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Abstract

We study weak quasi-plurisubharmonic solutions to the Dirichlet problem for the com-
plex Monge—Ampere equation on a general Hermitian manifold with non-empty boundary.
We prove optimal subsolution theorems: for bounded and Holder continuous quasi-
plurisubharmonic functions. The continuity of the solution is proved for measures that are
well dominated by capacity, for example measures with L”, p > 1 densities, or moderate
measures in the sense of Dinh—Nguyen—Sibony.

1 Introduction

Background. The complex Monge—Ampere equation in a strictly pseudoconvex bounded
domain has been extensively studied since 1970’s. Bedford and Taylor [1] proved the fun-
damental result on the existence of (weak) continuous plurisubharmonic solutions to the
Dirichlet problem with continuous datum. The classical solutions were obtained later by
Caffarelli et al. [8] for the smooth boundary condition and smooth positive right hand side.
The comprehensive book [27] contains results, theirs applications and references for both the
Dirichlet problem and the Monge—Ampere equation on compact Kéhler manifolds without
boundary.

On the other hand, it was discovered independently by Semmes [45] and Donaldson [20]
that the geodesic equation in the space of Kihler potentials on a compact Kédhler manifold
is equivalent to the homogeneous Monge—Ampere equation on a compact Kihler manifold
with boundary, the product of the Kihler manifold and an annulus in the complex plane.
In general the solution is at most C'!-smooth, due to an example of Gamelin and Sibony
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[21]. Thus it leads to the study of weak solutions to the equation. The (unique) weak C1!-
solution was obtained by Chen [12] (with a complement in [5]) via a sequence of solutions to
non degenerate equations—the so called e-geodesic equations. To solve the non-degenerate
Monge-Ampere equation without pseudoconvexity assumption on the boundary one needs
to use ideas from Guan’s [22]. We refer to the expository paper of Boucksom [7] for more
detailed discussion of those developments.

Guan and Li [23] generalized the smooth subsolution theorem in [22] and [5] to the Her-
mitian setting. This work occurred amid renewed interest in the complex Monge—Ampere
equation on Hermitian manifolds which has been studied earlier by Cherrier [13]. It culmi-
nated in the resolution of the Monge—Ampere equation on compact Hermitian manifolds by
Tosatti and Weinkove [47]. Weak solutions theory have been developed in [18, 35-37, 39,
40], and recent advances for semi-positive Hermitian forms have been made in [24, 25].

Our goal is to study weak solutions to the Dirichlet problem on a smooth compact Her-
mitian manifold with non-empty boundary. We consider here very general right hand sides,
which are positive Radon measures well dominated by capacity considered in [31, 32]. Notice
the Kiher case is included as a special one, not yet available in the literature.

Results. Let (M, w) be a C* smooth compact Hermitian manifold of dimension n and
with non-empty boundary dM. Thus M = M U dM. Let u be a positive Radon measure
on M. Let us denote by PSH (M, w) the set of all w-plurisubharmonic (w-psh for short)
functions on M. Consider ¢ € C%(dM, R). We study the Dirichlet problem

ue PSHM,w)NL>®(M),
(o +ddu)" = u, (1.1)
lim, ., u(z) =p(x) Vx € oM.

Since there is no convexity condition on the boundary, to solve the Dirichlet problem a
necessary condition is the existence of a subsolution.

Definition 1.1 (Subsolution) Letu € PSH (M, w) N L% (M) be such that

lim u(z) = ¢(x) forevery x € M.
=X

(a) Itis called a bounded subsolution for the measure p if it satisfies:
(w~+ddu)* > onM.

(b) If a bounded subsolution is also continuous (resp. Holder continuous) on M, then we call
it a continuous subsolution (resp. Holder continuous subsolution) to .

Theorem 1.2 Suppose that there exists a bounded subsolution u € PSH(M, w) N L>®(M)
for w. Then, the Dirichlet problem (1.1) has a solution.

This result is a generalization of the bounded subsolution theorem in a bounded strictly
pseudoconvex domain due to the first author [29]. Furthermore, it can be considered as the
weak solution version of [5, 7, 22]. Note however that our proof does not use those smooth
solutions as approximants of the weak solution. For a Hermitian form w one needs to improve
the stability estimates in [29, 32] and apply them to get the statement.

Next we turn to the study of the continuity of solutions if we further assume that the right
hand side is also well dominated by capacity, as in the first author’s [31].

Recall the Bedford-Taylor capacity defined in our context as follows. For a Borel subset
ECM,

capy,(E) := sup{/ (w+ddw)" :we PSHM,w»),0 <w < 1}.
E
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Leth : Ry — (0, 0o) be an increasing function such that
o0 1
/ —— dx < +oo. (1.2)
L x[h(x)]n

In particular, limy_, 5, £ (x) = +00. Such a function 4 is called admissible. If h is admissible,
then so is Ay h(Ax) for every Ay, Ay > 0. Define

X
h (x % )
Let u be a positive Radon measure satisfying for some admissible /:

R(E) < Fp(capw(E)), (1.4)

forany Borel set E C X.The set of all measures satisfying this inequality for some admissible
h is denoted by F (X, h). In what follows we often omit to mention that /4 is admissible.

Fp(x) = (1.3)

Corollary 1.3 Consider the subsolution from Theorem 1.2. Assume that p € F(M, h) for an
admissible function h. Then, the solution is continuous on M.

An important class of such measures are the ones with L”-density with respect to the
Lebesgue measure (p > 1) (Lemma 5.7). Another class is the Monge—Ampere measures of
Holder continuous quasi-plurisubharmonic functions on M (Theorem 5.9). It still remains an
open problem, even in a strictly pseudoconvex set in C", whether a continuous subsolution
leads to the continuous solution.

The best regularity of solutions of the Dirichlet problem in our considerations is the Holder
one (see e.g. [26]). In the compact Kdhler manifold case it was proved in [34] for L?, (p > 1)
right hand side. Then the Holder continuous subsolution theorem was proved in [15]. We
prove here a significant generalization of [43, 44], which answered positively a question by
Zeriahi in the local setting. That is if the subsolution is Holder continuous, then the solution
has this property too.

Theorem 1.4 Assume that the subsolution u € PSH(M, w) N C% (@ for some o > 0.
Then, the solution u obtained in Theorem 1.2 is Holder continuous on M.

Notice that the Holder exponent of the solution depends only on the dimension and the
Holder exponent of the subsolution, as in [15, 36] for compact complex manifolds without
boundary.

The uniqueness of a weak solution is still an open problem in general on compact Hermitian
manifolds without boundary (see [37] for a partial result). We are able to prove this property
under some extra assumption on either the metric w or the manifold.

Corollary 1.5 (Uniqueness of bounded solution) Suppose that M is Stein or w is Kihler.
Let u, v be bounded w-psh on M such that liminf,_, 5y (u — v)(z) > 0. Assume that (o +
ddu)" < (w+dd°v)" in M. Then, u > v on M. In particular, there is at most one bounded
solution to the Dirichlet problem (1.1) in this setting.

Organization. In Sect. 2 we prove various convergence theorems in the Cegrell class of
plurisubharmonic functions. These results combined with the Perron method allow to derive
the bounded subsolution theorem (Theorem 1.2) in Sect. 3. In Sect. 4 we prove the stability
estimates for Hermitian manifolds with boundary for measures that are well-dominated by
capacity. This is done by adopting the proofs of stability estimates from the setting of compact
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Hermitian manifold without boundary. Section 5 contains local estimates on interior and
boundary charts. The key technical result is the bound on volumes of sublevel sets of quasi-
plurisubharmonic functions in a certain Cegrell class in a boundary chart (Lemma 5.7).
In Sect. 6 we prove the Holder continuous subsolution theorem. One needs to consider a
smoothing of the bounded solution obtained in Theorem 1.2, via the geodesic convolution,
due to Demailly. Then we obtain the global stability estimate to control the modulus of
continuity of the solution. For this we use a rather delicate construction choosing carefully
two exhaustive sequences M, C M; of the manifold M, and keeping track of the dependence
of the modulus of continuity of the solution in collar sets on both parameters ¢ > § > 0
(Proposition 6.11). Finally, we give the proof of the uniqueness of solution when either the
manifold is Stein or  is Kihler.

Notation. The uniform constants C, Cyp, C1, ... may differ from line to line. For simplicity
we denote || - || to be the supremum norm of functions in the considered domain. We often
write w, := » + ddv for a quasi-plurisubharmonic function v.

2 Convergence in the Cegrell class

Let © be a bounded strictly pseudoconvex domain in C". Let us recall the Cegrell class
introduced in [9]:

E0(R2) = {u € PSH(Q)NL™(Q) : lirglgu(z) =0, /(ddcu)” < +oo} .
= Q

First we prove a bunch of convergence results to be used in the following sections. In what
follows, when the domain of integration €2 is fixed and no confusion arises we often write

/gdk ::/ gdX
Q

for a Borel function g on 2. For a Borel set E C €2, we denote by cap(E) := cap(E, Q) its
Bedford-Taylor capacity.

The following is implicitly contained in the last part of the proof of [9, Lemma 5.2].
Cegrell dealt with sequences from &)(€2) but the proof works for sequences of negative
plurisubharmonic functions as well.

Lemma 2.1 Letd be afinite positive Radon measure on Q2 which vanishes on pluripolar sets.
Suppose that u; € £)(S2) is a uniformly bounded sequence that converges a.e. with respect
to the Lebesgue measure d Vo, to u € £y(2). Then there exists a subsequence {uj } C {u;}
such that

lim ujxd)\=/ udh.
Q Q

§—>+00

Proof Since dA is a finite measure it follows that sup j fQ ue [2d). < +o0. So there exists a

subsequence {u ;} weakly converging to v € L%(d}). By the Banach-Saks theorem we can
find a subsequence u j, such that

1
Fp = %(”jl +tuj) > v ian(d}»)

as k — +o0. Extracting a subsequence { Fy }; of { Fi.} we get Fi, — v a.eindA, and also that
Fy, converges a.e to u with respect to the Lebesgue measure. Therefore, (sup,., Fr,)* \ u
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everywhere as t — +oo0. It follows that there is a subsequence which we still denote by {u;}
such that

lim u,dA:/udx: lim /Fkgd)\ = lim /sup Fkyd)»:/udk,
j—o0o §—>00 ° 1—>00 s>t h

where the first identity used the decreasing convergence property; the second one used the
a.e-d ) convergence, and the last used the fact that dA does not charge pluripolar sets. This
completes the proof. O

Corollary 2.2 We keep the assumptions of Lemma 2.1. Assume moreover that dM(E) <
Cocap(E) for every Borel set E C 2 with a uniform constant Cy. Then there exists a
subsequence, which is still denoted by {u ;}, such that

lim / luj —uldr =0.

Proof By Lemma 2.1 we know that

lim de:/ud)», lim max{uj,u}dsz udh.
Q

J—> 00 J—> 00

Fixa > 0. We have {lu —uj| >a} ={u —u; > a}U{u —u; < —a}. Therefore

1
/ d)\=/ d)»ffv/(max{uj,u}—uj)d}»ﬁo.
{u—uj>a} {max{uj,u}—u;>a} aJq

Next note that max{u, u;} — u in capacity, by the Hartogs lemma and the quasi-continuity
of u. It follows that after using the last assumption

/ dAr < Cocap(|max{u;, u} —u| > a) — 0.
{u—uj<—a}

In conclusion we get thatu ; — u with respect to the measure dA and lim [ |uj|dA = [ |u|dX.
As a byproduct we also get that u; — u in L'(dhr). O

Lemma 2.3 Still under the assumptions of Lemma?2.1 we also suppose thatsup ; f(a’dcuj)” <
Cy for some C1 > 0. Let w; € & (S2) be a uniformly bounded sequence of plurisubharmonic
functions in Q satisfying sup; f(dd”wj)” < C; for some Cy > 0. Assume that w j converges
in capacity to w € Ey(S2). Then,

lim / u — uj|(ddw;)" = 0.
J]— 00

Proof Note that |4 — u ;| = (max{u, u;} —u;)+ (max{u, u;} — u). First, as in the proof of
Corollary 2.2 we have ¢; := max{u, u;} — u in capacity. Fix ¢ > 0. Then, when j is large,

/(max{u,uj} —u)(dd“w;)" 5/
Q {l¢j—ul>e}

< Cocap(l¢pj — ul > &) + Cae.

(dd“wj)" —I—s/ (dd“wj)"
Q

Therefore, lim_, o, [(¢; — u)(dd“w;)" = 0. Next, we consider for j > k,

/(d)j —uj)(ddw;)" — f(¢j —uj)(ddwp)" = /(4); —ujdd (w; —wi) AT,
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where T =T (j, k) = Zf;ll ddwj)* A (ddwp)" 15, By integration by parts
/((]5] — uj)ddc(wj —wp) AT = /(Wj — wk)ddc(¢j — uj) AT

< / lw; — wk|ddc(¢j +uj)AT.

Since |w;|loo, ll4jllco < A in £ it follows that

/|wj—wk|ddc(¢j+uj)/\T§A/ dd(¢; +uj) AT
o {

[wj—wg|>e}
+£/ dd(¢; +u;) AT
{lwj—wk|=<e}

< A" leap(lwj — wi| > €) + Ce,

where the uniform bound for the second integral on the right hand side followed from [10]
(see also Corollary 3.4 below). It means that the left hand side is less than 2Ce for some kg
and every j > k > ko. Thus,

[ —upaau;y < [6;-upaauy
+ ’/(fi’j —uj)(ddw))" — /(qu — uj)(dd wy)"
< /(qu —uj)(dd“wp)" +2Ce
< / lu — uj|(ddwp)" 4+ 2Ce.
Fix k = ko and apply Corollary 2.2 for d\ = (dd“wy,)" to get that for j > k1 > ko
/(¢j —u)(ddw;)" < @2C+ De.

Since ¢ > 0 was arbitrary, the proof of the lemma is completed. m}

3 Bounded subsolution theorems

Our goal in this section is the proof of Theorem 1.2, but first we shall prove it in the special
caseof M = Q C C"—astrictly pseudoconvex bounded domain. Then the general statement
will follow from this and the balayage procedure. Let & be a positive Radon measure in 2
and let ¢ be a continuous function on the boundary 9€2. Assume that w is a Hermitian form
in a neighborhood of .

v in Q with lim;_, 30 v(z) = 0._Then exists a unique w-plurisubharmonic function u €
PSH(Q, w) N L®(Q) solving

Theorem 3.1 Suppose that diu < (dd“v)" for some bounded plurisubharmonic function

(w+ddu)" =du,

lim u(6) = p() forz € 99 CRY
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We begin with showing that it is enough to prove the statement under additional hypothesis
on ¢, du and (ddv)". This reduction is done in three steps:

Step 1: One can assume that supp 1 is compactin . Indeed, letug € PSH (2, ©)NC%(Q)
be the solution satisfying ug = ¢ on 92 and (@ + dd ug)" = 0 in 2 (it exists thanks to [35,
Corollary 4.1]). Let n; be a non-decreasing sequence of cut-off functions such thatn; 1 1 on
Q2. Then, the sequence of solution u ;’s corresponding to (t; = 1 is uniformly bounded by
uo +v < uj < ug. Hence, by the comparison principle and the convergence theorem ([18],
[35, Corollary 3.4]) they will decrease to the solution for .

Step 2: We may assume further that the boundary data is in C 2(3€2). Indeed, suppose that
the problem is solvable for ; with compact support and let ¢; € C%(9S2) be a sequence that
decreases to ¢ € C 0(3). Then the sequence of solutions uy to

(w+ddup)" =, up=q¢r ondQ

is decreasing and uniformly bounded. The limit # = lim u is the required solution for the
continuous boundary data.

Step 3: Reduction to the case of v defined in a neighborhood of Q with lim; 30 v(z) =0,
and the support of (ddv)" compact in 2. We already suppose that  has a compact support
in Q. Then we can modify the subsolution v so that v is defined in a neighborhood of 2 and
it satisfies for any z € 9€2,

lim v(¢) = 0. (3.2)
{—z

By the balayage procedure we may further assume that the support of (dd“v)" is compact in
Q.
With the above additional assumptions we proceed to define the expected solution. For
v as in Step 3, we consider the standard regularizing sequence v; | v. Then, we write
(ddvj)" = f;dVa,. By [30] there exists ¥; € PSH(Q) N C%(€2) such that vj =0ondg,
and
(ddv;)" = fjdVa, inQ. (3.3)

We observe that by the Dini theorem v; converges to v uniformly on compact sets, where the
restriction of v is continuous. Consequently, ¥; converges to v on those compact sets because
by the stability estimate for the Monge—Ampere equation

sup |v; —vj| < sup|V; —v;| =suplv; —vl.
Q a0 aQ

Note also that
/(ddclv)j)n < (. 3.4
Q

This follows from the compactness of the support of v = (ddv)".
Let 0 < h < 1 be a continuous function with compact support in 2. Notice that

hfidVa, — h(ddv)" weakly. (3.5)

We first show the existence of a solution for the measure i (dd“v)" obtained as the limit of
solutions of hf;d V>, for a certain subsequence of {f;}. Applying [35, Corollary 0.4] we
solve the Dirichlet problem

uj € PSH(Q, w) N C%(Q),

(w+ddu;)" = hf;dVay,, (3.6)

uj(z) =¢(z) forz e dQ.
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We define

u = (limsupu;)* = lim (supuy)*.
Jj—00 J700 g>j

By passing to a subsequence we may assume that u; — u in L' () and u; — u a.e. with
respect to the Lebesgue measure. Note also that u € PSH (2, w) N L°*°(2) and

lim u(z) = ¢(¢) forall ¢ € 992.
—¢
This u will be shown to be the solution we are seeking. To do this we need to prove several
lemmas. _
First observe that ¢ can be extended to a C> smooth function in a neighborhood of .

This allows to produce a strictly plurisubharmonic function g in a neighborhood of  such
that ddg > w and g = —¢ on 9. Let us use the notation

U=u+g, Uj=u;j+g.
Using an idea of Cegrell [9, page 210] we first show that
Lemma3.2 u; € &(Q).

Proof By [23, Theorem 1.1] there exists ® € PSH(Q, w) a C2-smooth function on € that
solves (w + dd“®)" = 1 and ® = ¢ on 9. Then,

(@ +ddu;)" < (ddV;)" < (0 +dd°V; +dd°P)".

By the comparison principle [35, Corollary 3.4] we have uj > Ui+ ®.S0,uj =u;j+g=>
17]- + P+ g.Sinced+ge PSH(Q2)N C%($2), and equals zero on 9€2 it belongs to £y (£2).
Thus v; + ® + g € £(£2), and so the same is true about i ;. |

Lemma 3.3 There exists a uniform constant Co such that
f (ddcﬁj)n < Cp.
Q
Proof Sety :=dd°g — w. Then w + ddu; = dd“u; — y. It follows that
f(dd”ii, )" = / (w+dduj)" < / (ddv;)" < Cy. 3.7
Q ' Q ' Q '
Using the Newton expansion for the integrand on the left hand side we get that

/(dd”ﬁj)" _ (") / AdT)" Ay 4o (= 1) (”)/ JT<Ci. (38)
Q 1 Q n Q

We are going to show that fork =1, ..., n,
/ @dap)* Ayt < ¢y (3.9)
Q
for a uniform constant C;. Indeed, since y is a smooth (1, 1) form in Q, there is a defining

function ¥ € & () of Q such that w + y < ddy on . Using the Cegrell inequality [10,
Lemma 5.4] we get for every k > 1

/ @d°mp)* Ay < / @d°wp)* A ddy)"*
Q Q

k
= (frawmr) (faror)
Q Q

ik (3.10)
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If we write m;’ = f(ddcﬁj)", it follows from (3.8) and (3.10) that

n n k .
mj — const.<k> Z m; < C3 forall j.
n>k odd

Therefore, the total mass of (dd“u ;)" is bounded by a uniform constant independent of j.
Consequently,

/ ddup* ny" <y

Q

follows by (3.10). O
We have also a more general statement.

Corollary 3.4 There exists a uniform constant C such that
/ T<C (3.11)
Q
where T are wedge products of dd“uj and dd“vy.
Proof By an application of Cegrell’s inequality [10] for every k > 1,
/ @dd°v,)k A (ddy)F < Cy, (3.12)
Q

where ¥ is a strictly plurisubharmonic function defining function of €2 as in the proof of the
above lemma. Now using Cegrell’s inequality one more time,

/ T = / (dd°Tj)P A (dd°B)? A (ddy)' P4
Q Q

~ P o q n—p—q
<[t@p] 1G] U@ .
where I (w) = fQ (dd“w)". Finally, all three factors on the right hand side are bounded by
(3.4), Lemma 3.3 and the smoothness of ¥ on Q. ]

Lemma3.5 Let {u;} C PSH(S2, w) be a uniformly bounded subsequence of functions sat-
isfying uj(z) = ¢(z) forz € 0Q anduj — u in LY(Q) and uj — u a.e. with respect to
the Lebesgue measure. Then one can pick a subsequence {u .} such that for

wy = max{u; ,u — 1/s}. (3.13)
the following equalities hold

(a) lims_ oo [q luj, — ul(w+ddu)" = 0.
(b) imy . oo [ 1), — ul(e + ddwy)" = 0.
(c) limg_, fQ luj, — ul(w+dduj)" =0.

Proof Since u; —u = u; —u, where u;, u and o], satisfy the assumption of Corollary 2.2,
the proof of (a) follows.

By the Hartogs lemma w; converges to # uniformly on any compact set £ such that i,
is continuous. Combining this and the quasi-continuity of u it follows that wg converges to
u in capacity. Therefore, by the convergence theorems in [2, 18],

(w+ddu)" = lim (o +ddwg)".
§—> 400
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1 Page100f39 S. Kotodziej, N. C. Nguyen

We observe that ! is a finite Radon measure in 2. Recall the notation Wy = w; + g and,
u = u+g, where g is a strictly plurisubharmonic defining function for 2 such that dd“g >
in a neighborhood of Q. Since w; = u j, in a neighborhood of 9€2, it follows from Stokes’
theorem and Lemma 3.3 that

/(a)—i-ddcws)" 5/(ddcﬁs)" :/(ddcﬁjs)" < Co.
Q Q Q

Letting s — 400 we get that [ o is finite, and thus # € &y(€2). Summarizing, (o +
ddws)" < (dd°wy)" and Wy — U € £)(R) in capacity. Hence (b) follows from Lemma 2.3.

Similarly, with the notation from Lemma 3.2, (w+dd“u ;)" < (dd“v;)" and ¥; converges
to v in capacity, thus the proof of (c) follows. O

Lemma 3.6 Consider {u} from the previous lemma. Then for a suitably chosen subsequence
{uj,} C {uj} we have

(w+ddu;)" — (w+ddu)" weakly.
Proof By Lemma 3.5 we can choose a subsequence {u; } C {u;} so that
/ lu —uj[(w+ddu;)" + / lu —uj|(w+ddwy)" < 1/s2.
Recall from (3.13) that wy = max{u,, u — 1/s}. Then

Vg >u—1/sy(@ + ddws)" = L wu—i/s) (@ + ddu )"
Therefore, for n € C2°(R2),

o oo oo o,
< /nwﬁ—/nwﬁ,s +

/ nwz)s —noll .
{uj <u—1/s) "

The first term on the right hand side goes to zero as o), — /. It remains to estimate the
second term. Firstly, by the choice of {u  } at the beglmng of thls proof,

/ ol | < Il [ ol
{ujs <u—1/s} {uj, <u—1/s}

1
< sthlles [ lu=uglol, = Ll 0 ass - 4.

/ nwy, / nwy,
{ujs <u—1/s} {ujs <u—1/s}

§S||77||L<>0/Iu—u.,'sla)ﬁ,~r — 0 ass — 4oo.

Similarly,

=< lInllze

The last two estimates complete the proof. O

End of proof of Theorem 3.1 Now we come back to the sequence defined in (3.6) and its limit
u. Let {u } be a subsequence of {u;} whose L ! limit and pointwise almost everywhere limit
is equal u.
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Let 0 < h < 1 be a continuous function with compact support in €2. Then, applying the
last lemma and (3.5), there exists a unique solution u € PSH (2, w) N L>(R) to

(w+ddu)* = h(ddv)", u=¢ ondQ.

By the Radon—-Nikodym theorem du = hdv for some Borel function 0 < & < 1. Since
h e L'(dv) and C.(Q) is dense in L' (dv), there exists a sequence of continuous functions
0 < hx <1, whose supports are compact in €2, such that

lim / |hx — hldv = 0.

k—+00

In particular, hxdv — hdv weakly. Applying the argument above for continuous %, we can
find uy € PSH(2, w) N L () such that lim,_, ; ux(z) = ¢(¢) for every ¢ € 9Q and

(@ + ddup)" = hi(dd°v)" = hydv.
Define
u = (lim sup ug)*.

Passing to a subsequence we may assume that uxy — u in L'(2) and converging a.e to u
with respect to the Lebesgue measure. Again by Lemma 3.6 there exists a subsequence {uy, }
of {uy} such that

(@ +ddui,)" — (0 +ddu)" weakly.
Hence,

(w~+dd°u)' = lim h (dd°v)" = hdv.
ks— 400
The proof is completed. O

Proof of Theorem 1.2 Let us proceed with the proof of the subsolution theorem on M a smooth
compact Hermitian manifold with boundary. Consider the following set of functions

B(p, u) :== !w € PSHM,w)NL®M) : (0w +dd“w)" > pu, wl”;M < <p} , (3.14)
where w*(x) = limsup,,-._,  w(z) for every x € M. Clearly, u € B(p, u). Let us solve
the linear PDE finding /11 € C°(M, R) such that

(w~+dd°h) Ao =0,

(3.15)
hy=¢ ondM.

Since (w+dd‘w) A"~ > 0forw € PSH (M, w), the maximum principle for the Laplace
operator with respect to w gives

w<h; forallw e B(p, n).

Set
u(z) = sup w(z) foreveryze M. (3.16)
weB(g. 1)

Then, by Choquet’s lemma and the fact that B(gp, n) satisfies the lattice property, u = u™ €
B(p, ). Again by the definition of u, we have u < u < hjy. It follows that

lim u(z) = ¢(x) foreveryx € oM. (3.17)
I—X
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Lemma 3.7 (Lift) Let v € B(p, ). Let B CC M be a small coordinate ball (a chart
biholomorphic to a ball in C"). Then, there exists V € B(g, i) such that v < vV and (v +
dd°v)" = 1 on B.

Proof We implicitly identify B’ CC B with a small ball in C", with B” also fixed. Note that
on B we have 1p:dpu < (w+dd°v)". Since B’ is compact in B, we can easily get a bounded
plurisubharmonic subsolution with zero boundary value on 9 B for 1p:d . Let¢; \ vondB
be a uniformly bounded sequence of continuous functions. Theorem 3.1 gives the existence
of solutions:

v;j € PSH(B, w) N L>®(B),

(w+ddv;)" =1pdpu,

lim; . yegpv(z) = ¢;(x), Vx € 9B.
By the comparison principle v; is a decreasing sequence as j — +oo and v; > v on B.
Set w = lim; v;. Then, w € PSH(B, w) and w > v. By the convergence theorem (w +
dd‘w)" = 1pdp.Notethatlim; v;(x) = v(x) forevery x € 0 B.Hence, limsup, ., w(z) <
¢j(x). Letting j — +oo we get that

limsupw(z) < v(x)
I—X

for every x € 0B
Now we define

~ max{w, v} on B,
w =
v on M\ B.

Then, w € PSH(M, w) N L°°(M) and it satisfies w* < ¢ on d M. Moreover,
(0 +dd“w)" >du on(M\ B)UDB'.

Finally, let B; / B be a sequence of open balls increasing to B, then by the above
construction we get a decreasing sequence w; € PSH (M, w) N L (M) such that ﬁ;f <g
on M and

(@+dd“w;)" >du  on(M\ B)U B;j.
Set v = lim w; > v. Then, v'is the required lift function. O

End of Proof of the bounded subsolution theorem. By (3.17) it remains to show that the
function u above satisfies (w + dd“u)" = u.Let B CC M be a small coordinate ball. It is
enough to check (w + ddu)" = w on B. Let i be the lift of u as in Lemma 3.7. It follows
that @ > u and (w+ddu)" = p on B. However, by the definition # < u on M. Thus, @ = u
on B, in particular on B we have (w + ddu)" = (v + ddu)" = u. ]

4 Continuity of the solution
First we recall some facts in pluripotential theory for a Hermitian background form. The

proofs from [35-37] can be easily adapted to our setting.
Let B > 0 be a constant such that on M we have

—Bw? < 2ndd‘ov <Bw?, —-Bw® < 4n?do Ad°o < Bao°.
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Then we have the following version (see [35, Theorem 0.2]) of the classical comparison
principle [2].

Lemma4.1 Let u,v € PSH(M,w) N L°(M) be such that u,v < 0. Assume

liminf, .y (u — v)(2) = 0 and —so = supy;(v —u) > 0. Fix 0 < 6 < 1 and set
m(0) = infy[u — (1 — O)v]. Then forany 0 < s < min{%, Isol},

n sB n
W—gp =\ 1+ 50 € ), 4.1
{u<(1-0)v+m(0)+s} {u<(1—=0)v+m(0)+s}

where C is a uniform constant depending only on n.

Corollary 4.2 (Domination principle) Let u,v € PSH(M,w) N L>®(M) be such that
liminf,opm (u — v)(z) > 0. Suppose that u > v almost everywhere with respect to wj,.
Thenu > vin M.

Proof See [42, Lemma 2.3] and [40, Proposition 2.2]. O

The next one is a generalization of [35, Theorem 5.3] to Hermitian manifolds with bound-
ary.

Theorem4.3 Fix0 <6 < 1. Letu,v € PSH(M,w) N LOO(M) be such that u < 0 and
—1 < v < 0. Assume that liminf ,_, 57 (4 — v)(z) > 0 and —so = sup,; (v —u) > 0. Denote
by m(9) = inf s [u — (1 — O)v], and put

3

60 = © min Lo 6 41— 0)0", 4(1 — 0) 0 1ol
= — min , ——, — , —60)——, |sol t .
0-=3 16B 16B" "

Suppose that o}, € F (M, h). Then, for 0 <t < 6,
1 <k [cap, (U0, 1))], (4.2)

where U0, 1) = {u < (1 — 0)v + m(0) + t}, and the function k is defined on the interval
(0, 1) by the formula

K(s—")=4cn{ ! 1+/OO ax 1}, 4.3)
[h()]n s x[h(x)]n

with a dimensional constant C,,.

We use it to to generalize the stability estimate for manifolds with boundary. Let /i(s) be
the inverse function of « (s) and

I'(s) the inverse function of s" "2+ 1f(s"2), 4.4)

Notice that I'(s) - 0 ass — 0.

Proposition 4.4 (Stability of solutions) Let u,v € PSH(M,w) N L>®(M) be such that
u,v <0. Let u € F(M, h). Assume that liminf,_, 557 (u — v)(z) > 0 and

(w+ddu)" = p.
Then, there exists a constant C > 0 depending only on w and ||v| ~ such that

sup(v —u) < C T (10— w4 ll11ap)) -
M
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Proof Tt is identical to the one in [36, Proposition 2.4]. O

Now we are going to prove Corollary 1.3. So we assume the existence of a subsolution
for the measure p and the boundary data ¢ as in Theorem 1.2 and on top of that suppose
w € F(M, h) for an admissible function 4. Then we claim that the solution is continuous.

We argue by contradiction. Suppose u were not continuous. Then the discontinuity of u
would occur at an interior point of M. Hence

d = sup(u — uy) > 0,
M

where u,(z) = lime_,¢infy,cp(;,e) u(w) is the lower-semicontinuous regularization of u.
Consider the closed nonempty set

F={u—u,=d} CcC M.

The inclusion follows from the boundary condition. One can extend the boundary data ¢
to a continuous function on M. Then one can use the boundary condition again and the
compactness of M to choose M’ CC M” CcC M with M’ so close to M (in the sense of
the distance induced by the metric w) that

lu—¢@| <d/donM\ M.

By the approximation property of quasi-plurisubharmonic functions [6], one can find a
sequence
PSHM",w)NC®(M") 3 u; \Ju inM". (4.5)

By the Hartogs lemma there exists jo > 0 such that for j > jo
uj <@¢+d/2onM"\ M.

Then the sets {u < u; — d/4} are nonempty and relatively compact in M’ for j > jo.
Moreover, by subtracting a uniform constant we may assume that

—Co<u,uj <0 onM.

Note that for a Borel set E C M/, cap,(E, M) < cap,(E, M'). It follows that 0! €
F(M’, h). Now we apply Theorem 4.3 for u and v := u; on M’ to get a contradiction. In
fact, —m; = supyp(u; —u) > d/4for j > jo.Let0 < & < d/12(1 + Ap) and take 6y from
Theorem 4.3. For 0 < s < 6y we have

Uj(e,s) == {u < (l—s)uj—i—inl}f(u—(l —s)uj)}
C {u <uj+mj+8||uj||oo+s}
C{u < uy},

where for the lastinclusion we used the fact [|u ;|| < Agand0 < s < —m;/3.Fix0 < s < 6p.
Then that theorem gives

s <k [capy, (U(e, $))] < klcape,(u < uj)].
This leads to a contradiction since cap,,(u < u;) — 0as j — +o0.

Remark 4.5 We only need to assume that for any M’ CC M, there exists an admissible
function 4’ (it may depend on M") such that u € F(M’, h"). Then, the solution u is continuous
on M. Therefore, if u is locally dominated by the Monge—Ampere measure of a Holder
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continuous plurisubharmonic functions, then we have for a fixed compact set M’ CC M,
u € F(M', h) for some admissible function 4. This is a simple consequence of a result due
to Dinh—Nguyen—Sibony [19] (Remark 5.10). More generally, if the modulus of continuity
of u satisfies a Dini-type condition then we also get the same conclusion (see [38]).

We have an immediate consequence of this remark.

Corollary 4.6 The bounded solution obtained in Theorem 1.2 is continuous if the subsolution
u is Holder continuous.

5 Estimates on boundary charts

For the proof of the subsolution theorem in the Holder continuous class we need rather
delicate estimates close to the boundary of M. In this section we prove estimates in local
boundary charts of M. The estimates on interior charts are easier and they are only mentioned
as remarks after the corresponding estimates for boundary charts.

Let g € M be a point on the boundary. Let 2 be a boundary chart centered at g. Fix p a
defining function for M in 2. Identifying this chart with a subset of C", we can take as Q
the coordinate "half-ball" of radius 2R > 0 centered at ¢g. More precisely let B, C C”" for
r > 0 denote the ball of radius r centered at 0. Let p : Bog — R be a smooth function, with
p(0) =0and dp # 0 along {p = 0}. Then,

Q={z€Bp:p() <0}, IMNQ={z:Byg:p(z) =0}

The Hermitian form w is smooth up to the boundary d M, so we can extend it to a smooth
Hermitian form on Byg. Multiplying p by a small positive constant we assume also that

w+ddp>0 and —1<p<0 onBp.

Moreover, the estimates are local, so we can fix a Kéhler form ® = dd‘gg, where go =
C(z* - BR)H) and C > Ois large enough so that

® > w on Byp.

Suppose that -
v e PSH(Q)NC*"(Q) and ¢ <0, (5.1

where 0 < o < 1. Our goal is to get the stability estimates for w-psh functions with respect
to the Monge—Ampere measure of . This will provide the stability estimates on boundary
charts under the assumption that a Holder continuous subsolution exists.

Let us recall the following class of domains defined in [11, Definition 3.2]: A domain
D c C" is called quasi-hyperconvex if D admits a continuous negative w-psh exhaustion
function p : D — [—1,0).

We now give several estimates on the quasi-hyperconvex domain

Qr = QN Bg.
The first observation is that the continuous exhaustion function for Qg,
pr = max{p, |z|* — R*} € PSH(QR, ©) (52)

has finite Monge—Ampere mass on Qg, i.e.,

(® 4 dd pr)" < Co.
QR
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In fact, it follows from smoothness of p and |z|2 on Byg and the Chern-Levin-Nirenberg
inequality (see e.g. [33, page 8]) that pp has finite Monge—Ampere mass. More generally,
forl <k <n,

@ dd“pr)* A ©"F < Collgo + Pl oo 8y (5.3)

Let us consider a class corresponding to the Cegrell class & in Sect. 2.
Po(®) =Jve PSH(QRg,0) :v <0, lim v(z)= 0,/ O < +oof, (5.4)
7z—>0Qp Qr

where P S H (Q2g, ®) denotes the set of all ®-psh functions in 2. We first adopt an inequality
due to Btocki [4] to our setting.

Lemma5.1 Let v € Po(®) and 1 < k < n an integer. Let ¢; < 0,i = 1,....,k, be
plurisubharmonic functions in Qg. Then

/ (—vkdd i A - Add g A O < k!||¢1||oo-~-||¢k||oo/ CIUNIC N
QR QR

Proof We give the proof in a particular case (which is used below) ¢; = --- = ¢. The
general case is similar. Denote by w, the function max{v, —e} for ¢ > 0. Then, we /' 0 as
& \{ 0. By the Lebesgue convergence theorem

lim [ (we — v)K(dd ) A O = / (=) (dd )k A @K,
e—0 Qr Qr

Fix small ¢ > 0 and write w instead of we. Then v < w € PSH(Qp, ®) and w = v in a
neighborhood of dQ2z. We first show that

/ (w — )" (dd“¢)* A O"F <klplloo | (w =) (O +ddvV) A (@ddP) T A",
Qr QR
We have
—dd°(w — v)* = —k(k — )d(w — v) Ad(w — v) — k(w — )" 1dd(w — v)
= —k(k — )d(w — v) Ad(w —v) + k(w — )1 (O, — O)
< k(w —v)'o,.
By integration by parts
(w— Ad P AO" K = | pdd®(w — v)* A (dd ) A @K,
Qx Qi
Since ¢ is negative in Qp, it follows from the previous inequality that
| ()l—dd(w — A (ddg) Ao
R

<k | (—=p)w—v)*1O, A (ddp)* ' A @K
Qr
< Klilloo / (w0 — 0 (dde g1 A Oy A O,
Qg

So the claim above follows.
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Repeating this process k-times we obtain

f (w — v)*(ddP)* A O"F < k!||¢||’;o/ ek A ek,
Qr Q

R

The lemma follows by letting ¢ — 0. O

Thanks to this lemma and the quasi-hyperconvexity of Qg (every bounded smooth domain
in C" is quasi-hyperconvex) we are able to estimate the Monge—Ampere mass of a bounded
plurisubharmonic function on

D:(R) ={z€ Qr:pr(x) <—¢c}, &>0. (5.9

Corollary 5.2 Let 1 < k < n be an integer. Let ¢ € PSH(QpR) N L () be such that
¢ < 0. Then,

’

/ (dd°p) n e < Cligliss
De(R) - gk

where C is a uniform constant independent of ¢.

Proof On D,(R) we have max{pg, —&/2} — pr > &/2. It follows from Lemma 5.1 that

k
/ (dd°¢)* A" < (g) (max{pg. —£/2}) — pr)k (dd$)k A "
D¢ (R) € Qg

k
(2 ||¢>||"/ O, A O" .
=\ ® Jop PR
The last integral is bounded thanks to (5.3). ]

Remark 5.3 We observe that for a bounded plurisubharmonic function
2dw A d°w = dd°w? — 2wdd“w.
Then applying the above corollary to both terms on the right hand side one obtains

ClwlZ llplks!

/ dw Adw A (dd°P)F Aok < 3 (5.6)
De(R) &

The Holder continuity of a function can be detected by checking the speed of conver-
gence of regularizing sequences which we now define. Let us use the following the standard
smoothing kernel X (z) = x (1z]?) in C", where

G exp(—) if0<r<l,
x(t) =4 (=02 7l - (5.7)
{0 ifr>1
with the constant ¢,, chosen so that
/«: x(lzl*) dVan(z) =1, (5.8)

and dV;, denoting the Lebesgue measure in C".
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Letu € PSH(Q)NL*®(R)and § > 0. Forz € Qs := {z € Q : dist(z, Q) > §} define

u* xs(z) = / u(z + 8x) X (x)d Vo, (x), (5.9)
lx|<1

ls(z) = / u(x)dVan(x), (5.10)
Bs(2)

v, 6™
where Bs(z) = {x € C" : |z — x| < 8}. Let us denote by o the surface measure on a sphere

S(z,r) and by 62,1 the area of the unit sphere. Consider the averages

1
us; z,0) = 77/ u(x)doo,_1,
Ton—182""1 Jsz.8) "

which is are increasing in §. Therefore, for any z € Qs,
1
u* x5(z2) —u(z) =02,—1 / [s(u; z, 8t) — u(Z)]X(tz)tznildt
0

1
= ||X||L°C/ (s (u; z, 8t) — u(z))t>"dt
0

— lxl Ui —w) (@)
= Xl 2n '

On the other hand, since x > 1/C on [0, 1/2],

1 1 ri2
f (s z,80) — u(@)x (2>~ tdr > - / (s (u; z,80) — u() )" dt
0 0

1 : 8s 2n—1
e /0 [ws(u; z, ?) —u(2)]s™ds
_ L Wp-w@)

2nC 2n
We conclude that there exist a uniform constant C > 0 such that in Qs

u*xs —u < C(ig — u), (5.11)
ﬁg/z—u <C(ux*yxs—u. (5.12)
Lemma5.4 Letu € PSH(Q) N L®(Q). For0 < 8 < 8y < R/4,

/ (115 (2) — u(2))dVap < C52/ Au(z)dVay.
Br/2NS2s B3g/aNQs

Consequently,
/ (ti5(z) — u(2))d Vo < C8.
Br/aNS2s

Proof The firstinequality follows from the classical Jensen formula (see e.g. [26, Lemma4.3].
For the second one we observe

/ (tt5(2) — u(z))d Vo, < / (lt5(2) — u(z))dVay
Br/aNS2s Br/aNQ0s
+ / (it5(2) — u(z))dVay
Q5\ Q025

< Cs? / Au(z)dVy, + C8.
B3g/aNQs
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Since 02 is a smooth manifold defined by p in Bsg, there exists a uniform constant ¢y > 0
such that |p(z)| > codist(z, dR2) forevery z € BgN<2. Hence, there exists a uniform constant
c1 = ci1(co, R) > 0 such that B3g/4 N Qs C {pg < —c18} forevery 0 < § < §y. Now, we
apply Corollary 5.2 with ¢ = ¢18 and k = 1 for the first term on the right and the proof is
completed. O

Remark 5.5 In the interior chart the corresponding (stronger) inequality is given by [26,
Lemma 4.3]. Letu € PSH N L (Byg). Then, for0 < § < R/2,

(lis — u)dVay < cn f AudVay, | 82. (5.13)
Br B3g)
We also need various capacities in the estimates. Consider the local ®-capacity:
cape(E, QR) = sup {/ (O +ddv)" :ve PSH(Qg,0), —1<v< 0} .
E

This capacity is equivalent to the Bedford—Taylor capacity.

Lemma 5.6 There exists a constant A1 > 0 such that for every Borel set E C €,
1
ICQP(E, QR) < capo(E, Q2Rr) < Ajcap(E, QR).
1

Proof The first inequality is straightforward while the second inequality follows from the
fact that ® = dd“go = dd°[C(|z]* — BR)?] on 2 for some C > 0 large enough depending
only on w and 2. O

The following estimate of volumes of sublevel sets (comp. [33, Lemma 4.1]) will be
crucial for proving the volume-capacity inequality on a smoothly bounded domain (without
any pseudoconvexity assumption).

Lemma 5.7 There exist constants Co, tg > 0 such that for every v € Py(®) with a”* :=
'/QR ®" and s > 0,

Vo (v < —s) < Coe~ ™08/,

Proof Since the domain Qy is fixed, for any Borel set E C Qg we will only write cape (E) =
cape(E, Qg) and cap(E) = cap(E, Qg) in the proofs.

First we show that there exists a uniform constant C > 0 independent of v such that for
s >0,

Ca"

capep(v < —s) < (5.14)

sn
In fact, let h € PSH(Qpg, ®) be such that —1 < h < 0. Noteihat ® = dd‘gg for a
strictly smooth plurisubharmonic function gp in a neighborhood of 2 and gg < 0. Then for
¢ =h+ go,

(—v)" (& +dd“h)" S/ (—v)"(dd$)".
Qr QR

By Lemma 5.1 it follows that

(—v)"(dd“$)" < n!||¢>||'$o/ Oy-

Qpr Qr
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Since | lloo < 1+ g0l oo

Ca"

1
/ (® +dd°h)" < —/ (—v)"(® +dd°h)" <
{fv<—s} s Qr

Taking supremum on the left hand side over & we get the desired inequality.
Next, denoting 25 := {v < —s} C Qg by an observation in [41, Proposition 3.5] we
know that

Van(Qy) < Cr exp (ﬂl)
[cap(Q,)]+

for uniform constants Cy, 71 > 0. From this and the equivalence between cap(e) and cape (o)
(Lemma 5.6) we have

Von(s) < Cyexp <_T‘) .
[Aicape (S2)]n

Combining this and (5.14) we get V5, (2;) < Cre™™5/4 with 7y = n/(CAl)%. O

By comparing the Monge—Ampere measure of a Holder continuous plurisubharmonic
function and the one of its convolution we show that the estimate of measures of sublevel
sets also holds.

Proposition 5.8 Denote by i = (dd°y)", where ¥ € PSH(Q) N C%%(Q) as in (5.1). Let
79 > 0 be the uniform exponent in Lemma 5.7. There exists Ty = To(n, o, 19) > 0 such that
forv € Py(®) witha" = fQR ©7 < 1and for every s > 0,

Coef?os/a

e < —s) <~y

Proof Let vy = max{v, —s}. Then, vs € Py(®), and by [11, Lemma 3.4] we also know that
fQR 0y, < fSZR ©7 = a". We are going to show that there are uniform constant 0 < «, < 1
and C independent of s and v such that

/ (0s — V)Y < En (/ (v — v)dV2n> " (5.15)
Qr s Qr

Suppose this is true for a moment, and let us finish the proof of the proposition. By the
inequality 0 < vy — v < 1jyc—g|v| < 1jy<—sye™ 7V /7 for every T > 0 (to be determined
later), it follows that

1
/ |vs - v|dV2n = */ eirvdVZH
Qpr T J{v<—s)

1

- / e Ty, (5.16)
T Qr

IA

e~ TS
/ e 27V Vou.
T Qr

Using Lemma 5.7, for t = 19/(4a), the last integral can be bounded by a uniform constant

which is independent of v. Moreover, vy — v > % on {v < —s} CC Qg forevery s > 0.

IA
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Therefore,

2
u < —s) < E/Q (vs/2 — V(A Y)"

2C on
= prEs] o (vsy2 —v)dVay )

where we used (5.15) for the second inequality. Combining this and (5.16) we get for every

s >0,
C ([ ae—T0s/Ba\ ™
po <=9 = o | =——)

0
Let Ty = o, /8. Using 0 < a, o, < 1, we get

Ce—?os/a
n < —s) < T
This is the desired estimate.
Now let us prove the promised inequality (5.15). For0 < k < n we write S := (dd“y/)F A
©" . We show by induction over k that

c ok
f (v —V)ddY) A" < = (/ (vs — v)den) . (5.17)
Qr s QR

For k = 0, the inequality is obviously true. Suppose it is true for 0 < k < n. Denote
T = (dd°y)* A ©" %=1 This means that

Ok

C
(US - U)T e =< ST””S - v”LI(QR)

Qr
for some 0 < o < 1. We need to show that the inequality holds for k 4+ 1 < n with possibly
smaller ax+; > 0 and larger C. Write ¥ = ¥ * x. on Byg (where we still write v for
its a-Holder continuous extension onto Byg) and take x. (z) = x (|z|?/€%)/€?" the standard
smoothing family defined in (5.7).

Firstly,

(v —V)ddY AT < ‘/ (v — v)ddYe A T‘
Qg

QR
5.18
+ V (vs—v)dd%we—w)AT' G189
QR
=1+ |L2].
Since [Ylle = 1,
c Co
ddye < ”‘/’2”‘”@ < —- onBp.
€ €
Using this and the induction hypothesis we get
c Cllvs — o]}
| < 1Y ll oo s L' Q) (5.19)

ske?

5 (vs —V)TAB® <
€ Qg
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Next, we estimate [>. By integration by parts we rewrite it as

L= / (Ve —Y)dd(vs —v) AT
QR
- /{ (e = 9@, =0 AT

5/ Ve = V1(Oy +Oy) AT.
{v=—s}

Notice that vy — v = 0 outside {v < —s}. By the Holder continuity of ¢ we have | — /| <
Ce“. Hence,

| < Ce"‘/ (©y, +O,) AT. (5.20)
{v<—s}
It follows from Lemma 5.1 that

f Op AT = / dd )k A ©,, A"k
{v<—s} fv<—s)

1
< 7/ (—v)*@d Pk A e, Ao ! (5.21)
S Qr
Kk
< “lbk”oo/ ®§/\®UY A@Vl—k—l.
K Qr ’
Similarly,
Ky k
/ Oy AT < %/ CHEPNCLS (5.22)
{v=<—s} s QR

Using [11, Corollary 3.5-(3)] we obtain

/ Ok A @, A"
Qg

<ol (k/ " +/ "+ (n—k—1) @”) (5:23)
Qr s Qg Qpr

< 2" 'n(a+ Cy).
where Co = [, ©". Similarly
/ O A e <2 n(a + Co). (5.24)
QR
Combining (5.21), (5.22), (5.23) (5.24) and the assumption 0 < a < 1 we get that

Ce*
|| <

It follows from the estimates for /; and I, that

(Ux _ v)(dde)k‘Fl A @}l*k*l
Qpr

= (vs —VAdY AT
Qr
Cllvs — |7 Ce®
<Ih|+ bl < ———5= 80 4 =
ste N
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Finally, we can choose

ag/3

€ = ”vS - v”Ll(QR)

>0, a1 =aag/3

(otherwise vy = v and the inequality is obvious). Then

(v — V) St = / (vy — v)(ddP)H A
Qr QR
= gl = vlig,
The proof of the step (k + 1) is finished, and so is the proof of the proposition. O

We state a volume-capacity inequality between the Monge—Ampere measure of a
Holder continuous plurisubharmonic function and the Bedford—Taylor capacity on quasi-
hyperconvex domains, where subsets are of e-distance from the boundary.

Theorem 5.9 Ler € PSH() N CY%%(Q) as in (5.1). Suppose 0 < ¢ < R/4. Then there
exist uniform constants C, 1ty > 0 such that for every compact set K C D¢(R) N Bg2,

/(dd“t//)”g ”CH exp< —T0¢ 1>‘ (5.25)
K € [cap(K, QR)]"

In particular, for any t© > 0,

. C:
n 1+7
/K(ddHZf) < W[CQP(K, QI

Proof Our first observation is that we only need to consider subsets satisfying cape (K) < 1.
Otherwise, if cape (K) > 1, then by Lemma 5.6, it follows that cap(K, Qg) > 1/A;. This
implies that for 0 < 79 < 2n,

—T70€ —T0€ —nR/2
exp| ————— | = exp T > exp T
[cap(K, S2R)]" A} A

Then, the inequality follows from Corollary 5.2 with some uniform constant C. In what
follows we work with a subset E C Q satisfying

cape(E, Qr) < 1.

Since the domain Q2 is fixed, we omit it in capacities formulae. We consider yet another
capacity which takes into account the geometry of the domain. Let £ C Qp be a Borel
subset,

cap,(E) 1= sup {[ O :we PSH(QR,®), pp <w < O}. (5.26)
E

Recall that —1 < p < 0 is the defining function for d M on B, . By Definition (5.2) we have
—1 < pr < 0in Q. Hence,
cap,(E) < cape(E). (5.27)

So cap,(e) does not charge pluripolar sets. Thus, without loss of generality we may assume
K is a compact regular subset, in the sense that &, x is continuous in Q. The relative
extremal function of this p-capacity is given by

hp k(x) = sup{w(x) we PSH(QR,0), w, <pr,w = 0}.
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The desired property of &, g is that pg < h, ¢ < 0, which implies that 2, x has zero
boundary value and &, x € Po(®). Moreover, for every compact set K C Qg the balayage
argument shows (® + dd“h, k)" = 0 on Qg\K. Therefore,

cap,(K) 2/(®+ddchp71<)" =/ (© +dd°h, k)" (5.28)
K R

(This inequality is indeed an identity, we refer the readers to [2, Proposition 6.5] and its
generalization in [16, 17]). Note that

K C{hy k = pr} =1{hp,x < PR}

Hence

K c{hyk <suppgr =: 8k}
K

Write u := (dd“y)". Applying Proposition 5.8 for i, ¢ € Py(®) we get

C —Tol8k |
w(K) < p(hp x <68k) < B exp< P :
where

a' = O +ddhy k)" < capy(K) < cape(K) < 1.
QR

Thus

c —T0ldk]|
n(K) = |8 |n+l exp( 1) ’
K [cape (K)]»

If K C {z € Qg : pr(z) < —€} N Brya, then |6k | = |supg pr| > &; hence for such
compact sets

(k) = — exp( —He 1). (5.29)
& [cape(K)]»

By the equivalence of the capacities in Lemma 5.6 the proof of the theorem follows with
1

0 = T9/A - m]

Remark 5.10 In an interior coordinate chart of M we have the corresponding inequality

due to Dinh—Nguyen—Sibony [19]. Let us identify a fixed holomorphic coordinate ball with

Byr C C". Suppose that B
¥ € PSH(Byg) N C*“(Bag)

with 0 < o < 1. Then, there exist uniform constants C = C(R, ¥) and 79 = 19(n, ) > 0
such that for every compact subset K C Bg/2,

/ (dd°¥)" < Cexp (_ml> . (5.30)
K [cap(K, BR)]#

We are in the position to state the main stability estimate of this section.
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Proposition 5.11 Take v € PSH(2) N C**(Q) as in (5.1). Assume thatu,v € PSH ()N
L®(Q)andu =von{z € Q: p(z) = —¢}. Then,

C
lu — v dd“Y)" < —llu—vl7} g
/;ZHBR/z on LY(Qr)

where C = C(R2, R, ¥, |lulloo, IV]lco) > 0 and a1 = a1 (n, a) > 0 are uniform constants.

Proof Note that
(2N Bry2) = (02N Brp) U (N IBR)
= {p=0}NBrp)U(QRNJIBRp).
By the assumption u = v on {z € Q : p(z) > —¢} the integrand on the left hand side is zero
near the first portion of the boundary. Furthermore v is Holder continuous plurisubharmonic
function on €2 a neighborhood of the second boundary portion, so it has finite Monge—Ampere
mass by the Chern—Levine—Nirenberg inequality.

By subtracting from u, v a constant we may assume that u, v < 0. Also dividing both
sides by (1 + ||u]loo) (1 + [[V]loo) (1 + ¥ |lec)” We may assume that

—1 <wu,v,¥ <0 onQ.

First we suppose v > u. Let 0 < n < 1 be a cut-off function in Q such that » = 1 on
QN BR/2 and suppn C 2N B3R/4. Then

supp (n(v — u)) C De(R) CC Q.

Thus it is enough to estimate
/ n(v —u)(ddy)".
Qr

Let us still write ¥ for its Holder continuous extension of ¢ € C%“ onto Bg. We are going
to prove, by induction over 0 < k < n, the inequalities

C
_ c. 1k n—k TR
/QR nw =0 @d P A O < =il g, (5.31)
For k = n it is our statement, for k = 0 the inequality holds with «; = 79 = 1. Assume

that the inequality is true for & € [0, n). We need to show it for k + 1 with possibly smaller
Tk+1 > 0 and larger C.
Consider the standard regularizing family x,(z) = x (|z|?/¢?) for 0 < t < R/4. Define

Ty = (ddy)* A Ok,
Write ¢, = ¢ % x; on Byg. Then, for T = (ddcl//)k A ©" %=1 we have

/ n(v—u)dd‘y AT < ‘/ n(v —u)dd¥; A T‘
QR QR

+ ’ /Q n(v—u)dd"(x/ft—w)AT‘ (5.32)

=:I| + |I2].
Since |¥lloo < 1,

Cl¥lleo co

ddc'(p[ < [2 ® < [T on BZR.
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Using this and the induction hypothesis we get

C Cllv —ull}*
< SVl [t ae < @) (5.33)
12 o 2

Next, by integration by parts we rewrite the second integral in (5.32) as
b= [ - pddaw- AT,
QR

Compute

dd‘Inv—w]AT =@ —wddnAT +2dypnd(v—u) AT

; (5.34)
+ndd°(v—u)AT.

Note that 7 is smooth on €2, so dd“n < C®. By the Cauchy-Schwarz inequality

2

‘/(Wt—w)dnAdc(v—u)AT

5/ (Y, —1//)2dr)/\dcn/\T/ dv—u)Ad“(v—u)AT.
D¢ (R) D¢ (R)

Observe that
Y (2) — ¥ ()] < /B(O , 1Y (z — tw) — ¥ (@) x (w|*)d Vo (w)
< Cyt®

with C, the Holder norm of ¥ on Q, and dn A dn < C; 0,

’

2 ¢ 2a cr |y %,
e =) dnAdn AT < CoCit TA® <—F—=
De(R) De(R) €

where we used Corollary 5.2 for the last inequality. Similarly by Remark 5.3,

C k 2 2
/ dw—uw) Ad“(w—u) AT < ”‘//”""','i'l“”v”w
D(R) €

For the last term in (5.34) using Corollary 5.2 again and the Holder continuity of {» we have

/ (lﬁz—llf)nddc(v—u)/\T‘ 5/ [V — ¥in(ddu +ddv) AT
De(R) De(R)

_ Clulloo + l[vlloo) 11115

ok+1
Combining the above estimates we conclude
Ct®
12| = 27 - (5.35)
From (5.33) and (5.35) we get
Cllu — vl 1o
/QRnw—u)(dd”w"“ <+ 10| < a0
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If ||ju — v||TL"1/:1QR) > R/4, then the inequality of step (k + 1) holds for a fixed t = R/8
and tx+] = a1k /4. On the other hand, we can choose t = ||u — vIITL"I/(‘lQR) and this implies

for tj41 = a1 /4 > 0,
_ YAV o Tkl
/;Rn(v W)(ddY) T < Cllu— vl

The induction proof is completed under extra hypothesis v > u. For the general case use the
identity

lu — v| = (max{u, v} — u) + (max{u, v} — v),
and apply the above proof for the pairs (max{u, v}, #) and (max{u, v}, v). O

By a similar (easier) argument for an interior chart of M, which we identify with the ball
Byg of radius 2R > 0 centered at 0 in C", we get the following stability estimate.

Lemma 5.12 Suppose that v € PSH(Bar) N CY%(Byp) with 0 < « < 1. Assume that
u,v € PSH(Byg) N L°°(ByR). Then,

_ Co\1 _ o]
Amw ul(ddy)" < Cllu = vlIh 5 .

where C = C(R, ¥, ||lt]loo, |IV]leo) and oy = a1 (n, @) > 0 are uniform constants.

Proof Let T = (ddu)* A (ddv)t A (ddy)™ A @"K=t="_Since these functions are
plurisubharmonic on B;g, the Chern—Levine—Nirenberg inequality gives

ArscmmmMWQW%-
R

Then, the proof goes exactly along the lines of the proof of Proposition 5.11. O

6 Holder continuous subsolution theorems

In this section we prove Theorem 1.4. We first show that the global capacity is equivalent
to the Bedford—Taylor capacity defined via a finite covering. We fix a finite covering of M
-{Bi(s)}ie1 U{U;(s)}jes, where B;i(s) = B;(x;,s) and U;(s) = U;(y;, s) are coordinate
balls and coordinate half-balls centered at x; and y; respectively, and of radius 0 < s < 1.
We choose s > 0 so small that B; (2s) and U, (2 s) are still contained in holomorphic charts.
For any Borel set E C M we can define another capacity

cap'(E) =Y " cap(E N Bi(s), Bi(25)) + Y _ cap(E N U;(s), U;(29)), 6.1)
iel jelJ

where cap (e, o) on the right hand side is just the Bedford—Taylor capacity.

Proposition 6.1 Two capacities cap,, and cap’ are equivalent. More precisely, there exists a
uniform constant Ao > 0 such that for any Borel set E C M,

1
A*C‘aP/(E) < capy(E) < Agcap'(E). (6.2)
0
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Proof The proof is an adaptation from [32]. We first prove for a uniform C > 0,
capy,(E) < Ccap'(E). (6.3)

Leti € I U J, and let U (s) be either B;(s) or U;(s). Assume that @ < dd€g for a strictly
plurisubharmonic function g < 0 on a neighborhood of U (2s). Consider v € PSH (M, w)
with —1 < v <0.

/ (w+ddv)" < / (dd®(g +v))*
ENU (s) ENU(s)

= (Iglloo + D*cap(E N U(s), U(2s)).

Since |1 U J| is finite, the first inequality follows from the sub-additivity of cap,(-). The
inverse inequality will follow if one can show that for a fixed i € I U J and U (s) as above
there is a uniform C > 0 such that

cap(ENU(s),U2s)) < Ccapy,(E). (6.4)

In fact, let v € PSH(UQ2s)) and —1 < v < 0in U(2s). We wish to find v such that
v=av—aonU(s),—1 <v<0andv € PSH(M, w), where 0 < a < 1/2 is a uniform
constant depending only on M, .

First we take a smooth function 1 such that n = 0 on M\U(2s) and n < 0in U(25).
Consider the function €7 for € > 0 small. Since w is a Hermitian metric on ‘M, we can choose
€ > 0 depending on 7 and w such that en € PSH (M, w). Choose 0 < a < 1/2 so that
€n < —3a on U (s). Writing 7 for €n, we conclude that there exists a smooth w-psh function
n=0on M\U®2s)and n < —3a on U(s) for0 < a < 1/2.

The function v is defined as follows:

5o {max{av —a,n} on U(2s), 6.5)
0 on M\ U(Q2s).

As lim sup,_, v(z) < —a <n)=0fort e dURs)yNM,v € PSH(M, w). Itis easy to
see that v satisfies all requirements. Thus,

/ (w+dd°v)"* > / (w + add®v)"
E ENU(s)

>a" / ddv)".
ENU(s)

By taking supremum over v it implies that cap(E N U(s), U(2s)) < a "capy(E). O

Using the equivalence of capacities above and local volume-capacity inequalities on
boundary and interior charts (Theorem 5.9 and Remark 5.10) we derive the global measure-
capacity estimate on M. For ¢ > 0 small let us denote

M, = {z € M : disty(z, M) > &}, (6.6)

where dist, (e, dM) is the distance function on M with respect to the Riemannian metric
induced by w.

Lemma6.2 Let u € PSH(M,w) N C**(M) for some 0 < a < 1. Let ju be a positive
Borel measure on M. Suppose i < (w + ddu)" in M. Then there exist uniform constants
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C, ag > 0 (also independent of €) such that for every compact set K C M,

W(K) = oy exp (—“08> ~
E [capo (K17

In particular, for any T > 0,

T

wK) = 205 (@oe)" (1+0)

[cap, (K1,
where C; depends additionally on t.

Proof Cover M by finitely many coordinate balls B; (R /2) and coordinate half-balls Uj(R/2)
with R > 0 (fixed) so that B;(2R) and U;(2R) are still contained in holomorphic charts of
M.Let K C M, be a compact set.

Consider its part K; = K N B; (R/2) which is contained in an interior chart B; (2R). On
this chart we can choose a strictly plurisubharmonic function g such that ddg > w. Set
¥ = g+ u. Then, u < (dd“y¥)" on B;(2R). Subtracting a constant we may assume that
¥ < 0on B;(2R). Applying Remark 5.10 and Proposition 6.1 we get

n(K;) < Cexp <_t01>
[cap(K;, BR)]"

< Cexp <_t01)
[Aocapy,(Ki)]7

<con( ).
lcapo (K)17

where g = 19/ Ag is a uniform constant and we used cap,(K;) < cap,(K) in the last
inequality.

Next consider K; = K N U;(R/2) which is contained in a boundary chart 2 = U;(2R).
Similarly as above pu < (dd°y)" on  for a negative Holder continuous ¥ on § which is
plurisubharmonic in 2. Now Theorem 5.9 and Proposition 6.1 give

C —T0€
w(Kj) = —= exp( 1>
€ [cap(Kj, Qr)]n

- C —T0€

< exp

et [cap'(K)]#
C —T0&

= En+l eXp 1 1
Ag [cap,(K)]n
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Since |1 U J| is finite, we conclude

w(K) <Y (K + Y u(K))

iel jelJ

—ag Cy —Qape
) )
[capy,(K)]n € [cap,(K)]n

C —ape
exp .
et [capy,(K)]

This is the desired estimate. O

We now fix the notation to finish the proof of Theorem 1.4. Let u be a positive Borel
measure on M. Suppose that there exists u € PSH(M, w) N CO-(M)with0 <o < 1,a
Holder continuous subsolution for i on M, satisfying

u,, =¢eCOM).
By Theorem 1.2 and Corollary 4.6 there exists a solutionu € PSH(M, w)NC 0(M) solving
(w+ddu)* = pu, limu(z) =¢(q) foreveryq € M. (6.7)
z—>q
Proposition6.3 Let u € PSH(M,w) N L®(M) be the solution to (6.7). Let v €

PSH(M,w) N L>®(M) be such that v = u on M\M,. Then there is 0 < ar < 1 such
that

C @
s[l‘lllp(v —u) < T (/M max{v — u, O}dpc> s

where C = C(M, o, u, ||t]lco, [|V|lco) and ax = a2 (n, @) > 0 are uniform constants.

Proof Subtracting a constant and then dividing both sides of the inequality by (1 + [|u[| o0 +
lv]loo) We may assume that

—1<u,v<0 onM.
Let us assume also that —so = sup,,(v — u) > 0, otherwise the statement trivially follows.

We will make use of Theorem 4.3. There for a given number 0 < 6 < 1 we defined

60 = L min Lo 6’ 401 —0)0", 4(1 — 6) 6 1ol
= —min s T, — . — ——, | 5
0-=3 16B 6B "°

m@@) = infylu — (1 —O)v]land UG, 1) :={u < (1 —O0)v +m(@) +t} for0 < t < 6.
Then, for 0 < 6 < |sp|/3 and O < ¢ < 6y we have

so+6+2t <0.
Since —1 < u, v < 0, it is clear that
so—60 <m(0) < s9.
It follows that
U@,2t)y C{lu<v+so+6+2t} C M,

where in the last inclusion the assumption v = u on M\ M, is used.
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Now the proof is identical to the one in [36, Proposition 2.4] except that we need to replace
[36, Lemma 2.6] there by Lemma 6.2 at the cost of extra factor @+ =1 ip the uniform
constants. If we fix T = 1 in that lemma then

Colcap(K, Q)1
M(K) = (a08)3"+1

Therefore as in [36, Proposition 2.4] we can now take

1
T It mt+n+1) o

o2

The next step is to estimate L'(dp)-norm in terms of L' (d V4, )-norm. Again this estimate
is obtained for functions that are equal outside M,.

Lemma 6.4 Let u be the solution to the Eq. (6.7). Let v e PSH(M, w) N L>®(M) be such
that v =u on M\M;. Then there is 0 < a3z < 1 such that

c s
f Iu—vlduff(/ |u—U|dV2n> ;
M " \Jm

where C = C(M, o, u, ||t co, |V|lco) and oz = a3(n, @) > 0 are uniform constants.

Proof As usual we cover M by a finite number of coordinate balls and half-balls of radius
R/2 so that the ones with radius 2R are still contained in holomorphic charts. On a local
coordinate chart V consider a strictly plurisubharmonic function g < 0 such that

dd‘g > w.

Then we write u’ = u+ g, v’ = v+ g and ¥ = u + g. They are plurisubharmonic functions
on V. Moreover,

w < (w+dduw)" < dd¢)"* onV,

where ¥ € C 0.2(V)isa Hblde&:ontinuous plurisubharmonic function on V.
On an interior chart Bog of M by Lemma 5.12 we have

/

o
/ lu —vldp < / ' —v'|(dd“y)" < C (/ lu' — v/|dV2n) .
Bgy2 Bgr)2 Br

This is bounded by C ([, lu — vldVa,)* .
We now consider the case of a boundary chart 2. Let p be is the defining function of d M
on 2 as in Sect. 5. Then, there exists a uniform constant ¢y > 0 such that

|p(z)| = codist,(z, IM) forall z € Q

(shrinking €2 if necessary so that dist,, is a smooth function in €2). Hence u = v on {|p(2)| <
co€} by the assumption. Without loss of generality we may assume c¢o = 1. The conclusion
follows from Proposition 5.11.

Since the covering is finite, the proof of the lemma follows. O

We now proceed to find the Holder exponent of the solution u of the Eq. (6.7) over M.
By subtracting a uniform constant we may assume that

u<0 onM.
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Let § > 0 be small. For z € Mg we define
Uus(z) = sup{u(x) : x € M and dist,(x,z) < 8}. (6.8)

where dist,, is the Riemannian distance induced by the metric . We wish to show that there
exist constants ¢y > 0, §o > 0 and an exponent 0 < 7 < 1 such that for every 0 < § < §p,

sup(us — u) = sup(is — u) < 8. (6.9)
Ma Ms

To do it let us fix a small constant §o > 0 such that for every 0 < § < o, supy, (us —
u) < C§% (for which we use Holder continuity of the subsolution). Now we consider two
parameters §, & such that

0<8§<e<do (6.10)

By a classical argument we obtain the following estimate on the (e, §)-collars near the
boundary 0 M.

Lemma 6.5 Consider 0 < 8 <& < 8y. There is 0 < t| < 1| such that for z € Ms \ M,
us(z) < u(z) +cie™,

where t1 depends only on M, w and « the Holder exponent of u. Moreover, for z € M and
q € oM with dist,(z, q) < § we have
lu(z) —u(g)| < c18™.
Proof Leth) € C O(M, R) be the unique solution to the linear PDE:
w+ddh)) A" =0,
( 2 6.11)
hi=¢ ondM.

Note that (w + dd u) A "~ > 0. The maximum principle for the Laplace operator with
respecttow givesu < hy.Itis classiczifact from [28, Theorem 6] (see also [46, Theorem 5.3])
that &, is also Holder continuous on M:

hy € COT (M),

with 0 < 71 < « (decreasing 1 if necessary). Fix z € E\Mg. Since u is continuous, there

exists a point zg € M with dist,(zs,z) < & such that u(zs) = us(z). Let g € M be the

point that is closest to z, i.e., dist,(z, g) < . By the fact that u < u < h| on M we have
Us(z) —u(z) = u(zs) —u(z) < hi(zs) — u(z).

Since h1(q) = ¢(q) = u(q), it follows that

h1(zs) — u(z) = (h1(zs) — h1(q)) + (ulq) — u(z))
< (h1(z5) = h1(2)) + (h1(z) = h1(q)) + (u(g) — u(z))
<C@™ +¢e™),
where C is maximum of the Holder norms of /1 and u on M. Because § < ¢, the proof of

the first inequality is completed. The remaining inequality follows from a similar argument.
[}

Remark 6.6 The constants ¢y, 71 in the last lemma are independent of parameters §, €. This
applies also to all uniform constants appearing in the estimates that follow.
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Corollary 6.7 The Holder continuity of u over M will follow once we prove (6.9).
Proof We need to justify that for every x, y € M,
lu(x) —u(y)| < Cdisty(x, y)7,

where t = 71 in Lemma 6.5. We may assume that 0 < dist,(x,y) = § < Jp, and
dist, (x, dM) = 8, < 8, = dist,(y, IM).

Case 1: §, < 4. Then there exist gr,qy, € 9M such that dist,(x,q,) < & and
dist,(y, gy) < 4. Since dist,(gx,qy) =< 38, by the Holder continuity of u we have
[u(gx) — ulgy)| = |lulgx) — u(qy)| < C5*. It follows from Lemma 6.5 that

lu(x) —u(| < lux) —ulgo)l + lu(y) —ulgy)| + |u(gx) — ulgy)l
< Cdist, (x, y)©.
Case 2: §, > 8. Then, u(y) < us(x) and u(x) < us(y). Therefore, u(x) — u(y) <
us(y) —u(y) < C87 by (6.9). Similarly, u(y) — u(x) < C§°.
Case 3: §, < & < §,. Without loss of generality we may assume that § is a regular value

of dist, (e, dM); that means: there exists a point p € d My, which is the intersection of the
shortest path joining x, y and d Ms, such that

max{dist,(x, p), dist,(y, p)} < 6.
Hence,
lu(x) —u()] = [u@x) —u(p)l + u(y) — u(p)| =< Cdiste,(x, y)*,
where we used Case 1 and Case 2 for the last inequality. O

Now we use the global regularization of a quasi-plurisubharmonic function due to
Demailly [14] which provides a lower bound on the complex Hessian.
Let u be the continuous solution to the Eq. (6.7). Consider

1212

8—2) AV, (¢), z e Ms, §>0; (6.12)

1
pu(z) = 57/4 | utexph ) (
€l

where ¢ — exph;(¢) is the (formal) holomorphic part of the Taylor expansion of the expo-
nential map of the Chern connection on the tangent bundle of M associated to w, and the
mollifier x : Ry — Ry is given by (5.7) above.

By [14, Remark 4.6] we have for 0 < t < §p small

pru(z) = / u(z + 1) x (|1x1*)d Van (x) + O(1?)
Ix]<1 (6.13)

=u* ¥ (2) + 0%

in the normal coordinate system centered at z (see [14, Proposition 2.9]). Since the metric @
is smooth on M, the distance function satisfies

disty (2, x) = |z — x| + O(lz — x[*)
as x — z. It follows that for 0 < § < §¢p (8¢ small enough)

psu(z) < sup u(x) 4+ C8% <Tns(z) +c28 forevery z € M. (6.14)

|z—x|<é

We observe that to prove the Holder continuity it is enough to work with this geodesic
convolution.
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Lemma 6.8 Suppose that there exist constants 0 < t < 1 and C > 0 such that for 0 < § <
do,
psu(z) —u(z) < C8" foreveryz € Ms. (6.15)

Then u is Holder continuous on M.
Proof By Corollary 6.7 it is enough to verify the inequality (6.9), i.e,

sup(us — u) < C'8".
Ms

First, it follows from (6.13) that in normal coordinates containing ball of radius § we have
u* ys —u < C8%. Therefore, (5.12) implies iisp — u < C87. Now, the proof of the
required inequality follows the lines of argument given in [26, Lemma 4.2] (see also [48,
Theorem 3.2]). ]

Now let us state the important estimate for the complex Hessian of psu. The proof of
the following variation of [14, Proposition 3.8] and [3, Lemma 1.12] was given in [37,
Lemma 4.1].

Lemma 6.9 Let0 < § < 8o and psu be as in (6.12). Define the Kiselman-Legendre transform
with level b > 0 by

t
us p(z) = inf <p,u(z) + K2+ Kt —blog 7> , (6.16)
t€[0,8] )
Then for some positive constant K depending on the curvature, the function p,u + Kt* is
increasing in t and the following estimate holds:
o +ddusp > —(Ab+2K8)w on Ms. (6.17)
where A is a lower bound of the negative part of the Chern curvature of w.

Thanks to this lemma we construct an w-psh function Us which approximates the solution
u.

Lemma6.10 LetO < 7 < landb = (' —2K§8)/A = O(8%), where K, A, § are parameters
in Lemma 6.9. Define Us := (1 — 8% )us p. Then, Us € PSH(Mjs, o) satisfies

Us <u+c38" +c1e™ ondM,.
Moreover,
Us < psu~+ c38° on Ms,
where c1, c3 are uniform constants independent of € and §.
Proof By Lemma 6.9 we have w + dd“Us > 8> w. The monotonicity of p;u + K2 implies
u<usp < psu-+2K5 onMj. (6.18)
On the boundary d M,, using (6.14) and Lemma 6.5 (with §’ = 2§ < ¢), we have
PsU < Trs + 28 < u +c16™ + 8. (6.19)
Since us p < 0 is uniformly bounded, it is easy to see that

(1 =8 usp < usp+ C8". (6.20)
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By (6.18), (6.19) and (6.20) we have on d M.,

Us < psu +2K8 + C8°

6.21
<u+cie" + Q2K + )8+ CS”. ©.21)

The proof of on the boundary part is completed by taking ¢3 = 2K + ¢, + C. Furthermore,
combining (6.18) and (6.20) we get Us < psu + ¢387 on Ms. m]

By this lemma and the stability estimates we get the following bound.

Proposition 6.11 Let 0 < § < & < §¢. Let Us be the function defined in Lemma 6.10. Then,

C§5%e3

sup(Us —u) < +cie™,

Ms gdn+1

where the exponents o, a3 > 0 and t| are from Proposition 6.3, Lemmas 6.4, and 6.5,
respectively.

Proof Using Lemma 6.10 we can produce:

53 _ {max{Ug —c1€" — 387, u}  on M,, 6.22)

u on M \ M,
which is an w-psh function on M. Next we apply Proposition 6.3 to get that for some
O<ar <1,

~ C ~ o
S/‘;P(Ua —u) < perEsY ” (Us — u)+||L1(du)' (6.23)

Note that 0 < § < &, so M, C Ms. Then,
(55 - u)+ = maX{U5 - claf' - C33r —Uu, 0} . lMg
= maX{pBu —u, 0} : 1M57
where we used Us — 387 — u < psu — u on Mg (Lemma 6.10) for the second inequality.

Hence, ~ ~
(Us —u)y =1y - (Us —u)y < 1y - (05 — u)4.

This combined with Lemma 6.4 gives for some 0 < o3 < 1,

”(U u) ”l 1 = ”(b “)Jr” 3
8 + (duw) on s L' (dVa)

C
= €7||1M5 . (PS - u)Jr”(z}l(de”)'
The next step is to show that L'-norm on the right hand side has a desired bound. Covering

M>s be finitely many normal charts (contained in coordinates balls or coordinate half-balls)
and invoking the inequalities (6.13), (5.11) and Lemma 5.4 one obtains that for 0 < § < §o,

(pstt — u)4d Vs, < C8% + C8.
Mos
This implies

(s —u)+d Vo < C/ dVay, +/ (ps —u)4d Vo, < C8, (6.25)
5\ Mas M

Ms M
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where we used the compactness of M to get Vo, (Ms\Mps) < C6.
We conclude from (6.23), (6.24), (6.25) and 0 < a3, a3 < 1 that

~ C5%2%3
s}t;lp(Ua —W) = T (6.26)
Notice that
sup(Us — u) < max {sup(Ua —u), sup (Us — u)]
Ms M, M35\ M,
< max {sup(l?,; —u), sup (Us— u)] .
M MB\ME
Combining this with (6.26) and Lemma 6.5 we get
sup(Us — u) < sup(Us — u) + 1"
My M
C5%2% -
=< pern +cret.
This is the desired inequality. O

We are ready to verify the hypothesis of Lemma 6.8.
End of the proof of the Holder continuity of u Let us choose a4 = ap3/2(4n + 1) > 0 and

& = §%, then Proposition 6.11 implies

sup(Us — u) < C8% + ¢18™* on Ms.
Ms

Therefore it follows from u5 , < 0and 0 < 71, 4 < 1 that
usp —u < Us —u < C8§"* on M. (6.27)

Let us fix a point z € ‘M s. The minimum in the definition of us p is realized at ty = #(z).
So, at this point we have

ot + K13 4+ Kt — blog(to/8) — u < C5™%.
Since p;u + Kt + Kt —u > 0, we have blog(ty/8) > —C§"%4. Hence,

_ T
fo > e COIH/b 5,

where
8'{1 oy A(Srl o4

b~ 8T —2K$§’
Now we choose 7 = tjaq > 0, s0 b > §41*4 /2 A, which implies

to > c46
with ¢4 = e~2€4 as a uniform constant.

Since t — p;u + Kt? is increasing in 7,
Pegst(2) + K (c48)? + K (c48) — u(2)
< pru(@) + Ki§ + Ko — blog(to/8) — u(z)

=usp(z) —u(z)
< Cs,
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where we used the definition of #y and (6.27) for the third identity and the last inequality,
respectively. Hence, pg,su(z) — u(z) < C§* < Cé&*. The desired estimate is obtained by
rescaling § := c46. O

Let us give the proof of uniqueness of solutions on Stein manifolds or when w is Kihler.
We will need a variation of Lemma 4.1 for the proof of uniqueness on Stein manifolds. In
this setting there exists a strictly plurisubharmonic function on the whole manifold. This is
a straightforward generalization of [35, Theorem 3.1].

Lemma6.12 Fix & > O small. Let u,v € PSH(M,w) N L®(M) be such that
liminf, 50 (u — v) > 0. Suppose that —so = supy; (v —u) > 0 and w + ddv > 6w
in M. Then forany 0 < s < 6y = min{l%—B, Isol},

Cc,B
/ ol < <1 + = S)/ ).
{u<v+so+s} 0" {u<v+so+s}

Proof of Corollary 1.5 We first assume that w is Kihler. Let ¢ > 0 and define u, = max{u +
&, v}. Then, u; > u+¢ on M and by the assumption we have u, = u+ ¢ near d M. Moreover,

since wf, > !, it follows from a well-known inequality of Demailly that

(o + dd° max{u + &, v})" > Lypez0)@) + Lute<nj@ll > .

Applying a result of Blocki [5, Theorem 2.3] for u, and u + ¢ we get u, = u + ¢ on M
(strictly speaking he only stated for continuous functions, but the proof works for bounded
functions). Thus, u + & > v on M. Letting ¢ to zero we get the proof of the corollary in the
first case.

Next, suppose that M is a Stein manifold and o is a Hermitian metric on M. Let p €
C°° (M) be a strictly plurisubharmonic exhaustive function for M. As in the previous case
we only need to prove u + ¢ > v on M for a fixed ¢ > 0, then let ¢ to zero. Hence we may
assume that liminf, 54 (1 — v)(2) > &.

Let M' CC M be such that u > v + & on M\ M'. By subtracting a uniform constant we
may assume that u, v < 0and —Cyp < p < 0on ‘M’ for some constant Co > 0. Under these
assumptions the proof follows the lines of the one in [35, Corollary 3.4] after replacing 2 by
M’ and the comparison principle by Lemma 6.12. O
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