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Abstract

We consider a partially overdetermined problem for anisotropic N-Laplace equations in a
convex cone ¥ intersected with the exterior of a bounded domain €2 in RV, N > 2. Under
a prescribed logarithmic condition at infinity, we prove a rigidity result by showing that the
existence of a solution implies that ¥ N €2 must be the intersection of the Wulff shape and X.
Our approach is based on a Pohozaev-type identity and the characterization of minimizers
of the anisotropic isoperimetric inequality inside convex cones.

Mathematics Subject Classification 35N25 - 35A23 - 35B06 - 31B15

1 Introduction

In this paper we consider a variational problem in an anisotropic medium which is related to
the so-called conformal N-capacity (or logarithmic capacity). Our main goal is to provide
symmetry results for a partially overdetermined problem in convex cones.

The physical motivation for studying anisotropic problems comes from well-established
models of surface energy (see for instance [50]). Moreover, there are many mathematical
interesting aspects arising when one considers symmetry problems in an anisotropic setting
[3,4,6, 11,13, 16, 17, 23].

The logarithmic capacitance has applications in physics, such as in the classical study of
nonlinear voltage and capacitance differences between, respectively, diodes and capacitors.
It appears in condensed-matter and high-energy physics [32, 43], and it is naturally studied in
quasiconformal geometry (see for instance [30]). The study of symmetry problems in convex
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cones has recently attracted the interest of many authors, see for instance [6, 12—14, 23, 26,
34, 39, 40, 45]. As far as the authors know, overdetermined capacity problems in convex
cones have not been considered so far, even in the Euclidean case.

1.1 The mathematical framework

Let H € C2(RN\{0}) be a positively homogeneous function of degree one which is positive
on SV—1, and let Hy be the dual function of H defined by

Ho(x) :== sup (x,&), forx e RV, (1.1)
H()=1
Given an open, convex cone ¥ and a bounded domain € in R", we consider the following
exterior boundary value problem for the anisotropic N-Laplace equation

Ay =0 in ¥ NQ°,
u=20 on [, (1.2)
(a(Vu),v) =0onTy,

with prescribed asymptotic behavior at infinity

l - u(x)

4= nHow) <d forsomed > 1, as Hy(x) — oo. (1.3)

Here Ag is the so-called Finsler N-Laplacian which is given by
Ay = div (a(Vu))

in the sense of distributions, where

1
a(g) = NV(HN)@ Ve e RV,

Q =RN\Q, Ty:=xnaQ, I =9 NIz,

and v is the outer normal to 9X. We will assume throughout this paper that £ N Q° is
connected and HY ~1(I'g) > 0 where HV~! stands for the (N — 1)-dimensional Hausdorff
measure. By a weak solution of (1.2) we mean a function u € WZIU’CN (ZNQ) withu = 0on
I'o,! such that

/ . (a(Vu), Vp)dx =0
=NQ

forallg e WhV(z n Q) with ¢ = 0 on I'g and with bounded support.

Notice that, when & = R", we have '} = @ and the third condition in (1.2) is trivially
satisfied. In this case, if H is the Euclidean norm (i.e. H(§) = |£|), the model (1.2)—(1.3)
applies to the study of logarithmic capacity [15, 56], and it determines the N-equilibrium
potential of €2, which naturally appears in computing the capacitance difference between
coaxial cylindrical capacitors (see [42]). Analogously, for a general H, problem (1.2)—(1.3)

! Given a bounded open set O C RN, a function fe wbh¥(0) and a relatively open subset I" of 30,
we say that f = 0 on I' if f is the limit in WLN(0) of a sequence of functions in C°°(0) vanishing in a
neighborhood of T'. In particular, when d O is Lipschitz, this definition is equivalent to Tt f = 0, where Tt f
is the trace of f on I' (see for instance [46, Proposition 7.86]).
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can be applied to the study of the related capacity problems, when the set 2 is embedded
in a possibly anisotropic medium. In this connection, problem (1.2)—(1.3) can also be seen
as a logarithmic counterpart of those arising from the study of anisotropic p-capacity with
1 < p < N instead, see for instance [3, 4, 54]. More concrete applications of related
anisotropic models arise in the theory of crystals as well as in noise-removal procedures in
digital image processing, see for instance [24, 50] and the references therein.

1.2 The overdetermined problem

The aim of this paper is to characterize the shape of €2 in terms of the existence of solutions
to problem (1.2)—(1.3), coupled with the overdetermined condition

H(Vu)=C onTlYy, 1.4)

for some given constant C > 0. Differently from the classical overdetermined problems
originated in Serrin’s famous work [49], we emphasize that whenever ¥ C RY, problem
(1.2)—(1.3) with (1.4) is partially overdetermined, since in this case both Dirichlet and Neu-
mann conditions are simultaneously imposed only on a part of the boundary of €2, namely
I"p. Accordingly, one may expect to determine the shape of I'yg while a sole homogeneous
Neumann boundary condition is assigned on I'y, provided that I'; satisfies some geometric
constraint.

It is well-known that in the isotropic setting, the characterized geometric property of the
domain in Serrin’s overdetermined problems is the spherical symmetry. In an anisotropic
framework encoded by the anisotropy H, the natural counterpart of this feature is the so-
called Wulft shape which is a ball in the dual function Hy, that is

B (x0) := {x € RN : Hy(x — x0) < R}, (1.5)

where xg € R and R > 0 denote the center and the radius, respectively. Starting from
this connection, our research is motivated by the observation that there is indeed an explicit
logarithmic function in Hy fulfilling problem (1.2)—(1.3) with (1.4) in the classical sense,
when Q = B,’;IO (xo0) for suitable choice of xo depending on the convex cone X. To make this
precise, we need some more notation.

In general, up to a change of coordinates, we can write ¥ = RF x f], wherek € {0, ..., N}
and & c RV % is an open, convex cone with vertex at the origin which does not contain
a line. Besides, following [16, 17], we say that the function H is uniformly elliptic if its
1-sublevel set

B =(teRYN :HE) < 1) (1.6)

is uniformly convex. This is a standard assumption ensuring the Hessian of H" is positive
definite in RV\{0}, and thus equation (1.2) is of elliptic type, though possibly degenerate.
Moreover, under this assumption, one has that H is convex and Hy € C 2(RN \{0}). These
claims will be explained in detail in Sect. 2.1.

With above notations, observe that

Proposition 1.1 Let N > 2 and £ = R* x ¥ where k € {0, ..., N} and & ¢ RN % is an
open, convex cone with vertex at the origin which contains no lines.
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Let R > 0, xg € RF x {Ogv—} and Q = Bgo(xo). Assume that H € C*(RN\{0}) is
uniformly elliptic. Then the function

u(x) = CRlnw (1.7)

is of class CZ(RN\{xO}) and is the unique solution to problem (1.2)—(1.3) with (1.4).

Proposition 1.1 can be verified directly by exploiting the homogeneity and differentiability
of H and Hy, see Lemmas 2.1 and 2.2 below. In particular, the uniqueness of (1.7) follows
from the well-posedness of original problem (1.2)—(1.3), as we will show in Theorem 3.3.

1.3 The main result

Concerning the reverse of Proposition 1.1, an investigation into seeking a Wulff shape charac-
terization for the domain €2 naturally arises. Indeed, we shall prove that if problem (1.2)—(1.3)
with (1.4) admits a weak solution, then ¥ N 2 must be ¥ N B 11;10 (xp), under some regularity
assumption on €2 and on the solution. More precisely, our main result is the following.

Theorem 1.2 Let Q be a bounded domain of RN with boundary of class C'%, a € (0, 1)
and N > 2. Let ¥ = RF x 3 where k € {0,...,N}and > CcRY *isan open, convex cone
with vertex at the origin and containing no lines.

Let H € C*(RN\{0}) be a positively homogeneous function of degree one which is positive
on SN~V and uniformly elliptic, and let Hy be its dual function defined by (1.1).

Assume that there exists a solution u € WIIO’CN (T N Q) to problem (1.2)—(1.3) with (1.4)
such that

Vue L (ENQ°).
Then 2NQ = ZOBII:O (x0) and u is given by (1.7), for some R > 0 and xo € Rk x {Opn—k}.

In order to compare Theorem 1.2 to related results available in literature, we make some
remark concerning the regularity of the solution and on the type of anisotropy we are con-
sidering.

We first remark that, under the above assumptions on € and H, u belongs to C'((Z N
QHuTry). Actually, by interior regularity results in [22, 48, 51] a weak solution to equation
(1.2) whichisin Wllo’CN (= ﬂﬁc) is automatically of class C ! Thanks to [38],2 such regularity
can be pushed up to Iy and to the C!%-regular portion of I';. Moreover, as we will see in
Proposition 2.6 below,

a(Vu) e WL2(EnQHUT)).

However, the regularity up to the whole boundary is a delicate issue, since it strongly relies
on how 2 and X intersect. Nevertheless, our result holds true without requiring any global
regularity other than

Vu e L. (2N Q).

This can be viewed as a gluing condition between the cone and I'g as explained in [40]. We
also refer this to [9], where global Lipschitz regularity is proved for Dirichlet or Neumann

2 In order to apply the boundary regularity results in [38] (see Theorems 1 and 2 there), it is not difficult to
observe that u € L%’C((E nQu o) UT'1) by employing the Moser iteration argument as in [48].
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boundary value problems of p-Laplace type in convex domains. We notice that in the case
¥ = R" we do not need to impose additional regularity assumptions on the solution u.
Moreover, regarding the anisotropy H, we note that here we do not assume H to be even, so,
in general, H(§) # H(—&); namely, H is not necessarily a norm. The same is true for the
dual function Hy as well.

When k = N (i.e. ¥ = RV) and H is the Euclidean norm, Theorem 1.2 was proved in
Reichel [44] and Poggesi [41], respectively by the well-known moving planes method and
by using some integral identities combined with the classical isoperimetric inequality. In
an anisotropic setting, the moving plane technique is no more helpful, and the Wulff shape
characterization result in the case k = N of Theorem 1.2 was recently treated in Xia—Yin
[55] by adapting the arguments used in [41], under the assumptions that H € C*° (RN \{0})
is a norm and that 3 is of class C>®. In the present paper, by exploiting similar integral
methods, we generalize such characterization results to the setting of convex cones, and also
classify the resulting symmetry for the solutions.

Here it is worth pointing out that the generalization is not trivial. Indeed, in the case
¥ C RY we have to deal with the mixed boundary value problem (1.2). In order to deal
with a problem of this type, we need to establish qualitative properties such as comparison
principles and Liouville-type results in a cone setting with homogeneous Neumann boundary
conditions. These are essential tools in analyzing the precise asymptotic behavior of the
solutions at infinity, since neither Kelvin type transform nor Hopf’s boundary point lemma
are available in our case. Moreover, due to the lack of global C'-regularity of the solution
as well as the non-smoothness of X, we have to employ careful approximation arguments
to validate certain integral identities and inequalities, including a Pohozaev-type identity
contained in Theorem 4.1 and local W2 estimates up to 9% for the nonlinear vector fields
of the gradient of the solutions (see Proposition 2.6). In particular, this brings the subtle issue
that we need to approximate possibly non-Lipschitz sets in ¥ N QF by Lipschitz ones.

The result of Theorem 1.2 is strictly related to the anisotropic isoperimetric inequality
inside convex cones, which was obtained in Cabré—Ros-Oton—Serra [6] along with a general
weighted version. It states that, in our notation, if E C R is a measurable set with finite
Lebesgue measure HN in ¥, then

Pu(E:E) _ Pu(B{":¥)

HN(ENE)'Y  HVEn By

(1.8)

and the equality holds whenever SNE = £N B0 (xo); here B[ := B} (0) is the unit Wulff
ball centered at the origin and Py (E; ¥) denotes the anisotropic perimeter of E relative to
¥ defined in (2.8) below. Inequality (1.8) was proved in [6] by reducing it to a degenerate
case of the classical Wulff inequality which is well-known in the literature (see for instance
[18, 27,29, 50]). Such an idea is first observed by Figalli and Indrei [26] in order to establish
a quantitative version of the isoperimetric inequality in convex cones due to Lions—Pacella
[39], corresponding to (1.8) where H is the Euclidean norm. Recently, the ideas in [26]
were further adapted in Dipierro—Poggesi—Valdinoci [23] to prove the uniqueness of the
minimizers of (1.8) for a general norm H, illustrating that the equality in (1.8) holds if and
onlyif XENE=%nN BII:O (x0). However, the same argument still works in our case where
H is a gauge as required in [6]. We shall state this precisely in Theorem 2.5, from which we
are able to conclude the proof of Theorem 1.2 (see below for a detailed description).

Before explaining the main ideas of our proof, we would like to mention more related
studies on Serrin’s overdetermined problems for anisotropic equations and their variants in
cones.
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In the whole RY, classical Serrin’s result in [49] has been extended to the setting of Finsler
p-Laplacian (p > 1) both in bounded domains and exterior domains, we refer to [3, 4, 11,
52, 55] and the references therein. The two alternative approaches used in these literatures
are both based on integral identities and they are inspired by the idea of Weinberger [53] and
that of Brandolini—Nitsch—Salani—Trombetti [5], respectively. The main difference is that the
latter relies on a Cauchy—Schwarz inequality about the Hessian matrix and does not invoke
a maximum principle for a P-function as introduced in [53].

Regarding the variants for cones, rigidity results of Serrin type were first obtained in
Pacella—Tralli [40], where they considered an interior overdetermined problem inside a
smooth convex cone for Laplacian and gave a characterization of spherical sectors follow-
ing the approaches in [5, 53]. Then the first author and Roncoroni [14] generalized that to
more general elliptic (possibly degenerate) operators in the Euclidean space as well as to
space forms. More generally, during the last decade, much interest has been devoted to other
parallel problems in convex cones and anisotropic setting (see for instance [6, 13, 16, 23,
45]). However, as far as we know, exterior overdetermined problems in unbounded domains
contained in cones have not been studied yet even in the isotropic setting. The study presented
in this paper may serve as a starting point in this direction.

Now we comment the proof of Theorem 1.2. Unlike those developed in [4, 5, 53], here
we adopt an isoperimetric argument to prove Theorem 1.2 in the spirit of [23, 25, 41].
The crucial point consists in using integral identities to show that ¥ N €2 is a minimizer of
the anisotropic isoperimetric inequality inside ¥ (see (1.8)) whenever problem (1.2)—(1.3)
with (1.4) admits a solution, which implies the desired Wulff shape characterization. To
this aim, the proof is made in three steps. Firstly, via scaling arguments we improve the
logarithmic behavior of u prescribed in (1.3) and obtain its asymptotic expansion at infinity,
see Proposition 3.1. Secondly, we derive a Pohozaev-type identity for equation (1.2). Finally,
by an approximation argument we compute the explicit value of the constant C appearing
in overdetermined condition (1.4) and we further apply the Pohozaev identity to deduce that
¥ N Q satisfies the equality case of (1.8).

The paper is organized as follows. In Sect. 2, we collect some auxiliary and techni-
cal results, including properties of the anisotropy H, a weak comparison principle and the
anisotropic isoperimetric inequality in convex cones. In particular, a second-order regular-
ity result for weak solutions to problem (1.2) is established in Sect. 2.4. The solvability of
problem (1.2)—(1.3) and the asymptotic expansion at infinity of the solution are tackled in
Sect. 3. Section 4 is devoted to a Pohozaev-type identity which is derived for more general
homogeneous anisoptropic p-Laplace equations with any 1 < p < oo. Finally, we complete
the proof of Theorem 1.2 and of Proposition 1.1 in Sect. 5.

2 Preliminaries
2.1 Basic properties of the function H

Throughout this subsection, we always let H : R¥ — R be a positively homogeneous
function of degree one which is of class CORN\{0}) and satisfies H (&) > 0 for any £ €
SN¥-1 and let Hy be its dual function defined by (1.1). Clearly, by definition, Hp is also
positively homogeneous of degree one and is convex. Here, recall thata function f : RV — R
is said to be positively homogeneous of degree one if

f(tz) =tf(z) foranyr >0, z e RV,
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From this, one infers that H(0) = 0 and H € CO(R"). Also, for any & € R,
Iélér;vi_r} H < H(®E) < IélénN@gH.
It is clear that analogous properties hold with H replaced by Hy. Moreover, the homogeneity
implies that
Lemma2.1 IfH, Hy € C'(RN\{0}), then
VH@E) =VH(E), VHy(tx) = VHy(x)
foranyt > 0and &, x € RV\{0}, and
(VH(§),§) = H(§), (VHy(x),x) = Ho(x)
forany &, x € RV,

From Lemma 2.1, one observes that HY e C'(RY) if H € CY(RV\{0}), referring to
[16, Lemma 2.3] for a rigorous proof. Thus, the function a(§) = %V(HN)(é) is actually
continuous at the origin and we have

_JHYTUEVHE), if& e RV\{0},
“® =1, ife =0, @1

The next lemma collects several well-known properties containing the convexity of H,
the differentiability of Hy and useful connections between H and Hy.

Lemma2.2 If H € CZ(RN\{0}) and the Hessian of HY is positive definite in RN\ {0}, then
H is convex and Hy € Cz(RN\{O}). Moreover, for x, & € RNV\{0},

H(VHy(x)) = Hy(VH(¢)) = 1, 2.2)
and
x = Ho(x)VH(VHy(x)), §=H&)VH)(VH(§)). (2.3)

Proof Let us give the precise references for these assertions. The convexity of H was proved
in [16, Lemma 2.5]. The regularity that Hy is of class C? outside the origin and the formula
(2.2) were obtained in [17, Lemma 2.3] (see also [11, Lemma 3.1]). There the authors also
stated that the map HV H is a C!-diffeomorphism of R" with inverse HyV Hp, from which
we get (2.3). ]

Related to the differentiability of Hy, we remark further that since Hy is actually the support
function of the set B (given by (1.6)), it is known that Hy € C!'(RV\{0}) if and only if Bf
is strictly convex (see [47, Corollary 1.7.3]). In addition, from [11, Lemma 3.1], formulas
(2.2) and (2.3) hold as long as H, Hy € C! (]RN\{O}).

We conclude this part by presenting the following estimates gained from assuming H to
be uniformly elliptic (i.e. the set BlH is uniformly convex).

Lemma 2.3 Assume that H € C>(RN\{0}) is uniformly elliptic. Then there exists A > 0
such that

1
3i2j(HN)(§)7lz77j > X|§|]\/72|n|2 and Z|ai2j(HN)(§)| < AJgN2 2.4)
i,
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forany € € RN\{0}, n € RN. Furthermore, there exist c1, c2 > 0, depending only on N and
A, such that

(a(&1) —a&), & — &) > c1(l& | + 18DV 21E — &2, 2.5)
la(g1) — a(&)| < ea(&1] + 18DV 21E — &), (2.6)

for any &1, & € RV\{0).

Proof We refer the validity of (2.4) to [17, Theorem 1.5]. Then estimates (2.5) and (2.6)
follow by applying [19, Lemma 2.1]. O

Once (2.4) holds, the Finsler N-Laplacian Ag is a possibly degenerate elliptic operator
and we are allowed to apply standard regularity theory for quasilinear PDEs developed in
[22, 48, 51] to Eq. (1.2).

2.2 Comparison principles

We derive the following weak comparison principles for the operator Aﬁ in bounded domains
inside a convex cone. For convenience, we write below ['g ;= X NoE and '} :=0X N E,
consistent with the notation used in (1.2).

Lemma24 Let & C RN be an open, convex cone and E C RN be a bounded domain
such that HN~1(T¢) > 0 and ¥ N E is connected. Let H be as in Lemma 2.3. Assume that
u,ve WEN(E N EYNCO(S N E) UTy) satisfy

—Afu < —Ally inTNE,
u<v on Iy, 2.7
(a(Vu),v) = (a(Vv),v) =0o0nTYj.

Thenu <vin X NE.

Proof By the weak formulation of (2.7) and since # < v on Iy, we can use (u — v)* as a
test function to get

/ ({a(Vu) —a(Vv), Vu —v)*) dx <0.
XNE
Thus, it follows from (2.5) that
/ IV — )TV dx =0,
NE

which means that (u — v)™ is constant in ¥ N E. Since (u — v)™ = 0 on I'g, we infer that
(u—v)t=0,ieceu <vinTNE. O

We remark that when ¥ = RY and H is a norm, Lemma 2.4 is well-known (see for
instance [4, 8] where more general anisotropic elliptic operators are concerned).

2.3 Anisotropic isoperimetric inequality inside convex cones
In this subsection, we shall let H : R¥ — R be a gauge, i.e., a nonnegative, positively

homogeneous of degree one, convex function; and we also assume that H is positive on
S¥—1. Notice that if we further assume H to be even, then it becomes a norm in RV,
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Given an open subset D C RY and a measurable set E C RV, we recall the definition of
anisotropic perimeter of E in D with respect to the gauge H, given by

Py (E; D) = sup {/ divddx : d € CH(D; RY), Hy(®) < 1} : (2.8)
E

where Hj is the dual function of H defined by (1.1). In particular, when E has locally finite
perimeter we have that

Py (E; D) :/ H()dHN™!
DNY*E
where 0* E is the reduced boundary of E and v is the outer (measure theoretic) normal to E.
Then the following result holds.

Theorem 2.5 Let ¥ = RF x ¥ where k € {0,..., N} and » Cc RN *isan open, convex
cone with vertex at the origin which contains no lines. Let H be a gauge in RN which is
positive on SN~V and let Hy be its dual function defined by (1.1). Then for each measurable
set E C RN with HN (2 N E) < oo,

Pu(E;S) _  Pu(B":%)

HN(ENE)Y'Y  HN(EnBMYY

Moreover, the equality sign holds if and only if SN E = X N Bgo (x0) for some R > 0 and
x0 € RF x {Ogv—).

Here Bgo (x0) is as in (1.5) and B]H(’ = BIHO(O).

Proof As already mentioned in the Introduction, this inequality has been obtained in [6,
Theorem 1.3]. The characterization of the equality cases was showed in [23, Theorem 4.2] by
adapting the ideas of [26, Theorem 2.2], under the assumption that H is a norm. Nevertheless,
the argument in [23] works the same way considering a positive gauge H, since in this case
XN BIH % is still an open bounded convex set. For this reason, we omit the proof. O

2.4 Second-order regularity for weak solutions

This subsection is concerned with the regularity of Wl%;f type for weak solutions u to problem
(1.2). Inspired by the approach in [2, 10, 13], in Proposition 2.6 below we establish local
W2_regularity up to the boundary of the cone for the stress field a(Vu), which will be useful
in Sect. 4 to derive a Pohozaev-type identity and in the proof of Theorem 1.2 in Sect. 5. In
particular, it allows us to avoid assuming « is C! up to 'y which is required in [14, 23, 40]
to prove symmetry results for related problems defined in convex cones.

Proposition 2.6 Let = C RN be an open, convex cone and @ C RN be a bounded domain.
Let u be a vieak solution to problem (1.2) where H is as in Theorem 1.2. Then a(Vu) €
whi(znQHur).

Proof From [2, Theorem 4.2] (see also [1]), we already know that a(Vu) € WZIU’CZ(E N 50).

It suffices to show a(Vu) € Wl'z(Bp(x) nEN ﬁc)) for each x € I'} and some small
p = p(x) > 0. Hereafter, B, (x) denotes the Euclidean ball centered at x and having radius
p. The main issue is due to the degeneracy of the equation as well as the non-smoothness of
I'1. We shall deal with that by approximation.
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Fix y € I'; and B, (y) with small p > 0 such that B,(y) is away from Q. Let ¥y D X
be a family of smooth convex sets in RN such that HY ((Z\Z) N B,(y)) — 0 and the
Hausdorff distance between X and X inside B, (y) tends to 0 as k — oo. For simplicity,
we will denote by

B’ :=B,(y) N and B”*:=B,(y)N 4.
Also, as in [10, Formula (4.58)] we require that the Lipschitz constant of B satisfies
LBp,k f CLBP (29)

for some constant C independent of k.
Since u € WLV (BP), by extension theorem (see for instance [36, Theorem 12.15]), there
isii € WV (RN) such that i = u in B. Let us consider the following equation

Afug =0 in B~k
up =i on T NaB,(x):=TY , (2.10)
(a(Vug),v) =0 on 3% N By(x) := F}),k.

We notice that the existence of a weak solution u to (2.10) follows by solving the minimiza-
tion problem

|
inf { — HYN(Vw)dx :w e W'V (B w=ionT9, 1. (2.11)
N Bk P
We first claim that uy — u in CIIOC(BP), by taking, if necessary, a subsequence of k — oo.
Indeed, choosing uj — i as a test function in the weak formulation of (2.10) and applying

the Poincaré inequality (see for instance [57, Corollary 4.5.2] with parametersk = 0, p = N
and m = 1 there), we find that

lurllwingey < Cllullwin e

for some constant C = C(N, H, B”). Thus, the Sobolev embedding theorem ensures that,
up to a subsequence,

up — vin LY (B?) and wux—vin W'Y (B?)

for some function v € W1 (B*). Furthermore, by interior L*° estimates in [48] and interior
CLY estimates in [22, 51] for quasilinear PDEs, we can infer that for every compact subset
K C B?, |lukllcry k) is uniformly bounded. Thus, by Ascoli-Arzela theorem we get

uy — v and Vug — Vv pointwise in B”, (2.12)

along a subsequence of k — oo. These convergence results imply that the function v is a
weak solution to (2.10). Therefore, v = u by the uniqueness.

Next, we will show a(Vuy) € WL%(B %’k) and derive a uniform bound for
lla(Vup) |l wi2m bty The idea is to introduce a family of regularized non-degenerate equa-
tions (2.14) below and establish a Caccioppoli type estimate for their solutions «; which
approximate ux. Then the desired bound is obtained by taking the limit as € — 0.

We start by letting {¢ } with € € (0, 1) be a family of radially symmetric smooth mollifiers
and define

a(€) == (a* ¢e) (&) forg e RV,
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Here the symbol  stands for the convolution. Since a(-) is continuous, standard properties
of convolutions imply a© — @ uniformly on compact subset of R, as € — 0. Moreover,
following [28, Lemma 2.4] it is seen that a€ satisfies

1 N- N—
(Vae(%‘)n,n)zX(|S|2+62)Tzln|2 and |Va“(&)] < A(EP +€H'T

for every £, 7 € RV, with A > 0 given by (2.4). In addition, from [2, Formula (2.4)], the
following monotonicity condition holds:

N=2
(@@ —a‘(m).& —n) = CN, WEP + n)> + €377 g —nl*. (2.13)
Letug € W LN (BPk) be the weak solution of

div (a€(Vu$)) = 0 in B,
up =i onl) . (2.14)
(a€(Vu$),v)=0 on l"})’k,

which can be obtained by considering (2.11) where the function H" is replaced by HGN
defined as

HY () == (HY % ¢)(£) for& e RV,

Since equation (2.14) is non-degenerate and F/l)’ & i smooth, one has u} € CIZU .
by classical regularity theory for elliptic equations.

We also let ¢ € C2°(B,(y)) and let &5 : BP* — [0, 1] be a family of smooth functions?
such that £5 — xpgp. in the L! sense and —V¢5 — vHNY =1L B”¥ in the sense of measures,
as § — 0, where v is the outer normal to d B**.

Now, form € {1, ..., N}, using 9,,(¢¢s) as the test function in the weak formulation of
(2.14), we get

(BP*UT) 1)

N

> <f Csdmal (Vu§)d;pdx +f Qamal (Vu$)d; gs dx) =0,
Br-k Br-k

i=1

where we used the notation a¢ = (af, R afv) to denote the components of the vector field
a€. Thus, letting § — 0 in the above equality yields

N

> (/ Omal (Vu)d;p dx —/
Brik !

i=1 iy

@Opnal (Vu§)v; dHN—1> =0. (2.15)

.o 1.2 po.kY i _ 0
By density, in (2.15) we actually can choose any ¢ € W~ (B”*) with ¢ = 0 on Fp’k. In

particular, let us take ¢ = aj, (Vui)wz, where ¥ € CZ°(B,(y)). For this choice, using the
fact that 92 is convex and arguing as in the proof of [13, Proposition 2.8] (see Formulas

3 Such s can be constructed as follows. For § > 0, let 5 € C°°(R) with Y5 = 0 on (—00, 8], ¥5 = 1 on
[25, +00) and 1//5’ < %. Since l"ll) « is smooth, the distance function dist(x, Fllj.k) is also smooth on

{x € Bk : dist(x, r;qk) <35,

provided 8 is sufficiently small (see [31, Lemma 14.16]). Set {5 = g (dist(x, I‘}) )-
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(2.45)—(2.50) there), we deduce that

Z / dmal (Vu)d; (a5, (VuH)y?) dx < 0.

i,m=I

Furthermore, we can argue as in the proof of [2, Theorem 4.2] to obtain the following
Caccioppoli type estimate

/ V(@ (Vud) Py? dx < c/ la€ (Vu))? |V |? dx (2.16)
Brk Brk

for some constant C = C(N, X).
Pick a ¢ € C?o(Bg (y)) such that ¥ = 1 in B% (y) and |V¢| < % for some constant
C = C(N). It follows from (2.16) that

C(N,X)

/Ek la€ (Vu)|? dx. (2.17)
B5”

\Y <
lla®( ”k)”WIZ(Ba & =

In order to estimate the right-hand side, we fix a small 7 € (0, 2%) and assume that for some

Yk € FL,k’ |y — yk| = dist(y, F;) ) < T when k is sufficiently large. It is seen that for each
large k,

By (y) C Bz (yk) C By (yk) CC Bp(y).

Thus, by virtue of a local flattening argument for I" /l) ¢ and a L™ estimate for Vuj near
the boundary (see Formula (4.4) in [38, Proof of Lemma 6]), it is not difficult to deduce that

IVugl o ouy < IVufl =c 2.18)
L°°<B5' ) LDO(BE(}’k)mZk)

for some constant C = C(N, A, ||Vu§ ||LN(Bp,k), 0, L go.x). Consequently, combining (2.17)
with the relation |a€(§)| < A(|€] + €)Y ~! and with (2.18) gives

la® (Vup) | CN A VUGl L gty Py Lgoi). 2.19)

W1,2(B6 ) —

Moreover, choosing u,i — i as the test function in the weak formulation of (2.14), it follows
from (2.13) that

||VMZ||LN(Bp,k) =< C||Vﬁ||LN(B/>-k)
for some constant C = C(N, A, HN (B?%)). In view of (2.19), we hence arrive at

lla®(Vup)ll < C(N, A, \Vullpn oy, Py L o). (2.20)

WI,Z(BE ) —

At this point, to obtain an estimate for ||a(Vuy)|| o x,» We present certain convergence

wl Z(B
results and then let ¢ — 0 in (2.20). Exploiting condition (2.13) and following the argument
for [2, Formula (4.20)], we easily get

Vui — Vug in LN(B”K), ase — 0,

which implies a€(Vug) — a(Vuy) in L'(BP-*). Moreover, since the constant C in (2.20) is
independent of €, we have

a¢ (Vu$)—a(Vuy) in Wh2(B&H),
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for a subsequence of € — 0. Therefore, the lower semicontinuity for weak convergence leads
to

10Vl 00, < COV ANVl oty ps Lpos): 221)

Finally, with (2.21) in hand, let us prove a(Vu) € wl ’Q(B%). In view of (2.9) and the fact
that ||Vit|[ v geky < C for some C not depending on k, we observe that the constant C in

(2.21) is actually independent of k. Hence, a(Vuy) is uniformly bounded in WI’Z(B%) and
there exists a function U € W1*2(B %) such that, up to a subsequence of k — oo,

a(Vug) — Uin L*(B6) and a(Vup)—U in W"2(B%). (2.22)
Via (2.22) and (2.12), we infer that
U =a(Vu) € W-2(BF).
This completes the proof. O

Remark 2.7 Proposition 2.6 is stated for solutions to (1.2), even if it can be generalized to
more general type of homogeneous equations of the form

divA(Vu) =0,

with A(-) satisfying suitable structure conditions as the ones in [38]. Indeed, the L°° estimate
needed in the proof still holds in this setting thanks to [38] and all the argument in the proof
can be easily adapted.

A more delicate question is the generalization to inhomogeneous equations of the form

divA(Vu) = f .

Global optimal regularity results in the Euclidean case were obtained in [10]. Quantitative
interior regularity estimates in the anisotropic case have been recently obtained in [1] and
their generalization to global regularity estimates is in progress.

3 Asymptotic expansion and the solvability

This section is devoted to the study of problem (1.2)—(1.3). We first show that the prescribed
logarithmic behavior (1.3) can be improved to a precise asymptotic expansion near infinity,
by using scaling arguments and comparison principle together with a Liouville-type result
(Lemma 3.2 below). Thanks to such improved asymptotics, we prove the existence and
uniqueness of weak solutions to problem (1.2)—(1.3).

Proposition 3.1 Let ¥, H and Hy be as in Theorem 1.2 and let @ C RY be a bounded
domain. Let u be a weak solution to problem (1.2)—(1.3). Then there exist y > 0 and € R
such that

lim  (u(x) —yIn Ho(x)) = B, 3.1
Hy(x)—o00
and
lim Hy(x)H(V(u — yIn Hy(x))) = 0. 3.2)
Hp(x)—o00
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Proof Let Ry > 1 be such that Q C ng = Bgé’ (0) and let

u(Rx) H
ugr(x) = R forer\BRT;’.
Then
Afugp =0 in T\BR,

R

(a(Vug),v) =0 on dT\B 0.
R

From the condition (1.3) and by using 1-homogeneity of Hy, we have

|In Ho(X)I)

lug(x)| <d (1 + R

and in particular u  (x) is bounded in every compact subset of £\ {0}, uniformly in R. From
regularity theory for quasilinegr PDEs [22, 48, 51], we deduce that ug(x) is uniformly
bounded in C llo’f(E) N WIIO’CN ():)\{O})4 with respect to R. Hence, by Ascoli—Arzela theorem
and a diagonal process, u Rj >V in CIIUC(E) and u R;—V in WZII;C{V (X\{0}) along a sequence
Rj — 0o, where v € W (T\{0}) N C;%(). Moreover, v € L() and it satisfies

Alv=0 in %,

(a(Vv), v) =0 on aX\{0}.
By Lemma 3.2 below, v = y for some constant y > 0.

We next show that
u(x) — y In Ho(x) € L¥(S\BRO). (3.3)

For e > 0, let

Ue(x) =(y +€e)In Hy(x) — (y +€)In Ry + sup u,

0By

u (x) = —e)lnHo(x) — (y —€)In Ry + inf u.
B0
0

Observe that there exists j(€) € N such that for any j > j(€) it holds
ue Su<iic ondBgd UIBL".

Since (a(V In Hyp(x)), v) = (x,v) = 0 a.e. on dX by formula (2.3), by applying Lemma 2.4
inTN (BII;;_’\B;?) and letting € — 0, we thus deduce that

ing u—yInRy<u—ylnHylx) < supu—yInRy
0B, 0By

in £\ Bg?, which implies (3.3).
Now, we prove the asymptotic behaviors at infinity of # and Vu.
For m > 0, we introduce the function

U (y) :=u(my) —y Inm.

4 Here and in the following, to avoid a misunderstanding, we point out that when £ = RN the regularity of
che (X) needs to be replaced by Cllo’a (RN\{O}).

loc c
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By setting G (x) := u(x) — y In Hy(x), we also have that

um(y) =y In Ho(y) + G(my).
Since G(x) € LOO(E\BII:(;)), 1,y () is bounded in every compact subset of £\ {0}, uniformly

in m. Similarly as done for u g above, we have that u,, (y) is uniformly bounded in C llog (2)N

WIIO’CN (XZ\{0}) with respect to m. Consequently, there is a sequence m j — o0 such that
. . 1 ~
U, — oo in Clyo () and u, —uce in W (T\(0})
where uo, satisfies

Aﬁuoo =0 in X,
(a(Vus), v) = 0 on 3%\ {0}.

If we set
Goo(y) 1= oo (y) — v In Ho(y),
then Goo(y) € L*°(X). By applying Lemma 3.2, we thus infer that
Go=p
for some constant € R. This implies that

lim_ (u(m;y) =y In Ho(my)) = p

in the CIIUC(E) topology. Via Lemma 2.4, we get (3.1).

Moreover, setting G, (y) := G (my), we have

sup  Ho(x) [V (u(x) =y InHo(x))| = sup [VGu(y)l. (3.4)
Ho)=m Ho(y)=1
Since Gy, — Goo in C (), then
sup [VGu; ()| = sup  [VGoo(y)] = 0. (3.5)
Ho()=1 Ho(y)=1

It follows from (3.4)—(3.5) that

sup  Ho(x) [V (u(x) — y In Hy(x))| = 0
Hy(x)=m

holds for any sequence m — oo up to extracting a subsequence. This implies the validity of
(3.2), thus completing the proof. O

In the proof of Proposition 3.1, we have used the following rigidity result of Liouville-type.
Lemma3.2 Let X, H and Hy be as in Theorem 1.2. Let y € R be a constant. Assume that
G(x) € WI]U’L{V(E\{O}) N L% (X) and the function y In Hy(x) + G(x) satisfies

AT (yInHy(x) + G(x)) =0 inx,
(a (V(y In Hy(x) + G(x))) , v) = 0 on dX\{0}.

Then G (x) is a constant function.
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If ¥ = RY, the homogeneous Neumann boundary condition above is trivially satisfied
and this rigidity result has been shown in the Euclidean case (i.e. H is the Euclidean norm),
referring to [35, Theorem 2.2] (see also [25, Lemma 4.3] for an alternative proof). Also, in this
case we mention that the asymptotics (3.2) was stated in [35, Remark 1.5] for N-harmonic
functions. Since the argument in [35] relies on the Kelvin transform, which is, however, not
helpful neither for cones nor for anisotropic equations, we shall prove Lemma 3.2 by adapting
the one given in [25] to the conical-anisotropic setting, which is based on appropriate cut-off
functions.

Proof of Lemma 3.2 For simplicity, we set
A(x) := yIn Hy(x) + G(x).
It holds that
—ATA+ AR (yInHy(x)) =0 inZ. (3.6)
Let 1 be a cut-off with compact support in R\ {0}. Testing (3.6) with nV G yields

[:= / Y (a(VA) — a(V(y In Hy(x))), VG) dx
z

= —N/)E N 71G (a(VA) — a(V(y In Hy(x))), V) dx == I1,
where we used the fact that
(a(VA),v) = (a(V(y In Hp(x))),v) =0, onax\{0}.
By (2.5) and (2.6), we get that
[>c /E nNIvG|N dx, (3.7

and

. L, IVG
nsczannLoofEnN 1(|VG|N '+ |X|N_2)|Vn|dx

N
c V|81
—‘/ nN|VG|Ndx+C/ |vn|N+% dx. (3.8)
2 Js s

|x| N—-1

IA

By combining (3.7) and (3.8), we thus obtain

N
[V N=T
/ nVIVGIN dx < c/ <|vn|N + W) dx. (3.9)
z z TN-T

|x| N—-1
For 0 < § < 1, we now choose 1 as

0 if x| < 82,
_ln\xllnfaZln(S if52 < |x| < 8,
nx) =11 if§ < x| < 1
In|x|4+21nd

Iné

0 if x| > .

3

=
el 1
if § < x| = 5.

After a direct computation, one has that

Cn
VnVdx = —N__ L9
/]RN| it dx = SNt
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and
N
[V| V-1 Cn
/N IR dx = - — 0
RN | x| V=T |In 8| ~-T
as § — 0, where Cy := HN-1(SN-1). Consequently, letting § — 0 in (3.9), we deduce
that
/ IVG|N dx = 0.
)
This implies that G is constant. O

Now let us investigate the solvability of problem (1.2)—(1.3). We establish the following
existence and uniqueness theorem for weak solutions.

Theorem 3.3 Let X, 2, H, Hy and xq be the same as in Theorem 1.2. Assume xy € 2.
Problem (1.2)—(1.3) admits a unique weak solution u fulfilling

lim (u(x) —InHyp(x)) =8 (3.10)

Hp(x)—o00

for some constant B € R.

Proof Without loss of generality, we prove the assertion in the case that x is the origin.
Let R > 1 be such that B,I:O D Q. We first solve the following local problem

AU =0  inZNBNQ),
Ur=0 on X NI : =Ty,

0 3.11
(a(Ug),v) =0 on 3% N (BR\Q), G110
Ur=IR  onZNJBY :=Tk.
To this aim, we consider the minimization problem
inf / HN(Vo)dx 19 eV (3.12)
NBRO

where
Vi={pe WNENBI) 9 =00nTkand
¢ — f =wys for some w € W&'N(Bgo\ﬁ)}.

Here f € C fo(Bgo) is a given function such that f = 1 in a neighborhood of 2.
By the Poincaré inequality and a standard variational argument (see for example [37]),
there is a minimizer vg to (3.12) which solves the Euler-Lagrange equation

Aflug =0 inTN(BRO\Q),

vg =1 on ['g,
(a(vg),v) =0 0n 3T N (BF\Q),
v =0 on .

Thus, we obtain that
Ugr(x) = (I —vgp(x))InR

is the unique solution of (3.11).
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We next show that the limit of Uy is a solution to problem (1.2)—(1.3).
Fix Ry > 0 such that Bglo C € and let Ug, g be the solution to (3.11) for Q = Bglo‘ By
Lemma 2.4 it holds

0 < Up(x) < Ug, g forx € £N(BFN\Q), (3.13)

where

In R (In Hy(x) — In Ry)

U =
Ri.R InR —In Ry

Since Ug, g is uniformly bounded in L}> (T N Q°) with respect to R, so is the function Ug.

Hence, applying classical regularity results for quasilinear PDEs [22, 48, 51] we deduce that
Ur is bounded in C.;*(£ N Q%) N W5 N (T N Q°), uniformly in R. By the Ascoli-Arzela
theorem and a diagonal process one can find a sequence Rj — o0 so that Ug; — u in
C 110 AXN 56) and Ug T’ in Wlla’cj.v (T N Q°). Moreover, thanks to the boundary regularity
result in [38], it follows that u € C1-¢ (zn ﬁc) U I'g). With these assertions, it turns out
that u is a solution of problem (1.2). It suffices to verify that u satisfies (1.3).

Indeed, fix Ry > 0 such that B° > € and let

In R (In Hy(x) — In Ry)
InR—InR;

Ur,,R =
be the solution to (3.11) for Q = B,’;IZO. It holds

Ur(x) = Ugyg forx € N (BR\BR). (3.14)
Passing to the limit in (3.13) and (3.14) as R — oo, we obtain that
In Hy(x) —In Ry < u(x) <1In Hy(x) — In R,
forany x € E\Bgzo‘ This readily implies
u(x)
im ————— =
Ho(x)—o0 In Hy(x)

From Proposition 3.1, we deduce that u is a weak solution to problem (1.2) satisfying (3.10).
Finally, let us show the uniqueness of u. Suppose that there is another function v which
solves problem (1.2) and satisfies

lim  (v(x) —In Hy(x)) = B’

Hp(x)—00
for some B’ € R. Let B; (i = 1,2) be such that 8; > 8" and B, < B. Consider the function
- InR+ By
MR(.X) = mu(x)

For sufficiently large R, iig > v on I'g and I'g. Then by Lemma 2.4,
iig>v inZNBR\Q).
Passing to the limit as R — o0, one has
u>v inZNQ.

Similarly, it also holds thaty < vin X na‘ by taking 8| < B’ and B8, > B and then applying
Lemma 2.4 again. We thus conclude u = v. This completes the proof. O
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4 Pohozaev identity
In this section, we derive the following Pohozaev-type identity for weak solutions of
anisotropic p-Laplace equations with p > 1.

Theorem 4.1 Let Q C RY be a bounded open set with Lipschitz boundary and let H be as
in Theorem 1.2. Assume that p > 1 and u € C'(Q) satisfies

div (HP~"(Vu)VH(Vu)) =0 in Q. 4.1)

Then
p—N
p
=/ (HP—‘(W) (x, Vu) (VH(Vu), v) — %H"(Vu) (x, v)) dHN
0

/ HP(Vu)dx
Q

Recall that v denotes the unit outer normal to €. In the case that 32 € C? and H is the
Euclidean norm, Theorem 4.1 was established in [20, 33] for general p-Laplace equations
of the form —A,u = f, under suitable regularity assumptions on f. In the present paper,
for our applications on homogeneous equations, we generalize the argument as in [33] to the
anisotropic counterparts of p-harmonic functions.

We start with the following local version of the identity.

Lemma4.2 Let 1 < p < oo and Q be an open subset of RN . Assume that u € CH()
satisfies (4.1). Then

p—N

. 1 1
div ((x, Vu) HP= (Vu)VH (Vu) — ;xHP(Vu)> = HP(Vu) (4.2)

holds in the sense of distributions in Q.

Proof To prove the assertion, we show that

/ (Hf”l(Vu) (x, Vu) (VH(Vu), Vo) — %H”(Vu) (x, W)) dx
Q
_N-»r
- p

holds for every ¢ € C2°(R2).
From [2, Theorem 4.2] (see also [1]) we have

HP"Y{(Vu)VH(Vu) € W2 ().

/ H?(Vu)p dx (4.3)
Q

Foré > O and x € Q, let
Ys(x) = min{8' P HP ! (Vu(x)), 1}.

By (2.2), we have HP~Y(Vu) = Hy(HP?~"(Vu)V H(Vu)). Since Hy is Lipschitz continuous
on R¥ the chain rule entails
HP™ (Vi) e WLA(Q).
Thus, ¥5(x) € W,>%() and
s (x) = 1 ifxeUs:={xeQ: HVu(x)) > 8},
P T10 ifxeZi={x eQ: Vux) =0}
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Moreover, for every x € @, ¥5(x) — Yo(x) as § — 0, where

|1 ifxea\z
vol) = {o ifx € Z.

Given ¢ € C2°(2), we decompose it as the sum

¢ =5+ (1 —vs)g (4.4)

with ¥s¢ € WOI’Z(SZ\Z) and (1 — ¥5)p € W&’Z(Q\Ug). Notice that a direct computation
(see for instance [33, Formulas (34) and (35)]) shows that (4.2) holds pointwise in the domain
Q\Z since u € leo’cz(Q\Z ) by classical regularity theory for elliptic equations. Hence, (4.3)
holds for ¥s¢ in place of ¢. Putting (4.4) into (4.3), the left-hand side becomes

N

_pf H”(Vu)l/fg(pdx+/ (Vy, V((1 = ¥s)g)) dx 4.5)
P Q Q
where
V, = Vp(x) := HP 7' (Vu) (x, Vu) VH (Vu) — %xH”(Vu).
For § € (0, 1), we estimate
/Q (V,, V(1 - Ys))) dx
< C(p)/ H?(Vu)lx| IVl + lol|Vis]) dx
Q\Us
< C(pw/ §TPHP (Vx| (877 Vel + 877 ol |Vs|) dx
Q\Us
< C(p)8/ x| (V| + Sp_llwllvml)dx
Q\Us
< C(p)rSf IXI(|V<pl+|¢I|V(H"_1(Vu))|)dX-
Q\Us

Thus, by the dominated convergence theorem, we find

/ (Vp, V(A = ¥s)@))dx — 0, as§ — 0. (4.6)
Q
Combining (4.5) and (4.6), one deduces that

/(v Vo)dx = lim/ (V. Vo) dx = N-p lim/ HP (V) ysp dx

Q P> =0 Jo P> p =0 Jo

N —_
- p/ HP (Vi)Yo dox.
P Ja

N —
S / HP (Vi)g dx.
p Q
This shows (4.3), thus completing the proof. O

To prove Theorem 4.1, we also need the following generalized version of the divergence
theorem, and it will be used in proving Theorem 1.2 as well in the next section. It is probably
well-known, but we provide a proof for completeness.
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Lemma4.3 Ler Q be a bounded open subset of RY with Lipschitz boundary and let f €
LY(Q). Assume that a € CO(Q; RN) satisfies diva = f in the sense of distributions in <.

Then we have
/ (a,v)dHN’lsz(x)dx.
R Q

Proof Asin[21, Lemma 2], we letk > 1 and ¢ : R — [0, 1] be given by

0  ifs<{,
dr(s) = ks —1if§ <5 < 2,
1 ifs > 7.

Let ¥ € C>1(Q) be given by
Y (x) = i (dist(x, RV\Q)).

From [7, Sect. 7], we have that =V, — vHN~1L0Q weakly* in the sense of measures on
€2, namely,

lim | (v, V) dx = —/ (w,v) dHN ', vu e CO(Q; RY). 4.7)
k—oo Jo a0

Also, limy_ Y = 1 for every x € Q. We test diva = f with ¥ to get

—/ (a, V) dx:/ firdx. (4.8)
Q Q

Hence, in view of (4.7), the assertion follows by passing to the limit in (4.8) as k — oo and
using the dominated convergence theorem. O

Proof of Theorem 4.1 Applying Lemma 4.2 together with Lemma 4.3, one can immediately
get the desired integral identity. O

5 Proof of Theorem 1.2

In this section we prove Theorem 1.2. At the end of the section, we also present the proof of
Proposition 1.1 although it follows easily via Lemmas 2.1 and 2.2.

We start by showing that the solvability of overdetermined problem (1.2)—(1.3) with (1.4)
implies a priori relation between the value of C given in (1.4) and the anisotropic perimeter
of the set 2 relative to X. Throughout the section, we denote I'g := ¥ N aB};’O for R > 1,

where Bgo = B,’;IO 0).

Lemma5.1 Ler X, Q, H and Hy be as in Theorem 1.2.7Assume that problem (1.2)—(1.3) with
(1.4) admits a weak solution u satisfying Vu € LIOOOC(E N Q). Then

(c)Nl _ Pu(B": %)

4 C Pp(@ %)

where y is as in Proposition 3.1.

Proof We can assume y = 1 (otherwise consider u/y). Let R > 1 be such that Bgo O Q.
The idea is to obtain an integral identity on I'g U I'g by applying Lemma 4.3, and then
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let R — oo in the identity by exploiting the asymptotic behavior at infinity of u given in
Proposition 3.1. Since u is not C! up to the whole boundary, we will argue by approximation.
Without loss of generality, we assume that the N-th direction vector e, belongs to ¥ and

Y=y >80, .., xn-1)}

for some convex function g : R¥~! — R. From [6, Proof of Theorem 1.3], there exists a
sequence of smooth convex functions g; : R¥~! — R with k € N\{0} such that the sets
given by

Fr={xn > gi(xr, ..., xny-1)}

belong to ¥ and satisfy that Fy N (Bgo\ﬁ) are Lipschitz (3 F; and B(Bgo\ﬁ) intersect
transversally) and they approximate X N (B g" \£2) in the L' sense. In particular, the functions
gk fulfill:

(i) gky1 <grin B whereﬁB C RV~ is a large ball containing the projection of BgU\Q;
(i) gx — g uniformly in B; -
(iii) |Vgk| is uniformly bounded and Vgy — Vg a.e.in B.

Notice that u € C! (Fk N (Bg"\ﬁ) ). From Lemma 4.3 we have

(a(Vu),v)dHN_l—i-/ L la(Vuy, vy dHV " =0 (5.0)

/BFm(Bg" \Q Fina(BRO\D)

By Proposition 2.6, we see (a(Vu),v) = 0ae.ondX N (B,Igo\ﬁ). Since Vu € CO(T N

(Bgo \ Q) NL®EN (Bg0 \)), by using dominated convergence and properties (ii)—(iii)
we deduce that

(a(Vu),v)dHN_l—>/ L la(Vuy, vy dH T =0 (5.2)
0

/Mkn(BgO \2) ITN(BLO\D)

Moreover, by properties (i)—(ii) we obtain

/ (@(Vu), vy dHV=! — (@(Vu), vy drV 1. (5.3)
Find(BROA\Q) ENA(BROR)

Hence, by combining (5.1) with (5.2) and (5.3), we arrive at

/ (a(Vu),v)dHN "' = 0.
ENABROD)
Now, from (3.2), we infer that

Vu = V(In Hy(x)) + o(Hy ' (x))
H(Vu) = Hy '(x) + o(Hy ' (x))
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uniformly for x € I'g, as R — oo. So that

/ (a(Vu), vy dHN !
To

= / (a(Vu), vy dHN !
g

V Hy(x) N_1
= Vu), ———— )dH
AJMM)W%@O

Vu+oHy ')\ v
=R Vu), ———— )dH
ﬁj“'” IV Ho ()] >

H(Vu) +0(R_1)d N

= R/ HY=1(Vu)
'z |V Hoy(x)|

- / (R +o®™)" ™ (1 + o) Hw) aH .
'r

Letting R — o0, we obtain that the right-hand side of the above equality becomes

PH(BlHO; %)). On the other hand, since v = % on Iy, the left-hand side is

v
HN=1(Vu) <VH(Vu), —u>dHN_1 =CV Py 3.

o |VM|

Consequently, we get cN-lpy (2; ) = PH(BIHO; ¥) if y = 1. Then the conclusion for
general y > 0 follows easily. This completes the proof. O

Using Lemma 5.1 and Theorem 4.1, together with Theorem 2.5, we are now in position
to prove Theorem 1.2.

Proof of Theorem 1.2 Let

N-1 1 N
Vv(x)=H (Vu) (x, Vu) VH(Vu) — NXH (Vu).

Notice that (Viy, v) = 0 a.e. on I'y. For any R > 1 such that Bgo D Q, we aim at applying
Theorem 4.1 to equation (1.2) in £ N (B,’;["\ﬁ). Due to the lack of regularity of u, we
approximate X N (Bgo \Q) by a sequence of Lipschitz domains F; N (Bg0 \Q) as done in

the proof of Lemma 5.1. Since u € C! ( Fx N (BII;0 \5)), by applying Theorem 4.1 we get

(Vy, v)dHN ! +/ (Vn, vy dHY "1 = 0. (5.4)

/BFm(B,’:O \Q) FNO(BROD)

Furthermore, by arguing as in the proof of Lemma 5.1, we can take the limit of (5.4) as
k — oo to deduce that

f(vN,deN*l—/ (Vy, vy dHN "t = 0. (5.5)
T'o g
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On the one hand, using the fact that v = Ig—,‘jl on "y and that fl“o (x,v) = NHN(ENQ)
yields

/ (Vn,v)ydHN!
To

N
:/ (HN(Vu) (x,v)—w(x,v)> dHN!
o N

=N -DC"HN (=T N Q).
On the other hand, via Proposition 3.1 we see there exists y > 0 such that
H(Vu) = yHy ' (x) + o(Hy '(x)) and (x, Vu) =y +o(1),

uniformly for x € I'g, as R — oo. Similar to the proof of Lemma 5.1, a direct computation
entails
yNN-1)

Ho
Py (B;"; %),
N H(l )

/ (Vy, vy dHN ! -
g

as R — oo.
Consequently, from (5.5) we arrive at

N
CNHN(ENQ) = %PH(BIHO; ).

By recalling that PH(BIHO; ) = NHMNE N Bf{(’) (see [6, Formula (1.14)]) and using
Lemma 5.1, we conclude
Py(:3) _ Pu(B";%)
HN NV WV (BT

Thatis, ¥ N2 satisfies the equality case of Theorem 2.5. This forces that X NQ = ¥ ﬂBgU (x0)
for some R > 0 and xo € X as described in the theorem. Then the representation of u and
its uniqueness are concluded from Proposition 1.1. This finishes the proof. O

Proof of Proposition 1.1 Let u be as in (1.7). First, u = 0 on 'y holds trivially since Hy(x —
x0) = R on I'g. From Lemma 2.2, we see that u € CZ(RN\{X()}) and

V H -
Ho(x — x0)
By (2.2),
CR
H(Vu) = — =C on/T),
Ho(x — x0)

that is, the condition (1.4) holds. Moreover, by Lemma 2.1 and (2.2)—(2.3), we get
a(Vu) = (CRN "V Hy ™ (x — x0)VH (V Ho(x — x0))

X — X0

= (CR)N_I HOI_N(.X - Xo)m

X — X0

= (RN ————.
(R HY (x — x0)
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Clearly, (a(Vu),v) = (x — xo,v) = 0 a.e. on I';. Next, let us verify that u satisfies the
equation (1.2). It follows from Lemma 2.1 that

X — X0

div (——%0__
HY (x — x0)

= HyV (x — xo)div(x — x0) + <x — x0. (=N)Hy V'V Hy (x — xo)>

=NH; " (x —x0) = NH; N (x — x0) = 0.

This implies Aﬁu =div (a(Vu)) = 0 for x # xo.
Finally, the uniqueness of u follows from Theorem 3.3. O
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