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Abstract

We study a nonlocal parametric problem driven by the fractional Laplacian operator combined
with a Kirchhoff-type coefficient and involving a critical nonlinearity term in the Sobolev
embedding sense. Our approach is of variational and topological nature. The obtained results
can be viewed as a nontrivial extension to the nonlocal setting of some recent contributions
already present in the literature.

Mathematics Subject Classification 35S15 - 35J20

1 Introduction

The equation that goes under the name of Kirchhoff equation was proposed in [17] as a model
for the transverse oscillation of a stretched string in the form

2 Eh L 2 2
,ohanu—<p0+i A [0y u| dx) O u+80u+ fx,u)=0 (1)
fort > 0and 0 < x < L, where u = u(t, x) is the lateral displacement at time ¢ and at
position x, £ is the Young modulus, p is the mass density, / is the cross section area, L the
length of the string, py is the initial stress tension, § the resistance modulus and g the external
force. Kirchhoff actually considered only the particular case of (1) with § = f = 0.
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Through the years, this model was generalized in several ways that can be collected in the
form

Z2u— M(|ul|®)Au= f(t,x,u), x€ )

for a suitable function M : [0, co) — R, called Kirchhoff function. The set £2 is a bounded
domain of RY, and [lu||> = ||Vu|3 denotes the Dirichlet norm of u. The basic case corre-
sponds to the choice

M@)=a+bt"™ ", a>0b>0, y>1.

When M (0) = 0, i.e. a = 0, the equation is called degenerate. Stationary solutions to (3)
solve the equation

—M(|lul>)Au = f(x,u), x €2 3)
u=20 on 082
We refer to [26] for a recent survey of the results connected to this model.

The existence and multiplicity of solutions to Kirchhoff problems under the effect of a
critical nonlinearity f have received considerable attention. The term critical refers here to
the rough assumption that f(u) ~ |u|2*_2u with 2* = 2N /(N — 2). The natural setting of
the corresponding equation in H(} (£2) yields a lack of compactness, since the embedding of
HO1 (£2) into LY (£2) is only continuous. Straightforward techniques of Calculus of Variations
fail, and more advanced results from Critical Point Theory must be used. In particular, P.-
L. Lions’” Concentration-Compactness appears as a natural tool for the analysis of the loss
of compactness.

The relevant outcome is that the Kirchhoff function M interacts with the critical growth of
the nonlinearity g: the validity of the Palais—Smale compactness condition holds only under
a condition like

a7 b > Cy(N),

and a similar inequality ensures that the associated Euler functional is weakly lower semi-
continuous. For some very recent results on Kirchhoff-type problems, see [15,18] as well as
[27] for related topics.

In a very recent paper, Faraci and Silva (see [13]) obtained several quantitative results for
the problem

— (a + b/ |Vu|2dx> Au = |u|2*_2u + Ag(x,u) in $2
2
u=>0 on 052

“

where £2 is an open bounded subset of RV, N >4, aandba repositive fixed numbers,
A is a parameter and g is a Carathéodory function that satisfies suitable growth conditions.
By using a fibering-type approach, the authors of [13] investigate existence, non-existence
and multiplicity of solutions to (4). In a previous paper, see [14], Faraci, Farkas and Kristaly
studied Eq. (4) with g(x, #) = 0 and under suitable assumptions on the parameters a and
b they proved that the functional associated to the problem is sequentially weakly lower
semicontinuous, satisfies the Palais—Smale condition and is convex.
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The purpose of the present paper is to extend part of these results to the fractional coun-
terpart of the Kirchhoff problem

- 2
<a+b/ dedy) (=A)Yu = u|>2u+ rg(x,u) inf2
Q

lx — y|r+as (P}})

u=0 inRN \ 2

where 2 C R¥ is a bounded domain with Lipschitz boundary 952, Q = R?*¥ \ O
and O = 2¢ x £2¢, a and b are strictly positive real numbers, s € (0,1), N > 4s and
2% := 2N /(N — 2s) denotes the critical exponent for the Sobolev embedding of H* (RM)
into Lebesgue spaces. g is a function that satisfies hypothesis similar to the one in (4) adapted
to the non local case. The fractional Laplacian in (P h) is defined as

u(x) —u(y)

(=AY u(x) = Ky lim S

€e—~>0% JRN\ B, (0) |x —

1 1 —cos ¢
= ——dc.
KN,S ~/]RN |§|N+2S ;

Since the parameter s is given, we will work with a rescaled version of the operator and
this enables us to assume that K ¢ = 1. For references about the fractional Laplacian we
refer to [11], [1] and to the monograph [23]. We define the space X as the set of functions
u: RY — Rsuch that u|g € L%(£2) and

u(x) —u(y)
{(x, y) W} € LZ(Q)»

where

endowed with the norm

1
|u(x) — u(y)|? 2

We also set
X5(82) = [u €eX:u :0a.e.in]RN\.Q].

We introduce the best Sobolev constant as

. ]
Sy, = inf 3 (6)
ueXp($2) ”””2f

where

-~ 2
ML /IM(X) u(y)l dx dy.

|N+2v

The norm introduced in the previous equation is induced by the scalar product

__ / (u(x) —u(y)(x) —v(y))
(u, v)x302) '=

|x _y|N+25

dxdy forallu,ve Xy(£2)
and we recall that in Xf)(.Q) it is equivalent to (5). For further details we refer the reader to

[28, Lemma 6]. As it is easy to check, looking for solution of (Pak’ ») 18 equivalent to finding
the critical points of the functional IL}I‘ »: Xp(£2) — R associated to the problem:
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a b 1 2
2Lyt = Gl + Gl = ol — [ G dx
s

where we denote with G (x, t) = fé g(x, w)dw. Arguing as in [30, Proposition 1.12], we get

(T2) @) [v] = (a+blul?) <u,u>X5(9)—/Q|u|21~‘*2uudx—A/Qg(x,u)udx @)

forallu,v € X(S)(.Q). When we have g(x, 1) = 0 we will use the notation

a b 1 2%
Tap() i= = llull® + —lul* — = lull5:
¢ 2 4 2

and we point out that Z, 5 isa C 2_functional.

The interest in generalizing to the fractional case the model introduced by Kirchhoff does
not arise only for mathematical purposes. In fact, following the ideas of [6] and the concept
of fractional perimeter, Fiscella and Valdinoci proposed in [16] an equation describing the
behaviour of a string constrained at the extrema in which appears the fractional length of
the rope. The interested reader can also consult [7-9] and the references therein for further
motivations and applications of operators similar to the one proposed in (P; 5

Recently, problem similar to (5) has been extensively investigated by many authors using
different techniques and producing several relevant results. In [16] Fiscella and Valdinoci
showed the existence of a non-negative solution of mountain pass type for an equation with
a critical term perturbed with a subcritical nonlinearity. With the same spirit of the previous
one, in their seminal paper [4], Autuori, Fiscella and Pucci generalize these results to the
degenerate case, i.e M (0) = 0, without requiring monotonicity assumption on the function
M. We stress that in these two articles the operator taken into account is more general to the
one we consider here, but the two coincide making a particular choice on the kernel; see also
the paper [24] due to Molica Bisci and Vilasi. In the recent [21], Liu, Squassina and Zhang
studied ground state solutions for the Kirchhoff equation plus a potential with a non linear
term asymptotic to a power with critical growth in low dimension. It is also worth mentioning
[22] where Mingqi, Riddulescu and Zhang proved the existence of nontrivial radial solutions
in the non-degenerate and degenerate cases for the non local Kirchhoff problem in which the
fractional Laplacian is replaced by the fractional magnetic operator.

Despite all the results cited above, to the best of our knowledge, in literature there are
still no articles summarizing the situation of different kind of solutions at different level of
energy for the fractional Kirchhoff problem. Furthermore, even if some of the results we are
going to prove are known, we present a proof based on a adaptation to the fractional case due
to Palatucci and Pisante ([25]) of the Lions second concentration-compactness principle; for
the original version of the lemma we refer to [20], as well as [19].

For the reader’s convenience, we collect here our main results.

Theorem 1 Define

45(N — 4s)" %" 25(N — 4s)" 5
) — a8 5 S — 45 s
LN.,s = T s N PSN,s = T
N 2 Slf,“"s (N —25) 2 Sﬁ,“"s
and
N—4s N-2s
2s(N —4s) 25 (N +2s) 25
CN,s = .

N-2s

N
(N=25)"5 S,
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The following assertions holds true:

(i) the energy functional I, is sequentially weakly lower semicontinuous on X{(82) if

and only ifaNZ;be > Ly

@i If aWN=49/25p > PSn s, the functional I, j satisfies the compactness Palais—Smale
condition at level ¢ € R.

(iii) IfaWN=4/2p > CN.s, then the functional T, j is convex on X(£2).

Theorem 1 guarantees the validity of some crucial properties such as the sequentially
weakly lower semicontinuity and the Palais—Smale condition. As we are going to see in the
next statement, these facts enable us to use traditional variational methods to completely
describe the situation for problem (P; »)- We begin providing two results about the existence
of global minimizers at different level of energy.

Theorem 2 Leta, b € R* such that aN=*9/2b > Ly ¢ and set
;o= mf{ 2 | ue X582\ {0}} forany ) > 0.

There exists Xf) > 0 such that for any A > Xf) it is possible to find u; € X{(82) \ {0} such
that T , (u}) = ¢, < 0.

Theorem 3 Ler A = XB. The following statements hold:

(i) ifaN=29/25p > Ly | then there exists u5, € X3($2) \ {0} such that g, = 7,9, =0;
(ii) ifa(N_zs)/sz = L, then u = 0 in the only minimizer for L%.
0

In the next Theorem we give some information on what happens when we do not keep

fixed the parameters a, and b. It asserts we have some kind of stability when the product
aN=4)/25, becomes close to Ly .

Theorem 4 Let (ap)k, (bx)i be a sequence of real positive numbers such that a — a,
(N 45)/2s

by — band a by \\ L. Setting Ay = X(s)(ak,bk) we have that Ay — 0 as
k — oo. Furthermore, if (ui)x C X3(82) \ {0} such that A = Ay(ui) then ur—0 and
ok 13 E
N, .
M '

Next statement shows the existence of solution of mountain pass type when A > X‘S.

Theorem5 If 1 > X(S), then there exists a v; € X)$2 \ {0} such that I;\,b(v;{) = ¢} and

<Ié"b)/ (v;) = 0 where

c; = hlenlf Cm[gx I b (h(2))

and

1y = {h e € (10,11, X52)) 1h0) = 0, h(1) = u }.
Finally we focus on the case A € (X‘(Y) -4, Xf)) for some § > O small.
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Theorem 6 Set

= inf{Z, b(u) | u € Xp(82), llull = r}

forsomer > 0. There exist §, r > 0 such that for any A € (Xg -4, Xg) the value T3, is attained
at a function w; € X{(82) satisfying |wi || > r.

Theorem7 Forany A € (Xf) §, AO) there is v; € X{(£2) \ {0} such that T b(vk) = ¢ and
!
<I;‘yb> (vy) = 0 where

c; = hlgnﬁ m[ax I b (h(2))

and

={h e C([0,1], X{(£2)) : h(0) =0, h(1) = w})

Our paper is organized as follows: in Sect. 1 we present the classic Kirchhoff model, its
generalization to the non local case and we collect in a synthetic way our main results. In
Sect. 2 we prove for the functional associated to the problem with g (x, u) = 0 the weak lower
semicontinuity, the validity of the Palais—Smale condition and the convexity under suitable
assumption on the parameters a and b. Since the perturbation g will have a subcritical growth,
we decided to prove these conditions for the problem with the pure power in order to ease
notation. We stress that the functional associated to the perturbed problem still verifies these
properties and proofs need only minor adjustments. In Sect. 3 we prove the existence of
global minimizers, local minimizers and mountain pass type solutions with different energy
level at varying of the parameter A. At the end of Sect. 3, strengthening the hypothesis on the
non linear term g, we are able to give also a non existence result for problem (P;‘, )

2 Semicontinuity and the validity of the Palais-Smale condition

In this section we completely describe the range of parameters a and b for which the functional
Za.p» associated to the problem

u(x) _u()’)|2 ) ; 2% .
a+b 7dxd —AAM:I/{ s u IHQ
( o x—ypir By ) A u=lul (Pa)

u=0 inRV\ 2

is (sequentially) weakly lower semicontinuous.

Proof of Theorem 1 (i) We assume that a%b > Ly s, and we choose a sequence (u,), C
X{(82) such that u,, —u. Since the embedding X{(£2) < L7 (£2) is compact (see for instance
[29, Lemma 9]), u,, converges to u strongly in L7 (£2) for any p € [1, 2;‘) We notice that

ity — ull® + 2(u, — u, u)x3(2) = (tns Un) x302) + (U, w) x3(2) — 2{un, u) x3(2)
2, 1) x302) — 20, 1) x(2) = lual* = Null®. ®)
Hence

el = Nl = Nt = wll® + 2(un — u, w) x5 (2) = ltw — ull* + 0(1)
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as n — oo. After that, we compute
NIt = ull* = (unll® = Nael®) (luall® + lul?)
= (lun — ull® + o(D)) (llun — ull® + 2/|ull* + o(1)).
Finally, using the Brezis-Lieb Lemma (see [5, Theorem 1]), we have
25 25 25
et = wll5s = N5 = ullt +o(1)

as n — oo. Putting together (8), (9), (10) and the Sobolev inequality (6) we obtain

(C))

(10)

(an

a b 1 2% 2%
Tapun) = Tap @) = 5 (Nl = 1) + 3 (i = Nael*) = = (a3 = 3 )
2 4 2% g 5
a b
= > llun ull® + 7 Ul — ull* + 20wl lluy — ul?)
1 2%
— —lun — ull5s +o(1)
2% s
%
a b 4 N? 2%
Ziwn—ﬂﬁ+zwn—MI— é lleeyy — ™ + o(1)
a b S, *_
= llup — ul? [5 + g llun — ul® - Z;f [ 2] +o(1)

as n — oo. At this point, we introduce the auxiliary function

-

S 2
N.s .2%-2
e , ¢=0.

s

a

_a b,
fN,s(é‘) - ) + Z; -

It is easy to verify that the function fy  attains its minimum at the point
1
<b 2% §>ﬁ4
mys=\3 - SN ) ’
22 =208

N—ds 1 _a A
a 2 bZLN,s@fN,s(mN,s):E a—>b N74SLN’S >0

and that

From (11) and (12) it follows that
lim inf (Ia,h(un) - Ia,b(u)) > liminf |lu, — u”sz,s(”un —ul) >0,
n—00 n—00

which concludes this part of the proof.

(12)

Conversely, we proceed by contradiction, assuming that the functional Z, j is sequentially

weakly lower semicontinuous but

N—4s
a > b<Lyg

(13)

Let {u,}, C X3(£2) be a minimizing sequence for Sy ;. By homogeneity we may assume
furthermore that [|u,[2x = 1 for every n, so that we deduce that the sequence {u, }, must
be bounded. Up to a subsequence, we have that u,—u in X{)(£2) for some u € X{(£2) \
{0}. Besides, exploiting the weak lower semicontinuity of the norm, we have that |u| <
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liminf, .« |lu, || =: L and there exists a subsequence {u,, }x such that L = limg_, o ||ttp, ||
We point out that L > 0, since u # 0. Now N > 4s implies that 0 < 2} —2 < 2, and
limy_ 100 fv,s(x) = +00. As we have already seen, the function fy , attains its minimum
at the pointm y ; and this, together with (13), implies fy s(my ) < 0.Setc =my /L > 0.
We notice that

liminf Z, j(cu,) < liminf Z, ;(cu,,)
n— 00 k— 00
= limiinf [lcun, |7 fiv s (lctn, ) = (L)? v s(cL)

= (L) fysmy ) < lleull® fa,s(ms) < lleul® fysCleul).  (14)

We also have that

25 /2
a b N.s
leull? fa s (lleull) = Encun2 + chuu“ - 2—;||cu||

b 1 .
< gncun2 + g lleull* — 2—[9 leu™ dx = Ty peu).  (15)
Comparing (13) with (14) we get
liminf Z, j(cu,) < Zy p(cu). (16)
n—oo
We claim that a strict inequality holds in (16). Indeed, if we had equality, the function cu
would attain the minimum in (6). This is impossible, since £2 # RY (see [10, Theorem 1.1]).
The proof is complete. o

Proof of Theorem 1 (ii) Let {u,}, C X{(£2) be a (PS). sequence, i.e. Z,(u,) — c and
I;’b(un) — 0 as n — oo. Recalling (6), we observe that

Pl
2 4 2 2 4 —3 2
Zap(u) = allull” + bllull —/ |u|™ dx = allull” + bllull” — Sy 3 lull™.
Q2

Since 2} < 4 we have that 7, j, is coercive, and from that we can deduce the boundedness of
the sequence {u,},. From [29, Lemma 9], up to a subsequence, we have

up,—u  in X3(82)

u, — u in LP(§2) forall p € [1, 2;‘)

u, —> u aeinRYV.
Using the Holder inequality, itis straightforward to see that the sequence {u, }, is also bounded
in the space M (§2), thus there exists two finite measures p and v such that

(=AY up—*u and |up)>—=*v in M(Q)

From [25, Theorem 1.5], it follows that either u#,, — u in L% (£2) or there exist a set J at
most countable, two real sequences {1t} jes, {v;};es and distinct points {x;} je; C R¥ such
that

v=u> + > vy (17)
jeJ
and
w= A Uty widy (18)
jed
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for some positive finite measure (i, where
2
Vj SSN,ij . (19)
Claim: the set J is empty.

If not, there exists an index jo such that vj, # 0 at x ;. Fix ¢ > 0 and consider a cut-off
function ¥, such that

0<% <1 ing2
Ve =1 in B(xjy, &)
P =0 in$2\ B(xj,, 2¢).

Since the sequence {u, ¥}, is still bounded in X{(§2), we have that
lim 7, p(up) [unde] =0,
n—oo

thus

o(l) = I;,b(un) [un¥:] = (a + b”un”z) (Un, urﬂ?s)X:j(Q) - / |”n|2§0£ dx
2

= |:(a + blluy ||2) /Q un(y) (un(x) = un (1)) (e (x) — P4 (y)) dx dy

|x _ y|N+2s

_ 2
+/ ﬁg(x)wdxdy]—/ | 9, dx. (20)
Q 2

v — N2

as n — 00. By using the Holder inequality, we estimate the first term of (20)

(a + bllun|?) /Q () Un(¥) = un () Bex) = () dy

|x _y|N+25

(ttn (x) — un ())? (96 (x) — D (1))?
= o |x_y|N+2s dXdy/ uﬁ( ) |x_y|N+2s dxdy
De(x) — 9 ())?
c [y R ey

for some C > 0. As in [3, Lemma 2.1], we have that

o 2 [9:(0) = 9 (I
lim lim sup fg e, ()] Ty

e~>0 n—oo

dxdy =0. (21)

Regarding the second term of (20), recalling (18), we get

. ) (Un(x) — un(y))?
Jim (bl l?) [ o @R ddy

B 2
> lim a/ 9 o) L= Un O g
n—00 R2V\ B(x ), 26)¢ x 2¢ lx — y|Ves

— 2 2
+b ( /Q 195(x)—(”"|)(cx1 y|’;’jr(2ys V" 4 dy> }

(u(x) — u(y))?

| — y[NH2

Ve (x) dx dy + ajuj,

>a /
R2V\ B(x ), 2¢)° x 2°
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_ 2 2
+b ([Q ﬁg(x)% dx dy) + b,u?o.

Hence

o ) (tn(x) — un(y))? A 2
lim nli)ngo (a + blluy|| )/Q ﬁg(x)m dxdy > apj, + b//“jo- (22)

e—0

Finally, exploiting (17) we have

lim lim f | 9 dx = lim/ Ul 0 dx + vj, = vjp. (23)
0 e—0 2

e—>0n—00

Putting together (21), (22) and (23), and using (19), we obtain
%

LA
0= apjo +bug, = vio = apjo + bl — Sy iy = o (“ +bijy = Sy 5 1, ) '
We define
x _E
Ins@) =a+bt—Sy; ¢771 for¢ = 0.

At this point, noting that the condition aN=4)/25p = PS ~.s implies fN, s(x) > 0, we deduce
%2

S
a+buj, — SN,§ i

o > 0.

Hence u j, = 0, and recalling (19) vj, = 0 as well.
So the set J = ¢}, and using the Brezis-Lieb lemma (see [5, Theorem 1]) we can rewrite
(17) as
lim | |un|> dx = / [ul® dx.
n—oo Q Q
Hence u, — u in L% (£2) and
n—0o0

lim | |unl® 2unu — up) dx = 0. (24)
2

Coupling (24) and the fact that I;’h(un) — 0asn — oo we get

0= lim T, , (o) [y — ] = lim [ (@-+ blluall?) G, un = )30

- / it |5 210y — u)dx]
2

lim(a + bllun|1?) (n, un = 1) x3(2)-

From the last chain of equalities, recalling that {u,}, C X{(£2) is bounded, we obtain
lim (uy,, u, — M)Xé(g) =0. (25)
n—o0

To conclude the proof it suffices to notice that thanks to (25) and u, —u we have

2
Nun — ull™ = Cun, un — u)xs2) — (U, un — u)xs2) = 0

asn — oQ. O
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Proof of Theorem 1 (iii) In order to establish the convexity we will show that
Ty, [v,v] = 0 forallu,v € Xj(£2).

Differentiating (7) we notice that
T, ) [v, v] = allv|* + bllul*vlI* — 2F - 1)/ || "20% dx. (26)
2

Using the Holder and the Sobolev inequalities we get

2*
252 2 25-2, 12 =2 =202
/ |ul™""v7dx < flully vl < Sy Nl =[]~ 27
o :

Putting together (26) and (27) we obtain

2%

), [v, v] = |v])? [a +blul* — @F - 1DSy T ||u||2?‘—2] :
At this point we set

%
fvs@© =a+bt*—@2F—1)Sg ¢57% forall¢ >0,
and we want to prove Ehat it is positive on [0, co). Indeed, with a simple computation it is
possible to show that fy  attains its global minimum at
1
2 -4
2bS Af s
2 -1y -2

my.,s =

and that
Ns@) =08 a5 b>Cy,

forall ¢ > 0. O

Remark 1 It is clear from the proof that the functional Z, j is strictly convex provided that
a(N74x)/2sb > Cn 5.

3 Application to a perturbed Kirchhoff problem

This section is devoted to study an application of Theorem 1. More precisely we want to
study the set of solutions of the perturbed problem

lu(x) —u(y)? ) 2o .
a+b/ " dxdy ) (—=A)’u = |u|>""u+Arg(x,u) in £
< o x—ypin Y ! $ (1)

u=0 inRN \

where as before a, b are real positive parameter, §2 is a bounded domain and A > 0. As for
g, we generalize to the fractional case the assumptions present in [13]. Namely, we make the
following assumptions:

(Hy) g: £2 x R — Ris a Carathéodory function such that g(x, 0) = 0 a.e. in £2;
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209 Page 12 0f 23 L. Appolloni et al.

(Hy) g(x,t) > Oforeveryt > 0 and g(x,?) < O forevery ¢ < 0 a.e. in £2. In addition,
we require that there is a 4 > 0 such that g(x,¢) > u > 0 a.e in £2 and for every
t € I, where I is some open interval of (0, c0);

(H3) thereisaconstantc > Oand p € (2,27) suchthat g(x, 1) < c(1+ |t|”_1) a.e.in §2;

(Hyg) lim;_0 g(x,t)/|t| = O uniformly with respect to x € £2.

Using a variational approach, we investigate the existence of critical points of the func-
tional defined on the space X{(£2)

a b 1 2%
o) = Sl + Jllel® = llully: - x/ G(x,u)dx
s . 2

t
where we denote with G (x, t) = / g(x, w)dw.
0
We begin the treatment of our problem by proving a series of technical results that will
be useful throughout this section.

Remark 2 Before starting, let us recall the functions

2
_a b Sng 5
fns(©) ~—E+Z§ B

A

and
z;f %

va({)—a'i'b;_ N.s e

defined in the proofs of Theorems 1 (i) and 1 (ii). As we have already seen these functions
have a unique local minimizer attained respectively at

b o2 AE
MV =90 g Ns|
A

and

) [ 2b 22}214
fins =|z—=S :
2k —2" NS

Furthermore, fy s(my ) > 0 if and only if aN%:‘Sb > Ly and fy s(my) = 0 when
a~N2;s4xb = Ly . Analogously fN,s(nﬁNqs) > 0 if and only if aN=4)/25p - PSy s and
Ffv.s(ity ) = 0 when aNV=4)/25p = PSyy (.

Proposition 1 Let u € X{)(£2) \ {0}. We have that:

(i) forevery ¢ > 0 it holds

f|| I+ = ¢|| I ~ 3¢ e57E > fvsClluldllul;
(ii) forevery ¢ > 0 it holds

2 20,14 PAS L ) i 2
allull® + bElull™ — llullyx &% > fv s llulDllull”
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Proof From the boundedness of £2 it follows as in [10] that

2;‘ «

afa o boy 1 oge, 0] a ) g el @llugn
¢ [znuu + 7 ¢l TH ||u||2f]—2(c||u||) + g @l = s SETa
a , . b b E >

> 5 @lul)? + 5 €llul) —SN,zT
(28)

where in the last expression we used the Sobolev inequality. Dividing by ¢2 we get the first
statement. (i7) follows similarly. O

As we did in the previous section, we show in the following lemma that the functional
I;‘. » 18 sequentially lower semicontinuous and satisfies the Palais—-Smale condition for a and
b sufficiently large.

Lemmal Leta,b e RY, (up)r C X3 (2) and vy — L > 0ask — oo:

(1) ifaN=4)/2b > Ly ¢ and ux—u in X($2) then

T4 p(w) < liminf 7, (up);

/
2) ifa(N_45)/25b > PSy s, I;“’b(uk) — cand (Iﬁ,b) (ur) — Othen (uy)y is convergent

to some u in X{(§2) up to subsequence.

Proof The proof follows closely the arguments of Theorem 1 (i) and (ii) with minor changes.
O

Now choose A > 0 and u € X{(§2). For every ¢ > 0 we introduce the fiber map
a b 4‘2? 2%
T ©) = Tp p@u) = S Mul + ¢ lul* = = Nl — / G(x, Cu) dx.
’ 2 4 2% g Q
Proposition2 Let A € R be nonnegative and u € X(£2 \ {0}. Then there exists a neigh-
bourhood V) of 0 such that Ja)"’b" (&) > 0 for every ¢ € V, N (0,00). We also have that

.7;’25"(;) — oo as { — oo

Remark 3 The previous proposition shows indirectly that the map 7 a)‘ ’b" (¢) is bounded from
below

Proof Fix ¢ > 0. Exploiting (Hy), for ¢ small enough, we get

u b o2 o G(x,
Ty @) =1¢? <§||u||2+4;2||u||4—§2* ||u||§‘g—kfg();zde)

s

252
afay, o Lo g £ % L€ 2
>¢ <2IIM|| ¢ flael™ — 2 lluellp: — ?\ZIIMHz) .
Using the Sobolev inequality, taking & appropriately and choosing ¢ even smaller if necessary
we obtain the first part of the statement. In order to complete the proof, it is sufficient to

remember that G has subcritical growth and to notice that 2 < p < 2} < 4. O
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209 Page 14 of 23 L. Appolloni et al.

Now we choose u € X{(§2) and we consider the system

i) =0
(T (@) =0 (29)
Top(6) = infae0 7,3 (0)

in the unknowns A and ¢.

Proposition3 Let T and Z be two topological space, and assume that Z is compact. Let
h: T x Z — R be a continuous function. Then the function h(t) := inf,cz h(t, ) is
continuous on T .

Proof We first observe that for any ¢ € T the function h is well defined since Z is compact
and the infimum is always attained at some point z(¢) € Z. Recalling that the sets (—o0, a)
and (b, oo) for some a, b € R form a subbase of R, our proof is reduced to the following:
Claim: h™! (—o00, a) and h1 (b, 00) are openin T

We start showing the truthfulness of the claim for (—oo, a). Denote with 77 : T X Z —
T the usual projection and remember that is a map continuous and open. Noticing that
h (00, a) = (mr o h™") (=00, a) it is straightforward to conclude. On the other hand,
consider an half line (b, co) for some b eR.Ift € T is such that fz(t) > bthenh(t,z) > b
forany z € Z. In other words if ¢ € h (b, o0) then (z z) € h=1(b, 00) for any z € Z. Since
h is continuous and (b, 0o) is open, for any (¢, z) € h™ L(b, 00) x Zitis possible to find a
neighbourhood U; ; x V; . such that

(t,2) € Up, x Vo C h™ 1 (b, 00).

Hence {V,, p }ZE - 1s an open covering of Z. Exploiting the compactness of Z, we can extract
a finite subcovering indexed by a finite set (¢) with the property

tyxzZc () Uy xZCh ' (b.oo).
ieK(t)

Thus, we can conclude observing that

o= | ) Ut (30)

teh—1 (b,00) iek(t)
O

Remark 4 We can even strengthen the result above for functions defined on non compact
spaces requiring divergence at infinity. For instance, suppose 4 : (R4)> — R is continuous
and such that lim,_, o i (¢, z) = oo for any t € R, . The proof for sets as (—oo, a) is the
same. As regard sets of the type (b, 00) we observe that hl (b, 00) can be written as in (30)
plus an half line due to the divergence of the function at infinity.

Proposition4 Leta, b € Rt such that aN=4/25p > Ly.s. Forany u € X{(§2) \ {0} there
is a unique A = 1 (u) that solves (29).

Proof Define the continuous function 2(%, ¢) := J. a’\ ’b" (¢). We start pointing out that 4 (0, ¢)
is positive on (0, 0o) (see Remark 2) and goes to +00 as { — 00. By continuity we have that
for A small 2(X, ¢) is nonnegative for all { € RT. Moreover, from Proposition 2 it follows
that for any A > 0 there is a neighbourhood V), such that 2(X, ¢) > Oforall ¢ € V, N (0, o).
We also have that h(A, ) — —oo as A — oo for any ¢ > 0. At this point we define the
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continuous function (refer to Proposition 3) i (1) = inf;¢[0,00) (A, ¢). From the previous
considerations, we can deduce that for A sufficiently large the function i is negative, while if
we restrict A it is equal to zero. This is due to the fact that the function i (A, ¢) for A big enough
has a global minimizer in the variable ¢ at a negative level. Shrinking A, and remembering
that all continuous functions are homotopically equivalent, this minimizer becomes local and
attained at a positive level. All these arguments ensure us the existence of the desired A (u)
that solves (29). ]

Corollary 1 Let u € X{(82) \ {0}. The number A)(u) is the only parameter such that

infe.00) T, (¢) = 0. In addition,

<0 ifr> Ay

inf J .
re(0,00 o © =0 if0 <X <)
Proof The statement follows immediately from the proof of Proposition 4. O

Now we define a suitable parameter independent from u that will play a crucial role in the
following. More precisely, we set

doi= _inf  AS(u).
ueXs(2)\{0}

The next Proposition shows how the parameter X‘(Y) could vary depending on the choice made
ona and b.

Proposition 5 The following statements hold:
(i) ifa(N_‘”)/zsb > Ly thenx(v) > 0;
(i) if aN=%)/%b = Ly then &y = 0. Furthermore, if (up)r C X3(52) \ {0} is a

e 2
sequence such that 1 (uy) — )Q(Y) ask — 0o, we have that up—0 and lluk iy

— Sy.s.
e ’
S

Proof (i) As a first step we observe that the function u — A} (u) is well defined and homo-
geneous of degree zero. In fact, taking a couple (¢, )“0 (n)) that solves (29) and n > 0, since
T = T (ug) and ( T ’“‘) @) = ( ) (1¢) we have thatalso (£, 4§) is asolu-
tion of (29). From the uniqueness of the parameter AQ () it follows that Ao(uu) = Ay(w).

Now, assume by contradiction that Xf) = 0. If that, there is a sequence (ux)r C X{(£2) \ {0}
such that Ay = Aé(uk) — 0. By homogeneity, we may assume that [jux| = 1. From

Proposition 4 it follows that there exists ¢ > 0 such that 7 )"‘ " (1) = 0, that is

a b, 2 22 G(x, Cku)
-+ = " — A ———dx =0.
5+ 58— gl [ T
Recalling Remark 2, we get that
a b, 1 2 252 G, &)
Frs@) < 5+ 588 = g llBigt =y | T G31)

Hypotheses H3 and Hy implies that for any ¢ > 0 there exists a positive constant ¢ > 0 such
that |G (x, )| < %tz + §|t|p for all x € £2 and all ¢+ € R. So, the sequence ({x)x must be
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209 Page 16 of 23 L. Appolloni et al.

bounded, and up to subsequence converges to some ¢ > 0. At this point, letting k — o0,
(31) becomes

G(x, é“kuk)
o

0 < fns(¢) = lim )»k/ dx=0
k—o00 Q

which is clearly a contradiction.
(ii) Up to a translation, we can suppose that 0 € £2. Take a nonnegative cut-off function
such that ¢(x) = 1 in Bg(0) for some R > 0. Fix ¢ > 0 and consider

P(x)

ve(x) i= N3

(e +[x]?) 2

We set u, := v, /||ve| and we notice that from [29, Propositions 21 and 22] it follows that
2*

% s _N-2s
luell =1, IIMeIIQ* Sy, +0(8 ), el e T+ 0D

as ¢ — 0 for some C; > 0. In virtue of the previous estimates, we get

*

2 2%
%A,bug(é“)=*§ +7 C ”usnz*_)hf G(x, Cug) dx
2%

<¢ st(c)—‘;—*O@ ) fG(x,;ug)dx.
Choosing as £ = my s we obtain
A u 1\}r
B my ) = T 0(8 )— / G(x,my sue)dx. (32)
s 2

Claim: There exists a constant C» > 0 such that fQ G(x,my sug)dx > ngg ase — 0.

assumptions H; implies the existence of u > 0 such that g(x,7) > x; where I is an
open interval of (0, co) and y; is its characteristic function. So, there exists § > 0 such that
G(x,t) > G(t) = ,ufot x1(w)dw > B for any t > o where o := inf [ is positive. At this
point, we have

f G(x,mpy sug)dx Z/ G(x,mpy sug)dx =/ G s v | 4%
2 Ix|<R X|<R lvell(e + [x>) "2

Z/ G s N—2s )dx (33)
Ix|<R llvell(e + |x|>) 2
R

= / é <M) wN_l du)

0 lvell(e + w?) 2

ViR ,
> / G (’"NN> WV duw. (34)

0 lvell(e +w?) "2

We emphasize that if
My s

- 7 >
2 N-2s —
lvell(e +w=) 2
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then

VER
/ G( my s ) Nldw>,8/ Nldw—Czsg
0 lvell(e +w2) T

Since w € [0, /&R], we have

My s < my,s
N=2s — —2s —2s N-2s
Ivelite + w727 o552 (€14 0"5)) (e + R2) 7
mpy,sS

—2s —2s N-2s5
¢ <C1+0(8¥)) (1+R?) 2

as ¢ — 0 proving the claim.
As a consequence of the claim and (33) we obtain

2 1
“ﬁ(mzv g<er (—2**0(1)—AC285> <0.
s

Hence, A (ue) < A. We can now let A — 0 and we get X(s) = 0 as desired. In order to see the
last part, let (ug)r C X{(£2) \ {0} be a sequence such that Ay := A (ug) — Xf) =0. As we

did in part i), we suppose ||ug|| = 1, ux—u and that there exists {x > 0 such that
LI SR A/’ax“”) 0 35)
=+ urlyy —rk | ——>——dx =0.

2 T4tk T % e

Combining assumptions H3, Hs and (35), we can deduce that, up to subsequence, {x — E
and ||uk||§; — y as k — oo. Passing to the limit in (35), we get

b E2;“—2
4§ 2%

A

y =0.

N\Q

_x
From aN—4)/25p — Ly s itfollows thaty = S f , thus (uy )y is a minimizing sequence for
Sn.s. Now, by contradiction assume u 7# 0. We point out that by the lower semicontinuity
of the norm we have |lu|| < 1. Coupling this fact with Remark 2, we obtain

2*

—2¥-2
a b Syi 22 o b 7 2
0< — -7 = s < s
=5+5¢ 2 &7 ul 5 24 iR 2 lluell 2
2*
b ’ x G(x,
< lim sup 4 + 7€°k2 — %k Mk||§i — Ak/ 7@ gkuk) dx ) =0,
k—oo \2 2 2 8 2 &
which cannot happen since §2 is bounded, see [10]. O

Next proposition summarize the situation of the infimum depending on the choice of the

parameter A for the functional \7; b (0).

Proposition 6 If L < X(s) then inf - Ja)"’b” (¢) = 0 for any u € X{(£2) \ {0}. On the other
hand, if A > & there exists u € X{(82) \ {0} such that inf; ~.o j‘i}:' (¢) < 0.
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Proof Take A < Xg. We have that A < Xf) < Ay(u) for any u € X{(£2) \ {0}, then the
conclusion comes from Corollary 1. Instead, let us consider A € R* such that A > Xé. By
the definition of infimum, it is possible to find u € X}(£2) \ {0} such that A > A (u) > Xf).
Again, the assertion it is a consequence of Corollary 1. O

After some preliminary results we are ready to study the set of solutions of problem (PaA )
The first step will consists in giving the proof for Theorems 2 and 3 providing the existence
of global minimizers for A > ){8.

Proof of Theorem 2 By the use of assumptions (H3) and (Hy) it is easy to verify that Iﬁ" b
is coercive. Furthermore, from 1 we also have the lower semicontinuity. At this point, as a
consequence of the well known Weiestrass Theorem, we have that the infimum is attained.
To conclude, we recall that Proposition 6 implies the existence of a function in which the
functional turns out to be negative. O

Proof of Theorem 3 (i) Let (L) C R™ a sequence such that A, N\ Xf). Theorem 2 implies
the existence of a sequence (ux)r C X{(£2) \ {0} such that Lik = I:;"b (ur) < 0. As we did
in Proposition 5, after fixing ¢ > 0 we have

Gl < 22+ Sy (36)
2 p

for all (x, t) € 2 x R. Hence
1

a w2, b a4
2IIMkII +4||uk|| 2

2 *
”M@<M/Gmwwx
'S Q

& c ~
gm(ﬂwﬁ+;ww@scme+wmw (37)

for some C > 0 since X (§2) = L9(82) continuously for any g € [2, 2;‘] From 4 > 27 it
follows that (||u||);, must be bounded and it is not restrictive to assume ux—u in X(£2).
Applying Lemma 1[(1)] we obtain

=S -

I () < lim i;fzj?b(uk) <0.

On the other hand , Proposition 6 states that Zjob(v) > ( forany v € Xé(.Q), and so

g = 7,9, (u) = 0. (38)

It remains only to prove that « is a non trivial minimizer. To see that, observe that

%
a b Sy: . a b 1 *
2 4 N,s % 2 4 2
5””1«” + leukll - flugll™ < E”’/lk” + leukll - ?Ilukllzg < Ak
S s

<Akf G(x,ur)dx
Q

where we used the fractional Sobolev inequality. Dividing by |[|ux ||* and exploiting (36), we
get

& C
SnsUlull) < A (5 + *”’/lk”ﬁ) .
p
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Were u = 0, recalling that X (£22) <> L4(£2) for any g € [2, 2¥), we would have
I (lukll) — 0

as k — oo since ¢ > ( is arbitrary. This fact is in contradiction with

Ins (Hlukl) = fv,s(mys) >0
since aV=29)/25p 5 [, N.s- So u must be different from zero.
(ii) From Proposition 5[(ii)] we have Xg, and so

%) = %nun2 + Znun“ - %nunigﬁ.

In virtue of Remark 2, we have

If)h(“) = ull® fns (lul) > 0

for any u € X{\ {0}. Since (38) is still valid, we have that the infimum can be attained only
in the case in which u = 0. O

Corollary 2 If aN =49/ > Ly s and u € X§(£2) \ (0 is such that ;s = T, (u) then
*o = A ().

Proof The pair (XE, u) solve the system (29). The conclusion follows by uniqueness. O

Proof of Theorem 4 Fix ¢ > 0 and recall the Aubin-Talenti functions u, defined in Proposi-
tion 5. Choose ¢ > 0 and keep A > 0 free. We have

Aus bk 4 2* 2%
T =503 -5 ||uk||2*—x/QG<x,cue)dx

2k & N-2s /
= — (0] 2 —A G(x,Cug)d
¢ st(g) 2? (8 ) o (x,Cug)dx

where we defined with f/’i/, ; the map fy s depending on the parameters ay, by. We select
¢ = m]]‘\, ; (here mll‘\, ; 1s the point point in which f/\‘, , attains its minimum), and since

k
my o —> my,s as k — oo, we get
2*

N—2s
hmj%w%ﬁz—éy0G2)—ALGmmM%ML (39)
s

Recalling that in Proposition 5 we obtained the estimate

N
2

/ G(x,mp sus)dx > Cae
Q

from (39) we deduce

Jotte .k N-2s 1
hm jk bk(mN,s) =¢ 2 —?0(1) — 1Caé*

Hence for k sufficiently large and small ¢

)LM;

ak bk(mN y) <0.
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As a consequence of that, we have that 1, < A{(u.) < A. Letting A — O we obtain that
Ak — 0as k — oo. Now, exploiting the homogenelty of degree zero of the function A;(-)

proved in Proposition 5, we suppose |lux|| = 1 and u;—u. Arguing similarly as we did to
get (35) we are able to deduce the existence of ¢ > 0 such that
252
ay g 2 G(x, Lkug)
- fC flak i—kk/ ————dx=0 (40)
2 £ % e g

Moreover, from Hi, Hs and (40) it follows that ¢ — ¢ > 0 and that ||uk||§zs toy uptoa
subsequence as k — oo. Thus, passing to the limit in (40) we get ‘

a )

= T =0.

St3 : — 57t
Since gV —4)/2sp — Ly sitmustbe y = Sy s and that means (uy )« is aminimizing sequence
for the optimal Sobolev constant. We also have that # = 0. Indeed, if © # 0, combining
Remark 2, the fact that by the sequentially lower semicontinuity of the norm |u|| < 1 and
Lemma 1[(1)], we obtain

2*

I )
a b *2*—2 2% a b ¢ i 2%
0< -+~ ’ s <+ -0 - ‘;
=3 4§ 25 = > < 5+ 4;“ 2 llaell 2
252
o fa b, G 2% G(x, Sruk)
liminf | — + — S — e | ———= -
< limin (2 + 2 T — 2 llukcllys — Ak A 2 dx 0

The conclusion comes from the nonexistence of minimizers for Sy in bounded sets as
shown in [10]. ]

Now, we begin to investigate solutions of mountain pass type. As we will see, the situation
changes if A > A(S) or A < Af). The reader should keep in mind that from now to the end of
the section we will consider positive parameters a, b € R such that a¥ =4)/25p > [, N.s-

Proof of theorem 5 Take ¢ > 0. Recalling (36) and that X{(£2) < L4(£2) continuously for
any g € [2, 2;*] we obtain

a b *
Tip = (5 = 4Ce) lull® + S lull* = Cllul® = 2Clu)? (41)
where C > 0 is a constant chosen adequately. By selecting ¢ < a/(21C) there exists R}
such that

inf I > 0.
lull=R;

A _ A A _ . _ ) .
Now, observe that Z; ,(0) = 0 and Ia’h(u%) < 0. Indeed, Ia,b(u%)) = 0if A = A; while
I[)l" b (u%g) < Ofora > XE by Proposition 6. As a consequence of that, the functional possesses

a mountain pass geometry. Furthermore, recalling Lemma 1[(2)] we have that IZ; » satisfies
the Palais—Smale condition. At this point the conclusion is obtained by applying the classic
mountain pass theorem. O

Having analysed the situation for A > Xf), now we draw our attention to the case A < Xf).
Namely, we will show the existence of non trivial solutions that are local minimizer or of
mountain pass type.
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Proposition7 If A < Xf) then it is possible to find r = r(s), M = M(s) > 0 such that
inf {Z) ,(u) 1 u € X{(2), ull =r} > M. (42)

Proof Given ¢ > 0, because A < X‘B and recalling (41), we get
A a o 2, b4 26 7S p
Tpp = (5 = %oCe) Il + Zlul* = Cllal® = XClu
for any u € X{(§2). The statement follows by taking & so that a/2 — XBCS > 0. O

Now, we are able to characterize the infimum in Theorem 6. More precisely, considering
the » > 0 given by the previous Proposition, we can set

B =inf{Z ,(u) 1 u € X§(2), llull > r}.

Remark 5 1t is straightforward to see that i‘B — Qas A — Xg. Indeed, it suffices to consider

a function u € X{(£2) such that XE = Ay(u) (the existence of a such u is guaranteed by
Theorem 3) and to observe that

0= <Zh,(w) >0 as A— Ay

Remark 6 The function w; obtained in the previous Theorem represents a critical point for
the functional It’} » and it is a local minimizer.

Proof of Theorem 6 Consider the r, M > 0 given by Proposition 7 and notice that if A €
(XB -4, Xf)) we have that i < M for an appropriate § > 0. As a consequence of that,
if (ug)x is a minimizing sequence there must be a v > 0 such that ||ui|| > M + v for
k sufficiently large. At this point, invoking the Ekeland’s variational principle (see [12])
we have the existence of a minimizing sequence and the convergence to a local minimizer
w; € X{(§2) such that [|wi] > M and i} = I;‘,b(wi) is established remembering the
validity of the Palais—Smale condition as showed in Lemma 1[(2)]. ]

Flnally, we prove Theorem 7 that ensure the existence of mountain pass solutions for
A< )\0 close enough to )\0 In the following we will denote with § > 0 the number obtained
in Theorem 6.

Proof of Theorem 7 Notice mln{I’\b(O) b(wk)} < M, recall |w; | > M and (42). So, we
have a mountain pass geometry. Since the Palals—Srnale condition is satisfied, we exploit the
the Mountain Pass Theorem (see [2]) to get the conclusion. ]

Remark 7 1f in addition to assumptions (H;) — (Hs) we require
(Hs) forany u € X{(£2), the function ¢ / g(x, Cu(x))dx is C' on (0, c0)

we are able to state a non-existence result for problem (P h) Namely, we claim there is

o= (a,b) € (0, AO) such that if A € (0, A ) then (P)‘b) does not admit non trivial
solutions. Consider the system

(74 @ =0 43)
(72 © =infemo (713 (@

@ Springer



209 Page 22 of 23 L. Appolloni et al.

After fixing u € X{)(£2), similarly to proposition 4 it is possible to find a unique A* () > 0
that solves (43). We point out that the parameter A°(u) is the unique A > 0 for which the
fiber map ja)‘ ’b” (¢) has a critical point with null second derivative. Furthermore, observe that
if 0 < A < A%(u) then

2 25 (w),
T @) > To @) > 0.
So, J a)\’b" (¢) has no critical points. As a consequence of that, it is immediate to prove that

A ) < 25 (w). (44)

A (), . . - . .
If not, we would have that 7, (1,7(u) “ (¢) is increasing contradicting the existence of solutions

for system (29). At this point we set
XY= inf  A*().
ueX}($2)\{0}

Now, we observe that if a®—49)/25p > PSn s then 0 < A< Xf). In fact, we know from
corollary 2 that there is u € Xj(§2) \ {0} such that X(S) = Ay(u). From (44) it follows that

A< A5 w) < A5w) = Ay,
To conclude, we observe that for any A € (0, XS) the map J, a)‘ ’b“ (¢) is increasing and that

/
(J a)‘ b“) (¢) > Ofor all ¢ > 0. Hence u = 0 is the only admissible critical point.
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