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Abstract

We study the formation of singularities for cylindrical symmetric solutions to the Gross—
Pitaevskii equation describing a dipolar Bose—Einstein condensate. We prove that solutions
arising from initial data with energy below the energy of the Ground State and that do
not scatter collapse in finite time. The main tools to prove our result are the variational
characterization of the Ground State energy, suitable localized virial identities for cylindrical
symmetric functions, and general integral and pointwise estimates for operators involving
powers of the Riesz transform.

Mathematics Subject Classification 35Q55 - 35B40 - 82C10 - 35120

1 Introduction

Since the first experimental observation in 1995 of a quantum state of matter at very low
temperature called Bose—Einstein condensate (BEC), see e.g. [1,7,11], the study of the
asymptotic dynamics of nonlinear equations describing this phenomena rapidly increased,
both numerically and theoretically. Since BEC exists in an ultracold and dilute regime, the
most relevant interactions are the isotropic, elastic two-body collisions. After the first pio-
neering experimental works, other condensates have been produced with different atoms,
in particular condensates made out of particles possessing a permanent electric or magnetic
dipole moment. Such kind of condensates are called dipolar Bose—Einstein condensates,
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see e.g. [3,4,27,29,31], and their peculiarity is given by the long-range anisotropic interac-
tion between particles, in contrast with the short-range, isotropic character of the contact
interaction of BEC.

A dipolar quantum gases is well modelled, see [24,32,33] for the validity of such model,
by the Gross—Pitaevskii equation (GPE)

. du h? ) 5
ih— = ——Au+ Wx)u + Uglul|"u + (Vaip * lu|")u, (1.1)
ot 2m

where the wave function u = u(t, x). Here ¢ is the time variable, x = (x1, x2, x3) is the space
coordinate, & is the Planck constant, m is the mass of a dipolar particle and W (x) is an exter-
nal, real potential which describes the electromagnetic trap. The coefficient Uy = 4 h%ag /m
describes the local interaction between dipoles in the condensate, a; being the s-wave scat-
tering length (positive for repulsive interactions and negative for attractive interactions). The
long-range dipolar interaction potential between two dipoles is given by

oM, 1 —3cos2(6)
4 P

Viip(x) = , xeR3,

where (g is the vacuum magnetic permeability, (4, is the permanent magnetic dipole
moment and 6 is the angle between the dipole axis n € R and the vector x. For simplicity,
we fix the dipole axis as the vector n = (0, 0, 1). The wave function is normalized according
to

/ e, O dx = N,
R3

where N is the total number of dipolar particles in the dipolar BEC. In this work we consider
the case when the trapping potential W is not active, i.e. we freeze W(x) = 0.

As we are interested in the mathematical features of the GPE, we consider it in its dimen-
sionless form, therefore we write the Cauchy problem associated to (1.1) as follows:

1
idu 4+ —Au = A |ulPu+ (K * [ulPu, (¢, x)eR xR
i0pu + = Au 1u|"u + Ao ( [u|Hu, (¢, x) ’ (1.2)

u(0, x) = uo(x)
where the dipolar kernel K acting in the convolution on the mass density |u|? is given by

2 2 2
X7+ x5 —2x
Kx) = i S it |x2|5 3

The two coefficients A1 involved in the equation are two physical, real parameters defined
by

mN popg;,

M =4dmagNy, i = ;
1 sINVY 2 4 h2

they describe the strength of the local nonlinearity and the nonlocal nonlinearity, respectively.
Following the terminology introduced by Carles, Markowich and Sparber in [8], where the
authors give a first mathematical treatment concerning various aspects about local/global
well-posedness of (1.2), we consider the partition of the coordinate plane (A1, A,) into the
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so-called Unstable Regime

4r .
AM——Xx <0 if 2»>0
o , (1.3)
)»1+?)\2<0 if A <0
and its complementary, the so-called Stable Regime
4 .
AM——Xx >0 if X2 >0
o . (1.4)
)\1+?}»220 if X <O

Heuristically, when comparing (1.2) to the classical cubic NLS (i.e. when A, = 0), one
can think to the configuration given by (1.3) as the nonlinearity were focusing, and to (1.4)
as the nonlinearity were defocusing. This notation is although incorrect in the context of the
GPE, as we will emphasize in some remark later on in the paper, after we introduce some
basic notation.

Solutions to (1.2) conserve along the flow the mass and the energy (besides other quantities
not used in this paper); more rigorously

M) = M(u(t)) = / |u(t)|2dx = M(0)
R3
and

1
E@) =Ewu®):= 3 (/11&3 IVu(@)]* + hilu(@)|* + Ao (K = Iu(t)lz)lu(t)lde) = E(0),
(1.5)

for any t € (—Tmin, Tnax), where Tpin, Trnax € (0, 00] are the minimal and maximal time
of existence of the solution, respectively. Local existence of solutions to (1.2) was shown in
[8], in both the configurations given by (1.3) and (1.4).

The Unstable Regime (1.3) is of particular relevance, since stationary solutions are allowed
in this region. More precisely, we recall that stationary states are solutions of the following
species:

ulx, 1) = e " u(x),

where u(x) is a time-independent function solving the stationary equation

1
—5Au+xl|u|2u+xz(1(*|u|2)u+;<u:0 (1.6)

constrained on the manifold S(1), where
S() = {u € H'®RY) s.t. ull}o s, = 1), (1.7)

and « € R is a real parameter usually referred as the chemical potential. We postpone the
rigorous discussion about existence of solutions to (1.6) in Sect. 3. We introduce now some
crucial quantities often used along the paper, and we proceed enunciating the main results of
this work and the strategy to get them.

Let us recall some notation consistent to our previous papers [5,6]: by means of the
Plancherel identity, the energy defined in (1.5) can be rewritten as

1 ~ —
E() = EfR} Vu()P dx + / (11 + 22K ®) (uP)®) d

1
2(27‘[)3 R3
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where the Fourier transform of the dipolar kernel K is explicitly given by

d4r 265 — &5 — &

ST £ e R (1.8)

K@) =

We refer to [8] for a proof of the explicit calculation of K, done by means of the decomposition
in spherical harmonics of the Fourier character e =¥

Remark 1.1 Itis worth mentioning right now that, by using (1.8), K (£) is alinear combination

of symbols associated to the square of the Riesz transforms R? forj=1,2,3,1ie. Rf f =
&

_Wf@)' Therefore (K * f)(x) is a linear combination of ’R%f(x)’s.

A trivial computation provides a lower and an upper bound for K, and more precisely

Rel-t:8
—=7, -7 |,
3 '3

and from the latter it is straightforward to claim that the convolution with K defines an
L? — L? continuous operator.
We split the energy as sum of the kinetic and potential energies, respectively defined by

T(u) = / IVul? dx (1.9)
R3
and
_ ~ /\2
P = 5 /R (i +k©) WP’ ds. (1.10)
and we introduce the quantity
Gu)=Tw)+ %P(u). (1.11)

Moreover, the following useful identity holds true: E — %G = LT, The functional G naturally
appears by means of the Pohozaev identities related to (1.6), see [2].

In spite of the fact that we are primarily interested in solutions satisfying (1.7), we consider,
for a positive ¢ > 0, the generic manifold

St = {ue H'®) st uls g =}

which will be useful for the mathematical study of existence of standing states, and their
variational characterization. The case ¢ = 1 clearly corresponds to the mass normalization
expressed in (1.7). For a fixed ¢ > 0, the energy E(u) has a mountain pass geometry on
S(c) and we denote by y (c) the mountain pass energy at level ¢ to which it corresponds a
stationary state. Again, we refer to Sect. 3 for precise definitions and rigorous results.

The energy level y (c) has the variational characterization below, that will be essential in
the sequel; by introducing the manifold

Vic)={ue H'R® s.r. | =cand G(u) = 0}

2
|M ” LZ (]R3)
we recall, see [6], that

y(c) =inf{E(u) s.t. u € V(c)}. (1.12)
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A contradiction argument in conjunction with a continuity argument implies that pro-

vided E(ug) < y(c), with ¢ = ||u0||i2(R3) and G(ug) > 0, the local solution u €

C(=Tmin> Tmax): H'(R3)) to (1.2) can be extended globally in time, i.e. Tyin = Tjpax = 00,
and G(u(t)) > O for any ¢ € R, see [6, Theorem 1.3].

The global existence of solutions under the hypothesis E(ug) < y(c), with ¢ =
lluo ||i2 ®3) and G (ug) > 0, suggests the possibility that all solutions arising from these initial
data scatter, in analogy of what was proved by Duyckaerts, Holmer, and Roudenko in [13,19]
for the cubic focusing NLS by exploiting the original approach of concentration/compactness
and rigidity method in the spirit of the Kenig and Merle road map, see [20]. The authors in fact
recently proved in [5] that the conditions E (#g) < y(c), forc = ””0”22(11&3)’ and G (ug) > 0
imply scattering of solutions to the dipolar Gross—Pitaevskii equation (1.2).

The main aim of this paper is to study the asymptotic dynamics in the complementary
configuration, i.e. E(ug) < y(c), with c = ||u0||iz(R3), and G (ug) < 0. We shall underline
that even in the case when A = 0 and A; < 0, namely when (1.2) reduces to the classical
focusing cubic nonlinear Schrodinger equation

1
i + —Au = rlulPu, (¢, x) eR xR
i0pu + = Au tul“u, (¢, x) ’ (1.13)

u(0, x) = up(x)

finite time blow-up for any initial dataug € H'(R?) satisfying the above conditions is still an
open problem. To the best of our knowledge, the less restrictive assumptions in this context
are due to Martel, see [26], where the author proves finite time blow-up in the space of
cylindrical symmetric functions with finite variance in the x3 direction and negative energy.
Early results of this type are due to Glassey, see [16], in case of finite variance, and Ogawa
and Tsutsumi [28], in the radial symmetric case (see also Holmer and Roudenko [19], and
Inui [22,23] in a more general setting).

We are now in position to state our main results and to explain our strategy of the proofs.
Let us define x = (x1, x2) and let us introduce the space where we study the formation of
singularities:

3 ={ue H' R st u(x)=u(%|,x3) and xsu € L*(RY)}.

>3 is therefore the space of cylindrical symmetric functions with finite variance in the x3
direction.
Our main result is as follows.

Theorem 1.2 Assume that Ay, Ly satisfy (1.3), namely the belong to the Unstable Regime. Let
u(t) € X3 be a solution to (1.2) defined on (—Tpin, Tinax), with initial datum ug satisfying
E(up) < y(lluolliQ) and G(ug) < 0. Then T, and T,y are finite, namely u(t) blows-up
in finite time.

As a consequence of Theorem 1.2 we give a generalization of the result by Martel in [26].
We extend here that result for all positive initial energies under the energy threshold given by
the Ground State associated to NLS (which corresponds to the one given in (1.6) for Ay = 0).
Even if the following theorem can be viewed as a straightforward corollary of Theorem 1.2,
we prefer to state it as an independent result, since it has its own interest.

Theorem 1.3 Given a solution u(t) € X3 to (1.13) with &1 < 0 defined on (—Tpin, Tmax),
with initial datum uq satisfying E(ug) < y(lluolliz) and G(ug) < 0, then Ty, and Ty
are finite, namely u(t) blows-up in finite time.
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We point out some feature of the dipolar GPE.

Remark 1.4 Blow-up in finite time for the focusing cubic NLS in the whole generality, i.e. for
infinite-variance initial data and without assuming any symmetry, is still an open problem.
See the beginning of Sect. 4 for up-to-date references.

Remark 1.5 A usual assumption that often appears in literature in order to simplify the analy-
sis of a model which cannot be treated in a full generality, is the restriction to a radial setting.
The dipolar kernel K (x) is a Calderén—Zigmund operator of the form |x|’3(’)(x) where O
is a zero-order function having zero average on the sphere. This implies that the restriction
to radial symmetric solutions makes disappear the effect of the nonlocal term in (1.2), hence
the equation reduces to the classical NLS equation in the radial framework, see [8].

Remark 1.6 We restrict the functional space to functions belonging to H!(R?) with finite
variance in the x3 direction. As it will be clear along the proof a decay estimate for the
potential energy in the exterior of a cylindrical domain will be crucial. Indeed, the finite
variance in the x3 direction enables us to localize the potential energy on the exterior of a
cylinder.

Remark 1.7 As remarked in [8], for 0 < A < 4T”)\z—namely when the local nonlinearity
is defocusing, and the coupling parameter A; is positive, which is the physical case—finite
time blow-up may arise, so that is improper to speak about “defocusing/focusing” for the
dipolar BEC. The nonlocal interaction then can yield to formation of singularities in finite
time of the solutions.

Remark 1.8 From the identity (1.11) and the fact that there exists a positive constant § > 0
such that G(u(t)) < —6 for any ¢ € (—Tyin, Tmax) (see Lemma 3.5 below), it is straight-
forward to see that the assumption G (ug) < 0 implies that P (u(¢)) < O for any time in the
maximal interval of existence of the solution to (1.2). This is in contrast of what happens in
the counterpart scenario G (1o) > 0. In the latter case, working in the Unstable Regime (1.3)
does not guarantee that the potential energy P (u(t)) preserves the sign, as we proved in [5].

We turn now to state the ingredients we use in order to prove our main theorems. The
strategy and the main difficulties are the following.

e A variational characterization of the Ground State energy which firstly permits to prove
that [lu(@)|l g ®3) is bounded from below uniformly in time and that G (u(t)) < —§ for
all times in the maximal interval of existence of the solution. As a byproduct, which
is crucial for what follows, it exploits the bound G (u(t)) < —8|u(r) ”3—'11(11&3)’ for some
§>0.

e The virial identities, valid both for (1.2) and (1.13). We define, following Martel [26],

Vp(t) == Vy(u@)) = 2/11&3 PR (e, x)|* dx,

where p, which is in particular a well-constructed function depending only on the two
variables X = (x1, x2) which provides a localization in the exterior of a cylinder, parallel

to the x3 axis and with radius of size | x| ~ R.Here |x| clearly denotes | x| := (xl2 +x22) 172,
Moreover we consider the not-localized function x% in order to obtain a virial-like estimate
of the form
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d? 2 4 )
Vo ® =4 [ IVuOP 46 [ otd +eR 4 Hituo),

=G
(1.14)

where the error Hg is defined by
Hi(u(1)) = 43 /R Fr®NuI* dx + 22 fR VPRV (K u@)) (o) dx

_4k2/3x38x3 (K # [u()|?) |u(0)]* dx
R.

and Fr(x) is a nonnegative function supported in the exterior of a cylinder of radius of
order R.

e In the case | < 0, A» = 0 (namely NLS), the decay property of the L*-norm of a
function f supported outside a cylinder of radius of order R, more precisely the estimate

< R f ”?ir' ®)’ together with the localized virial identities, implies finite
time blow-up by a convexity argument. We underline that everything works well since
we are able to prove that ||u(t)||f_~11 ®) controls either G (u(¢)) or the remainder term
Hpg(u(t)). Note that in this case the quantity G in the r.h.s. of (1.14) precisely defines
4G (u(t)) in the context of (1.13).

e When Ay # 0we have to deal with the effect of the dipolar interaction term—incorporated
in Hr(u(?)) in (1.14)—that is nonlocal and that is neither always positive nor always
negative. As already pointed out, see Remark 1.1, K * - acts as the sum (up to some
constant coefficients) of square of Riesz transforms. Our strategy is to split # (we omit
the time dependence) by separating it in the interior and in the exterior of a cylinder,
namely u = u; + u, where

4
||f||L4(|)_(\2R)

ui =lyzi<cryu and - uo = lyz=cryu,

and computing the interaction given by the dipolar term. Here 1 denotes the indicator
function on a measurable set. The problem here is that K s [u;|* is not supported inside
any cylinder. A crucial tool is given by the pointwise estimate

511 k) ORI = Lizi o) F10)] < CR sy &) Ol L1 (5129 0)

where y; and y» are positive parameters satisfying d := y» — y1 > 0, see Lemma 2.4.
e In order to control the remainder and to make appear the 61, f]R3 (K * [u()®)|u()|? dx

term in (1.14) that will yield to the whole quantity 4G (u(t)), see (1.11), we need to use

the identity 2 [p3 x - V(K % f) fdx = =3 [p3 (K * f) f dx. The latter follows from

the relation & - Ve K = 0. The difficulty here comes from the fact that the localization
function used in the virial identities pg (x) satisfies

|%]? if |x| <R

constant if |¥| > 2R’

PR(X) = i

while the function p = x% is unbounded. By observing that

2/]Rg X3y, (K |uil?) luol? dx + 2/]Rz X3y (K # |uol?) |ui)? dx

=—2f (K * i) |un|2dx—2/ £3(06, )ity Plug P di
R3 R3
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and that

bk s SR o ( 8 &

3\ _ o 52 ]
& P~ m) = 9T TR

we reduce the problem to the estimate of | (Rg‘ f, &) 12| when fissupportedin {|x| > y» R}
while g is supported in {|x| < y; R}, for some positive parameters y; and y, satisfying
d:=yy—y; > 0. Here R‘} denotes the fourth power of the Riesz transform, and R‘} its
symbol in Fourier space.

e We compute | (’Rg‘ f, 8) 12| by means of some corollaries (see Corollary 2.2 and Corollary
2.3) of a more general result from harmonic analysis, related to the representation of a
Fourier operator 7 whose symbol is homogeneous of degree zero, in conjunction with the
localization properties of the supports of functions where T is acting on, see Proposition
2.1.

e All the previous points will bring to the final estimate

d2

dr? Voraa2 () = 4G (u(t) + er(u(t)),

where G(u(t)) < —8||u(t)||H, ®) and eg(u(t)) < oR(1)||u(t)||H,(R3 , which in turn
implies the finite time blow-up via a convexity argument, provided R > 1.

1.1 Notation and structure of the paper

We collect here the notation used along the paper and we disclose how the paper is organized.
We work in the three dimensional space R3, and fora vector x = (x1,x2,x3) € R3 we denote
by X € R? the vector ¥ = (x1, x2) given by the first two components of x € R3. The differen-
tial operators V and V- are the common gradient and divergence operator in R3. When using
the subscript x, i.e. Vi or Vi-, we mean that we are considering them as operators on R2
with respect to the variables (x1, x7) alone. The operator F f (§) = f(é) = f e~ ixE f(x)dx
is the standard Fourier Transform, F~! being its inverse. R j is the j-th Riesz trans-

—if e Rif(x) = F! ( IEIf) (x). Powers
of the Riesz transform are defined by means of powers of their symbols analogously. For
l<p<ooand Q C R3, LP(Q) = L?($2; C) are the classical Lebesgue spaces endowed

. 1/p .
with norm [| fllzr = (f £ 1P dx)""? if p # o0 or || flle = esssupyeq |f ()] for
p = oo. When = R3 we simply write L. For a function f(x), x € R?, we denote
||f||L§ = ||f(.,x3)||L§(R2) and similarly for more general domains Q2 C RZ. We set

H' = H' R C) = {fs.t. [l + [EP)f(©)PdE < oo} and its homogeneous ver-
sion H! = H'(R3; (C) = {fs t. fR3 €] If(é)l2 d&é < oo} endowed with their natural
norms. Since we work on R3, we simply denote [ fdx = fR3 f dx and often we write
J fdx = [ g2 f(X,x3)dX dx3. The expression (f*g)(x) := [ f(x —y)g(y) dy denotes
the convolution operator between f and g. The L? inner product between two function f, g
is denoted by (f, g) = (f. g)12 = f fgdx. Nz and Iz are the common notations for the
real and imaginary parts of a complex number z. When the bar-symbol over-lines a complex-
valued function, we mean the complex conjugate. Given a measurable set A C R3,1 Alx)
is the indicator function of A. Finally, given two quantities A and B, we denote A < B
(A Z B, respectively) if there exists a positive constant C such that A < CB (A > CB,
respectively). If both relations hold true, we write A ~ B.

form defined vie the Fourier symbol
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In Sect. 2 we prove the essential integral and pointwise estimates for powers of the Riesz
transforms for suitably localized functions. In Sect. 3 we discuss the geometry of the energy
functional and we disclose several properties leading to the control of the functional G in
terms of ||ul| ;1. In Sect. 4 we prove the blow-up in finite time for the focusing cubic NLS
stated in Theorem 1.3, then we conclude with Sect. 5 where we prove the main result of
the paper, namely the finite time blow-up for the dipolar GPE. We collect in the “Appendix
A” some useful identities used along the proofs in the paper. In “Appendix B” we make a
connection between the fourth power of the Riesz transform with the propagator associated
to the linear parabolic biharmonic equation, which has its own interest, and it could be used
to give an alternative proof for the integral decay estimates in Sect. 2.

2 Localization properties of the dipolar kernel

This section provides the first technical tools we need in order to prove our main result
concerning the finite time blow-up for the GPE (1.2). In the next Lemmas we prove some
decay estimates—pointwise and integral estimates—regarding the square and the 4-th power
of the Riesz transforms for suitably localized functions. We prove this decay by employing
a general harmonic analysis tool which gives an explicit characterization of homogeneous
distributions. Subsequently, we prove the pointwise estimates for ’R% by using the explicit

representation of Ri in terms of the singular integral defined in the principal value sense.

2.1 Integral estimates for ’R}‘

We start with the integral estimates for the fourth power of the Riesz transform, and, as
anticipated above, we use a general result in harmonic analysis regarding the characterization
of homogeneous distribution on R” of degree —n, coinciding with a regular function in
R"\{0}. For our purposes, likely along the whole paper, we just consider n = 3. The main
contribution of this section is as follows.

Proposition 2.1 Let T an operator defined by means of a Fourier symbol m(&), which is
smooth in R3\{0} and is a homogenous function of degree zero, i.e. m( &) = m(&) for any
A > 0. For any couple of functions f, g € L' having disjoint supports, we have the following
estimate:

(TF. gl < (dist(supp(f). supp()) > gl il £l 1- 2.1
4
By observing that the symbols defining R;‘ and RﬁRﬁ are given by m(§) = éﬁ andm(§) =
252
%, respectively, which fulfil the hypothesis of Proposition 2.1, we straightforwardly have

the following corollaries. It is worth mentioning that for our applications, we will consider
as f and g some cut-off of the density of the mass |u(¢)|?, which is clearly in L.

Corollary 2.2 Assume that f,g € L' and that f is supported in {|X| > y2R} while g is
supportedin{|x| < y1 R}, for some positive parameters y| and y» satisfyingd = y»—y; > 0.
Then

WREF I S RGNl
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229 Page 10 of 33 J. Bellazzini, L. Forcella

Corollary 2.3 Assume that f,g € L', and that f is supported in {|X| = y»R} while g is
supportedin {|x| < y1 R}, for some positive parameters y| and y; satisfyingd := y,—y; > 0.
Then

(RIRZ ) S RNl fll

Proof of Proposition 2.1 By definition, F(T f)(§) = m(§) f (&), and being m a homogeneous
symbol of degree zero, smooth away from the origin, we can invoke [17, Proposition 2.4.7]
and we can claim the existence of a smooth function €2 on the sphere S?, and a scalar ¢ € C
such that

—1 1 X
F m= —SQ — )+ cdx),
|x] |x]

where § is the Dirac delta at the origin. We recall that being m a symbol of degree zero, the
associated distribution is homogeneous of degree —3. Hence,

1 —
(Tf,g) = // S0 ( S ) Fgto)dydx + c// 5(x — ) f()g(x) dy dx
lx =yl lx =yl

1 xX—y
= // 3Q< >f(y)g(x)dydx,
lx — ¥l lx =yl

where in the last identity we used the disjointness of the supports of f and g. Therefore,

T f. g)| < (dist(supp(f), supp(g)) ™ Rl oo (g2l £l 1 llgll
< (dist(supp(f), supp(@) I fllillgll 1

and the proof is concluded. O

2.2 Pointwise estimates for ’Rjz

We turn now the attention to the square of the Riesz transform. In the subsequent results,
we will use a cut-off function x satisfying the following: x (x) is a localization function
supported in the cylinder {|x| < 1} which is nonnegative and bounded, with | x|z~ < 1.
For a positive parameter y, we define by x{z/<y g} the rescaled function x (x/y R) (hence
X{lz|<y R} 1s bounded, positive and supported in the cylinder of radius y R). The proof of the
next lemmas is inspired by [25].

Lemma 2.4 For any (regular) function f the following pointwise estimate is satisfied: pro-
vided d := y» — y1 > 0, where y1 and y» are positive parameters, there exists a universal
constant C > O such that

XE1<n R ORI = X(5122m) F1D] < CR i1 Ry O I L1 (512 505)- (22)

Remark 2.5 1tis worth mentioning that the use of the general Proposition 2.1 yields an integral
estimate for the operator R?, which would suffices for our purposes later on in the paper,
namely to close the convexity argument for the blow-up Theorem when the dipolar kernel
in (1.2) is acting (i.e. A2 # 0). Nonetheless, we prefer to give the pointwise decay below
as well, which is more refined than an integral estimate, and because it relies of the precise
integral representation of the square of the Riesz transform, while Proposition 2.1 holds true
for any operator as in the hypothesis.
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Proof of Lemma 2.4 1In the principal value sense, the square of the Riesz transform acts on a
function g as

2 %
Rig(x) = // R |3+1 Iy |3Jrlg(z) dzdy.

Let g(x) = X{|;|Zy2R}(x)f(x). Then

yi Z
X(51<p R) (O RFE(x) = //(|yf4 Iz/ y|4 y) (x —2)dz.

Since g is supported in the exterior of a cylinder of radius y» R, we can assume |X —Z| > » R,
and for the function x{ <, g} is supported by definition in the cylinder of radius y R, we can
assume | x| < y; R :therefore we have that |z| > d R. Thisimplies that {|y| < %R}ﬂ{|2—)—;| <
L1zl} = ¢. Indeed,

1 1 d
—zZI=1z=y =1zl = || = |¥| > =|z] = =R, 23
2IZI_IZ yl =1zl =1yl |y|_2|z|_ > (2.3)
hence we have the following splitting:
_[Yian=»n :/ Vi %Y
[y[* |z — yI* si<dr Iy1* 1z — yI*
Yi Zj— Vi
e DR
Z=yl<zlzl YITIZ =Y 2.4)
D ozi— s
+/ DU
151> 4 Ringz—51= L1z Y17 12 =l
=T+1IT+7171.

Estimate for the term Z. Let us focus on the first integral Z. The domain of integration of this
integral is the cylinder of radius R parallel to the y3 axis. Therefore

yi z; yi 2= yi .
T=T,+T,= / / B/ ydy%-i-/ / 2 Z 2 g5y,
ysl=4Rr Ji51<4r 1] Iz—yl lysl=4r Jigi<dr V1" 12—yl

For the term Z; we first notice that

[ ], hdsdn=o
ysl<dr Jisi<dr I

since the domain is invariant under the change of variables y — —y. Therefore

= [ 2 (B ) 0
lysl<4R y|<R|y| lz =yl |z

j—Yj —Zj:/lh/(s)ds
| 0

and we write

lz—y* Iz
where
hsy = 222 s eqo,1).
lz — syl
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We have, by a straightforward calculation, that

Vi 4~

W(s)=— +
) lz —syl* |z — SI4

S (7 — sy) -y

and

[yl

n < —.
OIS s

Hence, by observing that |z — sy| > |Z —s¥| > |Z| —s|7| > 3¢ R as s|j| < 4R, we get that

max |’ (s)] < R4y,
‘Y€[0’1]| @IS |yl

then
T, = / / 2 (/ h(s)dc) djdys < R™ / / — dydys
lysl<4Rr Jis1<4r 1Yl lysl<4R J51<4R |y| 2.5
<R —dy <R3,
\y|<fR |y|2

The term Z; can be estimated as follows:

yi 2i— i
Iz—/ / LU TN g5 ays < / / —————=dydy;
lysl=4R Jisi<4r [YI* 12 =yl lys|=4R JI5I1<4R |y| Iz—yl

1 1 1
< ——=dydys ,S/ —=dy3 7/ dy
/y3|>z£R [yl /y|<fiR Iz - 3P miz4r sl R Jisi<4r

where we used again the fact that if |y| < %R then |7 — y| > %R, hence we conclude with

T <RIR =R (2.6)
In conclusion, by summing up the two estimates (2.5) and (2.6) we get
<R3, (2.7)

Estimate for the term TZ. We adopt a similar approach for the term Z7 that we split in two
further terms:

iy iy
= | / =y / RIRI Il N
lz—ysl=<lzl Jiz—si< bz V1T 12 =Vl lza—yslzlzl Jiz-si< bz [YI* 1z =Vl

=11, +11;.

We first notice that

/ f S 45 dys = 0
lza—ysl<lzl JE—s1< L1zl 12 = VI

since the domain is invariant under the change of variable y > 2z — y
Estimate for the term Z7;. Therefore

=y {vi )\ .
II1=/ / J £(7]4——J4> dydy;
la—ysl<lzl Jiz—s1< bz [ = yI*F Nyl* Izl

v 1
= / / &= )i / W (s)ds ) dFdys
ls—ysl=ll JiE—s1=dizl 12 = y1* \Jo
A—ysl<lzl J 5= Lz
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where
syi + (1 —s)z;
h(s) = % s €0, 1].
|5yA/ +( S)Z_/|
We compute
W (s) = yji—2j syj+ (1 =9)z; sy+(1—9)z -2
lsy + (1 —s)z|* lsy + (1 =)zl [sy 4+ (1 = 5)z]
and hence

ly — z|

’ < v~
OIS T a =i

Now we observe, as s|y —z| < %|Z|, that [sy +(1—s)z| = [s(y —2) +2z| > |s(h —2) +2| >
1z| = sly —z| > %lZI and then

—Z
max [h'(9)] < 27
s€[0,1] 1z]

which allows us to continue the estimate for ZZ; as follows:

1 1 )
1T, S — ——— djdy
121* Jizs—ysi<iz Jiz—51< L1z 12 = ¥l

1 1 _ _
5_—4/ Sdy SIEITP SR
1ZI* Jiz—yi<iz) 12 — ¥l

Estimate for the term I7Z,. It remains to prove a suitable estimate for the remaining term
T7>. We use (2.3) and we estimate

Vi zi—y;
112=/ / =L dydy;
lz3—ysl> 121 Jiz=s1< bz V1T 12 = ¥l

1 1 _
< / / e dydy;
lz3—ysl=121 JiE=i< iz V1P 12 =Vl

2.8)

Y IR Sy .
a—wal= gz 4 1P 1z =y
5/ ) %dn / ) _%dy <1Z7ZI SR
lz3—ysl>zl 123 = ¥3l GELIEA
We conclude, by summing up (2.8) and (2.9), that
I < R, (2.10)

Estimate for the term TZ7T. It is left to estimate the integral
III:/ Lﬁzi—yi .
(151> 4 Rin(z—51= L1z1y Y17 12 = ¥

By the Cauchy-Schwarz’s inequality

i Zj Y 1 1
III:/ y—’4’ y’4 yi/ —————dy
{15124 Ryngiz—31= 1z [Y1* 12 =yl (151> 4 Ringz—51= 1121y Y17 12 = vl

1/2 1/2
1 / 1 /
= d 1 6 dy d 1 6 dy
(151> 4 Ringz—51= L1z} 1V {151z 4 Ryn(z-31= 41z 12 = ¥l
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1/2 1/2
1 1
< —dy ———dy
{lyl=4Ry 1Y] flz—yl= 4121} 12 = ¥l

< R32)Z1732 <R (2.11)

The proof of the lemma is therefore concluded by observing that the integral / defined in
(2.4) can be bounded, by using (2.7), (2.10) and (2.11), by

I :=T+7IT+7TIT <R3,

Vi Zj =i )
— d (x —2)dz
//(Iyl“lz—yl“ )8

D — / g — 2l dz

and hence

| X(1£1<3 R) ORT G| = (151291 R) (X)

S R xw=n Ry N FIL (5120 0)

which is the estimate stated in (2.2). ]

We have an estimate similar to (2.2) if we localize inside a cylinder the function on which
RJZ. acts, and we then truncate everything with a function supported in the exterior of another
cylinder.

Lemma 2.6 For any (regular) function f the following pointwise estimate is satisfied: pro-
vided d := y1 — y» > 0, where y1 and y, are positive parameters, there exists a universal
constant C > 0 such that

|1 = Xjz1<1 &) ORI LX< k) F1E] < CRTIA = X1z1 < kDN |21 15120 )
(2.12)

Proof The proof is analogous to the one for Lemma 2.4, so we skip the details. O

3 Variational structure of the energy functional and consequences

We pass now to the discussion on the variational structure of the energy functional and its
relation to the existence of standing waves for (1.2). The following arguments are valid in
the same fashion for the NLS equation (1.13), when the parameter A, = 0, even if it is worth
mentioning that for NLS the existence of standing waves is nowadays classical. We recall
the two different approaches to prove existence of Ground States for the GPE.

The first strategy is due to Antonelli and Sparber, see [2], where existence is proved by
means of minimization of the Weinstein functional

IVl vl 2

V) 1= .
7w —hlvllfs = A2 [(K * [v]?)[v]? dx
The alternative way, see the work of Jeanjean and the first author [6], is based on topological
methods, where the existence of Ground States is shown by means of the existence of critical
points of the energy functional under the mass constraint (1.7). In the latter approach the
parameter « which appears in (1.6) is found as Lagrange multiplier. Even if the energy
functional is unbounded from below on S(1), when restricting to states which are stationary
for the evolution equation, i.e. they satisfy (1.6), then the energy is bounded from below
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by a positive constant. The latter constant, which corresponds to the mountain pass level, is
reached. The mountain pass solutions therefore correspond to the least energy states (which
are called Ground States, precisely). We pass now to the analysis of the geometry of the
functional E () on S(c), and to this aim we introduce the Lz-preserving scaling

wh(x) = Pu(px), > 0.
We report the next crucial lemma from [6]. We recall the definition of V (c) given in (1.12):

V(e)={ueH" st |ul?,=candGu) =0}

Lemma 3.1 [6, Lemma 3.3] Suppose that u belongs to the manifold S(c) and moreover that

—

it satisfies f()q + kgle(é))(|u|2)2 d& < 0. Then the following properties hold true:

there exists a unique 1(u) > 0, such that ult e V(c);
the map | — Eu") is concave on [i, 00);

(u) < lifand only if G(u) < 0;

(u) = 1ifand only if G(u) = 0;

the functional G satisfies

>0, Vue(0, )

"
GW){<Q V€ (), +00)

o E(ut) < E(ul), forany u > 0 and p # i;
° ﬁE(u“) = iG(u“), Yu > 0.

With Lemma 3.1 at hand, we can prove the next proposition which basically shows the
dichotomy between the scattering and blow-up for (1.2) in terms of the quantities y (||uo ”2LZ)
and G (ug).

Proposition 3.2 Suppose that the initial datum ug satisfies E (uo) < y (|lug ||i2) and G (ug) >
0, then

M (uo) E(up) < M(Q)E(Q) 3.D
and

luoll2Vuoll 2 < 1Q1121V QI 2. (3.2)

Conversely, if the conditions expressed in (3.1) and (3.2) hold true, then the initial datum u
satisfies E(up) < )/(||u0||i2) and G (ugp) > 0.

Remark 3.3 We point out that we gave the proof of the first implication in our previous work
[5], but we repeat it below as in that paper some steps were not rigorously justified (it is
worth mentioning that the claim was however correct, and the validity of the result was not
affected by that carelessness).

Proof We start with the first implication. From the definition of the quantities in (1.5), (1.9)
and (1.10), we straightforwardly obtain the identity

1 1
E(up) = 3G (uo) = =T (uo). (3.3)
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Due to the scaling invariance properties of the Weinstein functional, we note that Q,, =
(1O (ux) is again a minimizer for the Weinstein functional with

2 ~1 012

19ull7 =wn""1Ql7:.
2 2

IVOullz2 = nlIVOIl7-.

We notice that Q(x)e' is a standing wave solution to the evolution equation and by the

Lo 2 2t .
symmetry of the equation it is well known that O, e'*" = uQ(ux)e'*™" is another standing
wave solution to

Lao + (M10u? Ao (K 2 20, =0
) i lQM' Qu+ 2( *lQu| )Q,u)'i‘//« Qu— ,

that necessarily satisfies G(Q,,) = 0. Hence E(Q,) = %HVQMH%Z.

Provided we choose the parameter p such that || Q“”%Z = ||u0||i2, i.e. Q, belongs to the
constraint S(c), ¢ = ||u0||i2, we get (using the hypothesis)
Euo) < y(luoll32) = y(1Qull72) = E(Q,). (34)

From (3.4) we obtain

luoll 72 E o) < Q1172 E(Q).

which corresponds to (3.1). It is worth remarking how we can claim the equality in (3.4) (this
is precisely the clarification we do with respect to what we wrote in Remark 3.3). It is crucial
to notice that if Q is a standing state (solving the elliptic equation with a corresponding
Lagrange multiplier), then Q,, is a standing state for any p > 0. On the other hand if Q is
not a standing state (i.e. it does not solve the elliptic equation with any Lagrange multiplier),
then Q,, is not a standing state for any p > 0.

If we take two standing states with the same mass, let say w and v, with their corresponding
Lagrange multipliers, and such that E(w) < E(v), then E(w,) < E(v,) forany u > 0.
This is evident by the fact that E (w,,) = %nv%ni2 = E|Vw|?, = £ E(w) forany s > 0
(indeed G (w,,) is always 0). Therefore if E(w) < E(v) then E(w,) < %lleHi2 = E(vy).

This implies that in the case of a Mountain Pass solution, if one takes a standing wave Q
such that E(Q) = y (1 Q17,) then E(Qy) = y ([ Qpl7,).

We prove now the validity of the other condition. If G (ug) > Oand E (ug) < v (|luo ”2LZ) =
E(Q,), then we have

1 1 1
EIIVQMIIZLz = E(Qu) > Euo) > E(uo) = 3Guo) = gnwouiz
and hence

luoll2Vuoll 2 < 1Q121V QI 2

Let us prove the reverse implication.
First of all we notice that if Q is a minimizer for the Weinstein functional, then E(Q) =
y (| QIIZLZ). We take a rescaling O, of Q such that || Qu”iz = ||u0||2L2 and as before we can

claim that E(Q,) = y(||u0||22). Therefore (3.1) implies

M(uo)E(ug) < M(Q)E(Q) = M(Qu)E(Qy) = M(Q,)y (luoll?)
= E(uo) < y(lluol?,).
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Let us focus on the statement “(3.2) = G (ug) > 0”. Suppose that G (u() §~0 and consider
i such that uf € V(||u0||iz). By using Lemma 3.1 such f do exists, G(ug) = 0 (by the
very definition of V(||u0||i2)) and &t < 1. (In particular, if G(ug) = 0 then z = 1.) Hence
E Vul?, < 1 Vull?

6|| ullia Vully, <

<< IVOI7. = E(Q).

. - 1
E@") = —||Vul|3, = g

L
6
This concludes the proof since we got a function, uf, such that E (u‘l) < E(Q), which
contradicts the minimality of E(Q). o

Remark 3.4 Ttis straightforward to see that in Proposition 3.2, provided E (1g) < y (|lug ”2LZ)’
the condition (3.2) replaced by

luoll2IVuolli L2 > 1QN 211V QI 2 (3.5)

will imply that G (up) < 0, and conversely (3.5) is satisfied provided we assume G (ug) < 0.
Hence E(up) < y(||u0||iz) and G(ug) > 0 or G(up) < 0 give the dichotomy between
scattering and blow-up for (1.2). It is worth mentioning that when restricting to the cubic
NLS case, the latter ones are the same described by Holmer and Roudenko in [19], namely
(3.1), (3.2), and (3.5).

Lemma 3.5 If the initial datum uq satisfies E(ug) < y(||u0||iz) and G(ug) < O then
G(u(t)) < 0 foranyt € (—Tyin, Tnax)- More precisely, there exists a positive constant
8 > 0 such that G(u(t)) < —6 forany t € (—Tyin, Tnax)-

Proof Suppose that G (u(t)) > 0 for some time ¢t € (—Tjuin, Tinax); then by the continuity

in time of the function G(u(t)) there exists 7 such that G(u(f)) = 0. By definition we
have therefore y(lluolliz) < E(u(f)) = E(up) which is a contradiction with respect to the

definition of y (J|uo|7,).
We now prove the uniform bound from below away from zero. We simply denote u = u(#).
By Lemma 3.1—third claim—there exists (it € (0, 1) such that G (u*) = 0. Then

- . d
E(ug) — E") = (1 — M)@E(’/t“”u:ﬂ

for some & € (fi, 1), and due to the concavity of u +— E(u*)—see Lemma 3.1, second
claim—we have that

i -4 Iz -4 " ~
E(uo) —E@®) =0 -0)—EWu") =z = (0 = )= E@")|u=1 = (1 — )G (w)
du du
where in the last equality we used the last claim of Lemma 3.1. Hence
Gu®) = (1=~ (Ew) - E@h) = (1 = ™ (Eo) = v (@),
The proof is complete with § = (1 — ﬁ)’l (y(c) — E(ugp)). ]

The previous Lemma implies thf: pointwise-in-time bound for the function G (u(¢)), by means
of the homogeneous Sobolev H L_norm of u(?).

Lemma 3.6 Thereexistsa > Osuchthat G(u(t)) < —oz||u(t)||§,f0ranyt € (—Tnin> Tnax)-
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Proof Tt follows from Lemma 3.5 and the identity (3.3), that ||« () ||§_-I1 > 6F (up). By exploit-
ing again the identity (3.3) we write ||u(t) ||12L11 =6F —2G(u(t)), so we have

Gu(®) +alu®|?, = (1 - 200G u(®) + 6aE. (3.6)

As we have that G < —§, it is straightforward to see that for « < 1 the claim follows, since
for o sufficiently small, the r.h.s. of (3.6) is bounded by —§/2. m}

We give the following simple consequence of the previous Lemma.
Corollary 3.7 There exists a positive constant ¢ > 0 such that

inf Hilg = c.
[6(77{:}}19 max ||u( )”H] o C
Proof Suppose that there exists a sequence of times {#,},en such that lim,, , o ||u(t,) || g1 =
0. Then by the Gagliardo—Nirenberg’s inequality lim,_, o [|#(#,)|/;4 = O as well. But then
G (u(t,)) — 0, since by the L2+ L2 property of the dipolar kernel

G (@) S ) 150+ lut@)l7s = 0,

which contradicts Lemma 3.5 O

4 Blow-up for the focusing cubic NLS

In this Section we prove Theorem 1.3 regarding the NLS (1.13). We first construct a suitable
cut-off function localizing in the exterior of a cylinder parallel to the x3 axis, which we then
plug it in the virial identities below. This cut-off function will be used also in the proof of
Theorem 1.2 regarding the blow-up in finite time for solutions to the GPE, but the estimates
we need in order to control some remainders in the presence of the dipolar kernel are much
more involved. Therefore we prefer to state the result for the focusing cubic NLS which has
its own interest, passing to the analysis of the equation (1.2) in the next Section. Previous
papers in literature about the formation of singularities in finite time for L2-supercritical
focusing NLS in 3D are [12,15,18,21,30], besides the already cited [16,26,28].

We now introduce some classical virial identities, valid both for (1.2) and (1.13). Let u(¢)
be a solution to (1.2), which also corresponds to a solution to (1.13) for A; = 0 and A1 < 0;
then we define

V(1) = 2/p(x)|u(t,x)|2dx, 4.1)

p(x) being a sufficiently smooth function which justifies the following formal and standard
computations:

%Vp(t) =23 {/ Vo - Vui dx} , (4.2)

where we used the equation satisfied by u = u(t). By using (4.2) and again the equation
solved by u(t), we have
2

d 1
2V :2/(V2p-Vu)-Vﬁdx— E/A2p|u|2dx

+k1/Ap|u|4dx—2k2/Vp-V(K*|u|2) lu|? dx.
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Therefore for the rescaled function pg(x) := RZp(x /R) we get
2

Ly 0 =2 (V2<>V)Vd 1 A2<f)||2d
P R) M) M T g | 2 PR AT

+A1/Ap( >|u| dx—2A2R/Vp (E)-V(K*|u|2)|u|2dx.
43)

Let us precisely build the (rescaled) function p, which is in particular a radial cut-off
function depending only on the two variables X = (x1, x2) :

pr(x) = pr(IX]) = R?p(I%|/R) = R*¥(IX|*/R?)
where

v(r) =r—/0 (r —s)n(s)ds,

and the function n : R +— ]Rg is a function satisfying the following properties: it is a
nonnegative, regular function with unitary mean, namely:

n € CXR; RY)
n(s) =0 fors <lands >2
Jrn(s)ds =1

We have, for i, j € {1, 2} and §;; being the usual Kronecker symbol,

dy, pR(X) = 2x; 9 (1X1*/R?)

and
03,5, PR(X) = 283 (13| /R2>+ LR/ RY),
hence
(V20 (%) Vue) - Vit = 20/ (%1 R Vil + =5 I S
= 2|Vzul? (w (I%| /R2)+ S 1%y (%] /RZ))
and

4
App = 49/ (1FP/R) + -5 TPy (5P /R).

We observe moreover that AZp € L and therefore we can estimate R 2 f AZp(x /R)|u 12 dx
as

R f Ap(x/R)ul*dx < C([|ApllL)RZlu(®)]7, = CMR™?, (4.4)

by using the conservation of the mass.
We compute explicitly the following:

— FR(): = YRR + Lw”(lilz/Rz) 1

@ Springer



229 Page 20 of 33 J. Bellazzini, L. Forcella

%2/ R P
|| -2/ p2
- —/0 n(s)ds — L n(sP /R <0 4.5)

We observe that by its construction

=0 forany |X|]<R

_ . (4.6)
>0 forany |x|>R

LOOBFR[

and the boundedness is uniform with respect to R > 1.
Moreover we consider the not-localized virial identity in the x3 direction; we namely plug
in (4.1) the function p = Ax%, A being a positive constant, and we simply get,

d2
77 Van® =4A/|3x3u|2dx+2Aklf|u|4dx—4AA2/x38X3 (K # |ul®) |ul* dx.

4.7
For A = 1 and by plugging 1, = 0 in (4.3), we are going to prove that
@ 4 2dx 46 *dx + H
ﬁVpRﬂg(f) < IVul"dx +6i1 [ |ul"dx + Hg(u(t)) @.8)
= 4G () + Hru(®)),
where
Hr(u(®)) = op(D) + og (D[, (4.9)

therefore Lemma 3.6, Corollary 3.7 coupled with a convexity argument will yield to the
result stated in Theorem 1.3, provided R > 1. Note that for ., = 0, G(u) is reduced to
4 [ |Vul*dx + 6x1 [ ul*dx.

4.1 Estimate of the remainder Hp (u(t))

Once fixed A, = 0, and for A1 < 0, by suitably manipulating (4.3) by adding and subtracting
some quantity, it can be rewritten as

2

d 2
27 Vo) = 4 / (w’uﬂz/Rz)+ﬁ|f|2w”(|f|2/R2>> |Vzul* dx

1
+A1/Ap(x/R)|u|4dx— T A?p(x/R)|u|* dx

2
= 4/(w’(|2|2/R2>+ﬁww”ﬂﬂz/ﬁw1— 1) |Vzul* dx
2 2 1 2 2
+4 | |0ul“dx —4 | [0gul dx—ﬁ A“p(x/R)|u|” dx
|%|?

3 3
oy (1%12/R?) + 3 5) ul* dx,

+4M/<W(Ii|2/R2)+ 2
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and by using the definition of G (1), see (1.11), taking into account that the potential energy
P (u) is simply given by A f lu|* dx, see (1.10) for A» = 0, we get

2

772 Vor () = 4Gw(®) - 1 A%p(x/R)u>dx — 4 /|8x3u|2dx

4 / (w’(lilz/Rz) b 2R (R - 1) (Viul? dx

+4x1f<w’(|f|2/R2>+' BE s a2y - )|u|4dx

and
2
J7Va® _4A/ |8x3u|2dx+2AA1/|u|4dx,
therefore by summing up the two terms we get
d 1 2 2 2
prel pR+Ax2(t) = 4G(u(t)) — K2 A p(x/R)ul“dx —4(1 — A) | |0xul”dx

4 / (w’(IXIQ/Rz) + %WW(W/R% - 1) |Vzul* dx

+4A1/<w’<|f|2/R2>+' BE s a2 - g) juf* dx
<4G(u(r)) + CR™?

+4|A1|/(1—w’(|i|2/1e2) BE g |/R2)|u|4dx,
(4.10)

where we have set A = 1, we have used the definition of G (1), (4.4), and (4.5). Note that,
even if it is a simple computation, we preferred to state the virial identity (4.7) with a general
constant A to emphasize how the choice A = 1 is precisely done to make appear—in the last
line of (4.10)—the function Fy defined above. At this point (4.10) reduces to

2

2(t) <4Gu()) +CR™ +4|)»1|/ FRr(X)|ul* dx dx3.

+x2
dtz pR 3 %>R

We estimate, in the spirit of Martel [26],
J[ etz < [FenPiiod; an < ik, [1FR do
“4.11)

where the norm in the x variable are meant in the domain {|x| > R} due to (4.6). We now
use the Strauss embedding for a radial function g(x), x € R? and geH 1 see [9],

lgllzoeqzi=r S R™ /2||g||22||g||H1, (4.12)

hence by recalling that F is bounded in space uniformly in R > 1, we obtain, by using
(4.12) and the Cauchy-Schwarz’s inequality, that
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/||FR|u|2||L;o dx3 < / Nl 1= r) dxs S / Il s 5121y 433 S R el -
(4.13)
On the other hand, by calling g(x3) = fRZ |u|2(i, x3) dx we have

x3 x3
g(x3)=/ 85g(s)ds=2§h‘/ (/ ﬁaxudi) ds§2f|u||Vu|dx§2«/M||u||H1
R2

—00 —00

and then
il 2 S el (4.14)

By glueing up (4.13) and (4.14) we get that (4.11) satisfies

// Frlul*d% dxs S R ul3,. (4.15)

We conclude that for some o > 0

d? _ _ o
T3 Vo (0 S G@®) + R+ R7u@ ) S =5 1u@F: < -1,

where in last step we used Lemma 3.5, Lemma 3.6, Corollary 3.7 and we have chosen R > 1.
We can eventually conclude that 7;,,, < +00 by a convexity argument. Indeed, it implies
that there exists a time 7 such that

/(pR +xD)u@)>dx -0 as t— Tp.

We observe the following: by using the Weyl-Heisenberg’s inequality |xf .2/l fllg1 2
I£17 in 1D we get

fuolls = 1wl = [ [ P axdz

172 1/2
5/ </ |aX3u(r)|2dx3) (/ x32|u(t)|2dx3) dx
R2 R R

and by using the Cauchy-Schwarz’s inequality we conclude with the estimate
Ix3u (@)l 2 10x3u(®) 2 2 luoll7 > 0.

Then [[u(t)|| 71 — oo as t — Tp. The proof of Theorem 1.3 is therefore concluded.

5 Blow-up for the dipolar GPE

This last Section is devoted to the proof of Theorem 1.2. With respect to the NLS equation,
when dealing with the equation (1.2) governing a dipolar BEC, we get an additional term to
be estimated in the sum of the virial identies (4.3) and (4.7), namely the sum of the two terms
involving A». It is worth mentioning that all the terms that we have shown to be small in the
NLS case will remain the same. What we are going to prove is that for the dipolar GPE (1.2)
we have a virial-type estimate of the form (cf. with (4.8), (4.9))

d2
27 Vo = 4[ |Vu|>dx 4 61 / lul*dx + Hg(u(1)) (5.1)
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where
Hg = Hg — 22> (/ Vor -V (K * [u?) |ul* dx +2/xgaX3 (K * |ul?) |u|2dx> )
(5.2)
As already proved in Sect. 4, see (4.15),
Hr () = og(1) + og (D) u(®)[%. (5.3)
so we are going to show that
V+W:= / Vor -V (K * |ul?) [ul* dx + 2/x38x3 (K [ul®) jul*dx  (54)
will contribute for a term —3 f (K % |u|?)|u|? dx that will yield to the quantity 4G (u) (see the

definition (1.11)) when summed to the first two terms in the r.h.s. of (5.1), plus a remainder
term which must be proved to be small, again of the type og (1) + or(1)||u ||i.l1 .

5.1 Estimate of the remainder Hg (u(t)): the YV term

By its definition, we get that the function pg fulfils

12/ R? 2% if |FP/R* <1
_ IRV 2y _ A= _ — P =
00, pR(X) = 25,9 (F2/R?) = 23 (1 /0 n(S)dS) {0 iR 2

hence suppV; pr is contained in the cylinder of radius v/2R.

We split the function u by partitioning the whole space in the region inside and the region
outside a cylinder, namely we write u = u; + u, where

up = ysi<agyu and - up = lyjz=aryu.
Since suppVpr N suppu, = ¥ we get
o , , 2y 1,12
V.—/prR~Vx(K*|u| ) lul* dx

= [ Vs Ve (K ) s = [ s s (K 5 i) s
=Vo,i + Vi,i-

Estimate for the term V, ;. The term V,; can be estimated in this way: by integrating by
parts,

Vo,i = / Vior - Vi (K * luol?) |ui|* dx
== / Aiepr (K # Juol?) |ui | dx — / Vipr - Vs (luil?) (K # uo|) dx = Vg ; +Vy;
and, by using Lemma 2.4, in particular the pointwise estimate (2.2), we obtain

2 2 -3 2 2 -3 4 -3
|v;,i|§/1“,z|§m}|1<*|uo| i 2 dx < R ol i 125 < Rty < R
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Similarly, by using that | Vz pr| < R onits support in conjunction with the Cauchy-Schwarz’s
inequality, we get

7l S [ V1o 190l |K o sl 501

s R/I{mgﬁm ‘K * Iuolz‘ [ui|[Vzui|dx
S R Nuol g lluill 2 lui I
< R lull g
and then the estimate for V, ; is concluded by summing up the two bounds above:
Vol S R Zllullg + R (5.5)

Estimate for the term V; ;. We analyse the term V; ;. We do a further splitting and we introduce
another localization function. By setting up gz = pg — |X|> we can write

Vii = /prR Vi (K * |u; %) |ui|* dx
= /v;cﬁR-v; (K * |u;]?) |u,~|2dx+2/)?~v); (K |ui?) lu;|* dx
=V +V; (5.6)
We further localize the function u; by splitting again u; as u; = w; ; + w; ,, wWhere

w; i = yzi<r/iopwi  and  w; o = 1z i=r/10i = 1{R/10<|7|<4R)U-

By using the fact that suppV; pg is contained in {|X| > R}, then suppVizprN{|x| < R/10} =
?, we write

Vii= foﬁR Vi (K lwii|?) [wiof* dx
_= _ 2 2 —
b [ e s (K ¢ i) oo dx = A+ B,

Now, similarly to the term V, ;, by integrating by parts and by using in this case Lemma 2.6,
and precisely the pointwise estimate (2.12), we have

A= /VfﬁR Vi (K # |wi i 1) |wi ol dx = —/ Azpr (K * |wii|?) |wi ol dx
{R<|x|<4R}

~ 5.7
—/ Vipr - Vi (wiol?) (K * |wiil?) dx 57
{R<|¥|<4R}
SR wiil 2 llwiol72 + R wiill 72 llwioll 2 lwioll g S R™ 4 R ull 1.

Note that we used the following facts: |Azpr| < 1, and by recalling that u; = 1jzj<4r)u,
we infer that |Vpgr| < R on {|x]| < 4R}.
Estimate for the term B. Hence it remains to prove a suitable estimate for the term

B =/ Vidr - Vi (K * [wiol) lwiol dx. (5.8)
{R<|%|<V2R}
By setting ¢ = |w;_,|* and by making use of the Plancherel identity we get

fvm Vi (K % [wiol?) wiol? dx = /gW@) ERjde.
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By recalling the precise expression for the Fourier transform of the dipolar kernel, see (1.8),
we note that K is a linear combination of the symbols defining the square of the j-th Riesz
transform ”R% :

. 4t 282 —
K®) == : |.s;:|2 Z flélz

Consider therefore the generic term f m(é )-E g dé&; by adding and subtractmg 7” '7

I‘E\2
we have

52 2
/gvpr@ §|s|2 $&)dt = /(VXpR*g)@ émz (&) ds
= [ 2on¥iaucc — - (ﬁ U M) 5 a6 dn de
el Il ) gl
=/Vx,5R -Vi(Rje)(x)R;g(x)dx
. i (5.9)
+ [[ e it - (ﬁ - M) 5 a(&ydn de
el 1l ) ]
=—§/ AspRIR; g () dx
4 // GODVipr(E — 1) - (ﬁ - M) 5 a(&ydnde.
el 1l ) ]
The first term in the r.h.s. of (5.9) is simply estimated by
NG 51210y S R lall (5.10)

due to the L +— L? continuity property of the Riesz transform and (4.15). For the second
term in the r.h.s. of (5.9) we proceed in this way. First of all suppose that j = 1, 2; then

// SDViPR(E — 1) - (ﬁ - M) 5158y dnde

BRRCVAL ]
g(&)/[ (7. 13)8(83 — n3)PR(E — M)E —7) - (ﬁ = M) dij dyys de
€] €l Il
R &€ n;in _
|é’&'g(s) GG EpRE —ME—i) - |22 — 1| gqas.

5 I + &2

= F;&)—F;(@)
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If instead j = 3 we have

/f §ViPR(E — (ﬁ - @> 5 5y dnde

&1 Inl / 1€]
& g8E  min\ .
8 | 838 —n)prE —DE — ) - [ =2 — 20 ) dijdns d&
ISI &1 I
& . / _[8E &0 did
|g| 8&) | G &)pR(E — ME —7) - ] \/m ndé.
= F3&)~F5(7)
where
s viv ViV Vjv _
Fj(v) = J = / , / ) b=, m eR?, j=1,2
Jior+8 (\/|ﬁ|2+s§ JIoP+8
and
Fy() = —30 :( ELTUN ) 5= (v, v2) € R,
\/|a|2+s32 \/|ﬁ|2+s32 \/|ﬁ|2+s§

< 1 for

any v € R?, for j = 1,2, 3; therefore we can bound the last term in the r.h.s. of (5 9) by
f |§(§)|/ 1861, €)1 |5rG — )| 1€ — i1l dij d
R3 RrR2
< [ 6@ [ 166G &0 [SepE - 0 aias
R3 R2
+ [ 18601 [ 126601 |ATPG - )| ande
R3 R2
= /]R@ 12 (12(, €)] * hr) () dE + /]R3 18E)(18C, )] x48) (§) d&

=/ |§(s>|(|§(-,sa>|*hR)(§)ds+4/ 18(6)* d&
R3 R3
(5.11)

—_—
where we defined hg = ‘A; pR‘. We continue in this way: in the first term in the r.h.s.

of (5.11) we first apply the Cauchy-Schwarz’s inequality and then the Young'’s inequality
for convolutions with respect to d¢, and eventually the Cauchy-Schwarz’s inequality with
respect to d&3 to obtain

/ |§(€)|(\ﬁ’(w&)l*hle)(é)dé=// 8. £9)] (18- £2)] * hr) (B) dE dis
R3 R JR2
< fR 12 &1,z [12C. &1 el 1 dy

= gl /R I2C. &7, d&s = Il R IIthlLé lgll7s,
3
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where in the last step we used the Plancherel identity. Since by definition the L'-norm
of hg is the L'-norm of the Fourier transform of Azpg, and the latter is a smooth and
compactly supported function by its very construction, then its Fourier transform is still in
L é uniformly in R. Hence the estimate for the last integral in the r.h.s. of (5.9), recalling that

g= Iw,;,(,l2 = |1{\;E|ZR/10}|2, can be concluded with

|[ enemne - m- (% - %) PLRE) dnde S ulagep o) S Ry,
(5.12)

where we used (4.15) for the last inequality. By summing up (5.10) and (5.12) we give the
bound for the whole B term in (5.8):

B SR Mull,. (5.13)
The estimate (5.13) in conjunction with (5.7) conclude the estimate for Vl.’ ’E
Vi SR M ul?. (5.14)

To end up with the full estimate leading to the proof of the main theorem, we are left to
study the remaining term V;'; together with the term WV as defined in (5.4).

5.2 Estimate of the remainder Hz (u(t)): the V/’; + WV term

In order to conclude the estimate for the term V + W, we are left to control the last term V”
coming from the splitting in (5.6), and the term W, see (5.4), that we did not handle so far
A straightforward computation gives

Vi+Ww = 2/;@% (K * |ui]?) |ui|2dx+2/X38x3 (K # |ul®) [u]* dx
= Z/x V(K # |ui?) ui | dx +2/x38x3 (K # |ui]?) luol? dx
+2/x38x3 (K * |uol?) Iuilzdx+2/x38x3 (K |uol?) luol? dx

—3/ (K * |u]?) |u,-|2dx+2/x3ax3 (K # |uil?) luol? dx

+2/x38x3 (K * |uol?) |us]? dx +2/x33x3 (K # |uol?) luol? dx
(5.15)
where we used the identity (A.2). By means of (A.4) with f = g = |u,|? we obtain
2[X33x3 (K luo|?) luo|* dx = —/ (K luo|?) uo|* dx — fs3(a;31€)|u0|2|uo|2ds
(5.16)

while, again by means of (A.4), we write

2/)638)53 (K * |uil?) luo)? dx +2/X33X3 (K * [uol?) |us|* dx
(5.17)

_ —2/ (K # JuiP) luo P dx — 2[53<ag31€>|ui|2|u0|2ds.
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We explicitly write £30g, K and we observe that is bounded:

E2(E7 +&7)

£30:, K = 87
3% HR

€L (5.18)
hence (5.16) is simply estimated by

2/xsaX3 (K s Juol®) luol® dx < Nluolizs S R ull3,
by using the L? — L? continuity of the dipolar kernel for the first integral, while for the
second integral we used the boundedness property (5.18) together with the Plancherel identity,
and (4.15).
It remains to handle (5.17). First of all we note that

BE e ( 8 &

53353[€=8 £ —) =8n7’€\§—8n7€z,

&> 151*

where, with abuse of notation, we write R% and Rg to denote the symbols of R% and Rg,
respectively. This in turn implies that the r.h.s. of (5.17) can be rewritten, for some constants
o, a2, o3, as

3
—16n/(7z‘3‘(|ui|2)) |u0|2dx+2a,»/(7z§(|u,»|2)) luo|? dx.

j=1

By splitting u; = w;; + w;, with w;; = lyz<r/i00#i = lyz<r/100¢ and w;, =
1yz>r/100i = 1{r/10<|7|<4r)u We decompose each of the terms in the sum involving
R2’s as

J

[ (RauPy) o dx = [ (REuia®)) ol dx + [ (R3wo)) huol s

and by using the Cauchy-Schwarz’s inequality, the L? > L? continuity of the Riesz trans-
form, the localization properties of w; , and u,, and (4.15) we obtain

/ (R3wi o)) o dx S i oll2 sl S Nel}agero i) S Rl
(5.19)

By using (2.12) we estimate
2 2 2 - 2 2 -
/ (R3(wia ) ol dx S R wi 32 o> S R
With the same decomposition of the function u; we separate

/ (R4 ) luol? dx = / (RA(wii ) ol? dx + / (R&wi.0) luo? dx;

then, similarly to (5.19) we have
[ (RGP o dx < Rty
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while by using Corollary 2.2 we can bound
/ (R3(wii ) luol* dx < R wiill7 2 lluollf2 S R72.

The remaining term in (5.15) is —3 f (K * |u; |2) lui|? dx. By adding and subtracting u
to u; we can infer, by similar computations done before, that

—3/(K>|<|u,-|2) lui|?>dx = —3/(1(* ) |ul* dx + (R, u)

€(R.u) S or(1) + R~ ul%,.

(5.20)

5.3 Proof of Theorem 1.2

We can now summarize all the previous contributions towards the final step of the proof. We
have, starting from (5.1)—(5.2), that

d? i
—5Vorra® 54/|Vu|2dx+6A1/|u|4dx+HR(u(t))—2A2(V+W)

:4/|Vu|2dx+6A1/|u|4dx+ﬁR(u(t))—2A2(V0,i+V,»/’,»+V,-/f,- +W).

Thank§ to the estimates (5.5), (5.3), (5.14), and (5.20) which provide a control for the terms
Vo.ir, Hr(u(1)), Vi”l., and Vl.’fi + W, respectively, we end up with
d? 2
75 Vgt () = 4G () + 0r(1) + or (D ().
Therefore by means of Lemma 3.5, Lemma 3.6, and Corollary 3.7, provided R > 1 we

infer that Ty,;, = Tjnax = +00 via a convexity argument. The proof of Theorem 1.2 is now
complete.
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Appendix A: Identities for convolution with the dipolar Kernel

We recall here some useful identities often used along the proofs contained in the paper. They
are basically versions for the dipolar kernel K of some identities found by Cipolatti, see [10]
in the context of the Davey—Stewartson system. For our equation (1.2) the crucial identity
is

£.-VeK =0. (A.1)
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We begin with the following.

Lemma A.1 Given a (smooth) functions f the following identity holds true:
Z/x-V(K*f)fdx:—3/(K*f)fdx (A.2)

Proof The identity is proved by means of some properties of the dipolar kernel and its explicit
representation in the frequencies space. We start by considering two (smooth) functions f, g
and we write

/x-V(K*f)gdx :/x-(VK*f)gdx:/x‘</VK(x—y)f(y)dy>g(x)dx
= / (x=y)-VK(x —y) f(y)gx)dydx
+/ (/y~VK(x —y)f(y)dy) g(x) dx,
and since the dipolar kernel is an odd function, we continue as follows:
fx V(K =« f)gdx = / (x-VK)* f)g —//yVK(y —x)f(ng)dydx
— [ VK pgax = [[x- VK@= nrmsoIdxdy
:/((x-VK)*f)gdx—/x-(VK*g)fdx
hence, by using the Plancherel identity and (A.1) we conclude that
/x-V(K*f)gdx—i—/x-V(K*g)fdx:/((x-VK)*f)gdx
(A3)
= —/divg(.f[%)f‘g;’ = —3/(1{ * f)g dx.
By plugging f = g in (A.3) we prove (A.2). u]

A consequence of the previous identities is the following.

Lemma A.2 Given two (smooth) functions f, g the following identity holds true:

/x3am (K % f) g dx +/x38.m (K %g) fdx = —/(K « f)gdx —/&(a&lé)fg%.
(A4)

Proof Similarly to the previous proof we have:

/X33x3 (K = f)gdx + /xm (K %g) fdx = / (30, K) # f) g dx = —/353(E3I€)f§d§

- —/(K * f) gdx —/gg(a&k)ﬁdg.
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Appendix B: A link between ’R,.4 and the parabolic biharmonic equation

In this section we provide a representation of the pairing between a function g € L? and
the fourth power of the Riesz transform acting on a function f € L?. Let us consider the
parabolic biharmonic equation

dw+A2w=0, (t,x)eRt xR, (B.1)

We denote by P; the linear propagator associated to (B.1), namely w(t, x) = Prwgy(x)
denotes the solution to the equation (B.1) with initial datum wg. We have the following
representation result.

Proposition B.1 For any two functions f, g € L?, the following identity holds true:

d
(REf.g) = — /0 (3 5 Pif. g, (B2)

Proof By passing to the frequencies space, it is easy to see thatﬂ(é) = ol f (§) and
we observe, by integration by parts, that

4
s4|5|f el rdr = ér" (B.3)

hence

Tl 4 _ gt
/0 (ax,.dtPff,g)zdt—(/o (B pudi,g)= f 6 e fruar, )

= —(s,ﬂsr‘f fo ¥, g) = —(éﬁﬁ §)=—(Ris.8).

where the change of order of integration (in time and in space) is justified by means of
the Fubini—Tonelli’s theorem, and we used the Plancherel identity when passing from the
frequencies space to the physical space, and vice versa. O

We now observe that we can explicitly write the heat kernel associated to P;. We introduce,
fort > 0 and x € R?

pi(x) = a%, n= %
and
k() = u2 /O e a2 aus) ds,
where Jj 2 is the %—th Bessel function, and o ~! := %” fooo szk(s) ds is a positive normal-

ization constant. We refer to [14] for these definitions and further discussions about the heat
kernel of the parabolic biharmonic equation. We recall that the f-th Bessel function is given

by
Jija(s) = (/2)71 2572 sin(s),

then

Il SN TN
PG = e ) =c [ fe=y) [T e sin o) dsay.
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and therefore

§3

d o .
TP =~ /R} flx —y)/o W[m/lww sin (s) ds dy. (B.4)

By combining (B.2) and (B.4), we can provide an alternative proof of the integral decay
estimate similar to the one in (2.1), of the following (weaker) type: for any couple of functions
f.gel'nL?

WREF N Sd Mgl il

where d = dist(supp(f), supp(g)). We omit the details.
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