boundary of a Lipschitz hypersurface K, we
recall the following definition from [20].

Definition 3.4 A Lipschitz hypersurface K € K(2) belongs to the class MR (r, L) with
parameters r > 0 and L > 0, if, in addition to hypotheses (a) and (b) of Definition 3.1, it
satisfies

(c) for any x € bdry(K) one has that ®, (K N B, (x)) = ®,(B,(x)) N 7™, where we set
nti={yeRY | yy =0, yn—1 > 0}.

It is easy to prove that there exists C; = C(r, L, ) > 0 such that, for any K €
MR(r, L),

HN 2 (bdry(K)) < C» < +00. (3.2)

In order to understand the role of condition (c¢), we note that when K is the closure of an
open subset of a hyperplane, a sufficient condition is that its boundary is Lipschitz, since this
can be straightened by a bi-Lipschitz change of variables. Hence, it is enough that locally near
the boundary K is mapped, through a bi-Lipschitz transformation, to a subset of a hyperplane
which has a Lipschitz boundary.

We generalise the MR(r, L) class in the following way.

Definition 3.5 A Lipschitz hypersurface K € KC(2) belongs to the class FR(r, L, Mp) with
parameters r > 0, L > 0 and My € N, if, in addition to hypotheses (a) and (b) of Definition
3.1, we have that K = U]J‘=1 H/’, where H/ € MR(r,L) forevery j = 1,...,J and
1 <J < M,.

Moreover, for such K we define the set of singular points as:

J
sing(K) := (] bdry(H).
j=I

Remark 3.6 We point out that the previous definition states that K € FR(r, L, My) is glob-
ally a Lipschitz hypersurface as in Definition 3.1, but every single piece of the decomposition
K = U]J.=1 H/ belongs to the class MR (r, L). In particular, note that if x € H/, the map
@, which satisfies hypothesis (a) and (b) globally for K and the one that satisfies hypotheses
(), (b) and (c) for H/ could be different.

Remark 3.7 An important remark is that the decomposition, or representation, of K in terms
of the sets H/ € MR(r, L) is not unique. In particular, since K € FR(r, L, M) is globally
a Lipschitz hypersurface, bdry (K ) is well defined as in Definition 3.1 and depends only on K .
On the other hand, the set sing(K) is not intrinsically defined by K, but it strongly depends on
the particular choice of the decomposition. However, itis always true that bdry (K') C sing(K)
and sing(K) is compact.

@ Springer



15 Page 120f30 M. Fornoni, L. Rondi

By (3.1) and (3.2), we infer that, for any K € FR(r, L, Mp), one has
HYN N K) < C) < +o0 and HYN2(sing(K)) < MoCs < +o00,

independently on the representation.

In order to understand this new definition, again we consider the case in which K is the
closure of an open subset of a hyperplane. Roughly speaking, we are saying that K is formed
by the union of a finite number of subsets with Lipschitz boundary. Then one can think of
an element of this class as a bi-Lipschitz transformation of such a subset K. By the way, this
rough description is of help in understanding Lemma 4.4 below.

We further note that the idea behind this definition is pretty much that of using a cone
condition instead of regularity properties of the boundary, an idea which we actually employ
in the proof of Theorem A.8. This allows a much more general kind of boundary. For example,
in two dimensions one could have cusps, like in the following case. If locally near the origin
K is {y < 4/]x]}, then K does not have a Lipschitz boundary but fits into our definition by
splitting it into its intersections with the halfspaces {x > 0} and {x < 0}. We finally point
out that the sets H/ may overlap on a set of positive H#"Y~! measure, thus allowing an even
greater generality.

We study the closure, and thus the compactness, of class FR(r, L, M) with respect to
convergence in the Hausdorff distance. The interesting result here is that, up to subsequences,
we also have convergence of the corresponding sets of singular points.

Proposition3.8 Letr > 0, L > 0 and My € N and let {K,},en C FR(r, L, My), with
given decompositions. Assume that K,, — K in the Hausdorff distance as n — 0o, with
K € K(Q). Then, K € FR(r, L, My) and, up to a subsequence, one has that, for a suitable
decomposition of K, sing(K,) — sing(K) in the Hausdorff distance as n — oo.

Proof Let {K,},en C FR(r, L, My) be such that K, — K in the Hausdorff distance. By
Remark 3.3, we know that K satisfies conditions (a) and (b) of Definition 3.1.

Since the number of components of the decomposition of K, is limited by My for any
n € N, itis possible to find a subsequence in which the number of components J is the same
forevery n € N. Without relabeling, we have that K,, = UJJ.:1 H,] with H] € MR(r, L) for
every j = 1,...,J and n € N. Now, by [20, Lemma 3.6], up to passing to a subsequence,
we have that H] — H/ € MR(r, L) and bdry(H;}) — bdry(H/) in the Hausdorff distance
for every j = 1, ..., J. Then, it immediately follows that K = U/]'=1 H/, which implies
K € FR(r, L, My), and that sing(K, ) — sing(K) in the Hausdorff distance. O

Following the idea in [20], where hypersurfaces belonging to MR(r, L) where suit-
ably glued along their boundaries, we consider sets where hypersurfaces belonging to
FR(r, L, My) can be analogously glued together, this time along their singular sets rather
than along their boundaries.

Definition 3.9 We say that a compact set K € K () belongs to the class FR(r, L, My, @)
with parametersr > 0, L > 0, My € Nandw : (0, +00) — (0, +00) modulus of continuity,
if K satisfies

(1) K = Uf\il K', where K € FR(r, L, My) foreveryi =1,..., M, forsome M € N.
(2) Foranyi =1,..., M and x € K', if dist(x, sing(K')) = § > 0, then it follows that
dist(x, U K7) = (3).

Moreover, we define sing(K) := Uf‘il sing(K").

@ Springer



Mosco convergence of Sobolev spaces and Sobolev... Page 130f30 15

We remark that, as before, the decomposition, or representation, of K as union of K i e
FR(r, L, Mp) is not at all unique, as well as the decomposition of each K'intoits MR(r, L)
components. Therefore sing(K) is not intrinsically defined and strongly depends on the
chosen representation of K in terms of K ! and, in turn, of K’ in terms of its MR(r, L)
components.

We note that, given a representation of K, forany i, j = 1,..., M withi # j one has
that K/ N K/  sing(K') N sing(K /), which means that two different hypersurfaces in the
decomposition of K € FR(r, L, My, w) are either disjoint or can intersect only along the
sets of singular points.

In order to clarify this new definition, let us start with some simple examples in two
dimensions. Let us consider the case in which K is formed by a finite number of smooth
curves whose pairwise intersection is the origin, which is an endpoint of any of this curves.
If the angle of intersection between any of these curves is bounded away from zero, this
corresponds roughly to w being a linear function, a case we use in Sect. 4. However, if @ goes
to O faster than linearly, these curves may actually form cusps. In three dimensions, a similar
situation occurs when we have smooth surfaces whose pairwise intersection is a smooth curve
belonging to the boundary of any of these surfaces. By using the fact that the intersection may
occur on singular sets rather than boundaries only, extremely general situations can occur.
For example, all the configurations cartooned in Figures 2 and 3 in [22], along with those
obtained by bi-Lipschitz transformations, belong to this class. Also Figure 1 in [22] is a good
illustration of the kind of generality we have in mind, which is fully guaranteed by our class.

Definition 3.5 does not guarantee any control on the intersection of the various pieces H/,
which means that the set sing(K) can be difficult to describe in general. This is clearly true
also for Definition 3.9. However, a basic property like the following still holds.

Lemma3.10 Letr > 0, L > 0, My € N and w be a modulus of continuity and let K €
FR(r, L, My, w). Then for any x € K and any r > 0 there exist s > 0, depending only on
r, L, My, w and 7, and y € Br;2(x) N K such that dist(y, sing(K)) > 5.

Proof We begin by proving this property for K € FR(r, L, My). Without loss of generality,
up to reordering the sets of its decomposition, we can assume that x € H! and that 0 <
r <r/2.Wecall xo = x and s9 = r/4. If bdry(Hl) N Byy/4(x0) = @, we call x; = x¢
and s; = sp/4. Otherwise, there exists z1 € bdry(Hl) N By,/4(xp) and it is clear that
Byy/4(z1) C Byyj2(x0) C Brja(x). Now take the bi-Lipschitz map <I>;1: B,(z1) — RN
definedon H' € MR(r, L) suchthat ®! (H' N B, (z1)) = ®} (B, (z1)) N *. In particular,
we have that B, 160y N at c q);l (Hl N Bso/IG(Zl))- We can find w; € Bsy/a60) N T
such that By, 64r)(w1) N7 C Byysaa6r) N 7. Therefore, by taking x| = (@;l)’l(wl) and
s1 = so/(64L?), it follows that By, (x1) C By,/2(x0) and bdry(H') N By, (x1) = 0. As a
consequence, assuming, without loss of generality, that L > 1, for s1 = so/ (64L2) there
exists x; € K such that dist(xl,bdry(Hl)) > 51 and By, (x1) C Byy/2(x0).

Then, we apply the exact same reasoning to the set H> and we can find, for s, = s1/(64L?),
x3 € K such that dist(xp, bdry(Hz)) > 57 and By, (x2) C By, 2(x1), hence we also have
dist(xy, bdry(H?) U bdry(H")) > 5. By repeating the previous argument up to Mo, we

r
4(64L2%)Mo"

For the general case, let x € K, with K € FR(r, L, My, w). Without loss of generality,
up to reordering the sets of its decomposition, we can assume that x € K!. We have just
proved that there exists y € Bj2(x) N K! such that dist(y, sing(K')) > 5. We conclude that
dist(y, Uj#l K7) > w(5) and the proof is concluded. O

conclude that the thesis holds with § =
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Remark 3.11 The number M € N of components can depend on the particular K €
FR(r, L, My, ), however, using Lemma 3.10, one can find a uniform upper bound
M € N, depending only on parameters r, L, My, @ and on €2, such that M < M for
any K € FR(r, L, My, ). Hence, for any K € FR(r, L, My, ) one has

HN Y K) < MCy < 400 and HN%(sing(K)) < MMoCy < 400,
independently on the representation.

We conclude by introducing the following two classes
FR(r, L, Mo, ») := (K € K(Q) | 0K € FR(r, L, Mo, »)}
and
O(r,L, My, w) :={D € O(R) | 0D € FR(r, L, My, w)}.

The analogous of Proposition 3.8 still holds for all these new classes.

Proposition3.12 Letr > 0, L > 0, Mp € Nand w : (0, +00) — (0, 400) be a modulus of
continuity. Let {K, },en C FR(r, L, My, o), with given decompositions. Assume that K, —
K in the Hausdorff distance as n — oo, with K € K(Q). Then, K € FR(r, L, My, ») and,
up to a subsequence, one has that, for a suitable decomposition of K, sing(K,) — sing(K)
in the Hausdorff distance as n — oo.

Moreover, the class/]-:\ﬁ(r, L, My, w) is closed, thus compact, with respect to convergence
in the Hausdorff distance and the class O(r, L, My, w) is also closed, thus compact, in the
Hausdorff complementary topology.

Proof For the class FR(r, L, My, w), one can easily adapt the arguments of the proof of [20,
Lemma 3.8], by using Propostition 3.8 and substituting bdry(-) with sing(-).

Let {K,}nen C /}"\7_€(r, L, My, w) be such that K,, — K in the Hausdorff distance. We
already know that, up to a subsequence, K, — K € FR(r, L, My, ®) in the Hausdorff
distance and, moreover, that 0 K C KCK by Remark 2.5. Therefore, we only need to show
that K = 9K.

By contradiction, suppose there exists x € K\dK. Then clearly x is a point belonging
to the interior of K, namely there exists d > 0 such that B;(x) C K. Moreover, by the
convergence in the Hausdorff distance of 0K, — K, there exists a sequence of points
x, € 0K, such that x, — x. Take ¥ = d/4 and let y, € B7;»(x,) N 3K, such that
dist(y,, sing(d K,)) > 5 as in Lemma 3.10. We can find a radius §; > 0, depending on § and
L only, and z,, such that Bs, (z,) C B;(y,)\Kj,. Up to a subsequence, z, — z € By2(x),
therefore z € K. Hence, there exists w, € K, such that w,, — z. But, for n large enough,
w, € Bs, (z,) and we obtain a contradiction.

Finally, let {D, },en C O(r, L, My, ®) be such that D, — D in the Hausdorff comple-
mentary topology, that is, Q\D,, — \D in the Hausdorff distance. Assuming 2 C B, for
some R > 0, we have that D,, — D in the Hausdorff complementary topology if and only
if K, = Bry1\D, converges to K = Bgy1\D. But, for any n € N, K,, belongs to the class
?\ﬁ(r, L, My, ) when 2 is replaced by Bg41. We conclude that K belongs to the same
class and thus D € O(r, L, My, ). O

Finally, we state and prove our Mosco convergence result.
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Theorem 3.13 Let @ C RY be an open bounded set. Let r > 0, L > 0, My € N and

w : (0,400) = (0, 400) be a modulus of continuity. Let {D,},en C O(r, L, My, ®) and

D € O(R2) be such that D,, — D in the Hausdorff complementary topology. Let 1 < p < 2.
Then WP (D)) converges to WLP(D) in the sense of Mosco as n — 0.

Proof We begin with the following case. Let K,, € FR(r, L, My, w) and assume that Q C
Bpg, for some R > 0. Let 5,1 = Bpr+1\K,. We assume that K, — K in the Hausdorff
distance and call D = Br+1\K. We prove that wl-r(D,) converges to WL-P(D) in the
sense of Mosco as n — o0o. Condition (M1) of Mosco convergence follows by point v) of
Proposition 2.11. About condition (M2), one can follow the argument of [20, Theorem 3.9],
which is strongly based on the original argument developed in the proof of [13, Theorem
4.2]. The key point of the proof of Theorem 3.9 in [20] was the fact that the boundaries of
the chosen hypersurfaces have zero capacity, for | < p < 2. In our case, we just need to
replace the boundary with the singular set.

Then the proof can be concluded by using Proposition 2.11 iv) and vi), since we now
know that W1*1’(BR+1\8D,1) converges in the sense of Mosco to WI'P(BRH\IZ), with
K e FR(r, L, My, o) such that 0 D,, — K in the Hausdorff distance. |

Remark 3.14 For the sake of completeness, let us also mention the following result. Let €
be any bounded open set. Let r > 0, L > 0, My € Nand w : (0, +00) — (0, +00) be
a modulus of continuity and let {K,},en C ./7-'\7_€/(r, L, My, w) and K € K(S2) be such that
K, — K in the Hausdorff distance. We call D, = Q\K, and D = Q\K.Let 1 < p < 2.
Then, provided that HN-2(Q N dK) = 0, we have WP (D,) converges to W7(D) in
the sense of Mosco as n — o0. In fact, as before, condition (M1) of Mosco convergence
follows by point v) of Proposition 2.11, see also Remark 2.9, and actually for (M1) there
is no need to assume that H¥=2(3Q2 N 9K) = 0. About condition (M2), we start with the
sets D, = Q\0K,,. Then, since 32 N dK has zero capacity, we can repeat the argument of
Theorem 3.13. Then, as before, we conclude by using Proposition 2.11(iv) and (vi).

The advantage of this case is that the boundary of €2, since it is fixed, can be arbitrary,
the price to pay is the condition on 92 N 9K which can not be inferred from the other
assumptions.

4 A sufficient condition for Sobolev inequalities for nonsmooth
domains

We now study Sobolev inequalities. Remarks 2.3 and 2.10 are just two examples of the
importance of establishing these inequalities, in particular with constants independent from
the domain.

The main tool that we will use to prove the Sobolev inequality is the following version
of a Friedrichs type inequality. For any u € L}O . (RV) and any x € RV, we call u™(x) and
u~ (x), respectively, the approximate lim sup and lim inf of u at x, that is,

uT(x) := ap-limsupu(y) = inf {t | {u > t} has density 0 inx},

y—>x

and

u” (x) :=ap-liminf u(y) = sup {t | {u > t} has density 1 in x},
y—Xx

see [4, Definition 1.57] for details. For any bounded open set D, we consider d D as a measure
space with the HV~! measure.
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We also use the following trace inequality, which can be inferred by results in [1]. Let
D e A(r,L,R).Let1 < p < 400. We consider the following cases
N —1
a)l <p<N and lgss(Ni)p;

-Pp
b)p=N and 1<s < 400; 4.1

c)p>N and 1 <s <+o00.
Then, there exists a constant ¢, s, depending on p, s, r, L and R only, such that
lulls@py < cpsllullwipp, forany ue WP (D). 4.2)
The Friedrichs type inequality is the following.

Proposition 4.1 Let D C RY be a bounded open set and let u € Ll]m,(D). Let1l < p < 400
and assume that Vu € LP(D; RN), that is, u € L"“P(D). Consider u extended to 0 outside
D.

If
PN _(N-Dp
N—p’ a N—-p

)

1<p<N, pr=

then there exists C1 = C1(p) > 0, Cy depending only on p, such that

Nl o py = Ci[IIVull ey + Nul TllLs @ |-

N
1§q<+oo,let1§p1= 9 < N and

N
If N < 00, 1
I[f N < p < 400, for any <N— Ntq

N—1 N -1
s = (N )P = ( N )q’ then there exists Cy = Ca(q) > 0, Ca depending only on q,
—P1

since C2(q) = C1(p1), such that

lullzapy < Co[IVull Loy + NulFllzs oy |-

Proof The case 1 < p < N is exactly [23, Corollary 2.4]. When p > N, it is enough to note

that g = p7. o

For 1 < p < N, this proposition shows that, roughly speaking, the validity of some
N-—-1

kind of trace inequality with the optimal value of s = (Ni)p implies the validity of the

Sobolev inequality.

Remark 4.2 Let D be a bounded domain with Lipschitz boundary. Let 1 < p < 400 and
u e Wl”’(]RN\aD). Then we call uy € LP(dD) and u_ € LP(dD) the traces of u on
9D from outside D and inside D, respectively. Then, for H¥~'-a.e. x € 3D, we have
ut =max{u_,u;}and u” =min{u_, uy},so |u|T(x) = max{|u_|, [uy|} < lu_| + |uyl.

Moreover, let u € L}OC(RN), letx € RN ands > Oandlet ® : B;(x) - RN bea
bi-Lipschitz map. If v = u o ®~!, then u™ (x) = v (P (x)).

Let D C Bg belong to O(r, L, My, w), with Q = Br. Let K = dD.Letl < p < 400
and let u € WP (D). We always extend u to 0 outside D, thus u € wbhr(RN\K) with
compact support. If x € K\ sing(K), through a bi-Lipschitz map ®, we can map an open
neighbourhood U of x to By, for some s > 0, such that ®(U N K) = B; N x. Let us
cal Bf ={y € B; | yv >0}and By = {y € By | yv < 0}. Thenv = uo ®~! ¢
WP (Bg\m) and we can define its traces on w N By from above and below as vy and
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v_. Then, for H¥'-ae. y € U N K we have uT(y) = max{v_(®(y)), vy (P(y)} and
1~ (y) = min{v_(®(y)), v4 (P (y)}. Thus, for H¥'-ae. x € K, ut(x) and u~(x) can be
defined as the maximum and the minimum, respectively, of this kind of traces from the two
sides of K.

Let us introduce the following new classes. We fix a constant R > 0 and, in the following
definitions, we drop the dependence on it.

Definition 4.3 A set K C Bg belongs to ﬁ(r, L, My, w) with parameters r > 0, L > 0,
My € N and w modulus of continuity if

(1) K = Ulﬂil K', where Ki € FR(r, L, My), with Q = Bg, foreveryi =1,..., M, for
some M € N.

(2) Foranyi =1,...,Mand x € K1, if dist(x, bdry(Ki)) = § > 0, then it follows that
dist(x, U K7 > w ().

Aset K C ?Rbelongs toﬁ(r, L, My, a, 69) with parameters r > 0, L > 0, Mg € N,
a > 0andé§y > 0if K € ﬁ(r, L, My, w) with ® modulus of continuity such that w (§) > aé
forany 0 < § < &p.

We finally define

Oi(r, L, My, a, 80) := {D € O(Bg) | dD € FRi(r, L, Mo, a, §)}.

‘We observe that the classﬁ(r, L, My, w) is contained in FR(r, L, My, ®) and the only
difference is that the intersection of the different R (r, L, My) components can happen
only along the boundaries and not along the singular sets. As we shall see, this gives us some
more regularity, however the price we pay is that this class may be no longer closed in the
Hausdorff distance. Inﬁ(r, L, My, a, §y), we restrict the modulus of continuity w to be
essentially linear, which allows us to avoid difficult to handle cusps-like structures. In order
to understand such regularity better, we state the next lemma.

Lemma 4.4 Let us fix parameters R > 0, r > 0, L > 0, My € N, a > 0and §9 > 0.
Let K' C By belong to FR(r, L, Mo), with Q@ = Bg. Let K' = \J]_, H/, where H/ €
MR(r, L) forevery j = 1,...,J and 1 < J < My. Then there exists a positive constant
ay, depending on'r, L and R only, such that for any x € H" with dist(x, bdry(H')) =8 > 0
we have dist(x, Kl\Hl) > a;é.

Consequently, let K C Bg belong toﬁ(r, L, My, a, §y), with the representation K =
Ufil K. Then there exists a positive constant az, depending on r, L, R and a only, such that
foranyx € H' with dist(x, bdry(Hl)) =4, for some 0 < § < 8y, we have dist(x, K\Hl) >
a»é.

Proof Let x € H' be such that dist(x, bdry(H')) = § > 0. We note that § < 2R and
dist(x, bdry(H')) < dist(x, bdry(K'1)).

For the first part, we assume, without loss of generality, that 0 < § < r/4. If B,(x) N
(Kl\Hl) = (), then dist(x, Kl\Hl) > r > §. Otherwise, let d>,1v be the map relative to
K as a Lipschitz hypersurface. Then, <I>)16 (x) = 0 and B/ N is contained in the image
®1(H'NB,(x)).Hence, K' NB;;;2(x) C (1)1 (Bs/.Nw) C H', thusdist(x, K'\H') >
8/L? and the first part is proved.

The second part follows immediately by taking ap = min{a, a}. O
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Remark 4.5 The first part of Lemma 4.4 illustrates also the need to use the class 7R instead
of the class FR. In fact, we can control from below dist(x, K 1\H 1), which in turn bounds
from below the distance of x from the boundary of K 1 However, since the sets H/ can
overlap, it may well happen that x belongs to the boundary of H2. In other words, we can
not control the distance of x from the singular set of K'. Allowing intersections along the
singular sets and not only along the boundaries would make it impossible to have the required
property of the second part of Lemma 4.4, since we could have points of K2 arbitrarily close
to x, if K2 intersects K ' along the boundary of H2.

We are ready to state the following theorem, the main of this section.

Theorem 4.6 Let D belong to 61 (r, L, My, a, 8o) with parametersr > 0, L > 0, My € N,
a>0and§y>0.Let1l < p < +o0.

If1 < p < N, then there exists C1 > 0, Cy depending only on p, r, L, My, a, o and R,
such that

leell oy < Cillullyrogp)-

If N < p < 400, then for any 1 < g < +00 there exists Co > 0, Ca depending only on
p,q,r, L, My, a, 5o and R, such that

lullLapy < Cillullwirp-
Proof 1t is an immediate consequence of Proposition 4.1 and of the next proposition. O

Proposition 4.7 Let D belong to (”51 (r, L, My, a, 8o) withparametersr > 0, L > 0, My € N,
a>0and8y > 0.Let1 < p < +ocoandletu € WP (D). Consider u extended to 0 outside
D.

If
_N=1Dp

1<p<N, s
=p N—p

’

then there exists C1 > 0, C| depending only on p, r, L, My, a, 8o and R, such that
|||u|+||L5(3D) =< él ”u”WIP(D)

IfN < p < +o0, forany 1 <s < +o00, then there exists Cy > 0, C» depending only on
p, s, r, L, Mo, a, §g and R, such that

Nl ™ lls@py < Callullwirpy-

Proof We call K = 9D. Without loss of generality, we assume for simplicity that u > 0.
It is enough to prove the case 1 < p < N. In fact, for the other case one can just pick

1<p = < N and apply the first case to p;. We just recall that |D| < |Bpg]|

N—1+s
and HN ’1(K ) is bounded by a constant depending only on r, L, My, a, §y and R, see
Remark 3.11.

We take a representation of K = Uf‘il K. Since M < M, again by Remark 3.11, it is

enough to estimate the norm of |u|™ on K, for anyi = 1,..., M. Up to reordering, let us
just consider K ! and take its representation K! = Ujj-zl H/. Since J < M), it is enough
to estimate the norm of |u|™ on H/, for any j = 1, ..., J. Again up to reordering, we can

just focus on proving the estimate on H!, which we recall is belonging to MR(r, L) with
respect to Q2 = Bg.
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Let 0t = [-1,11Y"2 x [0,1] x [0,1], O~ = [-1,11Y"2 x [0, 1] x [—1,0] and
I = [-1, 112 x[0,1] x {0} Cc 90*. Letus fix x € H'. We begin with the case
when x € bdry(H 1. Let @, : B, (x) = RY be the bi-Lipschitz map related to H I'as an
MTR(r, L) hypersurface and x. We have that B, ;1 N 7t C & (K N B,(x)). We can find 8,
with 0 < 8; < 8o depending only on &g, r and L, such that the diameter of §; Q¥ is less than
orequal tor/(4L). Then, forany y = (y1,..., yn-1,0) € 1" C ®,(K N B,(x)), we have
that dist(®; ! (y), bdry(H')) > yy_1/L. Thus, from Lemma 4.4, dist(®; ' (y), K\H') >
ayn—1/L, therefore

dist(y, @, ((K\H") N B, (x))) > asyn—1/L* = azyn—1

withas = ap/L? < 1.

We consider the two wedges WT = {y € §; oF | |yn| < azyn—1} and we conclude that
WE C & (R¥\K) N B, (x)). Let v¥ = u o ;' on W*. Note that §;I" ¢ W*. Then, by
the trace inequality (4.2), for a constant ¢, depending only on p, §; and a3, we have

“ Vi ”L"'((S] r) =< Cp ” v “ whr(W+)
where vy denotes as before traces from above or from below respectively. Hence, since
integral and Sobolev norms are preserved under bi-Lipschitz transformations, up to constants
depending only on L and, for Sobolev spaces, on p, we conclude that

|||M|+||LS(H1035|/L(;<)) = C||M||W1.p(RN\K) = C||u||w1,p(D)-

Here C clearly depends only on p, r, L, a, §o and R.
Now, if a point x € H' has a distance less than or equal to §;/(2L) from bdry(Hl), we
conclude that, for the same constant C,

+
|||M| ”L“'(H'f‘lBgl/(zL)(x)) = C”””WI’I’(D)'

Applying a completely analogous argument, actually easier with respect to the one for
boundary points, to the points x € H'! whose distance from bdry(H!) is greater that 8, /(2L),
we can find r; > 0 and C, depending only on p, r, L, a, ég and R, such that for any x € H!
we have

|||u|+||LY(H|ﬂBr1 w) = Cillullyropy-

By covering H! with a finite number m of balls of radius r| centred at points of H!, we
conclude that

1/s
el Fll s iy < Crm™S el (-

Since m can be bounded by a constant depending on 71 and R only, the proof is concluded. O

5 Stability for the acoustic scattering problem

We say that a set K C RY is a scatterer if K is compact and G := RV \K is connected. For
any s > 0, wecall G; = GN By = Bs\K.

Given an open set D C RY, we say that o is a uniformly elliptic tensor in D if o €
L*>°(D; Msl\y’;lN (R)) and it satisfies the following ellipticity condition for some constants

0<Xo <A
MlEP? <o (x)E - < A|g)> forae. x € D andforany & e RY. (5.1)
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Given an open set D, a uniformly elliptic tensor o in D, § € L®(D), f € L*(D) and
F e L*(D; RY), we consider the following equation with variable coefficients

div(cVu) + qu =div(F)+ f in D (5.2)
whose weak formulation is that u € Wllo’cz(D) and

/0Vu~Vv—/éuv=/F~Vv—/fv
D D D D

for any v € W!-2(D) with compact support in D. If we consider a homogeneous Neumann
condition, namely,

oVu-v=0 on 0D, (5.3)
the weak formulation of (5.2)—(5.3) is that u € W'2(D) and

/oVu-Vv—/ c}uv:/ F-Vv—/ fv for any ver’Z(D). 5.4
D D D D

We have the following stability result for boundary value problems of this kind under
variations of D, the coefficients o and ¢, and the source terms f and F.

Proposition 5.1 Let Q be an arbitrary bounded domain in RN and let us fix 0 < Ao < A
and c1 > 0. Suppose that, for any n € N, D, € O(Q), o, is a uniformly elliptic tensor
in Q satisfying (5.1) in Q, g, € L () with ||g,llre) < c1, fa € L%*(Q) and F, €
L2(S: RN). Let u, € Wh2(Dy,) solve the corresponding problem (5.2)—(5.3), that is, for
any v € wlZ(D),

/ 0, Vu, - Vv — / gnupv = / F, -Vv— fav. (5.5)
D, D, Dy Dy,

We assume that D,, — D in the Hausdorf{f complementary topology, WV-2(D,,) converges
to WH2(D) in the sense of Mosco, o, — o and §, — § almost everywhere in Q, f,
converges to f weakly in L*>(2) and F, converges to F weakly in L*($2; RV).

Moreover, we assume that, for some constant C > 0, |lun | ;2(p,) < C foranyn € N.

Then, up to a subsequence, (u,, Vu,) converges to (u, Vu), with the usual extensions to
0, weakly in L2(; RNTY), where u € WY-2(D) solves (5.2)~(5.3). Furthermore, we also
have that o, Vu, converges to o Vu weakly in L?(; RY) and /0, Vu, converges to JoVu
weakly in L2(Q:; RY).

Proof 1t is easy to infer that we have a uniform bound on [uy || y1.2(q), therefore, up to a
subsequence, (i, Vu,) weakly converges, in L2(Q; RNt to (u, Vu), withu € WL2(D).
Here we used condition (M1) of Mosco convergence. It is not difficult to show that also
0, Vi, converges to o Vu weakly in L?(2; RV) and J/on Vuy converges to /o Vu weakly
in L2(2; RM).

We need to prove that u solves (5.2)—(5.3). Take v € WL2(D) and, by condition (M2) of
Mosco convergence, let v, € W12(D,) be such that (v,,, Vvy,) converges to (v, Vv) strongly
in L2(Q; RV*1). Then

/ Unvun'vvn_/ énunvn:/ Fn'vvn_/ Sfnvn
n D, D, D,

and it is not difficult to check that we can pass to the limit and obtain (5.4). m}
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Corollary 5.2 Under the assumptions of Proposition 5.1, further assume that there exists
p > 2 and Cy > 0 such that for anyn € N

Iollizep, < Cillvliwizp,, forany ve W'(Dy). (5.6)

Then we have that, up to a subsequence, u, — u strongly in L*(Q).
Furthermore, if F,, — F strongly in LZ(SZ; RN), we also have that, for the same subse-
quence, \Jo,Vi, — JoVu strongly in L*(Q2; RN). In this case, we can also replace the

~ ~ . . . ~ * ~ .
assumption that g, — q almost everywhere in Q with the assumption that g, — q with
respect to weak-* convergence in L*(2).

Proof The first part immediately follows by Remark 2.10. Then, provided F,, — F strongly
in L2(Q; RM), by the weak formulation (5.5) with v = u,, we infer that

/ a,,Vun~Vun—>/aVu~Vu as n— o0
D, D

which guarantees the strong convergence of /0, Vu, to /o Vu. About the last remark, if

. . Lk L
u, — uand v, — v strongly in L?(£2), then it is enough that §, — § with respect to weak-%
convergence in L°°(2) to obtain that

/ énunvne/c}uv as n — 0o
Dy D

and the proof is concluded. O

Remark 5.3 If we further assume that (5.2)—(5.3) admits a unique solution, then the conver-
gences in Proposition 5.1 and in Corollary 5.2 hold without passing to subsequences.

Definition 5.4 The equation div(c Vu) + qu = 0, with o uniformly elliptic tensor in D and
q € L*(D), satisfies the unique continuation property (UCP) in an open connected set D if
for any solution u that vanishes in an open not empty subset D1 C D, it follows that u = 0
in all of D.

Remark 5.5 For N = 2, o uniformly elliptic tensor and ¢ € L°° are enough to guarantee the
UCP; in particular, no regularity of o is required. For N > 3, some regularity of ¢ is needed,
indeed a sufficient assumption is that o is locally Lipschitz in D, see for instance [2].

Following [3], and the generalisation in [17], we show that UCP holds if o is piecewise
Lipschitz in the following sense.

Proposition 5.6 Ler D C RN be an open set and o be a uniformly elliptic tensor in D and
q € L°°(D). Assume that there exists a family { D; }i e of pairwise disjoint domains contained

in D such that
pc| D
iel

and || = 0 where

2=DOU8Di.

iel
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We say that x € X exactly separates two parts if there exist § > 0 and two different indices
i and j such that |Bs(x)\(D; U D;)| = 0 and Bs(x) N D; and Bs(x) N D; are not empty.
Then we assume that D = D\C is connected, where

C = {x € X | x does not exactly separate any two parts}.

Finally, we assume that for any compact set K contained in D we have that o|gnp, is
Lipschitz for any i € 1.
Then, the equation div(o Vu) + k*>qu = 0 satisfies the UCP in D.

Proof The argument is exactly the same used to prove [17, Proposition 2.13]. We just note
that under our assumptions, D is necessarily connected and the set of indexes / is at most
numerable. O

Remark 5.7 By [17, Lemma?2.14], we can replace the assumption that D = D\C is connected
with the simpler one that D is connected and H*(C) < 4oo for some s < N — 1.

The main purpose of this section is to prove the stability of the scattering problem

div(e Vu) + k*qu = 0 in G=RV\K
u=u +u in G
oViu-v=0 on 3G = 0K (5.7)
a s
lim N/ (i —ikuS> —0 with r=|x|
r—+o0 ar

with respect to the sound-hard scatterer K, the coefficients o and ¢, the incident field u'
and the wavenumber k > 0. The function u is called the total field, whereas u® is called the
scattered field. About the coefficients, we assume o to be a uniformly elliptic tensor in G,
whereas g € L*°(G) satisfies, for some constants 0 < ¢g < ¢,

co <qx)<c forae. xegG. (5.8)
We always assume that the space is isotropic outside a ball Bg,, for some Ry > 0, that is,
o=lIyandg=1 in RV\Bg,. (5.9)

The limit in the last line of (5.7) is the so-called Sommerfeld radiation condition and it
means that the scattered field is, outside Bp,, a radiating solution to the Helmholtz equation
Au + k*>u = 0. The incident field is typically an entire solution to the Helmholtz equation
Au + k*u = 0, here we limit ourselves to consider u' as a plane wave with wavenumber k
and direction of propagation d € S¥~!, namely

u (x) :=e*¥? forany x e RV, (5.10)

Remark 5.8 About the scatterir@roblem (5.7), we refer to [8, 25]. We note that, under the
previous assumptions, if K C Bg, for some R > 0, we say that u is a weak solution to the
exterior boundary value problem (5.7) if, for any s > R, u € WL2(Gy; ©), it satisfies

/ 0Vu-Vv—k2/ quv =0

forany v e W"?(G,;C) suchthat v=0 on 9B,

and u® = u — u' satisfies the limit in the Sommerfeld radiation condition, which has to hold
uniformly with respect to all directions.
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We note that a weak solution to (5.7) is unique, provided the Helmholtz equation
div(oVu) + k>qu = 0 has the UCP in G = RV\K. Concerning the existence of a solution,
we still need the UCP property of the equation together with a mild regularity of K, namely
that Gr41 = Br+1\K satisfies the RCP;.

Unfortunately, for stability, following [20], RCP; is not enough and a stronger assump-
tion is required, namely a uniform higher integrability of W!2(G g1) functions such as
in Corollary 5.2. The following stability result just extends to the variable coefficients case
Proposition 2.15 in [20]. The proof is completely analogous, once Proposition 5.1 and Corol-
lary 5.2 are established, and we omit it.

Theorem 5.9 (Stability) Foranyn € N, let K,, be a scatterer contained in B, for some fixed
R. We call D,, = Br4+1\K,, and we assume that there exists p > 2 and C1 > 0 such that for
any n € N (5.6) holds.

Let 6, be a uniformly elliptic tensor in R satisfying (5.1) with constants 0 < Ly < Aq,
and let g, € L% (RN) satisfying (5.8) with constants 0 < co < c1. We also assume that, for
some Ry > 0, oy, and q, satisfy (5.9).

Letd, € SN""andk, > 0, and let the incident field be given by uil (x) = ekn¥dn x ¢ RV,

Let u, be a weak solution to

div(e, Vuy) + k2quu, = 0 in G" =RN\K,
U, = ujl + uj in G"
0, Vu, -v=0 on 0G" = 0K,
a s
lim VD2 (s ) =0 with ¢ = |,
r—+00 ar

We assume that K, converges to K in the Hausdorff distance, W2(D,,) Mosco converges
to Wh2(D), with D = Bg,1\K, 0, converges to o almost everywhere in BRg,, gn converges
to q almost everywhere in Bg, or with respect to weak-% convergence in L°(BRg,), dy
converges to d € SN! and k, converges to k € R,

We further assume that K is a scatterer, div(c Vu) + k*qu = 0 satisfies the UCP in
G = RN\K, and that, only if N = 2, k > 0.

Then (uy,, /o, Vuy) converges to (u, o Vu) strongly in L2(By: }RNH)for any s > 0,
where u solves (5.7) with incident field u' given by (5.10).

Remark 5.10 For N > 3, we allow the limit k to be equal to 0. For k = 0, the Sommerfeld
radiation condition has to be replaced by

u* =o0() as r=|x| > +oo,

with the limit holding uniformly with respect to all directions. For N = 2, instead, k must be
strictly positive, since the limit for small wavenumbers is troublesome. For further details,
see [15] and the discussion in [24, Section 3].

In the sequel we construct classes of scatterers and of coefficients satisfying the assump-
tions of Theorem 5.9 and such that, up to subsequences, they satisfy the convergences required
in Theorem 5.9.

Definition 5.11 A set K C Br belongs to SC;(R,r, L, My, a, 8y, y), with parameters
r>0,L >0 MyeNa>0,38 > 0and y modulus of continuity, if K is compact,
K € ﬁ(r, L, My, a, §y) and K satisfies the uniform exterior connectedness property
with function y, that is, for any ¢ > 0, for any x1, x7 € R¥ such that B;(x;) and B;(x») are
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contained in RV \ K and for any 0 < s < y(t), one can find a smooth curve I, for instance
of regularity ¢!, which connects the points x1 and x, and such that B, (I") is still contained
inRV\K.

Observe that the uniform exterior connectedness property implies that RV \ K is connected.
Moreover, this condition is also closed with respect to convergence in the Hausdorff distance,
see [24, Lemma 2.5].

Definition 5.12 We say that
(0,9, k) € N'=N(Ro, 7, L, Mo, w, »o, A1, o, c1, k. k)

with parameters Ry > 0,7 > 0, L > 0, My € N,0 < X < A1,0 <¢p <c¢1,0 <k <k
and ® modulus of continuity if the following holds. First, o € L>(RN; M *N (R)) is
a uniformly elliptic tensor in RV with constants 0 < A9 < Ay, that is, (5.1) holds with
D =RV, q € L>®(RN) satisfies (5.8) with D = R, and (5.9) holds. The number k € R

satisfies
O<k<k if N>3 or O0<k<k<k if N=2. (5.11)

Finally, o has the following regularity. If N = 2, we assume that any entry of the matrix
o has total variation on Bg, bounded by L. If N > 3, we assume that there exists
K € FR(r,L, My, w), with respect to Q& = Bpg,, depending on o, satisfying the fol-
lowing properties. Let Do be the unbounded connected component of RV\K and let D;,
i=1,..., M, be the bounded ones. Then, o|p, = In, while o|p, is Lipschitz with Lips-
chitz constant bounded by L, foreveryi = 1,..., M.

We note that M depends on K, thus on o, but, by Lemma 3.10, it is bounded by a constant
depending on R, r, L, My and @ only. Moreover, for any (o, ¢, k) in such a class, the equation
div(o Vu) + k>qu = 0 satisfies the UCP, thanks to Proposition 5.6.

Proposition 5.13 Foranyn € N, let (o, gn, kn) € N, where N is as in Definition 5.12, with
given parameters. Then, up to a subsequence, 6, — o almost everywhere in RN and also
in LP(RN) for any 1 < p < 400, g, converges to q with respect to weak- convergence in
L°°(Bg,) and k, — k € R where o, q and k satisfy the following properties.

We have that o is a uniformly elliptic tensor satisfying (5.1) with D = RN, g € L®([R")
satisfies (5.8) with D = RN, and (5.9) holds. The number k € R is such that 0 < k < k,
withk > k > 0 if N = 2. Finally, the equation div(c Vu) + k*qu = 0 satisfies the UCP.

Proof About g and k, the listed convergence properties are straightforward. About o, for
N = 2, boundedness in BV implies compactness in L', so also this case is simple, since
from convergence in L! we can deduce, due to uniform boundedness, convergence in L? for
any p finite and, up to a further subsequence, convergence almost everywhere.

About o, for N > 3, we argue like in [17, Lemma 5.3]. Due to uniform boundedness,
it is enough to prove L' convergence or almost everywhere convergence. We can assume,
passing to subsequences, that the sets K, associated to o, converge in the Hausdorff distance
to K € FR(r, L, My, ). We can also assume that M,, = M for any n € N. We call D,
i =0,..., M, the connected components of RN\ K,,, Dg being the unbounded one. We can
assume that, forany i =0, ..., M , K, U Dl.” converges to G; in the Hausdorff distance. By
Proposition 3.12, we have that K,, converges to dG; in the Hausdorff distance, and we call
D; the interior of G;. We note that the sets D; are open, pairwise disjoint and their union is
RN\ K. However, D; may be the union of more than one connected component of RV\ K.
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By [12, Theorem 3.1.1], we call ol.”,foranyi =1,..., M and for any n € N, an extension

of 0| pr such that o/ is Lipschitz on Bg,, with Lipschitz constants bounded by a constant,
depending only on N, times L. Still up to subsequences, we can assume that o' — o;
uniformly on Bg,, foranyi = 1,..., M. Clearly o; is Lipschitz on Bg,-

We take as o the tensor such that o |p, = o;. Now let x € RV \K and let x € D; for some
i. We have that, for some § > 0 and any n > ng, Bs(x) C D7, thus 0" (x) = o/'(x) —
o (x). Since |K| = 0, we have obtained convergence almost everywhere. By convergence
almost everywhere, it is clear that o is a uniformly elliptic tensor satysfing (5.1). Again by
Proposition 5.6, we conclude that div(c Vu) + kzqu = 0 satisfies the UCP. ]

We conclude with the following uniform bound result which follows easily from our
previous analysis and the arguments developed in [17, 20].

Theorem 5.14 (Uniform bounds) Let R > 0, r > 0, L > 0, My € N, a > 0,
8o > 0, y modulus of continuity, Ro > 0, w modulus of continuity, 0 < Ay < Aj,
0 <cyp<cand0 < k < k. For any K € SC/(R,r, L, My, a, do, y), any (o,q,k) €
N(Roy,r, L, My, w, Ao, A1, co, C1, k, k) and any d € SN=L let u be the solution to 5.7),
with u' given by (5.10).

Then, for any s > 0, there exists C1 > 0, depending only on the parameters above and
on s, such that

Nl 2po\ky + VUl 28Ky = Ci- (5.12)

Furthermore, there exists a constant C, depending only on the parameters above, such that

. C
lu® (x)| < . - forany x € RN with |x| > max{Rg, R} + 1. (5.13)
|x|(Nfl)/2

Remark 5.15 For N > 3, we can just set k = 0 both in Definition 5.12 and in Theorem 5.14.
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Appendix A: Comparison with the class G(r, L, C)

Here we show that classes FR(r, L, Myp) generalise classes G(r, L, C) introduced in [13].

A.1 Cone condition

First of all, we fix some notation. Let N > 1, let By, B, C R be two open balls such that
Bi is centred in 0 and 0 ¢ B and let x € RN. We denote finite closed cone in RN with
vertex in x a set which can be described as

Cr:=x+(BIN{Ay|ye By 1= 0}.

Instead, let y1, ..., yn € RN be N linearly independent vectors and let x € RV . We denote
parallelepiped in RN with vertex in x a set such as

N
Py :=x+ ijyj‘O§Aj <lforeveryl <j <N
Jj=1

Moreover, the centre of Py is ¢(Py) = x + %(yl + ...+ yn). Finally, we say that two cones
C and C’ are congruent, and we write C = C’, if there exists a rototranslation ¥ of R" such
that ¥(C) = C’ and, analogously, P = P’ if W(P) = P’. It is clear that every finite closed
cone with vertex in x contains a parallelepiped with vertex in x and viceversa.

Since we mostly work with compact sets, we need a modified version of the classical cone
property for open sets, as in [1, Definition 4.3].

Definition A.1 Let C be a finite closed cone in RV with vertex in the origin. We say that a
compact set K C R satisfies the cone condition with respect to C if for any x € K there
exists a finite closed cone C* congruent to C such asx € C* C K.

Other than using closed cones and not open ones, the main difference with the classical
cone property is that we do not require the cone C* to have vertex in the assigned point x.
This gives more flexibility thanks to the following lemma.

LemmaA.2 Let C be afinite closed cone in RN with vertex in the origin and let K = Uies Ci
where I is a set of indices and C; = C for everyi € 1. Suppose additionally that the vertices
of the cones C; can vary only in a compact set B.

Then, there exists {C}jes, where J is a set of indices, C; = C forany j € J and C; has
vertex in B for any j € J, such that K = UjEJ C;. Namely, the closure of a union of closed
cones is still a union of closed cones. Furthermore, K satisfies the cone condition with cone

C.

Proof Observe that the set of closed cones in R congruent to C with vertex in B, equipped
with the metric given by Hausdorff distance, is compact since it is homeomorphic to the
product space B x SN~1,

Letx € K, then there exists {x,},en C K such that x,, — x.Sincex,, € K, foranyn € N
there exists C;, such that x, € C;,. Now, by compactness, up to subsequences, C;, — C~*
in the Hausdorff distance. Then, C;, — C* implies that C* C K and that x € C*. Hence,
it is enough to define / = K, j = x € K and C; = C* to obtain that K = |, C*. Note
that any of these C* has vertex in B, so it is immediate to conclude that K is compact and
that it satisfies the cone condition with cone C. O
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The following modification of the Gagliardo theorem allows us to decompose compact
sets with the cone condition into a finite union of compact sets with Lipschitz boundary,
where the number and the regularity of these Lipschitz sets depend only on the cone C.

Theorem A.3 (Gagliardo) Let C C RY be a finite closed cone with vertex in 0 and let
K C RY be a compact set with diam(K) < d satisfying the cone condition with respect to
C. Then, for any p > 0 there exist Ay, ..., A; compact subsets of K with diam(A;) < p
foreveryi =1, ...,1 and there exist Py, ..., P; congruent parallelepipeds with vertex in O
such that the following holds:

(a) Forany x € K there exists | <i <1 such that x + P; C C*.
(b) K = ngl K; with Ki = Uyea, (x + P;) compact for everyi = 1,..., 1.

In particular, the number | € N and the parallelepipeds Py, . .., P; depend only on C, d and
p and not on K specifically.

Moreover, there exist p > 0, n > 0 and L1 > 0, depending only on C, such that for any
0 < p < p we have that for everyi = 1, ..., the set K; is the closure of an open set whose
boundary is Lipschitz with constants n and L.

Proof 1t is easy to modify the argument used in [1, Theorem 4.8] to our case of compact sets
with the cone condition. O

A2ClassG(r, L, C)

We now introduce the class of hypersurfaces originally defined in [13].

Definition A4 We say that a Lipschitz hypersurface K € K(Q) belongs to the class
G(r, L, C) with parameters r > 0, L > 0 and C C RV~ finite closed cone with ver-
tex in 0, if, in addition to hypotheses (a) and (b) of Definition 3.1, it satisfies for any x € K
the property

(¢") forany y € B% (x) N K there exists a finite closed cone Cy C 7 with Cy, = C such that
D, (y) € Cy C D5 (B, (x) N K).

Remark A.5 In the original definition in [13], property (c¢’) was slightly different, namely

(c”) forany y € Br(x)NK there exists a finite closed cone Cy, C m with C}, = C such that
Dy (y) € Cy C Py(Br(x) NK).

However, these two conditions are equivalent, up to changing the cone C. Indeed, )
obviously implies (c) Viceversa, if we choose C C C such that dlam(C ) < r/(2L),
we have that y € Cy C Cy C P,(By(x) N K). However, C) C Byj2r)(y), so that
<I>;1(C~‘y) C Br/z(cb;l(y)) C By (x), which in turn implies that Cy C O,.(Br(x) NK).
Our modification on property (c) is justified by the fact that it allows to prove that the class
G(r, L, C) is closed, thus compact, with respect to the Hausdorff distance.

Proposition A.6 Letr > 0, L > 0 and C C RN~! finite closed cone with vertex in 0 and let
{Kplnen C G(r, L, C) such that K,, — K in the Hausdorff distance, with K € K(2). Then
K € G(r, L, C) and also, up to a subsequence, bdry(K,) — H in the Hausdorff distance,
with H C K compact set such that bdry(K) C H.

@ Springer



15 Page 280f 30 M. Fornoni, L. Rondi

Proof To prove that K € G(r, L, C), we have to show that for any x € K there exists
o, : B (x) cRY - RV bi-Lipschitz map which satisfies conditions (a), (b) and (¢’). Let
x € K, then, since K,, — K in the Hausdorff distance, there exists x,, € K, such that
xp = x.Now K, € G(r, L, C) for every n € N, therefore there exists a bi-Lipschitz map
d>§” : By (x,) —> RY satisfying (a), (b) and (¢). For any y € B, 2(x,) N K, we call C;‘ the
corresponding cone in property (c).

We know that the maps d~>,, : B.(0) - RV given by @ﬁn = d~>,,(~ — Xp), up to a subse-
quence, converge uniformly to ®: B,(0) — R and that the map &, = O (- — x) satisfies
(a) and (b).

To show (¢/), let y € K N B, 2(x), then, as before, there exist y, € K, such that y, — y.
Up to a subsequence, y, € B,/2(x,) N K, and the corresponding cones of property (c’),

Cy,. converge in the Hausdorff distance to a cone C = C such that ®,(y) € C, by uniform

convergence. We need to show that C= Cy, thatis, that Cc O, (B, (x)NK).Letw € C. By
Hausdorff convergence, always up to subsequences, we can find z,, € B, (x,) N K}, such that
w, = Py, (z,) — w. Without loss of generality, we can also assume that z,, is converging to
z € B,(x) N K and that, by uniform convergence, ®,(z) = w, thus property (¢’) is proved.

We know that, up to a subsequence, bdry(K,) — H € K(Q) with H C K. By contradic-
tion, assume that there exists x € bdry(K)\ H, hence there existc,0 < ¢ < r/2, and {ny }ren
such that dist(x, bdry(K,,)) > c for any k € N. However, by Hausdorff convergence, there
exist y, € K, such that y, — x, so, for some k € N, we have dist(yy,, , bdry(K,,)) > ¢/2
for any £k > k. Clearly, @;ﬂi (B¢jary) C Beja(yn,) and, by Remark 3.2, we have that
Be,ony N C <I>ynk (B (yn) N K). Since x € bdry(K), there exists z € B¢/ ) N not
belonging to ®,(B,(x) N K). However, wy = <I>;”1k (z) € Ky, and wy — w € K and
®,. (w) = z, thus we obtain a contradiction. ]

Example A.7 In the previous Proposition we showed that bdry(K,) — H in the Hausdorff
distance with bdry(K) C H, but it could happen that the inclusion bdry(K) C H is strict,
indeed consider the following example.

Using polar coordinates in R?, define:

A = By; An:{(r,l?)|0§r§1, 5195271} Vn > 1.

1
n

Set K = A x {0} and K,, = A, x {0}, for every n > 1, as subsets of R>. It is easy to show
that, for some r, L and C, we have K, € G(r,L,C) foranyn > 1 and K € G(r, L, C).
Moreover, K;, — K in the Hausdorff distance but 0 K,, — H in the Hausdorff distance,
where

bdry(K) = dA x {0} C H = bdry(K)U ({(r, ) |0 < < 1,9 = 0} x {0}).

This example also shows that class G(r, L, C) is strictly larger than class MR(r, L),
since the sequence {K,} cannot be all contained in MR (r, L), for any r and L.

We finally show that our class FR generalises class G.
TheoremA.8 Letr > 0, L > 0 and C C RN~ finite closed cone with vertex in 0. Then

there existr' > 0, L' > 0 and My € N, depending only on r, L, C and, only for My, also on
the diameter of Q, such that for any K € G(r, L, C), we have that K € FR(r', L', My).
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Proof Let K € G(r, L, C) and observe that, without loss of generality, up to shrinking the
cone C, we can always suppose that

r

diam(C) < 3L (A1)
Since K € G(r, L, C), itis clear that K satisfies hypotheses (a) and (b) globally, therefore to
show that K € FR(r, L, M), we just need to find a decomposition of K in hypersurfaces
of type MR(r’, L’). Given that K is compact, there exists a finite number m € N of points
X1,...,Xm € K such that K C U;”Zl B, /3(x;). We point out that, for some m( depending
only on r and the diameter of 2, we can assume that m < mg. Now define for every
i=1,....m

Ki=o | | ¢ (A.2)
CleCy
where
Cy, = {C’ C 7 finite closed cone | C' = C, C' C @y, (Br(x;) N K)
and C' N @y, (By3(x) N K) # QJ] ,
which is not empty thanks to condition (¢’). We have that, for every i = 1,...,m, K; is

compact and, by (¢') and (A.1), B,/3(x;) C K; C Brj2(x;), hence K = | i, K;. Moreover,
by Lemma A.2, the set ®,(K;) C m satisfies the cone condition with respect to C. By
applying Theorem A.3 with p = /2, which depends only on C, to ®,, (K;) we have

I
D (Ki) =] Aix

k=1

with A; x given by the closure, in 7, of open subsets in 7r which are Lipschitz with constants
n and L, which also depend only on the cone C. Note that/ € N depends only on C, r and
L. We call

Kiy = YAk

foreveryi=1,...,mandk=1,...,1L

It is not difficult to show that we can find positive ' and L', depending only on r, L, C,
suchthatK; y € MR(r', L") foreveryi = 1,...,mandk = 1, ..., [. If we take My := myl,
since ml < My, the proof is concluded. O

Remark A.9 1t is not difficult to see that for any positive r and L, there exist positive ry, L1
and a cone C1, depending on r and L only, such that MR (r, L) C G(r1, L1, C1). It could be
that a similar property is satisfied by FR(r, L, M), however this is not at all strai ghtforward
In fact, for any x € K N H/, we have two bi-Lipschitz transformations ® and ®/, the first
one related to the global K and the second related to H/, see Remark 3.6. We know that the
image through &/ satisfies the cone condition, but this is not clear for the image through ®,
since one would need to show that the bi-Lipschitz transformation of a cone C, with y € C,
contains a cone Cp, with the image of y in Cj, which depends only on C and the Lipschitz
constants of the transformation.
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