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Abstract

We propose a new foliation of asymptotically Euclidean initial data sets by 2-spheres of
constant spacetime mean curvature (STCMC). The leaves of the foliation have the STCMC-
property regardless of the initial data set in which the foliation is constructed which asserts
that there is a plethora of STCMC 2-spheres in a neighborhood of spatial infinity of any
asymptotically flat spacetime. The STCMC-foliation can be understood as a equivariant
relativistic generalization of the CMC-foliation suggested by Huisken and Yau (Invent Math
124:281-311, 1996). We show that a unique STCMC-foliation exists near infinity of any
asymptotically Euclidean initial data set with non-vanishing energy which allows for the
definition of a new notion of total center of mass for isolated systems. This STCMC-center of
mass transforms equivariantly under the asymptotic Poincaré group of the ambient spacetime
and in particular evolves under the Einstein evolution equations like a point particle in Special
Relativity. The new definition also remedies subtle deficiencies in the CMC-approach to
defining the total center of mass suggested by Huisken and Yau (Invent Math 124:281-311,
1996) which were described by Cederbaum and Nerz (Ann Henri Poincaré 16:1609-1631,
2015).
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1 Introduction and goals

In General Relativity, isolated (gravitating) systems are individual or clusters of stars, black
holes, or galaxies that do not interact with any matter or gravitational radiation outside the
system under consideration. Intuitively, they should have a total center of mass which should
in a suitable sense behave as a point particle in Special Relativity. In this paper, we suggest
a definition of total center of mass for suitably isolated systems and argue that this center
of mass notion indeed behaves as a point particle in Special Relativity in a suitable sense
(meaning it transforms equivariantly under the asymptotic Poincaré group of the ambient
spacetime). In particular, we will show that the center of mass notion we suggest evolves in
time under the Einstein evolution equations like a point particle in Special Relativity.

The main idea of our approach is to modify the definition of center of mass given by
Huisken and Yau [29] for asymptotically Euclidean Riemannian manifolds—using an asymp-
totic foliation by 2-spheres of constant mean curvature (CMC), see Sect. 2—by staging it in
a Lorentzian (spacetime) setting or in other words by staging it in asymptotically Euclidean
initial data sets. More specifically, we will prove existence and uniqueness of an asymp-
totic foliation by 2-spheres of constant spacetime mean curvature under optimal asymptotic
decay assumptions. Here, “spacetime constant mean curvature (STCMC)” means that the
co-dimension 2 mean curvature vector . of each 2-sphere has constant Lorentzian length
.

It is straightforward to see that this STCMC-condition can be reformulated in terms of
initial data sets, namely as the product of the inner and outer “expansions” (or “null mean
curvatures”, see Remark 7) with respect to any given null frame along a 2-surface. On the
other hand, the STCMC-condition is naturally independent of the initial data set in which the
foliation is constructed. Our result thus asserts that there is a plethora of STCMC-surfaces
in a neighborhood of spatial infinity of any asymptotically flat spacetime.

Furthermore, the new construction of a center of mass will be shown to remedy the subtle
deficiencies of the Huisken and Yau approach [29] described by Cederbaum and Nerz [11].
Last but not least, we will provide an asymptotic flux integral formula for the center of mass
extending that of Beig and O Murchadha [4]. The analytic techniques in our proofs rely on
and unify and simplify those developed by Metzger [35] and Nerz [40,41].

Concluding this introduction, we would like to point out that the notion of spacetime
mean curvature of 2-surfaces in initial data sets has independently been considered in other
contexts, both before and after the results of this paper had been announced. For example,
the inverse spacetime mean curvature flow has been studied by Frauendiener [24], by Bray,
Hayward, Mars, and Simon in [6], and by Xu [47].

The STCMC-condition is (trivially) satisfied by marginally outer/inner trapped surfaces
(MOTS/MITS), extremal surfaces (see e.g. [23]), and generalized apparent horizons (see e.g.
[34], [7]), with spacetime mean curvature . = 0 in all those cases.

More generally, 2-surfaces with constant spacetime mean curvature are critical points for
the area functional inside the future-directed null-cone, with mean curvature vector pointing
in the direction in which the expansion of the surface is extremal. The aforementioned
generalized apparent horizons are area outer-minimizing which is appealing in the view
of the spacetime Penrose Inequality. We would like to point the reader to the interesting
work by Carrasco and Mars [10] giving insights into the (over-)generality of %7 = 0 as a
condition for a horizon. In a recent paper of Cha and Khuri [12], the area A of the outermost
STCMC-surface with ## = 2 appears in the conjectured Penrose Inequality m > /4/i6x
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On center of mass and foliations by constant spacetime mean curvature Page3of57 214

expected to hold for an asymptotically anti-de Sitter initial data set of mass m satisfying the
dominant energy condition.

Because of the spacetime geometry nature of the STCMC-condition, we expect that
STCMC-surfaces and STCMC-foliations will have a number of applications beyond the
definition of a center of mass of an isolated system as well as beyond the setting of asymp-
totically Euclidean initial data sets. For example, a special subfamily of STCMC-surfaces
foliating a null hypersurface implicitly appears in recent work by Klainerman and Szeftel
[31] as a gauge condition—namely surfaces with in particular both constant outer and inner
expansions. It is conceivable that STCMC-surfaces will be useful more generally as a gauge
condition in analyzing dynamic stability.

Structure of the paper. In Sect. 2, we will summarize the necessary definitions and notations
as well as more details on the background and existing work on the total center of mass of
isolated systems. In Sect. 3, we will state our main results and very briefly explain the strategy
of our proofs. The following sections will be dedicated to the more technical components of
the proof with Sect. 4 focusing on a priori estimates for STCMC-surfaces, Sect. 5 discussing
the linearization of spacetime mean curvature, Sect. 6 asserting existence of the STCMC-
foliation, Sect. 7 introducing the coordinate expression of the center of mass associated
with the STCMC-foliation, and Sect. 8 proving the claimed law of time evolution under
the Einstein evolution equations. Appendix 1 collects results such as Sobolev Inequalities
on 2-surfaces, while Appendix 2 studies STCMC-surfaces in normal geodesic coordinates.
Finally, in Sect. 9, we will discuss an exemplary initial data set highlighting the differences
between the newly suggested notion of center of mass and the existing one suggested by
Huisken and Yau.

2 Preliminaries

Recall that an initial data set for the Einstein equations is a tuple (M 3 g, K, u, J) where
(M3, g) is a smooth Riemannian manifold and K is a smooth symmetric (0, 2)-tensor field
on M3 playing the role of the second fundamental form of M3 in an ambient Lorentzian
spacetime. The (scalar) local energy density p and the (1-form) local momentum density J
defined on M3 can be read off from the constraint equations

Scal — [K|* + (r K)> =2p (1a)
div(K — (rK)g) = J. (1b)

Here, tr, div, and | - | denote the trace, the divergence, and the tensor norm with respect to g,
respectively, and Scal denotes its scalar curvature. Sometimes we will find it convenient to
use the conjugate momentum tensor w .= (tr K)g — K.

The constraint equations (1) arise as a consequence of the Gauss—Codazzi—Mainardi equa-
tions from the Einstein equations JRic— % Gcal g = T satisfied by a given spacetime (M3, g)
with energy-momentum tensor T, where g is the Riemannian metric induced by the Lorentzian
metric g on the spacelike hypersurface M> and K is the induced second fundamental form.
Letting 1 denote the timelike future unit normal to the initial data set (M 3 g, K,u,J), the
energy and momentum density are derived from ¥ via u = %(n, ), and J = T(n, -), and the
stress tensor S on M? is defined by S = Z(-, -). The constraint equations (1) thus necessarily
holc} (3)n any spacelike hypersurface (or "initial data set") (M3, g, K, 1, J) in the spacetime
M=, g).
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In order to model an "isolated system", we will assume that the ambient spacetime
(97{1’3, g) with its energy-momentum tensor ¥ and the choice of initial data set (M 3, g,
K, ju, J) are such that the initial data set is "asymptotically Euclidean", a notion made pre-
cise in the following standard definition.

Definition 1 (Asymptotically Euclidean initial data sets) Let ¢ € (0, %] and let (M3, g,
K, i, J) be asmooth initial data set. Assume there is a smooth coordinate chart X : M 3 \% —
R3\ B (0) defined in the region exterior to acompact set Z C M?3. We say that .# := (M3, g,
K,u,J)isa C1/2+€—asymptotically Euclidean initial data set (with respect to X) if there is
a constant C = C(#, X) such that, in the coordinates ¥ = (xl, x2, x3) e R3 \ Br(0), we
have the pointwise estimates

N N O

18ij — 8ij| + |¥ 113kgij | + 1% *|0edrgij] < €15 |72~ (22)
N - 3

|Kij| + X |cKij| < Clx|727° (2b)

lul + ;| < CIF|737¢ (2¢)

forall X € R3\ Bg(0) and foralli, Jj,k,1 € {1, 2,3}. Here, slightly abusing notation, we have
silently pushed forward all tensor fields on M 3 (including scalars) and written g;; = (X:8)i j
as well as K;; = (X K); j» etc. The Kronecker delta §;; denotes the components of the
Euclidean metric with respect to the coordinates X. By another slight abuse of notation, we
will refer to the above constant C as C », suppressing the dependence on the chart x.

Asymptotically Euclidean initial data sets are well-known to possess well-defined total
energy, linear momentum, and mass. More precisely, if ¥/ = (M, g, K, un,J)isa C? e
asymptotlcally Euclidean initial data set for any & > 0 (naturally extending the definition to
&> 2) its (ADM-)energy E and its (ADM-)linear momentum P = (P, P%, P3) are given
by

E:= ﬁrlggo / Z(a,gl, ,g,,) 3)
% |=r

pi= i X 4

_gri)ngo an]7 M, ()
X1=r '

respectively, where du® denotes the area measure induced on the Euclidean coordinate sphere
{Ix | = r} by the Euclidean metric § and ADM stands for Arnowitt-Deser-Misner [1]. The
quantities £ and P are well-defined under the asymptotic conditions imposed here for arbi-
trary & > 0 [3,18]—meaning the expressions converge and E is asymptotically independent
of the chart x while P is asymptotically covariant under chart deformations in a suitable way.
From them, one defines the (ADM-)mass by

m =/ E2 —|P? )

whenever this expression makes sense, that is whenever the energy-momentum 4-vector
(E, P) is causal with respect to the Minkowski metric of Special Relativity.

Remark 1 (Bounds on ¢) For ¢ < 0 in the above definition, one can find an asymptotic chart
X (meaning a coordinate transformation outside a compact set) on the canonical Euclidean
initial data set Sgycl. = (R3, 8, K =0, u =0, J = 0) with respect to which 7. is Clz/2 e
asymptotically Euclidean but the expression E does not vanish as it should for Euclidean
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space, see Denisov and Soloviev [21]. This explains the suggestive notation of the decay
order as % +&.

On the other hand, if ¢ > % for an initial data set .#, a simple computation shows that it
has E = P = 0 which is non-desirable in the context of discussing the center of mass and
asymptotic foliations by constant mean curvature. This explains why we exclude this case in
Definition 1.

Remark 2 (Asymptotically Euclidean Riemannian manifolds) If a Riemannian manifold
(M3, g) (with asymptotic chart X ) satisfies (2a) and if its scalar curvature satisfies |Scal| <
C|X |73 ¢ forall ¥ € R3\ Br(0), we say that (M3,g)isa C@H-asymptotically Euclidean
manifold. This is called the “Riemannian case”, the reason being that one can reinterpret this
as saying that the “trivially extended initial data set” (M 3, g, K=0,u= % Scal, J = 0)
satisfies (2a)—(2c). In the Riemannian case, the notions “mass" m and “energy" E can be and
are used interchangeably.

2.1 Center of mass

We now proceed to discussing the total center of mass of an asymptotically Euclidean initial
data set .¥ = (M3, g, K, n, J) withenergy E # 0. The assumption E # 0 is both technical
(as many definitions of center of mass explicitly divide by E) and physically reasonable when
considering the center of mass.

First, let us remark that our field knows many definitions of center of mass for isolated
systems. The first definitions were given in terms of asymptotic flux integral expressions in
coordinates, similar to those of energy and linear momentum above, see (6) below and the
text surrounding it. In 1996, Huisken and Yau [29] proved existence and uniqueness of a
foliation by constant mean curvature 2-spheres near infinity of an asymptotically Euclidean
Riemannian manifold of positive energy £ > 0 and related it to a definition of center of mass
in a way described below and in more detail in Sect. 7. More recently, Chen, Wang, and Yau
[14] suggested a new definition of center of mass for isolated systems which is constructed
from optimal isometric embeddings into the flat Minkowski spacetime of Special Relativity.
For a brief, non-complete summary of other definitions of center of mass, please see [11].

Flux integral definition. The most prominent flux integral notion of center of mass C’BOM =

1 2
(CBOM CBOM BOM) for asymptotically Euclidean initial data sets was introduced by Beig

and O Murchadha [4] as the asymptotic flux integral

Cl . 1 l 9 B Xj -xi ”xl ., 5
BOM 167‘[E r—>oo Z( i 8ij — gll)T - Z gll7 — g”7 wl,

% |=r !

©)

a definition going back in parts to Regge and Teitelboim [44]. See Szabados [46] for valuable
critical comments on this definition, and see Sect. 7 for a covariant generalization of this
formula following from our work.

The center of mass integral 6B()M will in general not converge for initial data sets (M3, g,
K, u, J) which are merely C? e -asymptotically Euclidean with respect to some chart X and
have E # 0. It will however converge once one assumes that the initial data set satisfies
certain asymptotic symmetry conditions in the given chart X, as for example the Regge—
Teitelboim conditions introduced in [44], see [4,19,27] and Definition 3 below. We also point
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out that the expression for c som does not explicitly depend on the second fundamental form
K of the initial data set.

Definitions via foliations. Several authors define the center of mass of an initial data set
S = (M3, g, K, u, J) via a foliation by 2-spheres near infinity. Following Cederbaum and
Nerz [11], we will call such definitions “abstract” in contrast to the more explicit “coordinate
definitions” of center of mass, see below.

The first abstract definition of center of mass was given in 1996 by Huisken and Yau
[29], who proved existence and uniqueness of a foliation near the asymptotic end of an
asymptotically Euclidean Riemannian manifold by closed, stable 2-spheres of constant mean
curvature, the CMC-foliation. This goes back to an idea of Christodoulou and Yau [17]. In
2006, Metzger [35] considered a foliation by 2-spheres of constant null mean curvature (also
called constant expansion) and concluded that this foliation is not fully suitable for defining a
center of mass. For a more detailed review of foliations suggested to study in this context and
of recent progress in terms of necessary and sufficient asymptotic decay conditions, please
see [11].

Huisken and Yau [29] also assign a coordinate center to their foliation. It is constructed
from the abstract CMC-center as a “Euclidean center” of the CMC-foliation as follows: First,
any closed, oriented 2-surface & <> R3 has a Euclidean coordinate center ¢ () defined by

- - 1 -
(%) = fxd;ﬁ = m/xdm. )
X X

Picking a fixed asymptotically flat coordinate chart ¥ : M3\ % — R3\ Bg(0), this definition
can naturally be extended to closed, oriented 2-surfaces & <> M3 \ % by pushing ¥
forward to R3 and identifying ¢ (X) := ¢ (X(2)), slightly abusing notation. We will also call
this center Euclidean center of % (with respect to X). This naturally extends to asymptotic
foliations:
Definition 2 (Coordinate center of a foliation) Let . = (M3, g, K,u,J) be a C%H_E—
asymptotically Euclidean initial data set for a chart ¥: M3\ 2 — R3\ Bz (0). Let {Z° Yo >0
be a foliation of the asymptotic end M3 \ % of M3 with area radius r(£7) = /= Var of
diverging to 0o as 0 — o0. Denote by ¢ (£7) the Euclidean coordinate center of the leaf X7
with respect to ¥. Then the (Euclidean) coordinate center C = (C', C 2 C3) of the foliation
{Z%}o=0, (With respect to the asymptotic chart X) is given by

C:= lim ¢(X%), ®)

o —> 00

in case the limit exists. Otherwise, we say that the coordinate center of the foliation {£ }; 4,
diverges (with respect to the asymptotic chart X).

The vector C can be pictured to describe a point in the target R? of the asymptotically flat
coordinate chart ¥: M3 \ % — R3 \ Bg(0), but it need not lie in the image of the chart X,
and indeed will often lie inside Br(0). This means it cannot necessarily be pulled back into
M?3. Moreover, C depends on the choice of asymptotic chart X — at least a priori.

Coming back to the CMC-foliation constructed by Huisken and Yau [29], it is well-
known that the coordinate center Cyry of the CMC-foliation of a suitably asymptotically flat
Riemannian manifold (M 3, g) or initial data set (M 3, g, K, i, J) of non-vanishing energy
E with respect to a given asymptotic chart X coincides with the Beig—O Murchadha center
of mass vector Cp ), defined by (6), provided that some additional symmetry assumptions
are satisfied, see Huang [28], Eichmair and Metzger [22], and Nerz [38]. The most optimal
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result to date [40, Theorem 6.3] states that for C %2 4o

manifolds with E # 0 satisfying the C12 o-Regge-Teitelboim condition (see Definition 3

below), we have éHY = 6BOM whenever both definitions converge, and that divergence of

-asymptotically Euclidean Riemannian

one implies divergence of the other. Again, let us point out that the construction of Cuy
does not explicitly depend on the second fundamental form K of the initial data set under
consideration.

We furthermore note that the product E éB()M is sometimes referred to as the “center of
mass charge" in the literature, even when £ = 0. We will not follow this usage here.

In this paper, we construct a novel geometric foliation {2}, .., of the asymptotically flat
end M3\ 2 of a given C 32 _.-asymptotically Euclidean initial data set (M 3¢, K, ., J)with
non-vanishing energy E # 0, namely a foliation with “constant spacetime mean curvature
(STCMC)"-leaves, see Sect. 3. The general approach to define the coordinate center of a
foliation {X7}44, described above will then be applied to this new foliation to obtain a
new definition of the coordinate center of mass of an initial data set as well as a coordinate

expression analogous to and extending (6), see Sect. 7.

2.2 Miscellannea

Here we collect some other definitions for future reference.

Regge—Teitelboim condition for initial data sets. With the exception of the later part of
Sect. 7, we will not assume that the initial data sets under consideration satisfy any asymptotic
symmetry assumptions, in particular the Regge—Teitelboim conditions. However, it will be
useful in our discussion to refer to those conditions which is why we define them here.

2 -
\jo+e

-Regge—

Definition 3 (Regge-Teitelboim conditions for initial data sets) We say that a C

2
vte

Teitelboim conditions for y > % (with respect to the given chart ¥ with respect to which it is

asymptotically Euclidean initial data set . = (M 3 g, K, i, J) satisfies the C

(& 12/2 c-asymptotically Euclidean) if there is a constant C = C(.%, X, y) such that
808+ IF ||k g | + 17 2 a5 < Cl 77~ %a)
IS 1% 110 (e ™ < CJF |77 (9b)
] 4 1)) < ClF R (%)

holds for all ¥ € R3 \ Br(0) and forall i, j, k,[ € {1, 2, 3}. Here, as usual, we have denoted
the even and odd parts of any continuous function f: R3 \ Bg(0) — R by

- | - P -
NG = 5 (f ) = f(=x)), ) = 5 (f@)+ f(=x)). (10)

2 -
1+-e
2 -
y+e

Regge—Teitelboim conditions on R \ Bg(0) for y > % if the above inequalities are satisfied
for 7 = K = 0, i.e. if (9a) holds and if [Scal®¥| < C|% |"3~7~¢ for all ¥ € R\ Bg(0).

Remark 3 (Regge-Teitelboim conditions for Riemannian manifolds) We say that a C
asymptotically Euclidean Riemannian manifold (M 3. g) satisfies the (Riemannian) C

Weighted Sobolev spaces. In this paper, we use the following definition of Sobolev spaces,
which is well-suited for keeping track of fall-off rates of different quantities associated with
our foliation. Suppose that (X, g%) is a closed (compact without boundary), oriented 2-
surface in an asymptotically Euclidean 3-manifold (M3, g) of suitable regularity. For p €
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214 Page8of 57 C. Cederbaum, A. Sakovich

[1, 00), the Lebesgue space L? (X)) is defined as the set of all measurable functions f: ¥ — R
such that their L”-norm
1

1 f e = (/2 |f|”du>p

is finite. Recall also that the L°°-norm of a measurable f: X — R is defined by

| fllLeo(s) := ess Sgp [f1.

Then for p € [1,00]and k =0, 1, .. ., the Sobolev norms are defined as follows:
IFlworsy = 1F oy I lwesinesy = 1F e +7 [ VEF |y -

where r := /Il/ix is the area radius of X. The Sobolev space WK-P(Z) is the set of all
functions with finite W*-?-norm. This definition naturally extends to the case of tensor fields
on X. Appendix 1 in particular collects some Sobolev Inequalities for functions on 2-surfaces
(2, g%) embedded in Euclidean space.

3 Main results, motivation, and the strategy of the proof

Given a 2-dimensional surface ¥ in an initial data set (M>, g, K, i, J), we denote its mean
curvature inside the Riemannian manifold (M?3, g) with respect to the outward pointing unit
normal by H and set P := try; K, as usual. The spacetime mean curvature (STMC) #° of
¥ is defined by the length of the spacetime mean curvature vector A,

=VH2 - P2, (11)

We will suggestively write 777 to denote the spacetime mean curvature of a surface called
X¢ etc, A 1o denote the spacetime mean curvature of a surface called ¥ etc., whenever
the initial data set inducing the intrinsic and extrinsic geometry on the surface is clear from
context.

In this paper we prove the following theorems.

Theorem 2 (Existence of STCMC-foliation) Let & = (M>,g,K,u,J) be a C? ihte
asymptotically Euclidean initial data set with non-vanishing energy E # 0. Then there
is a constant 0.y > 0 depending only on ¢, C s, and E, a compact set ¥ C M?, and a bijec-
tive Cl-map U (0.g,00) x S > M3 \ J such that each of the surfaces ¥° := ¥ (o, S?)
has constant spacetime mean curvature 7 (%°) = 2/ provided that 6 > o 4.

Theorem 4 (Uniqueness of STCMC-foliation) Let a € [0,1), b > 0, and n € (0, 1] be
constants and let .9 = (M3, g, K,u,J) bea C%Z_‘_E—asymptotically Euclidean initial data
set with non-vanishing energy E # 0. Then there is a constant o y depending only on ¢, a,
b, n, Cs, and E, such that for all c > 0.y, there is a unique surface £° € </(a, b, n) with
constant spacetime mean curvature ¢ (X°) = 2/ with respect to ..

Here, </ (a, b, ) is an a priori class of “asymptotically centered” spheres introduced in
Sect. 4. It has been shown in particular by Brendle and Eichmair [8] that such an a priori
condition is necessary to obtain uniqueness of CMC-surfaces in general, see the discussion

I Please note that we use the convention for the sign of the second fundamental form ensuring that H = 2
with respect to the outward pointing unit normal for the unit round sphere in R3.
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in Sect. 6.3. As STCMC-surfaces generalize CMC-surfaces, their observation applies here,
too.

We also obtain a coordinate expression C STCMC for the STCMC-center of mass, see below.
It differs from the Beig—O Murchadha formula Cy 4, given in (6) by a term Z, as stated in
the following theorem.

Theorem 5 (STCMC-coordinate expression) Let & = (M g, K,u,J) be a C,/ZJF‘E
asymptotically Euclidean initial data set for some ¢ > 0 and with respect to an asymptotic
coordinate chart X: M3 \ % — R3 \ Bg(0) and decay constant C y, with non-vanishing
energy E # 0. Assume in addition that

K| < Cy 3|72

forall¥ € R3\ Bg(0) and that g satisfies the Riemannian C32/Z 1o-Regge-Teitelboim condition.

Then the coordinate center Csrcyc of the unique foliation by surfaces of constant spacetime
mean curvature is well-defined if and only if the correction term

lim (Zk Tt X)
327 E r—>o [ r3

Zl =

d ,u‘s
limits exist fori = 1, 2, 3. In this case, we have
Csreme = 6BOM +Z,
where éB(’)M is the Beig—O Murchadha center of mass and Z= (Z', 7%, Z3), or equivalently

, 1 . x! x* xt
1 . 1 _ T . _ ~ S
Céreme = o E Jim_ /S2 x kEl (Ok gk — 91 8kk) " Ek <gkz T8k ) du

xi TT, xkxl 2
+/ (ks ;cl ) d;t{|, P—1.2.3.
S2 21"

An example of an initial data set with 6STCMC #* 6B()M or in other words with Z #0

will be discussed in Sect. 9. The above formula for C’STCMC allows to compute the STCMC-
center of mass of an initial data set explicitly, once an asymptotic chart ¥ has been picked.
However, as the assumptions of Theorem 5 suggest, this formula cannot be expected to always
converge. See Conjecture 1 and the text above of it for a discussion of when the coordinate
expression for CSTCMC should converge, without reference to CBOM and Z and without any
Regge-Teitelboim conditions nor additional decay assumptions on K.

We get the following theorem on the time-evolution of the STCMC-foliation and -center
of mass. Equivariance of the STCMC-foliation and -center of mass under the asymptotic
Poincaré group is discussed in Sect. 8.2.

Theorem 6 (Time-evolution of STCMC-foliation) Let (R x M3, g) be a smooth, globally
hyperbolic Lorentzian spacetime satisfying the Einstein equations with energy momentum
tensor X. Suppose that, outside a set of the form R x ', ¢ C M?> compact, there is a
diffeomorphism Idg x X : R x (M3 \ ) - Rx (R3 \ Br(0)) which gives rise to asymptotic
coordinates (t, %) on R x (M3 \ %).

Assume that 9y = ({0} x M3, g, K, u,J) — (R x M3,g) isa C]2/2+£-asymptotically
Euclidean initial data set with respect to the coordinate chart X and with E # 0, and
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214 Page 10 of 57 C. Cederbaum, A. Sakovich

suppose additionally that K = O1(|X |~2) with constant C y as |X | — oo. Now consider
the C'-parametrized family of C ]2/2 Le-asymptotically Euclidean initial data sets

(1) = ({1} x M>, g(1), K (1), u(1), J (1)) = (R x M>, g)

with respect to X which starts from % (0) = %y, and which exists for allt € (—ty, t,) for some
t, > 0. Assume furthermore that the constants C sy are uniformly bounded on (—ty, 1),
without loss of generality such that C z ;) < C z,.

Assume the foliation .7 (t) has initial lapse N = 14+ O, (| |7%7£) as |x | = oowithdecay
measuring constant denoted by Cy and initial shift X = 0, and suppose furthermore that
the initial stress tensor S of .9 satisfies S = O(|X |_%_5) as |x | — oo. There is a constant
t > 0, depending only on ¢, C 4, Cn, and E(0) such that the following holds: If the initial
data set 9y has well-defined STCMC-center of mass éSTCMC (0) then the STCMC-center of
mass 5’STCMC (t) of Z(t) is also well-defined for |t| < t. Furthermore, the initial velocity at
t = 0 is given by

& P
— STCMC = —-
dt|,_o E

d _ d b _ N
Moreover, we have that E|r=o E=0and 4 ’z:o P=0.

3.1 Strategy of the proofs of Theorems 2 and 4

The underlying structure of the proofs of Theorems 2 and 4 presented in Sect. 6 and several
of the lemmas proved in the same section is a method of continuity inspired by Metzger
[35,36]. Given an initial data set .# = (M?, g, K, n, J), we will consider the one-parameter
family of initial data sets .%; = (M3, g, TK, us,tJ), v €0, 1], with u, given through the
constraint Eq. (1) as

217 = Scal — |tK|> + (tr(t K))>. (12)

For T = 0, we thus consider the Riemannian manifold (M?, g) with 2 = 29 = Scal while
for T = 1, we study the original initial data set .# = (M3, g, K, u, J) with i = py. It is

straightforward to see that if the original initial data set . is C %2 4.-asymptotically Euclidean

with respect to an asymptotical chart X : M3\ 2 — R3\ Bg(0) then all initial data sets .#; are
also C%z .~asymptotically Euclidean with respect to the same chart and comparable constants.
In particular, the Riemannian manifold (M3, g) is C 12/2 4e-asymptotically Euclidean in this
chart. This is what will allows us to drop the explicit mention of the chart in the proofs. More-
over, we note that the energy E, computed for the initial data set ., = (M?>, g, tK, e, tJ)
does in fact not depend on t and can and will thus be called E. We globally assume in this
paper that E # 0 and we will fix the background Riemannian manifold (M3, g) once and
for all.

For second fundamental form K = 0, the desired STCMC-foliation coincides with the
classical CMC-foliation. From Nerz’ work [40], we thus know that the theorems and lemmas
we will prove for initial data sets hold in the Riemannian setting under the Riemannian
version of our assumptions, see also Remark 2. In other words, we know that our claims hold
for T = 0 in the method of continuity approach described above. In Sect. 6, we will recall

Nerz’ corresponding theorems in our notation.
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As usual, we will appeal to the Implicit Function Theorem in order to show openness of
the interval in the method of continuity. Closedness follows from a standard convergence
argument.

4 A priori estimates on STCMC-surfaces

When deforming the foliation by 2-surfaces of constant mean curvature to the foliation by
2-surfaces of constant spacetime mean curvature, we need to keep track of how the geometry
of the leaves changes. For this, following [36] and [40], we will now introduce an a priori
class of closed, oriented 2-surfaces having the properties that their “area radius”, “coordinate
radius”, and “mean curvature radius” as defined below are comparable in a certain sense.
In this section, we will not make explicit reference to the asymptotic coordinate chart
X¥: M3\ % — R3\ Bg(0) in most estimates, however the asymptotic coordinates X will
be used in order to compute the coordinate radius and the center of mass of a given 2-
surface ¥ <> M3 (or “% <> .# ). We will always and mostly tacitly assume that ¥ <

M3\ 2 so that it lies in the domain of the asymptotic coordinate chart.

Definition4 Let (M3, g)bea Clz/2 _.-asymptotically flat manifold with asymptotic coordinate

chartX: M3\ % — R3\ Bx(0). Given any closed, oriented 2-surface & < M3\ 2, we define
its area radius r = r(X) and (Euclidean) coordinate center 7 = 7 (X), with components
Z=(",2%, 2%, by

. 12, i. 1 L., ]
ri=,/—>, and z'i!=-— [ x'dp’, fori=1,2,3, (13)
4 125 Jx

respectively, where du® denotes the area element on ¥ induced by the Euclidean metric 6.
Given constants a € [0, 1), b > 0,and n € (0, 1], we say that X belongs to the a priori class
of (M3, g)-asymptotically centered surfaces,

Y e (a,b,n), (14)

if its area radius r, coordinate center Z, coordinate radius |% |, and mean curvature H satisfy
the following estimates

o L L5 b
Bl <ar+br!7 2 < min |77 /szu—l6ﬂ(1—y)§7, (15)
bl r

where y denotes the genus of X.

Remark 4 We will use the same a priori classes in the context of asymptotically Euclidean
initial data sets .# = (M3, g, K, ju, J), where the definition of <7 (a, b, ) only depends
on the Riemannian manifold part (M3, g). This will later be important when we consider
families of initial data sets of the form .%, = (M3, g, TK, uy, tJ), see Sect. 6 and (12).

Remark 5 Note that forr > 1,0 <a <a < 1,0 <b <b,and0 <7 < 5 < 1, we have

o (a,b,n) C (a,b,n).

Example 1 Let (M3, g) bea C 62 1.-asymptotically Euclidean manifold with non-vanishing
energy E # 0. Then the unique leaves of the constant mean curvature foliation {3 };~4,
constructed in [40] are asymptotically centered in this sense. More specifically, there are
constants » > 0 and o9 > 0 depending only on C., such that one has X% € &(a =

0,b,n = ¢) for o > o0g. See [40, Section 5] for details.
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Propositign1 Suppose thata € [0,1), b > 0,7 € (0, 1], and assume that 0 < a < @,
O<b<bandij<n<lLets =M g K, J)bea C@H-asymptoticallyEuclidean

initial data set. Then there exist constants & and C depending only on ¢, @, b, 1, and C 4
such that the following a priori conclusions hold for any closed, oriented 2-surface ¥ — %
with ¥ € 4/ (a, b, n): Suppose that ¥ has constant spacetime mean curvature 7 = /s in
S for some o > o. Then X is a topological sphere and the tracefree part A of its second
fundamental form satisfies

o o 3_
r Al 25y + 1 Allos) < Crm27e (16)

Furthermore, there exists a function f: Sf (z) — R such that T is the graph of f and
1 f lweepay < Cra, (17)
as well as a conformal parametrization \ : SE(Z) — X which satisfies
IV = 1d 22y < CriT, (18)

where 1d denotes the trivial embedding (S% @), gSg(z)) < (R3,9). Finally, the Euclidean
distance to the coordinate origin [X | (on %), the area radius r, and the spacetime mean
curvature radius o are comparable in the following sense:

(1 =@y — Cr™G=a1 < 7] < (1 4+ @)r + Crmz=o1 ), (19)
Ir—o| < Crit. (20)
Remark 6 The conclusions of this theorem are mostly the same as those in [40, Proposition

4.4], only for STCMC- rather than CMC-surfaces. However, we cannot directly refer to this
result because, roughly speaking, it assumes that the mean curvature H of X falls off like

H— % —Oor 3¢ ), whereas the relation
2\ 2
H?> ="+ P = (7) + P2,
g

recalling P = try K, and the definition of the a priori class <7 (a, b, n) — which coincides
with that in [40] —, only ensure via the second inequality in (15) that

2 2 2 2 c 2 N—2—¢ —1-1
H—=|=|/|=) +P2——|=IP|=Cmin|¥)2""=<Cr 72 (2D
o o o z

which does not a priori give us H — % = O(r’%"3 ). We will thus need to extend the result

and its proof to our setting.

Proof Within this proof, C will always be a generic constant depending only on &, @, b, 7,
and C .~ . With Remark 6 in mind, we need to improve the estimate in (21). For this purpose,
we first notfe that by th.e definition of (M3, g) being C%z c-asymptotically Euclidean and by
the second inequality in (15), we have

S5 _9_
IScal] < C|¥|~27¢ < Cr™ 277,
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which implies ||Scal|| 15y < Cr~". Similarly, with v denoting the unit normal of % in
(M3, 8), we get ||Ric(v, V)|l 1z < Cr~ . Combining this with the last inequality of (15),
we conclude by the Gauss Equation and the Gauss—Bonnet Theorem that

, 1
/ |A>dp = / (Scal — Scaly, — 2Ric(v, v) + EHZ> du
P P

L, _

:f/ Hdpu —4r 2 -2y)+ 0@~
2 /s

=0@0™"),

hence ”A”LZ(E) < Cr~7. Then by Lemma 11 we also have IIAO‘S lr2z.5%) < Cr’%, where
8% is the induced metric of the embedding (X, § Iy < (R3, §). We are now in a position
to apply the result of De Lellis and Miiller [20, Theorem 1.1] (see also [36, Section 2.3]
where this result is reformulated in a scale invariant form) to conclude that X is a topological
sphere, with a conformal parametrization  : SE (z) — X satisfying

° _n
IV — w22y < CrPIA |2 am) < CrP7 2. (22)

In order to prove that o and r are comparable, we estimate

1 1
N (———) 7|
r o
SL(lgz_lz’
2 r o
= 75 (1 -

+ 00~ 7)

L2(3)

LX(Z) *

L el

r

L2(%) * H T 5

L2(2)>
1 2‘

+HA5—A‘

L2<z)>

where we have used (2) and the second inequality in (15) in the last line. Here, we have

|77 -1,
;

L2(3)

_n
<C||A ”LZ(E 5):) O(r 2)

L2(%)
by [20, Theorem 1.1] (see also (2.4) in [36]), and

_n
1A% — Alz2zy < Cr2(1 + [[AllL2¢xy)

<Cr2

by Lemma 11 combined with (15), and

1 H 1 H
e P R L P (PRl
H Ug LX(%) — 2 § L2(%) + (o 2 )8 L%(%)
. 2
= All2x) +I1H — ;||L2(>:)
=00
by (21). Summing up, we conclude that
r _1
|——1]<Cr 2. (23)
o
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To prove that |X | and r are comparable, note that by the first inequality in (15) and because
N

0 < 1—a < 1—a, the coordinate origin 0 lies inside Sf (Z) forr > (%) " For such large
radii, we thus elementarily find

min |X| > (1 —a)r —br'™,

S2@)

max |X| < (1 +a)r +br'™7,

S2@)
with the help of the first inequality in (15). By (22) and the Sobolev Inequality in the form of
Lemma 12, it follows that [ —Id | < C|x Il’%. Combining this with the above inequalities,
we conclude that, on X, we have

=@y —Cr'=3 <|%| < (I +a)r+Cr'-3, (24)

provided that the area radius r of X is sufficiently large. Via (23), we can alternatively state
that (24) holds if the spacetime mean curvature radius o satsifies ¢ > o for a suitably large
o only depending on ¢, a, b, n,and C z.

Bootstrapping. With these new bounds (23) and (24) at hand, we can apply [40, Proposition
4.1] with « chosen as % + ¢ > 1, n chosen as our % > 0, and ¢y, ¢» chosen as our generic
constant C. As all the estimates going into verifying the assumptions from [40, Proposition
4.1] hold pointwise in our case, the assumptions are indeed satisfied for any p > 2. Note
that the existence of the uniform Sobolev Inequality assumed in [40, Proposition 4.1] is well-
established in our setting, and goes back to [29, Proposition 5.4] which holds for surfaces in
asymptotically Euclidean manifolds with general asymptotics as described in Sect. 2. Again
via (23), this gives us (16) for o > &, with suitably enlarged & only depending on ¢, @, b, 7,
and C ».

Asaconsequence of (16), the estimate (22) improves, and we get (18). Similarly, repeating
the above argument that we used to derive (23) and (24), we obtain the improved radius
comparison (19) and (20).

Finally, now that we have a pointwise bound on the tracefree part of the second fundamental
form A accompanying the pointwise estimate (21) for the mean curvature H, it follows that
¥ is the graph of a function f € WZ’OO(Sf (Z)) such that (17) holds for ¢ > @, for again
suitably enlarged o only depending on ¢, @, b, 7, and C 7, see e.g. [40, Corollary E.1], which
adapts [20, Theorem 1.1] to our setting. To be more precise, [40, Corollary E.1] is only not
stated invariantly under scaling but with |X| = 4, but it is straightforward to adapt it to
include the area radius for our purposes. This finishes the proof of Proposition 1. O

5 The linearization of spacetime mean curvature

In this section, we will introduce the spacetime mean curvature map ¢ in a given initial
dataset .# = (M3, g, K, u, J). We will analyze its properties in a neighborhood of a given
2-surface ¥ having constant spacetime mean curvature. We will show that the linearization of
the map 57 is invertible when the linearization is computed with respect to normal variations
within the given initial data set .#. This will later be used to ensure that the CMC-foliation of
(M3, g) constructed in [40] can be pushed via a method of continuity to an STCMC-foliation
of 7.

Throughout this section, we will assume that .# = (M 3.¢,K, pu,J)isa C.z/2 | -asympto-
tically Euclidean initial data set with non-vanishing energy E # 0 and with fixed asymptotic
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coordinates x. Furthermore, it will be assumed that ¥ is a fixed 2-surface of constant space-
time mean curvature .7 (X) = 2/o which has sufficiently large mean curvature radius o and
which for some fixeda € [0, 1),b > 0,and n € (0, 1] belongs to the a priori class <7 (a, b, 1),
see Definition 4. In this setting, we know from Proposition 1 that ¥ is a topological sphere,
and that its coordinate radius, area radius, and mean curvature radius are comparable as stated
in (19), (20). This in particular implies that

3
P=try K = 01(0'7778),

2
H=+x?+ P2 = —+ 01(c727%), (25)

for 0 > o, where o and the constants hidden in the O-notation only depend on ¢, a, b, n,
Cy.

5.1 Stability operators associated with prescribed (spacetime) mean curvature
surfaces

In a neighborhood of ¥, we introduce normal geodesic coordinates y: ¥ x (—§, &) — M3
for some & > 0, such that y(-,0) = Idy, and % = v¥, with v* being the outward unit
normal to X; := y(X, t). For a function f € C*°(X) with | f| < &, we define the graph of
f over ¥ as

graph f = {y(q, f(q)) : q € Z}. (26)

Then, slightly abusing notation, let 7#: C*°(X) — C°°(X) be the operator which assigns
to a function f the spacetime mean curvature .5 (f) of graph f (with respect to the fixed
initial data set .#). The linearization of this map .7 is computed in the following lemma.

Lemmal Let & < M?3 be a closed, oriented 2-surface. Let V: ¥ x (—&,&) — M?3 be
the normal variation with ¥ (-,0) = Idy and %l’/‘tzo = fv for f € C®(X). Then the
linearization L of the spacetime mean curvature map at S is given by
AA V(1)
ot 1=0
H (=AY f — (JA]? + Ric(, 1)) f) — P (Vy tr K — V, K (v, v)) f — 2K (VE £, 1))
H?2 — p2

L f=

)

where A*, V= denote the Laplacian and covariant gradient on (£, g%), respectively.

Proof This follows from the definition of spacetime mean curvature J# = +/ H2 — P2 and

the well-known formulas for w o and w o see Metzger [36, Lemma
1=l =l

5.1]. ]

The map L7’ naturally extends to a bounded mapping L7 : W22(Z) — L*(%). In
Sect. 5.3, we will prove that this mapping has a bounded inverse, for which it is convenient

to rewrite the above expression for L7 in the form
Z
L f = _Zr .
P
1= (%)
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where

ZLfi=—A"f — (A 4+ Ric(v,v)) f
P 5 27
-4 ((Vytr K = Vy,K(v,v)) f —2K(V* f,1)).

Since the denominator is clearly bounded and bounded away from zero by our assumptions
on X, the (bounded) invertibility of L7 : W>2(X) — L2(%) will follow once we show that
Z: W22(2) — L%(X) is invertible with bounded inverse.

Remark 7 Recall that the H & P-stability operator L7+ of the map H & P (surfaces of
constant expansion or null mean curvature) is given by

_AHEP)V(, 1)
a dt t=0
=A% f — (AP +Ric, ) f £ (Vo tr K — VyK (v, v)) f —2K(VZ £, 1)),

LHin

see [36]. As it turns out, the analytic properties of L#%P imply that constant expansion
foliations do not provide an adequate notion of center of mass, in contrast to the STCMC-
foliation studied here. The main difference is that the contribution of the second fundamental
form K in the H £ P-stability operator is large, while it is rescaled by a factor ?/x in the
STCMC-stability operator. The largeness of the contribution of K in the H + P-stability
operator will cause the geometric centers of the surfaces of the foliation to drift away in the
direction of the linear momentum P in general, see Metzger [36, Section 7]. This can only be
avoided by imposing very fast fall-off conditions on K to ensure that P = 0. Furthermore,
a certain smallness assumption on K is also directly required to ensure the invertibility of
LH%EP and hence the existence of the constant expansion foliation, see [41, Theorem 3.1].

As aconsequence of the factor ”/u in the STCMC-stability operator, no smallness assump-
tion on K will be needed to ensure the existence of the foliation by surfaces of constant
spacetime mean curvature. Furthermore, we will see that the leaves of this foliation do not
translate as their spacetime mean curvature approaches zero, provided that the standard
asymptotic symmetry conditions are imposed.

As we will see, the operator .#, and consequently the operator L” , is in many respects
similar to the standard (CMC-)stability operator of X, namely to
_OH(, 1)

Ly =

—A%T f — (JAP> + Ric(v, v)) f.

This operator has been intensively studied, see e.g. [2].

5.2 Eigenvalues and eigenfunctions of —AZ

In preparation for proving the invertibility of the operator ., we summarize the spectral
properties of the operator —A¥, the Laplacian calculated with respect to the metric g~

induced by (=, g%) < (M3, g). For this, let us first consider the operator —ASE, the
Laplacian calculated with respect to the standard round metric 85 on S? =S2(0) — (R, ).

. 2 . .
The eigenvalues of —ASF are 10+ b/2 for [ > 0, and the eigenspace corresponding to !¢ +1 /2
is given by the space of homogeneous harmonic polynomials of degree [ restricted to S%,

. . 2.
see e.g. [13, Chapter I1.4]. In particular, the first non-zero eigenvalue of —AS" is 2/2, the
corresponding eigenspace is spanned by the restrictions to S% of the coordinate functions
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. . 2 . .
x!, x2, x3 on R3. In the following, we enumerate the eigenvalues of —ASr counting their

multiplicity by
0=2a) <Al <A, i=12..., (28)

and we denote the associated complete L?(S?)-orthonormal system of eigenfunctions by
{ fi‘S 2~ Without loss of generality, we may assume that the chosen enumeration is such that

3 .
fi‘S = ﬁxl fori =1,2,3. (29)
r

Note that the tracefree part of the Hessian of each of these functions vanishes, and that we
have

38, SOS)
4mrr4 r?

2 2
(V£ V5 ) — =0 fori=1,23,
2 . . 2
where V7 denotes the gradient with respect to 5.
In order to describe the eigenvalues and eigenfunctions of the operator —A>, note that
by Proposition 1 there is a vector 7 € R? and a conformal parametrization 1 : SE Z)— 2
such that

2z 1_
Il g™ = 8% Dllyragey < Cra~,

where r is the area radius of (X, g¥). As all spheres of radius r in Euclidean space are
isometric, we can easily “translate” i to a conformal parametrization v : S% — ¥ such that

— 2 1_
1 g™ = 85 2oy < Crae, (30)

where r still denotes the area radius of (X, gz).

We will now describe a complete orthonormal system in L2(X) consisting of the eigen-
functions { f;}72,, such that —Azf,- =Xifi,withO = X0 < A; < Ajt1,i =1,2,..., again
counted with multiplicity. The eigenfunctions f; will be chosen so that v s asymptotic
to fis for each i = 1,2, .... For simplicity of notation, in what follows we will identify
fi 1 ¥ — R with its pullback w* fi without further ado. This enumeration and identification
will also allow us to prove useful estimates for the eigenvalues and eigenfunctions of —AZ.

Lemma2 Let.¥ = (M3, ¢, K, pu,J) bea C%Ha-asymptotically Euclidean initial data set.
Leta € [0,1),b > 0,n € (0, 1], and consider a 2-surface ¥ — ¥ suchthat’¥ € </ (a, b, n)
with respect to .#. Then there exist constants C > 0 and ¢ > 0 depending only on ¢, a, b,
n, and C y such that if ¥ has constant spacetime mean curvature 5 = %/s for o > @, then
there is a complete orthonormal system in L*(X) consisting of the eigenfunctions { fil2o
such that

—ARfi = hifi

with0 = Ao < Aj < Xiy1, 1 = 1,2, ..., counted with multiplicity,
and such that for i = 1,2, 3 the following estimates hold

I — A8 < Com27F, (31)

1
Ifi = follwecs) < Co™27%, (32)
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IHess™ fill 2y < Co™ 2%, (33)
RIT; fifi C
(VZfi, VZ fj) = 52 < : (34)
H l 0B 02 iy T it
Furthermore, Ay = 0 and
Ai > — fori=4,5,.... (35)
o

Proof By (30) and Lemma 12 we have
_ 2 1
1" g™ = 6% Il o2y < Cr27".

Applying the Rayleigh Theorem (see e.g. [13, Chapter I1.5]), we see from the above estimate
and (20) that

A,:ir}f/ IVEfRdp =251+ 0275, i=12.3,
X

where the infimum is taken over all f € W'2(X) with [y, fdu = 0 and | fll;2¢z) = 1.
Of course, the O-term constant and the lower bound on ¢ coming from this calculation only
depend on ¢, a, b, i, and C . We will now construct the respective eigenfunctions f;, for
which we will use the fact that these functions are solutions to the equation

—AS(fi = [ =23 = 1)

) s? 5 . (36)
= (A" = AN fi+ i — A fi, i=1,2,3,

where Af = 2/2 for i = 1,2,3. Noting that the right hand side of the equation equals

—AS fi —A? fi,and using integration by parts itis straightforward to check that it is orthogonal
in L%(S?) to any element in the kernel of the self-adjoint differential operator in the left hand
side. Thus, by the Fredholm Alternative [5, Appendix I, Theorem 31], for every i =1, 2,3
there is a unique solution f; — fl.‘S e w22 (S?) orthogonal in LZ(S%) to the linear space spanned
by fi‘s,i =1, 2, 3. Note that we may without loss of generality assume that || fi [l 25y = 1 s0

that ||AZ f; l2zy =2 = O(r—2). Since Scal® = % + 0(0’%’8) as a consequence of the
Gauss Equation (see e.g. (42) below), in view of (20) and Lemma 13 we have || fi | w22(x) =
0(1) as f; = 0. With the above estimates at hand, it is now straightforward to check that

2 5
1A% =A%) fi + i = M) fillazy < Cr27f, i =1,2.3,

so by standard elliptic regularity (see e.g. [5, Appendix H, Theorem 27]%) applied to the
operator on the left hand side of (36), we have

1fi = £ lwee) < Croit, i=1,2,3, (37)

whenever o > @, for suitably large C > 0 and ¢ > 0 depending only on ¢, a, b, v, and C ».
This defines the eigenfunctions f;, i = 1,2, 3, up to applying the Gram-Schmidt process
in the case of multiple eigenvalues. Note that (37) with (20), (30), and the properties of the
functions ff implies (33) and (34).

We have Ly = 0 by definition. Using again the Rayleigh Theorem and (20), it is also
straightforward to check that A; > 5/ fori = 4,5, ..., since the respective eigenvalues of

2 We cite this result for the unit sphere and apply rescaling to extend it to spheres of radius r > 0.
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—AS satisfy A? > 6/,2, whenever o > ¢ for suitably large ¢ only depending on ¢, a, b, 1,
and C .. This concludes the proof. O

We can now give a more detailed characterization of the lowest eigenvalues A;,i = 1, 2, 3.
More specifically, in the following lemma we show that these eigenvalues are computed in
terms of the Hawking mass

My (2) = E b A du (38)
’ 167 16w Jx

of ¥ in the initial data set .. We will drop the explicit reference to X later and will write

m_yp instead of m y» (¥). This lemma and its proof are very similar to [40, Lemma 4.5], but

rephrased in the spacetime setting.

,4¢-asymptotically Euclidean initial data set
with energy E. Suppose that a € [0,1), b > 0, n € (0, 1], and that ¥ € </ (a, b, n) with
respect to Z is a surface with Hawking mass m y» (X). Then there exist constants C > 0
and o > 0, depending only on ¢, a, b, n, |E|, and C_y such that if ¥ has constant spacetime
mean curvature 7’ = %/ for 0 > & then the following estimates hold

Lemma3 Let .¥ = (M3, g, K, 1, J) bea cg

2 bmy (X% C
Ai—<7+m%73()+/Ric(v,v)fi2d,u>‘ < 3o fori=1,23  (39)
o (o ) o3te
and
’/ Ric(v,v) fi fidu| < o for i £ j, withi,j=1,2,3. (40)
z oe

Proof A polarized version of the standard Bochner formula (see for example Proposi-
tion 33(3) in [42, Chapter 3]) in dimension 2 applied to the eigenfunctions f; and f; for
i,j=1,2,3reads

1
FAF(VE 1 VE )
= <HessE f,-,HessE fj>
1 1
+5 (VE fi, VEAE f;) + (VEAE £, VE £;) + ESC.al2 (VEfi, VEF)
= (Héss):fi, Héss):fj> + %A,-Ajf,»fj - % (A + 4, —Scal®) (VE £, V= f;).

Integrating this identity, using the Divergence Theorem on the closed surface X, integrating
by parts, and recalling (33), we obtain

A28 —/ Scal® (VE f;, VE f;)du| < Co 7% (41)
)

for some constant C > Q0 and all o > & > 0, with C and ¢ only depending on ¢, a, b, , and
C s . Next, the Gauss Equation combined with (16) and (25) gives us

. H?
Scal® = Scal — 2Ric(v, v) — |A|? + —
2 42)

_ _ . 2 —3-2¢
= Scal — 2Ric(v, v) + 5 + O(o ),
o

possibly enlarging C > 0 and o > 0 without introducing new dependencies.
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Substituting this into (41) and using (34), (31) together with the fact that our initial data

setis C %2 +.-asymptotically Euclidean we conclude that, by partial integration, we get

2 . 38;; Jifj C
2 J j
‘(ki - ;A’) Sij — /E(Scal — 2Ric(v, v)) <02|E| -3 > du‘ < S (43)

Wheni # j,i,j = 1,2,3, this gives us (40) once we recall that Scal = 0(0‘3_8) as
a consequence of Definition 1 with possibly enlarged C > 0 and o > 0. In the case i = j,
i, j =1,2,3, one arrives at (39) by combining (43), (20), (31), and the fact that our initial

data set is Clz/Z L.-asymptotically Euclidean, as well as using

— / (Scal — 2Ric(v, V) dit — m ()
167 b))

r s H? - Iz 1 5 )
— Scal®> — — 4+ A ) dpu — | — (1= — [ (H> = P du
167 Jx 2 167 167 Jx

C
o2’

= (44)
This last inequality follows from (42), the Gauss-Bonnet Theorem, and the definition of 7, o,
and m s (¥) with possibly enlarged C > 0 and o > 0. This proves the claims of the lemma.

m]

Remark 8 Since P2 = O(o—37%) in (44), this lemma remains valid if we replace the Hawk-
ing mass m s (X) by the Geroch mass m g (%) (also sometimes referred to as “(Riemannian)
Hawking mass”) given by

|2

1

—— | H*du). 45
167 /s M) (45)

The same remark will hold true for the subsequent results. However, we choose to use
m_r (X), and not m g (X), throughout to emphasize the spacetime nature of our result.

5.3 Invertibility of the operator .~

Section 5.2 above provides the following description of the eigenvalues of the Laplacian
—AZ:

e )o=0,
e fori =1, 2, 3 the eigenvalues X; are characterized by formula (39),
e fori =4,5,... wehave X; > /2.

It turns out to be useful to decompose functions i € L2(T) with respect to the L3(D)-
complete orthonormal system { fo, f1, f2, f3, ...} of eigenfunctions corresponding to —AZ
when analyzing .2 and the L?(2)-adjoint .£*h (the latter being of interest as we are aiming
for a Fredholm Alternative argument). More specifically, itis useful to split any given function
h € LA(X) into its mean value

0 = f hdu = f / hfodu, (46)
> M)
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its translational part

3
' ::Zf,-/zhf,- dpu, (47)
i=1

and the difference part®

hi=h—h'. (48)
Proposition2 Let .7 = (M3, g, K,u,J)bea Clz/zﬂ-asymptotically Euclidean initial data
set with energy E. Suppose that a € [0, 1), b >0, n € (0, 1], and that ¥ € <7 (a, b, n) with
respect to .7 is a surface with non-vanishing Hawking mass m y (X) # 0. Then there exist
constants C > 0 and o > 0, with C depending only on ¢, a, b, n, and C y and & in addition
depending on |E| in (53), such that if ¥ has constant spacetime mean curvature A = 2/o
for o > @, the following estimates

o

LR 1205y < 171l 2 s (49)

e

6m p (X) C
‘ /}E @iy dye — ) /2 M dp| < WA 2 2, (50)

| w2 fdn] =~ 51)
X g§+8

3

2ozl < 120 N2, (52)
3lm (D)
Tllhﬂlﬂ(z) < IZhllr2x) (53)

hold for any h, hy,hy € W22(Z). The same estimates apply to the L*()-adjoint L*.
Moreover, the Hawking mass m yz (X) and the energy E are related by

|E —my ()] < Co%. (54)
In particular, the operator £ : W>2(X) — L%(X) is invertible as long as the energy E of

the initial data set does not vanish and o is sufficiently large, depending only on ¢, a, b, 1,
and C ».

Proof 1In this proof, C > 0 and & > 0 denote generic constants that may vary from line to
line, but depend only on ¢, a, b, n, and C ., and, in the case of (53), also on |E]|.
Proving (49). By definition of .# in (27), we have

. H?
Lh' =— ATR — <|A|2 + =+ Rie(v, v)) h!
P

- (Vytr K — VK, v))h' = 2K (VZh',v)).
It follows from Proposition 1 that |f§|2 = O(c7379), and we know from Eq. (25) that
H?> = 4072 + 0(c737%), and that £ = O(o—2%). Furthermore, the definition of

3 We do not call ¢ the “deformational part” as some other authors do, because 19 also contains the mean
value information. In other words, we primarily use this splitting to distinguish between the eigenfunctions
corresponding to eigenvalues of different magnitude.
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C@z +o-asymptotically Euclidean initial data sets implies that Ric(v, v) = O(a’%’e) and
that V, tr K — V, K (v, v) = O(0~2 ). Hence,
2 2P s
Lh = —ATH — Sh 4+ K (VPR v) + 00N
o H
By (31), we have

2
Yot t
H—A ' — —h

||ht ||L2(2),

5
o LZ(E) O_§+E

whereas (34) implies by a Cauchy—Schwarz Inequality that

ZP Y.t C t
71<(V h',v) < e A N2 cx)

LX(%)

recalling that i’ € Span(f1, f2, f3). This proves (49).
Proving (50). Arguing as above, by Proposition 1, Lemma 2, and our decay assumptions
on the initial data set, we have that

2
/):(gfi)fjd,u= <ki—ﬁ>5ij—/;RiC(V, V)ﬁfjdu+0(a_3_25)

forany i, j = 1, 2, 3. It then follows by Lemma 3 that

C S
‘/E(.Eﬁ)fjdu‘fw fori #j,i,j=1,2,3,

and

‘/(fﬁ)ﬁdu— fori =1,2,3.
)

6m () - C
o3 - o3t
In particular, we see that (50) holds for A/, ht2 € {f1, f», f3}. The general case follows by
bilinearity and by the Cauchy—Schwarz Inequality on R
Proving (51). By definition of .Z, we have that

2

o H P
Lfi=—A%fi —(|AP + —- +Ricw,v) + L [Vor K = VK (v, ) i

2P
+ ?K(Vzﬁ,v).

Next, by (25), we have

s H? H? 2 3.2
—A fi—Tfiz()»i—*z)fiz()w—*z)fﬁ'o(ff ) fis
o

while the C 32 +o-asymptotic decay assumptions as well as (25), (34), and the Cauchy—Schwarz

Inequality lead to
P —3-2
H[VvtrK—VuK(v, v)]=O0(o ),

< Co 372,

2P s
— KV=fi.v) <
H LZ():)
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Proposition 1 gives us that |A|2 O(0—372%). Summarizing, we found

C .
/ u' 2 f; du‘ < 3% ”ud”Lz(E) + ‘/ Ric(v, vu’ fi dp
D) x

IA

d
lu®ll 2z,
5
o27¢ =

recalling that u¢ is L(X)-orthogonal to f; fori = 1,2, 3.
Proving (52). We will use the following manifest relation for the linear operator .¥

120 7o 5y = 12 = B 7o) + 1270175 5, +2 /2 L =1 Lh dp. (55)

Arguing similarly to how we argued above, we now integrate by parts and use Proposition 1,
(25), and (35) giving A; > 3/s2 fori = 4,5, ..., and the asymptotic decay conditions on .
to estimate from below the expression

/E h? =" 2m? — % du
2
= / [—(hd — AT — n%) — (% + |A]? + Ric(v, v)) (h? — ho)z} d
D)
—/ [5 (Vytr K — Vo, K (v, v)) + div® (EK(V ))] h* —h%?%du
5 H v v k) H E)
= / [—(hd — AT (R — 1) — (20—2 n 0(0—3—5)) hd — ho)z] du
D)
> (30724 00071 /(hd — 1% du
_42/(h" W% du

as hd — WY ¢ Span( fa, f5, ...). Here, the factor % < 3 is chosen for later convenience.
Hence by a Cauchy—Schwarz Inequality on f 5 (h? — 924 — h% du, we obtain

7
12" = K25y = =3 1A% = 1Ol 2 (x).- (56)

Note also that &g is a constant, so that

0 H> ., P 0
Zh = — [ =— + AP + Ric(w,v) + — (Vo r K — V, K(v,v)) | h
2 H
(57)
- (20—2 n 0(0—%—8)) KO,
and thus

7
121025y = 5 102 (58)

where again, the factor % < 2 is chosen for later convenience. Using (57), integration by
parts and finally Young’s Inequality, one can also check with the same decay arguments as
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above that
/ Zh.2h? — % du
D)

- —20*2/ B2 (hd — %) du +/ 00 3 0 2h? — K% du
X X

5_

—20—2/ h° <2§K(V2(hd — 1 v+ 006 2750 — h0)> m
)

+/ 0020 2h? — K% du
)

/ 0~ 2R — K% dp +/ 00 2 R0 .2h? — h%) du
x )

A%

et o [ -

9_

_ _1_
> —Co 2 (Ih = 101725y + 1001725 — Co 22 1L = 1) 7o s,

Combing this estimate with (56) and (58), (52) follows from (55) once we recall that hd— Ko
is L*(%)-orthogonal to A°,

Proving (54). To see that E and m s (X) are as close as claimed, we recall the well-
known fact that the Geroch mass m g (%) of sufficiently round large surfaces in a C,2/2 LT
asymptotically flat initial data set .# is close to the energy E of .#. More specifically, Lemma

A.1 in [40] (relying on [26] and [37]) and (44) imply that

|[E —my(X)| =

E— / (Scal — 2Ric(v, v)) du
167 b))

+

L/(Scal — 2Ric(v, v)) dpt — my (5)
167 b))
<Co™ 8.

Thus m»(X) # 0if E # 0 aslong as 0 > o with C > 0 and o > O sufficiently large,
depending only on ¢, a, b, n, and C .

Proving (53). We pick a number k > 0 such that 1 — 4¢ < 2« < 1 and consider two
cases. In this part, we will abbreviate m j» (X) =: m_z .

Case 1. Suppose that [|h?]|7 .- oK A7 (5 As a consequence, using (49), (52),

and Young’s Inequality, we obtain forany 0 <« < 1,e.g. o = % that
1R ) = /E ((,zhd)z +2(LhY)(Lh") + (.th)z) m
= (1= o) (120 2 ) — @7 1201 2 )
> (1—a) (ﬁﬁ||hd||iz(z) - %nh’niz@))

9 2 ¢ 2
(1—-a) (403""(”}1”L2(2) - W”h”LZ(ZJ

L
”h”L2(E)

%

o

@ Springer



On center of mass and foliations by constant spacetime mean curvature Page 250f 57 214

provided that o > o, where now & may actually depend on E as we used (54) in the last

step. Thus (53) holds in case |h¢ ||L2(E) > a_l_" ”h”L2(2)
Case 2. Now assume that ||hd||L2(2) < G_%_K ||h||L2(2) In this case,
/ hshdu| > || W Lh'du|—| | h?Zh du’ — || Wehtdul, (59)
% b b =

where by (50), (54), and because h’ and h? are Lz(Z)—orthogonal, we see that foro > 0,0
suitably large depending now in addition on E, we have

6lmy|—Co~*
t t
/Eh ZLh'd ‘ O'—”h ”L2(2)

6lmy| — Co™¢ 2 d
= 2T (1) = 100 )

6|m | — Co~¢ 1 2
2 0_3 1 - o—%""’( ||h||L2()3)

6lmy| —Co™*
= T”h”LZ(E)’

where we used that ¢ < 1 by definition. Moreover, using the Cauchy—Schwarz Inequality

1 .
and the assumption || A% |2 <o 27|h|? we estimate

LX(®) — LX(2)’

_1_x
= Co 4 2hll 21 -Zhl 2 (x)-

/ W Lhdu
D)

Further, arguing once more as above with the explicit form of . in (27), using the asymptotic
decay conditions of .#, (16), (25), and integration by parts, one confirms that

_5 [ PNY'S 2
< Co I8 R | 2y 10 p2xy < Co™ #5213,

. Zhddu
)

(=)’

using again the assumption [|A¢ ||iz(2) < o 2 ||h)2 12(x) and the fact that 1A' 2s) <
121l 2(x) in the last step. It then follows from (59), the Cauchy—Schwarz Inequality, and the

bounds on « that (53) also holds when ||hd||L2(2) <o71F ”h”L2(2)

Combining Case 1 and Case 2, we have thus shown (53). To conclude the proof, it only
remains to show that .Z* also satisfies the estimates (49)—(53) and that .# is invertible
provided that the initial data set .# has non-vanishing energy E # 0 and the spacetime mean
curvature radius o of ¥ is sufficiently large, 0 > o, o depending on E.

Invertibility of £ and estimates on £*. The operator . is not self-adjoint, but its L?(X)-
adjoint .Z’* has very similar structure, differing only in the last term. In .Zh, this term reads
2P K (VEh, v), while in .Z*h, this term becomes — div* (27 K (-, v)) 1. Recall that

2P k) = 01072), (60)
H
Going back to the proofs of (49)—(53), we see that all of them work if we replace . by
£* modulo exchanging the performance of partial integration with the decay estimate (60)
and vice versa. This, in particular (53), implies that the L2(X)-kernel of .Z* is trivial, and
hence .: W22(2) — L%(X) is invertible by the Fredholm Alternative [5, Appendix I,
Theorem 31], as long as m (X)) # 0 which is guaranteed from E # 0 and (54). The

@ Springer



214 Page 26 of 57 C. Cederbaum, A. Sakovich

Fredholm Alternative applies as .# is clearly a linear elliptic operator as its symbol is that of
the Laplacian —A¥ and because X is compact. O

Corollary 1 For every h € W>2(X), we have
Inllwz2s) < C (@2 1Ll 2y + Mhll2s)) < Co> | ZLhl2s).
1 w2y < Co?IlLh 2,
foro > o and with C > 0, ¢ > 0 only depending on ¢, a, b, n, C.», and E.

Proof Note by (42) we have Scal® = % + O(a_%_g), hence, in the view of (20), Lemma
13 applies to . Combined with the Cauchy—Schwarz Inequality and (20), this result gives
us

IRl w22y < Co? AT R 20s) + 1Al L2(x)- (61)

Recalling the definition of the operator . (see (27)) and the fall-off properties of the initial
data set, we further find that

= i —3—¢ -2 o
18Rl 2y < 1 LRl + (23 + 0@ ) Ikl + 0@ IVZh 2,

2 5 _
< Zhl 25 + (p +0(0™2 8)) 18] 25y + 0@ DIRAZR| L1 (5

< 120l 2y + 0@ DIkl 2y + O DIAZR] 25
hence
||A2h||L2(z) = ||$h||L2(2) + CU—2||h||L2():)
Combining (61) with this estimate and (53) we thereby obtain

Inllw22sy < C (021 L0l 2cs) + IRl 2cs))
:;

< (1R + 5

S A— A )
Im_e ()] LAz

< Co?|Lhl 2cs).

This proves the estimate for 4. The estimate for 29 is proven similarly, using (52) instead of
(53). O

6 Existence and uniqueness of the STCMC-foliation
In this section, we will prove that any C%z c-asymptotically Euclidean initial data set
J = (M3, g, K, u,J) is foliated (i.e., roughly speaking, covered without gaps or over-

laps), outside a compact set, by 2-surfaces of constant spacetime mean curvature (STCMC).
We also prove a uniqueness result for STCMC-surfaces.

6.1 Existence of the STCMC-foliation
In [40], Nerz proved the following result, rephrased here in our notation. Note that because

of time symmetry K = 0, the CMC-foliation constructed by Nerz can be viewed as a special
case of the STCMC-foliation under consideration here.
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Theorem 1 (Nerz2015) Let (M3, ) be a C,2/2+£-asympt0tically Euclidean Riemannian man-

ifold viewed as a C%HE-asymptotically Euclidean initial data set %y = (M3, g, K = 0,
n= %Scal, J = 0), with non-vanishing energy E # 0. Then there is a constant o 4, > 0

depending only on ¢, C 4, and E, a compact set %y C M3, and a bijective C'-map
Wo: (0.5, 00) X % — M3\ A

such that each of the surfaces %5 = Wo(o, S?) has constant mean curvature H (Z§) =2
provided that 6 > 0 4,,.

This result is a starting point for proving the following theorem, which is essentially the
main result of this paper. For the sake of clarity of exposition, we provide the proof of the
following theorem right away, saving the verification of some preliminary lemmas for later.
We state Theorem 2 here in a notation convenient for its proof.

Theorem 2 (Existence of STCMC-foliation) Let .9 = (M3,g, K,u,J) be a C,Z/H_S-
asymptotically Euclidean initial data set with non-vanishing energy E # 0. Then there
is a constant 0.y, > 0 depending only on ¢, C z,, and E, a compact set %, C M3, and a
bijective C'-map

Wi (04,,00) xS = M3\ 7

such that each of the surfaces £ = Wi(o, S?) has constant spacetime mean curvature
(X)) = 2/o, provided that 6 > 0 4,.

Remark 9 As the proof of Theorem 2 will show, the surfaces X{ are in fact asymptotically
centered in the sense of Definition 4, more specifically, they satisfy Xy € <7(0, b4, n.7,)
for all o > o 4, with constants b, > 0, n#, € (0, 1], and 0#, > 0 defined in the proof of
Theorem 2, and depending only on ¢, C s, and E.

Proof The family of closed, oriented 2-surfaces {X{ }o o . will be constructed via a method
of continuity, see also Sect. 3. Roughly speaking, we will deform the constant (automatically
spacetime) mean curvature foliation {3 }5 ¢ 7o of the initial data set .%) from Theorem

1 along the curve of initial data sets {.%;};¢[0,1], Where .7, = (M3, g, tK, ur,tJ)is as
described in Sect. 3.1, arriving at the foliation of the initial data set .#; by constant spacetime
mean curvature surfaces {X7 }0>U1 . In order to make this idea more precise, we introduce
the following construction.

By Theorem 1, we know that for every o > o4, there is a closed, oriented 2-surface
5 —> M 3 with constant spacetime mean curvature . (2§) = /- with respect to the
initial data set .#y. Furthermore, the proof of this result in [40] shows that there are constants
bgy > 0and 1 > 5y, > 0suchthat £§ € o7(0,bsy, n.4,) for all o > o.4,. We recall
from [40] that b s, and 7.4, only depend on ¢, C 4, and E which can be restated as saying
that they only depend on ¢, C#,, and E by our construction. Set b s, := 4b 4, > b 4, and
Ny > Ny = % > 0. From Section 5 and by the definition of b~ and 7., we know
that there are constants C and o depending only on &, C~,, and E such that the operator
£ W22(2) — L%(X) is invertible whenever ¥ € 7 (0, bz, n.,) is a surface of constant
spacetime mean curvature S (X) = 2/o with respect to the initial data set .#, for o > o,
and whenever in addition the estimates of Proposition 2 and Corollary 1 are available on X.
Without loss of generality, we may also assume that C and o are such that the regularity
result in Proposition 1 as well as a supplementary result stated in Lemma 8 (see Section
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by,

6.2 below) apply witha = a = 0, b = 1, b=byg,n=2ns,71=ns. Weset
0.y, ‘= max{o, 40 4,}, and note that by their definition 0.+, b_#,, and n.», only depend on
e,Cy,and E.

Now fix 0, > o, for the rest of the argument until we start discussing the foliation
property when applying Lemma 9. Let Y+ C [0, 1] be the maximal subset such that there is
a C'-map

T Y% x §* — M?
with the following properties for every T € Y %*:

(i) The surface £* := Z% (t, S?) has constant spacetime mean curvature 7 (X7") = /o,
with respect to the initial data set 7.
(i) 8;.%% (1, q) is orthogonal to X¢* for every ¢ € S2.
(iii) The surface X¢* is asymptotically centered in the sense X7* € <7 (0, b 71> N.77)-

Maximality of Y°+ is understood here as follows: if the above conditions are satisfied
for some Yo C [0, 1] and a map % : Y% x S — M?3, then Y% C Y% as well as
Fo*|gox = Fox,

Note that for t = 0, Condition (i) is ensured by the assumptions in Theorem 1. The same is
true for Condition (iii) once one takes into account that <7 (0, b, n.7,) € /0, b.s,, n.7,).
However, Condition (ii) is not automatically satisfied for T = 0 as we do not even know
whether the map %+ exists. The following lemma ensures that Y°* contains an interval
[0, 79) for some tp > 0. In particular, Condition (ii) is satisfied a posteriori for ¢ = 0. More
generally, this result shows that ¥+ is open around any 7, € Y% such that 2;’; e (0,b,n)
forO<b<by andnys <n =<1

Lemma4d Let0<b <b < by andny <7 <n <1 Forany 1, € [0, 1] for which there
exists a smooth surface 7° € «/(0, b, n) satisfying S(25*) = 2/o., there exists an open,
connected neighborhood U-, of . inside [0, 1] and a unique C'-map F: U;, x S? —» M3
with z;’: = F% (1, -) such that (i) and (ii) are satisfied for £3* := F%(t, -), and such that
x7* € o/ (0,b,7) forall T € Us,.

Proof In order to prove this lemma, suppose that 7, € [0, 1], and that b and  are such as in the
statement. As discussed in Sect. 5.1, in a neighborhood of each £7*, we may introduce normal
geodesic coordinates y: X¢F x (—&,&) — M?> near 7*. Now let Ué_.z’z(Ef:) C W22(27)
be an open neighborhood of 0 € W“(Efj) such that f € Ug’z(E?j) implies | f| < &; such
a neighborhood exists by Lemma 12.

Next, we consider the graphical spacetime mean curvature map

1 [0,1] x UPP(B77) — LA(22)

which assigns, to every T € [0, 1] and every f € U ; *2(22’:), the spacetime mean curvature
# (graph f) of the geodesic graph, graph f = {y(q, f(¢)) : ¢ € 7'}, with respect to the
initial data set .#;. The Fréchet derivative of the map 4 with respect to the second argument
f atthe point (z,, 0) is the operator L WZ’Z(E‘;**) — LQ(Z‘,’:) given by Lemma 1, where
all geometric quantities are computed with respect to the initial data set .#,. As shown in
Sect. 5, the linearized operator L WZ’Z(Z?:) — LZ(E?:) is continuously invertible,
because 0, > 0.4, .

By the Implicit Function Theorem, there thus exists a relatively open neighborhood lN]r* -
[0, 1] of 74 and a unique Cl—map y ﬁ,* — U§’2(E?**) such that y%*(t,) = 0 and

h (T, v (1)) = h% (14, y7*(14)) = /0. forallt € ﬁf*.
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Thus, by construction, for every 7 € ’ij*, the surface 7" = graph () has constant
spacetime mean curvature 2/o. with respect to the initial data set ..

Recall that the surface 7" is a graph over some round sphere by our assumptions and by
Proposition 1, recalling again the a priori bounds on oy, b, and 7. As %7* was defined as a
graph over %7* for every T € UT*, composition of these two graphical representations gives
us that £7* is parametrized over a round sphere.

Thus, we may now define the map .7 %+ : ﬁf* x §? — M? by setting .Z%(t,S?) := £
and defining the parametrization of £7* by requesting that 9;.%°* be orthogonal to % for
all 7 € lNJT*.

By continuity of .%#°* and because 0 < b < b,0 <7 <n<1and 2;’: e (0,b,n),
there exists an open neighborhood U, < ﬁf* of 7, such that

£% € o (0.5, 7) (62)

holds for all T € Uy, as desired. This proves Lemma 4. O
. - by

Choosing b = by, b =2b sy = -, and n = n.y,, 7 = U = 21n.#,, Lemma 4 shows

directly via Theorem 1 that 0 € Y°* and that Y is relatively open near 0. Now we let X
be the maximal connected subinterval of Y°* containing t = 0. As we have just seen by
Lemma 4, X is relatively open near t = 0. Set t* := sup X°*. In Lemma 5 below we will
show that t* € X%, so that X°* = [0, t*] is closed, where 0 < t* < 1.

Lemma5 The interval Y°+ C [0, 1] is closed.

Proof Closedness of Y%+ can be addressed by following the arguments given in [40,
Lemma 5.6] and [41, Lemma 3.14], as the necessary preliminaries are available in the form
of Lemma 6 and Lemma 7 below. Alternatively, one may rely on a more standard method
used in [36, Proof of Proposition 6.1], which we describe below. The Sobolev spaces we
use throughout the paper are weighted, however, for a given closed, oriented 2-surface, the
weighted Sobolev norms are equivalent to the traditional unweighted ones; we will thus
switch to the usual unweighted ones for this proof in order to allow us to use standard results
on Sobolev spaces on 2-surfaces.

Let {Tn}f,ozl C Y% be a sequence of real numbers with lim,_,», 7, =: 7 € [0, 1] and let
7% € (0, by, , n.s,) be asurface with constant spacetime mean curvature 7 (£7") = /a.
with respect to the initial data set .#;,. By Proposition 1 we know that there are functions
faiSy, (Z,) — R such that Z?,j‘ = graph f, where r, and Z,, are the area radius and the
coordinate center of X7*. By the first inequality of (15) and by (20), we know that the
sequences {r,}°° | and {Z,}°° | are umformly bounded, so we - may assume (up to passing
to a subsequence) that lim,, .7, = r and hmn_>oo Zn = Z. Consequently, in view of
(17), we may assume that there is a sequence {fn 721> such that f,, S,(Z) — R and
%7* = graph f .- Again in the view of (17), we may assume that this sequence is uniformly
bounded in W2’°°(S§ (z)) and hence in Cl'ﬁ(S%(z )) for any 0 < B < 1. Recalling that X7
are surfaces of constant spacetime mean curvature, we see that the functions f , satisfy a
linear elliptic PDE of the form

2 2
> al ogoy fo+ > bhogf, = Fu. (63)
B.y=1 B=1

with uniformly bounded coefficients a,, , b,, ,F, e CO-P (S2 (7)), see Appendix 2 for details.
A standard argument using Schauder estimates (see e.g. [25, Theorem 9.19] and [30, Theorem
10.2.1]) allows us to conclude that the functions f, € C 2.8 (SE (z)) are uniformly bounded
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in C># (Sz(z )), and consequently, up to passing to a subsequence, we may assume that
{fn}Oo | converges in cx “(82(2 )) to a limit f € C? “(Sz(z )) for some fixed 0 < @ < 1.
As a consequence of (63) and the asserted C>*-convergence, we see that ©7* := graph f
has constant spacetime mean curvature 7 (X7*) = 2/o+.

Finally, we confirm that £7* = graph f € <7(0, b.s,, 1.#,) by passing to the limit in the
respective inequalities of (15) for £7* = graph f 2 € Z(0,bs, 0.7 ). Again, this is possible
in the view of the C>“-convergence of the graph functions. O

Continuing the proof of Theorem 2, we will now use Lemma 8 below to show that t* = 1,
arguing by contradiction. Suppose instead that 7* < 1. Then £7* € &7 (0, by, 1.5,) for
allt € [0, T ] whereas E“* € (0,b.y, ns,). Applying Lemma 8, we see that in fact

27 e ;zf(O 2 . 2n.7,). Asaconsequence, we may apply Lemma4 withb = j‘ ,b=by,,
n = 2n.4,,and ] = 1.4, to show that [0, ¥ 4+ p) € Y°* for some p > 0. ThlS contradicts
the maximality of the intervals X°*, hence t* = 1 and Y% = [0, 1].
Summing up, we have shown that for each o > 0.4, there is a surface £7 = .77 (1, S?)
such that its spacetime mean curvature in the initial data set .#} is precisely J(X{) = /o.
We may now define ¥ : (0.4, 00) X S? — M? by setting

Vy(o, ) :i=F(1, ). (64)

The only remaining thing to check is that the family {X7}550 s is a foliation, which will

be the case if W) is a bijective C!-map onto the exterior region M3 \ .#] of a suitably large
compact set  C .#] C M?. This is proven in Lemma 9. Note that in this step, we may need
to increase o, , albeit without introducing new dependencies. O

6.2 Supplementary lemmas

We will now prove the supplementary lemmas that were used in the proof of Theorem 2
above.

Lemma6 Let & = (M3, ¢, K, i, J) beaCP, -

with non-vanishing energy E # 0, with X: M3 \ % — R\ Bg(0) denoting the asymp-
totic coordinate chart. Assume in addition that K satisfies the potentially stronger decay
assumptions |K| < C y |X |"S’8f0r some § > 7 and all ¥ € R3 \ Bg(0).

Let 9 £ U C [0, 1] be an open subset of [0, 1] and define .7+ as in the proof of Theorem
2 foreacht € U. Leta € [0,1), b > 0, n € (0, 1] be fixed. Then there exist constants
o > 0and C > 0, depending only on ¢, 8, a, b, n, C 4, and E such that the following holds
for any ¢ > @: Assume there exists a C'-map .F°: U x S* — M?> such that for every
T € U the surface £ = F°(t, S?) is in the a priori class </ (a, b, n) and has constant
spacetime mean curvature 7 (X7) = 2/o with respect to the initial data set 97. Assume
Sfurther that #° is a normal variation map in the sense that there exists a continuous lapse
Sunction u = ug : 7 — R such that 9: F° = u v, where v = v¢ is the unit normal to £
in (M3, g). Then we have

-asymptotically Euclidean initial data set

lully22cmey < Co™™272 w2z < Co27273% (65)
and Lu = O(c1=2-28),

Proof 1In this proof, C > 0 and & > 0 denote generic constants that may vary from line to
line, but depend only on ¢, 8, a, b, n, C.», and E. The surfaces X7 have constant spacetime
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mean curvature Z(X7) = ?/o in the initial data set .#;. For clarity, we will write this
constant spacetime mean curvature with an explicit reference to the initial data set .7 as
HO(XY, S7) =2/ forall T € U. Hence

O (27, I7) =0,

which gives us the following linear elliptic PDE on the closed surface X¢ for the a priori
only continuous lapse function u = u? : £ — R:

2
Pu— M (66)
H(Z}Y)

where the elliptic operator .Z is (up to a certain factor) the linearization of the spacetime
mean curvature operator for the surface X in the initial data set %7, defined in (27). Then
Proposition 2 implies that u € WZ’Z(E? ), and that such a u is unique. Together with (25)
and P = O (o ~%7%), (66) implies that

Su=0(c'27%), (67)
As a consequence, by Corollary 1 and (49), we get
! y22(zey < Co?llLu 20
= Co? (IZull2zp) + 120 12z )
(68)
< CO_2 (02—25—28 + ||$Mt||L2(2g))

4-286—2¢

1
< Co +0'7778||Mt”L2(2<11).

In order to estimate ||u’ ||L2(2g)s note that by (50) we have fori =1, 2,3

3
/uﬁdu— g /u;ff,-du
o omyy Jxo

3
/ ' frdy — == / W' L fidu
zo omy Jxo

3
6|m |

3

=<

+

/ ul L fidu
X4

6lm |

< CU_E ||I/£[ ”LZ(E;’) +

9

/ R m
27

where we again use m » = m_ (XY) as an abbreviation for the Hawking mass and the fact
that m_» # 0as E # 0 and |m_» — E| < Co~¢ by Proposition 2. By (51), we have

=

d
—ull 2y

o2

/ ul 2 fidp
by

+¢&

Using the Cauchy—Schwarz Inequality, integration by parts, and (34), together with f; ~
\/% x', (20), and (67) we obtain

/ u? fidu / fiZXudn
7 7

S Co_2—25—25 + CO'_28_28||M”L2(E?).

L S¢ p _ fyEe
< +2 K (uV* fi — fiV*Tu,v) du
so H
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Combining the last three estimates with a Triangle Inequality, it follows that

3 3

I iacs < ot | [ widn] + Co~ Wz + o | [ w2 frd
lmuel |Jse 6lmyr| |Jse
<Co% B 4 Cou' Il 20, + Co 2l 250
so that
'l 20mg) < Co> 7% 4 Cot ™ u | 2 g
Recalling (68), we now get a W2 2-estimate for u?, namely
lullazgg) < Co3—27%,
From this, as a consequence of (67) and Corollary 1, we also have
I lw2zesey < lulweagse) + lully22cme
< ||Md||w2v2(2g) + CU3||$M||L2(25) < Co¥7272%,
]

Lemma 6 enables us to prove the following result.

Lemma7 Let .7 = (M3, g, K, u,J) bea Clz/z_,,_s-asymptatically Euclidean initial data set
with non-vanishing energy E # 0, with X denoting the asymptotic coordinate chart. Let
B # U C [0, 1] be an open subset of [0, 1] and define .7, as in the proof of Theorem 2 for
eacht € U. Leta € [0,1), b > 0, n € (0, 1] be fixed. Then there exist constants ¢ > 0
and C > 0, depending only on ¢, a, b, n, C.#, and E such that the following holds for any
o > G: Assume there exists a C'-map F°: U x S* — M?> such that for every T € U the
surface £7 = 7 (t, S?) is in the a priori class < (a, b, n) and has constant spacetime
mean curvature 7 (XJ) = %/ with respect to the initial data set .%;. Assume further that

F° is a normal variation map in the sense explained in Lemma 6. Then

|0 (IX |0 Z7)| < Co' ™, (69)
|0:129] < Co?™*, (70)
19:Z o F7)| = O(c'7%). (71)

Proof 1In this proof, C > 0 and & > 0 denote generic constants that may vary from line to
line, but depend only on ¢, a, b, n,and C.»,and E. Letu: £7 — R denote the lapse function
as in Lemma 6. Then Lemma 6 applied with § = % and the Sobolev Embedding Theorem
in the form of Lemma 12 imply that |0; 7°| = |u| < Co'~¢. Then (69) is proved by the
elementary estimate

|G 0 730 77)
| = < Co'™®.

S o
|0z (IX]0.77) o 70 <

In order to prove (70), we first recall that the mean curvature of X7 satisfies H = % +
O(0~27%), see (25). The first variation of area formula, the fact that the eigenfunctions
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used to span LZ(Z‘I’) are Lz(Zg)-orthogonal so that in particular we have f):" u'du =0,

combined with Lemma 6 for § = % lead to

|0: 12| = ‘/ Hudp
=7

Hudd,u
7

2
< + (H—=)u'dp
o

P2

< Cllu?| + Co 7 |

= u LZ(Zg) o u LZ(E.‘!’)
3e

<Co277,

where we also used the Cauchy—Schwarz Inequality.
A very similar analysis demonstrates |8T|2§’|5| < Co%’e. Finally, we prove (71): By

definition,
i a0 1 i S
70T = — xtdu’.
12715 Jxo

Using the variation of area formula, the Cauchy—Schwarz Inequality, (19), (20), and Lemma
6 with 6 = % we compute

. 1 . . 1
0:(z' 0 F%) = Bt (/20 uvt dpd +/);g x'qu/L‘S> — W&m?lg
T T T

— 0(01—26).

This proves (71). ]

Lemma8 Let & = (M3, g, K, u,J) be a Caz+£-asymptotically Euclidean initial data set
with non-vanishing energy E # 0. Let ) # U C [0, 1] be an open, connected subset of [0, 1]
and define 7, as in the proof of Theorem 2 for each v € U.

Leta,a €[0,1),b,b € [0,00), n € (0,2¢), and 7 € (0, 1]. Then there exists a constant
o > 0, depending only on ¢, a, a, b, b, n, 7, Cs, and E such that the following holds
for any ¢ > @: Assume there exists a C'-map F°: U x S* — M?> such that for every
T € U the surface 7 = F°(t, S?) is in the a priori class </ (@, b, 1) and has constant
spacetime mean curvature € (X7) = %/ with respect to the initial data set 9. Assume
further that Z° is a normal variation map in the sense explained in Lemma 6. Now suppose
in addition that E‘T’O € (a, b, n) for some 1ty € U. Then in fact ¢ € o/ (a, by, n:) with
by = b+ O(c—™n2e=nly gud n, = n + O(c %) for any t € U. Here, the constants in
the O-notation depend only on ¢, a, @, b, b, , 7, C.z, and E.

Remark 10 Note that the assumption n € (0, 2¢) of the lemma is not restrictive as the
inclusion <7 (a, b, n1) € /(a, b, n2) for 0 < n2 < n1 < 1 implies that we may without loss
of generality decrease 1 € (0, 1] to achieve n € (0, 2¢).

Proof We drop the explicit reference to o for notational convenience, as o will not be modified
in this proof. Let r; and Z; denote the area radius and the coordinate center of X, respectively,
and let (slightly abusing notation) X, denote the restriction of the coordinate vector X to X,
where X denotes the asymptotic coordinate chart. The mean curvature of X, is denoted by
H:.In this proof & > 0, C > 0 and constants involved in the O-notation may vary from line

to line but depend only on ¢, a, a, b, b, n, 1, C», and E.
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We first show that there exists n; = n+ O (o ~°) such that the second inequality describing
the fact that ¥, € </(a, b, n7) in (15) holds, namely

(re)*He < |7, |37 (72)

Since ¥ € «/(a, b, ) forallt € U, by the Mean Value Theorem combined with (70) and
(20) we have

4 ()% = |Ze| = || + 0037 = 4n(r) (1 + 0@~ 270,
hence
re = rey(1+ O(@~27%)). (73)
Similarly, combining (69) with (19) and (20) we conclude that
Xz | = X5 |(1 + O(6™)). 74
Since ¥, € </ (a, b, n) we have
()7 < |7 |37,

which in the view of (73) and (74) can be written as

(re (1 + 0™~ < (1511 + 00 ~)
Consequently, we have
(r)?H1(1 = Co™*) < [F, 37
Choosing
N i=n+log, (1 —Co™*), (75)
(72) follows. Note that by (19) we have

In(1 —Co™*
ﬂr=ﬂ+% n+ 0@ (no)” 1)—77+0(U .
T

We will now apply a similar method and adjust the value of the constant b; so that the
first and the third inequality in (15) describing the fact that ¥, € </(a, b, 1), that is

7| < are +be ()7 (76)

and

/szu 167 < (77)

- ("t)nr

hold with 7, as defined in (75).
First, we deal with (76). Since X, € </ (a, b, n) we have

- 1—
|Zzo| < argy + b(rgy) .

Combining this with (73) and (71) we obtain

Zel+ 00" "%) < ary + 002 °) + b(re + 0(c 7)™,
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which in the view of (20) may be further rewritten as

Zel < are + (b + O(@"%) + 06" 27))(r) 7.

1

Since ¢ < 5, we conclude that

7] < are + (1)) 7B 4 O(077%)).
Recall that by our definition (75) of n; we have n = n —log, (1 — Co~%). Hence
7| < are + 7171 = Co™*) (b + O(a77%)).
Consequently, we have
|Z¢| < are + (re) ' 77 (b 4 Co~minZemely (78)

Next, we address (77). We recall that Hr2 = #*_12p? = % — 72 P2 which implies that
0r HT2 = 0(0~37%). Consequently, we may compute using the variation of area formula
and (65) with § = 3 that

a,/ Hfdu:/ aTHEdMJr/ uH> dp = 0(c~%). (79)
)l ho hol

Again, since X, € 4/ (a, b, n) we have

b
/ H2 dp — 167 < .
PR (rr())7

As before, we use the Mean Value Theorem, (79), and (73) to rewrite this as

/ H2dp — 16w + 0(0 %) < b(re + 0(0 2 )"
P
which in the view of (20) may be further rewritten as
/ H2dp — 167 < (r0) (b + O(0~275) + 0(a"~%)).
P
Substituting = n; — log, (1 — Co™*) in the view of ¢ < % gives

H2du — 167 < (r) 7" (1 — Co~%)(b + O(c"~%)).
DS

Consequently, we have
H2dp — 16w < (r;) " (b 4 Co~mint2e=mely (80)
N

Toge;her, the inequalities (78) and (80) imply the existence of the constant b, = b +
O (o~ mint2e=n.¢}y quch that (76) and (77) hold. This concludes the proof as we can choose
ar; = a as the above computations show. O

Lemma 9 Under the assumptions of Theorem 2, there exists a constanta > 0, depending only

ong, a,b,n, Cy,and E, and a compact set & C M3 such that the map W, : (7, 00) X S? —
M3\ X defined by (64) is a bijective C'-map.
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Proof To prove the claim, we need to show that Wy is cl, injective, and surjective onto a
suitably chosen exterior region of M>. We already proved in Theorem 2 that .#? and thus
W is C! with respect to the S>-component. The differentiability with respect to o can be
proven following the Implicit Function Theorem argument of Lemma 4, where the graphical
spacetime mean curvature map is to be interpreted as a function of o € (o, 00) instead of as
a function of T € [0, 1]. This is to be viewed in light of the uniqueness results in Sect. 6.3.

Injectivity. In order to show injectivity of Wy, we need to assert that Ef‘ N Z;’z = ¢ for
any choice of o1 # 07, 01, 02 > o. This can be done by analyzing the lapse function of the
variation W; : (&, 00) x S* — M? with respect to o, namely u = u§ := g(d, V1, v), where
v = v} denotes the outward unit normal of XY > (M3, ¢).Ifu > O on (7, 00) x S2, we
can conclude that Wy is injective.

We will in fact show that u = 1 + 0(0’%’5). Again, C > 0 and & > 0 denote generic
constants that may vary from line to line, but depend only on ¢, a, b, n, C.#,, and E. First,
we note that since the spacetime mean curvature of X¢ in the initial data set .#] is constant,
H(X]) =?/o, we have

P 2
Su— 1‘(E> 0y (D)

— (400", (%) ®1)

2
=—5+007),
o

which uniquely determines u € W>2(Z¢) by Proposition 2. Furthermore, by (81), (25),
(16), and the asymptotic decay assumptions on .#|, we have

P
Lu—-1)=Lu+ |A|2 + Ric(v, v) + E(Vv trg K — V,K(v,v))
2 .. HY oo P
=——+0(o )+ — 4+ |A]” + Ric(v,v) + —(V, tr, K — V,,K (v, v))
o2 2 H §
= Ric(v,v) + O(c >7°),
(82)

where H = H(X{), P = P(XY). This shows that Z(u — 1) = 0(07%78) which is not
sufficient for concluding that u = 1 + O (0 ~°) and thus u > 0 via Corollary 1 and Lemma
12: such an argument would require .#(u — 1) = O(o~>~%) which we obviously do not
have.

Instead, we argue as in the proof of Lemma 6. For v := u — 1, the above computation

shows that Zv = O(U_%_‘E ), which in combination with Corollary 1 and (49) gives

d 2 d
lv ||W2,2(2117) < Co”| ZLv ||L2(E‘1’)
= Co? (120l 2esp) + 12V sy )
. (83)
< Co? (07 4 120 2y

1 1
S CO-Z_S + O-_j_s”vt”LZ(EiT).
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In addition, for i = 1, 2, 3, by adding a rich zero and using the orthogonality of v? and f;,
we have

3 3

/ vfidu| < =¢ / vE fidu| + v fidp — / VL fidu
bt lm s | b omyy Jxo
3
g / vd.,iﬂf,- dul,
6lmyr||/)xe
where
t 03 t C t
v fidu — vVZfidp| < — V' llL2z0y
b omyy Jxo of !
by (50), and
| vz nidn) =~ 1y,
7 o2T*

by (51). Using the fact that Zv = Ric(v, v) + O(c~37%) by (82), Lemma A.3 from [40]
(a result showing that fzi’ Ric(v, v)x'du = O(o~¢) which is fully Riemannian and thus
directly carries over to our spacetime context), and integration by parts, we obtain as in
Lemma 6 that

/ 0L frdu| <
EU

1

+2

/ f.%vdu
=7

! I
— K (vV*L fi — fiVZlu,v) du
z; H

< Co™ 7 +Co 7 ullpazyy.
Combining these estimates, we get, again grouping terms as in Lemma 6, that
t < C %76 d C 1—¢
v llL2ze) = Co2 " [0 20y + Co 7,
which, together with (83), gives
d ¢ t l1—¢
flv ||W2«2():<1T <Co277, v ||L2(Ef) <Co

Finally, Corollary 1 gives us
Il = € (o2 1-20l2mg) + I0ll2y) < Co' ™.

Then [Jv]|y22(z0) < Co'7%,so by Lemma 12 we getthat u = 1 +v = 1 + O(c %) is
strictly positive for all o > . This shows that ¥ is indeed injective.

Surjectivity. By construction, the STCMC-surfaces £ = W (o, S?) for 0 > & are in
the class of asymptotically centered surfaces .27 (0, b, n) for some b > 0 and n € (0, 1]. In
particular, recalling Proposition 1, each £ can be written as a graph over a sphere enclosing
the interior region of M 3. Suppose p € M?3 is in the exterior region of some % with
o > 0. By comparability of the coordinate and mean curvature radii for surfaces in the class
(0, b, 1) (see (19) and (20)), we can find & > o such that p lies in the reglon enclosed
by ¥, and hence in the annulus Ay 5 between X7 = W (o, $?) and »0 = U, (5, S?).
Since V¥ : [0, 00) X S? — M3 is continuous it follows that Aoz = Vi([0,0] x Sz) hence
p = Wi(6,q) for some 6 € [0,5] and ¢ € S>. As o > & was arbitrary, this proves
surjectivity. O
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6.3 Uniqueness of STCMC-surfaces

We close this section by proving that the constant spacetime mean curvature surfaces are
unique in the a priori class of asymptotically centered surfaces <7 (a, b, 7). As Brendle and
Eichmair [8] constructed examples of asymptotically Euclidean Riemannian manifolds with
“off-center” (i.e. not included in the a priori class) CMC-surfaces provided Scal > 0 is
violated, we will restrict our uniqueness statements to the a priori class—at least when not
assuming the dominant energy condition 4 > |J|¢. To the best knowledge of the authors, it is
not known whether such examples can also be constructed if the dominant energy condition
or its Riemannian analog Scal > 0 are satisfied.

The uniqueness result is proven in a similar way as the existence result of Sect. 6.1, namely
by the method of continuity. The “starting point" of the method of continuity is the following
result from [40], again adapted to our notation.

Theorem 3 (Nerz 2015) Let a € [0, 1), b > 0, and n € (0, 1] be constants and let (M3, g)
beaC %2 Le-asympiotically Euclidean manifold viewed as a C 12/2 g-asymptotically Euclidean
initial data set %y = (M3, g, K = O, = %Scal, J = 0) with non-vanishing energy
E # 0. Then there is a constant 0.4, depending only on ¢, a, b, n, C g, and E, such that

forall o > 0.4, there is a unique surface ¥ € </ (a, b, n) with constant mean curvature
H(X{) = 2/o with respect to .%.

Our uniqueness result generalizes this to STCMC-surfaces in the spacetime context.

Theorem 4 (Uniqueness of STCMC-foliation) Let a € [0,1), b > 0, and n € (0, 1] be
constants and let 91 = (M3, g, K, n, J) be a C]2/2+8-asymptotically Euclidean initial data
set with non-vanishing energy E # 0. Then there is a constant oy, depending only on ¢, a,
b, n, Cy,, and E, such that for all 6 > o z,, there is a unique surface XY € </ (a, b, n) with
constant spacetime mean curvature € (XS ) = /o, with respect to .91.

Proof We rely on the same type of argument as in the proof of Theorem 2. Fix a surface X{
as in the assumptions, with o > o ~,. We now drop the explicit reference to o for notational
convenience, as ¢ will not be modified in this proof. Let Z < [0, 1] be a maximal subset
such that there is a C'-map ®: Z x S — M3 with the following properties for all 7 € Z:

(i) ©(1,8%) =z,
(i) T; := ®(r, S?) has constant spacetime mean curvature .7 (X;) = 2/ with respect to
the initial data set .#;, where .7 is defined as in the proof of Theorem 2,
(iii) 9, P is orthogonal to X;.

Maximality is understood as in the proof of Theorem 2. Arguing as in the proof of Theorem
2, we conclude that Z = [0, 1] and that there are constants a», € [0, 1), by, > 0 and
n.7, € (0, 1] such that ¥, € @/ (as,, by, n.s) forevery T € [0, 1], if 0.4, suitably large,
depending only on ¢, a, b, n, C.»,, and E. In particular, we see that Xy € </ (a.7,, b.s,. n.7,)
is a surface with constant mean curvature H(Xg) = 2/, with respect to St By Theorem 3,
such a surface is unique in this class. By the method of continuity approach and the local
uniqueness in the Implicit Function Theorem, the map ® is uniquely determined also by its
start value ® (0, S?) = Xg. It follows directly that ©; = ®(1, S?) is uniquely determined by
its spacetime mean curvature in .#. O

4 Note that although it was assumed throughout the proof of Theorem 2 that ¢ = 0, this proof extends
straightforwardly to deal with the general case @ € [0, 1). In fact, in the view of Lemma 8, we may set
ag =a.
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Remark 11 As pointed out in Sect. 3, uniqueness of STCMC-surfaces in asymptotically
Euclidean initial data sets — even those with positive energy E > 0 — cannot hold without
further assumptions on the surfaces as was shown by Brendle and Eichmair [8] (for CMC-
surfaces in asymptotically Euclidean Riemannian manifolds, and hence by definition for
STCMC-surfaces in time-symmetric asymptotically Euclidean initial data sets). As Theo-
rem 4 asserts, the condition that an STCMC-surface X with 77’ (X?) = 2/> be asymptotically
centered in the sense that X° € </(a, b, n) is a (strong) sufficient condition guaranteeing
uniqueness of 3.

For CMC-surfaces in asymptotically Euclidean Riemannian manifolds, uniqueness has
been proven under much weaker assumptions on the CMC-surfaces £ with H(X?) = /s
than £° € &/(a,b,n) (but under stronger asymptotic decay assumptions than C,Z/2 e
asymptotic flatness), most notably by Ye [48], Qing and Tian [43], Ma [33], Carlotto,
Chodosh, and Eichmair [9], and Chodosh and Eichmair [15]. It would certainly be interesting
to understand uniqueness of STCMC-surfaces under weaker assumptions on the surfaces;
note however that STCMC-surfaces do not naturally arise from a variational principle and
in particular that the STCMC-stability operator L” derived in Lemma 1 is non-selfadjoint.
This rules out some of the elegant methods used in the proofs of the aforementioned results.
Such weaker uniqueness properties of STCMC-surfaces will be investigated in future work.

7 The coordinate center of the STCMC-foliation

Let {X°},-5 be a foliation of a C %2 4o-asymptotically Euclidean initial data set (M 3, g,
K, , J) for which ¢ grows to the round sphere at infinity as 0 — oo. Then we may define
the coordinate center of this foliation as the limit limy o0 2%, Where 7% = 7 (X9) is the
coordinate center of X7 as defined in Definition 4, provided that this limit exists (in R3). We
would like to draw the attention of the reader to the fact that, while the foliations considered
here do not depend on the choice of asymptotic coordinates X, the coordinate centers 7% and
as a consequence also their limit, do depend on x. We will discuss the subtle consequences
of this within this section, too.

Let us first consider the case of the CMC-foliation: In this case, {£7 },~4 %o is the unique

2
Vote

Sy = (M3, g, K =0, Scal, J = 0) by surfaces of constant mean curvature constructed in
[29,36,40] and discussed in Section 6 above. Under the additional assumption that (M3, g)
satisfies the Riemannian C 12 +o~Regge-Teitelboim condition (see Definition 3), the coordinate

center of this foliation is well-defined if and only if the Beig—O Murchadha center of mass

>

Caom given by (6) is well-defined as was shown by [28,40]. They also show that in this case,
one has

foliation of a given C?Z_ .-asymptotically Euclidean manifold (M3, g) or initial data set

6CMC = hm Za = éBOM' (84)

o—>00

2
Ip+e
initial data set .¥ = (M?, g, K, i, J) by surfaces of constant spacetime mean curvature as
constructed in Theorem 2. One cannot in general expect that (84) also holds for the STCMC-
foliation because the foliation is defined in terms of K, whereas the Beig—() Murchadha
center of mass is a purely Riemannian quantity, i.e. independent of K. One can only expect
that (84) will hold if K falls off very fast, in particular faster than the optimal decay assumed
in this paper. In this section we will confirm that this is indeed the case.

Now suppose that {X7 }5 5o s is the unique foliation of a C{, , _-asymptotically Euclidean
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7.1 A variational formula for STCMC-surfaces
The following proposition generalizes [40, Proposition 6.5] to the spacetime case.

Proposition3 Forb > 0 and n € (0, 1], let ¥ € <7(0, b, n) be a closed, oriented constant
spacetime mean curvature 2-surface with spacetime mean curvature 7 = 2/s, with outer
unit normal denoted by v, ina C 6, o-asymptotically Euclidean initial data set .9 = (M”, 3 g,
K, u,J). Consider a cl- map C(— so,so) x ¥ — M3 such thar Z(0,-) = Idsx. For
each s € (—sgp, sg), we let 7, = (zs,zs,zs) denote the coordinate center of the surface
Yy = Z(s, X) and consider the lapse u ‘= g((35-%) | s—q » v) of the foliation.

Then there are constants C > 0 and & > 0 depending only on ¢, b, n, C 4 such that

; C
a —— [ w'du| < ——|u , 1=1,2,3, 85
‘( _ M‘ S lullz2(s) (85)
provided that 0 > ©.
Proof Since the coordinate center of a surface is invariant under tangential diffeomorphisms

(along X), we may without loss of generality assume that .% is a normal variation of X, such
that in particular (9;.%)|;—¢ = uv holds on .

By definition,
. 1 / .
i i 8
Zy = x,du’.
' | Zsls s '

Using the variation of area formula and adding rich zeroes in the third and the fourth lines,
we compute, dropping the explicit reference to § in the denominator,

@z

1 .
:7(/uv’du‘s+/qu‘gdpL——/xdu/quu)

121 \Js ) |z

1 . . .
= —(/ uv' d//fs—l—/(x’ —z’)uH‘Sdu‘s)

121 \Js )

1 . [—l . . 2
=—(/ uv’dua—i—Z/x Zudu‘s—l—/(x’—z’)u(H‘s—f) du‘s)

|E| p)) ) r ) r

1 i g8 x =7 i B i i s 2 )
=— (3] wdu®+2 —v' Judpu’+ | &' =zZHuH° ——)du’).
|z 5 5 r s r

Now subtract and add the component (v%)! of the §-outward unit normal v? to ¥ in the bracket
of the second term and recall the fact that X can be written as a graph over S?(Z ) with graph
function f satisfying || f|ly2.0 = O(r%_a) by Proposition 1. Then, by comparability of |x |
and r as established in Proposition 1, we find, recalling a = 0 in our case,

- X—z
5272 L 0@ =
|x — z|

T L0 ). (86)

Applying the Cauchy—Schwarz Inequality to the above identity for (Bszf;) | s—o and using
(86), Lemma 11, and (25) to estimate the individual terms, respectively, we obtain (85). O
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7.2 STCMC-center of mass

2
Ipte

initial data set .% = (M3, g, K, i, J), ie. the unique foliation by surfaces {X{}s5o, of
constant spacetime mean curvature 7 (X{) = 2/», provided it has non-vanishing energy
E # 0. This was achieved by deforming the constant mean curvature foliation {%§ }o >4,
of the C 12/2 4c-asymptotically Euclidean manifold (M 3 g) from Theorem 1 along the curve
of initial data sets {7 };¢[0,1], where the initial data set %z = (M3, g, TK, ur,tJ)is as
described in Sect. 3.1. We will now apply Proposition 3 to find how the coordinate center of
a leaf changes under this particular deformation. As a result, we prove Lemma 10 relating
the respective coordinate centers Z§ and Z{ of the surfaces £ and X7 . Note that for the
proof of this result, it is necessary to assume that the fall-off rate of K is K = O(|]X |_2),
which is faster than we originally assumed in Definition 1 and in particular faster than one
needs for existence and uniqueness of the foliation. See also Conjecture 1 below.

In Sect. 6, we constructed the unique STCMC-foliation of a C{, , _-asymptotically Euclidean

\4¢-asymplotically
Euclidean initial data set with non-vanishing energy E # 0. Assume in addition that

Lemmal10 Ler .# = (M3, g, K,u,J) be an STCMC-foliated c?/

K| < CrlX |7 (87)
for ¥ € R3\ Bg(0), with X the asymptotic chart.

Then there exist constants C > 0, ¢ > 0 depending only on ¢, C y, and E such that for
i =1,2,3we have forallc > o

; (88)

i J— e
1 / X (Zk,[ kIX x) du5 < C
SZ

327 E 3 ot

@ = @) - —

where (z§ Y and (z(]’)i denote the components of the coordinate centers 7§ and Z{ of the
STCMC-surfaces X5 and X with respect to %y and %1 as defined above, respectively.

Remark 12 Instead of assuming K = O(]X |~2), one could also assume Regge—Teitelboim
conditions on K by carefully tracking all even and odd parts or identify other sufficient decay
conditions, as necessary for what one wants to do. For our purposes, it is enough to assume
K=0(x).

Remark 13 Assumption (87), Equation (93) in the proof below, and the Mean Value Theorem
imply that there exists a constant C > 0 depending only on ¢, C », and E such that

|Z2{ —ZJ| < C foranyo > o.
However, either or both of the limits
Come = Jim z§ and Cstemc = Jim z7,
may fail to exist. On the other hand, 5‘STCMC =1limg 00 2 { converges if and only if

lim
o—>00

T 3nE o3 H

25
I (e muxtx')" % 2
20 -

converges. This in particular shows that K can in a sense “compensate” for the diverging
coordinate center of the CMC-foliation. See Sect. 9 for more details on this.
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Proof First, note that the constants C , are uniformly bounded by the constant C . Second,
pick constants b > 0 and n € (0, 1] that will remain fixed in this argument and always use
the class &7 (0, b, ) in what follows. Also, C > 0 and ¢ > 0 denote generic constants that
may vary from line to line, but depend only on ¢, C s, and |E| (as well as on our global
choice of b and n). From now on we assume that o > o is fixed. For our choice of o and for
T € [0, 1], we let zi = (z‘r’)i ,i = 1,2, 3, denote the components of the coordinate center
Z (29) of the unique surface X¢ of constant spacetime mean curvature 7 (X?) = 2/ in the
initial data set .#; (see Sect. 6 for details). Since the index o is assumed to be fixed, it will
be suppressed in the remainder of this proof.

According to Proposition 3, the variation of the coordinate center with respect to T is given
by the formula

. C
07y — i luellz2 (s, (89)

o2

3 ; ’
ugvrdup| <
1S Jg, T
where u, is the respective lapse function for an arbitrary t € [0, 1] and v is the outward
pointing unit normal to X, <—> (M3, g). In order to pass from (89) to (88), we will apply
Lemma6withd =2—¢ > 3 Bythls we have that Zu, = O(c ), ||(ur)’ w22z, < Co

and || (o) |2z s, < Cotr
Next, by (32) and Lemma 11 we have

< —, (90)
L2z,) 07

H |

where f! denotes the i-th eigenfunction of the operator —A*7, see Sect. 5.2. Then we may
rewrite (89) by a Cauchy—Schwarz Inequality and Lemma 6 withé =2 — ¢ as

1:21— ‘,|Z / Mrftdlfb

At the same time, Proposition 2 implies that

Urj - fg rt = ,
‘\Hz / T =S oy T ,Wz /z,f o) VI o

where m j» is the Hawking mass of X, with respect to .#;. Recall that |m » — E| < Co ¢
by Proposition 2 so that m  # 0 follows from E # 0. Thus,

o3

B2y — ————
T 2Bm TS s

Note that a computation in the proof of Lemma 6 shows that

”u1“L2(E y =

T .
§+€

t
%u(u» Iy _ €

fL L) du‘ < g 1)

| fzwtan= [ wrlzsians co i,
p X

2-2
||u 2,y < Co™ ‘,

o 2
hence [y fi L) dp = Js, fi Lu, dp + O(o~27%). Consequently, in view of (66)
and (90) and the Cauchy—Schwarz Inequality, (91) is equivalent to

. o t(try. K)? . C
0:78 — : tdu| < —. 92
e 87ij{’_/ Hs, Al = ©2)

T
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Since the expression in the integral is of order O (673) as mentioned above, and since
trg, K =tr K — K(v, v¢) = 7w (v, vr),

using as before the fact that m » = E + O (0 ~¢) along the STCMC-foliation, we conclude
by Lemma 11 that

i 2
. T x! (Zk ; mdxkxl) C
2k — * dp’l < —. 93
““t T l6nE / o3 = Ge ©3)
Integrating this with respect to T over [0, 1], we obtain (88). O

Theorem 5 (STCMC-coordinate expression) Let % = (M3, g, K,u,J) be a C,/,_,’_S
asymptotically Euclidean initial data set for some ¢ > 0 and with respect to an asymptotic
coordinate chart X: M3\ 2 — R3\ Bg(0) and decay constant C s, with non-vanishing
energy E # 0. Assume in addition that

K| < Cr|X |72 (94)

forall%¥ € R3\ Bg(0) and that g satisfies the Riemannian C3 . -Regge—Teitelboim condition.

Then the coordinate center CSTCMC of the unique foliation by surfaces of constant space-
time mean curvature is well-defined if and only if the correction term

i k)2
2= 32711E A, /sg : (Zmrzklx Lo
limits exist fori = 1, 2, 3. In this case, we have
Csreme = 6BOM +Z, (95)
where éB()M is the Beig—O Murchadha center of mass and Z = (Z', 7%, Z3), or equivalently

k

, 1 A x! X x!
] - . 1 _ T X _ ~ S
Csreme = 16n E Jim /SZ x 1%1 (Okgrt — d1gkk) . Ek (gkz 8k ) dp

; 2
x! gkl
+/ s ) dp’ |, i=1,2,3.
§7

2r3

Proof Since g satisfies the Riemannian CZ -Regge—Teitelboim condition, 6‘CMC is well-

3hte
defined and equal to CB()M’ see [40, Theorem 6.3]. The result is then a direct consequence
of Lemma 10. ]

Remark 14 We expect that the coordinate center C‘STCMC of the spacetime mean curvature
foliation translates in a certain sense to the center of mass éSZ as defined by Szabados
[46]. Similar to (95), the definition of Szabados takes form Cs, = Cygy + S, where S
is characterized by the extrinsic curvature K of the initial data set and the time function ¢
which realizes this initial data set as a slice in an asymptotically Minkowskian spacetime.
The relation between CSTCMC, CSZ, and the Chen—Wang—Yau-center of mass defined via
optimal isometric embeddings in Minkowski spacetime (see [14]) will be studied in detail in
our forthcoming work.
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Definition 5 We suggest to call the expression émBOM = 613()1\/1 + 7 the modified Beig—O
Murchadha center of mass.

In Sect. 9, we will give an example that shows that the contribution of the correction term
Z is indeed relevant and fixes a problem of the CMC-center of mass uncovered in [11].

Remark 15 Itisnotobvious which decay conditions on .# (e.g. versions of Regge—Teitelboim,
faster decay assumptions on K, etc.) are sufficient to ensure convergence of the correction
term Z without forcing it to vanish entirely. This will be studied in detail in our forthcoming
work. More importantly, sufficient conditions for convergence of 5‘3TCMC that do not force
vanishing of Z in accordance with the example studied in Sect. 9 will also be studied in our
forthcoming work.

We conjecture the following necessary condition, in line with Bartnik’s [3] and Chrusciel’s
[18] corresponding results for convergence of ADM-energy and ADM-linear momentum, see
also Cederbaum and Nerz [11].

Conjecture 1 We conjecture that there is a geometric condition on asymptotic coordinates X
ensuring that the coordinate expression we derived will converge for asymptotic coordinates
X if ux’ € L'(M?). This condition plays the role of identifying center of mass coordinates
in the Newtonian sense.

8 Time-evolution and Poincaré-equivariance of the STCMC-center of
mass

8.1 Evolution

In this section, we will study the evolution of the coordinate center of the unique foliation
by surfaces of constant spacetime mean curvature under the Einstein evolution equations.
We will show that the STCMC-center of mass has the same evolution properties as a point
particle in special relativity, evolving according to the formula

d -
~c =
dt STCMC

Note that the analogous formula is valid for the CMC-center of mass and also for Chen—
Wang—Yau’s center of mass, although under stronger decay assumptions, see [38] and [14],
respectively.

| ~ou

Theorem 6 (Time-evolution of STCMC-foliation) Let (R x M3, g) be a smooth, globally
hyperbolic Lorentzian spacetime satisfying the Einstein equations with energy momentum
tensor X. Suppose that, outside a set of the form R x ¢, 2 C M? compact, there is a
diffeomorphism Idg x X: Rx (M3\ ) — R x (R3\ Bg(0)) which gives rise to asymptotic
coordinates (t,%) on R x (M>\ J¢).

Assume that %y = ({0} x M3, ¢, K, u,J) — (R x M3, g isa C]2/2+£-asympt0tically
Euclidean initial data set with respect to the coordinate chart X and with E # 0, and
suppose additionally that K = O1(|X |=2) with constant C g as |X | — oo. Now consider
the C'-parametrized family of C ,2/2 1 e-asymptotically Euclidean initial data sets

(1) = ({1} x M?, g(1), K(t), n(1), J (1)) = (R x M?, g)
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with respect to X which starts from % (0) = %, and which exists for allt € (—ty, t,) for some
t, > 0. Assume furthermore that the constants C sy are uniformly bounded on (—ty, 1),
without loss of generality such that C 7 ) < C z,.

Assume the foliation .7 (t) has initial lapse N = 14+ 0> (| |7%7£) as |x | = oowithdecay
measuring constant denoted by Cy and initial shift X = 0, and suppose furthermore that
the initial stress tensor S of % satisfies S = O(|X |_§_5) as |x | — oo. There is a constant
t > 0, depending only on ¢, C 4, Cy, and E(0) such that the following holds: If the initial
data set 2 has well-defined STCMC-center of mass CSTCMC (0) then the STCMC-center of
mass CSTCMC (t) of F(t) is also well-defined for |t| < t. Furthermore, the initial velocity at
t = 0 is given by

Dﬂ“:u

CSTCMC = 96)

oL

d D _
Moreover, we have that E} =0and o |t -0 P =

Remark 16 In fact, one gets more information about the evolution of the STCMC-center of
mass from the proof of Theorem 6: Not only the coordinate expression Cstcymc evolves
according to (96), but also the individual leaves of the <STCMC-foliation evolve in a way

more and more close to a translation in direction g according to formula (105).

Remark 17 We expect that the evolution of the leaves of the STCMC-foliation as well as
the evolution of Cstcmc can actually be understood when replacing the condition K =
0:1(% 173 by more natural conditions related to integrability criteria on the constraints when
integrated against X. We will investigate this in our forthcoming work, see also Remark 15
and Conjecture 1.

Remark 18 1t is straightforward to prove a version of this theorem allowing for non-vanishing
shift. As this is not of primary interest here and can also be fixed by a suitable gauge, we will
not go in this direction.

Proof Throughout th1s proof, dotted quantities like for example E will denote time derivatives
atr =0, eg E = E | . Moreover, @ > 0,¢ > 0, and C > 0 denote generic constants
that may vary from llne to hne, but depend only on ¢, C 4, and E(0) as well as on Cy (0),
the constant in the O-term of N. The Einstein evolution equations with zero shift are given
att =0 by

) d S

8ij = .| 8ij= ANKij|,_y=0(%|727%), o7
=0

. d

Kij = il _y Y

= {Hess;; N + N(Ric;; — Ric;; + 2K K jx — tr KK;j)} .
. . . . D, _
-
=0(x|727%), 98)

where Ric is the Ricci tensor of the spacetime (R x M3, g), which is completely determined
by the stress-energy tensor ¥ through the Einsteins equations

1
Ric — EGca[g =%.
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Here, we used that Scal = —trg T = O(|X I’%’E) and thus Ri¢;; = O(X I’%’E). In
particular, we see from the ADM-formulas (3) and (4) respectively that the energy and linear
momentum satisfy E=0and P = 6 with respect to this variation. Also, as E(0) # 0 and
E(t) is continuous, the initial data sets .# (¢) have a unique foliation by surfaces of constant
spacetime mean curvature near infinity for |f| < 7 and mean curvature radii ¢ > &. This
foliation depends in a C I_fashion on ¢ for |t| < 7 which can be seen as follows: Perform a
method of continuity procedure around ¢ = 0 as in the proof of Theorems 2, 4 or in the proof
of Lemma 9. Note that, as the initial shift X was chosen to vanish, X = 0, we in fact know
that the STCMC-surface variation is normal at # = 0. This gives you an STCMC-foliation
of .#(¢) for each |t| < 7 which depends on ¢ in a C!-fashion. By Theorem 4, this family of
foliations must coincide with the one studied here and must thus depend on ¢ in a C ! -fashion.

Now fix 0 > ¢ and let ¥; denote the unique leaf of the STCMC-foliation with constant
spacetime mean curvature 3¢ (Z;, .#(t)) = 2/» in the initial data set .# (¢), where || < 7. For
this, we use the product rule to see that

0= L H(Zy, I(1) = L H(Zy, 7(0)) + a H(Zo, ().  (99)
dt t=0 dt t=0 dt t=0

The first term on the right shows how the spacetime mean curvature changes if %, is considered
to be a varying surface in the initial data set .# (0). As the initial shift vanishes and we thus
have an initially normal variation, this term exactly gives our well-known linearization L u,
where the operator L7 is as defined in Lemma 1 and u is the initial lapse function of the
normal variation. The second term on the right shows how the spacetime mean curvature
changes if X is considered to be a fixed surface in the varying initial data set .#(¢). More
precisely, this term is

Al s 4 HH — PP

3| 7 B0 T 0) = s,
where H = H(0) and P = P(0).

In order to compute H= % ’ —o H (Zo, (1)), we introduce geodesic normal coordinates
in a neighborhood U C M3 of ¢, with y” such that 9, is the outer unit normal to the level
set {y" = const.}, in particular 9, = v on Xy, and y*, o = 1, 2, are some coordinates on X
transported to U along the flow generated by 9,. Note that in this case g,, = 1, gno = 0,
and

Aap = §(Vadn, 3p) = Tangyp = Tppgya = —Tip, (100)
r’, =0, (101)
Thg =T, (102)

in U, for all o, B,y = 1,2. We will now drop the index on ¥¢ and just write X instead
for notational convenience. We use the standard formula for the variation of the second
fundamental form when the ambient metric is changing (see e.g. Section 3 in [32]°) and
compute, using first (97) and (98), second the decay properties of N and the decay estimate
for the second fundamental form A = %gz + A, with g~ the metric induced on X by .7 (t),
namely

C

Al < —
o

5 Note that our sign convention for the second fundamental form is the opposite of [32].
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from Proposition 1, third adding some rich zeros, fourth because J = O (o ~>~¢) by assump-
tion, fifth (100), (101), (102), and finally (25) and Proposition 1 to obtain

H=2¢"Aup + %P Aup
. 1 . . .
= 8% Aap — 58" 2Valup — Vandap — Aupun)
= 2K Aup — 28V Kyp + 8P VuKop + HKpy + O(0 )
=—Htrs K —2VKpi + Vo tr K + V, Kpp + HKpp + 0(c37%)
=—Htus K —JW) — Vo + HKpy + 0(6737F)
=—Hty K — (divZ K(,v) = K Agg + HKyp) + HKpy + O(0777F)
1
=—diviK(,v)— —trs K + O(c>79),
o
where J is the momentum density defined on page 4.
Further, let n denote the timelike future unit normal vector field to M 3 Rx M 3, Q).

Then it is straightforward to check that, by (97), (98), the decay assumptions on the initial
data set and on N, as well as the definition of « and S from page 4

P =3 Kop+ 8" Kop
= 2N|K|? +trz K
= —2N|K|2 + A¥N + Hv(N) + N try; Ric — try Ric + 2 tr(K 0 K) — tr K try K)
= Ntrg Ric + O(c~37°)
= N(Gcal — Ric(v, v) + Ric(n, n) + O(c~27%)

=N T =G0 = l%fﬂwﬂnm+1%z»+ow7*)

= N(=S(, ) + T, 1) + O(c~17%)
= N(=S,v) + 1) + 0(a~37)
= O(U_%_S),

Summing up and multiplying by /1 — (%)2, it follows from (99) that
. P 3 1 “3—s
.ffu:—H—l—ﬁP:dlv K(,v)+ —(trK —K@,v))+ O(o ), (103)
o

where the operator . is given by (27). This uniquely defines u € W>?(X) by the invertibility
of &, see Proposition 2 as the right hand side is bounded and thus in L2(X).

In order to compute the initial velocity of .# (0), we first need to compute the initial velocity
7 of the Euclidean coordinate center

0 ! / X d b
z (1) = xdu
125 J,

of ¥;. We remind the reader that we chose coordinates X which do not depend on . Relying
on Proposition 3, we will now compute the variation of the coordinate center, 7, starting from
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the variation formula

. 3 C
= — | uv du‘fiﬂu“ 205y (104)
PIFS B

The idea is to argue as in the proof of Lemma 10 and pass from u to .Zu, and from v’ to f;
in (104). For this we note that since . is C./ +o-asymptotically Euclidean, and since K has
faster fall-off K = O;(|% |~2), we have Zu = O(|X|73) by (103). A computation identical
to the one in the proof of Lemma 10 yields

1)

-
of

szﬁ/ f"f“"“‘

Thus, (103) and integration by parts give us

1)

O—F

(K v, vzf,+ f,)——f,trK) du| <

" 2V3EVIE] /z

Recall that X is approximated by the coordinate sphere Sg, as described in Section 4. In
particular, the functions f;, i = 1,2, 3, are close to the respective eigenfunctions fi‘S of the
Laplacian —ASo_see (32). Thus

2 . -
- o X ouS2 s Yo L s

—_— K= Vo )= —fuk)dul < —
Z+4«/3NE/S3( (cf f’+c72f‘) i ) 1=

of’

where g is the unit normal vector to S[z, — (]R3, 8). Furthermore, a computation shows that

3 -
v g8 = V3 By — =5 f7.
Varo? o
Since f‘S \/*Q"z and since g;; = 8;; + O (0~ 27¢), we finally arrive at
. 1 x/ C
' — —— wii—dp| < — 105
Z S7E Jit 10 iy m = of (105)
Passing to the limit when ¢ — oo we obtain the result. O

8.2 Poincaré-equivariance and accordance with Special Relativity

As we have seen before, whether or not a given 2-surface is STCMC is in fact independent of
a choice of slice (as well as of a choice of coordinates). In this sense, STCMC-surfaces are
equivariant in the sense of General Relativity. The role of the initial data set then is to select
a unique family of STCMC-surfaces near the asymptotic end of the spacetime, forming
its abstract STCMC-center of mass. In this sense, STCMC-foliations and the associated
(abstract) center of mass are Poincaré-equivariant.

We will now discuss the transformation behavior of the STCMC-coordinate center under
the asymptotic Poincaré group of the ambient spacetime — remaining very sketchy in the
boost case. Dealing with angular momentum and treating the boost case more adequately
will be left for our future work. Let . = (M 3 g, K, i, J) be an initial data set which is

C%z c-asymptotically Euclidean with respect to asymptotic coordinates X and has E # 0.

Euclidean motions. Consider the coordinates y := OX + T, with O an orthogonal rotation
matrix and T € R3 a translation vector. In other words, y arises from ¥ through a Euclidean
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motion. Then, for each leaf ¢ of the STCMC-foliation constructed in Theorem 2, we find
that the Euclidean center of X¢ with respect to the y-coordinates is given by

I L 1 AN
|E”|6/zoydM =0(|20|5/za”“)”'

Thus, the STCMC-coordinate center

S5 1
y — =8
Csreme = Jim Br /):v ydu

with respect to the coordinates y converges if and only the STCMC-coordinate center

. 1 R
Csteme = lim 7/20)“1#5

g—00 | X5

converges with respect to the coordinates X converges and if they converge, we find
. ; _ >3 -
Csteme = OCsteme + T

as one would expect from Euclidean Geometry, Newtonian Gravity, and from the description
of the spacetime position of a point particle in Special Relativity.

Time translations. The transformation behavior of Cstcmc under asymptotic time trans-
lation corresponds to its evolution behavior under the Einstein equations. In other words,
Theorem 6 tells us under the additional assumption K = O (|x |=2) that

d o
7 Cstcme =
Ii=o

|~

which corresponds precisely to the instantaneous law of motion of a point particle in Special
Relativity.

Boosts. The last constituent of the asymptotic Poincaré group of the spacetime are of
course the asymptotic boosts. In a given (asymptotic region of a) spacetime

R x M?, g = —N?(dx" + X;dx")(dx" + X jdx7) + hjjdx'dx?)

with asymptotic coordinates x® = (x°, x*) and suitably decaying lapse N, shift X, and
tensor h, a boosted initial data set .9 = (M3, g K, nu,J)—> Rx M3, g) is any spacelike
hypersurface arising as the set {y® = 0} with respect to a boosted coordinate system y* :=
A%xﬁ, y* = (y°, ), meaning that the matrix A is a boost. If the lapse N, the shift X, and
the tensor & decay suitably fast in space and time coordinate directions, the boosted initial
data set {y* = 0} = .7 is in fact C ,1/2 4c-asymptotically Euclidean with respect to y. It is
thus reasonable to ask how the STCMC-coordinate centers of the initial data sets {x° = 0}
and {y® = 0} are related (if they converge). The corresponding question was addressed by
Szabados [46] for the BOM-center of mass although from a slightly different perspective. Of
course, we expect that the STCMC-coordinate center boosts as implied by the equivariant
transformation of relativistic 4-angular momentum in Special Relativity. This can explicitly
be verified for example for a boosted slice (over the canonical slice) in the Schwarzschild
spacetime where in fact the centers both coincide with the center of symmetry 0. In this
example, the deviation 7 introduced in Theorem 5 in fact vanishes, so that the the CMC-
BOM-center of mass already displays adequate transformation behavior. In view of Sect. 9
below, it is possible to construct examples of boosted slices in the Schwarzschild spacetime
by boosting the example discussed below. One can then see that the STCMC-center of mass
boosts equivariantly as expected from Special Relativity, while the CMC-BOM-center of
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mass does not. However, the computation is so tedious that we prefer not to show it here as
it is not particularly enlightening.

We will discuss the transformation behavior of the STCMC-center of mass under boosts
more carefully in our future work, incorporating angular momentum, see also Remarks 15,
17.

9 A concrete graphical example in the Schwarzschild spacetime

As briefly sketched in Sects. 2, 3 and analyzed in more detail in Sect. 7, determining the
coordinate center of an asymptotic foliation is tricky and depends on choosing suitable coor-
dinates (see also Conjecture 1). In [11, Section 6], this was illustrated by explicitly computing
the coordinate center of the CMC-foliation of an asymptotically Euclidean “graphical” time-
slice in the Schwarzschild spacetime of mass m # 0. This example, to be described in more
detail below, satisfies all assumptions in [29], in particular those of Theorem 4.2, but yet its
CMC-coordinate center does not converge. Equivalently, its BOM-center also does not con-
verge. After a brief introduction to the graphical example discussed in [11], we will compute
that the STCMC-coordinate center (95) does in fact converge in this example and more-
over converges to the origin 0, i.e. to the center of symmetry of the spherically symmetric
spacetime as one would expect.

We consider the Schwarzschild spacetime (R x M3, g) of mass m # 0 in Schwarzschild
coordinates, meaning that

= (max{0, 2m}, 00) x §* 3 (r, 7}),
g=—N%di* + g,
g = N_zdr2 + r2d§22,

2m
Ny =, /1- ==,

r

where d? denotes the canonical metric on S%. We will freely switch between polar coor-
dinates (r, ) and the naturally corresponding Cartesian coordinates X defined on M>. A
graphical time-slice in the (automatically vacuum) Schwarzschild spacetime is an initial data
set (M%, gr, Kr,ur =0, Jr = 0) arising as the graph of a smooth function 7T : M3 = R
“over” the canonical time-slice {t = 0} (in time-direction), meaning that

Mp:={t=T(%):x € M3},

while g7 is the Riemannian metric induced on M7 — (R x M 3, @) and K7 is the second
fundamental form induced by this embedding with respect to the future pointing unit normal.

Computing the CMC-coordinate center of mass (via the BOM-center of mass). Clearly,
the center of mass of the canomcal tlme slice {t = 0} of the Schwarzschild spacetime is the
coordinate origin, Cemc =C BOM = = 0. We will now compute the center of mass for graphical
time-slices with the asymptotic decay conditions on 7' chosen such that (MT, gr, Kr,ur =
0,Jr =0)is Clz-asymptotically Euclidean with respect to the coordinates X. To most easily
comply with the asymptotic decay conditions specified in Sect. 2, we will assume that 7 =
01 (r% as r — oo, with k > 3.

@ Springer



On center of mass and foliations by constant spacetime mean curvature Page 510f57 214

Now let y := X, denote the induced coordinates on M7. As computed in [11, Section
6], the metric g7 and second fundamental form K7 are given by

gr (0, 0,)) = g0y, 0,) = N*T; T = gij = N T, T,
TiN,+T;Ni+NV;T —N°T;T ;dN(grad, T)

2 2
/1— N2|dT2

in the coordinates y. A straightforward computation shows that the graphical initial data
set (M%, gr, Kr,ur =0, Jr = 0) is indeed Clz—asymptotically Euclidean and in fact has
E=m #0.

When evaluating the BOM-center of mass surface integral on a finite coordinate sphere
with respect to the y-coordinates in Mr, using s := |y | and 7j := ¥, we find

€ (82“’)) ,

167Tm /S( [ (81)iji — (87)ii.j ) y1y ((87)11* —(gr)ii — )} du’

iy’ Y i
= [ gtjt 8ii, ]) (gil* - gii*)i| d,ua
S2(0) S N N

iy’
/ ((N*TiT) — (N*TiT) ) 22 dd
2(0) S

/ <N2T T,> —N2T T; ﬂ) d;ﬁ}

{/sz(a) [—sA,;T T in/n +sViT (gradg T, ﬁ)m] du’

(gr)ij

(K7)ij =

1671m
+/ B [T,mi T,z—|dT|§77z]clu5 + 0.
$2(0)

Asin [11, Section 6]7 , we pick a fixed vector 0 £U€E R3 and set

T3R3\m—>ﬂ£:)?l—>sin(lnr)-i-u:Ooo(ro)_
r

We point out that this choice of T ensures that (M3, gr, it = 0) satisfies the Riemannian
C? . -Regge-Teitelboim conditions so that [38, Cor. 4.2] or [40, Theorem 6.3] apply and

ensure that CCMC = CB(')M or that both diverge. One directly computes from the above
expression for 6B()M (S% (6 )) that
cos(In s) -

Ceom (Sz(o)) +0G™hH

6 The corresponding formula for the second fundamental form in [11] has a typo which we corrected here.
We thank Axel Fehrenbach for pointing this out to us.

7 In fact, we are using Schwarzschild coordinates, here, while in [11], isotropic coordinates are used. This
allows us to treat the case of m < 0 as well and does not affect the asymptotic computations.
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which diverges as s — oo. Hence, the BOM- and thus also the CMC-coordinate center
diverge in this example.

Computing the STCMC-coordinate center of mass (via Formula (95)). In order to check
whether the STCMC-coordinate center of the C%-asymptotically Euclidean initial data set
(M%, gr, Kr,ur = 0, Jr = 0) converges, one needs to compute the STCMC-leaves ¥
and the coordinate averages 7 (X, ) and check whether they converge as ¢ — 0. However, the
proof of Theorem 5 asserts that éSTCMC converges if and only if the coordinate expression
given in (95) converges, or in other words if and only if

Csteme (S20)) = Cupy (520)) + Z (s20))

converges as s — 00, where we recall that, using £ = m and (77)y = —(K7)ij +
trg; K7(g7)ij, we know that

i ko 1\2
2 (Sz(6)> 1 / Y (Grow y*y') i
’ $20)

T 32mm 53
. 1
T 32mm
cos(Ins) ;
——u
3m

. S o\ 2 _
/Sr s?n' (AsT — V5T (3. 1)" dpu’ + 0(s™h)
(0)

+ 0@ Y.

Our (diverging) spacetime correction term Z thus precisely compensates for the divergence
occurring in Ccme = Cygy,- Hence the STCMC-coordinate center of the considered graph-

-

ical slice converges to 0 as desired.
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Appendix 1: Round surfaces in asymptotically Euclidean manifolds

2 -
pte

asymptotically Euclidean initial dataset.¥ = (M 3 g, K, i, J) (see Definition 1 and Remark
2) that are repeatedly used in this paper.

In this appendix we collect some standard results about closed surfaces in a C

Lemmall Let # = (M3, g, K, u, J) be a C%zﬂ-asymptotically Euclidean initial data set

with asymptotic coordinate chart X: M3\ 2 — R3\ Bg(0) and let & < M3\ B be a
closed, oriented 2-surface. Using the chart X, we may also view ¥ as a surface in R> \ Bg(0)

@ Springer


http://creativecommons.org/licenses/by/4.0/

On center of mass and foliations by constant spacetime mean curvature Page 53 0of 57 214

equipped with the Euclidean metric 8, with the induced metric denoted by 8%. Then there
exist positive constants ¢ and C depending only on ¢ and C y such that the following holds,
provided that the Euclidean distance to the coordinate origin |X | on ¥ satisfies |X | > c:

e The normals v and v® of S in the metrics g and § satisfy

l_¢
s

v =V < Clx|”

2
- _3_
Vv — VOO < C|¥ 7275,

o The volume elements dj. and d .’ satisfy
8 - —i—e
dpu—dp® =0(x|727%)dp.
e The respective second fundamental forms A and A% satisfy
- _3_ N
|A = A’ < CUX 727 +1X]727°1AD,
and the respective mean curvatures H and H® are related via
- 3 N
|H — H?| < C(IX|727° + x| 727°]A].

Furthermore, if ||H || 2(x) is a priori bounded, then the respective trace-free parts of the
second fundamental forms satisfy

o o IS
1A% 25 67) < CllAll2(s o=y + CIX 7277
where C also depends on the bound on || H || 2%
Proof See [36, Section 2.4] or [35, Section 1.5], where similar estimates are proven. O

The following result is a Sobolev Embedding Theorem which holds for a very general
class of 2-surfaces. In Sect. 4 this result is applied to X being a large coordinate sphere
S% (Z) = M3\ % in the asymptotic end of an asymptotically Euclidean initial data set.
Note that in this case one can without loss of generality replace the area radius /*/4x in
the formulation of Lemma 12 by the coordinate sphere’s radius r as these two radii are
uniformly equivalent. In the subsequent sections, this result is applied to £ < M3\ £
being an asymptotically centered closed 2-surface with constant spacetime mean curvature.
Here we are using the fact that (106) is available for large asymptotically centered surfaces
in M3\ £ in the form of [29, Proposition 5.4], which applies to asymptotically Euclidean
initial data sets with general asymptotics as described in Sect. 2.

Lemma 12 Let (X, g%) be a closed, oriented 2-surface with area radius r = /™/ax. If there
is a constant Cg such that for any Lipschitz continuous function f on X, the so-called first
Sobolev Inequality

1flz2) < Csr M fllwia s (106)
holds, then we also have the Sobolev Inequality®
£ lzoecsy < 32C5r M fllwea, (107)

forany f € W>2(X).

8 Note that the constant in (107) is not necessarily optimal.
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Proof With the first Sobolev Inequality (106) at hand, the following Sobolev Inequalities can
be derived for p > 2:

Cs 2
Iflry < 5 prP I fllwia)  forany £ e WH(E),
2p-1) 2 |
[ fllLeoqsy <2772 Csr 7l fllwingy — forany f e WHP(X),
see e.g. [39, Proposition I1.1.3] for details. As a consequence, for any f € W>2(Z) we have
2(p—1) _2
[ fllLeemy <2772 Csr 7l fllwie(s)
2p=1) 2 -
=272 Csr 7 (I flleecs) + IV fliecs))
20-1) _
207 T pCr T (1 lwiae) +rIVE fllwiacs)

w5
<22 pCsr I fllwazcs).

IA

for any p > 2. In particular, for p = 4 we have (107). O

The following result is well-known, see e.g. [45, Corollary 2.10] (adapted from [16,
Chapter 2]).

Lemma 13 Let (X, g¥) be a 2-surface of spherical topology with Gaussian curvature K
satisfying

<r’K <2,

| —

where r = /I®|/az is the area radius of X. Then there is a universal constant C such that for
any f € W»2(Z) we have

If = Fliwaasy < CrRIAE fli2 s

where f denotes the mean value of f on .

Appendix 2: The STCMC-condition in normal geodesic coordinates

Let .# = (M3, g,K,u,J)bea C%Z _.-asymptotically Euclidean initial data set and let
¥ <> M3 be aclosed, oriented 2-surface. Let (%) be coordinates on ¥ and let 3, denote the
respective tangent vectors to X, for & € {1, 2}. Here and in the rest of this appendix, we use
the convention that Greek indices «, 8, y € {1, 2} refer to coordinate vector fields tangential
to X.

In a neighborhood of X, the normal geodesic coordinates y: ¥ x (—§,&) — M 3 are
defined for some & > 0, see Sect. 5.1 for details. In this neighborhood we may write g =
dr? + g: where g; is the induced metric on X; := y(Z, 1).

Consider a 2-surface S given as the graph of a function f with | f| < & over %, i.e.

§ =graph f ={y(q, f(q)) : g € Z}. (108)

Since the vector —d, + V& f is normal to S at the point (¢,1) = (g, f(gq)), the vectors
0y + (04 f)0; are tangent to S at this point. As a consequence, the induced metric on S has
components given by

(88)ap = 80 + (0a [0, 0p + (08 f)9) = (81)ap + o f Op.f
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with the components of the inverse given by

o B
73 — af _ f f
(gs) (&) To e dfE
Here and in what follows, 2-dimensional indices «, 8, ... are raised with respect to g,

and all quantities are computed at the point (g, ) = (g, f(q)), unless stated otherwise. A
straightforward computation then shows that the mean curvature of S = graph f is given by

rere )Hm%f+omw+ﬂ&%wwﬂ%ﬂ
L+ 1df g, [1+1df12,
where A; is the second fundamental form of X;. We also have

rort
L+ 1df P,

mazcww—

P(S) =trs K = ((gz)“ﬁ - ) (Kap +2(0a f)Kip + (3 f)(p 1) Kir).(109)

Proposition 4 If S = graph f is a surface of constant spacetime mean curvature 7 (S) = /o
then f satisfies the equation

a“Pd, g f + b0 f = F, (110)

where, with P given by (109), we use the shorthands

a®f

(10— L)
L laf ) o s,

—_ ((gt)otﬁ _ fafﬂ ) (Fg’)t)x/ﬂ

VHlf ) iviare,
refP (ADap + 2(A)E (38 f)(@Dy f) 4
Fo=— ()" - +\ P2+ —.
<(g” 1-+|¢f@,> N o7
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