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Abstract
We study rotating wave solutions of the nonlinear wave equation
8,21) —Av+mv= v’ 2v nRxB

{ v=20 onR x 0B
where 2 < p < 0o, m € R and B C R? denotes the unit disk. If the angular velocity
« of the rotation is larger than 1, this leads to a semilinear boundary value problem on B
involving a mixed-type operator, whose spectrum is related to the zeros of Bessel functions
and could generally be badly behaved. Based on new estimates for these zeros, we find values
of « such that the spectrum only consists of eigenvalues with finite multiplicity and has no
accumulation point. Combined with suitable spectral estimates, this allows us to formulate
an appropriate indefinite variational setting and find ground state solutions of the reduced
equation for p € (2,4). Using a minimax characterization of the ground state energy, we

ultimately show that these ground states are nonradial and thus yield nontrivial rotating waves,
provided m is sufficiently large.

Mathematics Subject Classification Primary 35M12; Secondary 35B06 - 35P15 - 47J30 -
35P20.

1 Introduction

We consider time-periodic solutions of the nonlinear wave equation

Btzv—Av+mv=|v|p_2v inR xB

(1.1)
v=0 onRR x 0B
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where 2 < p < oo, m € R and B C R? denotes the unit disk. In the case m > 0, this
is also commonly referred to as a nonlinear Klein-Gordon equation. A well-known class of
such solutions is given by standing wave solutions, which reduce (1.1) either to a stationary
nonlinear Schrodinger or a nonlinear Helmholtz equation and have been studied extensively
on the whole space RY, see [17, 34]. Note that this yields complex-valued solutions whose
amplitude remains stationary, however, while other types of time-periodic solutions are sig-
nificantly less well understood. In particular, much less is known about the dynamics of
nonlinear wave equations in general bounded domains.

In the one-dimensional setting, which typically describes the forced vibrations of a non-
homogeneous string, the existence of time-periodic solutions satisfying either Dirichlet or
periodic boundary conditions has been treated in the seminal works of Rabinowitz [33] and
Brézis, Coron and Nirenberg [7] by variational methods, but the results in higher dimen-
sions are more sparse. On balls centered at the origin, the existence of radially symmetric
time-periodic solutions was first studied by Ben-Naoum and Mawhin [3] for sublinear non-
linearities and subsequently received further attention, see e.g. the recent works of Chen and
Zhang [9-11] and the references therein.

In this paper, we study rotating wave solutions as introduced in [19], which are time-
periodic real-valued solutions of (1.1) given by the ansatz

v(t, x) = u(Ry (x)), (1.2)
where Ry € O(2) describes a rotation in R? with angle 6 > 0, i.e.,
Ry(x) = (x1cosO + xpsin @, —x; sin 6 + xp cos6) for x € R2. (1.3)

In particular, the constant « > 0 in (1.2) is the angular velocity of the rotation. Consequently,
such solutions can be interpreted as rotating waves in a nonlinear medium. We note that a
related ansatz for generalized traveling waves on manifolds has also been considered in [27,
28, 37], while a class of spiral shaped solutions for a nonlinear Schrodinger equation on R3
has been treated in [1].

In the following, we let @ denote the angular variable in two-dimensional polar coordinates
and note that the ansatz (1.2) reduces (1.1) to

—Au—}—azagu—i—mu = u|"u inB

1.4
u=20 on 0B (1.4)

where dy = x10y, —x20y, then corresponds to the angular derivative. Note that this equation
has solutions which are independent of 0, but these correspond to stationary and therefore
non-rotating solutions of (1.1). In the following, our goal is to prove the existence of nonradial,
i.e., #-dependent, solutions of (1.4).

In the case @ < 1, this question has been studied in great detail in [19], where a connection
to degenerate Sobolev inequalities is explored. In particular, it has been observed that the
ground states, i.e., minimizers of the associated Rayleigh quotient, are nonradial in certain
parameter regimes for p and «.

The main purpose of the present paper is the study of nonradial solutions of (1.4) for
o > 1. However, the direct variational methods employed in [19] cannot be extended to this
case since the operator

Ly :=—A +a28§
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is neither elliptic nor degenerate elliptic, and the associated Rayleigh quotient becomes
unbounded from below, see [19, Remark 4.3]. Indeed, note that in polar coordinates (r, 6) €
(0,1) x (—m, ) we have
1 1
Lou = —8,2u - ;Bru — <r—2 - a2> agu

and hence the operator is in fact of mixed-type for « > 1: It is elliptic in the smaller ball
B1/4(0) of radius 1/a, parabolic on the sphere of radius 1/« and hyperbolic in the annulus
B\ By, (0). In general, such operators are difficult to deal with via variational methods, and
instead results often rely on separate treatments of the different regions of specific type and
then gluing the solutions together, see e.g. [26, 29] for more details.

From a functional analytic viewpoint, the quadratic form associated to L is strongly
indefinite, i.e., itis negative on an infinite-dimensional subspace. Classically, related problems
have been treated for operators of the form —A — E on RY where E € R lies in a spectral
gap of the Laplacian. In this direction, we mention the use of a dual variational framework
in order to prove the existence of nonzero solutions of a nonlinear stationary Schrodinger
equation in [2], as well as abstract operator theoretic methods used in [8] for arelated problem.
However, both of these exemplary approaches require specific assumptions regarding spectral
properties of the associated operator. Moreover, the sole existence of nonzero solutions to
(1.4) is insufficient in our case since we are interested in nontrivial rotating wave solutions.

In the present case of problem (1.4), a main obstruction, in addition to the unboundedness
of the spectrum of the linear operator L, from above and below, is the possible existence of
finite accumulation points of this spectrum. As a first step, we therefore analyze the spectrum
of L, in detail, which is closely related to the spectrum of the Laplacian and thus the zeros
of Bessel functions. In fact, the Dirichlet eigenvalues of L, are given by

jlfz,k — o’
where £ € Ny, k € Nand jy ; denotes the k-th zero of the Bessel function of the first kind J,.
Here and in the following, Ny denotes the natural numbers extended by zero. In particular,
the structure of the spectrum therefore heavily depends on the asymptotic behavior of the
zeros of these Bessel functions. Despite this explicit characterization, it is not clear whether
the spectrum of L, only consists of isolated points. Indeed, known results on the asymptotics
of the zeros of Bessel functions turn out to be insufficient to exclude accumulation points
or even density in R. In fact, similar spectral issues arise in the study of radially symmetric
time-periodic solutions of (1.1) on balls B, (0), where the spectral properties of the radial
wave operator are intimately connected to the arithmetic properties of the ratio between the
radius a > 0 and the period length, see e.g. [4, 23] and the references therein for more details.

This turns out to be a serious obstruction for the use of variational methods and thus
necessitates a detailed analysis of the asymptotic behavior of different sequences of zeros.
Our first main result then characterizes the spectrum of L, as follows.

Theorem 1.1 For any o > 1 the spectrum of L is unbounded from above and below.
Moreover, there exists an unbounded sequence (o), C (1,00) such that the following
properties hold for n € N:

(i) The spectrum of Ly, consists of eigenvalues with finite multiplicity.
(ii) There exists ¢, > O such that for each ¢ € Ny, k € N we either have jzz.k — oc,zlﬂz =0or

itk = opl?] = caje- (15)
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(iii) The spectrum of L, has no finite accumulation points.

The proof of this result is based on the observation that the formula
. . ok
jez,k —a?0? = (jox +al)t <JT - Ot>

implies that for any unbounded sequences (¢;);, (k;);, the corresponding sequence of eigen-

values jgzi . 01251.2 can only remain bounded if
Juki o 50 (1.6)
L

asi — oo. Itturns out that (1.6) canonly hold if ¢; /k; — o, whereo = o («) > 0is uniquely
determined and can be characterized via a transcendental equation. This motivates a more
detailed investigation of j,x x, K € N which gives rise to a new estimate for j x, £ € N,
k € N, see Lemma 3.3 and Remark 3.4 below. In order to estimate arbitrary sequences in
(1.6), we are then forced to restrict the problem to velocities @ = «,, such that the associated
values 0;,, = o («,) are suitable rational numbers. The fact that such a restriction is necessary
is not surprising when compared to similar properties observed for the radial wave operator
as mentioned above.

Theorem 1.1 then plays a central role in the formulation of a variational framework for
(1.4) and allows us to recover sufficient regularity properties for L. More specifically, for
o = oy we may then define a suitable Hilbert space E, , whose norm is related to the
quadratic form

U+ / (|Vu|2 —ozz|89u|2 +mu2) dx,
B

see Sect. 5 below for details. The space E, ,, admits a decomposition of the form
Eot,m = E;L,m @ Fa,m»

where the spaces EOJ[ . and F, , essentially correspond to the eigenspaces of positive and
nonpositive eigenvalues of —A + 052892 + m, respectively. Crucially, the estimate (1.5) and
fractional Sobolev embeddings allow us to deduce that E, ,, compactly embeds into L? (B)
for p € (2,4).

We may then find solutions of (1.4) as critical points of the associated energy functional
Dy.m : Eq.m — R given by

1 1
Dy () = 5/ (|Vu|2 — o?|dgul? +mu2) dx — ;/ lu|? dx.
B B

Due to the strongly indefinite nature of (1.4), ®, ,, is unbounded from above and below
and does not possess a mountain pass structure so, in particular, the classical mountain pass
theorem and its variants are not applicable. Instead, we consider the generalized Nehari
manifold introduced by Pankov [31]

Nom :={ut € Eqn \ Fam : D, (wu =0and ), (u)v =0forall v e Fop}.
Using further abstract results due to Szulkin and Weth [36], we can then show that

[& = inf & u
o,m uENa_m a,m( )
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is positive and attained by a critical point of @4 ,, for ¢ = «, as in Theorem 1.1 and m € R.
In particular, such a minimizer then necessarily has minimal energy among all critical points
of ®, . and is therefore referred to as a ground state solution or ground state of (1.4).

In general, it is not clear whether such a ground state is nonradial. Our second main result
further states that (1.4) has nonradial ground state solutions for certain choices of parameters.

Theorem 1.2 Let p € (2,4) and let the sequence (a,), C (1, 00) be given by Theorem 1.1.
Then the following properties hold:

(i) Foranyn € Nand m € R there exists a ground state solution of (1.4) for « = ay,.
(ii) For any n € N there exists m, > 0 such that the ground state solutions of (1.4) are
nonradial for « = o, and m > my,.

In fact, we can prove a slightly more general result in the sense that the statement of Theo-
rem 1.2 holds whenever the kernel of L, is finite-dimensional and an inequality of the form
(1.5) holds. The proof is essentially based on an energy comparison, noting that the minimal
energy of the unique positive radial solution can be estimated from below in terms of m.
Using a minimax characterization of ¢, ,,, we can then show that this ground state energy
grows slower than the radial energy as m — oo.

Throughout the paper, we only consider real-valued solutions and consequently let all
function spaces be real. Nonradial complex-valued solutions of (1.4), on the other hand,
can be found much more easily using constrained minimization over suitable eigenspaces.
This technique has been applied to a related problem in [37]. We point out, however, that
the modulus of such solutions is necessarily radial, while Theorem 1.2 yields solutions with
nonradial modulus. With our methods, by combining (1.2) with a standing wave ansatz,
we can also prove the existence of genuinely complex-valued ground states with nonradial
modulus, see the appendix of this paper.

The paper is organized as follows. In Sect. 2, we introduce Sobolev spaces via their spectral
characterization and collect several known results on the properties of the zeros of Bessel
functions. In Sect. 3 we then prove a crucial technical estimate for certain sequences of such
zeros. This result is subsequently used in Sect. 4 to investigate the asymptotics of the zeros
of Bessel functions in detail and, in particular, prove Theorem 1.1. Section 5 is then devoted
to the rigorous formulation of the variational framework outlined earlier and the proof of
Theorem 1.2. In Appendix A, we discuss the results for complex-valued solutions mentioned
above.

2 Preliminaries
We first collect some general facts on eigenvalues and eigenfunctions of the Laplacian on

B, we refer to [18] for a more comprehensive overview. Recall that the eigenvalues of the
problem

—Au = Au inB
u=>0 on 0B

are given by j Zz «» Where ji i denotes the k-th zero of the Bessel function of the firstkind J, with
£ € Ny, k € N. To each eigenvalue j 52 « correspond two linearly independent eigenfunctions
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@ek(r,0) ;= Ag i cos(£0)Je(jexr)

Yok (r,0) := By g sin(€0)Je(jexr)s
where the constants Ay x, Bpx > 0 are chosen such that ||@ k|l = [[Y¥exll2 = 1. These
spaces as follows:

(2.1)

functions constitute an orthonormal basis of L2(B) and we can then characterize Sobolev

oo o0
Hy (B) := {u € L*B) : lullfy =Y Y jix (1w, 0ei) >+ [, e ) ) < oo} :
£=0 k=1
It can be shown that this is consistent with the usual definition of H ' (B). By classical Sobolev
embeddings, HO1 (B) compactly maps into L”(B) forany 1 < p < oc.
Similarly, we consider the fractional Sobolev spaces

oo o0
H{(B) := :u e L*B) : |lul%s ==

DO it (o) P+ s e ?) < oo}
£=0 k=1
for s € (0, 1). Using interpolation, it can be shown that this is equivalent to the classical
definition and H (B) compactly maps into L (B) for p < ﬁ,
that

i.e., there exists Cy > 0 such
holds for u € H (B).

lullp = Csllull g By

Next, we collect several results on the properties of zeros Bessel functions, see e.g. [13]
for a more extensive overview. In the following, we let j, x denote the k-th zero of the Bessel

function J,,, where v > 0, k € N. By definition, j, x < j, x+1. In the following, we let
Ai: R — R denote the Airy function given by

1
Ai(x) = — lim

b 3
/ cos (— + xt) dt.
T b—o0 Jy 3

Importantly, Ai is oscillating on (—oo, 0) and we let a; denote its k-th negative zero.
following properties hold:

Proposition 2.1 For each fixed k € N, j, x is increasing with respect to v. Moreover, the
(1) [32] We have

1
a a 3 23
v+ M\ﬁ < ok <V+ M\ﬁ + —Iaklz—l
23 23 20 V3
where ay denotes the k-th negative zero of the Airy function Ai(x).
(ii) [24] For each fixed k € N the map
jv,k
H
v
is strictly decreasing on (0, 00).
(iii) [16] For k € N it holds that
X R b4 n 1
Tk —— < wk — —
2 Jok = 1
@ Springer
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(iv) [14] For each fixed k € N the map v > j,  is differentiable on (0, 00) and
djy.k b4
dv c (1’ E)

The zeros of the Airy function can in turn be estimated (see [6]) by

forv > 0.

2
(%T(Mc — 1.4)>> < lai| < (%T(Mc — 0.965)> :

for k € N, which yields the following result:

Corollary 2.2 Let j, ; € R be defined as above. Then

2
3 3 3
=4k -2 >k 3 /3 3
+Mv% <].u,k<V+(21)Vf]’+(nk> —-
2 23 20\ 2 V3

3 Asymptotics of the zeros of Bessel functions

W

Wl

In order to study L, in Sect. 4, we will be particularly interested in the asymptotics of the
zeros j, x when the ratio v/k remains fixed. For this case, we note the following result by
Elbert and Laforgia:

Theorem 3.1 [15] Let x > —1 be fixed. Then

Jxk.k

lim =:1(x)
k— 00
exists. Moreover, 1(x) is given by
- {n, x =0,
tx) =
sigtp X ;é 0

where ¢ = ¢(x) € [—75, 5] denotes the unique solution of

sin ¢

x
= —. 3.1
cosg — (5 —¢)sing 7w 3.1

Moreover, we note the following properties of a function associated to ¢.
Lemma 3.2 The map

Fi0.00) >R fr) =D

X

is strictly decreasing and satisfies
lim f(x) = oo, lim f(x)=1.
x—0 XxX—00

Moreover, its inverse is explicitly given by

T

2 inl)
vy —1—(%—arcsm§>

i) - R, )=
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Proof Note that the left hand side of (3.1) is strictly increasing with respect to ¢, and the
right hand side is strictly increasing with respect to x, so that ¢ is necessarily an increasing
. . o 1 . . .
function 'of x. In particular, we then have f(x) = =% = 4 7 which clearly implies the

monotonicity of f.
Next, we note that y = f(x) =

1
sin @

implies ¢ = arcsin )l and hence

1

X y
cos (arcsin 1) — (% — arcsin l)l
y 2 v’y

T

The identity cos(arcsin(t)) = +/1 — ¢2 then gives

1
/1—)%2—(%—arcsin%)% y2—1—(%—arcsin%>
and thus the claim follows. O

In order to characterize the eigenvalues of L, later on, we need more information on the
order of convergence in Theorem 3.1. To this end, we first recall some ingredients of the
proof of this result. By the Watson integral formula [38, p. 508], for fixed k € N the function
V = jyk satisfies

d o0
— ok = 2jvk / Ko(2jyk sinh(1))e ™" dt,
dl) 0

where K( denotes the modified Bessel function of the second kind of order zero. It then
follows that the function

kx k
1 (x) = ]Z
satisfies
d 00 sinh (£
— 4 (x) :2Lk/ Ko [ 720 t(") e dt =1 Fi(y, x) 3.2)
dx 0 ()

for k € Nand x € (—1, 00). In [15] it is then shown that ¢, converges pointwise to the
solution of

i _ > —2xt .
dxt(x) = 2L/0 Ko (t20) e dt =: G(t, x) (3.3)

t(0) =m,

which is precisely given by the function ¢ discussed in Theorem 3.1. Moreover, it is shown
that

te(x) < t(x) 3.4

holds for all k € N.
We now give a more precise characterization of this convergence in the case x > 0.

Lemma 3.3 Forany x > 0 and ¢ > 0 there exists ko € N such that

1 b4 Jxk.k b4
_ Z ol K _ (1 —e)—
exp<<3 +8> x) pT < . t(x) < —( 8)4k

holds for k > k.
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Proof Recall that we set 1 (x) = J‘% and the functions satisfy

Ir = Fi( )
l Fr (g, x
k k(Lk

d G, x)

—1=G(,x

dx
in (—1, oo) with Fj and G defined in (3.2) and (3.3), respectively. Now consider uy(x) :=
tr (x) — t(x) so that

d _ Fr(u,x) — G, x)
dx = tr(x) —t(x)

up(x) = Br(x)ug(x)

where we set
Fr(g,x) — G, x)
e(x) — t(x)
Note that g is well-defined by (3.4). In particular, we find that

Bi(x) :=

ug(x) = ui(0) exp (/0 Br (1) dt) .

Next, we note that the monotonicity of K and the fact that sinh(¢) > ¢ holds for# > 0 imply

Fi(tg, x) = 2Lk/ Ko 120,22 I(k) o2 gy
0 (7)

o0
< 2t/ Ko (120) e > dt = G (i, x)
0

where [38, p. 388] implies

00 5 arccos f x
G(y,x)= Zy/ Ko (12y) e = dt = —2— if ’ < 1. 3.5)
0 <X)2 Yy
1— (=
y
Importantly, the function
arccos %
g:(l,00)—» R, t—» ——
—
is strictly increasing. Indeed, we have
"o arccos % 1 arccos %
g 1) = I — 3 = I —
2l-3) Ba-hHi 2f0-3) 0J1- 4
1 arccos %
= 1 -
2 —1 2—1
and [39, Theorem 2 for b = 1/2] gives
) V1 =5
arccos s <
V14
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for s € (0, 1) so that
arccos% 2 2 1
< = <
i1+ ViRt

arccos %
-1 1 1
holds forz > 1, which implies that g’ is a positive function. Moreover, g’ can be continuously
(3.6)

extended by g’(1) = % and is decreasing, which implies
g0 =z
-3

< 1 holds for

_x
U (x)

fort > 1.

Noting that Lemma 3.2 and the convergence ¢ (x) — ¢(x) imply that
properties stated above to deduce Fy (i, x) < G (i, x) < G(t, x) and hence
3.7

sufficiently large k, we may combine the identity (3.5) with ¢4 (x) < ¢(x) and the monotonicity
0 < Br(x).

Next, we estimate 1y (0): Recall that ¢(0) = 7 and therefore

10 (0) = ’(’7" — 7,
(3.8)

1

so Proposition 2.1(iii) yields
To_ ) < g n

—— =<u - .

a =S Tk sk — 1

In particular, it follows that u;(0) is negative for k € N so the fact that wug(x)

uk(0) exp (fy Bx(t)dt) and the estimate (3.7) yield
up(x) < ur(0)

1

for x > 0. This implies
T
8rk(k — 1)

<
up(x) < %
for x > 0 and hence the upper bound stated in the claim.
It remains to prove the lower bound. To this end, we employ arguments inspired by [5]
sinh(x) < x + X

and first note that
(3.9

t

holds for x € (0, 1), which implies
sin (E)

bl
el

<1+

t
k
fork e Nand 0 <t <t := k%. In the following, we fix x > 0 and let y > x. Then the
_x
>)e v dt

monotonicity of K¢ and (3.9) yield
1y 1
Fi(y, x) Z/ Ko (t <1+*4
0 k3
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and therefore
Fr(y,x) = G(y,x)

Ik 1 o o0 ot (3.10)
z/ Kolt|\1+—F))—Ko@®)|e » dt—/ Ko(t)e v dt.
0 k3 Ik
s
Ko(t) <Ki(t) =,/ —e !
o) < %( )=/ %€

0 X o X
/ Ko(t)e77" dt < /le_tk/ e Vdr= [T

t 2t 0 2t X

For any yp > x and § € (0, 1), we thus find kg € N such that

From

we then find

o _at )
/ Ko(t)e v dt < — (3.11)
173 k3

holds for |y — yo| < yo — x and k > k.
In order to estimate the other term in (3.10), we note that for r € R there exists & €

(t, t+ %) such that
k3

1 1 t t
Ko (t (1 + 7)) — Ko(1) = Ky(&)— = —Ki1(&)— = —Ki1(1)—.
k3 k3 k3 k3
This implies

Tk 1 _at 1 Uk _at
/ [KO (r (1 + —)) — Ko(t)] e vdt>—— Ki(t)te v dt
0 k k3 Jo
1 0 Xt
> ——4/ Ki(t)te v dt,
k3 Jo

where [38, p. 388] gives

© _xt o0 . 1 3 7
/0 Ki(t)te v dtf/o Kl(t)tdt_l“<§>l‘(§>_§.

Combined with (3.11), it thus follows that for any x > 0, yo > x and § € (0, 1) there exists
ko € N such that
T 1
Fi(y.0) = GO0 z = (5 +8)
k3

holds for k > kg and |y — yo| < yo — x.

We now proceed by taking yg = t¢(x) and note that there exists k(’) € N such that | (x) —
t(x)| < t(x) — x holds for k > k(). Combined with (3.6), we then conclude that for given
8 € (0, 1) we can find kg € N such that

Fr(g,x) —G@,x) = Fr(tg, x) — G(tg, x) + G(tg, x) — G(t, x)

(Z +9) - 9 & Dl — 1)
—\= — — max — &, X)|[g(X) — (X
2 3 tewua) dy k

_ (Z +5> % — %|Lk()€) —1(x)]

%
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holds for k > kg. It follows that

B Fk(Lk,x)—G(t,x)<l+(n+8> 1 1
k X) = = = — _——
e (x) — t(x) 3 2 k3 () — ()]
and since | (x) — t(x)| = |ur(x)| > (% - 8)% holds for sufficiently large k we therefore
have
1 %4461
((x) < = + 2 —.
p 3 % -4 k%

Consequently, we may choose kg such that

1
Bir(x) < g +e

holds for k > kq. Overall, this yields

1 <exp (/X Br (1) dt) < exp ((é +8> x)
0

for k > ko. Recalling (3.8) and

ug(x) = ug(0) exp </o Bi (1) dt) ,

the claim thus follows.

Remark 3.4 Lemma 3.3 improves the bound obtained in [15, Theorem 2.1] as follows:
For any ¢, v > 0 there exists kg € N such that

ok < kt(%) —a —s)%

holds for k > k.

4 Spectral characterization

For o > 1 recall the operator
Ly =—-A+ 012892.

Ifp e H& (B) is an eigenfunction of — A corresponding to the eigenvalue j Zz > then it follows
from the representation (2.1) that ¢ is also an eigenfunction of L, with

Log = (i — o *0)g.

Since the eigenfunctions of —A constitute an orthonormal basis of L2(B), we find that the
Dirichlet eigenvalues of L, are given by

{jie — o : teNy, keN}.

In the following, we wish to study this set in more detail. The following result already shows
a stark contrast to the case o € [0, 1].

Proposition 4.1 Leta > 1. Then the spectrum of the operator Lo = —A+o® 892 is unbounded
from above and below.
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Proof For £ € Ny, k € N we write

. . Jek
Jliz,k —a?? = (Jek +al)l (T - 01)

and note that Corollary 2.2 implies

2
3

2
4k —2 ' Tk)3 3 /3 23
l—oz—i—u %<]K—'k—a<1—a+(2]) €7%+—<—”k> T
23 £ 23 20\ 2 03
4.1
If we choose sequences (¢;);, (k-)i, such that % — 00, this readily implies jéyki — azﬁiz

—o0, whereas sequences such that — 0 yield ]l 2{? — 00 and thus the claim. O

In particular, this proves the first part of Theorem 1.1. As noted in the introduction, it is not
clear whether the spectrum of L,, only consists of isolated points. Indeed, note that Lemma 3.3
suggests that certain subsequences of jy x — o€ may converge and it is unclear if there exists
a subsequence that even converges to zero. In particular, the spectrum of the operator could
even be dense in R.

This is excluded by the second part of Theorem 1.1 which we restate as follows.

Theorem 4.2 There exists a sequence (o), C (1, 00) such that the following properties
hold for n € N:

(i) The spectrum of L, consists of eigenvalues with finite multiplicity.
(i1) There exists ¢, > O such that for each ¢ € Ny, k € N we either have jl P azﬁz =0or

iz — apl?| = cuje- (4.2)
(iii) The spectrum of L, has no finite accumulation points.

Proof We set o, := and ap = ‘("") , where the function ¢ is given by Theorem 3.1. It then

suffices to show that there exists no € N such that properties (i)-(iii) hold for n > ng. In
the following, we fix n € N and assume that there exists A € R and increasing sequences
()i, (ki); such that Jz K 052(32 — A as i — oo. Note that the case of an eigenvalue

with infinite multiplicity, i.e., j7 , — «;¢; = A for all i, is included here. The identity

]/z = % 202 — (Je.k + )l (”—k — ocn) then implies that we must have

Jei ki

i

— . (4.3)

Our goal is to show that such sequences can only converge of order %, which will allow us
to derive a suitable contradiction.

Firstly, the estimate (4.1) implies that there must exist o € (0, o) such that — 0. We
now claim that for any ¢ > 0, there exists ip € N such that

](rk ki J'z Joki ki
Ik 4
ki fi <0t ok;

To this end, we first assume that £; < ok; holds. Then Proposition 2.1(ii) implies

(1- ) fori > ijp. “4.4)

jf,‘,k,‘ jo’k,',ki
> bt
E,’ O'k,'
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and, in particular, the lower bound. Moreover, the fact that the function v — j, x is increasing
for fixed k yields
j@,’,k,’ < jak,',k,' _ Uki jo’k,',k,'
VI ¥ b ok;

Noting that ki 5 Jasi — 00, we conclude that for any & > 0, there exists ip € N such
that

Jti ki Joki k
1™ 1
Z,‘ <( +8) Uki
holds for i > iy with ¢; < ok;. The case £; > ok; can be treated analogously.
Overall, (4.4) implies
(1—8)Q<11mmf]£k’ < lim sup é b <1+ )Q 4.5)

n—0o0o i n— 00 i

for arbitrary ¢ > 0, with the function ¢ given by Theorem 3.1. In particular, (4.3) then yields

(o) - Jtk
— = lim —/— =q,
o i—oo ¥;
and Lemma 3.2 thus implies that we must have o = o7, due to our choice of ;. In particular,
it follows that ki — 0y,.
We now d1st1ngulsh two cases:
Case I There exists iy € N such that % > o, holds fori > iy.
1
In this case, Proposition 2.1(ii) implies

Juki o Jekik oL (Jekik Y
Unki On ki

so that Lemma 3.3 yields

Jeiki < — u
ﬁi Sank,'

fori > i, after possibly enlarging ig. In particular, this implies

wl;
8oy ki

Jeki

. T
ljei ki — onlil = & 3

n

i
for i > ip and therefore liminf; ., |je.x — 0tnli| > %.

Case 2 There exists ig € N such that % < oy, holds fori > iy.
1

We may write ¢; = o,k; — §; with §; > 0 satisfying 1% — 0asi — o0. Then

Jei ki — %nli = jonki—6i).k; — %n(Onki — ;)
= (jUnk,',k,' - ()[nGnk[) + (j(Unk,'fts,'),k,' - jdy,k,',k,') + Oln8[
= (Jopki ki — %nOnki) + Ry i6;,
where we have set

Jouki ki = Jouki =8 ki
§; '

=
z
|

n —
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By Lemma 3.3 we may further enlarge io to ensure that

i g
Jonki ki — ananki > _ieon/3

holds for i > ij.
Next, Proposition 2.1(iv) gives

j(r,,k,-,k,- - ja,,k,-—é,-,ki c (1 E)

8 )
and hence
liminf R, ; > o, — E.
i—>00 2
Since o, = ‘(g—") — 00 as n — oo by Lemma 3.2, this term is positive for sufficiently large

n, and it therefore follows that
T T
liminf(je, , — anli) > ——e%/3 ( —f>'f5'.
iminf(je, = anti) = =™ + (@ — 7 ) Inf &

In order to show that the right hand side is positive, we recall that o,, = % and therefore the

fact that ¢; = o,k; — §; must be a natural number implies §; = ’}’1—, for some n’ € N and,
L(Un)

in particular, inf; §; = % Moreover, by Lemma 3.2 the associated o, =
determined by the equation

i 5 (71 . 1)
mn=—=,/a; —1—| = —arcsin— |.
on 2 o

n

is uniquely

Since the right hand side is strictly increasing in ¢, and we have

Vn? — (% — arcsin 1) 1 1 1 ox
=,/l—-—=+—-arcsin—-— — —>1<m
n n? n n 2n

as n — 00, there must exist ng € N such that «,, > n holds for n > ng. We thus have

1
T eon/3 4 (a,, — E) inf &; > —%e""ﬂ + - (n - %)
n

4
1
1 e3n T
1— — 1——
n<2n+4>—> 4>0

as n — 00. We conclude that after possibly further enlarging no,

V

T
Kp 1= —Ze""/3 + (ozn - 5) infé; >0

holds for n > ny.

Since we may always pass to a subsequence such that one of these two cases holds, we
overall find that

T
liminf | jg ¢ — anf;| > min {Kn, 7} >0 (4.6)
i—00 4

for any sequences ()i, (ki); such that f—’ — o0, = l, provided n > ng. In particular, it

follows that JZ = % 202 — (Je.x — on)(je.k + ant) cannot converge to A, which implies (i)
and (iii).
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In order to complete the proof, we now consider an arbitrary pair of increasing sequences
(€i)i, (ki); and distinguish different cases: If % — O or i—’: — 00, (4.1) implies

lim inf |jiiqki —apli| = a, —1>0.
i—00

If ﬁ—j — oy = %, we find that (4.6) holds as shown above. In the remaining case, we may pass

to a subsequence such that % — o* for some o* > 0, 0* # 0,. Repeating the arguments
used to obtain (4.4) and (4.5), it then easily follows that

. ek o)
m _

li = o
i—oo ¥ o*
and therefore
e . Joi ki
liminf | jg, ;, — op ;| > liminf ¢; — oy | = oo.
11— 00 11— 00 i
Overall, this implies
Vo= lim inf |jex —oanl] >0
N—o00 k>N

for n > ng. Consequently, taking Ny € N such that infy x>n |jex — anl] > %” holds for
N > Ny and setting

¢, := min %, inf |jox—anlly >0

£,k<No
JexFant
yields
2 2020 _ . .
i — €71 = ljek — enllljek +anll = cnje
as claimed in (ii). This completes the proof. O

Remark 4.3 (i) The sequence («;), can be characterized further by noting that

5 b4 1
mn=,/a;—1~— E—arcsma—
n

implies

o2 =1+ nn—i-E arcsinL ’
ne 2 a, )

Since arcsin - = O(n™2), this implies
n

2 A AN
an~1+<rm+5) .

(i1)) The methods used above can be further extended to include some additional values of «.
If weleto = % with m, n € N, we find that inf; §; = % and similar arguments as above
then lead to the condition

0 1 N 72 1 N e
<=4+ ——-7|— .
n?2  m? 2n 4

As n — oo, we find that this holds form =1, 2, 3.
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Moreover, we note that numerical computations imply that the result should also hold
foro =1,2,3.
5 Variational characterization of ground states

We now return to solutions of (1.4). Setting
Lym:=—-A+ a2892 +m
fora > 1, m € R, our first goal is to find a suitable domain for the quadratic form

ut> (Loymt, u)p2@) = /(La,mu)u dx :/ (IVuI2 - ot2|89u|2 +mu2) dx.
B B

In order to simplify the notation, we set

Igm = {(t. k) eNg x N: j2, —o2® +m > 0}

o,m
19, =1{ k) eNg x N: j}, —a** + m =0}
Tom ::{(Z,k)eNoxN:jzk—a2£2+m<0}

fora > 1,m € R, i.e., the index sets of positive, zero and negative eigenvalues, respectively.
Instead of restricting ourselves to the sequence (), given by Theorem 1.1, we consider

A=1a>1: |Igo|<ooand min
' (6l ¢Td

a,0

|jex —oal] > O}.

In particular, A contains the sequence (o), and is therefore nonempty and unbounded.
Moreover, writing jgzk —a?0? = (o + al)(jex — al) we find that for any a € A there
exists ¢, > 0 such that

itk — 2] = cajii
holds for (¢, k) ¢ 3.

Lemma5.1 Leta € Aandm € R. Then Igym is finite and there exists c,,, > 0 such that any

(L, k) ¢ 0, satisfy

) 292 .
i — ™" +m| = cmjok-

In particular, the spectrum of Ly » has no finite accumulation points.

Proof Let c, > 0 be given as above. We first note that

12, — 002+ m| = Gox +ob) | jox — ol + ———|
’ ’ ’ Jex + ok

so the fact that Ig o is finite by assumption implies that Igm is finite as well. Moreover, there
exist £g, ko € N such that

. . C
|J£2,k — 20 +m| > (ox +a€)3a
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holds for all (¢, k) ¢ Z0 ,, with £ > £o, k > ko. Setting

. Cq . 0+ m 0
Cpi=min{ —, min |jox—o _ >
" (L.¢I0,, Jex +oal
<o, k<ko
then completes the proof. O

Next, we recall the eigenfunctions ¢g i, Y¢ r given in (2.1) and set

Eqm = {u €L’ B): Y > |t — o0 +m| (I, pe)” + lu, Yo ) ) < oo}

=0 k=1

fora € A, m € R and endow E ,,, with the scalar product

=33 itk — P +m| ((w, 9o (v, 9ek) + (Yo (v, Yer))

£=0 k=1
+ Z (@) (v, @ek) + (0, Ve ) (v, Yer)) -
kel
In the following, || - ||o,» denotes the norm induced by (-, -)g.m-

Remark 5.2 For fixed o € A, the norm || - ||, is equivalent to || - |0 and Ey m = Eq 0, 1.€.,
the spaces are equal as sets. Nonetheless, the use of an m-dependent scalar product is useful
for the variational methods we will employ below.

We now consider the following decomposition associated to the eigenspaces of positive, zero
and negative eigenvalues of L, respectively:

Ef, =1u€Eqm: /uw,kdx=/uw,kdx=0for(e,k) €I, YTy,
B B

EQ, = u€Eqm: / u@ppdx = / uedx =0for (¢, k) e I, UL,
B B

Eym =qu € Eam : /uw,kdx=v/uwe7kdx=0for(ﬁ,k)eIImUZé),m
B B

so that, in particular,
Eqm=Ef, ®E), ®E,, =E}, ® Fumn.
where we have set Fy ,,, 1= Eg,m ®E, - In the following, we will routinely write
u=ut+u’ +u"

+ + 0
where u™ € Eam,u € Eyms

Il - lo.m allows us to write

u- € E,,, are uniquely determined. The use of the norm

2 2 2 2 —n2
<La,mu,u>Lz<B>=/(|w| — (gl + mi) dx = " 12 — NI
B

Importantly, E, ,, has the following embedding properties:
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Proposition 5.3 Let p € (2,4), . € Aandm € R. Then E,, ,, C L? (B) and the embedding
Eqm <= L7 (B)

is compact.

Proof Because of the compact embedding H 3 (B) — L7 (B) it is enough to show that the
embedding
Eqm <> H?(B)

is well-defined and continuous. We first note thatit suffices to consideru € E_ "' m®@E,
the space anm is finite—dimensional and only contains smooth functions. By Lemma 5.1,
there exists ¢ > 0 such that

since

o,m?

2 _ o202

17k +m| > cjex

holds for (¢, k) ¢ Z7 . This implies
Jul? ZZ]ek (1, e > + [, Y1)

o o0
SO itk — P+ ml (1w @exd) P+ s Yes)l)

=0 k=1

=

| =

1
2
= —|lul
c a,m

and thus the claim. ]

Remark 5.4 1t is natural to ask for the optimal ¢ > 2 such that the preceding proposition
holds for p € (2, ¢). We conjecture that g = 10 due to two observations:

Firstly, ¢ = 10 appears in the degenerate elliptic case « = 1 treated in [19] as the critical
exponent for Sobolev-type embeddings for the associated degenerate operator. Secondly, this
exponent also appears in a Pohozaev-type identity in [22] with respect to related semilinear
problems involving the Tricomi operator.

In particular, the map
1 1
Ip:Eqm— R, I, := f/ lul? dx = —||ull}
pJB p
is well-defined and continuous for p € (2, 4). We note the following properties corresponding
to the conditions of Theorem 35 in [36].

Lemma5.5 Leto € A, m € Rand p € (2,4). Then the following properties hold:

(1) %I[’, (w)u > I,(u) > 0 for all u # 0 and I, is weakly lower semicontinuous.

(i) I,(u) = o(l|ulle,m) asu — 0.
(iii) @ — o0 uniformly in u on weakly compact subsets of Eq , \ {0} as s — oo.
(iv) 1, is a compact map.

Proof The properties (i),(ii) and (iv) follow from routine computations and Proposition 5.3,
while (iii) has essentially been proved in [36, Theorem 16], though we can give a slightly
simpler argument in this case:
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Let W C Eq.m \ {0} be a weakly compact subset. We claim that there exists ¢ > 0 such
that |lul, > c holds for u € W. Indeed, if this was false, there would exist a sequence
(up)n C W such that u, — 0 in L?(B). The weak compactness of W and Proposition 5.3
would then imply u,—0, contradicting the fact that 0 ¢ W. We thus have

I,(su) sP~2 el
Fo = ——lulp = —s"?
s p
and clearly the right hand side goes to infinity uniformly as s — oo. O

In the following, we always assume that p € (2, 4) is fixed and consider the energy functional
Dym : Eq.m — R given by

1 1. _
o (0) 1= S N1 gy = 5 N0 e = L (@)

1 1
=f/ (IVul® = o [dgu|* + mu®) dx——/ u|? dx.
28 P JB

In particular, any critical point u € E ,, of &, satisfies

/ |u|p72u(pdx = (u+s Olam — U™, Qlam = / uLa,m(de
B B

and can thus be interpreted as a weak solution of (1.4). As outlined in the introduction, we
will now characterize ground states of @, by considering the generalized Nehari manifold

Non = {1 € Eqm \ Fam : @}, (wu =0and &, (w)v =0forall v € Fypm}.
In particular, AV, , contains all nontrivial critical points of ®. Consequently, the value

Cam ‘= Einf Do, (1)
u o,m

is the ground state energy in the sense that any critical pointu € Ey », \ {0} of @, ,, satisfies
Dy.m (1) > cq,m. This motivates the following definition.

Definition 5.6 Leto € A, m € Rand p € (2,4). We call a function u € E,,, a ground
state solution of (1.4), if u is a critical point of & ,, and satisfies ®y ,, (1) = co m-

In order to show that ground state solutions exist, we wish to verify that @, , satisfies
condition (B>) from [36]. To this end, we letu € Ey ,,, \ Fy,,n and consider

Ea,m(u) ={tut+w:1t>0, we Fyn}= Rtu @ Fom-

Importantly, u € Ny, if and only if u is a critical point of ®g ’E W’ Moreover, we have
o,m

I/fa,m(u) = I/E\a,m(tqu) forallt > 0,u € E, ;n \ Fu.m, hence when considering E\a,m(u) we
may always assume u € E; m- This will be useful in the following.

Lemma 5.7 Foreachu € Eqp \ Fy.m there exists a unique nontrivial critical point m(u) of
Dy.m | By Moreover, m(u) is the unique global maximum of ®q }EH e
Proof The following argument is essentially taken from [36, Proposition 39]. Without loss
of generality we may assume u € E(;"m and |[u|lg,n = 1.

Claim 1: There exists R > 0 such that ®, ,,(v) < 0holds forv 'E\O,,m and [[v]lg.m = R.
Indeed, if this was false there would exist a sequence (v, ), C Ea,m (u) such that [|v,|lg,m —
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oo and &4 (vy) > 0. Setting w,, := ”vn’)ﬁ we may pass to a weakly convergent subse-
quence and note that
p
Dy, m (Vn) 1 +12 1 ) 1 ” 1V e, m Wi Hp
0<-—=o—=Sllwlgm—Slw, lgm—————5—"
lonllgm 2 2 lvnllg,m
L(lvalle,mwn)
2 nlloe,m Wn
Slwnllgm — ——7——
. vnllZ,
so that Lemma 5.5(iii) implies 0 < ‘ﬁz»"ﬁg“'” — —oo if the weak limit is nonzero. Hence
nlla,m

we must have w, —0. Moreover, the inequality above also implies ”er la,m = llwy, lla,m. If
w,‘f — 0, the latter also implies w,” — 0 and therefore

02 -2
w12 = 1= i lem — g 12, — 1.

The factthat E 2’ . 18 finite-dimensional then implies that wg converges to a nontrivial function,
which contradicts w,—0. Hence w; cannot converge to zero and we may therefore pass to
a subsequence such that ||w; |lq.m > y holds from some y > 0 and all n. However, by
definition of E\a,m(u) we must have w, = u|| w,jr le..n and therefore there exists ¢ > 0 such
that w;" — cu holds after passing to a subsequence, contradicting w, —0. This proves Claim
1.

Next, we note that Lemma 5.5 yields &, (fu) = % + o(t?) as t — 0 and therefore

sup Py, > 0.
Eoc,m(“)

Now Claim 1 implies that any maximizing sequence (v,), C Ea,m (1) must remain bounded,
SO0 we may assume v, —v after passing to a subsequence. Moreover, recalling that

2 -2
o g vy g
q)a,m(vn) = ) - ) - Ip(vn)»
we can use that v;," is a multiple of u, while the norm || - ||4,» and I, are weakly lower

semicontinuous on E ,,, making ®, ,, weakly upper semicontinuous on E ,, (). It thus

follows that SUPE, . () D, is attained by a critical point ug of @ |E W’ Noting that

sup;>q Pom(tu) > 0 since u € ES . it follows that ug € Ny .

It remains to prove that this is the only critical point of @, |E To this end, we let

m(u)”
w € Egy;m such that ug +w € Ey (). Since Ey (1) = Eq,,(uo), there exists s > —1
such that ug + w = (1 + s)uo + v for some v € Fy ;. Setting
B(vy, v2) 22/ (Vi - Vo — a? (1) (Bpv2) + mvivy) dx
B
= (vi‘rv U;)a,m - (vl_v U2_>ot,m
we then have
1
Do, (up + w) — Pg,m (o) = 5 (B((1+ s)up + v, (1 + s)uo + v) — B(uo, uo))
= I ((1 +s)uo + v) + I (uo)

2
v
—W%—B(MO,S(%—l)uo-i—(l—f—s)v)

— I, (1 + $)ug +v) + I, (uo),

@ Springer



50 Page22o0f30 J. Kiibler

where the fact that @, , (u0)(-) = B(uo, -) — I;,(uo)(-) = 0 then implies

B (uo, s (% — 1) up + (1 + s)v) — I, ((1 + s)ug +v) + I, (uo)

— I} (up) (s (% - 1) o + (14 s)v) — 1,((1+ )up + v) + I (o)

s 1 1
_ / <|u0|P—2u0 (s (f _ 1) o + (1 +s)v) — 21 + o + v|” + —|u()|P) dx
B 2 P p
<0
by [35, Lemma 2.2]. ]

We can then give the following existence result.

Proposition 5.8 Letow € A, m € Rand p € (2,4). Then cy n is positive and attained by a
critical point of g . In particular, (1.4) thus has a ground state solution.
Moreover,

Coa,m = inf max Dy (w)
wWeEy m\ Fu,m wEEa,m (u)

holds.

Proof Note that Lemma 5.5 and Lemma 5.7 imply that &, ,, satisfies the conditions of [36,
Theorem 35]. o

In particular, this implies Theorem 1.2(i). Notably, this minimax characterization of ¢y, will
allow us to compare the ground state energy to the minimal energy among radial solutions,
which we estimate in the following.

Lemma5.9 Let p > 2 andm > —\1, where L1 > 0 denotes the first Dirichlet eigenvalue of
—A on B. Then there exists a unique positive radial solution u,, € Hol,md B) of (1.4), i.e,
satisfying

—Au+mu = |ul’2u inB
u=20 on 0B.

Moreover, there exists ¢ > 0 such that

2
d . 57
nr1a = qDa,m(um) >cmpr2

holds for all @« > 1 and m > 0.
Proof We consider the functional
I H oq(B) > R

1 1
Jn () = = (|Vu|2 +mu2) dx — — | |u|Pdx
2/ rJs

which satisfies Jy, (u) = ®y m (u) for every u € Hol’md(B) and o > 1. We then consider the
classical Nehari manifold

N = {u € Hy ,0qB)\ {0} 2 J;,(wu =0}.
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Clearly, any nontrivial radial critical point u of @, is contained in N7“¢. Moreover, the
map

0,00) > R, t+ Jy(tu)

attains a unique maximum ¢, > O for each u € Hol,m +B) \ {0} and simple computations
yield

P
p—2

I (tyu) = sup Jp, (tu) =

>0

<1 1) Ja (|Vu|2+mu2) dx
P 2
2 PP (fylupdx)?
and 1, is the unique value > 0 such that tu € N,,. It can be shown that

frt = dnf ()
ueN) ¢

is a critical value of J,, see e.g. [36]. Moreover, the principle of symmetric criticality (see
e.g. [30]) shows that ﬂfn”d is in fact a critical value of ®, ,, and attained by a unique positive
radial function u,,. We note that the uniqueness of u,, is a classical result due to McLeod and
Serrin [25], Kwong [20], and Kwong and Li [21] (see also references in [12]). This proves
the first part of the lemma.

Next, we note that the characterization above gives
d .
) ad = ] inf sup Jy, (tu)
ue HO,rad (B)\{O} t>0

= (.1

inf
ueHy ,,q(BI\(0}

(1_1> Jp (IVul* + mu?) dx
2 (i)

In the following, we assume m > 0 and let B N denote the ball of radius /m centered at
the origin. We then consider the function v, € HO1 (B /m) given by

i
V(X)) =m P 2u, (ﬁ)

Then
I (|Vum|2+mu%1) dx 2IB¢E (Ivalz—i—vi)dx
2 =m? 2
(fg lu2,|P dx)? ( Bﬁlvmlpdx)”
> m% inf fRN (|Vv|2+v2)dx
> ve H (RN )\{0} (fRN ol dx)% .
Setting
Vo> +v?)d
Cpie g A (VEHV)dx
Ve ®ONOL ([ [P dx) 7

we thus have

Jg IV |* +mu?) dx

> > Cpm%.
(fi lum|? dx)?

@ Springer



50 Page24o0f30 J. Kiibler
Therefore (5.1) implies
11 2\ 752
d ?
etz (35 ()
and hence the claim. O

We will compare the previous estimate for the radial energy with suitable estimates for ¢y,

starting with the following result.
Lemma5.10 Let p € (2,4) and o € A. Then
1 1 _p_
Cam <|=——=)B| inf (j2, —?*+m)?
o (2 p) (CH)ETE (e )
holds for m € R.

Proof By Lemma 5.1, there exist £, k9 € N such that

=2 40) =t (=0 +)

and we set
UQ = Py, ko € E;_,m'

Forany t > 0 and v € Fy,, it then holds that fB ugv dx = 0 and therefore

S|

1-£ 1-£ 2 2
lltwo + vllp = BI'™ 2 [ltug + vlly = BI'~= (llzuoll3 + [[v]3)
1-2 1-2
> tP[B]' "2 [luglly = ¢P|B|' 2.
This yields

2
e . 1
Dy (tug +v) < 5 (]go,ko — oﬁz% + m) — ;Htuo + b

A

2

tP 14
-2 252 1-5
E(‘][O’ko_a €0+m)—;|B| 2,

A straightforward computation shows that the right hand side attains a unique global maxi-

mum in
1

t* = (jf 4o — @5 +m) 72 B2

and therefore
1 1 . _p_
qDa,m (IMO + v) =< <5 - ;) |B| (]Zzo,ko - 0{2&2) + m)IFZ :
In particular, this gives

1 1 . 2
max Py pm(w) < <§ — ;) |B| (jezo’ko _ azﬁ(z) + m) 72

weEa.m (uo)

and Proposition 5.8 then finally implies

weEqy m\Fom WEE g m (1)

as claimed.
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The previous results allow us to deduce the existence of nonradial ground states whenever

1 1 I

) .Y inf j2 _ O{ZEZ +m)7? < ﬁrad
<2 P) (LKL, Ui ) "
holds. To this end, we estimate the growth of the left hand side as m — oo.

Proposition 5.11 Let « € A. Then there exist constants C > 0, mo > O such that

1
inf (jezk—azﬁz—i—m)me?
eZd,

holds for m > my.
Proof By Proposition 2.1 we have

lat] 1 lai]

1 . 1 3 22%
C+ 583 < oy < €4 =03 + P (5.2)
2§ 20 ej

1
23
where a; denotes the first negative zero of the Airy function Ai(x). In particular, noting that

1
1
Jiy =@ = Gea +@O(jea —ab) and joy = ol < (1 =)l + 415 + Fla 2 we
find that there exists €9 € N such that the map . ‘
Crs i} —a??

is strictly decreasing for £ > £.
Taking mqo > (xzﬁ(z) - jzz0 | we thus find that for any m > my there exists £ > £ such that

me (a2 — j7 o+ 1) = ji 4]
In the following, we fix such m and £ and note that since jy 1 < je+1,1, we have
0<jiy—o? —(ji, — 2+ DD = )7 — ji, +a (€+ D= 6%)
< 2020 + o2
for £ > £, and therefore
0 < jl2,1 —azﬂz—l—m < 20{2£+(x2.
Importantly, (5.2) implies that there exists C = C(«) > 0 independent of m such that
2070 + o < C (o2 — jZl)%
holds for £ > £y, after possibly enlarging £(. Ultimately, we thus find that
0< jﬁl —o > +m < C(otZZ2 _1432,1)% < Cm%
holds. Since C was independent of m, this completes the proof. O
Theorem 1.2(ii) is now a direct consequence of the following more general result.
Theorem 5.12 Let o« € A and p € (2,4) be fixed. Then there exists mo > 0 such that the

ground states of (1.4) are nonradial for m > my.
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Proof Lemma 5.10 and Proposition 5.11 imply that there exist C > 0, mo > 0 such that

1 1 P
Cam = (7 - *> |B|Cm2(l’*2)
2 p

holds for m > mg. On the other hand, Lemma 5.9 gives

2

rad )
B =cmp

with a constant ¢ > 0 independent of m. Noting that the assumption p < 4 implies ﬁ <
ﬁ, it follows that

rad
Cam < ﬁm

holds for m > my, after possibly enlarging my. O
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Appendix A: Complex-valued solutions
Throughout this section we consider complex-valued function spaces and assume that p > 2
is fixed. In this case, the eigenspaces

Vi = {u € Hy(B,C) : dpu = iku)

are nonempty for k£ € N. This observation can be used to find complex-valued solutions of
(1.4) as stated in the following.

Theorem A1 Leta > 1, m > 0 and k € N be chosen such that

2k > —y, (A.1)

m—uo

where A1 > 0 denotes the first Dirichlet eigenvalue of —A on B. Then there exists a weak
solution u € Vi of (1.4). In particular, this solution is nonradial.

We point out that the solutions found in the preceding theorem cannot be real-valued and are
thus distinct from the solutions found in Theorem 1.2.

Proof Inspired by [37], the proof is based on a constrained minimization argument for the
functional

Jom : Hy(B,C) — R,

1
Jom () := 3 / |V1,t|2 — 012|89u|2 +mu*dx.
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Importantly, for u € Vj we have
1
Jam () = 5 / |Vul> + (m — k)’ dx

and our goal is to minimize J, , on Vi subject to the constraint
I(u) = |lullh = 1.

To this end, we let (1), C Vi be a constrained minimizing sequence, i.e., I (#,) = 1 for all
n and

lim Jy,,(up) = min Jy p,(u).
n—00 ueVy

Tw)=1

Note that Vj is a closed subspace of HOl (B, C) and, by assumption, there exist ¢, C > 0 such
that

gy < Jam @) < Cllull?,

Nl ) <

(B)
holds for u € Vi, which implies that the sequence (u,), remains bounded in H(} B,0C)
and we may pass to a weakly convergent subsequence with a weak limit ug € Vi. The
compact embedding HO1 B,C) — LP(B, C) then implies I(ug) = 1 whereas weak lower
semicontinuity yields Jy , (o) < liminf Jy », (u,), i.e., ug is a minimizer of J, ,, subject to
the constraint 7 (ug) = 1.

The minimization property then implies that there exists a Lagrange multiplier Ko € R
such that

/ Vug - Vo + (m — a*kPugp dx = KO/ luolP " 2uop dx (A2)

holds for ¢ € Vi. Taking ¢ = ug, the condition (A.1) then implies that Ky must be positive.
We now set

E:H{B,C) > R, E(u):= Jynu)— Kol ),

so that, in particular, uq is a nontrivial critical point of E | Vo'
For t € R we then consider the action

g HJB,C) — HJB,C), [gul(x) = e Mu(R(x)),

where R; was defined in (1.3). Note that g, is an isometry on HO1 (B, C) and L”(B) so that
E is invariant with respect to g;. Moreover, this defines a group action on H(; (B, C) and we
have

Vii={u € HOI(B, C) : giu = u}.

The principle of symmetric criticality (see e.g. [30]) then implies that ug is also a critical
point of E on HOl (B, C) or, equivalently, (A.2) holds for all ¢ € HOl (B, C). But this means
1

that K/ % ug is a weak solution of (1.4). O

By construction, the solutions found above are contained in the eigenspaces of the operator
dp, i.e., for any such solution u there exists k € N such that u € Vj and therefore dpu = iku.
However, this implies that |u| is radial.

In the following, we briefly sketch how our methods can be used to find complex-valued
solutions u of (1.1) (which are not real-valued) such that the modulus |u«| is also nonradial.
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To this end, we combine the ansatz (1.2) for rotating solutions with a standing wave ansatz,
ie.,

v(t, %) = M u(Re (x)
with R; given by (1.3) and © > 0. This reduces (1.1) to the modified problem

—Au+ o 8Fu + 2ipdou + (m — p?u = |u|P > in B
{ u+a“oyu ipdgu + (m — u)Hu = |ul’ " “u i (A3)

u=20 on 0B.
Here, the eigenvalues of the operator
Lo pu = —Au + 01289214 + 2iudgu + (m — ,uz)u
are given by
Jii — ettt £ 20l + (m — pu?)
and the associated eigenfunctions are given by
0 (. 0) = e J(jexr),  €eNokeN.
This readily implies the following analogue to Lemma 5.1:

Lemma A.2 Let the sequence (o), C (1, 00) be given by Theorem 4.2. Then for any n € N
and m > 0 there exist ¢, i, by > 0 with the following property:
If || < pp and £, k are such that jzz,k — o202 = 2ul + (m — u?) # 0 holds, we have

12 — o0 £ 20l + (m — p)| = camjo

Proof Note that

2ul

2 2,2 . .

—alcE2ul = +ot€< —aZ:I:_i>
Jik wl = (jek )| Jek Tex tal

and for ¢ = «;,, Theorem 4.2 then implies

2ul 21 2
jzz,k—omﬂﬂ:.L el > ¢y — —
Jek + anl Jek + anl 1+ ay
for sufficiently large ¢, k. Setting
L I+ ay c
Mn = 5 ns
we thus find that
2ul
lim inf |jex —anb+ —"" |50
N—oco k>N |" " Jok +onl
for pu < wy. m]

Repeating the arguments of Sect. 5 ultimately gives the following result:

Theorem A3 Let p € (2, 4). Then there exists a sequence (o), C (1, 00) with the following
properties:

(1) Foreachn € N the problem (A.3) has a ground state solution.
(ii) Foreach n € N there exists m;, > 0 such that any ground state u (A.3) with @ = o, and
m > my has a nonradial modulus, i.e., |u| is nonradial.

@ Springer



On the spectrum of a mixed-type operator with applications... Page 29 0f30 50

References

20.
21.
22.
23.

24.
25.

26.
. Mukherjee, M.: Nonlinear travelling waves on complete Riemannian manifolds. Adv. Differ. Equ. 23,

28.
29.

30.

Agudelo, O., Kiibler , J., Weth, T.: Spiraling solutions of nonlinear Schrodinger equations. Proc. R. Soc.
Edinb., Sect. A, Math. 152, 592-625 (2022)

Alama, S., Li, Y.Y.: Existence of solutions for semilinear elliptic equations with indefinite linear part. J.
Differ. Equ. 96, 89-115 (1992)

Ben-Naoum, A.K., Mawhin, J.: Periodic solutions of some semilinear wave equation on balls and on
spheres. Topol. Methods Nonlinear Anal. 1, 113-137 (1993)

Berkovits, J., Mawhin, J.: Diophantine approximation, Bessel functions and radially symmetric periodic
solutions of semilinear wave equations in a ball. Trans. Am. Math. Soc. 353, 5041-5055 (2001)
Bobkov, V.: Asymptotic relation for zeros of cross-product of Bessel functions and applications. J. Math.
Anal. Appl. 472, 1078-1092 (2019)

Breen, S.: Uniform upper and lower bounds on the zeros of Bessel functions of the first kind. J. Math.
Anal. Appl. 196, 1-17 (1995)

Brézis, H., Coron, J.-M., Nirenberg, L.: Free vibrations for a nonlinear wave equation and a theorem of
P. Rabinowitz. Commun. Pure Appl. Math 33, 667-684 (1980)

Buffoni, B., Jeanjean, L., Stuart, C.A.: Existence of a nontrivial solution to a strongly indefinite semilinear
equation. Proc. Am. Math. Soc. 119, 179-186 (1993)

Chen, J., Zhang, Z.: Infinitely many periodic solutions for a semilinear wave equation in a ball in R”. J.
Differ. Equ. 256, 1718-1734 (2014)

Chen, J., Zhang, Z.: Existence of infinitely many periodic solutions for the radially symmetric wave
equation with resonance. J. Differ. Equ. 260, 6017-6037 (2016)

. Chen, J., Zhang, Z.: Existence of multiple periodic solutions to asymptotically linear wave equations in

a ball. Calc. Var. Partial Differ. Equ. 56(58), 25 (2017)

Damascelli, L., Grossi, M., Pacella, F.: Qualitative properties of positive solutions of semilinear elliptic
equations in symmetric domains via the maximum principle. Annales de I’.LH.P. Analyse non linéaire 16,
631-652 (1999)

. Elbert, A.: Some recent results on the zeros of Bessel functions and orthogonal polynomials. J. Comput.

Appl. Mgth. 133, 65-83 (2001)
Elbert, A., Gatteschi, L., Laforgia, A.: On the concavity of zeros of Bessel functions. Appl. Anal. 16,
261-278 (1983)

. Elbert, A., Laforgia, A.: An asymptotic relation for the zeros of Bessel functions. J. Math. Anal. Appl.

98, 502-511 (1984)

. Elbert, A., Laforgia, A.: Further results on McMahon’s asymptotic approximations. J. Phys. A 33, 6333—

6341 (2000)

. Evéquoz, G., Weth, T.: Dual variational methods and nonvanishing for the nonlinear Helmholtz equation.

Adv. Math. 280, 690-728 (2015)

. Grebenkov, D.S., Nguyen, B.-T.: Geometrical structure of Laplacian eigenfunctions. SIAM Rev. 55,

601-667 (2013)

. Kiibler, J., Weth, T.: Rotating Waves in Nonlinear Media and Critical Degenerate Sobolev Inequalities.

arXiv:2203.07991 (2022)

Kwong, M.K.: Uniqueness of positive solutions of Au — u + u?” = 0 in R”. Arch. Ration. Mech. Anal.
105, 243-266 (1989)

Kwong, M.K., Zhang, L.Q.: Uniqueness of the positive solution of Au + f(#) = 0 in an annulus. Differ.
Integr. Equ. 4, 583-599 (1991)

Lupo, D., Payne, K.R.: Critical exponents for semilinear equations of mixed elliptic-hyperbolic and
degenerate types. Commun. Pure Appl. Math. 56, 403—424 (2003)

Mawhin, J.: Periodic solutions of some semilinear wave equations and systems: a survey. Chaos Solitons
Fractals 5, 1651-1669 (1995)

McCann, R.C.: Inequalities for the zeros of Bessel functions. SIAM J. Math. Anal. 8, 166-170 (1977)
McLeod, K., Serrin, J.: Uniqueness of positive radial solutions of Au + f(u) = 0 in R”. Arch. Ration.
Mech. Anal. 99, 115-145 (1987)

Morawetz, C.S.: Mixed equations and transonic flow. J. Hyperbolic Differ. Equ. 1, 1-26 (2004)

65-88 (2018)

Mukherjee, M.: A special class of nonlinear hypoelliptic equations on spheres. NoDEA Nonlinear Differ.
Equ. Appl. 24, 25 (2017)

Otway, T.: Elliptic-Hyperbolic Partial Differential Equations: A Mini-Course in Geometric and Quasilin-
ear Methods. Springer (2015)

Palais, R.S.: The principle of symmetric criticality. Commun. Math. Phys. 69, 19-30 (1979)

@ Springer


http://arxiv.org/abs/2203.07991

50

Page 30 of 30 J. Kiibler

31.

32.

33.

34.

35.

36.

37.

38.
39.

Pankov, A.: On decay of solutions to nonlinear Schrodinger equations. Proc. Am. Math. Soc. 136, 2565—
2570 (2008)

Qu, C.K., Wong, R.: “Best possible” upper and lower bounds for the zeros of the Bessel function J,, (x).
Trans. Am. Math. Soc. 351, 2833-2859 (1999)

Rabinowitz, P.: Free vibrations for a semilinear wave equation. Commun. Pure Appl. Math. 31, 31-68
(1978)

Strauss, W.A.: Nonlinear Wave Equations, CBMS Regional Conference Series in Mathematics, vol. 73.
AMS, Providence, RI (1989)

Szulkin, A., Weth, T.: Ground state solutions for some indefinite variational problems. J. Funct. Anal.
257, 3802-3822 (2009)

Szulkin, A., Weth, T.: The Method of Nehari Manifold, Handbook of Nonconvex Analysis and Applica-
tions, pp. 597-632. Int. Press, Somerville, MA (2010)

Taylor, M.: Traveling wave solutions to NLS and NLKG equations in non-Euclidean settings. Houston J.
Math. 42, 143-165 (2016)

Watson, G.N.: A Treatise on the Theory of Bessel Functions. Cambridge University Press (1944)

Zhao, J.-L., Wei, C.-F., Guo, B.-N., Qi, F.: Sharpening and generalizations of Carlson’s double inequality
for the arc cosine function. Hacet. J. Math. Stat. 41, 201-209 (2012)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	On the spectrum of a mixed-type operator with applications to rotating wave solutions
	Abstract
	1 Introduction
	2 Preliminaries
	3 Asymptotics of the zeros of Bessel functions
	4 Spectral characterization
	5 Variational characterization of ground states
	Acknowledgements
	Appendix A: Complex-valued solutions
	References




