Calc. Var. (2022) 61:42

https://doi.org/10.1007/500526-021-02134-y Calculus of Variations
()

Check for
updates

On the Morse index of critical points in the viscosity method

Alexis Michelat'

Received: 1 September 2018 / Accepted: 31 August 2021 / Published online: 3 February 2022
© The Author(s) 2021

Abstract

We show that in viscous approximations of functionals defined on Finsler manifolds, it is
possible to construct suitable sequences of critical points of these approximations satisfying
the expected Morse index bounds as in Lazer—Solimini’s theory, together with the entropy
condition of Michael Struwe.

Mathematics Subject Classification 46T05 - 47J30 - 58B20

Contents

1 Introduction . . . . . . . . e 1
1.1 Examples of admissible families . . . . . . .. .. . ... L 5
1.2 Applications . . . . . . . . .. e 6
1.3 Organisation of the paper . . . . . . . . . . . ... e 9

2 Technical lemmas . . . . . . . . .. 9
2.1 Preliminary definitions . . . . . . .. ... ... L 9
2.2 Morse index and admissible families of min-max . . . . ... ... ... ... 0 0L 11
2.3 Deformation lemmas . . . . . . . ... e e e e e e e e e e 14

3 Lazer-Solimini deformation theorem . . . . .. ... ... .. ... ... Lo o 17
3.1 Deformation and extension lemmas . . . . . . . . . ..o 17
3.2 The index bounds for non-degenerate functions on Finsler-Hilbert manifolds . . . . . . . . ... 20

4 Proofof themaintheorem . . . . . . . ... .. ... ... 28
4.1 Theentropy condition . . . . . . . . . . . .. L 28
4.2 The non-degenerate Case . . . . . . v v v v v v v i it e e e e e e e e 29
4.3 Marino—Prodi perturbation method and the degenerate case . . . . . . ... ... ... ..... 35

References . . . . . . . . . 41

1 Introduction

In this paper, we want to show that one can construct critical points of the right index
depending on the dimension of the admissible min—-max family in the framework of the
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viscosity method. Namely, we fix a C? Finsler manifold X and we consider a C? function
F : X — R, for which one aims at constructing (unstable) critical points. We further fix some
d-dimensional compact manifold M¢ with boundary 9M? = BY~! # &, and a continuous
map h : B4~ — X, and we call the subset &7 C #(X) a d-dimensional admissible family
(relative to (M9, h)) if

o =2P2(X)N {A : there exists a continuous map f : M? — X such that A = f(Md)
and fpa-1 = h}.

We shall generalise this example later and introduce additional min—max families in Sect. 2.2.
First recall the definition of the critical set K (F) C X of critical points of a function F :
X —>R:

K(F)y=XnNn{x:DF(x) =0}

In particular, notice that <7 is stable under homeomorphisms isotopic to the identity preserving
the boundary h(B4~1y ¢ X. Then the min-max level associated to F and 7, denoted here
by B(F, <) or (8(«/) when there is no ambiguity in the choice of F') is defined by

F. &) = inf F(A .
B(F, o) Inf sup (A) <00

Assuming that the min—max is non-trivial in the following sense

B(«/) = inf sup F(A) > sup F(h(B)) = Ble),

this is a very classical theorem of Palais [19] that there exists a critical point x € K (F) of F
such that F(x) = B(&), provided F satisfies the celebrated Palais—Smale (PS) condition.

Now, we assume furthermore that X is a Finsler—Hilbert manifold and that the linear map
V2IF(x) : Ty X — T,X is a Fredholm operator at every critical point x € K (F). We also
define the index Indp (x) € N (resp. the nullity Nullf(x)) of a critical point x € K(F) of
F as the number (with multiplicity) of negative eigenvalues (resp. as the multiplicity of the
0-eigenvalue) of the Fredholm operator V2F(x) : Ty X — T X.

In this setting, it was subsequently proved by Lazer and Solimini [12] that it is possible
to find a critical point x* € K (F) (a priori different from x) such that the following index
bound holds

Indp(x*) < d. (1.1)
For different types of min—max family, it is also possible to obtain a one-sided bound
Indp(x*) + Nullp (x*) > d
or a two-sided estimate
Indp(x*) <d < Indp(x*) + Nullp(x*).

In particular, if F is non-degenerate at x, we obtain a critical point for the third kind of families
of index exactly equal to d (to be defined in Sect. 2.2). For min—max families defined with
respect to homology classes, the two-sided estimate was first obtained by Viterbo [38].
Now, in the framework of the viscosity method (see [15] for a general introduction on the
subject), the function F does not satisfy the Palais—Smale condition (classical examples are
given by minimal or Willmore surfaces), and one wishes to construct critical points of F by
approaching F by a more coercive function for which we can apply the previous standard
methods. We let G : X — R, be a C? function and we define for all o > 0 the C? function
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F, = F + 02G, and we assume that for all ¢ > 0, the function F, : X — R verifies the
Palais—Smale condition. Furthermore, we denote for all o > 0 (so that 8(0) = B(&))

B(o) = B(Fy, ) = B() = B(0).

In particular, the previous theory applies and we can find for all o > 0 a critical point x, of Fj;
of the right index. Then this is a case-by-case analysis to show that the bounds carry aso — 0
(see [30] for minimal surfaces and [14] for Willmore surfaces). However, the first problem
which might occur (and actually the only one) is to loose energy in the approximation part,
i.e. to have for some sequence {oy };cny C (0, 00) converging towards 0 and some sequence
{xt}ren C X of critical points associated to { Fy, }, i (i.e. such that x; € K (Fy, (0y)) for
allk e N)

Fo (xi) = ﬁ(Uk)]:B,B(O) = (), and li]fn sup F(xq,) < ().

There are some explicit examples of such failures (see e.g. [15] for examples for geodesics
and minimal surfaces), but Michael Struwe found that this was possible to overcome this
difficulty through what is called Struwe’s monotonicity trick (see [35,36]). In our setting, the
corresponding theorem is the following (see [15] or [25] for a proof).

Theorem (%) Let (X, || - ||) be a complete C! Finsler manifold. Let Fy : X — R be a family
of C! functions for all o € [0, 1] such that for all x € X,

o+ Fs(x)

is C! and increasing. Assume furthermore that there exists C € L ((0,1)), 8 € Ly (Ry)

going to 0 at 0, and f € L{° (R) such that for all0 < o, t < 1 and for all x € X,

loc

[DF:(x) = DFy (x)|lx = C(0)é(jo — z|) f(Fo (x)). (1.2)

Finally, assume that for o > 0 the function F, satisfies the Palais—Smale condition. Let <f
be an admissible family of min—max of X a nd denote

B(o) = B(Fy, &) = inf sup Fy(A).
Aed
Then there exists a sequence {0y }reny C (0, 00) and {xy}ren C X such that

Fo (xi) = B(ok), DFg(xx) =0.
Furthermore, for all k € N, the critical point xi satisfies the following entropy condition
1

oy log (é) loglog (0—1]()

Now, one would like to merge the index bound of Lazer and Solimini with Struwe’s mono-
tonicity trick, which requires a new argument (we refer to Sect. 2.2 for the definitions of
index, nullity and of the different types of min—max families).

o Fo () < (1.3)

Theorem 1.1 Ler (X, || - |lx) be a C? Finsler manifold modelled on a Banach space E, and
Y < X be a C? Finsler—Hilbert manifold modelled on a Hilbert space H which we suppose
locally Lipschitz embedded in X, and let F, G € C*(X,R,) be two fixed functions. Define
forallo > 0, F, = F+02G € C*(X, R,) and suppose that the following conditions hold.

(1) Palais—Smale condition For all o > O, the function F, : X — R satisfies the Palais—
Smale condition at all positive level ¢ > 0.
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(2) Energy bound The following energy bound condition holds: for all c > 0 and for all
{xx}reny C X such that

sup Fy (x;) < oo,
keN

we have

sup [[DG (xg) || < o0,

keN
where | DG (x)|| = SuPyeE,nqusl(DG(xk)v v) where we identified Ty X with E.

(3) Fredholm property For all o > 0 and for all x € K(Fy), we have x € Y, and the
second derivative D*Fy (x) : Ty X — T} X restrict on the Hilbert space TY such that
the linear map V2F,(x) € L(T,Y) defined by

DZF(,(x)(v, v) = (VZF(,(x)v, )y, forall veT,Y,

is a Fredholm operator, and the embedding T,Y < Ty X is dense for the Finsler norm
Il

Now, let o (resp. <*, resp. o, resp. & (ay), resp. o (a*), where the last two families
depend respectively on a homology class o, € Hy(Y, B)—where B C Y is a fixed compact
subset—and a cohomology class a* € HY(Y)) be a d-dimensional admissible family of Y
(resp. a d-dimension dual family to <, resp. a d-dimensional co-dual family to </*, resp.
a d-dimensional homological family, resp. a d-dimensional co-homological family) with
boundary {C;};c; C Y. Define forall o > 0

B(o) = inf sup Fy(A) < oo, B*(o) = inf sup Fy(A), E(O‘) = inf_sup F;(A)
Aedd Aed* Aed

B(o) = inf sup Fy(A), B(o) = inf sup F,(A).
Aed (ay) - Acd (a*)

Assuming that the min—max value is non-trivial, i.e.

(4) Non-trivialilty Sy = inf sc.s sup F(A) > sup;; sup F(C;) = B\g,

there exists a sequence {oy}reny C (0, 00) such that okk—> 0, and for all k € N, there
—00

exists a critical point x; € K(Fy,) N & (oy) (resp. x}/, Xks Xi, Xk € K(F5,) N E(oy)) of Fy,
(where we recall that x € Y by the condition (3)) satisfying the entropy condition (1.3) (see
Definition 4.4) and such that respectively

Fo (x¢) = Box), Indp, (xx) <d

Fo (xg) = *(0x), Indp, (xi) = d

Fo (%) = Blow), Indp, (X)) <d <Indp, (X) + Nullg, ()

Fo(X) = Blow), Indp, (Fp) < d < Indf, (F) + Nullp, (X¢)
Fo(x) = Blox), Indp, (x;) <d <Indp, (x;) + Nullg, (xp).

Remark 1.2 The previous theorem is stated for a family F, = F + %G, but it would hold
more generally under the hypotheses of the previous Theorem (x) of families F,, C! and
increasing with respect to o. Notice that the Energy Bound is nothing else that the bound
(1.2) in this particular case.

Remarks 1.3 (On the optimality of the hypotheses of Theorem 1.1) Firstly, the Palais—Smale
condition might be weakened to the Palais—Smale condition along certain near-optimal
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sequence (see [8]). However, the sequence {0y };cn given by the theorem cannot be made
explicit, as is depends on differentiability property of o = B(o) (actually, of certain approx-
imations of this function), a function which is a priori impossible to determine explicitly for
all o > 0 (determining B(0) is already a very non-trivial question in many examples, and is
actually one of the motivations of the viscosity method), so hypothesis (1) is nearly optimal.

Secondly, the Energy bound is a mere restatement of inequality (1.2), which is really
necessary to make the pseudo-gradient argument work (see [15]). It seems to be essentially
the only way to obtain Palais—Smale min—-max principle.

Thirdly, the restriction on the Hilbert space is used to take advantage of the Morse lemma,
anecessary tool in all classical references [7,8,12,34,38]. The Fredholm property is probably
necessary as all existing methods rely on perturbation methods using the Sard—Smale theorem
[32], for which the Fredholm hypothesis is necessary, thanks to the counter-example of Kupka
[10]. Furthermore, we have to make the hypothesis that 7, Y be dense in 7 X for a critical point
x € K(Fy) asitshows that the index does not change for the restriction V2F,(x) € L(T,Y).

Finally, the Non-triviality assumption is to our knowledge necessary. Indeed, as we cannot
localise the critical points of the right index as in the works of Solimini [34] and Ghoussoub
[7,8], the corresponding theorem is Corollary 10.5 in [7], where this hypothesis is made in
order to make sure that one can apply the deformation lemma. Once again, this step is the
same that permits to prove the Palais—Smale min—max principle.

Remark 1.4 Theorem 1.1 would still be valid if (X, || - ||x) depended on o.

1.1 Examples of admissible families

We remark that the different families introduced above allow one to recover all known types
of min—max considered by Palais [20]. The only case to check is the one of homotopy classes
of mappings. Let M? be a smooth manifold and let ¢ a regular homotopy class of immersions
of M? into X, or an isotopy class of embeddings of M¢ into X. Then

(c) = [f(Md) fe c]

is ambient isotopy invariant so is an admissible family of dimension d, i.e. one may freely
have additional constraints in the definition of the admissible families as long as they are
stable under homeomorphisms isotopic to the identity (preserving the boundary conditions,
if any). In particular, if >k N™ are two smooth manifolds, Imm(Ek, N™) is the set of smooth
immersions from ¥ to N”, and d € N is such that

T4 (Imm():k, N")) # {0},

where 4 designs the d-th regular homotopy group, then for all ¢ € 74 (Imm(Ek , N ”)) with
¢ #0,and forall/ € Nand 1 < p < oo such that /[p > k, as the following Sobolev space
of immersion is a smooth Banach manifold [24]

Imm; ,(5X, N") = WhP(zk, N") N {é d®(p) AdD(p) £ 0 forall p e zk},
we deduce that

o/ (c) = 2(Immy_, (2, N")) N [cB(sd) :® e CO(s4, Immy ,(ZF, N™)), [®] = c]

is a d-dimensional min—max family of Imm; , (T, N™M).
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1.2 Applications

Sacks-Uhlenbeck a-energies [31]. Let ¥ be a closed Riemann surfaces and let (M", h) be a
closed Riemannian manifold which we suppose isometrically embedded in some Euclidean
space RY, and define for all o > 0 the family of Banach spaces

Xe = Wz, My = whito (2, RY) n i s ii(p) € M" forae. p € T.
Y = W22(Z, M"Y).

One can check that also X, depends on o, as Y is independent of o, the proof of Theorem 1.1
is still valid. The function F, : X, — R is given by

F, (i) = %/X ((1 +1da)' ™t - 1) dvoly,

where g is some fixed smooth metric on X.
The significance of the restriction on the Hilbert space Y is given by the following regularity
result (see [17]).

Theorem If0 < o < 1/2, any critical point it € X, of F, is smooth. Furthermore, for all
0 < o < 1/2, and all critical point u € K (Fy), the restriction D2F, (i) : T;Y — TE*Y isa
Fredholm operator.

In particular, such critical point u € X, is an element of Y, and the definition of the index
is unchanged, so the main Theorem 1.1 applies.

We find interesting to notice that this idea to restrict a functional defined on a Finsler
manifold to a Finsler—Hilbert manifold in order to exploit standard Morse theory in infinite
dimension is due to Uhlenbeck [37].

In order to introduce the next two categories, we introduce some additional definitions.
Let ¥ be a closed Riemann surfaces of genus y, and Diff’ (X) be the topological group
of positive W3-2-diffeomorphism (we adopt the standard notations of e.g. [3] for Sobolev
functions) with either 3 distinct marked points if y = 0, or 1 marked point for y = 1 and no
mark points for higher genera. Furthermore, if (M", h) is a fixed Riemannian manifold, we
denote by Imm(X, M") the Banach manifold of W*-?-immersions (for kp > 2) by

Immy (S, M") = WhP (s, M™") N {é :d®(p) AdD(p) £0 forall p e 2}
It was recently proved by Riviere [27] that the quotient spaces
X = Immy 4 (S, M") = Immy 4(Z, M")/Diff* ()
Y = Imm; »(S, M") = Imms 5 (S, M")/Diff* (%)

are (respectively) separated smooth Banach and Hilbert manifolds, and this is really a crucial
fact, as by the invariance under the diffeomorphism group on ¥, the perturbed functional of
the area of the Willmore energy cannot satisfy the Palais—Smale condition, but satisfies this
condition on the quotient space.

Minimal surfaces [21,22,28,29]. Here, the Finsler manifolds are

X = Immp4(Z, M"), Y =Imm; (S, M")

and the functions
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F(é):Area(&a(z)):/ dvol,., G(cfn):/ (1+|ig|2)2dvolg
p)) z

where g = ®*h is the pull-back of the metric 2 on M™ by the immersion ®, and ﬁg is the
second fundamental form of the immersion ® : ¥ — M". However, we see that the subtlety
here is that F; satisfies the Palais—Smale condition only on X, but not on Y. However, as
for all critical point d e X, we actually have ® € C*(XZ, M"), then we have in particular
P e Y, and one can directly verify that D> F, (d>) is Fredholm on the Hilbert space TgY
(see [27]). Therefore, the main Theorem 1.1 applies to the viscosity method for mmlmal
surfaces. Combining the recent resolution of the multiplicity one conjecture proved in this
setting by Pigati and Riviere [21] with the previous result of Riviere [27], one can obtain the
lower semi-continuity of the index.
Willmore surfaces [14,16,26].
The goal here is to go further the minimisation for Willmore surfaces in space forms and to
show the existence of Willmore surfaces solution to min—max problems, such as the so-called
min-max sphere eversion [11].

Restricting to the special case of Willmore spheres, we take

X =Immy 4(5%, R"), Y = Imm; (5% R")

and

F(®) = W(®) = f |H, |dvolg,
S2

FU(CT>):F(<T>)+02/ (1+|ﬁg|) dvoly + —— L 5@
S2

log ()

where Ijlg is the mean-curvature of the immersion ® : 52 — R", and & (CTD) is the Onofri
energy, defined by

> 1
O(®) = 7/ Idotlgdvolg +4ﬂ/ aefz"‘dvolg — 2m log </ dv01g> > 0.
2 s2 S2 S2

where o : §2 — Ris the function given by the Uniformisation Theorem such that g = €2 g,
where go is a fixed metric on S? of constant Gauss curvature independent of g. That this
quantity is non-negative was proved by Onofri [18]. Here, one also easily proves that the
hypotheses of the main Theorem 1.1 are satisfied.

For a proof of the lower semi-continuity of the index and an explicit application, we refer
to [14].

Min—max hierarchies for minimal surfaces [27,29].

We observe that the previously considered admissible families do not need to be continuous
with respect to the strong topology on X, as the following corollary shows. This application
is of interest in the setting of min—max hierarchies for minimal surfaces recently developed
by Riviere [27,29]. We first introduce some terminology (see [6] chapter 4, [23] chapter 2,
[1] section 3).

Let X be a closed Riemann surface, N be a compact Riemannian manifold with boundary
(possibly empty) which we suppose isometrically embedded in some Euclidean space, and
% (T N") be the Grassmannian bundle of oriented 2-planes in T N". We denote by %> (N")
the space of 2-dimensional varifolds on N", that is the space of Radon measure on % (T N")
endowed with the weak-* topology. Furthermore, we denote by Z2>(N", G) the space of
rectifiable 2-cycles in N" with G-coefficients (see [6], 4.1.24, 4.2.26, 4.4.1), where G = Z
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or G = Z, (or more generally, G is an admissible in Almgren’s sense [2]). It is known that
every current 7 € 2% (N", G) induces a varifold |T'| € #32(N"), and we denote by F the flat
norm on Z5>(N", G) and by dy the varifold distance, defined for all V, W € #;(N™) by

dy (V, W) =sup{V(f) = W(f): f € CAG(TN"), IIfll= <1, Lip(f) < 1}.

Furthermore, if = Imm3 (X, N") is a W32 immersion as defined in Sect. 1.2, then
obviously the push-forward ®.[X] of the current of integration [X] on the closed Riemann
surface }] is an element of 25 (N", Z), and furthermore, the induced varifold is denoted by
Vg = |P4[X]] € 72(N"). We have explicitly for all f € C?(%(TN”))

Volr) = [ £ (0. .7,%) dvol, (p)
i
We introduce the following distance on Y3 (N") N{|T|: T € Zo(N", G)}: forall V, W €
Y5 (N") such that V = |S| and W = |T| for some S, T € 25(N", G),
F(S,T) =dy (S|, IT)) + F(S,T).

Finally, if for all g € N, X, is a fixed closed oriented surface of genus g, we denote by
Immg’z(Z ¢» N™) the connected component (for regular homotopy) of the immersions reg-
ularly homotopic to an embedding £, < N", on we denote by Imm=80(N") the disjoint
union of Finsler—Hilbert manifolds

80
Imm=(N") = | | Imm3 ,(S,. N"),
g=0
We introduce for all 0 < o < 1 the function A, : Imm=8°(N") — R defined for all
® € Imm=$°(N") by
- L N2
Ay (D) :Area(CD(E))—f-ozf (1 +|]15)|2) dvol,
P

if ® is defined from a closed surface ¥, and ﬁé is its second fundamental form. That A,
satisfies all the hypotheses of Theorem 1.1 is verified in [28].

Corollary 1.5 Let N" be a closed Riemannian manifold, I be a non-empty set and let {Ml.d }ie]

a family of d-dimensional cellular-complexes, for all i € I, let h; : 8Ml.d — Imm=80(N™)
by a F-Lipschitzian map, and define

o = Imm=%(N") N {cB(Y) . ® € Lipp(MY, Inm=%(N")) for some i € 1},
and define for all 0 < o < 1

B(o) = B(As, &) :Aigj sup A, (A) < oo.

Assuming that </ is non-trivial as in Theorem 1.1, there exists a sequence {oy };ecn C (0, 00)
such that o — 0 and and for all k € N, there exists a critical point x; € K(Ay,) N & (o%)
such that

Ay (xx) = B(ox),

- 2 1 -
of/ (1 +|]15k|2) dvolg, < ] . Inda,, () < d.
23, log (5) loglog (H)
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Proof As the extensions are made for maps whose domains and co-domains is finite-
dimensional, by the equivalence of norms in finite dimension, the different restriction of
the sweep-outs are continuous in any topology, and the extension can be taken Lipschitzian
in the strong topology on W32 immersions, so the proof is virtually unchanged. O

1.3 Organisation of the paper

As is fairly standard in this theory, the proof is divided into two steps between the non-
degenerate case and the degenerate case. In the first one, we assume that for all o > 0, the
approximation F, is non-degenerate and in the second step that V2F(x): T, X — T X is
a Fredholm map at every critical point x € K (F,). Through a general perturbation method
due to Marino and Prodi [13], it is possible to reduce the problem to the non-degenerate case,
but this is quite subtle to perturb the function to preserve the entropy condition, contrary to
[12] where the degenerate case followed directly from the non-degenerate case.

Furthermore, let us emphasize that there is to our knowledge no method to prove directly
Morse index estimates in this setting without reducing to the non-degenerate case, and the
Fredholm hypothesis on the second derivative becomes at this point necessary as the only
known way to perturb a function on a Finsler—Hilbert manifold to make it non-degenerate is
to use the Sard—Smale theorem, for which this hypothesis is necessary.

2 Technical lemmas
2.1 Preliminary definitions

Definition 2.1 Let 7 : & — X be a Banach space bundle over a Banach manifold X and let
Il - Il : & — R4 beacontinuous function such that forall x € X the restriction || - ||, isanorm
on the fibre & = 7~ ({x}). Forall xo € X, for all trivialisation Pxp - n_l(UxO) — Uyy X &
(where U is some open neighbourhood of x¢) and for all x € U, we get an isomorphism
Ly:& — & s0] - |x induces a norm on &y, by

lvlle = 1L @) (forall v € &).

We say that | - | : & — R is a Finsler structure on & if for all xo € X and all such
trivialisation (Uy,, ¢x,), there exists a constant C = C,, > 1 such that for all x € Uy,

1
clhle =1 =€l e

A Finsler manifold is a regular (in the topological sense) C' Banach manifold X equipped
with a Finsler structure on the tangent space 7' X. A Finsler—Hilbert manifold or (infinite-
dimensional) Riemannian manifold is a Finsler manifold modelled on a Hilbert space.

Theorem 2.2 (Palais [20]) Let (X, || - ||) be a Finsler manifold, andd : X x X — R U{oo}
be such that forall x,y € X

1
d(x,y) = inf{/o Iy Ol wdt =y € €10, 11, X), y(0) = x, y(1) = y}.
Then d is a distance on X inducing the same topology as the manifold topology on X.
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In particular, we will always assume that Finsler manifolds equipped with their Palais
distances, usually denoted by d, and we will denote forall A C X and § > 0

Ns(A) =XN{x:d(x,A) <6}
Us(A) =XN{x:d(x,A) < 6}

Theorem 2.3 (Palais [20]) Let (X, || - ||) be a Finsler manifold modelled on some Banach
space E, let U C X be an open subset, ¢ : U — E be a chart and xo € U. We define for all
r>0

B(xo,7) =UN{x: lokx) — ool <7}
Uxo,r) =UN{x: o) — ool <7}
S(xo,r) =U N{x: lox) — ko)l =r}.

Then for r > 0 sufficiently small B(xg, r) is a closed neighbourhood of xo, U (xo, r) is its
interior relative to X and S(xg, r) is the frontier relative to X.

Corollary 2.4 Let (X, || - ||) be a Finsler manifold and K C X be a compact subset. Then
forr > 0 small enough, N5(K) is closed, and Us(K) is its interior relative to X.

Definition 2.5 Let E, F be two Banach spaces. We say that a linear map 7 € Z(E, F) is a
Fredholm operator if Im (T) C F is closed, and Ker(7) C E and Coker(T) = F/Im(T)
are finite-dimensional. Then the index Ind(7") € Z is defined by

Ind(T) = dim Ker(T) — dim(Coker(T)).

Definition 2.6 Let X, Y be two Banach manifolds and F : X — Y be a C!' map. We say that
F is a Fredholm map at x if DF(x) : TxX — Tr(y)Y is a Fredholm operator and we define
the index of F at x, still denoted by Ind, (F), by

Ind, (F) = Ind(DF (x)).

As the map x +— Ind,(F) € Z is continuous, we deduce that it is constant on each
connected component of X, and we will denote it by Ind(F) if F is defined on a connected
domain.

In the applications we have in mind, we cannot assume that the manifold X is connected,
so we will have to keep in mind this technical point.

If F: X — Y is a C! map between Banach manifolds, we say that x € X is a regular
point if DF (x) : X — Y is surjective. The complement of the regular points are called the
singular points, the image under F of the singular points are the critical values and their
complement the regular values.

Now we recall the celebrated Sard’s theorem of Smale, which proceeds by reducing the
infinite dimensional version to the finite dimensional Sard’s theorem.

Theorem 2.7 (Smale [33]) Let X, Y be two Banach manifolds and let U C X be an open
connected subset and F : U — Y be a C? Fredholm map, where

g > max {Ind(F), 0} + 1.
Then the regular values of F are almost all Y, i.e. the set of critical value is a set of first

Baire category (or meagre).

@ Springer



On the Morse index of critical points in the viscosity method Page 110f42 42

2.2 Morse index and admissible families of min-max

Let X a C? Banach manifold, and suppose that F : X — R is a function which admits
second order Gateaux derivatives in X, i.e. for all C2 path y : (—&, &) — X the function
t— F(y(@))isaC 2 function. Then a critical point x € X of F is an element such that for
all C2 path y : (—¢, €) — X such that y(0) = x, we have

d F =0
T (y(@)=0 = 0.

If x is a critical point, we define the second derivative quadratic form Q, = D?F(x) :
T X — (T X)* by

2 d?
0x(v)(v) = D°F(x)(v,v) = ﬁF(V(t))p:o

forall v € T, X and path y : (—¢, &) — X such that ¥ (0) = x and y'(0) = v.
Then Qy is a well-defined continuous map on 7y X, and the index Indr(x) of x with
respect to F, is defined by

Indp(x) =sup{dimV : V C Ty X is a sub vector-space such that Q,(v)(v) < O forall v € V 0}

To define the nullity, we need to assume that F :— R is a C? Fréchet differentiable map and
recalling that Q, = D2F(x) : Ty X — (T, X)*, we define

Nullp(x) = sup{dim W : W C T, X is a sub vector-space such that O, (w) = 0 for all w € W}.

If F is more regular or X is a Finsler—Hilbert manifold, the definition remains unchanged.
That is, if X is a Finsler—Hilbert manifold, then we have

D?F(x)(v, v) = (Lv, v)y

for some self-adjoint linear operator L : T, X — T, X. Its number of negative eigenvalues
(with multiplicity) is also equal to the index of F by the preceding definition (while the
nullity is equal to the number of Jacobi fields, i.e. Nullp(x) = dim Ker(L)).

Important remark 2.8 In particular, if ¥ C X is a Lipschitz embedded Hilbert manifold,
and x € Y is a critical point of F, then the square gradient V2F(x) : TeX — T, X restricts
continuously to the Hilbert space T, Y and the definition of the index is unchanged, provided
that 7, Y C T, X is dense, a condition easily verified in the cases of interest to us (it is stated
explicitly in the hypotheses of the main Theorem 1.1).

We first define families of min—max based on families of continuous maps.

Definition 2.9 (Min—max families) Let X be a C ! Finsler manifold.

(1) Admissible family. We say that o C Z(X)\{9} is an admissible min—max family of
dimension d € N with boundary (BY~!, h) (possibly empty) for X if

(Al) Forall A € &7, A is compactin X,

(A2) There exists a d-dimensional compact Lipschitz manifold M¢ with boundary B¢~
(possibly empty) and a continuous map 4 : B! — X such that for all A € <7,
there exists a continuous map f : MY — X that A = f(M%), and f = h on B!,

(A3) For every homeomorphism ¢ of X isotopic to the identity map such that ¢|gs—1 =
Id|,(ga-1), and for all A € o7, we have ¢p(A) € 7.
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More generally, one can relax the notions of uniqueness of the compact manifold M¢ as
follows. Let I a set of indices and a family {M d }t. <; Of compact Lipschitz manifold with

1
boundary (Blfj -1 , h;). Then we define

o = P(X)N|A :thereexists i € I and f € CO(M{, X) such that A = f (M)
and fpa-1 = h;}

Clearly, these classes are stable under homeomorphisms of X isotopic to the identity
preserving the boundary i (B) (resp. h(B;) foralli € I).

(2) Dual admissible family. In a dual fashion, let I be a (non-empty) set of indices and let
{Ci};er C X be a collection of subsets such that for all i € I, there exists a non-empty
set J; and a family of continuous functions {h{ }ies € CY%C;, RY). Then we define

d* = (I, {Ji}ier {h,j}iel,_/ej,-) by
o = P(X)N{A : thereexists i € I such that forall & € CO(X, Rd)

such that hc;, = hij for some j € I one has 0 € h(A)}.

d—1

If the functions h; : B; — X are implicit, then we say by abuse of notation that

{Cilier = {h(Blfi 71)] - is the boundary of o7 (this permits to give a uniform definition
€
of boundary for each admissible family).

(3) Co-dual admissible family. Finally, given a d-dimension dual admissible family «/*, a
d-dimensional co-dual admissible family is defined by

o =o/* N{A:dimy (A) <d + 1},

where dim s~ designs the Hausdorff dimension relative to the Hausdorff measures of the
metric space X (equipped with its Palais distance). The class is only stable under locally
Lipschitzian homeomorphism of X isotopic to the identity (this is not restrictive, as the
only homeomorphisms of interest are pseudo-gradient flow of C? functions, which are
indeed locally Lipschitzian).

Finally, we define the following boundary values of admissible families </, &* and o
with boundary {C;};<; by
,E(F, /) = sup sup F(h,'(Bl.‘Fl)), (where C; = h(Bid*l) forall i € I)
iel
B(F, o*) = B(F, o) = sup sup F(C;).
iel
Remark 2.10 The definition of the third family in [12] is the more restrictive
J:M*H[A:jfd(A) <oo}

but as we shall see, our definition will still permit to obtain the suitable two-sided index
bounds.

Remark 2.11 In the definition of the first family of min-max, the hypotheses on M? (or
equivalently on {M l.d }i ;) can be considerably weakened, as the main Theorem 1.1 would
still hold if M? were merely a metric space of Hausdorff dimension (with respect to the metric)

at most d admitting Lipschitzian partitions of unity. Furthermore, the family of boundaries

[ Bfl_l ] ; need not be a boundary, but can be any closed subset, as long as it satisfies the
IS
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non-triviality condition as recalled below. In particular, M4 can be assumed to be a cellular
complex of dimension at most d. It is particularly important in the example of Section 1.2,
where we shall also in some special situation relax the hypothesis relative to the continuity
of the different functions involved in a situation where weaker topologies are available.

Definition 2.12 Let X bea C! Finsler manifold and « (resp. <7, resp. ,;z?) be a d-dimensional
admissible (resp. dual, resp. co-dual) min-max family with boundary {Ci};c;. We say that
of (vesp. o/*, resp. /) is non-trivial with respect to a continuous map F : X — R if

B(F. /) = inf sup F(A) > supsup F(hi(BI™Y) = B(F, o). 2.1)
€

iel
Whenever this does not yield confusion, we shall write more simply 8 (<) and E ().

Remark 2.13 The condition (A2) can be relaxed in the sense that the applications f : M? —
X need not be continuous with respect to the strong topology of X, as long as we take a weaker
notion of continuity stable under homeomorphisms of X isotopic to the identity and fixing
the boundary & (B). See Section 1.2 for an explicit example involving families of immersions
continuous with respect to the flat norm of currents.

The second class of mappings are based on (co)-homology type properties.

Definition 2.14 Let R be an arbitrary ring, G be an abelian group, and d € N be a fixed
integer.

(4) Homological family. Let . € Hy(X, B, R)\{0} be a non-trivial d-dimensional relative
(singular) homology class of X with respect to B with R coefficients. We say that &7 =
4/ (a4) 1s a d-dimensional homological family with respect to o, € Hy(X, B, R) and
boundary B if

A (o) = Z2(X)N [A : A compact, BC Aand o € Im(tf)],

where for all A D B, the application tf : Hij(A, B, R) > Hy(X, A, R) is the induced
map in homology from the injection 4 : A — X.

(5) Cohomological family. Leta* € HY(X, G)\{0} be anon-trivial d-dimensional (singular)
cohomology class of X with G coefficients. We say that &/ = «/ (a*) is a d-dimensional
cohomological family with respect to a* € HY(X, G) if

o (a*) = 2(X)N {A : A compact and o™ ¢ Ker(fg)},

where for all A C X, the application L; - HY(X,G) — HY(A, G) is the induced map
in cohomology from the injection t4 : A — X. In other word, the non-zero class o™ is
not annihilated by the restriction map in cohomology % : H 4(X,G) - HY(A, G).

Remark 2.15 This recovers the classes (e) and (f) in the seminal paper of Palais [19]. We
observe that for cohomological families, there is no boundary conditions to check, as they
are obviously stable under any ambient homeomorphism isotopic to the identity Idy : X —
X. One can check that no restrictions is necessary for the coefficients in homology and
cohomology (see the proof of Proposition 3.9).
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2.3 Deformation lemmas

The results we present here are essentially adaptations to our setting of known results of
Lazer—Solimini and Solimini (see also the results of Ghoussoub for subsequent extensions
[7.8]).

The next lemma is due to Solimini and absolutely crucial as, whereas the restriction of
F, on the Hilbert does not satisfy the Palais—Smale condition, it satisfies a stronger property
on a suitable neighbourhood of critical points.

If (X, | - |I) is a Finsler manifold equipped with its Palais distance d and A C X, we
recall the notations

Us(A) =XN{x:dx,A) <8}, Ns(A)=XnN{x:d(x,A) <4}

Notice in particular that by Corollary 2.4, if A is assumed to be compact, then Ns(A) is closed
and Us(A) is its interior. In all constructions, we will assume implicitly whenever necessary
that such § > 0 has been chosen such that Ns(A) is closed.

Proposition 2.16 (Solimini [34]) Let X be a C? Finsler—Hilbert manifold and F : X — R
be a C? function, and assume that K C K (F) is a compact subset of set of critical points of
F. If the square gradient V>F (x) : TeX — T\ X is a Fredholm operator for all x € X, for
all ¢ > 0, there exists 5§ > O such that for all F : X — R such that

IF —Fllc2 <e

the map VF is proper on Ns(K). In particular, F satisfies the Palais—Smale condition on
Ns(K).

Remark 2.17 That DF is proper near critical points x € X where D?F(x) is Fredholm is a
well-known property due to Smale [33].

Proof We first treat the case K = {xo}. By a remark which will be repeatedly used, we
can assume by Henderson’s theorem [9] that X is an open subset of a Hilbert space H. We
fix some ¢ > 0, and we take § > 0 small enough such that VF — VzF(x) X — His
Lipschitzian on Ng(xo) with

Lip ((VF — VZF(x))|Ns(Ix0)) < e, 22)
and define G : X — H by
G(x) = VF(x) — V2F (x0)(x).
Then G is Lipschitzian and satisfies by (2.2)
Lip(G|Ns({xo})) < 2e. (2.3)

As D?F(xq) is a Fredholm operator, there exists a finite dimensional vector Hy =
Ker(V2F (x)) C H such that we have the direct sum decomposition

H = Hy ® Hy". 2.4)

In particular, as Hy is finite dimensional, HOJ- is closed and Im (D2 F (xp)) is closed, so there
exists a positive constant 0 < a < oo such that for all v € HOL, there holds

IV2F (xo) ()| = vl 2.5)
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Now, assume that {x; };cny C Ns(x9) C X is such that {V’P:(xk)}keN C X converges. Writing
forall k e N
Xk = x,? + x,ﬁ'

according to the direct sum decomposition (2.4), we can assume that up to subsequence
{x,?} keN is convergent in Njs(xo) (which is closed by Corollary 2.4). Now, for all k£, € N,
we have

1 1
llxg —x-ll < ;nsz(xo)(x,& —xH)ll = ;nsz(xo)(ka —x)ll
1 1 ~
< —IG(xit —xHI + = IVF (i — x|
o o
2¢ 1 ~
= = (I = 1+ 1 =301 + IV F G =)

where we used (2.3). Therefore, taking 2¢ < « yields

I = 27l < — _128 (2ell3 =5 + IVF () = VEGI) 7= 0.

by the assumption and the previous remark. This finishes the proof of the special case of the
proposition. As K is compact, there exists a uniform o such that (2.5) holds for all xg € K and
appropriate Hy = Hy(xo). Taking a finite covering {Ns(x;)};<;<y for § > 0 small enough
and some elements {x;}, ;< C K, the previous proof works identically. This concludes the
proof of the general case. O

Corollary 2.18 Let X be a C? Finsler manifold, Y C X be a locally Lipschitz embedded
Finsler—Hilbert manifold F, G € C*(X, Ry)andforall0 < o < 1, define F, = F+4062G e
Cc%(Xx, Ry). Let 0 > 0 be a fixed real number and assume that K C K (Fy) is a compact
subset such that restriction V2F,(x) : TeX — T.X on X is a Fredholm operator on a
compact subset K C K(Fy) (Where we recall that K (Fy) C Y). Then for all ¢ > 0, there
exists 8 > 0 such that for all fa € C2(X, R) such that

1Fo — Folicz < ¢

then Vfg 1Y — Yisproperon Ns(K). In particular, F satisfies the Palais—Smale condition
on Ns(K).

Lemma 2.19 Let X be a Finsler—Hilbert manifold and K C X be a compact subset. Then for

all small enough § > 0O there exists a smooth function ¢ : H — [0, 1] whose all derivatives
are bounded and such that

p(x)=1 forall x € Ns(K)
o(x) =0 forall x € H\Nys(K).

Proof As K is compact, let x, ..., x, € K be such that

" 8
KCLJIB<X“2)
=

Taking § small enough, we can make sure that each ball B(x;, §) is included in a chart domain
into the fixed Hilbert space (H, | - |) model of X. Let n € C°(RR, [0, 1]) be such that
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n()=1 fort=<?
nit)=0 fort>4

and let ¢; € C*®°(X, R) be defined by

x — x|
@i(x) =n <T> .

Then ¢; € C*°(H, [0, 1]) verifies
gi(x) =1 for x € B (x;, 39)
wi(x) =0 for x € H\B(x;, 26).
Now, letting ¢ € C°(R, [0, 1]) be such that
() =0, forr=<0
¢)y=1 forrt=>1
the function ¢ € C*°(H, [0, 1]) defined by

p(x) =¢ (Z%(x)) . xeH

i=1

has all the required properties. O

We recall the proof of the following perturbation method due to Marino and Prodi, as we
will have to exploit the specific form of the perturbation in the proof of the main Theorem
1.1.

Proposition 2.20 (Teorema 2.1 [13], Proposition 3.4 [34]) Letk > 2 and X be a C* Finsler—
Hilbert manifold and F : X — R be a C* function, and assume that Ko C K = K(F)
is a compact subset of set of critical points of F. If the square second derivative V*F (x) :
T«X — T.X is a Fredholm operator for all x € K, then for all ¢, 8 > 0 small enough, there
exists F € C¥(X, R) such that

IF = Fller < e

F(x) = F(x) forall x € X\Nas(K) (2.6)

and the critical points of Fin Ns(K) are non-degenerate and finite in number. Furthermore,
we can impose F < F or F > F.

Proof We can assume by Henderson’s theorem [9] that X is an open subset of a Hilbert space
H with scalar product (-, -). Let ¢ : X — R be the cut-off function of Lemma 2.19, and
define for xo € N2s(Kp), y € H the function Fy, y : X — R such that forall x € X,

Faon () = F() + 900y, ¥ = ¥o).
As Ky is compact, there exists Co = Cp(8) such that

sup [lx]| < Co(8). 2.7
x€N2s5(Ko)

Furthermore, thanks to the construction of Lemma 2.19, we have for some universal constant
Ci

Ci
lellcrxy = Nellck v ko) = Sk (2.8)
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Then for all ||y|| < #k)cle, we get the the first property of (2.6). Furthermore, we have on
Ns(Ko)

VFyyy(x) = VF(x) +y
V2 Fyy y(x) = V2F (x).

In particular, x € Ns(Ko) is a non-degenerate critical point of F, X,y if —y is a regular value
of VF : X — H.Let$§ > 0 small enough such that each connected component of Ns(Ko)
intersects Ko. Let x € Ns(Kp). Since X is an open set of the Hilbert space H, notice that
T X = H.By the connectedness assumption, V2 F (x) : H — H is Fredholm and as coming
from the Hessian of F, V2ZF(x)!H — Hisa self-adjoint operator. Its Fredholm index is then
0. In particular, we can apply the Sard—Smale theorem on the C! map VF : Ns(Ko) — H
(Theorem 2.7).
We obtain an element —y € X such that

k

Co®Ct € (2.9)

Iyl <
and such that —y is a regular value of V Fy, , (for all xo € X). Writing FXO = IT}ONV, we see
that for all xo € N2s5(Kop), by (2.7), (2.8) and (2.9)

||F — FXO,,\’”C]‘(X) < €&
Now, once y € X is chosen, as Kq is compact,

sup (y,x) < oo,
x€N25(Ko)

and there exists xg € Nas(Kg) such that
(y,x) < {y,xo) forall x € N2s(Kop).

Taking F = fxO, y, We obtain F < F and the conclusions of the Proposition (the other
inequality F > F is similar), using Proposition 2.16: the Palais—Smale condition and non-
degenerateness implies that the number of critical points is finite. O

3 Lazer-Solimini deformation theorem
3.1 Deformation and extension lemmas

As akey technical lemma in [12] contains an incorrect statement, we will check in this section
that Lazer—Solimini’s construction does not actually use this statement, so that their results
are still valid (along with [34]).

As we have mentioned it earlier, the basic principle to obtain index bounds is to first con-
sider the case of non-degenerate functions. Therefore, we fix a C? Finsler-Hilbert manifold
X (modelled on a separated Hilbert space and a C? function F : X — R, for which we
assume that F' satisfies the Palais—Smale condition at all level ¢ € R, and to fix ideas, let &7
be a d-dimensional admissible family. We assume that F is non-degenerate on the critical set
K (F, By) at level By = B(F, /). In particular, as F satisfies the Palais—Smale condition,
K(F, Bo) is compact and as F is non-degenerate on K (F, Bp), we deduce that K (F, o) is
composed of finitely many points, so that for some xi, ..., x, € X, we have

K(F, Bo) = {x1, ..., xm}-
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Leti € {1, ..., m} be a fixed integer. Then there exists closed subspaces H_, H; C H such
that up to the identification 7, X >~ H, the square gradient V2F(x) € & (Ty; X) is negative
definite on H_ and positive definite on H_ . Furthermore, H is the direct sum of H_ and H,
andforalye H=H_® Hy,wewritey =y_ + y,,wherey_ € H_and y, € H,.

Furthermore, by the Morse lemma for C? functions [4], for all 1 < i < m, there exists
g; > 0 and a Lipschitzian homeomorphism ¢; : Uy, (x;) — @(Ug; (x;)) C H such that
@i (x;) =0 € H and for all x € ¢(U.(x;)), there holds

Flo7 @) = Fa) + g |? = =12, G.1)

where || - || is the norm of the Hilbert space H. In order to make the notations lighter, we
will remove most explicit dependence in the index i in the following of the presentation.

Now, we let r1, r» > 0 be such that 2r; < r, and small enough such that the closed balls
B_(0,r1) € H- and B (0, r) C Hy such that

B_(0,2r1) + B4+ (0, r2) C (U, (x;)).
Now, we define forall 0 < s <2rjand0 <t <rp
C(s,1) = ¢~ '(B_(0,5) + B+(0,1) C Uy, (x) C X.

Now, fix 0 < § < r22 — 4r12, and let ¢ : R — [0, 1] be a smooth cut-off function such that
supp(¢) C Ry and ¢(¢) = 1 for all > 1. Now, we define a map @ : X — X such that

®(x) = x forall x € X\C(2ry, r2)

oo — ot (¢ (1e-]
x)=¢ ¢ T —1)ox)+ + o) for all x € C(2ry, ).

Lemma 3.1 The map ® : X — X is continuous on X\(/fl (B-(0,2r1) + 3aB+(0, r)),
XN {x:F(x) < Bo+8) C X\¢~ (B-(0,2r1) + 3B1(0, r2)), (32)

and the function ® is Lipschitzian on X N {x : F(x) < Bo + 8}. Furthermore, it satisfies to
the following properties:

(1) Forall x € X, then F(®(x)) < F(x).
) If x € 0C(r1, ) and F(x) < F(x;) 4 4, then ®(x) € (p_l(aB,(O, r)).

Proof To check (3.2), it suffices by taking complements to show that for all x €
¢ 1 (B_(0,2r1) + dB1(0, r2)), we have

F(x) > Bo+34.

Forall x € ¢~ (B_(0, 2r1) + 9B (0, 2)), we have ||¢(x)4|| = r2, and ||o(x)_]|| < 2ry, so
that by (3.1)

F(x) = Bo + o) 41> = llp@)—11> = Bo + 73 — llp@)_II> = Bo +r3 —4r} > o+
by definition of 0 < 8 < r3 — 4r7, which shows the claim.

(1) As ® = Id on X\C(2ry, r2), it suffices to check the property on C(2ry,r2). If x €
C(2ry,1r2),thenby (3.1)andas ¢ < 1

F(®(x)=F (qfl (4 (W - 1) ()4 + w(xL))
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llo o)l

r

2
= F(x,->+c( - 1) )41 = o) 112
< F(xi) + o)1l = le@)—|I* = F(x).
(2) If x € 3C(r1, r2) and F(x) < F(x;) + 8, recalling that 0 < § < r3 — 4r{, we see that

F(x) = F(xi) + o)+ 1? = lo@)—I* < F(x;) +r3 — dri.

Therefore, as x € dC (r1, r2) we must have ||p(x)_| = r1, so that
. (ngo(x)_n _ 1) o
r
and ®(x) = ¢ (p(x)_), and as ||¢(x)_|| = ry, this exactly means that ®(x) €
¢~ (9B-(0, ). O

Remark 3.2 1t is also claimed (without proof, which is left to the reader) in [8,12] that we
have the additional property:

(3) We have ®(X\C(r1,r2)) C X\C(r1,r2).
As ® =1Id on X\C(2ry, r2), we indeed have trivially
D (X\C(2r1,m)) = X\C(Q2r1,r) C X\C(Q2ry1,1r).
Therefore, the property is equivalent to
d (C(2r1, r)\int(C(r1, r2))) C X\int(C(r1, 12)).

Let x € C(2ry, r)\int(C(r1,r2)) be a fixed element. Then at least one of the properties
r1 < lo(x)+|l <2ry or ||@(x)+|| = rz holds. Furthermore, as

P(@()) = ¢ (W - 1) o)+ + 90—,
we trivially obtain
P @())s = ¢ (W _ 1) o)1 P@0))- = p(x)_.

Therefore, ®(x) € int(C(ry,r2)) = U_(0, r1) + U4 (0, rp) if and only if

(x)—
lo(@E) 4+l =¢ (W - 1) lo)4ll <r2 and Jlo(@(x)-Il = o) -|| <r1.
(3.3)
The second inequality in (3.3) implies that |o(x)_| < r1, so |l¢(x)+|| = r2 (as x €

C(Q2ry, r)\int(C(r1, r2)), and (3.3) is equivalent to

§<||<p(x>_|| _ 1) L
r

and by construction of ¢, we see that there exists 0 < § < 1 such that

t
Is (— - 1) < 1 forall t < §Q2ry).
r

@ Springer



42 Page 20 0of 42 A. Michelat

This implies that
® (9~ (B-(0,8(2r1)) + 0B (0, r2))) C int(C(r1, r2))
and as trivially

¢ N(B_(0,82r1)) + 3B4+(0,2)) ¢ int(C(r1,72)) = ¢~ (U_(0,71) + U4 (0, 12)),
3.4

we see that property (3) is actually false (as the set on the left-hand side of (3.4) is non-empty).
However, it does not enter in the proof of the main theorem in [12], as we shall see below.

Lemma 3.3 Let K be a closed set in a d-dimensional C' manifold M? and H be a Hilbert
space and let f : K — H be a continuous function such that 0 ¢ f(K). Ifd < dim H,
there exists a continuous extension [ : M4 — H\{0}.

Proof First assume that K is compact, and let » > O such that K C B(0, r). Then we obtain
an extension f : MY — H by a theorem of Dugundji (see [5]) through partition of unity.
Furthermore, as . M is a smooth manifold, we can take the partitign of unity to be C I 50 that
the restriction f|ya\g : MK — H is C'. In particular, as Flyang MK — H is
locally Lipschitzian,

dim (f(MU\K)) < d < dim H, (3.5)

where dim s~ designs the Hausdorff measure of the metric space H induced with its natural
distance. In particular,as 0 ¢ f(K) = f(K) by assumption, and as f (M\ K) cannot contain
an open ball by (3.5) (otherwise it would be of Hausdorff dimension dim H > d + 1), we
deduce that B(0, r) ¢ f(M?). In particular, if xo € B(0, r)\ f(M9) is a fixed point, we can
set p : 7(M‘1) N B(0,r) — 9B(0, r) defined by p(x) = xo + a(x — xp), where « is the
unique positive number such that || p(x)|| = r.

If K is not compact, we fix some arbitrary point p € M? and for all n € N, we let
K, = KNB(p,n). We apply the previous construction to the restriction fx, : K1 — H\{0}
to obtain an extension 7,(] ‘M4 H\{0} . Now, let f, : B(p, 1) UK — H\{0} be the
extension by f on K\B(p, 1) of the restriction ?Kl B - B(p, 1) = H\{0}. This gives

a family of functions fy : B(p,n) UK — H\{0} such that forallm > n, f = fin on
B(p,n) UK, so all these functions have a common extension f : M4 — H\{0}, and this
concludes the proof of the Lemma. O

Remark 3.4 As, we only use the Lipschitz property, the proof would carry one to metric spaces
of Hausdorff dimension at most d admitting Lipschitzian partitions of unity—in particular,
this would work for Lipschitz manifolds (notice that the part using Dugundji extension
theorem works for any metric space). More generally, we observe that the Lemma would still

_ d
hold if the function f/|ya\ g : M 4 was only a-Holder with & > ———, so we could relax the

hypotheses to metric spaces admitting «-Holder partitions of unity.

3.2 The index bounds for non-degenerate functions on Finsler-Hilbert manifolds

Definition 3.5 If < is a min—max family and F € Cl1(X,R), and {Ak}ren C & is such that
F(A F, o) = inf F(A),
sup F( k)kjgoﬂ( ) nf sup (A4)
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we define

Ao =X N {x cx = lim xg, dist(xg, Ak)—>0}.
k— 00 k—00

Theorem 3.6 (Lazer—Solimini [12]) Let X be a C? Finsler—Hilbert manifold, o (resp. o™,
resp. cz{~) be a d-dimensional admissible family (resp. dual family, resp. co-dual family) with
boundary {Ci};c; C X andlet F € C%(X,R) be such that F satisfies the Palais—Smale at
level Bo = B(F, &7). Assume furthermore that all critical points of F are non-degenerate at
level Bo, and that the min—max is non-trivial, i.e.

Bo = inf sup F(A) > sup sup F(C;) = ﬁo
Aed iel
(resp. Bi = inf_sup F(4) > sup sup F(C;) = 30)

iel

<resp. EO = inf_sup F(A) > sup sup F(C;) = EO)
Aed iel

Then for all {Ax}xen C & such that
sup F(Ax) —> Bo,
k— 00
(resp. sup F(Ag) — ,3()“)
k— 00

(resp. sup F(Ak)kjgo,go)

the exists x € K(F, Bo) (resp. x* € K(F,B), resp. X € K(F, Eo)) and a sequence
{Xk}ren C X such that x; € Ag forallk € N, xkk—>x (resp. x*, resp. X) and
—00

Indp(x) <d, (resp. Indp(x™) > d, resp. Indp(X) = d).

Remark 3.7 The proof shows that it suffices to assume that F is non-degenerate on K (F, Sp)N
Aso.

This is easy to see that the proof is reduced to the following Theorem (from it one obtains
immediately Theorem (3.6), as we shall see shortly).

Proposition 3.8 (Lazer—Solimini [12], Solimini, Lemma 2.19 [34]) Let F € C 2(X, Ry) as
in Theorem 3.6, let o (resp. «/*, or &) be a d-dimensional admissible min-max family
and assume that all critical points at level By (resp. at level B, or EO) are gon-degenerate,
and assume that xo € K(F, Bo) (resp. xo € K(F, B3), resp. xo € K(F, po)) satisfies the
estimate

Indf(xo) > d (3.6)
respectively for o/*

Indrp(xg) <d (3.7)
and for o

Indrp(xg) #d. (3.8)
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Then for all small enough ¢ > 0, there exists § > 0 such that for all A € o (resp. /%, or
o), sup F(A) < Bo + 8 (resp. sup F(A) < B + 8, resp. sup F(A) < ﬂo + 8 ) implies that
there exists A’ € o (resp. o*, or o) such that

A\Uz¢ (x0) = A"\U2¢(x0)
A NUs(xp) =9 3.9)
sup F(A") < sup F(A).

Proof Case 1: admissible families.
Taking the previous notations of Lemma 3.1, we will show that for 0 < § < r2 4r1,
there exists A’ € &7 such that

ANCQ2ry1,r2) = A\C(2r1,12)
"Nint(C(r1, ) =@ (3.10)
sup F(A’) <sup F(A) < By + 6.

First, let [ € C%M?, X) such that A = f(Md), and consider the open subset U =
F(int(C(r1, r2))) € M?. Forallp € U = f~1(3C(r1, r2)) C M?, wehave by definition
f(p) € 9C(ry, r2), and

F(f(p)) <supF(A) < o+,

so by Lemma 3.1 (2), we have ®(f(p)) € (p‘l(aB_ (0,71)). As p € dU was arbitrary we
obtain

O(f(OU)) C ¢ (9B_(0, r1)). (3.11)

Now, ¢ : (p‘l (B-(0,r1)) = B_(0, r) is a (Lipschitzian) homeomorphism, so it induces a
homeomorphism on the boundary

¢ Y (9B_(0,r1)) = dB_(0, r1).

Furthermore, as dB_(0,r;) C H_ is a retract by deformation of H_\{0}, we see by
Lemma 3.3 that p o ® o f : 3U — 9dB_(0,r;) € H-\{0} can be extended as a
map ¥ : U — 8B 0, r) (by using the projection H_\{0} — 9B_(0,r;)), and the
map Qo f = ¢ oV : U — ngl(aB (0, r1)) furnishes a contlnuous extension of

do f:oU — (p_l(BB,(O, r1)). Now, define the continuous map f MY X by

f(p) forall p e MU,

fp) = {d>of(p) forall p e U.

We first need to check that A’ = f(M ) satisfies the non-triviality of the boundary condition.
First, up to taking r1, r, > 0 smaller, as

F(x0) = fo > supsup F(h;(B{ "))

iel
we can assume that C(2ry, r2) N hi(Bi‘l_l) = @ as F is continuous. In particular, as & = Id
on X\C(2ry, r2), we have fl pd-1 = led4 on Blfjfl foralli € I,so A’ € <. Furthermore,

forall p € MU\ f=1(C2r1, 1)), F(p) = f(p). s0
F(f(p)) = F(f(p)) < sup F(A) < fo +6.
Then, for all p € f~1(C2r1, r)\int(C(2r1, r2))), we have by Lemma 3.1(1)
F(f(p) = F((f(p)) < F(f(p)) <sup F(A) < o+,
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and finally, for all p € ffl(int(C(rl,rz))) = U, we have by construction f(p) €
@~ (dB_(0, r1)), but this implies by (3.1) that

F(f(p)) = Bo — llp(F(p)—II* < Bo < sup F(A).

Finally, as A’ N int(C(ry, r2)) = @ and A’\C(2r1, r2) = A\C(2r1, r7), this proves (3.10).
Case 2: dual admissible families.

In this case, the construction is straightforward, as we will show that under the same notations
for the Morse transformation, we have for all 0 < n < § and for all A € .&7* such that

sup F(A) < B + 1,
there holds (notice that ®(A) € «/* by construction of ®)
A" = ®(A\Int(C(r1, 72)) € ¥, (3.12)
which will immediately imply the claim, as F(®(x)) < F(x) for all x € X, so that
sup F(A") = sup F(®(A)) < sup F(A) < 5 +1.

Now assume by contradiction that (3.12) does not hold. This means by Definition 2.9 that
there exists a continuous map s : ®(A)\int(C(ry, r2)) — Rd\{O} such that for some i € 1
and j € J;, we have

hx) = hlj(x) forall x € C; N ®(A).

Now, consider the restriction 2 o ¢! : @(®(A) N IC(r,r2)) — RU\{0}. As p(P(A) N
dC(r1,r2)) € H_ and dim(H_) = Indr(xg) < d, we deduce by Lemma 3.1 that there
exists an extension

hog=1:p(®(A)NC(ry,r) — RN\{0},
and
h=hogplog:®(A)NC>1,r) — RHN\{0}

j§ a continuous extension of h|eA)nac.rn) @ PA) NIC(r1, r) — Rd\{O}. Finally, if
h: ®(A) — R\ {0} is the continuous map given by

oy = | h0, forall x € @ANINU(C(rt, 1)),
)=\ heo. forall x € ©(A) N C(ry. )

this implies by definition of «7* that ®(A) ¢ &*, a contradiction (as 0 ¢ Im(ﬁ)).

Case 3: co-dual admissible families.

First, the argument of Case 2 shows that we only need to treat the case Indr (xg) < d, as the
map ¢ : Ug(x9) = ¢(Us(x0)) C H- is a locally bi-Lipschitzian homeomorphism, so the
map ¢ : X — X is locally Lipschitzian on A, so that

dim_z (P(A)) <dimy(A) <d+1 (3.13)

and as ®(A) € &*, we obtain by (3.13) that ®(A) € o,

Therefore, we see that we can assume that Indr (xg) = dim(H_) > d + 1. Once again, as
the map ¢ : Us(x9) = ¢(Us(x9)) C H_ is a locally bi-Lipschitzian homeomorphism, and
® : X — X islocally Lipschitzian on A, we have

dim_z (o(P(A) N C(ry,1r2))) <dimy(A) <d+ 1. (3.14)
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Now, we trivially have by (3.14)

dim(B_(0, r1)) = dim(U-(0, r1)) = dimy (H-) = d + 1 > dim (¢(®(A) N C(r1,12)))
(3.15)

In particular, we deduce from (3.15) that
B_(0,r1)  (P(A) N C(r1,r2)). (3.16)
Now, as (P (A) N C(ry, r2)) is closed, there exists n > 0 and xg € U_(0, r1) such that
B(xo,n) N H- C B0, r)\e(P(A) N C(r1,r2)).

Furthermore, as the projection 7 : B_(0, r1)\{xo} — 9B_ (0, r1) is Lipschitzian outside of
B(xo, 1), we see that

A= (@7 om) (@A) NC(r1, ) €

thanks to (3.14) and as ¢ ' o7 is locally Lipschitzian on ¢(®(A) NC(ry, r2)). By definition,
we have

A'Nint(C(r1, r)) = 2.
We finally check that
sup F(A") < sup F(A) < Bo + 6.
By Lemma 3.1, we have
sup F(®(A)) < sup F(A) (3.17)
and as A’\®(A) C ¢~ (dB_(0, r1)), we obtain by (3.1)
F(x) = Bo — llox)_|I> < Bo < sup F(A), forall x € A\®(A), (3.18)
so that by (3.17) and (3.18)
sup F(A') < sup F(A) < By + 86,
which concludes the proof of the theorem. O

Proof (of Theorem 3.6) The proof is a reductio ad absurdum. Assume that there is no such
critical point. As the conclusions of Proposition 3.8 are independent of the admissible family,
we can assume that {A; )y C X is such that Ay € o7 forall k € N and

sup F'(Ax) — Bo.
k—00
Now, let
A =X N {x = lim xj : dist(xg, Ag) —>0}. (3.19)
k—00 k—00

Then by assumption, F is non-degenerate on K (F, fo) N As, and as K (F, Bp) N Ao 1S
compact by the Palais—Smale condition, we deduce by the Morse lemma that K (F', o) N Axo
is finite, so we have for some x, ..., x,; € X

K(F,By) NAso ={x1,..., Xm}
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Now, thanks to Proposition 3.8, as K (F, Bg) N A is finite, there exists §, ¢ > 0 such that
forall A € &7, sup F(A) < By + &, there exists for all 1 <i < m an element A; € o/ such
that

A\Uze (x;) = A}\Use (x;)
AiNUg(x) =0 (3.20)
sup F(A}) < sup F(A).

Now, we taking ¢ > 0 sufficiently small, we can assume that
B (xj) N Boe(xj) = @, forall i # j with i,j e (l,...,m} (3.21)

Thanks to (3.20) and (3.21), we see that Ay satisfies the hypotheses to obtain (3.20) for k
large enough define by a finite induction A}(, .. Al e o/ by

Al = (AD)), AL = (A", forall 2 <i <m.
Then A} € < and
sup F(A}') < sup F(Ar) —> fo,
k—o00
so by any deformation lemma (see e.g. [34]), there exists { xp! } ren Such that X' e AP for
allk € N, and
dist(x", {x1, ..., xn}) > ¢, forall k e N.
and xkk—> Xoo € K(F, Bo). Furthermore, assuming that ¢ > 0 is small enough, and as
—00

{x1,...,xm} = K(F, Bo) N Ax are isolated, we can assume that K (F', Bog) N Ao is isolated
in K(F, Bp), so that

dist(x;", K(F, Bp)) > ¢ forall k € N,
which furnishes the desired contradiction. ]

The next proposition is the same as Proposition 3.8 in the case of homological or coho-
mological admissible families.

Proposition 3.9 Letd > 1 be a fixed integer, R be an arbitrary ring, G be an abelian group,
F € C%(X,Ry) as in Theorem 3.6, B C X a compact subset, o, € Hy(X, B, R)\{0}
and o* € HY(X,G)\{0} be non-trivial classes in relative homology and cohomology
respectively, let o (a,) and < (o*) be the corresponding d-dimensional homological and
cohomological admissible families, and

Bo = B(F, Z(ax)) = Aei% , Sup F(A), Bo=pB(F. (") = inf supF(A)

o (ot Aed (a*)

be the associated width. Assume that xo € K(F, fo) (resp. xo € K(F, Bo)) is a non-
degenerate critical points of F at level By (resp. By) and that

IndFr(xp) #d. (3.22)

Then for all small enough ¢ > O, there exists § > 0 such that for all A € /(o) (resp.
o (@), sup F(A) < Bo+38 (resp. sup F(A) < B+ 8) implies that there exists A’ € o (a)
(resp. o (™)) such that

A\Use (x0) = A"\Uz¢(x0)
A'NUg(x0) =2 (3.23)
sup F(A") < sup F(A).
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Proof Let xo € K(F, Bp) be a non-degenerate critical critical point, and let 1, 72, § > 0 be
given by Lemma 3.1 such that 0 < § < r22 - 4r12, and A € &/ (a,) such that

sup F(A) < Bo + 4.

Then by definition, ¢ € Im(t4,4), where ta .« @ Hy(A, B) — Hy(X, B) is the induced
map in relative homology from the inclusion t4 : A — X. We will now show that for all
1/2 < & < 1 close enough to 1, we have

A\int(C(er1, er2)) U (C(r1, O\int(C(ery, 0))) € o (o).

We choose ry, r; > 0 small enough such that C(s, t) is closed for all s < 2r; and ¢t < r, by
Theorem 2.3. Let

Y=AUC(,0)
and observe that
int(Y\int(C(ery,er))) Uint (Y NC(r1, 1)) =7,
and define for convenience of notations
Ag(r1, ) = C(ry, m)\int(C(e rq, € rp)).

Therefore, we obtain the following Mayer—Vietoris commutative diagram
Hg(Y\int(C(er1,€r2))) @ Hg(Y N C(r1,12)) Hq(Y) Hq_1(Y N Ag(r1, r2))

| .| .|

Hy(®Y\int(C(e 11, £12))) & Hg(P(Y NC(r1,r2))) — Hy(®(Y)) — Hyg—1(P(Y N Ag(r1,12)))

Now, we have by the proof of Lemma 3.1 that
O(C(ry,r2)) = ®(C(r1,0) = B_(0,r;) ~ B"(0,1) C R,
X N{x:Fx)<Bo+38}NaC(r1,r)) =POC(1,0) = ¢71(BB,(O, ry))  (3.24)

where ~~ designs the equivalence up to homeomorphism, ¢ is the Lipschitzian local home-
omorphism given by the Morse lemma, and B_ (0, r1) is the closed ball of radius 1 in the
Hilbert space Ty, X corresponding to negative space of V2F(x) € Z(T X). Let us show that
for 0 < ¢ < 1 large enough, we have

OY NA(r1,72) C o~ (B0, r)\U-(0, e 1)) =~ S* 1.
First, let us show that for 0 < ¢ < 1 large enough, we have
O(X N{x: F(x) < Po+8)NA:(r1,1)) C o~ (B_(0,r)\U-(0, er1)).

By contradiction, if there exists x € X N{x : F(x) < Bo + 8} N Ac(r1, r2) such that d(x) €
o~ (U_(0, er1)), as

D) =9 (p(x)-) (3.25)

we must have ||@(x)_|| < erq, and as Ag(r1, r2) = C(r1, )\int(C(e ry, € r2)), this implies
that ||@(x)+|| > era, so that

F(x) = o+ llo@) 411> = lle@)—II> = Bo + llo) 111> = o + £7r5 — 717,
andas0 < § < r22 — 4r12, we obtain

,30+82r22—82r125F(x)§;30+8</30+r22—4r12
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and as 0 < 2r| < r, this yields to a contradiction if

2

3rq

0<./1-— <e<l.
2 2
ry—n

Furthermore, as we trivially have (by (3.25), valid for all x € C(ry, r2))
®(C(r1, O\int(C(e 71, 0))) = B(p~ " (B_(0, r)\U_(0, £r1)))
= ¢~ (B_(0, r)\U-(0, er1)),

we obtain as d B_ (0, rq) is a retract by deformation of B_(0, r1)\U_(0, € r1), we obtain the
identity

DY NA:(r1,72) = ¢ (B_(0, r)\U—(0, er1)) = $"". (3.26)
We also notice that the first equality in (3.24) implies that
(Y NC(r,m)) = (pfl(B,(O, r1)) ~ B"(0,1) c R". (3.27)
Indeed, we have
YNC(ri,rp) =(ANC(1, ) UC(r,0)

and by (3.24), ®(A N C(r,r2)) C O(C(r1,r2)) = ¢ ' (B_(0,r1)) and ®(C(r1,0)) =
(p_l (B-(0, r1)), which yields (3.27).
By (3.26) and (3.27), we obtain

Hy(®(Y NC(r1,r2))) = {0}, Hy—1(®Y N Ac(r1,r2))) = {0}

and we obtain the following exact sequence

Ha(@(Y\int(C(e r1, £ 12))) —L5 Hay(®(Y)) —55 0

and as Im(f) = Ker(g) = Hy(P(Y)), we deduce that f is surjective. Now, as the map
® : X — X given by Lemma 3.1 is continuous on X N {x : F(x) < Bp + &} and isotopic
to the identity on X N {x : F(x) < Bo + 8} (which contains Y), we deduce that the &,
homomorphisms in the Mayer—Vietoris commutative diagram are isomorphism, so we have
a surjection

Hy(Y\int(C(er1, €12))) — Ha(Y).
In particular, the arrow % of the following we obtain a surjection
Hy(Y\int(C(ry, r2)), B) — Hy(Y, B). (3.28)

Now, if B C A1 C A> C X are any two subsets containing B, we write t4, 4, : A1 — A
the injection and ¢4, 4, : Hy(A1, B) — Hy(A2, B) the induced map in homology. As
ACAUC(r,0) =Y C X,and 14, x =ty x ota,y we have

LA, Xx = LY X+ O LA Y,

andas oy € Im(t4,x.«) C Hy(X, B), thisimplies that o, € Im(ty, x«), and by the surjectivity
of the arrow in (3.28), we obtain

oy € Im (LY\int(C(srl,srz)),X*) )

@ Springer



42 Page 28 0f42 A. Michelat

which by definition means that (notice that Y is compact)
Y\int(C(ery, er)) € o (oy).
Finally, for all x € C(rq, 0)\int(C(erq, 0)), we have
F(x) = o~ lo()-|| < fo — €’ < fo < sup F(A),
so that
sup F(Y\int(C(ery, er))) < sup F(A).

Using the exact same arguments of proof (with A’ = A\int(C (¢ ry, € r2))UC (r1, 0)\int(C (e ry,
0))) thanks to the Mayer—Vietoris sequence for singular cohomology, we show the injectivity
of the following arrow

HY(AUC(r1.0), G) = HY(A\int(C(er1, £72)) U (C(r1, O)\int(C(ery, 0)), G)
and this finishes the proof of the theorem. O

Remark 3.10 We see that there is absolutely no restriction in the coefficients in (singular)
homology of cohomology, as we only used the Mayer-Vietoris exact sequence.

Corollary 3.11 Under the hypotheses of Proposition 3.9, if F € C?(X,R) and {A}jen C
o (ay) (resp. {Ax}ren C o (a™)) such that

sup F(Ax) —> B(F. (o)), <r€SP~ SupF(Ak)k:;ﬂ(F,E(a*)))

If K(F, B(F, d(a))) (resp. K(F, B(F, & (a*)))) contains only non-degenerate critical
points, there exists a sequence {xi}reny C X such that xi € Ay forallk € N and xkk—> X €
—00

K(F,B(F, & (ay)) N A (resp. x € K(F, o (a*)) N Aso) such that
Indrp(x) =d, (resp. Indp(x) =d). 3.29)

Proof Tt is exactly the same as the proof of Theorem 3.6, using Proposition 3.9 instead of
Proposition 3.8. O
4 Proof of the main theorem

4.1 The entropy condition

Let X be a Finsler manifold and { F5 } 510,17 C CL(X,R)suchthatforallx € X,0 > Fy(x)
is increasing. If <7 is any of the admissible families, we define for all o € [0, 1]

B(o) = Alén; sup F; (A) < oo. “4.1)

As the function 0 — (o) is increasing, it is differentiable almost everywhere (with respect
to the 1-dimensional Lebesgue measure) and we have

liminf B’ (0) <c7 log (l> loglog <1)> =0.
o—0 (o2 o
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Suppose by contradiction that this is not the case. Then there exists § > 0 such that foro > 0
small enough
dt

ﬂ(o)—ﬁm)zfo ﬁ(t)dtzéfo oD ozioa (D) =

which contradicts (4.1).

Definition 4.1 We say that § satisfies the entropy condition at ¢ > 0 if j is differentiable at
o and if

1
o log (é)loglog (é)

B'(o) <

In particular, there always exists a sequence of positive number {oy };en such that akk—> 0
— 00

and g verifies the entropy condition at oy.

4.2 The non-degenerate case
If X is a Finsler—Hilbert manifold and F : X — R isa C2 map, we let VF(x) € T, X and
V2F(x) € Z(TyX) such that for all x € T, X, there holds

DF(x)-v=(VF(x),v)y

D*F(x)(v, w) = (V*F(x)v, w)

The next result is a variant of [34], 2.13 [8], 4.5, which will allow us to construct critical
points of the right index. It permits to show that we can always obtain the entropy condition
as we locate critical points in some almost critical sequence.

Theorem 4.2 Let X be a Banach manifold and F, G € Cc? (X,R}), o an admissible min—
max family, and define for 0 < o < 1 the function Fy = F + 02G, and

B(o) = Algg sup Fy(A) < 00,

and assume that the Energy bound (2) of Theorem 1.1 holds. Now suppose that B is differ-
entiable at 0 < o < 1 and satisfies the entropy condition, i.e.

1
log (é) log log(i) '
Let {ox }ren C (0, 00) be such that oy — o, and {Ag}ren C <7 such that

B'(o) < (4.2)

lim Fy, (Ax) < B(ok) + (ok — 0).
k— 00
4
Thenfor0 < o < e PO, there exists a sequence {xi };cny C X such that for all large enough
keN

(1) dist(xg, Ax) — 0
k—00

(2) B(o) — (or —0) < Fy(xp) < Fo (xi) < Blog) + (o) — 0)
3) IIDFa(Xk)IijgoO

4) inf F .
4 inf (xx) >0
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In particular, if F,; verifies the Palais—Smale condition at B(c), there exists x; € Kgo)NAZ,
(Where A%, = A as defined in (3.19)) such that

1
log (%) loglog (i) .
Proof Looking at Step 2 of the proof of Proposition 6.3 of [15] (it is written for geodesics, but

the same proof work equally well in general, see [25]), we see that assuming by contradiction
that for all for k£ > 1 large enough, we have for all x € X such that dist(x, Ax) < & and

02G(xy) <

B(o) — (ok —0) < Fs(x) < Fg (x) < B(ok) + (ok — o), (4.3)
then
I1DFo ()| =6 >0
for some §; > 0 to be determined later, there exists a semi-flow {(pf{} >0 X — X isotopic to

the identity and preserving the boundary of .7 such thatforall 0 < ¢ < §; (asdist(x, ¢’ (x)) <
t for all t > 0), and x € Ag such that (4.3) is satisfied, there holds

d
o Fo (@ (X)) < = (4.4)

In particular, as (p,’{ (A) € &/, we have
B(0) < Fo(9p(Ar)).
so we deduce that for all 0 <t < & by (4.4)

B(o) < sup Fy(¢' (Ar)) < sup Fy(A) — 18 < sup Fo, (Ar) — 18k
< B(ox) + (ox — 0) — 6. 4.5)

Furthermore, as g is differentiable at o, we can assume that k is large enough such that
Box) < B(o) + (B'(0) + 1)(ox — o) (4.6)
so by (4.5) and (4.6), we have for t = §; and n = ga,t{ X=X
sup Fy (k(A)) < B(0) + (B'(0) +2)(0x — o) — 5.

Therefore, choosing

8k = V2(B'(0) +2)(ox — 0),
we find that n; (Ag) € & so (recall that 8 > 0)
B(o) = Aig/ sup Fo(A) < sup Fy Mk (Ax)) < B(o) —2(ox —0) < B(0),

a contradiction. Therefore, we see that there exists x; € X such that

(1) dist(xe, Ap) < 0 = V2(B'(0) +2)(0x — 0) — 0

(@) B(o) = (ok —0) = Fo(x) < Fo (xx) < Blow) + (0k —0)
3) IDFo (x|l < 8k

3
@) Flxe) = 7 p0) 4.7
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where the last condition is given by the identity below (6.11) in [15]. Finally, this is easy
to see that (3)" implies the (3) of the theorem (thanks to the Energy bound condition), and
this concludes the proof (see [28] for the optimal hypotheses on F, for this assertion to hold
true). ]

Remark 4.3 1f Y — X is a locally Lipschitzian embedded Hilbert-Finsler manifold, and
o/ C Z(Y) is an admissible family (i.e. it is stable under locally Lipschitzian homeomor-
phisms of Y), then the restriction F|Y is still C? and by taking pseudo-gradients with respect to
this restriction, we see thatany A € .o/ will be preserved by the map <p§k . Therefore, we obtain
a sequence {xx}reny C Y such that (4.7) are satisfied with respect to the Finsler norm and
distance on Y, and by the local Lipschitzian embedding, we also obtain disty (xi, A k)k—> 0,
— 00

and || DFg, |l x,x, k—> 0. Using the Palais—Smale condition and the energy bound valid with
—00
respect to X, the end of the proof is identical.

Definition 4.4 Under the previous notations, we define the set of points satisfying the entropy
condition as

1
& =X 102G _ 1.
@=X0ree (x)slog(;)loglog(;)}

Theorem 4.5 Let X be a C? Finsler manifold, F, G € Cc? (X, Ry), and define for all o > 0
the function Fy = F+02G € C*(X,R,) and let <f (resp. </*, resp. Jz?) be a d-dimensional
admissible family (resp. a dual family, resp. a co-dual family). Assume that F, satisfied the
hypotheses of Theorem 1.1, and let {Ax}reny C & (resp. {Ax}ren C %, resp. {Ax}ren C
42;(‘) be a min-maximising sequence such that

sup Fo (Ar) < B(ox) + (o — o)
and assume that all critical points of Fy in Kgy N A2, N & (o) are non-degenerate. Then

4
forall 0 < o < e PO such that B satisfies the entropy condition at o (see (4.2) from
Theorem 4.2), there exists x5 € Kgo) N AS, N&E(0) (resp. xk € Kproy) N AL, NE(0), resp.
Xs € Kz N AZ, N & (o)) such that

Fy(xy) = (o), 02G(xy) < ——L——~, and Indf, (x5) <d.
Iog(%)log]og(%)

W and Tndg, (x}) > d (4.8)
] x —
toa(D)ozton(1)” 1 e (o) =4

Remark 4.6 Likewise, the proof would work equally well for homotopical and cohomotopical
families, by Proposition 3.9.

Fp(x3) = B*(0), 0°G(x}) <

Fe(X5) = B(0), 0*G(X,) <

Proof Theorem 4.5 is an adaptation of Theorem 3.6 of Lazer—Solimini for the viscosity
method. As Proposition 3.8, the Palais—Smale condition and the non-degeneracy gives The-
orem 3.6, Theorem 4.5 follows by Proposition 3.8, Theorem 4.2 and the non-degeneracy
assumption.

We give the proof in the special case where X is C 3and F,G e C 3(X , R), in order to
use Morse lemma as in [19]. However, as the extension of the Morse lemma to C2 spaces
and functions [4] is based on Cauchy-Lipschitz theorem and by the continuous dependence
at the existence time with respect to the flow, the proof given below readily generalises to
this weaker setting.
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Let K = Kg) N AL, N &(o) (notice that K # & thanks to Theorem 4.2). As the
critical points in K are non-degenerate, K is compact and consists of finitely many points
{X0,X1,...,Xm} C Kg(o). We cannot apply the previous lemma on F, as the main lemma
only work with Fy, .

Part I In the first part of the proof, we will show that we apply Proposition 3.8 to F,;, with
aé > 0 and ¢ > 0 independent of k. This will permit to get a contradiction using Theorem
4.2.

First, by the Palais—Smale condition for F, and as the critical points are isolated, we

deduce that there exists § > 0 such that Bys(x;) N Bys(x;) = & forall i # j and

IDFs(x)|| = & forall x € Ups(K)\Us(K).
Also notice that thanks to the proof of Theorem 4.2, for all {x;};eny C X such that

{ | D Fo (xi) || — O
k—00

|Fok (xx) — ﬂ(ok”kjo)oo 4.9)

then
|1 DFo(x )| —> 0
k—00
|DFs(xp) — (o) — O
k— 00

so up to a subsequence, we have thanks to the Palais—Smale condition for F, at level §(o)
that xkk—> x € Kg(s). In particular, if {x;} C X verifies (4.9), then we can assume up to
— 00

some relabelling that that for all k € N large enough x; € Ns(xo). Now, looking at the
proof of Morse Lemma by Palais ([19]) which only works for C3 functions, we see that the
diffeomorphism ¢ around a critical point X; such that

Fo (93,(x)) = (@) + lx41* — llx—|I?

is defined by

(,0}0()6) =/ Af() (fo)_leo (X)X,

where forall v, w € H, we have by Taylor expansion for some map Ax, : B(Xo, 8) — Z(H)
with values into self-adjoint continuous operators

Fy(x) = (o) + (A5, (x)x, x)
D?F, (X0) (v, w) = 2(Ax, (Fo)v, w)

Now, notice if Bx,(x) = Ax, (xo) ! Ax,(x) that By, (Xo) = Idg and asfor [|A]| < 1,~/Id+h
is well defined by the absolutely convergent series

© /1
VId + =Z<i)h”
n=0

we deduce that for some §p > 0 small enough and depending only on Ax,, namely such that
forall x € B(x, §)

1
lx — Bz, ()|l < 3 for all x € B(xp,d) (4.10)
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that ¢ (x) is well-defined on B(Xg, §) and C!. Therefore, thanks to the local inversion theorem,
up to diminishing 6, we can assume that ¢ is a diffeomorphism from B (X, §) onto its image
(here, 6 depends only on Ax,).

Now, let x; € Kg(s,) be a critical point of Fy;, and Ay, such that

Fo (x) = Blor) + (A (X)x, x)
DF} (x) = 2{Ay, (xp)x, x)

such that xkk—> Xo. Thanks to the strong convergence, we deduce that for k large
— 00

enough, Ay, (x¢) is an invertible operator so we can define for k large enough By, (x) =
Ay, () ! Ay, (x). Now, taking k large enough such that B (x, %) C B(xp, d), we see by the
strong convergence of x; — X that

| By, — Bz, “B(xk,%)kjo)oo'

In particular, if & is large enough such that

1 8
1B (i) (x) — By ()|l = 7 forall x € B <xk, 5) ,

we deduce by (4.10) that

8
lx — By, (x)|| <1 forall x € B <xk, 5)
In particular, we can define ¢y, (x) = /By, (x)x for all x € B(x, %), and we see that in
particular dgy (x;) = Id. Now, as

l@x, — Wo”c‘(B(xk,%))kjo)oo’

and as the neighbourhood around which ¢y, is invertible depends only on the local behaviour
of its derivative around x; and as g5, is invertible in B(Xo, §), we deduce that for k large
enough, ¢ is invertible on B (xy, %), so the Morse lemma implies that

)
Fo (0 (x)) = Blow) + x5 1 — x5 )| forall x € B (xk, Z)

In particular, F;;, has only one critical point on B(X, %) C B(xg, %) for k large enough.
Therefore, we can apply the Proposition 3.8 to F;, with 6 > 0 and ¢ > 0 independent of k.
Part 2 End of the proof.

As K = {Xp,X1,..., Xy} is finite, we saw that for all k sufficiently large, Fy;, has at most
one critical point in B (x;, %). Let us denote by K g(o) NUs/g(K) = {x&, xF, ..., xk. | where

my < m the critical points of Fy, atlevel B(oy). Thanks to Proposition 3.8 and the first part
of the proof, there exists some § > 0 independent of k such that for all A € & such that
sup Fy, (A) < B(o) + 8, then forall 1 <i < my, there exists A; € o/ such that

A\Use (xF) = A\ Upe (xF)
ANU(xH =2 4.11)
sup Fy, (A) < sup Fy, (A).

Furthermore, as the x{‘ are uniformly isolated independently of k, taking ¢ > 0 small enough,
we can assume that

Ue () NUne(xf) = @ forall 1 <i#j<my. (4.12)
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and that if x¥ —> x; € K (for some j € {1, ..., m}) that k is large enough such that
iy J J g g
—00

Us (x) C Ue(x}).

We also remark that
n
Us(K) = JUs(x) (4.13)
i=1

is an open neighbourhood of K = Kg(s) N AL, N &(c). Now, let {0y} C (o, 00) such that
akk—> o and {Ag}ren such that
—> 00

sup Fo, (Ag) < B(ox) + (ox — o) —> B(0).
k—'00
In particular, there exists kg € N such that for all k > kg, there holds

sup F (Ar) < B(o) +6.

We can also assume as K is isolated in K g(;) N &' (o) and thanks to the first part of the proof
that ¢ > 0 is small enough such that

AN Us ((Kpo) N E(@)\K) = & forall k large enough. (4.14)

Now, define by induction a finite sequence (recall that my; < m) AY, A,i, R AZ”‘ € o/ by
A = A, Ay = (AD)) = (A,

i i—1
a =,
using the notation of (4.11). We see in particular that by (4.11) and (4.12)

AlNUH =@ forall 1 <i < j <my. (4.15)

Furthermore, as for all 1 < j < my, we have by (4.11)
sup Fo, (A]) < sup Fp, (A1) (4.16)
so by combining (4.14), (4.13) with (4.15) and (4.16), we deduce that for all k > kg, we have
AlF N Us (Kpo)NE(0) =2 4.17)
B(0) < sup Fy, (A}*) < sup F, (Ar) < B(ox) + (ok — G)kjgoﬂ(a)- (4.18)

By Theorem 4.2 there exists a sequence {xx};eny C X such that
(1) dist(xg, A;*) — 0
k— 00

(@) B(o) — (o —0) < Fo(xx) < Foy (xk) < B(ox) + (0k — 0)
3 IIDFa(Xk)IijgOO

4) infren F(xz) > 0.

(4.19)

Therefore, by the Palais—Smale condition at level 8(c) and (4.19), up to a subsequence we
have xkk—> X0 € Kg(o) N &(0). However, we have for all k large enough by (4.17) and as
—00

dist (xi, A7) —0
—00
dist(A”™, Kp(o) N E(0)) > 2,
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and this contradicts the fact that xoo € Kg(o) N& (o). This concludes the proof of the theorem.
O

4.3 Marino-Prodi perturbation method and the degenerate case
Let us recall the main theorem here.

Theorem 4.7 Let (X, | - |x) be a C? Finsler manifold modelled on a Banach space E, and
Y < X be a C? Finsler—Hilbert manifold modelled on a Hilbert space H which we suppose
locally Lipschitz embedded in X, and let F, G € C*(X,R,) be two fixed functions. Define
forallo > 0, F, = F+02G € C*(X,R,) and suppose that the following conditions hold.

(1) Palais—Smale condition: For all o > 0, the function Fy : X — Y satisfies the Palais—
Smale condition at all positive level ¢ > 0.

(2) Energy bound: The following energy bound condition holds : for all o > 0 and for all
{xk}ren C X such that

sup Fy (xx) < 00,
keN

we have

sup [[VG (xp) || < oo.
keN

(3) Fredholm property: For all o > 0 and for all x € K(Fy), we have x € Y, and the
second derivative D*Fy (x) : T, X — T} X restrict on the Hilbert space TY such that
the linear map V*Fy (x) € Z(T,Y) defined by

D*F, (x)(v,v) = (V2Fy (x)v, )y x, forall veT,Y,
is a Fredholm operator, and the embedding T,Y — Ty X is dense for the Finsler norm
I lx,x-

Now, let o (resp. o*, resp. o, resp. & (ay), resp. o (a*), where the last two families
depend respectively on a homology class o, € Hy(Y, B)-where B C Y is a fixed compact
subset-and a cohomology class «* € H(Y)) be a d-dimensional admissible family of Y
(resp. a d-dimension dual family to <f, resp. a d-dimensional co-dual family to </*, resp.
a d-dimensional homological family, resp. a d-dimensional co-homological family) with
boundary {C;};c; C Y. Define for all > 0

B(o) =infacy sup Fs(A) < 00, B*(0) =infaey + sup Fs(A), B(o) = inf y¢ 7sup Fo (A)
B(o) = inf pcy (a,) SUP F5 (A), Blo) = ianeJ(a*) sup Fy (A).

Assuming that the min—max value is non-trivial, i.e.

(4) Non-trivialilty: By = inf pc oy sup F(A) > sup;; sup F(C;) = Eo,

there exists a sequence {0y }reny C (0, 00) such that akk—> 0, andforallk € N, there exists a
— 00

critical point x; € K (Fg,) € &(oy) (resp. x;, Xk, Xp, Xk € K(Fy)NE(0k)) of Fo, satisfying
the entropy condition (1.3) (where we recall that x; € Y by the condition (3)) satisfying the
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entropy condition (1.3) (see Definition 4.4) and such that respectively

Fo(xt) = Blox), Indp, (xx) <d

Fo (x) = *(0x), Indp, (x) = d

Fo (%) = Blow), Indp, (X)) <d <Indp, (X) + Nullg, (%)

Fo (K1) = Blow), Indp, (Fi) < d < Indf, (F) + Nullp, (X¢)
Fo(x) = Blok), Indp, (x;) <d <Indp, (x;) + Nullg, (xp).

Proof As we have mentioned already, we can assume that X is a Finsler—Hilbert manifold
modelled on a Hilbert space H. Take o > 0 such that 8 satisfies the entropy condition at o.
If F,; has only non-degenerate critical points in Kgs) N & (o), then we are done. ]

Lemma 4.8 Let {aj }jeN C [0, 00) and {bj }jeN C (0, 00) be two sequences such that
Zaj < oo and ij = o0.
jeN jeN

Then there holds

.. . aj
liminf — = 0.
j—o0 j

Proof By contradiction, let § > 0 such that

... aj
liminf — = 6.
j—o0 j

Then there exists J € N such that for all j > J,

=

)

S
| S

J

so that for all j > J, there holds 8 b; < 2a;. Therefore, we obtain

ij§§2aj<oo,

jzJ j=J

contradicting the divergence of ) b;. O

Let {a j }j ey C (0, 1) be a strictly decreasing sequence converging to zero. Then there
holds as B is increasing for all j € N by [6], 2.6.19 (2)

" Bl0)do < Blaj) — Blaj1)

ajyl
and we notice that

n

>~ (Blap) = Bajn) = Blao) = Blan+1) — Plao) — (0) < oo.

j=0

This implies that

> (Blaj) — Blajn) < oo

jeN
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Therefore, if b = {bj }jeN is a the general term of a divergent series with positive terms,

there exists by Lemma 4.8 a subsequence {j;},<y such that for all / € N, there holds

B(aj) — Blaj+1) < bj,. (4.20)

Now, for convenience of notation, as we do not use any properties related to the convergence
of the series of general term {b i }l o We will assume that (4.20) holds for all j € N. Now,

we want to find such sequence {a;}; \ and {b;},  such that
1
ajlog ( ) loglog ( )logloglog< )

(aj —aj+) b <

1 1 e
Takea; = —,wehavea; —a;j;+1 = ————, so the condition becomes for j > 4.10° > ¢
! s JjG+D
1
bj = — . - N
(j + D log(j) loglog(j) logloglog(;)

421

and the series whose general term is the right-hand side of (4.21) diverges so we define
{bj} ;e € (0,00)" such that forall j = J > 4-10° > ¢

1
(j + D log(j) loglog(;) logloglog(j)

bj =
Now, forall j > J,letI; = [aj1,a;] and

/ 1 1
Aj:]jﬂ o:B8(0)< <

a]10g< )loglog( )_alog( )loglog( )

and define §; for j > J by
§j = —————0.
logloglog(j) j—oo
Then for all j > J, there holds by (4.20)

aj B (0)do < dj(aj —aji1)

aj ajlog(;>) loglog(5,)

so that
ZLYINA)) , , 8;.211))
. log( )loglog( ) < /Ij\Aj B'(o)do < /Ij B'(o)do < ” 10g( )10g10g< )

so that

ZLUINA;
ZUAMD _5, o, (422)
gl(lj) j—oo
Therefore, we obtain for all j > J some element o; € (a1, a;) such that
Bl(o)) < Blaj) — Blaj+1) - 1 - 1

aj—ajri " ajlog(z) loglog() ~ ojlog(5-) loglog(5-)
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Now, for all ¢ € (0, 1), as K(Fy) is compact, we let ¢, be the cut-off function given by
Proposition 2.20 and let (o) > 0 such that for all | y|| < &(o) small enough such that by
Proposition 2.16, the map

Fo’.y:F(r +§0r7<ys ) (423)
is proper on Na5(K). Now, fix some C > 0.
Claim 1 There exists §(C, o) > 0 (taken such that §(C, o) < &(o0)) such that for all
|t — o] < 8(o), the map
Fl,=Foy+ (> —0%)G=Fr+¢5(y. ")
is such that

K(FZ,)N [x LFL () < C} C K(F,)°, (4.24)

and that for all y such that F;; y is non-degenerate (such y form a non-meager subset by Sard—
Smale theorem and Proposition 2.20), the map F; y has only non-degenerate critical points
below the critical level C > 0 (in practise we can just take C = (1) + 1,but C = B(o9) +1
for some o9, n > 0 would work equally well).

First, observe that F;; , has no critical points in X\ K (Fy )28 as Fsy = Fy in X\K (F; )2‘3.
Now, by contradiction, assume that there exists {7 }; <y such that 7, — o and a sequence of
critical points {x;};ey C X (i.e. such that x; € K(Fs) N {x: FI(x) < C}forallk € N)
and

dist(xx, K(Fy)) > 6.

Then, by the same proof mutadis mutandis of (6.9) of Proposition 6.3 in [15], we have thanks
to the condition (2) on the energy bound that

IVE: () = VEg y (o)l = (5 = o) VGl — 0
The proof is immediate here thanks to the energy bound, and in general, using (1.2), we
deduce that
IV () = VFo y (x|l < C(0)(ltk — o) f (Fo (xx)) < C(0)8(|7 — Gl)f(C)kjgoO.

)28

Now, if x; € K(F,)? for k large enough, as VF; y is proper on K (Fy)“°, we deduce that

up to a subsequence, we have

X —> Yoo € K(Fyy) C K(Fy)°,
k—o0

a contradiction. Therefore, we can assume that for all k € N) and
dist(xg, K(Fy)) > 28.
Furthermore, as F;"y = Fy and F; y, = F,; on X\K(Fg)z‘s, we have
Fo(xp) < Fr (x) = Fy¥ () < C.

Therefore, by the Palais—Smale condition for F;, we deduce that up to subsequence, we have
xkk—> X € K(Fy), a contradiction. Now, to prove the second part of the claim, by (4.24),
—00

such

if Svdd and {x}gey C X is a sequence of critical points associated to { Fo'y},
—00

that
Fgly () < C,
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we have by properness of F;; , on K (F,)? that (up to a subsequence) xkk—> Xoo € K(Fyy).
— 00

Furthermore, the strong convergence of {xi};cn towards x, shows that

IV Fgty, () = V2 Fyy (xo0) | — 0. (4.25)

as we see these two second order operators defined on the underlying Hilbert space H =~
Ty, X ~ T, X.Now, we recall the following continuity property of the spectrum for bounded
linear operators on a Hilbert space H, which we state below.

(P) Forall T € Z(H), for all ¢ > 0, there exists § > 0 such that for all § € .Z(H) such
that ||T — S|| < §, there holds Sp(S) C U.(Sp(T)),

where Sp(T) C R (resp. Sp(S) C R) is the spectrum of T (resp. S) and U, (Sp(T)) is the
e-neighbourhood in R of the compact subset Sp(T) C R. Now, as 0 ¢ Sp(Vng,y (Xc0)),
and Sp(V2 Fs,y(x0)) C R is compact, there exists ¢ > 0 such that

SP(VZFy y(x00)) N (—2¢, 2¢) = @. (4.26)
Thanks to (4.25), for k large enough, we have by (4.26)

Sp (V2F,(0)) © Us (SP(V2Fyy (xa0))) C R\(—e. e)

so that in particular 0 ¢ Sp (V> Fy",(xx)), and F*, is non-degenerate.

Finally, as F;; y has a finite number of critical points, and all of them are non-degenerate,
this argument can be made uniform in x., and this completes the proof of the claim.
Important remark As F(; y— Fy,y = F; — F; whichis independent of y, the value § (C, o)
found previously is independent of y sufficiently small.

Now, we fix some C > (1) and for all ¢ € (0, 1), we denote §(o) = 6(C, o), and we

observe that for all j > J, there holds

1j = Bo.8(0)).

UEIJ'
Therefore, by compactness of I; = [a;41,a;] C R, there exists N; € Nand o7, ..., on; €
I; such that

Nj

1; | B(o.8(0)).
i=1
and up to relabelling, we can assume thataj; < o] <03 < -+ < oN; < aj. In particular,
we must have in particularo; 11 —0; < 8(0;) foralll <i < N;j—1,whileo|—a;; < §(o1),
anda; — oN; < ) Nj- Therefore, we define forall y € X,
Nj—1
Foo = Fo #0204 2 Tzt 1+ 1,y o 0
i=1 T
4.27)

where ¢, is the cut-off given by (4.23) from Proposition 2.20. Now, by notational conve-
nience, we let op = aj4+1 and on;+1 = a;.

Now, notice that §(o, y) = /S(me, 47) is increasing on each interval [o;, 0;41] for all
0<i<N;j+ 1. Forall y € X suchthat ||y|| < ¢, we have

1 Fo — Foyllczxy < &
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Therefore, up to replacing (y, -) by (y, - — x;) for some x; € X in each component of the
sum on the right-hand side of (4.27) we can assume that F; , > F;, so that

B(o) < Blo,y) < (o) +e,
and this property of ¢ — S(o, y) implies that

a; Ni o poi N
ponds =3 [ Feydo <Y (B - poi
aj+1 i=0 " i=0
Nj
<Y (Bit1) — Bloi) + &)
i=0

= B(aj) — Blaj+1) + (Nj + De.

Taking
e < bj ,
T N;+1
implies that the set
, 1 1
A =1;N]0: B0y < < I

ajlog (aij)loglog (%) o log (%)loglog(ﬁ)
verifies by (4.22)
LY A = A =282 UT)).

In particular, there exists for j > 6 - 10702 ~ eeﬁ an element o (y) € I; such that ﬁg,y
verifies the entropy condition at o (y). Furthermore, as o (y) € B(oj, (o)) for some i €
{1, ..., Nj }, we deduce that I?U(y),y = Fy, y is non-degenerate and is proper on an open
neighbourhood of its critical set at level 8(o (y), y), so verifies the Palais—Smale condition
at this level (recall that Fy(y) , = Fy, , for some i € {O, ..., Nj }, so these properties hold
by Claim I). Furthermore, as

d d

—Fyy=—F,,
do ™Y do?

we obtain by Theorem 4.5 a critical point x, € X of I?(,(y), y such that
Foo(r()) = Bl ).

1
o(»?Go(y) <

1 )’
log (W) loglog (Ty))

As the set of y € X such that Fj; y is non-degenerate is dense, we can choose a sequence
{¥k}ren C X such that Ve 0, such that Fy, y, is non-degenerate for all 1 <i < N; for
— 00

and Indp,, (x(y)) <d.  (4.28)

all k € N, and o (yx) = a,‘(j € I; such that Fak,yk admits a critical point x(yx) = xx € X
verifying (4.28). As I; is compact, we can assume up to a subsequence that okj P obel s
—00

and as

I Foyye — Foylc2(x) — O, (4.29)
k—o00
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we deduce that up to a subsequence, by the Energy bound (2) and (4.29), we have (notice
that VFg, y, (xx) = 0)

IVFs (x)ll < IVF5 (xk) = VFo (x|l + IV Fo (xio) |l
IV Fo (i) =V Fo (i1l + 1V Foy (k) = V oy (i) | —> 0

Therefore, up to an additional subsequence and by the Palais—Smale condition, we have the
strong convergence

J .
xkk:;xoo € K(Foéo)'
Finally, by the strong convergence of the second derivative, we have
Indr , (xd) < liminfIndp, () (4.30)
(£ k— 00 %k

and (notice that by non-degeneracy of x for Fy, y, that Null Fop ot (x) =0)

Indr , () +Nullg, (ko) = limsup (Ind,,_,, () + Nullg, () (431)

k—00

o} xgo verifies (4.28) for y = 0 and o (y) = Ugo. Furthermore, if </ is replaced by a dual
family, then the one-sided estimate from below of the index is given by (4.31) while two
sided estimates are given for co-dual, homological or cohomological families by (4.30) and
(4.31).

This concludes the proof of the theorem, as the sequences {oj } N C (0, 00) and
JE

[xéo} N C X satisfy the conditions of the theorem. O
je

Acknowledgements 1 would like to thank my advisor Tristan Riviere for his support and very interesting
related discussions. I also wish to thank Alessandro Pigati for critically listening a preliminary version of this
article. I am grateful to the referee for helping me improve the presentation of the article.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Allard, W.K.: On the first variation of a varifold. Ann. Math. Second Ser. 95(3), 417-491 (1972)

2. Almgren, F.J., Jr.: The Theory of Varifolds: A Variational Calculus in the Large for the k-dimensional
area Integrand. Mimeographed Notes. Princeton Univ. Math. Library (1965)

3. Brezis, H.: Analyse fonctionnelle. Théorie et applications. Collection Mathématiques Appliquées pour

la Maitrise. Masson, Paris, xiv+234 pp (1983)

Cambini, A.: Sul lemma di M. Morse. Boll. Un. Mat. Ital. (4) 7(1973), 87-93 (1973)

Dugundji, J.: Topology. Allyn and Bacon, Inc., Boston, Mass. xvi+447 pp (1966)

Federer, H.: Geometric Measure Theory. Springer, Berlin (1969)

Ghoussoub, N.: Location, multiplicity and Morse indices of min—max critical points. J. Reine Angew.

Math. 417, 27-76 (1991)

Nk

@ Springer


http://creativecommons.org/licenses/by/4.0/

42

Page 42 of 42 A. Michelat

19.
20.

21.
22.

23.

24.
25.
26.

217.
28.

29.
30.
31
32.
. Smale, S.: An infinite version of Sard’s theorem. Am. J. Math. 87(4), 861-866 (1965)
34.
35.
36.

37.
. Viterbo, C.: Indice de Morse des points critiques obtenus par minimax. Annales de I'LLH.P., section C,

Ghoussoub, N.: Duality and Perturbation Methods in Critical Point Theory, p. 107. Cambridge University
Press, Cambridge (1993)

Henderson, D.W.: Infinite-dimensional manifolds are open subsets of Hilbert space. Bull. Am. Math. Soc.
75, 759-762 (1969)

Kupka, I.: Counterexample to the Morse—Sard theorem in the case of infinite-dimensional manifolds. J.
Proc. Am. Math. Soc. 16, 954-957 (1965)

. Kusner, R.: On the minimax sphere eversion. Unpublished note (1995)

Lazer, A.C., Solimini, S.: Nontrivial solutions of operator equations and Morse indices of critical points
of min—max type. Nonlinear Anal. 12(8), 761-775 (1988)

Marino, A., Prodi, G.: Metodi pertubativi nella teoria di Morse. Boll. Un. Mat. Ital. (4) 11(3, suppl.), 1-32
(1975)

Michelat, A.: Morse Index Estimates of Min—Max Willmore Surfaces. arXiv:1808.07700 (2018)

. Michelat, A., Riviere, T.: A viscosity method for the min—max construction of closed geodesics. ESAIM:

COCV 22, 1282-1324 (2016)

Michelat, A., Riviere, T.: The classification of branched Willmore spheres in the 3-sphere and the 4-sphere.
Ann. Sci. Ec. Norm. Supér. To appear (2021)

Moore, J.D.: Introducion to Global Analysis. Minimal Surfaces in Riemannian Manifolds. Graduate
Studies in Mathematics, vol. 187. American Mathematical Society, Providence, xiv+368 pp (2017)
Onofri, E.: On the positivity of the effective action in a theory of random surfaces. Commun. Math. Phys.
86(3), 321-326 (1982)

Palais, R.S.: Morse theory on Hilbert manifolds. Topology 2, 299-340 (1963)

Palais, R.S.: Critical point theory and the minimax principle. In: Global Analysis (Proc. Sympos. Pure
Math., Vol. XV, Berkeley, Calif, 1968), pp. 185-212. Amer. Math. Soc., Providence (1970)

Pigati, A., Riviere, T.: A proof of the multiplicity one conjecture for min—-max minimal surfaces in arbitrary
codimension. Duke Math. J. 169(11), 2005-2044 (2020)

Pigati, A., Riviere, T.: The regularity of parametrized integer stationary varifolds in two dimensions.
Commun. Pure Appl. Math. 73(9), 1981-2042 (2020)

Pitts, J.T.: Regularity and singularity of one dimensional stationary integral varifolds on manifolds
arising from variational methods in the large. Convegno sulla teoria geometrica dell’ integrazione e
varieta minimali, Instituto Nazionale di Alta Matematica, Citta Uiversitaria, Roma, May 1973, Symposia
Mamthematica, Volume X1V, (1974)

Riviere, T.: Minmax methods in the calculus of variations of curves and surfaces. Course given at Columbia
University in May 2016 (2016)

Riviere, T.: A Viscosity Approach to Min—-Max. Lecture Notes from Course given at Columbia University
https://people.math.ethz.ch/~triviere/minimax (2016)

Riviere, T.: Willmore minmax surfaces and the cost of the sphere eversion. J. Eur. Math. Soc. 23(2),
349-423 (2015)

Riviere, T.: Minmax Hierarchies and Minimal Surfaces in Manifolds. arXiv:1705.09848 (2017)
Riviere, T.: A viscosity method in the min—-max theory of minimal surfaces. Publ. Math. Inst. Hautes
Etudes Sci. 126(1), 177-246 (2017)

Riviere, T.: Minmax hierarchies, minimal fibrations and a PDE based proof of the Willmore conjecture.
arXiv:2007.05467 (2020)

Riviere, T.: Lower semi-continuity of the index in the viscosity method for minimal surfaces. Int. Math.
Res. Not. IMRN 2021(8), 5651-5675 (2021)

Sacks, J., Uhlenbeck, K.: The existence of minimal immersions of 2-spheres. Ann. Math. 113, 1-24
(1981)

Smale, S.: A classification of immersions of the two-sphere. Trans. Am. Math. Soc. 90, 281-290 (1958)

Solimini, S.: Morse index estimates in min—max theorems. Manuscripta Math. 63, 421 (1989). https://
doi.org/10.1007/BFO1171757

Struwe, M.: The existence of surfaces of constant mean curvature with free boundaries. Acta Math.
160(1-2), 19-64 (1988)

Struwe, M.: Positive solutions of critical semilinear elliptic equations on non-contractible planar domains.
J. Eur. Math. Soc. 2, 329-388 (2000)

Uhlenbeck, K.: Morse theory on Banach manifolds. J. Funct. Anal. 10, 430-445 (1972)

tome 5(3), 221-225 (1988)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


http://arxiv.org/abs/1808.07700
https://people.math.ethz.ch/~triviere/minimax
http://arxiv.org/abs/1705.09848
http://arxiv.org/abs/2007.05467
https://doi.org/10.1007/BF01171757
https://doi.org/10.1007/BF01171757

	On the Morse index of critical points in the viscosity method
	Abstract
	1 Introduction
	1.1 Examples of admissible families
	1.2 Applications
	1.3 Organisation of the paper

	2 Technical lemmas
	2.1 Preliminary definitions
	2.2 Morse index and admissible families of min–max
	2.3 Deformation lemmas

	3 Lazer–Solimini deformation theorem
	3.1 Deformation and extension lemmas
	3.2 The index bounds for non-degenerate functions on Finsler–Hilbert manifolds

	4 Proof of the main theorem
	4.1 The entropy condition
	4.2 The non-degenerate case
	4.3 Marino–Prodi perturbation method and the degenerate case

	Acknowledgements
	References




