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Abstract

We establish partial regularity for the w-minimizers of quasiconvex functionals of power
growth. A first-order partial regularity result of BV w-minimizers is obtained in the linear
growth case under a Dini-type condition on w. Only assuming the smallness of @ near the
origin, we show partial Holder continuity in the subquadratic case by considering a normalised
excess.

Mathematics Subject Classification 35J47 - 3550 - 49N60

1 Introduction

We investigate the local regularity of maps u: € — R that almost minimize a variational
functional .%, which is given by

F(u, Q) ::/ F(Vu)dx (1.1)
Q

on WP (2, RV), where the integrand F : RV>*" — R is assumed to be strongly quasiconvex
(in Morrey’s sense [54]) and of p-growth. See Sect. 2 for any undefined notation.

When the integrand F is of p-growth for p € [1, 00), the functional .# is obviously
well-defined for u € W7 (2, RY). Now assume that € is a bounded Lipschitz domain. In
the case p > 1, one can apply the direct method to obtain the existence of a minimizer in the
Dirichlet class W; 7 (€2, RN) for some boundary datum g € W7 (2, RY). Considering the
compactness issue for p = 1, we study a suitably relaxed problem in BV instead of working
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with W11 maps. To extend the integral to maps of bounded variation, we follow Lebesgue
[48], Serrin [59] and Marcellini [52], and define

Fo(u, Q) :=inf { liminf/ F(Vuj)dx : {u;} C Wg’l(Q,RN)’
Q

J—>00
uj — uin Ll(Q,RN)}. (1.2)
An integral expression of . (u, 2) was found in [46] based on the work by Ambrosio and

Dal Maso [4], and Fonseca and Miiller [29]. When F is quasiconvex, of linear growth and
L! mean coercive, we have

dD%u
Fo(u, Q) = F(Vu)d F° d|D*
@) /Q(u>x+/g (dwsu') Dul

+/ F¥((g — ) @ ve) dH™™,  (13)
a2

where vg, is the outward unit normal on d€2. The third term is present as the trace operator is
not continuous with respect to the weak™* topology in BV. We abbreviate the first two terms
by

Fu, Q) ::/ F(Du) ::/ F(Vu)dx—i—/ F°°< dD"u > dD%u|. (14
Q Q Q d|D*ul

This expression coincides with the extension by area-strict continuity of (1.1) from W!! to
BYV (see [46], Theorem 4).

Our focus in this work is on w-minimizers, which are also called almost minimizers.
This concept is closely connected to the elliptic parametric variational problems studied in
geometric measure theory (see [3, 12, 23]), where the analogues are called (F, ¢, §)-sets
or almost-minimal currents. See [27] for more comments on the connection between the
variational problems in our setting and geometric measure theory. It was Anzellotti [6] that
first studied w-minimizers in non-parametric problems, and some later work can be found
in [21, 24, 25, 58]. The solutions to multiple problems (for instance, minimizers subject to
some constraints) are w-minimizers of some suitable functionals. The introduction of this
notion, therefore, allows us to unify the study of those problems. We refer to [6, 24, 38] for
more background information and some examples.

Definition 1.1 Suppose that F: R¥*" — R is of p-growth, and .% and . are defined as in
(1.1) and (1.4), respectively.

(a) Whenp > l,amapu € W,L’f (€2, RN) is said to be an w-minimizer or almost minimizer
of % with constant Ry > 0, if for any ball Bg = Br(xo) CC 2 with R < R( and any

NS W,,l’p(BR, RM), we have

ZF(u, BR) < (v, BR) + o(R) (14 1|Vv|?)dx. (1.5)
Br

(b) Whein p=1,amapu € BV, (2, RN) is said to be an w-minimizer or almost minimizer
of % with constant Ry > 0, if for any ball Bg = Br(xo) CC 2 with R < R( and any
v € BV, (Bg, RY), we have

Zu, Bg) < Z (v, BR) +w(R) | (1+|Dv)). (1.6)
Br
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Alternatively, we can replace the w-related term by w(R) fBR 1+ |Vul? 4+ |Vu — Vou|P)dx
(w(R) fBR(l + |Du| 4 |Du — Dv|) for p = 1). This definition is more general and appears
in some examples. See [24], § 2 for details. We remark that our results (Theorem 1.2 and 1.3)
also hold true in this case with only slight modification to the proofs.

Here, the function w is defined on [0, co) and is nonnegative. Typically, it is assumed to
be small enough near the origin, which explains the word “almost” in the definition above.
To be more precise, we assume

(wl) w: [0, 00) — [0, 1] is nondecreasing, and @ (0) = lim,, g w(t) = 0.

For our first result, the first-order partial regularity, the following properties are furthermore
required:

(w2) There exists 8 € (0, 1) such that ";( ) is non- increasing in (0, 00);
(@3) The Dini-type condition: for any p > 0, & 1 (p) < 00, where

B (p) = /” w* () d
0 t

Sometimes, a more specific control of w is assumed:

(04) w(t) < At?F' for some B € (0, 1).

In this case, condition (@3) is satisfied, while (w2) might not hold anymore. The condition (w4)
can significantly simplify the discussion about w.

To state the first result, we also specify the assumptions on F. See (2.3) for the definition
of Ep.

(H1) |F(2)| < L(1 + |z|P) for any z € RN*" with L > 0;
(H2) F is strongly quasiconvex in the sense that F — £ E, is quasiconvex for some £ > 0;
(H3) Fisin cm (RNxny,

Our first result is the partial regularity for the derivatives of w-minimizers:

Theorem 1.2 Suppose that the function F satisfies (H1)-(H3) with p = 1, and w satisfies
(@1)-(@3). If u € BVipe (2, RY) is an w-minimizer of Z, then it is partially regular in the
following sense: there exists a relatively closed " -null set S, C 2 such that u is C' on
Q\ S,. Furthermore, the gradient Du has a local modulus of continuity p — p* + E% (p)

on Q\ S, forany a € (0, 1).

In particular, if (w4) holds, we have u € Cloc (Q \ Sy, RM).

Partial regularity for w-minimizers under the Dini-type condition (like (@3)) has been
done in the super-linear case (see [21, 24, 25]), and the result above gives the counterpart for
the end point case (p = 1).

An excess decay estimate plays an important role in our proof of Theorem 1.2. In particular,
we need to estimate the series Z?o:o ®*(t/ R) for some o, T € (0, 1) when iterating this
process. Such an estimate is essential to control (Du)y, g as R — 0, and is guaranteed
by (®2) and (@3). Then it is natural to ask what happens if we only assume the smallness
of w near the origin (w1). In this case, the regularity of Du as above is no longer expected,
but it is still possible to get the partial Holder continuity of u in the subquadratic case (cf.
[25]). See Subsec. 4.5 for details. For the second result, a more precise characterisation of
the second derivatives of F is required and we replace (H3) by the following with L > 0:

(H3)) F is C? with |F"(z)| < L(1 + |z])?~2 for any z € RN*";
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(H3;) F” is Lipschitz and satisfies

L|z1 — z2]
+ lz1l + 122137’

Theorem 1.3 Suppose that the function F satisfies (H1), (H2), (H3) and (H3;) with 1 <
p < 2, and w satisfies (w1). If u € Wllo",D(Q, RY) is an w-minimizer of Z, then it is partially

C
regular in the following sense: there exists a relatively closed £"-null set S,, C 2 such that
ue CHQ\ S, RV) forany a € (0, 1).

loc

for any z;, zo € RV,

[F7(z1) — F(z22)| < g

The strategy used for most partial regularity results, which is also followed by us, dates
back to De Giorgi and Almgren, who worked on minimal surfaces in the context of geometric
measure theory. This method was later adapted by Giusti and Miranda [39] to prove the partial
regularity for minimizers in some variational problems, and by Morrey [56] for the solutions
to certain elliptic systems. It was Evans [27] that showed the first partial regularity result
in the quasiconvex setting. Shortly afterwards, Fusco and Hutchinson [33], and Giaquinta
and Modica [35] extended the result to functionals with general integrands F(x, u, Vu),
and Acerbi and Fusco [1] dealt with integrands of p-growth with p > 2. Carozza, Fusco
and Mingione [16] first studied the subquadratic case (1 < p < 2), and there are various
results afterwards, including [2, 15, 20, 22]. As to the linear growth case (p = 1), there are
only limited references. Anzellotti and Giaquinta [7] showed a partial regularity result in the
convex case, and some later references for convex functionals include [9-11, 36, 58]. Some
recent progress in the quasiconvex case is given by Gmeineder and Kristensen [42].

The literature on regularity in quasiconvex settings is extensive, and the list above is far
from complete. We refer to [42] and the monograph by Giusti [38] for a thorough review.
The question about the size of singular sets in partial regularity results remains open, but see
[43—45] for some estimates of the Hausdorff dimensions of singular sets in different set-ups.

The key step in our proof is to establish the aforementioned excess decay estimate, which
is similar to the one for linear homogeneous elliptic systems with constant coefficients (see,
for example, [34], § I11.2 ). With a harmonic approximation process and a Caccioppoli-type
inequality, one can transfer the estimate for solutions to elliptic systems to (w-)minimizers.

The proofs of the two theorems (Theorem 1.2 and 1.3) are in the same spirit and there
are several difficulties especially in our situation. One difficulty appears in the harmonic
approximation, where it is impossible to work in the natural space W12 for a linear elliptic
system. This is due to the lack of integrability in the case 1 < p < 2. We also emphasize that
in the linear-growth case, a weak reverse Holder inequality is unavailable. Thus, one cannot
apply Gehring’s lemma to obtain a higher integrability, which is usually helpful in showing
the excess decay estimate. The approximation process in Subsec. 4.3 is adapted from an
approach by Gmeineder and Kristensen ([42], § 4.3), and in that process they used a Fubini
type property of BV maps and truncation to construct an explicit test map. The difference
between minimizers and w-minimizers also leads to an issue, as for the latter there are no
Euler-Lagrange equations holding true. However, thanks to the almost-minimality, we are
able to establish an Euler-Lagrange type inequality with the help of Ekeland’s variational
principle.

Another obstacle turns up in the proof of Theorem 1.3. Since the continuity of Vu does
not hold anymore, the excess decay estimate cannot be carried out as in Theorem 1.2. Instead
of estimating the typical excess, we normalise it by 1 + [(Vu)y, r| and then try to control
the oscillation of Vu on that scale. This method is inspired by [30], where the authors
studied elliptic systems (variational functionals) with coefficients a(x, u, Du) (integrands
F(x,u, Du)) only continuous in (x, u) in the case p > 2. The solutions (minimizers) in
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this case may be considered as almost minimisers of a family of functionals (see [24], § 2).
However, the subquadratic counterpart does not directly follow from the approach in [30]
due to the inhomogeneity of our excess integrand E,. Thus, to switch among different
normalising factors, we need to control the ratios between them. A zero-order regularity
result for w-minimizers is done in [21] under similar assumptions for the quadratic case
(p = 2), and there are similar results in the scalar case in [18, 49, 50, 53].

We believe that the approach used to prove Theorem 1.2 also applies to w-minimizers
in the super-linear case (p > 1), which were studied in [21, 24, 25]. In the subquadratic
case, an Euler-Lagrange type inequality was also obtained in [25] (Lemma 5), with which
the harmonic approximation was carried out indirectly. This method can also be adapted into
our case (see Subsec. 4.7 and Remark 5.5).

It is worth mentioning that some variational problems originated from, for example, plas-
ticity, are posed in the space of maps of bounded deformation, where symmetric gradients
Eu = %(Du + Du') are considered instead of gradients Du. Two recent pieces of work by
Gmeineder [40, 41] present the Sobolev and partial C Lo regularity theory for B D minimiz-
ers. We refer to them and the references therein for the background and existing results in
this direction. Moreover, one can consider general elliptic operators and the corresponding
variational problems. The trace theorem and the existence of minimizers are established in
[14] for functionals defined with C-elliptic operators. Franceschini [31] studied the case of
R-elliptic operators and proved the corresponding partial regularity result.

The organisation of this paper is as follows. Section 2 contains some preliminaries, which
include the basics of functionals defined on measures and BV maps. Subsection 2.4 presents
some background results on elliptic systems, which will be used in the harmonic approxi-
mation step. In Sect. 3 we state some auxiliary results about and properties of the integrands
involved. The proof of Theorem 1.2 is given in Sect. 4, and is split into six steps. The first
goal is to obtain a Holder-type continuity result of Du, after which we further utilise the
boundedness to show regularity to the full extent. At the end we also sketch how to approach
our result with an indirect argument. Section 5 is devoted to Theorem 1.3, and some details
are omitted since the main steps are similar with those in Sect. 4.

2 Preliminaries
2.1 Basic notation

This subsection is for clarifying the notations used throughout the paper.

The n-dimensional Euclidean space R" is equipped with the Lebesgue measure £".
Throughout the paper, the symbol €2 indicates a bounded open set in R” with n > 2 if not
specified. For any measurable set S C R",if 0 < 2" (S) < oo, the average of f € L(S, H)
is denoted by

fs = ﬁfdx = gnl(s) /Sfdx.

The space H here and in the following is a finite dimensional Hilbert space, and we denote
its norm by |-|. For a ball B(x, R) C R", we may use fy g or fg to represent fp(x r). If u
is an H-valued Radon measure on 2 and S CC €2 is a Borel set, the average of i on § is
similarly denoted by pa (:= p(A)/L"(A)).

When considering a locally integrable function or map, we intend the precise representative
of it. For any u € Ll1 ¢ (82, H), it has an approximate limit u(x) £"-almost everywhere, i.e.,
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for £"-almost every x € 2 there exists i (x) € H such that

lim lu(y) —u(x)|dy = 0.

r—0 B(x,r)
Then # is defined on Q2 except for an £ -null set and is called the precise representative of
u. The meaning of u|yp with B being a ball in 2 is clear when u has proper regularity, and
it is considered as both the trace of u : B — H (when defined) and the pointwise restriction
of .

The Sobolev spaces wk.p (2, RN ) are defined as usual, and see Subsec. 2.3 for the space

of maps of bounded variation. For u in W12 (€2, RY), p > 1 and BV (2, RV), we have the
Dirichlet classes

Wa (2, RY) := (v e WHP(Q,RY) :u—ve Wy (Q,RY)} and
BV, (Q,RY) :={v e BV(2,RY) : w,, € BVR",RY), | Dw, ,|(dQ) = 0},

respectively. The map w, , above is defined as u — v in 2 and is extended to R" \ € by 0.
Notice that we can define WL}’] (2, RN) withu € BV(Q,RN) fora Lipschitz domain €2, as
the trace of u exists in L' (92, RV) and can be considered as that of a map in whiQ, RM)
(see [37], Chap. 18).

The space of N x n matrices with real entries is denoted by RY*” and equipped with the
inner product z - w = tr(z'w) for any z, w € RV*" and the induced norm |-|. Let @2 (RN 1y
be the space of symmetric and real bilinear forms on RY*" that is, the space @2 (RN 1y
consists of maps A: RV*" x RVNX" _ R such that

Alz, w] = Alw, z], Alazy + 22, w] = aA[z1, w] + Alzp, w]

for any z, z1, z2, w € RN*" and ¢ € R. The operator norm of A € GZ(RNX") is |[A| =
sup{Alz, w] : |z], lw| < 1}.

Consider an integrand F: R¥*" — R. It is said to be of p-growth (p > 1), if there exists
L > 0 such that

|F(z)| < L(1+ |z|P), foranyz € RV*". 2.1
In particular, the function is of linear growth if p = 1. We say the integrand is

o quasiconvex if for any z € RV>" and any ¢ € C2((0, D", RY) we have
/ F(z+Ve)dx > F(2); (2.2)
o,1)"

o rank-one convex if F(z + t£€) is convex in t € R for any z, & € RV with rank(&) < 1
(ie,& =a®bforsomea € RN, b eR").

We refer to [19] for a thorough discussion about different convexity notions. In particular,
we will use the fact that quasiconvexity implies rank-one convexity (see [19], Theorem 5.3).
When F has sufficient differentiability at a fixed point z € RV*", we consider F'(z) as an
N x n matrix and F”(z) as a symmetric bilinear form in 02 (RN 1y,

The reference integrand in the following is a function defined on any finite dimensional
Hilbert space (the space is not emphasized in the notation):

E,@) =)’ —1:=(1+z)7 - 1. 2.3)
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In particular, we denote E| by E for convenience. More generally, for any ;> 0 define
EM(2) == ((1+ ) + [z)% = (1 + w)?.
It is obvious that

Iy — P <
El@) =+ Ep<l+ﬂ). 2.4)

Given any A € RV*" set E;‘ = ELAl‘

The constants ¢ and C throughout this paper may vary from one line to another, and the
factors they depend on will be specified when necessary.

2.2 Functionals defined on measures

In this subsection, we recall some background results about functionals defined on measures,
that is, functionals with measures instead of only maps as arguments.

Let u be an H-valued Radon measure on an open set 2 C R”. Then the total variation
|p] of it is a real-valued Radon measure on €2. u is said to be a bounded Radon measure if
|1 (2) < oco. By the Lebesgue-Radon-Nikodym decomposition, p can be decomposed as

ac s A

N
= o | ]

Let f: H — R be a Borel function of linear growth. Its recession function is defined by

£ (2) := lim sup f(iw)7 z e H. (2.5)
w—Zz
t—00

Hence, the recession function f is also Borel and positively 1-homogeneous, and satisfies
| f°(z)| < C|z|. Now we can define the signed Radon measure f(u): for any Borel set A
compactly contained in €2, set

£ ><A)-—/f()~—/f(d“>dz"+/f°°< d“)dl N0 26
PR LT L Nae o \agpey) T

For any z € H, we write f(u — z) as a short-hand of f(u — z.£"). If u is bounded, the
definition above can be extended to all Borel subsets of €2 and f(u) is a bounded Radon
measure on 2. If f is in addition assumed to be continuous and the limit superior in the
definition of f°° is a limit which exists locally uniformly in z, then we say that f admits a
regular recession function. The collection of continuous functions with recession functions
is denoted by E{ (H). It is clear that the functions in E; (H) are of linear growth.

We now recall the convergence of Radon measures with respect to some particular function

f.

Definition 2.1 Suppose that {1} and p are Radon measures defined on €2 such that y ; X %
in M(Q,H) and £ (11,)(Q) = f(1)(Q).

(a) w; is said to converge to u strictly if f = |-[;
(b) w; is said to converge to | area-strictly if f = E.

Lemma 2.2 Any Radon measure |1 on S2 can be locally area-strictly approximated by smooth
maps. If u is bounded on Q, the approximation is global.
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This can be done by mollification with the help of Theorem 2.2 and 2.34 in [5].
A generalisation of a result by Reshetnyak (see [57] and the appendix of [46]) states that
if f: H — Risin E{(H), then

/waj)e/ﬂﬂm

for w; — p in the area-strict sense. An immediate corollary is that convergence in the
area-strict sense implies that in the strict sense.

2.3 Maps of bounded variation

For maps of bounded variation and the relevant results, we refer to [S]. Some definitions and
results are stated here for later use.

Consider a bounded open set @ C R". A map u: Q2 — R" is said to be of bounded
variation ifitisin L' (€2, RY) and its distributional derivative can be represented by a bounded
RN*"_yalued Radon measure, i.e.,

|Du|(2) := sup{/ u-div(g)dx : ¢ € CHQ, RV, |g| < 1} < o0.
Q

The space of maps of bounded variation is a Banach space under the norm |ul| gy (q) =
lullprq) + | Dul(€2).

Convergence with respect to the BV norm is rather strong and rarely used. Instead, we con-
sider two other forms of convergence: Suppose that {u;} C BV (£, RM), u € BV(Q,RY)
and u; — u in L'(©2, R"). We say that {uj} converges to u in the BV (area-)strict sense if
{Du j} converges to Du in the (area-)strict sense as in Definition 2.1.

It is well-known that smooth maps are dense in BV (<2, R™) in the BV area-strict sense:

Lemma 2.3 Let 2 C R" be a bounded open set without any additional regularity assumptions
on dQ. Ifu € BV (2, RN), there exists a sequence {u;} C W,,l’1 N C® (2, RN) such that
u; — u in the BV area-strict sense. If u € WL, RN), we can further require strong
convergence in wLiQ, RM).

See [47], Lemma 1 for a proof. The following lemma allows us to approximate a map of
bounded variation in energy and is helpful in various cases. See Theorem 4 in [46] for details.

Lemma 2.4 Suppose that G: RVN*" — Ris rank-one convex and of linear growth. IfQ C R
is a bounded Lipschitz domain, uj,u € BV (L2, RMYandu j —> uinthe BV area-strict sense,
then

/G(Duj) — / G(Du) asj — oo. 2.7)
Q Q

The two lemmas above give a direct corollary:

Lemma 2.5 Suppose that Q@ C R" is a bounded Lipschitz domain. Foranyu € BV (2, RV),
there exists a sequence {u;} C Wul’1 N C® (2, RY) such that uj — u inthe BV area strict
sense. Furthermore, for any function G : RN*" — R that is rank-one convex and of linear
growth, we have

/G(Duj) — / G(Du) as j — oo. (2.8)
Q Q
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Remark 2.6 Notice that E(- — zg) for any zo € RV*" is convex by (3.3), and thus rank-
one convex. Obviously it is of linear growth and then Lemma 2.5 applies to E(- — zo).
The lemma also holds for functions satisfying (H2) with p = 1 as quasiconvexity implies
rank-one convexity.

The next result is a Fubini-type property for BV maps. It involves BV maps on subman-
ifolds of R", which are well-defined by local charts and partitions of unity. In our case, we
only consider (n — 1)-spheres, which can be covered by two local charts that correspond
to the stereographic projections from two antipodal points. The two charts are taken to be
such that they both correspond to a bounded open subset of R”~!, over which the induced
metric is comparable to the natural one on R”~!. Thus, we can apply various results for maps
defined on (open subsets of) R"~!. Fora BV map u: 8B — R, we denote its tangential
approximate gradient by V. u, which exists H"~!-almost everywhere on 9 B. Its tangential
distributional derivative is denoted by D-u. Indeed, the former is the absolutely continuous
part of the latter with respect to H" 'L 9 B, and the two coincide when u € W17 (3B, RN)
with p > 1.

Lemma 2.7 Let By denote a ball B(xy, R) C R" and u be a map in BV (Bg, RN). Then for
L -almost every p € (0, R), the pointwise restriction u|yp ’ coincides with the traces of u
from B, and B\ Bp, andisin BV (0B,, RM). Forany two radiiry, ry withQ <r; <r, <R,
we can find p € (r1, r2) such that the above holds and the total variation ofulagp ondB, is
bounded by that of u:

/ |De(ulyp,)| < cln, V) |Dul. (2.9)

3B, 2 =11 JB,\By,

This lemma is Lemma 2.3 in [42] and allows us to work on those balls over the boundary of
which a BV map has nice properties. To see this, we recall the definition of fractional Sobolev
spaces. Let X be an embedded d-submanifold (d < n) of R” and s € (0, 1),r € (1, 00). The
space W*" (X, R™) consists of maps u: X — R of which the Gagliardo norm

1
”””W”(X) = (”“”rLr(X) + [“];VM(X))’ s
is finite. The semi-norm is defined by

hpneony = [ [ B arel o anel ),

Lemma 2.8 Let B be a ball B(xg, R) C R" and v € BV(dB,RY). Then we have v €
W=7 (3B, RY) and

1
(f / |U(X) - v()’)|2 dHn_l(X) dH"_l(y)> " < CR% 7[ |D1;U|, (210)
o Jop |x —y|"*" 9B

where C = C(n, N,r) > 0. The range of r depends on the dimension:
n
r=——, n=>3
n—1
re(,2), n=2.

This lemma is a corollary of several embedding results. See [13], Lemma D.1 forn > 3, and
[61], Lemma 38.1 and [62], §3.3.1 for n = 2. There is also a discussion after Lemma 2.4 in
[42].
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2.4 Estimates for elliptic systems

We will need some results on Legendre-Hadamard elliptic systems. A bilinear form A €
@2 (RN 1) is said to satisfy the strong Legendre-Hadamard condition if there exists A, A > 0
such that

Aln®§.n®&] = A5, foranyn e RY & e R",
{A[z, 7] < Alz)?, for any z € RV>", @D
We say that u is A-harmonic in some open set €2 if it satisfies
—div(AVu) =0 (2.12)

in the distributional sense in 2.

Lemma 2.9 Suppose that A € OZ(RNX") satisfies (2.11) with some A, A > 0. If h €
WL (Bg, RN) is A-harmonic in the ball Bg = B(xg, R) C R”, then h is in C*°(Bg, RN),
and for any z € RN*" and some ¢, = c4(n, N, %) > 0 we have

sup|Vh — z| + Rsup|V2h| < ca + |Vh — 2| dx. (2.13)
Bpr Bpr Bgr
2 2

This lemma is classical and obtained with, for example, the results in [34], § II1.2 and [38],
§ 7.2. The next result is also classical, and see Proposition 2.11 in [42] and the references
therein for a proof.

Lemma 2.10 Suppose that A € QQ(RNX”) satisfies (2.11) with some A, . > 0. Let r €
(1, 00), g € [2, 0) and B be the unit ball in R".

(a) Forany g € Wl_%”(BB, RN), the elliptic system

(2.14)

—div(AVh) =0, inB
hlap = g, on 0B

admits a unique solution h € W7 (B, RN), and there exists C = C(n, N, r, %) >0
such that

Ihllwir g rYy < C IIgIIW,,;,,-(aB,RNy

(b) Forany f € L9(B,RN), the elliptic system

(2.15)

—div(AVw) = f, inB
wlgp =0, ondB

admits a unique solution w € w24 N W(;’q(B, RN), and there exists C =
C(n,N,q, %) > 0 such that
lwllw2az, wyy < CIf Lo, mY)-
Remark 2.11 1f we only consider the gradient Vi above, itis enough to control || VA || WLr(B.RN)
by [g]W‘*%"‘(aB, RN)

trp g exists in Wl_%”'(B, RM) (see [37], Sect. 18.4). The estimate of Allwrr g ryy in ()
can be then replaced by ||g||W1,r(B,RN).

with considering g — (g)sp. In particular, if g € wbhr(B,RY), its trace
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3 Auxiliary results for the integrands

The first two subsections are devoted for estimates of the integrands involved in our proof.
Some proofs are omitted and we refer to [42] for details. Two corollaries of the quasiconvexity
of F are given in the third subsection.

3.1 Estimates for the reference integrand

We show some properties for the reference integrand E, that will be useful later. In the
following, only the case p € [1, 2) is considered.
Obviously, we have that E ,(z) is C2, and an elementary calculation gives

E,(w)z = p(w)’w -z, 3.1)
Ep(w)lz, 2l = pw)? (w2 + (p — Dlw - 2. (32)

Considering the two cases p € (1,2) and p = 1 separately, we have
p(p = D)2z, pe2)
(w) 7 |z, p=1

Thus, the function E, is a convex function. In the following, we only consider E, with
1 < p < 2. By the definition and convexity of E, it is easy to get the following:

Ep(w)lz,z] > (3.3)

Lemma 3.1 Suppose that 1 < p < 2and seta; = /2 — 1, ay = 1. Then the following holds
aymin{[z[?. 2P} < Ep(2) < ax min{|z|”, |z}, (3.4)
E,(az) < max{a, az}Ep(z) and Ep(z+w) < 2(E,(z) + Ep(w)) 3.5)
foranya > 0 and any z, w € H.

A corollary of (3.4) is

1
Iz|IP <1+ —E,(z), foranyz eH, pe[l,2). 3.6)
ap

Lemma3.2 Letl < p <2, B C R" beanopenballandu € L? (B, H). Then for any z € H
we have

/E,,(u—ug)dx§4/ Ep(u —z)dx. 3.7
B B

When p = 1, the function u can be replaced by a bounded H-valued Radon measure, and
the inequality holds in the relaxed sense as in (2.6).

It is easy to show this lemma for L” maps with (3.5) and Jensen’s inequality, and the estimate
for Radon measures follows by mollification.

Lemma3.3 Let 1 < p < 2, B C R”" be an open ball and f € LP(B,H). Set £ =
fg Ep(f)dx, then we have

ﬁlfl” dx </E2+2¢. (3.8)

When £ < a, it is obvious that the right-hand side can be replaced by /(2 + a)E. When
p = 1, we have the analogue holds for bounded H-valued Radon measures.
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The above lemma gives the estimate of fB | f1? dx in terms of fB E,(f)dx, and can be
shown by Jensen’s inequality and taking the inverse of E.

By definition, we know that for £ ;‘, A € RVNX" the analogues of Lemma 3.1 and 3.2
hold. Moreover, for any p € [1, 2) there exists ¢ = c¢(p) > 0 such that

1 Iz|? A N
—EA@) < —— < (E%), foranyze RM*", 3.9
- » @) AL 1A+ D=7 » @) y (3.9)

3.2 Estimates for the shifted integrand

Given any C? function F: RV*" — R, we define for any w € RN*" the corresponding
shifted integrand

Fy(2) == F(z+w) — F(w) = F'(w)z

1
=/ (1 =0)F"(w+12)[z, z]dr. (3.10)
0

Lemma 3.4 Suppose that F: RN*" — R is C? and satisfies (H2). When p € (1,2), there
holds, with ¢ = c¢(p) > 0,

/Fw(V(p)dxzcﬁ/ E,’f(Vgﬂ)dx, 3.11)
B B

nl*1€ 17
(w)>=

F'w)n®&n®&l>ct (3.12)

forany ball B C R", w € RV*" ¢ Wol’p(B, RM), n € RN and & € R". For p = 1, the
corresponding estimates are, with C > 0,

/Fw(w)dx > ce/<w>*3E(V<p)dx, (3.13)
B B

In|*|£]?
(w)?
The first estimate (3.11) can be showed with the quasiconvexity condition (H2), [16],

Lemma 2.1 and (3.9). See [42], Lemma 4.1 for (3.13). The Legendre-Hadamard estimates
(3.12) and (3.14) follow from the convexity of £, and [28], 5.1.10.

F'w)n®& n®E&] = Ct

. (3.14)

Lemma 3.5 Suppose that F: RV*" — R satisfies (H2),(H3) with p € [1, 2). Then for any
m > 0 and any w € RVX" satisfying |w| < m, we have

[ Fy(2)] < CEp(2) (3.15)

hold for C = C(m,n, N, L, p) > 0. If we assume (H31) alternatively with p € (1, 2), the
estimate becomes

|Fu(@)| < CEJ(2) (3.16)
with C = C(L, p) > 0.

Proof The estimate (3.15) can be obtained with direct calculation and Lemma 3.7 by con-
sidering the cases |z| < 1 and |z| > 1 separately.
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For (3.16), by definition, Taylor’s theorem and (H3;), we have the estimate
[Fu(@)| = |F(z+w) — F(w) — F'(w)z]

1
= |/ F"(w+tz2)(1 — 1) dt[z, z]|
0

! 11—t 5
§L/ SR -
o (L4 |w+1z])>~P

Lemma 2.1 in [16] implies that the integral in the last line is controlled by C(p)(1 + |w| +
|z])P~2. The estimate (3.9) then gives the desired result. ]

Lemma 3.6 Suppose that F: RVN*" — R satisfies (H2),(H3) with p € [1, 2). Then for any
m > 0and any w € RV X" yith |w| < m, there exists a constant C = C(m,n, N, L, p) >0
such that
|Fy(0)z = F,,(2)| < CE(2). (3.17)
Alternatively, with (H31), (H3;) and no bound for w, we have
IFL(0)z — Fl@)| < C( + |w)?2E (2) (3.18)
withC = C(n, N, L, p) > 0.

Proof The estimate (3.17) can be easily obtained by considering the two cases separately.
When |z| < 1, there holds

|Fy(0)z — Fpy ()] = [F'(w)z — (F'(w +2) — F'(w))]

1 1
= ’/ (F"(w) — F'(w +tz)) - zdt| < c/ tz>dr < CE(2),
0 0

where the last line is from (H3) and that w + ¢z, w € B(0, m + 1). In the other case, we
estimate the three terms directly with Lemma 3.7:

|Fyy(0)z — Fpy ()] = [F"(w)z — (F'(w + 2) — F'(w))]

Izl

>1
< Com)|z| + CLQ+ |w+1z|P~ " + 121771 "< C(m, L)zl < CE(z).  (3.19)

For (3.18), the proof is in a similar manner. When |z| < 1 4 |w|, the condition (H3;)
implies

1
|Fl(0)z — Fl,(2)| = ’/ (F"(w) = F"(w +12)) - zdt
0

/1 tz)?
<L
o (14 |w|+|w+tz])3-P

|Z|2 2w
<C(+|whPE"(2).

p<2 p—1
< L+ w|) m <

When |z| > 1+ |w], the estimate can be obtained in a way similar to (3.19) with Lemma 3.7.
O
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3.3 Local lipschitz continuity and mean coercivity

In this subsection, we state two corollaries of the quasiconvexity of F. One is the local
Lipschitz continuity of F' and the other is its L” mean coercivity.

It is well-known that separately convex functions are locally Lipschitz (see [55], p.112,
and [32, 51]). Lemma 2.2 in [8] gives a better estimate constant. As a corollary of the above
results, the following lemma gives the growth of the derivative of a quasiconvex integrand.

Lemma 3.7 Suppose that G: RN*" — R is a real-valued function and of p-growth with
p €[l,00),ie.,

IG()| = LA +[zI”)

for some L > 0 and any z € RN*"_If G is furthermore quasiconvex, then there exists a
constant C = C(n, N, p) > 0 such that

G'(@)] < CL(1+[2|"™D). (3.20)
In particular, G is Lipschitz when p = 1.

The next result is the L” mean coercivity of F, which helps us control the L?-integral
of [Vu| forv e Wh7 by f F (Vv) dx. For a thorough discussion of the connection between
coercivity and quasiconvexity, see [17].

Lemma 3.8 Suppose that F: RV*" — R satisfies (H1) and (H2) with p € [1,2). Fix a
ball Bg = B(xo, R) C R" and u € WP (Bg, RN), then there exist a3 = az(p,¥),as =
as(n,N,L, ¢, p, F) e R,as =as(n, N, L, £, p) > 0 such that
a3][ [Vu|P dx +aq4 < ][ F(Vv)dx +a5f [Vul? dx (3.21)
Br Bgr Br
forany v € Wul’p(BR,RN).

Proof First, with the triangle inequality and (3.6) we have

7[ [VulP dx < C)p (IVv — Vu|? + |Vu|?) dx
Bg Br

<Gy (1+a1_1Ep(Vv—Vu)+|Vu|”)dx. (3.22)
Br
Notice that v — u € Wy'” (Bg, RY), then (H2) implies
K][ E,(Vv—Vu)dx 5][ F(Vv —Vu)dx — F(0). (3.23)
BR BR
To estimate the integral on the right-hand side, we apply Lemma 3.7 to get
1
(F(Vv—Vu) — F(Vv))dx| < ][ / |F'(Vv — tVu)| |Vu| dt dx
Bg Br JO

1
§CL][ /(1+|vU—tw|"*‘)|Vu|drdx
Br JO

<CL | (Vul+ |Vul? + |Vul |Vv|P~ " dx
Bg

<CL (1+(1+0]_p)|Vu|p+a|Vv|p)dx, (3.24)
Bg
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where the o is to be determined. Combining (3.22)-(3.24), we know that

][ [Vu|P dx < cl][ 1+ 1+ |Vul? + o |Vu|?) dx
Br Br

+ 2 (F(Vv) — F(0))dx + Cp,
Br

where c; = c1(n, N, p, L, £) > 0,c2 = ca(p, ) > 0. Take 0 = ﬁ, then (3.21) follows. O

Remark 3.9 The convexity of |-| together with Remark 2.6 tells us that (3.21) can be extended
to maps in BV, (Bg, RY) if p = 1.

4 Partial regularity for Du

This section is for the proof of Theorem 1.2. The function F is assumed to grow linearly near
oo (i.e., p = 1) and we consider BV w-minimizers.

4.1 Caccioppoli-type inequality

We now give a Caccioppoli-type inequality of the second kind, which is a modified version
of Proposition 4.3 in [42].

Proposition 4.1 Suppose that F: RN*" — R satisfies (H1)-(H3) with p = 1, and u €
BV (2, RN is an w-minimizer ofﬁ with constant Ry > 0, where w satisfies (w1). Then
for any m > 0, there exists c = c(m,n, N, L, £) > 1 such that the following holds: for any
B(xg, R) CC Q with R < R and any affine map a: R" — RY satisfying |Va| < m, we

have
u—a
/ E(D(u—a))ic(/ E( )dx—i—a)(R)R"). 4.1)
By B R

Proof Let F = vaa, iU = u — a. Then u is an w-minimizer of the relaxed functional
corresponding to F. Fix g <t < s < R. Take a smooth cut-off function p between B; and
B, with p € C°(Bs) and |Vp| < -2 and set ¢ = pu, ¥ = (1 — p)u. Let {¢.} be the

s—t1’

standard mollifiers and ¢, = ¢ * ¢, then ¢, € Wol‘1 (By, RY) when ¢ < dist(supp(p), 8 B).
The strong quasiconvexity of F gives, as in (3.13),

C(m,z)/ E(v%)dxg/ F(Vg,)dx.
By )

N

Take ¢ — 0, then

C/ E(Dgo)s/ F(Dy).

s By
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We can further proceed as follows:
E(Dg) < / F(Dg)

C/ E(Dun) SC/
B, s By

= / F(Dﬁ)+/ F(Dgo)—/ F(Di)
B, B, B,
< / ﬁ(Dw)+w<s)/<1+|Dw|>+/ ﬁ(Dw)—/ F(Dit)
By B; Bs By
(:

3 c/ E(Dw>+w<s>/ (1+|le>+€/ (E(Dg) + E(DiD).
By Bs

s\ By

The second term can be estimated by the triangle inequality and (3.6):

w<s>/ (1+ DY) < w(s) (wns"+/ |Dw|)
By By

<2w(s)wys" + C/ E(Dv).
By

Inserting this into the estimate of C f B, E(Du), we obtain
[ o =c [ Eow+ [ (EDo+EDD) + Cows”
B; By B\ B;

= / E((1—=p)Dii —i® Vp) + / (E(Dit) + E(pDit + 1 ® Vp)) + Caw(s)s”
By\B

< c/ E(Dﬁ)+C/ E<L> dx + Cw(R)R".
Bo\B; s s —1

Now we can apply the hole-filling trick, adding C f B, E(Du) to both sides, and divide the
inequality by C + 1. Finally, by the following iteration lemma we have the desired inequality.
O

Lemma 4.2 Suppose that 6 € (0, 1), R > 0 and the two functions ®, ¥ : (0, R] — R are
positive.  is bounded, and \V is decreasing with V(o p) < O'_Z\IJ(,O)fOI’ anyp € (0,R],0 €
(0, 1]. If for any % <t <5 < R there holds

D) <O D(s)+W(s—1)+ B 4.2)

for some B > 0, then we have, for some C = C(0) > 0,
R
[} <E> < C(¥(R)+ B). 4.3)

This lemma is widely used in the proofs of Caccioppoli-type inequalities and can be shown
by modifying Lemma 6.1 in [38].

4.2 Euler-lagrange inequality

The minimizers of regular functionals satisty the corresponding Euler-Lagrange equations. In
the case of w-minimizers, we do not have such equations hold anymore, while a corresponding
inequality can be obtained instead with the help of Ekeland’s variational principle(see [26]
and [38], Theorem 5.6).
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Lemma 4.3 (Ekeland variational principle) Suppose that (X, d) is a complete metric space
and F: X — RU {oo} is a lower-semicontinuous function with respect to d, not identically
oo and has a lower bound. If for some u € X and ¢ > 0 we have

F(u) < inf F(v) + &,
veX

then there exists a w € X satisfying the following:

(@) d(u,w) < /e
(b) F(w) < F(u);
(©) F(w) < F(v) + /ed (v, w) forany v € X.

Suppose that F: R¥N*" — R satisfies (H1)-(H3) with p = 1, w satisfies (w1) and u €
B Ve (2, RV) is an w-minimizer of .% with constant Ry > 0. Take Bg = B(xg, R) CC
such that R < Rp, |Du|(dBg) = 0 and ulyp, € BV (3B, RY), which is possible by
Lemma 2.7. For any § > 0, Remark 2.6 implies that there exists us € W,} ’I(IB% r, RY) such

that
][ sl g s, ][ E(Du) —][ E(Vus)dx| <8, (4.4)
Bgr R Bg Br
][ F(Vug)dx —][ F(Du)| <. 4.5)
Br Br
By the w-minimality of u we know
Z (u, BR) §</°:(U,BR)+a)(R)/ (1+ |Dv)) (4.6)
Br
for any v € BV,,(Bg, ]RN).
Again from Remark 2.6, we know that
inf Z (v, BR) = inf F (v, Bg) =: 1

veW, 1 (Bg,RN) veBV, (Bg,RN)

and there exists {v;} C Wul’l(BR, RM) such that Z (vj, Bg) — I. The mean coercivity of
F (Lemma 3.8) implies

1
(l+|Dv,~|)dx§1+—<][ F(ij)dx—l—asf |Du|—a4>
Bgr ’ as Bg Br

a, as 1
sl——+—1 |Dul+— F(Du) +38;
as a3 JBgr as Br

5.
<+ (ag+a7|Dul)+ -,
B az

L

where §; := F(vj, BR) — I — 0as j — oco,and ag = 1 +
vj in (4.6) and let j — oo, then we have

—ay __as+L
o a1 == . Take v to be

F (u, Bg) < inf F (v, BR) + a)(R)/ (as + a7|Dul) . 4.7
veBV, (Bg,RY) Bg
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Set ¢ = w(R) fBR (a6 + a7|Dul). From the above estimate of [(1 + |Dv;|) dx we can
see ¢ > 0. Then by (4.5) we have
inf Z (v, BR) + w,R" (¢ + 6)
veBV, (Bg,RN)

= ]ilnf , F (v, BR) + w, R" (¢ + 6),
veW, ' (Bg.RN)

F(us, BR)

IA

where w, = Z"(B(0, 1)) is the Lebesgue measure of the unit ball in R”. Consider the
complete metric space X = Wul’l(BR, RN with d(w;, wp) = fBR|V(w1 — wy)|dx. To
apply the Ekeland variational principle Lemma 4.3, we take F(w) = fBR F(Vw)dx and
replace € by € + §. Then there is w € W,,l’l (Bg, RM) such that

(@) d(us, w) < +e+3;

(b) F(w) < Fus);

(©) F(w) < F() + e +8d(w,v), forany v € X = W, "' (Bg, RV).

For any ¢ € WOI’1 (Bgr,RM), we take v = w + t¢ and insert it into (c) to obtain

][ F(Vw)dx < ][ F(V(w +tg))dx + e +8)t| 4+ |Vo|dx.
Bg Br

Br

Differentiate with respect to ¢, then we have an Euler-Lagrange inequality

< e +5][ |Vo|dx. 4.8)
Br

][ F'(Vw)Vedx
Bg

4.3 Harmonic approximation

Now we compare u with a harmonic map & which coincides with it on the boundary of a
certain ball. With the estimate of u — &, we are able to transfer some regularity of & to u.

Proposition 4.4 Suppose that the function F: RN*" — R satisfies (H1)-(H3) with p = 1,
o satisfies (wl) and u € BV, (L2, RN is an w-minimizer ofj with constant Ro > 0. Let
m > 0 be a fixed constant, a: R" — RN pe affine with |\Va| < m and F = Fy,. Assume
that Bg = B(xo, R) CC Q2 is a ball such that |Du|(0Bg) = 0 and u|yp, € BV (dBg, RM).
Then the system

{ —div(F"(0)Vh) =0, in Bg 49)

hlor = ulaBg, on dBg

admits a unique solution h € WL (Bg, RY) such that

1
<][ |Vh—Va|’dx>r §C][ Dy (1 — a)]. (4.10)
Bpr dBR

The exponent r is as in Lemma 2.8 and C = C(m,n, N, %, r) > 0. Furthermore, for any

q € (1, H”Tl), there exists a constant C = C(m,n, N, L, £, q) > 0 such that

— q
][ E (” h) dx < C (7[ E(D —a))) +C(Je + Ve, @.11)
Br R Bg

where ¢ = w(R) fBR (ae + a7|Dul) is as in last subsection.
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Proof From (H3) and (3.14) we have that |F”(0)] < C(m) and satisfies the Legendre-
Hadamard condition. By Lemma 2.8 we know that u|yp, € W1 T(@Bg, RN) for a proper

r and
1
(][ / lu(x) — M()’)l dHn—l(x) d'H”_l(y)) < CR%f |Drul.
0Bg JoBk |x — y|ntr dBr

Lemma 2.10 implies the existence of a unique solution i € WL (Bg, RY) to (4.9). By
replacing u by i, we have the estimate (4.10).

Let 8, us and w be as in last subsection. Take an arbitrary ¢ € CZ°(Bg, ]RN), then we
have

7[ F"(0)[V(w — h), Vgldx = ][ F"(0)[VW, Vg]dx
BR BR

(F"(0)[V, Vgl — F' (VD) V) dx +][ F'(Vw)Vgdx

Bgr Br

< c][ E(Vd)|Vo|dx + vz +8 + |Vo|dx, 4.12)
Br Br

where W = w — a and the last line is obtained with Lemma 3.6 and (4.8). By approximation,
¢ can be taken in Wé’oo Nnc! (Br, RM). To obtain the desired estimate, we need to find a
proper test map ¢, before which we scale to the unit ball B(0, 1)(=: B).

Define ¢ := w — h, and set

¥ (xo + Ry) @(xo + Ry) ~ w(xp + Ry)
Viy)=——55—"", o) i=——-", W) i=——"-.
R R R
Consider the system, with A := F’(0),
—div(AV®) =T(¥), inB
( ) ) (4.13)
Plyp =0, on 0B,
where
v, V] <1
T(¥) = 7 4.14
(¥) LT (4.14)
(W]

As T(W) € L®(Bg, RY), the solution ® exists and lies in W, N W>*(Bg, RV) for any
s > 1. We take s > n so that by Morrey’s inequality

V@[ L < Cl|®[ly2s < CIT(W)ls < C (f E(W) dX>l . (4.15)
B
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Thus, the following can be deduced from (4.12)

][ E(W)dx < az][ min{|¥|, [¥|?} dx = a> 7[[T(\IJ), W] dx
B B JB

= aZ][ AV, V¥]dx = az][ A[VY, VO]dx
B B

(4.12) ~
< C][ E(VW)|V®|dx + arv/e + 6 ][ |V®|dx
B B

<C (7[ E(VW)dx + vz + a) (7[ E(W)dx)s
B B

Setting ¢ = 5" = %, we can obtain

. q
7[ E(W)dx <C (7[ E(VW) dx) +Ce+8)7. (4.16)
B B
Back to Bp, the above inequality becomes
w—h 1 q
7[ E dx <C 7[ E(V(w —a))dx | +C(e+9)2. 4.17)
J Bg R J Bg
To compare u and i, we decompose u — h as (u — us) + (us — w) + (w — h):
u—nh U —Uugs Us — w w—nh
E dx <C E + FE +E|— dx
JBR R J B R R R
lu — us| lus — w| w—h
< C dx +C ——dx+C E dx
By R By R Bg R

—h
< cs+cC |V(u5—w)|dx+C][ E(w )dx
Bgr Bgr R
q
< C(S—I—C«/S—I—B—I—C(][ E(V(w—a))dx) +Ce+8)7,
B

R

where the third line comes from (4.4) and Poincaré’s inequality, and the fourth the difference
between us and w (see (a)) and (4.17). The term concerning w — a can be controlled in terms
ofu —a:

7[ E(V(w —a))dx <C 7[ (E(V(w —us) + E(Vis)) dx
J Bp J BR

< C][ [V(w —us)|dx +C (][ E(Vus) —][ E(Dﬁ)) + C][ E(Diu)
Br Bg Br Br

< CVET34+C®) +C f E(Di),

Br

where C(9) is a é-related constant and goes to 0 as § — 0 (see Remark 2.6). Combining the
estimates above and taking § — 0, we have (4.11) hold. ]
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4.4 Excess decay estimate

For any ball B(xg, R) CC €2, define the excess of « as

&(xg, R) := ][ E(Du — (Du)py).
Br

Proposition 4.5 Suppose that F: RN*" — R satisfies (H1)-(H3) with p = 1 and
w: [0, 00) — [0, 00) satisfies (w1)-(w3). The map u € BVipe (2, RN) is an o-minimizer of
F with constant Ry > 0. If the ball Bg = B(xg, R) CC Q with R < Ry is such that

|(Du)pg| < m, [Du — (Du)pg| <1 (4.18)
Bg

for some m > 0, then we have

EWR) <c(@®+o " "DERTHER) + co ™" Jw(R) (4.19)
holds for any o € (0, 1) and any g € (1, n”j) with some ¢ = c(m,n, N, L, ¢,q) > 0.
Proof When o > % (4.19) is easy to show, and thus we only consider the case o € (0, %).
Set a(x) = ug, + (Du)p,(x — x0), i = u —a and F = Fy,. Take p € ({5R. R) such

that |Du|(0B,) = 0 and l/ﬂaBp € BV (9B, RY), then by Lemma 2.8 and 2.7, we have
ilyp, € Wl_%"(BB,}, RM) (r = Syifn>3,re(1,2)ifn =2), and

. - c -
s,y <€ [ IDetilan) = 3 [ 1Dl (420)
7 R B

9B,

Let & be the harmonic map determined by (4.9) with R replaced by p. We moreover define
h=h—-—a, akx)= fl(xo) + Vfl(xo)(x —Xx9), ap=a-+ay.

Then Lemma 2.9, Remark 2.11 and (4.20) imply

r

|Vh(xo)| < sup|Vh| < c][ |Vi|dx < C ][ |Vi|" dx
Bp B, B,

C
< [a): S T buj=c bl
= [ube]Wl—,l..r — an—l /BR| u| - ]€3R| u|

Then by assumption, it is possible to control |Vag| as follows

[Vaol < |Val + |Vai| < [(Du) gl +C][ [Di| <m+ C =: Cy.
Br
For any o € (0, %), we have 20 R < 5. Lemma 3.2 gives

][ E(Du — (Du)p,z) = 4][ E(D(u — ao)), 4.21)
Bor

Bor
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and inequality (4.1) implies

][ E(D(u—ao))§C<][ E(”_a()) dx+w(20R))

BnR BZnR ZUR
<2C][ p(izk +E h—ar dx + Cw(20R). (4.22)
- Bao R 20 R 20R ' '

By Lemma 2.9 we have, for x € Basg,

|h(x) — a1 (x)] &

20R

< C sup |V2h||x—7xg
20 R

Bysr

< Co R sup|V2h|

Bp
2

<Cof IVildr = Ca f DeGilan,)
B, 9B,
(4.20)
< Co o |Du— (Du)p,|
Bgr

1
<Co <][ E(Du — (Du)BR)>2
Br

The assumption implies fBR E(Du) < JCBR |Dit] < 1, then Lemma 3.3 can be used to get

the last line. Thus, the integral involving & — a; is controlled by the following

][ (P29 4 <k Co(f E(Du — (Du)g ))é
Bao R ZUR - Br R

< azc#][ E(Du — (Du)py). (4.23)
Bg

The term concerning i — h can be estimated with 4.11):

i—h C i—h
E d.xS T E dx
Bao R 20R o' B, 14

q
< % ((f E(D(u — a))) + e+ ﬁq) , (4.24)
B

0

where ¢ = pr (a¢ + a7 |Dul). Considering |Du| < |Du — (Du) ;| + |(Du) g, |, we obtain
by assumption that ¢ < Cw(p). The above estimates (4.21)-(4.24) and the estimate for ¢
together give

q
][ E(Du — (Du)p, ) < nLJrz ((][ E(Du — (Du)BR)> + w(R)>
Bor g Br
+ C(;Z][ E(Du — (Du)p,) + Cw(20 R), (4.25)
Br
which is exactly (4.19). O
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4.5 Iteration

Now it is the time to do iteration with (4.19) and get a first regularity result of u. Before that
we present a lemma concerning the summability of @ to some power.

Lemma 4.6 Forany fixedr >0, o € [%, 1) and T € (0, 1), we have
o0
: 20f
;‘)w“(rfr) < 2 B, (4.26)

where B is as in (w2). In particular,

w¥(r) < Bq(r). 4.27)

Proof The idea is to transform the sum on the left-hand side into that of a series of integrals
on many subintervals of [0, r]. Indeed, by (®2)

‘L'.f*]r o o ,/'—1 T]_f]r
tir 0 (TJ*I,-)Zaﬁ s

() 1 |

= Ty 2 (@ = @I

P21 4

1 4
= —(1 -2 o/ ).

208

Summing over j we obtain

oo
j 20 " w%(p) 208
jzoa)"‘(rfr) . T . o dp = [ 208 Eu(r).

[}

Proposition 4.7 Suppose that F : RNxn R satisfies (H1)-(H3) with p = 1, w: [0, c0) —
[0, 00) satisfies (w1)-(®3) and u € BVipe (2, RN) is an w-minimizer of .F with constant
Ry > 0. Foranya € (g, 1) andm > 0, there exist C = C(m,n, N, L, ¢, o, B8) > 0,&, >0
and Ry > 0 such that the following holds: if Bg = B(xg, R) CC Q is such that

((Du)p,| <m, &g, R) < ‘%’” R <R, (4.28)
then forany 0 < p < R,
P 2a
E(p) <C <E> E(R) + Cy/o(p). (4.29)

Proof By Lemma 3.3, we have

|Du — (Du)pg| < v/3&(R)

Bg

if &£(R) < 1. Thensetg,, < % so that fBR |Du — (Du) g, | < 1. Meanwhile, we take Ry such
that w(R1) < 1. The assumptions of Proposition 4.5 are satisfied and then, for some fixed

q €1, ;5),

EWR) <c(@? 4+ o " DERNHER) + co™ " Jw(R), (4.30)
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where ¢ = c(m,n, N, L,¢,q).Set Cpyp1 =c(m+1,n, N, L, ¢, q)). Take o € (0, %) and
then ¢, € (0, %) such that

1 - o
Cm_,_1c72 < 502‘)’, Cpt10 n+2)ga =1 502‘)‘.

In this case, with ¢| := Cm+1a_(”+2), (4.30) becomes
EWR) < o@&(R) + 1/ w(R).
To do the iteration, we consider the following

A) [(Duyp,, | <m+1,

(1)) £(07R) < a%E(R) + c2y/w (07 R),

(III;) &0/ R) < e,
where ¢; = aﬂiﬁ' The three hold for j = 0. Assume that they hold for j =0, 1, ...,k —1
with k > 1 and do induction. Then (III;) together with ¢,, < % implies fBajR|Du —
(Du) anR' < 1. Combining this with (I;) we have, by Proposition 4.5 and the choice of
o, Em,

k—1
E@*R) < o™ E(R) +c1 Yy o IV /w (oI R)
j=0
k—1
< 02/<0léa(R) +cy Za(j—k)ﬂ-ﬂ(k—j—l)a /w(c*R)
j=0

1
= O'Zkaig)(R) + P _g2aV w(okR),

which actually gives (I ). Take o and R small enough such that o < %, coA/Jo(Ry) < %,
and we furthermore have (Il ). Finally, to get (Ix) we use the triangle inequality

k—1

[(Dw)p ;| < |(Du) gyl + Y _|(Dw)p ;.\, — (Du)g ; I.
j=0

Forany j € {0,1, ...,k — 1}, by Lemma 3.3, (III;) and (II;) we have

(D)5, 41, — (Dw)g | < a—"][ |Du— (Du)g, |

Ba-fR
o "/3&@IR) < 0" (30X E(R) + 362\/w(af'R))%
o (V307 JER) + 3erwt (07 R)).

Sum up the above from 0 to k — 1 with the help of Lemma 4.6 to obtain

IA

IA

k—1
(D), | <m+ V30" (@I /ER) + Jer0t (07 R))
j=0

§m+fo—”(‘”@(Ra)+ *@ﬂﬁ EI(R)>.
I—0% 2q_g5) *
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We require
V3o~ 1 J3cBo" 1
. a\/a<§, — 5 31(R1)<§,
-0 21—-02) *

which can be satisfied when ¢,, << 1, Ry < 1. Then (I) also holds true. Notice that in the
above we have chosen o, &,,, Ry in order such that [(Du)p,| < m, &(R) < % and R < Ry
imply (I;)-(IIL;) for any j € N. Given any p € (0, R), we can take ok*t1R < p < o*R and
get the desired estimate for & (p) by controlling it with & (0¥ R). O

We claim that there exists a relatively closed null set S, C €2 such thatu € C 110 2\
S, RN) and Du locally has the modulus of continuity p — p%+ E% (p) on 2\ S,. Actually,

for any xo € Q2 such that

lim sup|(Du)y,, r| < oo and lim inf][ E(Du — (Du)y, g)dx =0, (4.31)
R—0F R—0% JB(xy,R)

one can show that Du = Vu.2" and Vu has the desired modulus of continuity in a neigh-
bourhood of x¢ by Proposition 4.9 in [42] and mollifying the proof of Theorem 2.9 in [38].
Thus, the set S, C €2 is relatively closed and null with respect to the Lebesgue measure.

4.6 Improvement of regularity

With the regularity proved above, it is possible to further show that the local modulus of
continuity of Du is p — p% + E%(p) for any o € (0, 1). For any open set Q' cC Q\ Sy,

we assume |lullci gy < M () < oo. Then it is sufficient to perform the procedure in the
quadratic case as in [38], § 9.4. For completeness, we sketch the process here.

Proposition 4.8 Suppose that F: RN*" — R satisfies (H1)-(H3) with p = 1, o [0, 00) —
[0, o) satisfies (w1)-(®3) and u € BViye(2, RN) is an w-minimizer of .F with constant
Ry > 0. Let S, be the relatively closed singular set as in last subsection. Take Q' CC Q\ Sy
and M = M (') > 0 as above. For any ball B(xg, R) CC ' with R < Ry, ifa: R" — RV
is an affine map with |Va| < m for somem > 0, thenthere exists C = C(m,n, N, L, ¢, M) >

0 such that
2 |u —al2
IV(u —a)|”dx < C 5 dx +w(R) ). (4.32)
B B R
2

Proof In Proposition 4.1 we have already obtained a Caccioppoli-type inequality with respect
2

to E. By (3.4), we have E(“34) < az%. To deal with the left-hand side, notice that

[V(u — a)| < |Vu|+|Val <M +m and then E(V(u — a)) > Cpy4m|V(u —a)|2. ]

Proposition 4.9 Suppose that F, w, u, S, Q' and M (') are as in Proposition 4.8 and 7 €
RNxn satisfies |zo| < m. There exists ¢ > 1 depending on m,n, N, L, ¢, M and C =
C(m,n,N,L, ¢, M,q) > 1, suchthat |Vu — z9| € legc(Q/), and for any ball B(yy, R) CC
Q' we have

1

q
7[ [Vu —zoldx | < C<7[ |Vu—zg|2dx+a)(R)>. (4.33)
JB(y0. %) JB(30.R)
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Proof Pick B, = B(xp, p) C B(yo, R) with p < R and a(x) = up, + zo(x — xp). The
average of u — a on B, vanishes by the definition of a, and then the Sobolev-Poincaré
inequality implies

2 2
|M —a|2 2 = 2 &
5 dx <C |V(u — a)|™ dx =C |Vu — zo|™* dx ,
B, P B, B,

where 2, = nzTr-lz < 2. Combining Proposition 4.8 we have the weak reverse Holder inequality

][ |Vu — zo>dx < C ][
B% B

The above estimate holds for any ball B, C B(yo, R) with p < Ry and we can replace the
w(p) on the right-hand side by w(R). By the generalised Gehring lemma (see [34], Chap.V
or [60], § 2.3), we know that there is an gp > 1 such that |Vu — z¢| € L% (B(yo, R)) for
any g € (1, go) with (4.33) holding true. ]

2

s
|Vu — zo|* dx) + Cow(p). (4.34)

0

To get the regularity of u, we compare it with a harmonic map again, which is now taken
as the minimizer of a quadratic functional. Take a ball Bg = B(xp, R) with R < Ry and
B(xp,2R) cC ' and consider

{ —div(AVh) =0, in Bg 435)

hlagr = ulaBg» on 9 Bg,

where A = F”(0) with F = Fy, and a(x) = upg + (Vu) gy, (x — x0). It is obvious that &
is the minimizer of

Y (v, BR) := / (F(Va) + F'(Va)V(v —a) + %F”(Va)[V(v —a), V(v —a)]) dx.
Bg

Lemma4.10 Let F,w,u, S,, 2, M(Q) be as in Proposition 4.8, F,a, Bg and h be
as above, and g be the exponent obtained in Proposition 4.9. Then for some C =
Cn,N,L, ¢, M,q) > 0we have

1+
7[ IV —h))dx < C (][ IV(u— a)|2dx) " 4 CwR). (4.36)
J By Bar

Proof Asu € C'(Bg, RN), we have |V(u — h)| € L?>(Bg) and by (3.14)

[V(u —h)>dx < %c/ F"(O)[V(u—h), V(u—h)]dx
Bg

=CG W) =9 )
=C@Gwu) —Fw) +.Fw)— Fh) + Fh) —9h)
= CU+I1I+1II).

Br
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The w-minimality of u, Holder’s inequality and the L2-estimate of (4.35) (see [38], §10.4)
give

II <w(R) | (1+|Vh])dx
Br
< w(R)(@yR" + CR2 |Vl 25,
<w(R)w,R"(1+CM).

By the C! boundedness of u, we have |V(u — a)| < 2M and then I can be estimated as
follows

1
I = —/ / (1—=0)(F"(Va+tVu—a)) — F'(Va))[V(u —a), Vu —a)]dx
Br Jo

<CM) | |V@u—a)lPdx
Br
1

< C(M)w,R" ( . IV (u— a)lq/ dx)y ( [V(u —a)* dx)g
BR BR

(4.33) n( 2 >ql/ < )
< CwyR ][ IV(u —a)|”dx ][ IV(u —a)|"dx + w(2R) ) .
Br Bar

The ¢ can be taken smaller than 2 and thus |V(u — a)|‘1/ < (2M)‘1L2|V(u — a)|. The
estimate of 771 is similar with the help of the L?-estimate of (4.35) (see [38], Sect. 10.4).
Summing up the estimates for I, 11 and /11 gives the desired inequality. O

Proposition 4.11 Suppose that F, w, u, S,, ', M(2") and q are as in Proposition 4.9. Take
a ball B(xg, R) such that R < Ry and B(xg,2R) cC Q. Forany o,y € (0, 1) we have

s
&(WR) <C(oc™"+ 02]’) (éal (2R)1+‘i/ +a)(2R)> + Cozyéﬁ (2R) (4.37)
foranyy € (0, ) withC =Cn,N,L, ¢, M,q,y) > 0, where &1 is the L?%-excess

&1 (x0, p) 1= 7[ Vi = (Vu), | dx.
J B,

Proof Suppose that / is as in Lemma 4.10. For any p < R, the harmonic function 4 satisfies,
by §II1.2 in [34],

2 AR 2
IVh — (Vh)p,|*dx < C (E> |Vh — (Vh)g,|?dx. (4.38)
B, Br

Then the excess of Vu can be estimated by comparing Vu and Vh. With the help of (4.36),
we can obtain (4.37). ]

Replace 2R by R and then the excess estimate is
1
S(@R)<Co " +0%) (é"l(R)Hq’ + w(R)) + Co¥ & (R). (4.39)

It indeed holds for o € (0, 1) as the case o € (%, 1) is obvious. Given « € (0, 1), we take
y > «a and do iteration as in Subsec. 4.5. The final statement is as follows: There exist g > 0
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and R, € (0, Rg) such that if B(xg, R) CC Q' satisfies
€0
E1(R) < > R < Ry,
we have
P 2a
£ip) = C (%) R + Calp) (4.40)

for any p € (0, R) withsome C = C(n, N, L, ¢, M, «) > 0. It is routine to get that Vu has
the local modulus of continuity p +— p%* + E% (p). From the discussion at the end of last

subsection, it is not hard to see that S;,, C X; U X, where

Y= er:liminf][ E(Du — (Du)p,x)) > 0¢,
By (x)

p—0t

Yy = [x € Q : limsup|(Du) g, x)| = oo] .

p—0t

4.7 Indirect argument

In [25] the authors showed the partial regularity for w-minimizers in the subquadratic case
(1 < p < 2), where the harmonic approximation is done via an indirect argument. That
method can be adapted to the linear growth case in this paper, and a sketch of the proof is in
the following. We remark that with this method, only C? regularity of F is needed, in other
words, we replace (H3) by

(H3)Y Fis C? and

|F"(z1) — F"(z2)| < vm(lz1 — 221)
for any z1, zo € B(0, M + 1), where vy is concave and non-decreasing on [0, co) with
vy (0) = lim; o vy (1) = 0.

The Dini type condition of @ can also be relaxed to & 1 (p) < ocoforany p > 0, as the desired

exponent of w(R) is obtained with one attempt in the excess decay estimate.

For this argument, most of the steps in [25] remain the same. The difference is twofold:
the Sobolev-Poincaré inequality and the harmonic approximation.

Define two maps V, W on finite dimensional Hilbert spaces (not specified here):

£ £
\% =" W = —
© (1 + [£[2)3 ©=

Then we can see that |[W(§)| < |V (§)] < 2% [W ()| and |W (-)|? is convex.

Theorem4.12 Let Bg = B(xg, R) C R”" be a ball with n > 2. Then for any u €

BV (Bg, RN) there holds
n—1 n 2 2
dx <cs ( |W (Du)| ) , 4.41)
Bg

(F, ] (=5

where the constant cs depends on n, N. It also holds with W replaced by V.

1
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Proof Notice that |W|? is convex and thus Il W |? is continuous with respect to convergence
in the area-strict sense in BV . Thus, we only need to consider maps in wllin C*°(Bg, RN),
and the general case follows by approximation. For x, y € Bp, itis easy tosee |x —y| < 2R.
Then fix an x € Bg, by Theorem 2 in [25] we have

W2(|u—uR|>< @Ry W2(1Du(y)))
2R ) = (0= DZ"Br) Jgy =y

Integrating with respect to x in B, we get

(u —u;e)

W2(ID
< 7][ / (I M(Y)]l) dy dx
Bgr J Bg |X _)’|"

ﬁ][ W2(1Du(y)l) v — ' dxdy
B Bar(y)

2
dx

IA

f W2(|Du(y)|) dy. (4.42)

IA

To get a higher order integrability of W (Jlu —ug|/R), we need the classical Sobolev inequality.
Consider g = (u — ug)/R and U = W?2(|g|). Notice that W?2(|-|) is Lipschitz, and then
U € Wh1(Bg) with

1g()I2 + Ig()D) ex)
b B : 0}.
Arig@n? ¥ Wigeoy b e Bris#00

The Sobolev embedding for W!! gives

-1
( |U|ﬁdx) §C<R |DU|dx-|—][ |U|dx>. (4.43)
Bgr Bg Bg

When |Du(x)| > 1, from the expression of DU we have

DU(x) =

RIDU (x)| <2|Du(x)| < cW*(|Du(x))).
When 0 < |Du(x)| < 1, apply Young’s inequality and then

1 2 2
RIDU ()| < 27'g11(+|+ 'gi) S0P

< 2min{lgl, |g|*} + cW*(|Dul)
< c(W2(|g]) + W2(|Dul)).

Thus, the first term on the right-hand side of (4.43) is controlled by

|DU|dx < c][ <W2 <%) + W2(|Du|)> dx
Br

Combining (4.42) we have the desired inequality. O

Br

We have obtained a Caccioppoli-type inequality in Proposition 4.1. It is easy to see that
V2(t) ~ E(t), so we have the Caccioppoli-type inequality with respect to V2.
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Lemma4.13 Suppose that F: RV*" — R satisfies (H1),(H2) and (H3) with p = 1, ©
satisfies (w1) with constant Ry > 0, and u € BVipe(Q2, RN) is an w-minimizer of #. Fix
m > 0, then there exists ¢, = c.(m,n, N, L, £) such that for any Bg = B(xo, R) CC 2
with R < Ry and affine map a : R" — RN with |Va| < m, there holds

][ V(D - a)l < ce (7[ v (” _">
B Br R

The w-minimality of u# implies that it is almost an A-harmonic map with a proper A, to
present which we define the excess for u with A € RV>":

2

dx + w(R)) . (4.44)

R
2

1
& (xo, R, A) 1= (][ |V (Du) — V(A)|2)2 .
B(xp,R)

When x¢ (and R) and A are fixed, we abbreviate the quantity as &> (R)(&£). The following
can be showed with the proof of Lemma 4 in [25] by considering Vu and D*u separately.

Lemma 4.14 (Approximate harmonicity) Suppose that F,® and u are as in Lemma 4.13.
For any m > O, there exists c, > 0 depending on mn, N, L such that for any ball Bg =
B(xo, R) CC Q with R < Rg and any A € RN*" with |A| < m, we have

7[ F"(A)[Du — A, Do]| < co(/vu(62)&E + 522 + Vo(R))sup|Dg|  (4.45)
Br Bp

forany ¢ € Cé (Br,RM).
With this result, we are able to approximate u by an A-harmonic map by the following lemma:

Lemma 4.15 Forany e > 0, there exists § = 8(n, N, A, A, &) € (0, 1] such that for any A €
OQ(RNX”) that satisfies (2.11), any ball Bg = B(xg, R) C R" and any v € BV (Bg, R")
with

IW(Dv)|* < y? <1, (4.46)
Br

f A[Dv, Dp] < yésup|Dg|, forany¢ € Cé(BR, RM), 4.47)
Br Bgr
there exists an A-harmonic map h satisfying

][|W(Dh)|2§l, ][ W(”_Vh>
Bgr Bgr R

The proof of this lemma is by contradiction, see Lemma 6 in [25]. The integrals concerning
Vu and D*u need to be considered separately when necessary. Notice that the scaling between
Bpr and B(0, 1) for BV maps does not hold straightforward but can proved by approximation
with W1 N C* maps.

The excess decay estimate can be done with the same procedure as that in [25], Lemma 7.
At some points we need to consider the singular part of the integral of a BV map separately,
which will not make an essential difference.

2
dx < y2e. (4.48)
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Then if a ball Bg = B(xg, R) CC  is such that |(Du)r| < m, and &(R) and R are
taken to be small enough, we will have

2a
EXp) < C ((%) &(R) +a)(R)> . forany p € (0, R).

The desired partial regularity hence follows.

5 Partial regularity for u

This section is for the proof of Theorem 1.3, which gives the partial Holder regularity of
w-minimizers in the subquadratic case without the Dini-type condition (@3). The main steps
are similar with those in last section, so we omit some details and only present an outline
with the difference.

5.1 Caccioppoli-type inequality

To show Theorem 1.3, we need to consider a normalised excess (see (5.12)). Correspondingly,
the Caccioppoli-type inequality in this case also contains a normalising factor (1 + |A]).

Proposition 5.1 Suppose that F: RN*" — R satisfies (H1), (H2), (H3;) and (H3,) with
p € (1,2), and w satisfies (w1). The map u € BVioe(2, RY) is an w-minimizer of F with
constant Ry > 0. Then for any ball Bg = B(xg, R) CC Q2 with R < Rg and any affine
map a: R" — RN with Va = A € RN*", there exists a constant ¢ = ¢(n, N, L, ¢, p)
independent of a such that

/ E <M>d < </ E (&)d + (R)R") 5.1
s P\Tx1a) T =N\ P\ RO+ 1A T ' '
2

Proof Set F := Fu, it = u — a, and fix § <t < § < R. Take a smooth cut-off function

between B; and B with p € C°(B;) and |Vp| < -2 and set o = pu,y = (1 — p)u.

s—t’

Then ¢ € Wol’f’ (By, RN), and the quasiconvex condition (H2) with (3.11) gives
/ F(Vg,)dx zce/ E} (Vo) dx.
s BS

The rest part can be carried out as in Proposition 4.1 with E replaced by E ;‘. We estimate
the term with w (s) as follows

14+ |Vy|?
14 — p
w(s) /B:(l + VY |P)dx = w(s)(1 + |A]) /Bx dT1AD?

(3.6) ! vy
) L, (Vv
Lowariar [ (2428, (1)) @

N

1
<2w(R)w, R"(1 + |A? + —/ EN(VY)dx.
ai Jg
The inequality obtained from above with Lemma 4.2 is

/ E;j(w —A) < c/ E;} <u) dx + Co(R)R"(1 + |A)P, (5.2)
BRr Br R

2
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and then (5.1) follows by (2.4). O

5.2 Harmonic approximation

The result in this subsection can be obtained by modifying the process in Subsec. 4.2 and 4.3,
so we will omit the repetitive part and only give the difference.

Suppose that ', w and u are as in Theorem 1.3, where p € (1, 2). Take B = B(xo, R) CC
Q with R < Ry, and fix A € RV*"_ Similar with Subsec. 4.2, we have

F(u, Bp) < inf F (v, BR) + o, R"e, 5.3)
veW, 1 (Bg,RN)
where ¢ = w(R) JCBR (ag + a7|Vu|P)dx. Consider the complete metric space X =
W' (Bg, RV) with

d(wi, wy) = (1 + A5~ (][ IV (wy — w))|? dx) !
Br

The Ekeland variational principle (Lemma 4.3) then implies the existence of w €
W,'" (Bg. RN) such that, with F(u) = f F(Vu)dx,

(@) d(u, w) < /¢,
(b) F(w) < F(u);
(©) F(w) < F(v) + /ed(w,v), forany v e X = Wa? (Bg, R).

Subsequently, we have the Euler-Lagrange inequality: for any ¢ € Wol’p (Br,RYN) there
holds

1
][ F'(Vw) - Vodx| < Ve(l + AT (][ |Vol|? dx)p. (5.4)
Bgr Bg

Proposition 5.2 Suppose that F: RY*" — R satisfies (H1), (H2), (H3:) and (H3,) with
p € (1,2), and w satisfies (w1). The map u € Wllo’cp (2, RYN) is an w-minimizer of F with
constant Ry > 0. For any ball Br = B(xo, R) CC Q and any affine map a: R" — RN with
Va = A € RN*", the system

(5.5)

—div(F"(A)Vh) =0, in Bg
hlygr = ulaBg, on dBg

admits a unique solution h € Wul’p(BR, RN) such that

1 1
( |Vh—A|”dx)p 50(][ Vi — AP dx)p, (5.6)
Br Bgr

where C = C(n, N, %, p) > 0. Furthermore, set

& (ag + a7 |Vul?)dx, & & max {2 7np’ }
= a a u X, = , r = N N
Bg oy AP A AP n+p
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and denote % = min{%, nfp} by s, then there exists a constant C = C(n, N, L, £, p) > 0
such that
u—nh Vu— A 5
Ep(——)dr<cC Ep(——r ) dx
Bx R(1+|AD Bx 1+ ]A]
L r
—i—C(ej’p +81§’p). 5.7

Proof Define A := F”(A)(1 + |A)2~P. Then from (H3;) and Lemma 3.4 we know that
|A| < L and the operator satisfies the Legendre-Hadamard condition. Lemma 2.9 and the
comment after it indicate that there exists a unique solution z € Wul’p (Bg,RM) to (5.5)
satisfying (5.6).

Set F = Fa,ii =u —aand % = w — a. As in (4.12), we have, by Lemma 3.6, (5.4),
Holder’s inequality and the fact E(z)” < c(p)E(2),

][ F"(0)[V(w — h), Vg]dx
Bgr

(14 1ApP~! (C][ E(Viu))w |dx+8% ][ Y |dx>
s NIt 1al) Y A Jg, ¢
1 Vi 1 ]
’ P w P 1
(14 ]A)P! (7[ Vol? dx) c(f E (7) dx) bl
Iy Jee P\ 1+ A Ap

(5.8)

IA

IA

forany ¢ € W&’oo NC!(Bg,R"). To find a proper test map ¢, we again scale to the unit ball
B = B(0, 1), define ®, ¥ and W as Proposition 4.4 and consider

v

Dl =0, on 0B,

(5.9)

where for any y € RV

v, Iyl <1

Tp(y) = _
P2y, Iyl > 1.

Then we have Tp(%w) € L”/(B, R™) and that (5.9) has a unique solution ¥ € Wol‘p/ N

W27 (B, RV) satisfying
< + )

Take r = max{2, ;’Tp,,}, which is smaller than p’, then ||[V®|| .» can be controlled in the
following way with the Sobolev embedding
()
PA1+ 1A

When |y| < 1, itis easy to see that |Tp(y)|r < |y|2 < iEp(y). If |y| > 1, we consider two
cases:

Pl y2r <Cn,N,r) , foranyr € [2, p']. (5.10)

L

VeI, = C(p,n, N) | ®lly2r < C(p,n, N) ‘ (5.1D)

L"

2n

® a1z

<p<2ie., n'f;, <2andr=2:(p—Dr=2(p—1)<pasp <2;
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np(p—1)

° 1<p<m,1e,n+p, >2andr—n+p, (p—l)r—m<p

In both cases, we have |T,,(y)|" = [y|?~'r < |y|” < CE,(y). Thus, with (5.8), (5.11) and
the difference between u and w (see (a)), the estimate (5.7) can be obtained as in Proposi-
tion 4.4, ]

5.3 Excess decay estimate

For a ball Bg = B(xg, R) CC 2, we define the excess

_ Vu — (Vu)g
E(x0. R) = ]{gR E, (71 IO ) dx. (5.12)

When the centre xg is fixed, we will abbreviate the excess as £(R).

Proposition 5.3 Suppose that F: RN*" — R satisfies (H1), (H2), (H31) and (H3;) with
p € (1,2), and w satisfies (w1). The map u € Wl1 P(Q,RN) is an w-minimizer of F with
Ry > 0. For any o € (0, 1), there exists 1 > 0 such that if

R < Ry, E(x0,R) <& (5.13)
for some ball Bp = B(xo, R) CC 2, then we have
EOR) < 10" "D (ER) + w(R)P) 4 c20E(R) + c30(20R), (5.14)
where s is as in Proposition 5.2 and ¢c; = ci(n, N, L, ¢, p) > 0,i =1,2,3.
Proof We only consider o € (0, %) as it is obvious when o € [%, 1). As in Proposition 4.5,

we define a(x) = up, + (Vu)py (x — x0), 4 = u —a and F = Fvy,. Let h be the harmonic
map determined by (5.5) and set

h=h— a, aj(x)= ft(xo) + Vﬁ(xo)(x —Xx0), ap=a+aj.
With (2.13) we have
|Vh(x0) — (Vu)r| = |Vh(xo)| < C { |Vh|dx

Br
1

SC4][ \Vii|dx < cq (7[ \Vii|? dx)p (5.15)
Bg Bg

In each step, a different normalising factor is needed, and we now give the comparison of
them. The first one is as follows:

L+ 1(Vi)r| < 1+ [(Vu)orl + 07" [Vu — (Vu)g|dx

Bg
1
L+ (Vi) Vu— (VR \" | \?
= 0okl =0, <][B< 1+|(Vu>R|> dx)
<14 1Vl + R Gy, (5.16)

1
where the last line is from Lemma 3.3 if we take ¢; < 1. We further require 0 7" (3e1)2» < %,

. 2np . .
ie.,e < g_ﬁ, then the above estimate gives

L+ [(Vu)r| = 2(1 + [(Vu)s r)- (5.17)
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For 1 4+ |Vh(xp)| and 1 + |[(Vu)sr|, we have

14+ |Vh(xp)|
_— 1 I ——"Y —(V \v4 (v Y
T 100or] = T T 10w V00 = ViRl +[(Viog = (VoD

(5.15) Vu — (V Vu — (V
2 1+c4][ [Vu — ( u)RIdera_,,][ [Vu — ( “)R|dx
Br 1+ [1(Vi)srl Bg 1+ (Vi)srl

1
< 1+42(cs +07BER) 7,
where the last line follows from (5.17), Holder’s inequality and Lemma 3.3. Taking 2(c4 +
1
o MBe) < e, e < 3.11?(04 + 07727 we have

27
L+ Vh@o)l _ 3

=z (5.18)
L+ [(Vu)orl — 2
The comparison between 1 4 |(Vu)g| and 1 4+ |Vh(xp)| is similar:
L+ 1Virl | |((Vi)r — Vh(xo)| 1+ [(Vu)g|
1+ [Vh(xo)| — L+ [(Vu)rl 1+ |[Vh(xo)l
L 14 [(Vu)g|
< 1+42c4(E(R)?P ———————
=< 4(E(R)) T4 VAGo)]
11 +](Vugl
- 2 1+ |Vh(xo)l’
which implies
1 v
+ 1(Vu)gl - (5.19)
1+ [Vh(xo0)l

Now we estimate £(o R): by (3.5) and (5.18) there holds

E(0R) :][ E, (M> dx < 16][ E, (M) dx. (5.20)
Bor L+ 1(Vu)srl Bor 1+ [Vh(xo)]

The right-hand side can be estimated by the Caccioppoli-type inequality (5.1)

Vu — Vh(xg)
E - 77
Jiﬁ p ( I+ IVh(xo)|> >

§C][ Ep< e )dx+Ca)(2ch). (5.21)
By

20 R(1 + [Vh(x0)])

The term involving u — ap can be estimated, like in Proposition 4.5, by decomposing u — ag
into u — h and h — a;. Applying (5.7) and (5.19), we have

][ E i —h dx<C0—(n+2)][ E <#>
Bar | \20RA+[VAGOD )~ Be | \RA+I(VigD

/

L r
< Co™ "2 <5(R)S +eq,+ ej,p> . (5.22)

The estimate of |V2h(xg)| in Lemma 2.9 and (5.19) implies

F—a [Vu = (Vg
fB Er <2aR<1 T IVh(x0)|)> W= Ep (CU fg m“") = Coeto.

(5.23)
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where we used (3.5) and Jensen’s inequality. Notice that the term €4, can be estimated with
the triangle inequality and Lemma 3.3, and we obtain

Yul|?P
oap=o@® 4 LtV 4 o),
Br 1+ 1(Vi)rD?

Thus, combining (5.20)-(5.23) we have the desired estimate (5.14) of £(c R) under the
condition €] < %min{":#, #(q +om)2p), o

5.4 Final conclusion

In this subsection, we use the excess decay estimate above to further obtain a Morrey’s type
estimate for Vi, which then implies the Holder regularity of u.
For any @ € (0, 1), we take y = p(o — 1) +n € (n — p, n).

Proposition 5.4 Suppose that F: RN*" — R satisfies (H1), (H2), (H31) and (H3,) with
p € (1,2), and w satisfies (w1). The map u € WIIO’CP(Q, RN) is an w-minimizer of F with
Ro > 0. There exist Ry € (0, Ry), &2 € (0, 1) such that for any ball Bg = B(xo, R) CC 2
with

0< R < Ry, E(xo,R) <&y,

we have

/ IVul? dx < cs ((ﬁ)y/ IVul? dx +pV> (5.24)
B R Br

P

for some cs = c5(n, N, L, €, p,y) > 0, where y € (n — p, n) is defined as above.

Proof Fix the constants o, &5 and R; in order:

11 2,2717 (5.25)
= -, — n=y .
0 = min 3 e’ ,
G"+2 ﬁ 1 02"
= mi | — , , , 5.26
€ = min { & <4C1 > 3 Ter—1" 3. a0 1 (5.26)
1
) "2\ 7 g
R € (0, Rp) such that w(R1) < min ,—— ¢, (5.27)
4cy 4cy

where r is as in Proposition 5.2, and &1 and ¢;, i = 1, 2, 3, are as in Proposition 5.3.
Suppose that for the ball Bg = B(xg, R) CC €2 with some R € (0, R;) there holds

E(xp, R) < &. (5.28)
We will show that
@)  E@*R) <& (Xe)

holds for any £ > 0 by induction. Obviously, it holds for k = 0, and we assume that (Ij)
holds for some k£ > 0. With our choice of &7, Proposition 5.3 implies

E@R) <107 "D (EOGI R + 0(R)P) + 200" R) + 30 20" R),
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where s = .. By (5.25)-(5.27), we know

1 1
cro”"Ves ! < 7 cio” " Jw(R) < %2, €20 = 7, c30(R) = %2,
which thus gives (Ix11). Therefore, we have (Ix) holds for any k € N.
With (I;) and Lemma 3.3 we have

/ [Vul? < 277! / Vi — (Vi) ok g P dx + @, (KT RY (Vi) g o |
B k+1g B_k+1g

< 2[’—1(1 + I(Vu)gle)P/ W

dx + 277 1" / [Vu|? dx
Bak+1R (1 + |(Vu)akR|)p B

ok R
< 27711+ (V)i g )P 0n (0" RY'V3EGFR) + 275" / |Vl dx
B(ka
< 2P 1271 /365 + 0™ [Vul? dx + 22D, (c*R)"\/3es
B(rkR
From the choice of ¢, o, it is easy to see
220D [3e; <1, 2071277 /3e; +0") < 206" < 02"
Set A(p) := pr |Vu|P dx, then the above gives
A HR) < 0 MoK R) + wp(0F R)" (5.29)
for any integer k > 0. With Lemma 7.3 in [38] we can further obtain
1\
A1) < c¢s ((E) AMR) + tV) ; (5.30)
where ¢5s = c5(n, y, o). O

Then by a discussion similar to that at the end of Subsec. 4.5, there exists a relatively closed
null set S C € such that |Vu/ is in the Morrey space L!¥ (Q2\ S!). The Sobolev embedding

loc

implies that  lies in the Campanato space £ 7 (Q\ S/ RV), which is actually Cloo’f (2\

loc

S, RN)asy = p(a — 1) + n. The proof of Theorem 1.3 is then complete.

Remark 5.5 Theorem 1.3 can also be approached by an indirect argument, similar to that in
[25] or [30], by choosing normalising factors carefully. For such an argument, the Lipschitz
continuity of F” can be relaxed to

(H3,) For any z1, z0 € R¥*" we have

lz1 — 22| 1
[F"(z1) — F"(z2)| < v ( ,
1+ |zil + |z2l ) (1 +|z1] + [z22)>7

where v is a concave, non-decreasing function on [0, co) with v(0) = lim;— g v(t) =0
andv < 1.
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