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Abstract

A complete family of functional Steiner formulas is established. As applications, an explicit
representation of functional intrinsic volumes using special mixed Monge—Ampere measures
and a new version of the Hadwiger theorem on convex functions are obtained.
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1 Introduction and statement of results

The classical Steiner formula states that the volume of the outer parallel set of a convex
body (that is, a non-empty, compact, convex set) in R” at distance r > 0 can be expressed
as a polynomial in r of degree at most n. Using that the outer parallel set of a convex body
K c R” at distance r > 0 is just the Minkowski (or vector sum) of K and r B", the ball of

radius r, we get
n

Va(K +rB") :Zr"—/;cn,jvj(K) (1.1)

j=0
for every r > 0, where V), is n-dimensional volume or Lebesgue measure and «; is the j-
dimensional volume of the unit ball in R/ (with the convention that k¢ := 1). The coefficients
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V;(K) are known as the intrinsic volumes of K. Up to normalization and numbering, they
coincide with the classical quermassintegrals. In particular, V,,_;(K) is proportional to the
surface area of K and Vjy(K) is the Euler characteristic of K (that is, V((K) := 1) for every
convex body K in R” (cf. [43]).

A complete characterization of intrinsic volumes is due to Hadwiger, who in his celebrated
theorem classified all continuous, translation and rotation invariant valuations on the space,
K", of convex bodies in R”. Here, we say that Z: K" — R is a valuation if

Z(K)+Z(L) = Z(K UL) + Z(K N L)

forevery K, L € K" such thatalso K UL € K".1tis translation invariant if Z(t K) = Z(K)
forevery K € K" and translation t on R” and rotation invariant if Z(9 K) = Z(K) for every
K € K" and ¢ € SO(n). The topology of K" is induced by the Hausdorff metric.

Theorem 1.1 (Hadwiger [25]) A functional Z: K" — R is a continuous, translation and
rotation invariant valuation if and only if there exist constants g, . . ., ¢, € R such that

Z(K) =) ¢ Vi(K)
j=0

for every K € K".

In addition to its many applications in convex and integral geometry (see [25, 27]), the
Hadwiger theorem can be used to give a simple proof of (1.1).

We remark that the classification of valuations on convex bodies is a classical subject,
which is described in [43, Chapter 6]. Also see [10, 26] for some newly defined valuations
and [2, 3, 5,7, 8, 23, 24, 30, 31, 34, 35] for some recent classification results.

Recently, the authors [16] introduced functional intrinsic volumes on convex functions.
Let

Convy.(R") := {u: R" — (—00, +00]: u # +oo, lim @

= 400, u is l.s.c. and convex}
|x|—>+4o00 |x]

denote the space of all proper, super-coercive, lower semicontinuous, convex functions on R",
where | - | denotes the Euclidean norm. For ¢ € Cp((0, 00)), the set of continuous functions
with bounded support on (0, 00), and 0 < j < n, consider the functional

u > /R (Ve h[Du(0)], _; dx (12)

on Convg. (R*)N Cer (R™), where Cer (R") denotes the setof u € C2(R") with positive definite
Hessian matrix D?u and [A];, is the kth elementary symmetric function of the eigenvalues of
the symmetric n X n matrix A (with the convention that [A]g := 1).

Under suitable conditions on the function ¢, the functional (1.2) continuously extends to
the whole space Convy.(R"). Here, continuity is understood with respect to epi-convergence
(see Sect. 3.2). In case ¢ can be identified with an element of C, ([0, 00)), the set of continuous
functions with compact support on [0, 00), it was shown in [14] that (1.2) continuously
extends to Convg.(R") by using Hessian measures (see Sect. 5.2 for the definition).

More recently, the authors proved that (1.2) continuously extends for the following classes
of singular densities ¢. For0 < j <n — 1, let

o0
D= {; € Cp((0,00)): lim s"J¢(s) =0, lim / =31 ¢ (¢) dr exists and is ﬁnite}.
s—>0t s—>0t Jg
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In addition, let D], be the set of all functions ¢ € Cp,((0, 00)) such that lim;_, o+ £ (s) exists
and is finite. For ¢ € D]}, we set £(0) := lim,_, ¢+ ¢ (s) and identify ¢ with the corresponding
element of C. ([0, 00)).

Theorem 1.2 ([16], Theorem 1.2) For 0 < j < nand ¢ € D;’, there exists a unique,
continuous, epi-translation and rotation invariant valuation V j : Convye.(R") — R such
that

VW) = /R g(|W(x)|)[D2u(x)]n7j dx (1.3)
for every u € Convg.(R") N C_%_ (R™).

Here, we say that Z: Convg.(R") — R is a valuation if
Zw) +7Zw) =Zu Vv v)+7Zu Av)

for every u, v € Convy.(R") such that also their pointwise maximum # V v and minimum
u A v belong to Convg (R"). A valuation Z: Convy.(R") — R is said to be epi-translation
invariant if Z(u o T=! + y) = Z(u) for every translation  on R”, every ¥ € R and every
u € Convg (R") and it is rotation invariant if Z(u o 9~ = Z(u) for every ¥ € SO(n) and
u € Convy.(R"). We remark that these properties are natural extensions of the corresponding
properties of the classical intrinsic volumes.

A closed representation of the extensions of (1.3) to Convy.(R”) was obtained for the
cases j = O and j = n. For { € Dy, the functional Vo is a constant, independent of
u € Convyg.(R"), and for ¢ € D}}, we have

Voo () =/; ¢(IVu(x)]) dx (1.4)

for every u € Convg(R"), where domu := {x € R": u(x) < oo} is the domain of u (see
[14, Theorem 2]). However, apart from these extremal cases, the functionals V; . were so
far only described as continuous extensions of (1.3) and by Cauchy—Kubota formulas, which
were recently established in [17, Theorem 1.6].

In [16], the following functional Hadwiger theorem was established.

Theorem 1.3 ([16], Theorem 1.3) A functional Z: Convs.(R") — R is a continuous, epi-
translation and rotation invariant valuation if and only if there exist functions {o € Dy, ...,
¢n € Dy such that

Zw) =Y V@)
j=0

for every u € Convg.(R").

Using the notion of epi-homogeneity of degree j (see Sect. 3.2), we see that Theorems 1.1
and 1.3 imply that for 0 < j < n, the functionals V; , for ¢ € D;’ correspond to multiples
of the classical intrinsic volumes V;. Hence, we call V;  for0 < j <nand ¢ € D;’ a jth
Sfunctional intrinsic volume. Moreover, the family {V; ;: ¢ € D;?} describes all continuous,
epi-translation and rotation invariant valuations on Convg (R") that are epi-homogeneous of
degree j and is, in this sense, canonical.

We remark that the classification of valuations on function spaces has only been started to
be studied recently. The first classification results for valuations on classical function spaces
were obtained for L, and Sobolev spaces, and for Lipschitz and continuous functions (see
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[18,19, 32,33, 48, 49]). Results on valuations on convex functions can be found in [4, 12-14,
28, 29, 37, 38].

In this article we present a new, complete family of Steiner formulas for functional intrinsic
volumes and its applications. For { € D) (or equivalently, ¢ € C.([0, 00))), the functional
Steiner formula is the following result.

Theorem 1.4 If¢ € Dy, then

n

Ve @O (rXpn) =Y r" iy Vg () (1.5)
j=0

for every u € Convg.(R") and r > 0, where {; € D’? is given by

1 ;(s) ()
;“,-(s):=K ( )/ e ) (1.6)

n—j

fors >0and0 < j <n.

Here, u (J w is the infimal convolution of u, w € Convy.(R") and r - w is obtained by epi-
multiplication of w with r > 0 while Ip» is the convex indicator function of the Euclidean
unit ball B” (see Sect. 3.2 for the precise definitions). Note that

epi(u O (r+Ipn)) = epiu + r(B" x R), 1.7)

where epi w := {(x,7) € R" xR : ¢ > w(x)} is the epi-graph of w: R" — (—o0, +00] and
the addition on the right side of (1.7) is Minkowski addition in R"” x R.

We give two proofs of Theorem 1.4. In Sect. 7, we give a direct proof (not using the
functional Hadwiger theorem, Theorem 1.3) and in Sect. 8, we prove Theorem 1.4 using
Theorem 1.3. This corresponds to the fact that the classical Steiner formula can be proved
both directly and as a consequence of the Hadwiger theorem.

Equation (1.5) corresponds to the classical Steiner formula (1.1). Indeed, we will see that
(1.1) can be easily retrieved from (1.5). Furthermore, by properties of the transform (1.6),
every functional intrinsic volume V; ., for1 < j <nand{; € D;? will appear exactly once
on the right side of (1.5) as ¢ ranges in D). In this sense, Theorem 1.4 provides a complete
description of functional intrinsic volumes on Convg. (R"). We remark that Steiner formulas
for convex functions are also obtained if we replace Iz~ in (1.5) by other radially symmetric,
super-coercive, convex functions. However, in general such formulas do not give rise to all
functional intrinsic volumes. For more details, see Sect. 8.4.

As an immediate consequence of Theorem 1.4, eq. (1.4) and properties of the transform
(1.6) (see Lemma 3.2), we obtain the following new representation of the functionals V; ..

Corollary1.5 If0 < j <nand¢ € D;’, then

]' dnfj
View =5 | Vae@D@1p)
jvodri

a (V@O @-1pm)]) dx

n! dr"=J lr=0 -/(;om(u\:\(r-lgn))

for every u € Convg.(R"), where a € C.([0, 00)) is given by

a@»=(§@“%@»ﬂn—ﬁ/ () dr)
J s

fors > 0.
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Using a new family of measures, we establish new closed representations of the functional
intrinsic volumes on the whole space Convy:(R") that do not require singular densities. For
u € Convy(R"), let MA*(u; -) be the push-forward through Vu of n-dimensional Lebesgue
measure restricted to the domain of u. Equivalently, MA* (u; -) is the Monge—Ampere measure
of the convex conjugate of u (see Sect. 5 for details) and we call it the conjugate Monge—
Ampére measure of u. For functions uy, ..., u, € Convs.(R"), we write MA*(uy, ..., uy; -)
for the polarization of MA*(u; -) with respect to infimal convolution (see Sect. 5) and call
MA*(uy, ..., uy; ) the conjugate mixed Monge—-Ampére measure of uy, ..., u,. For 0 <
j < nand u € Convg (R"), we set

MA (u; -) := MA*(u[j1, o [n — j1; ), (1.8)

where the function u is repeated j times and the convex indicator function I~ is repeated
(n — j) times. We establish the following result.

Theorem1.6 I[f0 < j <nand¢ € D;?, then

Vi) = /Rn a(lyh dMAT (u; y)

for every u € Convg.(R"), where a € C.([0, 00)) is given by

als) = (”) ("Tew+m—p [ ewa)
J s

fors > 0. Moreover, for1 < j <n,

1
Vi) = f/Rna(IVu(x)l)rn_,-(u,x)dx (1.9)

(7)
foru € Convg (R") N C2(R™).

Here, for u € Convg. (R")N C_%_ (R™ and 0 < i < n—1, we write 7; (u, x) for the ith elemen-
tary symmetric function of the principal curvatures of the sublevel set {y € R": u(y) < ¢}
at x € R" with r = u(x) (and we use the convention to(u, x) := 1). Note that 7; (u, x) is
well-defined for such u if u(x) > minycrn u(y). Since such u attains its minimum at only
one point, the integral in (1.9) is also well-defined. We remark that a direct proof of (1.9) was
given in [17, Lemma 3.9]. Here it is a consequence of properties of the measures MA;T (u; +)
(see Theorem 5.5).

Conjugate mixed Monge—Ampere measures generalize Hessian measures on Conv. (R")
(see Sect. 5.2) and the precise connection of integrals involving the measure MA* (u; -) and
Hessian measures for u € Convg.(R") is established in Sect. 6. It is the basis of a new proof
of Theorem 1.2 presented in Sect. 7, where we also prove Theorem 1.6.

Combining Theorems 1.3 and 1.6, we obtain the following new version of the Hadwiger
theorem for convex functions.

Theorem 1.7 A functional Z: Convg.(R") — R is a continuous, epi-translation and rotation
invariant valuation if and only if there exist functions oy, . .., &, € C.([0, 00)) such that

n
2= Y [y A )
j=0 R}I
for every u € Convy(R").
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By properties of the integral transform from Theorem 1.6 which maps ¢ to «, this version is
equivalent to Theorem 1.3.

Using the Legendre—Fenchel transform or convex conjugate, we can translate the new
results on Convg(R") to results on Conv(R”; R) := {v: R” — R: v is convex}, the space
of finite-valued convex functions on R". In fact, most results will be proved on Conv(R"; R)
and then transferred to Convg. (R") using convex conjugation. Results on Conv(R"; R) are
presented in Sect. 2. The next section is devoted to notation and preliminaries. In Sect. 4,
results on Monge—Ampere measures and mixed Monge—Ampere measures on Conv(R”; R)
are collected and the new measures MA ; (v; -) for v € Conv(R"; R) and 0 < j < n are dis-
cussed. In Sect. 5, the corresponding results are presented on Convg (R"). Results connecting
the measure MA ; (v; -) to the jth Hessian measure of v € Conv(R"; R) are established in
Sect. 6. In the following section, the proofs of the main results are presented. In the final
section, an alternate proof of the functional Steiner formula, results on the explicit represen-
tation of functional intrinsic volumes and on the retrieval of classical intrinsic volumes are
presented. Moreover, general functional Steiner formulas are discussed.

2 Results for valuations on finite-valued convex functions

A functional Z: Conv(R"; R) — R is dually epi-translation invariant if and only if Z(v +
£+ y) = Z(v) for every v € Conv(R"; R), every linear functional £: R” — R and every
y € R, or equivalently, if the map u — Z(u*), defined on Convy (R"), is epi-translation
invariant. It was shown in [15] that Z: Conv(R"”; R) — R is a continuous valuation if and
only if u > Z(u*) is a continuous valuation on Convg. (R") (see Proposition 3.1).

The following result is equivalent to Theorem 1.2 by duality.

Theorem 2.1 ([16], Theorem 1.4) For 0 < j < n and ¢ € D'}, there exists a unique,
continuous, dually epi-translation and rotation invariant valuation V; ¢ Conv(R"; R) - R
such that

Vi () = /R ¢(xD[D*v(0)]; dx 2.1

for every v € Conv(R"; R) N C_%_(]R”).

Here for0 < j <nand¢ € D;l the valuation V;‘ ¢ isdualto V  in the sense that Vj ) =
j,c (0¥) for every v € Conv(R"; R). We remark that the new proof of Theorem 2.1 that we
present in Sect. 7 actually shows that the representation (2.1) holds on Conv(R"; R)NC 2(RM),
The Hadwiger Theorem on Conv(R”; R) is the following result, which is equivalent to
Theorem 1.3 by duality.

Theorem 2.2 ([16], Theorem 1.5) A functional Z.: Conv(R"; R) — R is a continuous, dually
epi-translation and rotation invariant valuation if and only if there exist functions {o € Dy,
., &y € D)} such that

Z(v) = Zvj@ (V)
=0

for every v € Conv(R"; R).

We obtain the following dual version of the functional Steiner formulas from Theorem 1.4.
We use the support function of the unit ball, hp:(x) = |x| for x € R", and the fact that
(uO@-Ipn))* =u*+rhpgn foru € Convg.(R") and r > 0.
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Theorem 2.3 If ¢ € Dy, then
n
Vi Warhp) =Y r" i Vi ()
j=0
for every v € Conv(R"; R) and r > 0, where §; € D;? is given by
{15 1= - 1 | (((s) )/oo f(Jtil ) 22)

n—j

fors >0and 0 < j <n.
An immediate consequence is the following result.

Corollary2.4 LetO < j <n.If¢ € D;‘, then

Vic@) =

j1odn
! \ Via+rhp)

n! dr*=J lr=0

for every v € Conv(R"; R), where a € C([0, 00)) is given by

als) = (”) (" Tew+m=i [ e ar)
J 5
fors > 0.

Let MA(v; ) be the Monge—Ampere measure of v € Conv(R";R) and write
MA(vy, ..., vy; -) for its polarization, the mixed Monge—Ampeére measure of vy, ..., v, €
Conv(R"; R). For 0 < j <n and v € Conv(R"; R), we set

MA(v; -) == MA(v[jI, hpnn — jl;-)

(see Sect. 4 for results on Monge—Ampere measures, mixed Monge—Ampere measures and
this new family of measures).
The following result corresponds to Theorem 1.6.

Theorem2.5 [f0 < j <nand¢ € D’j?, then

V?;(v)zf a(lx]) dMA; (v; x)
, -
for every v € Conv(R"; R), where a € C([0, 00)) is given by
n n—j . * n—j—1
)= () (s Tew+m—p [ T ar)
J s
fors > 0. Moreover, for1 < j <n,
Vi () =/ a(|x]) det(D?v(x)[j], D*hpn (x)[n — j]1) dx (2.3)
R’l
forv € Conv(R"; R) N C2(R").
Here, det(Aq, ..., A,) denotes the mixed discriminant of the symmetric n X n matrices
A1, ..., A,. Note that D%h g (x) exists for every x % 0 and that (2.3) is well-defined as a

Lebesgue integral. Combining Theorems 2.2 and 2.5, we obtain the following new version
of the Hadwiger theorem for finite-valued convex functions.
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Theorem 2.6 A functional Z: Conv(R"; R) — R is a continuous, dually epi-translation
and rotation invariant valuation if and only if there exist functions oy, . . ., a, € C.([0, 00))
such that

Z() = Z/R a;j(|x]) dMA; (v; x)
j=0

for every v € Conv(R"; R).

By properties of the integral transform from Theorem 2.5 which maps ¢ to «, this version is
equivalent to Theorem 2.2.

3 Preliminaries

We work in n-dimensional Euclidean space R”, with n > 1, endowed with the Euclidean
norm | - | and the usual scalar product (-, -). We also use coordinates, x = (x1, ..., Xx,), for
x € R". Let B” := {x € R": |x| < 1} be the Euclidean unit ball and $"~! the unit sphere in
R". A basic reference on convex bodies is the book by Schneider [43].

3.1 Mixed discriminants

We will need some basic definitions and properties which can be found in Sect. 5.5 of the
book by Schneider [43]. Given symmetric n X n matrices Ay = (a;‘j) for 1 < k < n, their
mixed discriminant is defined as

1 ap o)
det(Aq, ..., Ap) ::aZdet :
g a(l) a(n)
apy - nn
where we sum over all permutations o of {1, ..., n}. As a consequence of this definition, the

mixed discriminant det is multilinear and symmetric in its entries. Alternatively, the mixed
discriminant is uniquely determined as the symmetric functional that satisfies

m
det AL+ -+ AwAp) = D hig e hi, det(Ajy, ..., Ay,) 3.1)
I]yeees in=
forall A1, ..., A, € R, symmetric n X n matrices Ay, ..., A, andm > 1. By the polarization

formula, the mixed determinant can also be written as

ln
det(Al,...,An)zﬁz Y D) RderA, ++4) (G2)

k=1 1<ji<-<ji<n

for symmetric n x n matrices Ay, ..., A, (see, for example, [6, Theorem 4]). In addition,
there exist maps D;; : (Rrxmyn=1 _ R for ] < i, j < n such that

n
det(Ar,.... Ay) = Y Dij(Ar..... A1) al; (3.3)
i, j=1
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for all symmetric n x n matrices Ay, ..., A,. We remark that it follows from (3.1) that

n . .

[Al; = <]) det(A[j], In[n — j1) (3.4)
for every symmetric n x n matrix A, where I, is the n x n identity matrix. If the symmetric
matrix A is, in addition, invertible, then

[A]j = det(A) [A™"],; (3.5

forO0 < j <n.

3.2 Convex functions

We collect some basic results and properties of convex functions. Standard references are
the books by Rockafellar [41] and Rockafellar & Wets [42].

Let Conv(R") be the set of proper, lower semicontinuous, convex functions u: R" —
(—00, 0o], where u is proper if u % +o0o. For t € R, we write

fu<ty={xeR":ukx) <t}
for the sublevel sets of u. If u € Convg. (R"), then u attains its minimum and we set
argminu := {x € R": u(x) = mingern u(z)}.

This is a convex body which, if in addition u € Ci (R™), consists of a single point.

The standard topology on Conv(R") and its subsets is induced by epi-convergence. A
sequence of functions uxy € Conv(R") is epi-convergent to u € Conv(R") if for every
x eR":

(1) u(x) < liminfy_, o ux(xg) for every sequence x; € R” that converges to x;
(1) u(x) = limg_ oo ug(xx) for at least one sequence x; € R” that converges to x.

Note that the limit of an epi-convergent sequence of functions from Conv(R") is always
lower semicontinuous.

For u € Conv(R"), we denote by u* € Conv(R") its Legendre—Fenchel transform or
convex conjugate, which is defined by

u* (y) := sup,epn ((x, y) — u(x))

for y € R”". Since u is lower semicontinuous, we have u™* = u. For a convex body K € K",
we denote by Ix € Convy.(R") its convex indicator function, which is defined as

0 forx € K,
IK()C) =
+oo forx ¢ K.
We have
Iy = hg,
where hg : R" — R is the support function of K, defined as
hg (x) := maxyek (x, y).

For uy, up € Convg(R"), we denote by u1 O uy € Convy.(R") their infimal convolution
or epi-sum which is defined as

(1 Ouz)(x) :=1infy 4 py—x u1(x1) + u2(x2)
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for x € R". The epi-multiplication of u € Convg.(R") by A > 0 is defined in the following
way. We set

Aulx):=iu (%)

for x € R" and note that A -u € Convg(R"). This corresponds to rescaling the epi-graph of
u by the factor A, thatis, epi A -u = Aepiu.

Proposition 3.1 The following properties hold.

(a) The function u € Convg (R") if and only if u* € Conv(R"; R).

(b) The function u € Convy(R") N C2(R") if and only if u* € Convs (R") N C3(R™).

(©) Ifuy, up € Convy.(R") are such that uy vV uz and uy Auy are in Convs (R"), then ut v u;
and uy A us are in Conv(R"; R) and

(i Vud)* =ui Anus,  (ur Aup)* =ui Vouj.
(d) Foruy,uy € Convg(R") and 11, 1o > 0,
Mrug Orprun)* = k]MT + AQM;.

(e) The sequence uy in Convg.(R™) epi-converges to u € Convs.(R"), if and only if the
sequence uj in Conv(R"; R) epi-converges to u* € Conv(R"; R).

We say that a functional Z: Convg. (R") — R is epi-homogeneous of degree j if
ZOvu) = A Z(u)

for every A > 0 and u € Convg(R"). A functional Z: Conv(R"; R) — R is homogeneous
of degree j if

Z(w) = A Z(v)

for every A > 0 and v € Conv(R"; R). It is a consequence of Proposition 3.1 that a map
Z : Convg.(R") — R is a continuous valuation that is epi-homogeneous of degree j if and
only if v > Z(v*) is a continuous valuation on Conv(R”; R) that is homogeneous of degree
j. We say that Z: Convy.(R") — R is epi-additive if

Z(uy Ouz) =Z(uy) + Z(uz)

for every uy, us € Convg(R"). The dual notion is additivity on Conv(R"; R), where a
functional Z: Conv(R"; R) — R is additive if

Z(v1 + v2) = Z(v1) +Z(v2)
for every vy, vy € Conv(R"; R).
3.3 The integral transform R

In [17], the integral transform R and its inverse R~ were introduced. For ¢ € Cp((0, 00))
and s > 0, let

RE(s) :=s§(s)—|—/ ¢(t)de.

It is easy to see that also R¢ € Cp((0, 00)).
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Forl > 1, we write

Rlc:=(Ro---0R)C
~—————
1

and set RO¢ :=¢. Weset R~ = (R™)! for I > 1. We require the following result.

Lemma 3.2 ([17], Lemmas 3.5 and 3.7) For 0 < k < nand 0 <[l < n — k, the map
R!: DZ — D,’(’_l is a bijection. Furthermore,

Rlg(s) = s'¢(s) +1 /w (-1 dr

N

for every ¢ € D} and s > 0, while

R p(s) = g —l/s Z(Ttl)dt

forevery p € DZ_I and s > 0.

For ¢t > 0, let u; € Convg(R") be given by
ug(x) == tlx| + Ign(x)

for x € R". The next result shows that the transform R naturally occurs when studying
functional intrinsic volumes.

Lemma3.3 ([16], Lemmas 2.15and 3.24)If 1 < j <nand¢ € D?, then

Vo) =Ky C)R”"f(t)
fort > 0.

We also require the dual form of the previous result. For r > 0, we set v; := u;. Note that

0 for |x| <t,
v (x) = (3.6)
x| =t for|x| > t,

for x € R" and ¢ > 0 and that v, € Conv(R"; R) forr > 0.
Lemma3.4 ([I6DIf1<j<nandi e D;‘, then
n .
Vj' (V) = Kn( .)Rn_'lf(f)
’ J

fort > 0.

4 Monge-Ampeére and mixed Monge-Ampére measures

For w € Conv(R"), the subdifferential of w at x € R" is defined by

dw(x) :={y e R": w(z) > w(x) + (y,z — x) forall z € R"},
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Each element of dw(x) is called a subgradient of w at x. If w is differentiable at x, then
dw(x) = {Vw(x)}. Given a subset A of R", we define the image of A through the subdiffer-
ential of w as

Jw(A) := U Jw(x).
X€EA

We write | - | for n-dimensional Lebesgue measure in R” and remark that [dw(C)| can be
infinite for compact sets C C R” and w € Conv(R"). An example is given by w € Conv(R")
defined as

w := Iy,
as we have
dw({0}) = R".

However, on Conv(R"”; R) we obtain a Radon measure, where a Borel measure M is called
a Radon measure if M(C) < o0 for every compact set C C R”. This is the content of the
following result, which is due to Aleksandrov [1] (see [21, Theorem 2.3] or [22, Theorem
1.1.13]). Let B(R") be the class of Borel sets in R”.

Lemma 4.1 Letv € Conv(R"; R). If B € B(R"), then the set dv(B) is measurable. Moreover,
MA(v; -): B(R") — [0, o], defined by

MA(v; B) := |dv(B)|,
is a Radon measure on R".

We will refer to MA(v; -) as the Monge—Ampere measure of v. The notion of Monge—
Ampere measure is fundamental in the definition of weak or generalized solutions of the
Monge—Ampere equation (see, for instance, [21, 22, 47]).

The following statement gathers properties of Monge—Ampere measures. Items (a) and (b)
are due to Aleksandrov [1] (or see [21, Proposition 2.6 and Theorem A.31]) while the
valuation property (c) was deduced by Alesker [4] from Blocki [9] (or see [15, Theorem
9.2]). Recall that for a sequence M} of Radon measures in R”, we say that M converges
weakly to a Radon measure M in R” if

lim B(x) dMy (x) =/ B(x)dM (x)
Rll

k—+oo Jpn
for every g € C.(R") (see, for instance, [20]).

Theorem 4.2 The following properties hold.

(@) Ifv e Conv(R"; R) and v € C2(V) on an open set V.C R", then MA(v; ) is absolutely
continuous on 'V with respect to n-dimensional Lebesgue measure and

dMA (v; x) = det(D?*v(x)) dx

forx eV.

(b) Ifv; is a sequence in Conv(R"; R) that is epi-convergent to v € Conv(R"; R), then the
sequence of measures MA(v;; -) converges weakly to MA(v; -).

(c) Forevery vy, vo € Conv(R"; R) such that vi A v, € Conv(R"; R),

MA(vy; -) + MA(v2; -) = MA(v1 A vz; ) + MA(v1 V 15 ),

that is, MA is a (measure-valued) valuation on Conv(R"; R).
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Let M(R") denote the space of Radon measures on R". According to Theorem 4.2 (b),
the map MA: Conv(R"; R) — M(R") is continuous, when Conv(R"; R) is equipped with
the topology induced by epi-convergence and M (R") with the topology induced by weak
convergence.

4.1 Mixed Monge-Ampére measures

We use polarization of the Monge—Ampere measure with respect to the standard addition
of functions to obtain mixed Monge—Ampere measures. They were called mixed n-Hessian
measures in [46] and were used, for example, in [39].

We say that a map Z: (Conv(R"; R))" — M(R") is symmetric, if the measure

Z(vy, ..., vy; -) is invariant with respect to every permutation of n-tuples of functions
in Conv(R";R). For 0 < j < n and v,vy,...,v,—; € Conv(R";R), we write
Z(v[jl,v1, ..., vu—j; -) when the entry v is repeated j times.

Theorem 4.3 There exists a symmetric map MA: (Conv(R"; R))" — M(R") which

assigns to every n-tuple of functions vi,...,v, € Conv(R";R) a Radon measure
MA(vy, ..., vy; ) with the following properties.
(a) For every m € N, every m-tuple of functions vi,...,v, € Conv(R";R), and
AMyoos Ay =0,
m
MAQUL+ - A AU ) = Y hiy ol MAQs - 04,5 ).

lyeeny In=
(b) For every v € Conv(R"; R),
MA(v,...,v;-) = MA(v; -).

() Ifvy,...,v, € Conv(R"; R) and vy, ...,v, € CX(V) on an open set V. C R", then
MA(vy, ..., vy; <) is absolutely continuous on V with respect to n-dimensional Lebesgue
measure and

dMA(v1, . .., vp; x) = det(D?v; (x), ..., D*v,(x)) dx

forx eV.

(d) The map MA: (Conv(R"; R))" — M(R") is continuous, when (Conv(R"; R))" is
equipped with the product topology and every factor has the topology induced by epi-
convergence, while M(R") is equipped with the topology induced by weak convergence.

(e) The map MA: (Conv(R"; R))" — MR") is dually epi-translation invariant with
respect to every entry, that is,

MA@+ L4y, v, ..., 01 ) = MA@, v1, ..., Vy—15 °)

forevery v, vy, ..., v,—1 € Conv(R"; R), every linear function £: R" — Randy € R.
(f) The map MA: (Conv(R"; R))" — M(R") is additive and positively homogeneous of
degree 1 with respect to every entry, that is,

MAQW + pw, v, ..., vaeti ) = AMAQ, V1, ..., Va5 )
+uMA(w, vy, ..., v—1; )

for every v, w, vy, ..., vy—1 € Conv(R"; R) and A, © > 0.
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(g) For0 < j <nandvy, ..., v, € Conv(R"; R), the map
v MA@ vt v )
is a (measure-valued) valuation on Conv(R"; R).

Proof For vy, ..., v, € Conv(R"; R) N C2(R") and B € B(R"), we set
MA(vy,...,v,; B) := / det(Dzvl(x), R Dzv,,(x)) dx.
B

Note that this measure is non-negative and symmetric. If all functions are in Conv(R"; R) N
CZ(R™M), it verifies (a) by Theorem 4.2 (a) and by the fact that the mixed discriminant polar-
izes the determinant. Properties (b) and (f) for functions in Conv(R"; R) N C 2(R™) also
follow from corresponding properties of the mixed discriminant. Property (e) for functions
in Conv(R"; R) N C2(R") follows directly from the fact that adding an affine function to v
does not change the Hessian matrix of v.

By (3.2), we have

1n
MA@ o)== 3 CD"IMA@ g @D

T k=1 1<ij<--<ix<n

forevery vy, ..., v, € Conv(R"; R) NC2(R™). This identity, combined with Theorem 4.2 (b)
and the denseness of C2(R") functions in Conv(R"; R), shows that the definition of MA
extends continuously to (Conv(R"; R))". Hence, we get properties (c) and (d). The extension
inherits properties (a), (b), (e) and (f) by continuity. Property (g) follows from (4.1) and
Theorem 4.2 (c). O

Concerning (c), note that we use different notation for the Lebesgue integral over the mixed
discriminant, which we only consider for functions that are of class C 2 almost everywhere,
and the mixed Monge—Ampere measure. This distinction is not always made in the literature.

As a consequence of Theorem 4.3 we obtain the following result, which for the special
case j = n was previously established in [14, Proposition 19].

Proposition4.4 Let B € C.(R") and 0 < j < n. Ifvy,...,v,—; € Conv(R"; R), then the
map Z.: Conv(R"; R) — R defined by

Z(v) = f B AMA®L)1, v, - -, Ve ji 1), 4.2)

R’l
is a continuous, dually epi-translation invariant valuation that is homogeneous of degree j.
Proof Note that the integral in (4.2) is well-defined and finite as 8§ € C.(R") and mixed
Monge—Ampere measures are Radon measures. Continuity follows from the weak continuity

of mixed Monge—Ampere measures. The invariance, homogeneity and valuation properties
are consequences of items (e), (f) and (g) of Theorem 4.3, respectively. ]

We remark that valuations defined in a way similar to (4.2) have been considered by Alesker
[4] and by Knoerr [29].
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4.2 Hessian measures as a special case

For a function v € Conv(R"; R)NCZ(R") and 0 < J = n,the jth Hessian measure ®; (v; B)
is defined for B € B(R") as

®;(v; B) = / [D%v(x)]; dx.
B

Trudinger and Wang [44, 45] showed that @ ; (v; -) can be extended to a Radon measure on
Conv(R"; R). It coincides up to the factor (j) with

MA@/, $haln — jl; ).
Indeed, if v € Conv(R"; R) N C2(R"), then by Theorem 4.3 (c) and (3.4),

<’;) AMA®[j1, $hgaln — jlix) = (;’) det(D*v(x)[j1, In[n — j1) dx = [D*v(x)]; dx
= dd; (v, x).

We obtain the conclusion using the denseness of smooth functions.

4.3 A special family of mixed Monge-Ampére measures

We introduce the following family of mixed Monge—Ampere measures. For v € Conv(R"; R)
and 0 < j < n, we set

MA; (v; -) := MA([/], hpe[n — jI; ). (4.3)

By construction, this is a Radon measure on R”.
It follows from Theorem 4.3 (a) that the mixed Monge—Ampere measures (4.3) can also
be obtained as coefficients of the following Steiner formula,
n
MA@ + rhgi; By =Y <”_)r"*fMAj(v; B) (4.4)
i=0
for B € B(R") and r > 0.
We derive some of the properties of the measures MA ; (v; -) for 0 < j < n. The subdif-
ferential of & p» can be explicitly described as

{i} forx # 0,
dhpn(x) = { LIxl (4.5)
B" forx = 0.
Combining this with the definition of Monge—Ampeére measure, we see that
MA (hpn; -) = Kkndo, (4.6)

where § is the Dirac measure at 0. Indeed, if B € B(R") does not contain the origin, then
we have dh s (B) C $"~!, so that

MA(hpn; B) = |0hgn(B)| = 0.
On the other hand, if 0 € B, then dhg»(B) = B". Note that

2 _ b x X
D?hpe () = T (In o le) 4.7
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for x # 0, where y ® z denotes the tensor product of y, z € R".

Theorem 4.5 Let v € Conv(R"; R). The following properties hold.
(a) For B € B(R"),
MAg(v; B) = «,60(B).

In particular, MA(v; -) is independent of v.
(b) For B € B(R"),

MA, (v; B) = |0v(B)| = MA(v; B).
(c) For 0 < j <n,

Kn

MA; (v; {0}) = =L V;(8v(0)).
(7)
(d) Ifve C2(V)withV C R" openand1 < j < n, then MA  (v; -) is absolutely continuous
on V\{0} with respect to n-dimensional Lebesgue measure and

dMA ; (v; x) = det(D*v(x)[j1, D?hipn (x)[1n — j]) dx

forx € V with x # 0.
(e) For 0 < j <n, the map MA : Conv(R"; R) — M(R") is a continuous valuation.

Proof Ttem (a) follows from (4.6). Item (b) follows from (4.3) with j = n and the definition
of MA(v; -). Item (d) is a consequence of Theorem 4.3 (d) and (g) while item (c) follows
from Theorem 4.3 (¢) combined with (4.7) and (3.1).

It remains to show (c). By (4.5) we obtain that for v € Conv(R"; R) and » > 0,

3 +r hp)(0) = dv(0) + rB",

where we use that the subdifferential of the sum of two convex functions is the Minkowski
sum of their subdifferentials (see, for example, [41, Theorem 23.8]). Hence, according to
the Steiner formula (1.1),

0 +rhp) )] =Y r" i Vi (00 (0)),
j=0

which combined with the definition of Monge—Ampere measure and (4.4) concludes the
proof. O

5 Conjugate Monge-Ampeére and conjugate mixed Monge-Ampeére
measures

First, we define the conjugate Monge—Ampere measure for super-coercive convex functions,
using the construction of Monge—Ampere measures on Conv(R"; R) and a duality argument.
Let u € Convg.(R"). For B € B(R"), we set

MA*(u; B) := MA(u*; B). 5.1
Note that Lemma 4.1 implies that MA*: Convs.(R") — M(R") is well-defined and that

MA*(u; -) is a Radon measure for every u € Convg.(R"), as u™ € Conv(R"; R) in this case.
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We refer to MA*(u; -) as the conjugate Monge—-Ampére measure of u. It is the push-forward
through Vu of n-dimensional Lebesgue measure restricted to the domain of # and we have
included a proof of this known fact as item (a) of the following result. In the following, for
u € Convg. (R"), we use the relation

D2u* (Vu(x)) = (D2u(x)) (5.2)
for x € R” such that u € Ci(U) in a neighborhood U of x (see [42, p. 605]).

Theorem 5.1 The following properties hold.
(a) Ifu € Convg.(R"), then

/Rn B(y) AMA™ (u; y) =/d B(Vu(x))dx

for every B € C.(R").

(b) If u; is a sequence in Convg.(R") that is epi-convergent to u € Convs.(R"), then the
sequence of measures MA* (uj; -) converges weakly to MA*(u; -).

(c) Foreveryuy, uy € Convg(R") such that uy vV uy and uy A uy are in Convg. (R"),

MA*(u1; -) + MA*(u2; -) = MA"(u1 A uz; <) + MA"(uy Vv uz; -),
that is, MA* is a (measure-valued) valuation on Convg. (R™).

Proof Properties (b) and (c) are consequences of properties (b) and (c) in Theorem 4.2,
respectively, and of Proposition 3.1.

Concerning property (a), observe that if u € Convg.(R") N Ci(R"), then u* €
Conv(R"; R) N C_%_(R") (by Proposition 3.1). By Theorem 4.2 (a), setting v := u™*, we
obtain

[ poamay = [ poramaey
= [ B0 de@um
Rﬂ
= / B(Vu(x))dx
RV!
for B € C.(R™).Here we used the change of variable y = Vu(x) and (5.2). The statement now

follows from property (b) combined with the fact that the functional u +— fR,, B(Vu(x))dx
is continuous on Convg. (R") (see (1.4)). ]

5.1 Conjugate mixed Monge—-Ampére measures

We use polarization of the conjugate Monge—Ampere measure with respect to infimal con-
volution to define conjugate mixed Monge—Ampere measures. The following result is easily
obtained from Theorem 4.3.

Theorem 5.2 There exists a symmetric map MA*: (Convg(R"))" — M(R") which

assigns to every n-tuple of functions uy,...,u, € Convg(R") a Radon measure
MA*(uy, ..., uy; ) with the following properties.
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(a) Foreverym € N, everym-tuple of functionsuy, ..., u, € Convgc(R")andry, ..., Ay >
0,
m
MA* g our O O h s ) = Y iy - hiyy MA iy - g, ).

I]yeees in=1
(b) For every u € Convg.(R"),
MA*(u, ..., u;-) = MA*(u; -).

©) If ui,...,up € Convge(R") and uy, ..., u; € C2(V) on an open set V. C R", then the
measure MA*(uy, . . ., uy; -) is absolutely continuous on 'V with respect to n-dimensional
Lebesgue measure and

dAMA*(uy, ..., up; x) = det(D*u} (x), ..., D?ul(x)) dx

forx eV.

(d) The map MA*: (Convg.(R"))" — M(R") is continuous, when (Convg(R"))" is
equipped with the product topology and every factor has the topology induced by epi-
convergence, while M(R") is equipped with the topology induced by weak convergence.

(e) The map MA*: (Convg.(R")" — M(R") is epi-translation invariant with respect to
every entry, that is,

MA* (ot +y,ut, ... tp_1;) = MA (U, uy, ..., tty—1; )
foreveryu,uy, ...,u,—1 € Convg.(R"), every translation t: R" — R" and y € R.
(f) The map MA*: (Convg.(R"))" — MR") is epi-additive and epi-homogeneous of

degree 1 with respect to every entry, that is,

MA*((A-u) O (-w), ut, ..., tp—1;-) = AMA* (u, uy, ..., uy_1; ")

FUMA* (W, uy, ...\ Un—15 ),
foreveryu, w,uy, ..., u,—1 € Convy.(R") and for every A, i > 0.
(g) For 0<j <nanduy,..., Up—j € Convg (R"), the map

u—> MA*(uljl, ur, ... up—j;-)
is a (measure-valued) valuation on Convg. (R").
Here, for (a) and (f), we extend the definition of epi-multiplication to 0+ u = Ijp) for u €
Convg. (R").

The dual version of Proposition 4.4 is the following result.

Proposition 5.3 Let B € C.(R") and 0 < j < n. Ifuy,...,u,—;j € Convs.(R"), then the
map Z.: Convg.(R") — R, defined by

Zu) = | B AMA @ljl, ui ..., unj; X), (5.3)
Rll
is a continuous, epi-translation invariant valuation, that is epi-homogeneous of degree j.
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5.2 Connections to Hessian measures

For u € Convg.(R") N CJZr (R") and 0 < j < n, define the Hessian measure W, (u; -) as the
push-forward through Vu of the Hessian measure ®,,_ ; (u; -) of u, that is,

fR B QW y) = fR V) D)l dy

for every Borel function g: R" — [0, c0). We remark that the measure W; (u; -) can be
defined for every u € Convy (R") and is a marginal of a generalized Hessian measure (see
[15]). Moreover, for u € Convy. (R") N Cer (R™) we obtain from (5.1) and Theorem 4.3 (c)
that

/Rn B AMA L1, Y — 71 ») = /R BG) AMAG /], i3 in — 1 )

:/R B(y) det(D*u*[j1, I[n — jdy
1

L f BID%* ()1, dy
(j) R?
1

= T/ B(Vu(x)[D?u(x)],—; dx,
(/) R

where for the last step we used (5.2) and (3.5). Hence, the measure
MA* ([, shpaln — j1; ),

coincides up to the factor (’;) with W;(u; ) foru € Ci (R™). The corresponding statement
holds for general u € Convg. (R") by the denseness of smooth functions and the weak
continuity of Hessian and conjugate mixed Monge—Ampere measures.

5.3 A special family of conjugate mixed Monge-Ampére measures
We introduce the following family of conjugate mixed Monge—Ampere measures. For u €
Convg.(R") and 0 < j < n, we set
MAZ (u; -) = MA* (ulj], Ign[n — j1; -).
By construction, this is a Radon measure on R”. A consequence of this definition is that
MAjf(u; ) =MA;u"; )

for u € Convg(R™). It follows from Theorem 5.2 (a) that this family of conjugate mixed
Monge—Ampere measures can also be obtained as coefficients of the following Steiner for-

mula,
n

MA*(u O (r -1gn); B) = Z (’;)r"—fMA’;(u; B) (5.4)
j=0

for B € B(R") and r > 0.
The next result describes properties of this family of conjugate Monge—Ampere measures.

Theorem 5.4 Let u € Convy. (R"). The following statements hold.
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(a) Forevery B € B(R"),
MA(u; B) = kn80(B).

In particular, MAG(u; -) is independent of u.
(b) Forevery B € B(R"),

MA (u; B) = [du™(B)| = MA* (u; B).

(c) For 0 < j <n,
Kn—

n

()

(@ Ifu* € Ci(V) with V.C R" open and 1 < j < n, then MA;(u; -) is absolutely
continuous on 'V with respect to n-dimensional Lebesgue measure and

dMA’ (u; x) = det(D*u* (x)[j1, D*hgn (x)[n — j]) dx

forx € V with x # 0.
(e) For 0 < j < n, the map MA;T: Convg. (R") — M(R") is a continuous valuation.

i V;(argmin u).

MA’ (u: {0)) =

Proof The statements follow from the corresponding statements in Theorem 4.5 by duality.
For (c), we use that du*(0) = argmin u (see [42, Theorem 11.8]). ]

In the following, for u € Convy.(R"), we will use the fact that y € du(x) if and only if
x € du*(y) (see, for example, [41, Theorem 23.5]). Combined with (5.2), it implies that
u e Ci(U) for some open set U C R” if and only if u* € Ci(V) with V := {Vu(x): x €
U}. In particular, we obtain that the set V is open and Vu : U — V is a bijection.

For the following result, we recall that 7; («, x) is the ith elementary symmetric function
of the principal curvatures of the sublevel set of u passing through x for x ¢ argmin u.

Theorem 5.5 Letu € Convge(R")and1 < j <n—1.Ifu € C_%_(U)foran opensetU C R"
andV :={Vu(x): x € U}, then

1
MA;(u; B) = —/ Ty—j(u, x) dx (5.5)
(Vu)~1(B)

;)

for every Borel set B C V\{0}. Equivalently,
1
/ BO) AMAY @: y) = / B(VU(X)) T (1, %) dx (5.6)
R® (]) R~

forevery B € C.(V).
For the proof we need the following result.

Lemma5.6 Let u € Convg.(R") be such that u € Cf_(U)for an open set U C R" and let
r>0.IfT,: U\ argminu — R" is defined by

T,(x) :==x+r Vul) s
IVu(x)l
then, for the Jacobi matrix DT, we have
n—1
det(DT, (x)) = Y r/7j(u, x)
j=0

for every x € U\ argmin u.
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Proof Let x € U\ argmin u. Clearly,
DT,(x) =1, + r DN (x)

where N(x) = (N1 (x), ..., Ny(x)) is defined as

Let ¢ := u(x). We choose a coordinate system such that
Vu(x) = ke, = A (x), (5.7)

where v;(x) denotes the outer unit normal to {u# < t} at x and A = |Vu(x)| > 0. We may
also assume that, for 1 < j < n — 1, the vector e; is a direction of principal curvature for
0{u < t} at x with corresponding principal curvature «;(u, x). As N is an extension of v,
we obtain

k1 (u, x) 0 0 %(x)
0  wo(u,x) - 0 gg{lz (x)
DN (x) = : : ) : :
0 0 e tep () 2R 1( )
By Bagy . Mgy By

On the other hand, using (5.7), we obtain

N, 0 1 du(x)
=5 )
Xj ox; \IVu(x)| 0x,

1 0%u(x) 1 Qukx)

= - ——Vu(x)]
IVu(x)| 9xjox,  |Vu(x)]> dx, dx;

1 %) I du(x) Z Ju(x) 0%u(x)

T | Vu(x)] 0x;j0xp [Vu(x)]? ax, ox; 0x;0x;

=0

8u(x)

for 1 < j < n. Here, for the last equality, we used that =Q0foralll <i<n-1

because of the choice of our coordinate system. Therefore

L) 0 0 ()
0 14+ reo(u,x) --- 0 3N2 (x)
DT, (x) =
0 0
0 0 0 1
and
n—1
det(DTy (x)) = [ [(1 + 7 i (u, x)),
i=1
which implies the representation formula. O
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Proof of Theorem 5.5 Formula (5.6) directly follows from (5.5). So, we have to prove (5.5).
Let B C V\{0} be a Borel set. For r > 0, let 7,: U\ argmin u be the map defined in
Lemma 5.6. Note that U\ argminu = Vu~! (V\{0}). We have

10 + r hg)(B)| = ){Vu*(y) + rlyll: ye B}‘
Vu(x)
X+ :
l{ [Vu(x)]

/ det(DT7}(x)) dx

(Vuw)~1(B)

r// 7 (u, x)dx,

—  JVwB)
where we have used Lemma 5.6. On the other hand, by the definition of the Monge—Ampere
measure and of the conjugate Monge—Ampere measure and (5.4), we have

r

xe (Vi B}

n

0Gu* + rhp)(B) = MA*u O (r-Tgn); BY = (’f)r"*fMA’;(u; B).
=1 '

The conclusion follows from comparing coefficients. O

6 Connecting MA;(v; -) and Hessian measures

The purpose of this section is to prove Proposition 6.7, which shows how integrals of radially
symmetric functions with respect to Hessian measures can be written in terms of integrals
with respect to the new family of mixed Monge—Ampere measures. This result is essential
for our new proof of the existence of functional intrinsic volumes, Theorems 1.2 and 2.1, as
well as for the proof of the new representations, Theorems 1.6 and 2.5.

6.1 Reilly-type lemmas

We will need the following result by Reilly [40, Proposition 2.1] (or see [46, (2.10)]).
Lemma 6.1 (Reilly) If v, ..., vu—1 € C3(R") and 1 < j < n, then

n

9 o2 2 _
Y 5 DijD%ui (), ... D1 () =0
ax,'

i=1
for every x € R".
The following result shows that
(W0, -, v) > | vo(x) det(D?vy(x), ..., D*v,(x)) dx
R"

with vg, ..., v, € C2(R") is symmetric in its entries if at least one the functions has compact
support. We remark that this corresponds to the symmetry of mixed volumes in the following
representation,

~2 ~2
V(Ky, ..., Ky = /S ki () det@ A, (v), ... Dohg, () dy,
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for sufficiently smooth K1, ..., K, € K", where Dzh k () is the restriction of D%hg to the
tangent space of S"laty e S"! (see for example equations (2.68) and (5.19) in [43]).
Lemma6.2 If vy, ..., v, € C2(R") are such that at least one of the functions has compact
support, then
/ vo(x) det(D?vy (x), ..., D?v,(x)) dx (6.1)
Rﬂ
/ v, (%) det(D v1(x), . vn 1(x), D? vo(x)) dx.
R”
Proof Assume first that vy, ..., v, € C3(R"). In this case, D;i; (D?vy(x), ..., D%, (x)) is
differentiable and therefore
3vn (x)
. (Z_j Dij (D01 () Do () )
v (x)
—Z—Dz,@ Vi), .., Do () ==
Xj
+ZD D20 (x). ... Dy ) L)
= ij 1 n—1 axiaxj
for 1 <i <nandx € R". Summation over i combined with Lemma 6.1 now gives
n
] vy, (x)
> (DG @), DRy () )
= ax,- ax]'
i,j=1
n 2
07V, (x)
= Y Dij(D*v(x), ..., D’v, 1 (x)) —
- ax,‘ax/'
i,j=1 .
for x € R". By the definition of D;; and using that at least one of the functions vy, ..., v,

has compact support, we now obtain from the divergence theorem that

/ vo(x) det(D?v (x), . .., D?v,(x)) dx
R}’l

9,
= f v () Z D;j (D01 (x). ..., D?uu_1 (x)) ”a(x)
n =1 Xj
3vn(x)
= / v0(x) Z (D,,(D V@), DR (1) ) dx
R? Xj
= / 3 DD, D, l(x))a""(f‘) L

i,j=1

Since the last expression is symmetric in vg and v,, we may exchange the two functions.

This completes the proof under the additional assumption that all functions are in C3(R").
It remains to show that the result holds true on C?(R"). By the multilinearity of the mixed

discriminant combined with the assumption that one of the functions vy, . . ., v, has compact

@ Springer



181 Page 24 of 37 A. Colesanti et al.

support, there exists » > 0 such that the integrands in (6.1) vanish outside of » B". The result
now easily follows by a standard approximation argument combined with the dominated
convergence theorem. O

A further consequence of Lemma 6.1 is the following result.

Lemma6.3 Let vy, ..., vp—1 € C2(R") and let F: R" — R" be a continuously differen-
tiable vector field. If F has compact support, then

oF;(x)
/ﬂ Z D;j (D0 (x). . U1 (1) — == dx = 0.

i,j=1 J

Proof Assume first that vy, ..., v, € C° (R™). Using the definition of D;; and that F" has
compact support, we obtain from the divergence theorem that

OFi(x) 4

ax;

/ Z Dy (D*v; (x), . Vn—1(%))

i,j=1

/ ) Z F(x) D,,<D vI(x), ..., D*v,-1 (x)) dx

and the statement follows from Lemma 6.1.

As in the proof of Lemma 6.2, the general case follows from the fact that ' has compact
support combined with a standard approximation argument and the dominated convergence
theorem. O

6.2 Applications to mixed Monge-Ampére integrals

In the following we consider special integrals of mixed discriminants where the support
function of the unit ball B"” appears repeatedly.

First, we show that such integrals are well-defined. Recall that D2h g (x) exists for every
x # 0. We remark that throughout this subsection, Lebesgue integrals with respect to the
standard Lebesgue measure on R” are considered.

Lemma6.4 Let 1 <k < n. If¢ € Cp((0, 00)) is such that lim,_, o+ r*~'¢ (r) exists and is
finite, then the integral

/R |¢(Jx]) det(D?vy (x), ..., D*u(x), D*hgn (x)[n — k)| dx

is well-defined and finite for every vy, ..., vx € CZ(R").
Proof Fix vy, ..., v € C2(R") and let w € C(R"\{0}) be defined by
w(x) = [x["* det(D?v; (x), ..., D2 (x), D*hgn (x)[n — k])
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for x € R"\{0}. By the multilinearity of the mixed discriminant and (4.7) the function w is
bounded on B"\{0}. Using polar coordinates, we obtain

/ |¢(1x]) det(D?vy (x), . .., D*vp(x), D?hpn (x)[n — k)| dx
Rll

= / /!r"‘lc(r)w(ry>|drdH”‘1<y),
sn—1 0

where H"~! denotes the (n — 1)-dimensional Hausdorff measure. The result now follows
from our assumptions on ¢ together with the fact that w is bounded on B"\{0}. O

The following result shows how replacing & » by %h%n once in the mixed discriminant
corresponds to taking an integral transform of the density function.

Lemma6.5 Letl <k <n—1landlete > 0.Ifvy,..., v € CZ(RM) andD2v1(x) =0 for
every x € ¢B", then

/ ¥ (Ix]) det(D?v; (x), ..., D*vg(x), D*hgn (x)[n — k]) dx
R}’l
:/ p(|x]) det(D?v (x), ..., D?vi(x), D*hgn (x)[n — k — 11, I,,) dx

for every yr € C[%((O, 00)), where p € Cp((0, 00)) is given for s > 0 by
o _ [,
t

s s

p(s) =

Proof Observe that our assumptions on vq imply that the mixed discriminants in both integrals
vanish on ¢ B”. Since the support of ¥ is bounded, this implies that both integrals are well-
defined and finite.

Let&(r) = [ ﬂ) ds for t > 0. Since ¥ € C7((0, 00)) we have & € C;((0, 00)) and

furthermore ¥ (f) = —&'(£)t% as well as @ = —&/(t)t for t > 0. Thus, we need to show
that

/ £ (Ix)|x]? det(D?vy (x), . .., D®v (x), D*hgn (x)[n — k]) dx
Ri’l
= / (&"(IxDIx| + &(IxD) det(D?v; (x), . .., D*vg (x), D*hpn (x)[n — k — 11, I,,) dx
RM
(6.2)
for every vy, ...,v € C 2(R™). Since the mixed discriminants in both integrals vanish
on ¢B", we can replace hgn as well as x — £ (|x|)|x|> and x — £'(|x])|x| + £(|x]) by

suitable functions in C?(R") without changing the values of the integrals. Thus after applying
Lemma 6.2 and changing back to the original functions, we obtain that (6.2) is equivalent to

/ [x] det(D%v1 (x), ..., D*vg(x), D*hgn (x)[n — k — 1], D>’ (|x])|x]?)) dx
Rn

2
= / % det(D?v; (x), ..., D*vg(x), D*hpn (x)[n — k — 11, D*(&"(IxDIx| + £(1x]))) dx.
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Using the multilinearity of mixed discriminants, it suffices to show that

/ det (D?v (x), ..., D*vk(x), D?*hgn (x)[n — k — 11, [x| D*(&'(Ix|x|*)

|'x|2 D2 I
R D2 il + 0x1) ax
vanishes. Since we have
D& (D Ix2) = £ (x)) x @ x + " (x| Iy +3° &"") ¥ ®x 426" (x) I
and
DA (el + 6Dy = P w@x 1y + 25 P x @ x
LEUD gD
x| e
we obtain
2 1 "
I D& el — P D2 it + £y = 3 (washi + 0 v @ x)
]

= —%D(W(IXI)X)

for every x € R"\{0}, where D(¥/'(|x|)x) denotes the Jacobian of the vector field x >
¥/ (|x|)x. The result now follows from Lemma 6.3 and the definition of D;;, where we have
used again that we may replace the integrands in a neighborhood of the origin. O

In the next two statements we remove the regularity assumptions of the last result and
treat the case where the support function of the unit ball B” is replaced multiple times.

Proposition6.6 If | <k <n—1landy € Dg—k+1’ then

/ ¥ (|x]) det(D?v1 (x), . .., D*vg(x), D?hgn (x)[n — k) dx
Rn
= / Ry (|x]) det(D?v; (x), . .., D?vr(x), D*hgn (x)[n — k — 11, I,) dx
]Rn

forevery vy, ..., v € CZ(R”), where R~ was defined in Sect. 3.3.

Proof Since s € D!!_, 41 there exists y > 0 such that () = O for every # > y. Note that
by Lemma 3.2 this implies that R 'y (¢) = 0 for every ¢t > y. We will assume first that
there exists ¢ > 0 such that D?v; (x) = 0 for every x € ¢B".

Lety, € Cp((0, 00)) be such that iy, = 1 on [g, 00) and ¥, = 0 on (0, £/2]. Observe that
this implies that R, =R~y on g, 00). For 8§ > 0 we can find Yes € C,%((O, 00)) such
that Y, s = Oon (0, £/2]U[y +6, 0o) and such that ¢, s — ¥ uniformly on (¢/2, y+6) (and
thus on (0, 00)) as § — 0. By the properties of ¥, this also implies uniform convergence
of R’lwg,a to R~y on (0, 00) as § — 0. Using that D2v; = 0 on ¢B", Lemma 6.5, as
well as the fact that the integrands in each of the following integrals are continuous and have
compact support, we now have
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/ ¥ (Ix]) det(D?v1 (x), ..., D*vg(x), D*hgn (x)[n — k]) dx
R"
:/ Ve (|x]) det(D?vy (x), . .., D*vp(x), D*hign (x)[n — k) dx
Rn

= 8lin01+/ Ve.5(1x]) det(D?vy (x), . .., D*vp(x), D*hgn (x)[n — k]) dx
e Rll

§—0F

= lim/ R, s(1x]) det(D?vy (x), ..., D?vg (x), D*hgn (x)[n — k — 11, I,,) dx
Rn
=/ R (x]) det(D?*v1 (x), . ..., D?ug(x), D?hign (x)[n — k — 11, ;) dx
Rll

= / R (1x]) det(D?v; (x), . .., D*vr(x), D*hgn (x)[n — k — 11, 1,,) dx,
]Rn

which completes the proof under the additional assumptions on v;.

For general v; € C?(R"), observe that without loss of generality we may assume that
v1(0) = 0 and Vv((0) = 0. Thus, there exist 8, ey > 0 such that |v;(x)| < ﬁlxl2 and
[Vui(x)| < Blx| for every x € 2g0B". Let ¢ € C2([0, o0)) be such that o(t) = 0 for
t € [0,1] and ¢(¢) = 1 for t € [2,00). For ¢ € (0, g9), set vy (x) := vi(x) p(|x]|/e)
for x € R". We now have Dzvl,e(x) = 0 for every x € ¢B" and our assumptions on v
together with the fact that ¢ is constant on [2, o) imply that D?v; ¢ is uniformly bounded
on y B" for every ¢ € (0, &9). Moreover, Dzvl,g — D%y, pointwise on R” as ¢ — 0.
Since ¢ € DZ—k+1 the limit lim,_, o+ =1y (1) exists and is finite. By Lemma 3.2 and since
DZ—k+1 = D;‘:,l, we have R~! Y € D;_, and thus also lim,_, g+ *R=1y(¢) exists and is
finite. Hence, by the first part of the proof and Lemma 6.4 combined with the dominated
convergence theorem we now obtain

/ ¥ (Ix]) det(D?v; (x), . .., D?vk(x), D*hgn (x)[n — k]) dx
]Rn
- 111&/ ¥ (|x]) det(D?vy ¢ (x), D*vy(x), ..., D*vp(x), D*hgn (x)[n — k]) dx
£~ R~
e—071

= lim R (1x]) det(D?vy ¢ (x), D*vp(x), ..., D?vp(x), D?hgn (x)[n — k — 1], 1)) dx
]RVL

=/ Ry (|x]) det(D?v; (x), D?va(x), . .., D®vp(x), D?hgn (x)[n — k — 1], I,) dx,
]Rn

which concludes the proof. O

Proposition6.7 If 1 < j <n—land¢ € DL?, then

/R edx) [D*v(x)]; dx = (’;) /R ) R ¢ (|x]) det(D*v(x)[j1, D*hgn (x)[n — j]) dx

for every v € C2(R").

Proof Letl < j<n—1land¢ € D;? be given. We claim that
/ R" ¥ ¢ (|1x]) det(D?v(x)[j1, D*hpn (x)[n — k1, L[k — j1) dx
Rn

= /R ) R *ED e (|x]) det(D*v(x)[ 1, D?hpn (x)[n — (k + D], L[k + 1) — j]) dx
(6.3)
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forevery k € Nsuchthat j <k <n—1landeveryv € CZ(R™). Indeed, as IS D’,? it follows
from Lemma 3.2 that R" %z € D’; Since D"/‘. = DZ—kﬂ' and DZ_,H_J. - D;}_Hl,
now follows from Proposition 6.6.

Applying (6.3) recursively (n — j) times (for each possible value of k), we obtain that

the claim

/R R ¢(|x]) det(D*v(x)[ ], D*hpn (x)[n — j]) dx
= fR £(xD) det> v, Inln = j1) dx

forevery v € C 2(R™). The statement now follows from (3.4). O

7 Proofs of the main results

In this section, we present a new proof of the existence of functional intrinsic volumes,
Theorems 1.2 and 2.1. Moreover, we prove our main results: the new representations of
functional intrinsic volumes, Theorems 1.6 and 2.5, as well as the Steiner formulas, Theorems
1.4 and 2.3.

By the duality relations between valuations on Convg. (R") and Conv(R”; R), it is enough
to prove the results for valuations on Conv(R"; R), that is, to prove Theorems 2.1, 2.3 and
2.5. Theorems 1.2 and 1.4 are immediate consequences of their counterparts on Conv(R"; R)
while Theorem 1.6 follows from Theorem 2.5 combined with Theorem 5.5.

7.1 New proof of Theorem 2.1

The statement is trivial for j = 0 and follows from Proposition 4.4 for j = n. So, let
l<j<n—1land¢ € D;.’. We set o := (’;)R"_f; and note that, by Lemma 3.2, we have
a € D}'. We define Z: Conv(R"; R) — R by

Z(v) ::/ a(lx]) dMA; (v; x).
Rn

By Proposition 4.4, the definition of MA ; (v; -), and (4.3), the functional Z is a continuous
and dually epi-translation invariant valuation on Conv(R"; R). It is easy to see that Z is
rotation invariant. For v € Conv(R”; R) N C%(R"), it follows from Theorem 4.5 (c) and (d)
that

20) = [ i) det@ o)1, DPhan (0l — 1) d
Rn
and thus, by Proposition 6.7, the valuation Z satisfies (2.1) for v € Conv(R"; R) N CZ(RM).

We conclude that Z has the required properties and remark that it is uniquely determined
by (2.1), since Conv(R"; R) N C_%_ (R™) is dense in Conv(R"; R).

7.2 Proof of Theorem 2.5
For j = n the statement trivially follows from Proposition 4.4 and Theorem 4.5 (d). Next,

consider the case j = 0 and let ¢ € D and o € Cc([0, 00)) be as in the statement of the
theorem. Using polar coordinates and (4.6) we now have
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V’(;z(v):/ c()x]) dx = nk, lim/ ") dr
’ Rn s—>0t Jg

=Kna(0)=/ a(IXI)dMA(th;x)zf a(|x]) dMAg(v; x)
]Rn Rn

for every v € Conv(R"; R), which proves the statement for j = 0. Finally,let1 < j <n—1
and ¢ € D;.'. For v € Conv(R"; R) N C2(R"), it follows from (2.1), which was established

in the new proof of Theorem 2.1 for v € Conv(R"; R) N C 2(]R”), and Proposition 6.7 that
Vi () = /R ¢(xD[D*v(0)]; dx
_ (" n—j 2 . 2 :
=\ R*"¢(|x) det(D v (x)[j1, D hpn (x)[n — j]) dx.
RH
Combining this with Theorem 4.5 (c) and (d), we obtain
V’; (V) :/ a(|x]) dMA; (v; x).
b R~ :

The statement now follows from Proposition 4.4 and the fact that Conv(R”; R) N C%(R") is
dense in Conv(R"; R).

7.3 Proof of Theorem 2.3

Let¢ € D, be givenand for0 < j <n,let¢; € D;? be defined as in (2.2). By Theorem 2.5
and (4.4) we have '

Ve +rhgn) = A& (1x]) AMA (v + rhgn; x)

=> (’;)r"_j fR ¢(x]) dMA (v; x)
j=0

for every v € Conv(R”; R) and r > 0. Using Theorem 2.5 again and Lemma 3.2, we obtain
that

n
<J.) /R C(xDAMA i) = 0 Vi (0) = K V] (0)
Kn—j

for every 0 < j < n and v € Conv(R"; R), which concludes the proof.

8 Additional results and applications

In this section we prove additional results and derive further applications. Section 8.1 con-
tains a second proof of the functional Steiner formula, Theorem 1.4, which uses the Hadwiger
Theorem on convex functions, Theorem 1.3. In the subsequent subsection we use the proper-
ties of mixed Monge—Ampere measures to obtain a new representation of functional intrinsic
volumes. In Sect. 8.3, we show how the classical Steiner formula (1.1) can be retrieved from
our new functional version. The final subsection partly answers the question, which functions
playing the role of the unit ball give rise to all functional intrinsic volumes in a Steiner-type
formula.
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8.1 Alternate proof of Theorem 1.4

Our approach for this proof follows the proof of the classical Steiner formula from [27, The-
orem 9.2.3] and uses Theorem 1.3. We remark that multinomiality with respect to infimal
convolution of continuous, epi-translation invariant valuations on Convy.(R") was estab-
lished by the authors in [14]. For polynomial expansions for a different functional analog of
the volume on convex functions, see Milman and Rotem [36].

Let ¢ € Dj, be given. It is easy to see that u > V, ;(u [ Ign) defines a continuous,
epi-translation and rotation invariant valuation on Convg.(R"). Thus, by Theorem 1.3 there
exist functions Z i€ D;‘ for 0 < j < n such that

n
Vig @Ol =3V, ()
j=0

for every u € Convg (R"). Using the epi-homogeneity of functional intrinsic volumes, we
now have

n n
Vo O (1)) =" Voo (2 euw) Olpn) = 1" Zvj’gj(,l_ )=y " Vg
j=0 j=0
for every u € Convg(R") and r > 0.

In order to determine the functions Z’ j for 0 < j < n, we evaluate the last expression for
u = uy with t > 0, where u;(x) := t|x| + Ign(x) for x € R". Since

0 for0 < |x| <,
(uy O (r-Ipn))(x) = {t(x| —r) forr <|x| <1+,
400 for1 +r < |x|,

a simple calculation shows that

Vo, (u, O (r -1pn)) / c(IV(@u, O (@ -Ipn))(x)]) dx
(14r)Bn

1+r

ka2 (0) + nlcng'(t)/ s" s

k" (0) + ) <?)r"‘f K¢ (1)
j=1

for every r > O and 7 > 0. A comparison of coefficients combined with Lemma 3.3 shows
t~hat R”’fgj(t) = ¢(t) foreveryt > 0and 1 < j < n. Thus, by Lemma 3.2, we get
¢ = R~=D¢ forevery 1 < j <n.

For j = 0, observe that

o0
Vo) = Vi (") = / E(lx)dx =n«y, lim / " lE@) dr
’ R~ s—=0% Jy

for every u € Convs.(R") and & € Dy. Thus, our calculations combined with Lemma 3.2
and the definition of Dg show that

12 (0) = Vg, (ur) = nicy /O o(s)s" " ds = k, R"(0)
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for every t+ > 0. Since VO,EO (u) is independent of u € Convy.(R") and only depends on

R" g:o (0), it easily follows from Lemma 3.2 that~we may choose g:() =R7"¢.
The result now follows by setting {; = ﬁfi = ﬁR’(”’f);“ and observing that

Vj,gj (u) = kn—j Vj W)

for every u € Convg.(R") and 0 < j < n.

8.2 Representation formulas for functional intrinsic volumes

Let1 < j < n. By Theorem 2.5,
ij;(v):/ a(|x)) dMA, (v; x)
, -

for v € Conv(R"; R) and ¢ € D'}, where o := (';)R"’j{. If, in addition, v € CZ(R"\{0}),
then Theorem 4.5 (c) and (d) imply that '

Vi (0) = a(0) V;(3u(0) + /R a(lx]) det(D?o()Lj1. D?hpn ()ln = jD dr.  (8.1)

Correspondingly, by Theorem 1.6, we obtain that
Vi) = /R a(ly) dMAT (u; y)

for u € Conve.(R") and { € D', where « is defined as before. If, in addition, u €
C 3_ (R™\ argmin u), then Theorem 5.4 (c) and (d) combined with Theorem 5.5 imply that

V() = a(0) V;(argmin u) + %/ a(IV(x)]) T j (u, x) dx. (82)
. R}’l

(7)

Note that o can be extended to a function in C.([0, 0c0)) which implies that the densities
in the integrals in (8.1) and (8.2) are not singular. Hence, in the special cases considered
here, we obtain a representation of functional intrinsic volumes as Hessian valuations with
continuous densities and an additional term involving classical intrinsic volumes.

8.3 Retrieving the classical Steiner formula

As a further application of Theorem 1.4, we retrieve the classical Steiner formula (1.1) from
(1.5). We need the following result, which shows how the classical intrinsic volumes can be
retrieved from the functional intrinsic volumes.

Proposition 8.1 ([16], Proposition5.2) If 0 < j <n—1land¢ € D;’, then
V. (g) = kn jR"7(0) Vi(K)
forevery K € K". If{ € DI, then

Vi (Ix) = ¢(0) Vo (K)

for every K € K".
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Let r > 0 and choose u to be the convex indicator function of a convex body K € K".
We have

u D (r'IBn) = IK D (}"'IBn) :IK+rB”

and therefore Theorem 1.4 combined with Lemma 3.2 and Proposition 8.1 implies that

n
LOVa(K +rB") =V, (g O (r-Ip0)) = > r" IV, gy (k)
j=0

=00y " i jVi(K)

Jj=0

for every K € K" and ¢ € Dj;, which gives the classical Steiner formula if £ (0) # 0.

8.4 General functional Steiner formulas

We remark that the proof of Theorem 1.4 shows that Steiner formulas for convex functions
are also obtained if we replace the convex indicator function Iz» by any radially symmetric,
super-coercive, convex function. Similarly, the support function 4 p» in Theorem 2.3 can be
replaced by any radially symmetric, finite-valued, convex function. However, in general such
formulas do not give rise to all functional intrinsic volumes V; ¢ thatis, notall ¢ € D;’ will

appear in the polynomial expansion. For example, if v € Conv(R"; R) N C%r (R™), then it
easily follows from (2.1) and the definition of mixed discriminant that

n
Vit grhg) =Y "IV () (8.3)
j=0

for every ¢ € D! and r > 0. By continuity, (8.3) also holds for all v € Conv(R"; R). Here
we use that D)) € D" for every 0 < j < n to show that the functional intrinsic volumes
appearing in (8.3) are well-defined. However, the classes D), and D"t do not coincideif j < n,
which shows that not all functional intrinsic volumes Vfl’ ¢ with¢; € D;? are obtained in this
way.

This raises the question for which convex functions ¢ : [0, c0o) — R we obtain all func-
tional intrinsic volumes when we replace /g by ¢ o hpn. Let VConv ; (R"; R) be the set of
continuous, dually epi-translation and rotation invariant valuations on Conv(R"; R) that are
homogeneous of degree j. By Theorem 1.3, we know that

VConv;(R";R) = {Vj ,: ¢ € DY}

for0 < j < n. We obtain the following complete description if we use a regularity assumption
for ¢.

Theorem 8.2 Ler ¢ € C2([0, 00)) be convex and such that ¢'(0)>0.Forl <j<n-—1,
VConv; (R"; R) = {/R B(x) dAMA[jl, ¢ o hprln — jl; x): B € Cc([0, OO))},
if and only if ¢'(0) > 0.

We require the following results for the proof of Theorem 8.2. The function v, is defined
in (3.6).
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Lemma8.3 Let Z1,7Z>: Conv(R"; R) — R be continuous, dually epi-translation and
rotation invariant valuations that are homogeneous of degree j with 0 < j < n. If
Z1(vs) = Zy(vy) foreveryt > 0, then 21 = 7.

Proof By Theorem 2.2, there exist {1, {2 € D;.’ such that

Zi(v) =V, and  Zp(v) = Vi, @)

for every v € Conv(R"; R). If j = 0, then both Z; and Z, are constants, independent of
v, and thus the statement is trivial. For 1 < j < n, it follows from Lemma 3.4 and our
assumptions on Z; and Z, that

n n—j vk _ _ _u* _ n n—j
e )R () = VL () = Zi(u) = Zo(v) = Vi, ) = k()R T 02(0)
J ’ ’ J
for every t > 0. By Lemma 3.2 this implies ¢; = ¢» and thus Z| = Z;. O

We remark that it would be of great interest to find a proof of the previous lemma that does not
require Theorem 2.2. In particular, this would provide a new strategy to prove the Hadwiger
theorem for convex functions.

Lemma84 Letl < j <n - 1, let ¢ € C2([0, 00)) be convex with ¢’ (0) > 0and B €
C.([0, 00)). If the functional Z.: Conv(R"; R) — R is given by

Z() = /Rl B(Ix]) dMA(v[jl. ¢ o hpe[n — jl; x), (8.4)

then
ka(BOS O + = ) f B ()T dr) =Zw)  85)
t
fort > 0.

Proof First, let¢p, ¢ € C 2([0, 00)) be convex and such that ¥’(0) = 0. We want to compute
the mixed discriminant

det (D*(¢ o hpn)[n — j1, D*(Y 0 hpn)[ /).

For x € R", setr := |x|. For r > 0, by the radial symmetry of ¢ o hg» and ¥ o hp» and by
choosing a coordinate system such that e, is parallel to x, we obtain

D26 o k) = diag (200 P 1),
D*(y 0 hpn)(x) = diag (1/’ . 1” (’) Y ))
r
where diag(A1, ..., A,) is the n x n diagonal matrix with entries A1, ..., A, in the diagonal.

Therefore, for ¢ > 0,

¢'(r) b Y/ (r)\»
r r

-1
det (DX(@ 0 hpn)(x) + e DX 0 hn) () = ( ) @) +ev" ().

Using the previous expression and (3.1), we obtain, after some computations, that

det (D?( 0 hpn)(x)[n — j1, D*( 0 hpn)(x)[j]) =

— (o)
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Next, assume that 8 € CCl ([0, 00)). By the previous step and Theorem 4.3 (c),
/R BUD AMA@ o hprln = 1. 0 halj1: ) = /0 p0) (/0T 0)) ar

e /O B ()" (r) dr
(8.6)

where we used polar coordinates, integration by parts and the condition ¥'(0) = 0. For
t > 0, set

Y (r) ;= max{0, r — t}
for r > 0. Note that for v;, we have
=Y ohpn.

For t > 0, there exists a sequence of convex functions v, ; converging to ¥, uniformly in
[0, co0) and such that , ; € C 2([0, 00)) and 1//; j -(0) = Oforevery j. Moreover, the sequence

Y, j can be chosen so that wt j is uniformly bounded and converges pointwise to ¥/, in [0, 00)
except for r = t. By (8.6), the weak continuity of Monge—Ampere measures, the fact that
the support of S is bounded, and the dominated convergence theorem, we obtain that

fR B AMA L1, 6 o kg — j1: ) = —ky / B/ ()" dr.
n t

Integration by parts gives

/R B(xD) dMA(v;[j], ¢ o hpn[n — j]: x)

=k (B )"+ (n — ) / B ()" " (r) dr).
t

This equation, which has been proved in the case g € C C] ([0, 00)), can now be extended to
the case that 8 € C.([0, c0)) by approximating 8 uniformly on its support by a sequence of
functions in Ci ([0, 00)). O

Theorem 8.2 follows from the next two propositions.

Proposition 8.5 Let ¢ € C2([0, 00)) be convex and let ¢’ (0) > 0. If Z: Conv(R"; R) - R
is a continuous, dually epi-translation and rotation invariant valuation that is homogeneous
of degree j with 1 < j <n — 1, then there exists p € C.([0, 00)) such that

Z(v) = /R” B(1x]) dAMA(v[j]. ¢ o hpn[n — jl; x)

for every v € Conv(R"; R).
Proof Given o € C.([0, 00)), define the function 8: [0, c0) — R as

B1) = —i( O f ~ L</>”<r)clr) 8.7)
¢ (1) D) g it ’ '

where we use that ¢’(¢) > 0 for every ¢ € [0, 00). Also note that 8 € C.([0, 00)). We claim
that B is a solution of the equation

k(B " + (= ) f BRI ()T dr) =a). (88
t
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If we assume that o € Ccl, ([0, 00)), then also B € Ccl. ([0, o0)) and (8.8) can be written in the
form

—Kn / ” B' ()¢ ()" dr = a(r).
t

Hence the claim is easily verified under the additional assumption on «. The general case is
obtained by approximation.
For t > 0, define

a(t) = Z(vy).

By Theorem 2.2, Lemmas 3.4 and 3.2, we know that « € C,([0, 00)). For this function «,
define B : [0, c0) — R by (8.7). Define Z: Conv(R"; R) — R as

Z() = /R” B(|x[) dAMA(v[;]. ¢ o hps[n — jI: x).

By Proposition 4.4, the functional Z is a continuous, dually epi-translation and rotation
invariant valuation on Conv(R"; R) that is homogeneous of degree j. By Lemma 8.4 and
(8.8),

Z(v) = Z(Ut)
for every ¢ > 0. By Lemma 8.3, this implies that Z = Z. O

Proposition8.6 Letr 1 < j < n—1.If ¢ € C2%([0, 00)) is convex and ¢'(0) = 0,
then there exists a continuous, dually epi-translation and rotation invariant valuation
Z: Conv(R"; R) — R that is homogeneous of degree j such that

Z(v) = [ B(lx]) AMA(v[j1, ¢ o hprln — j1; x) forallv € Conv(R"; R)
Rn
is not verified by any € C.([0, 00)).

Proof Let a € Ccz([O, 00)) be such that «’(0) > 0. By Lemma 3.4 and Lemma 3.2, there
exists a continuous, dually epi-translation and rotation invariant valuation Z on Conv(R"; R)
that is homogeneous of degree j such that

Z(vy) = (1)

for t > 0. Assume that there exists 8 € C.([0, 00)) such that (8.4) is satisfied for this
functional Z. By Lemma 8.4, the function f has to verify (8.5). Asa € Cg([O, 00), we have
BeC cl ([0, 00)), and the equation takes the form

o0
_Kn/ B'(r)¢' ()" dr = a(r)
t
for ¢+ > 0. Consequently,

__ L=l
PO== | Fer

for ¢+ > 0. By the conditions on ¢ and «, we conclude that
lim B(t) = +oo,
t—0t

which is a contradiction. O
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