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Abstract

We prove local pointwise second derivative estimates for positive W2 solutions to the oy-
Yamabe equation on Euclidean domains, addressing both the positive and negative cases.
Generalisations for augmented Hessian equations are also considered.

Mathematics Subject Classification 35B65 - 35D35 - 35J15 - 35J60 - 53C21

1 Introduction

Let £2 C R” (n > 3) be a domain. In this paper, we obtain local pointwise second derivative
estimates for positive W27 solutions to the equations

oM (Au(0) = fx, u(x), Vux)) > 0, A(A,(x)) € IF forae.xe2  (L1%)

and
oM (A (x) = fx, u(x), Vux)) > 0, A(=A,(x) € IF forae.xe 2. (1.17)

Throughout the paper, A, denotes the symmetric matrix-valued function

|Vu|?
2u

Ay = Viu I,
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where [ is the n x n identity matrix and oy is the k’th elementary symmetric polynomial,
defined on a symmetric matrix A with eigenvalues A(A) = (A1, ..., A,) by

ok (A) = or (A1, ..., Ap)i= Z Agp ot A

1<ii<--<ix<n

Note that o1 (A) is the trace of A and o,,(A) is the determinant of A. We also denote by Fk+
the open convex cone

LY ={,...,4) €R" :0j(A, ..., Ay) > Oforall 1 < j <k}.

It is well-known that the equations (1.1%) are elliptic. Furthermore, akl /k
on the set of symmetric matrices with eigenvalues in Fk+.

The motivation behind (1.1%) comes from conformal geometry:if g;; = u=2s; j 1S ametric
conformal to the flat metric on a domain 2 C R”, then uA,, is the (1, 1)-Schouten tensor of

g, and the o;-Yamabe equation in the so-called positive/negative (£) case is given by

is a concave function

or(Xud,) =1, MFA,) € Fk+, u > 0. (1.2)

The Eq. (1.2) and their counterparts on Riemannian manifolds were first studied by Via-
clovsky in [63]. Since then, these equations have been addressed by various authors — for a
partial list of references, see [1-3,8-12,14,16-19,24,27,28,31-33,35,39-41,43,44,46,47,53,
54,56,64,65] in the positive case and [13,23,25,29,30,42,45,55] in the negative case. When
k = 1, these equations reduce to the original Yamabe equation. When k > 2, they are fully
nonlinear and elliptic at a solution (although, a priori, not necessarily uniformly elliptic).
Fully nonlinear elliptic equations involving eigenvalues of the Hessian were first considered
by Caffarelli et al. in [6].

A priori local first and second derivative estimates play an important role in the study of
the ox-Yamabe equation, and were established in the positive case by Chen [14], Guan and
Wang [27], Jin, Li and Li [39], Li and Li [40], Li [43] and Wang [65]. In the negative case,
an a priori (global) C! estimate is proven by Gursky and Viaclovsky [30], but it is unknown
whether a priori C? estimates hold. In this paper, we are concerned with the local regularity
of positive W27 solutions to the equations (1.1%). More precisely, for 2 < k < n we derive
local pointwise boundedness of second derivatives, provided p > kn/2 in the positive case
and p > (k + 1)n/2 in the negative case. To simplify the discussion, we do not include the
case k = 1, in which the equations (1.1%) are semilinear. We prove:

Theorem 1.1 Let §2 be a domain in R" (n > 3) and let f € Cpy} (2 x (0, 00) x R") be
a positive function. Suppose that 2 < k < n, p > kn/2 and u € W]%)’CP(Q) is a positive

solution to (1.17). Thenu € Cllo’c1 (82), and for any concentric balls Bg C Bog € 2 we have
V2u| ooy < C,

where C is a constant depending only onn, p, R, f and an upper bound for || Inully2.p (g, .-

Theorem 1.2 Let 2 be a domain in R" (n > 3) and let f € Cllo‘c1 (£2 x (0,00) x R") be a

positive function. Suppose that2 <k <n, p > (k+ 1)n/2 andu € Wli’cp(.Q) is a positive

solutionto (1.17). Thenu € Cllo’cl

(£2), and for any concentric balls B C Bag € §2 we have
IV2ull oo gy < C.,

where C is a constant depending only onn, p, R, f and an upper bound for || Inu|ly2.p(p, ,)-

@ Springer



Local second derivative estimates for the o) -Yamabe equation Page3of33 177

Remark 1.3 As noted above, it is unknown whether a priori C* estimates hold for solutions
to the ox-Yamabe equation in the negative case. We also note that for the closely related oy -
Loewner-Nirenberg problem, there exist locally Lipschitz but non-differentiable viscosity
solutions — see [45]. As far as the authors are aware, Theorem 1.2 currently provides the
only available local second derivative estimate for solutions to the ox-Yamabe equation in
the negative case.

To put things in perspective, we note that our estimates in Theorem 1.1 are closely related
to certain analytical aspects in the work of Chang, Gursky and Yang in [12]. In [12], under
natural conformally invariant conditions on a Riemannian 4-manifold (M 4 80), the authors
established the existence of a metric in the conformal class [gg] whose Schouten tensor has
eigenvalues in 1"2+. An important part of the proof in [12] was to obtain W2 estimates for
4 < s < 5onsmooth solutions to a one-parameter family of regularised o7 -equations (see Eq.
(A.1) in Appendix A) which are uniform with respect to the parameter. This was achieved
by first obtaining a uniform W4 estimate (see Theorem 3.1 in [12]), and subsequently
carrying out an integrability improvement argument (see Sections 5 and 6 in [12]). With the
W25 estimate in hand, the authors then applied a heat flow argument to obtain the desired
conformal metric.

Remark 1.4 A natural question to ask is whether the heat flow argument in [12] can be avoided
by instead taking the regularisation parameter directly to zero. One application of Theorem
1.1 above and [46, Proposition 5.3] is that this can be achieved when (M4, go) is locally
conformally flat. We refer the reader to Appendix A for the details.

Our work is also closely related to the work of Urbas in [60], where local pointwise second
derivative estimates for W7 solutions to the k-Hessian equation

o (V2ux) = f(x) > 0, A(VPu(x) e I}

were established on domains in R”. At the heart of Urbas’ proof is also an integrability
improvement argument, assuming an initial lower bound of p > kn/2 (see also [15,49,58,
61,62]). By an application of Moser iteration, the Cllo’c1 estimate is then obtained. We note
that Moser iteration has previously been utilised in the context of the o}-Yamabe equation
to establish local boundedness of solutions, see for instance [21,22,33].

We will in fact prove a more general version of Theorems 1.1 and 1.2, and consider an
operator of the form

Aglul:=V3u — Hlu] (1.3)

in place of +A,. Here, H[u](x) = H(x, u(x), Vu(x)) for a given matrix-valued function
H=H(x,z,§) ¢ Cl’l(.Q x R x R"; Sym,, (R)), where Sym,, (R) denotes the space of real

loc
symmetric n x n matrices. Rather than (1.1%), we consider the equation

oM (Arlul() = fx, ux), Vu(x)) > 0, A(Agxlul(x)) € I} forae. x € 2,
(1.4)

where f € CL1(2 x R x R).

loc
It is clear that if u satisfies (1.17) with u > é > 0, then u satisfies (1.4) provided

H(x,z,&) = %1 for 7 > % Likewise, if u € Wli’cp(SZ) is a solution to (1.17) with right
hand side (RHS) f and u > % > 0, then w:=—u € Wli’cp(.Q) satisfies (1.4) with RHS
f(x, z,&):=f(x, —z, —&), provided H(x,z,&) = %I for z < —%. Therefore, for the

@ Springer



177 Page4of33 J.A.J. Duncan, L. Nguyen

purpose of obtaining Theorems 1.1 and 1.2, it will suffice to consider the case that H is a
multiple of the identity matrix:

Theorem 1.5 Let §2 be a domain in R" (n > 3), f € Cl‘l(.Q x R x R") a positive function

loc
and H € CI’I(Q x R x R"; Sym, (R)). Suppose2 <k <n, p>landu € Wli’cp(.Q) isa

loc
solution to (1.4), and that one of the following conditions holds:

1. H(x,z,£) = Hy(x,2)|&*] with Hi > 0and p > 3.,
2. H(x,z,8) = Hy(x,2,§)] and p > &£,

Then u € Cl‘l(.Q), and for any concentric balls BR C Byg € §2 we have

loc
IV2ull gy < C, (1.5)

where C is a constant depending only onn, p, R, f, H and an upper bound for ||u w2.p (g, )-

Remark 1.6 The constant C in (1.5) depends only on n, p, R and upper bounds for
||M||W2~p(32R)a ||H||c1yl(z) and | In f||c1,1(z), where X:=Byg x [-M,M] x By(0) C
2 xRxR"and M > ”””C‘(Ez;e)' Note that since p > n in Theorem 1.5, an upper bound
for [|ullw2.p(p,,) implies an upper bound for [lu |1 (Bor)’ in light of the Morrey embedding
theorem.

Remark 1.7 When H = 0 and f = f(x), Theorem 1.5 was proved in [60, Theorem 1.6].

The matrix A g [u] introduced in (1.3) is sometimes referred to as an augmented Hessian of
u. The corresponding augmented Hessian equations have been extensively studied in recent
years — see [36—38] and the references therein. In this vein, it is therefore of interest to
generalise Theorem 1.5 to arbitrary H € Cllo'cl. As we will see, the proof of Theorem 1.5 uses
some favourable divergence structure in the case that H is a multiple of the identity matrix.
However, when k = 2, a similar divergence structure holds for general H and we obtain the

following:

Theorem 1.8 Let §2 be a domain in R" (n > 3), f € C]IO’C1 (£2 x R x R"™) a positive function
and H € Cllo’c1 (2 xR xR"; Sym,, (R)). Suppose p > 37” andu € Wli’p(.Q) is a solution to

C

(1.4) withk = 2. Thenu € Cllo’cl (82), and for any concentric balls B C Bag € 2 we have

V2u| ooy < C,

where C is a constant depending only onn, p, R, f, H and an upper bound for ||ully2.p (g, ,)-

Remark 1.9 In [36-38] and the references therein, it is usually assumed that H satisfies a so-
called co-dimension one convexity condition, which is known to be a necessary and sufficient
condition to obtain C! estimates — see [50,51,57]. We point out that we do not assume a
co-dimension one convexity condition in our treatment of second derivative estimates (the
exception is Case 1 of Theorem 1.5, where we have convexity in &).

Under a stronger assumption on p, we will also obtain an extension of Theorem 1.8 to the
case k > 3—see Sect. 6.

In adapting the methods of [60] to prove Theorems 1.5 and 1.8, we will need to deal with
the term H[u] which, whilst being of lower order in the definition of Ay [u], creates new
higher order terms in our estimates. Roughly speaking, the two terms which are formally
problematic consist of:
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(i) a contraction of the linearised operator

F[u]ij:=w (1.6)
d(Aplul)ij
with double difference quotients of H[u];; (this arises as a result of taking difference
quotients of (1.4) twice), and
(ii) the divergence of F[u]"/ multiplied by a term formally of third order in u (this arises
after integrating by parts).

In [60], neither of these terms exist since F[u]" is divergence-free when H = 0. In the
more general case that we are considering, it is unclear whether these third order terms
have a favourable sign individually. However, we will estimate them so as to show that,
when combined, they yield a cancellation phenomenon that ensures the overall higher order
contribution is positive. For the estimates of the higher order terms arising from the divergence
of F[u]"/, see Lemmas 4.4 and 4.5, and for those arising from the double difference quotients
of H[u], see Lemma 4.10. For the resulting cancellation phenomena, see Corollaries 4.12,
4.13 and 4.14.

We close the introduction by noting that in Theorems 1.1 and 1.2, we do not know whether
our lower bounds on p to obtain Cllo‘c1 regularity are sharp, and it would be interesting to deter-
mine the sharp lower bounds. In the case of the k-Hessian equation for 3 < k < n, itis shown

by Urbas in [59] that there exist W>?-strong solutions with p < @ which fail to be Cll.f
1,1

foranyo > 1 — % Other lower bounds on p leading to C;,

tions have been studied in [15,49,58,61,62], for instance.

regularity for k-Hessian equa-

The plan of the paper is as follows. We begin in Sect. 2 with an outline of the proof of
Theorems 1.5 and 1.8. This prompts us to consider the divergence structure of the linearised
operator, which we address in Sect. 3, and also motivate the estimates established from Sect. 4
onwards. In Sect. 4 we carry out the main body of our integral estimates. In Sect. 5, we
use these estimates and the Moser iteration technique to obtain the desired C]IO’C1 estimates,
completing the proofs of Theorems 1.5 and 1.8. In Sect. 6, we give the aforementioned
extension of Theorem 1.8 to the case k > 3.

2 Outline of the proofs of Theorems 1.5 and 1.8

Our proofs of Theorems 1.5 and 1.8 use an integrability improvement argument, from which
the Cllo’c1 estimate is obtained by the Moser iteration technique. In Case 1 of Theorem 1.5, we

will obtain, for a solution u € WIZO’C‘IJFI(_1 (£2) to (1.4) with g > %” — k + 1, the estimate

g
(/ (Au + Cl)f"f> == (Au+Catht, 2.1
BR+p

Br+3p

where p € (0, §], B = knf% and C is a positive constant ensuring Au + C; > 1 ae.
(see the paragraph after Remark 2.3 for the justification of the existence of Cp). Similarly, in
Case 2 of Theorem 1.5 and in Theorem 1.8, we will obtain, for a solution u € Wz’q+k (£2)

loc
to (1.4) with g > W — k, the estimate

B cq
( / (Au + coﬁq) <= (Au+ C)TH, 22)
Br+p o Bri3p
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now with 8 = % The estimates (2.1) and (2.2) then yield an improvement in

integrability under the respective lower bounds on ¢, which can then be iterated to yield the
desired Cllo’cl estimates. !

In the rest of this section we explain how the estimates (2.1) and (2.2) are obtained. Due to
the lack of regularity, we derive our estimates through taking difference quotients of the Eq.
(1.4).Foranindex! € {1, ..., n}andincrement 2 € R\{0}, we recall the first order difference
quotient V{’u(x)::h‘1 (u(x + he;) — u(x)) and the second order difference quotient

_ulx+ hey) — 2u(x) + u(x — hey)

Al u(x):=V (Y  u(x)) W

(2.3)

We also denote "
R ()= Ajju(x).
I=1
The above expressions are well-defined for x € §2;:={y € 2 : dist(y, 082) > |h|}.
It is well-known (see, for instance, [20, Lemma 7.23]) that
”Vlhu”LX(_Q/) < |IViullps(zy foralls > 1and 2’ € 2 s.t. dist(£2",382) > |h|. (2.4)
It follows from (2.3) and (2.4) that there exists a constant C = C(n) such that

lonlls 2y < ClIVZullLs @y foralls > 1. 2.5)

We will also use the following fact — see Appendix B for a proof:
Lemma 2.1 Suppose u € W>*(82) for some s > 1. Then v, — Au in Ly (82)ash — 0.

We assume now that both the increment 4 and our solution u are fixed, and write
v as shorthand for v,. Taking difference quotients of the equation o/* (A [ul(x)) =

u](x):=f(x,u(x), Vu(x)) and appealing to the concavity of o,'" in , we will derive
[u](x):=f (x. u(x), Vu(x)) and appealing to th ity of o/ in 1", we will deri
(at the start of Sect. 4) the pointwise estimate

D k(FluD* A flu) < Flul/ViViv =Y Fluld Aj(H[ul);; ae.in 2,  (2.6)
! !

Here, F[u]” = 3oy (An[ul)/d(An[ul);j is the linearised operator.

Remark 2.2 1In (2.6), and from this point onwards, summation notation is employed only over
repeated indices which appear in both upper and lower positions. Positioning of indices is
purely to indicate whether summation convention is being utilised; since we are working
with the Euclidean metric, we are free to raise and lower indices at will. For instance, A;;,

A;, Alj and A% all denote the (i, j)-entry of a symmetric matrix A. Similarly, we do not

distinguish between the derivatives V/ and V; when using index notation.

Remark 2.3 Since u is fixed, we write f[ul, H[ul, Aglul, Flu]’ etc. to emphasise that
these are to be considered as functions of x. If it is clear from the context (e.g. if there are no
derivatives involved), we will simply write f, H, Ay, F" etc.

! One might ask whether a reverse Holder-type inequality for a single second derivative V;Vju, similar to
(2.1) and (2.2), can be established. We have been unable to show this.
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The estimates (2.1) and (2.2) are derived by testing (2.6) against suitable test functions.
First fix a ball Byg € £2;. Since A(Ag) € F2+ is equivalent to tr(Ay) = Au —tr(H) > 0
and 02(Ag) > 0, there exists a constant C; > 0 (depending on an upper bound for || H || co 5y
— see Remark 1.6) for which Au + C; > 1 and |V2u| < Au + C; a.e. in Byg. We define
v:=v + C1, and for a small parameter § > 0 (that we eventually take to zero) we denote

05:=(()2 +5%) 2.

For p € (0, g] we also let n € CS°(Bgr42,) be a standard non-negative cutoff function.
Testing (2.6) against ang_l (where g > 1) then yields

S kol Al
1 BR+2p

sf an"lF"fvivjﬁ—Z/ nQJ " FU Al (H[u); 2.7)
Bri2p 7 Y Bri2p
forallg > 1andu € W2I™ 1 (2) N W (2) solving (1.4).

For ease of outlining our argument, let us suppose that f = f(x, z) (the general case
f = f(x,z, &) will only require minor changes - see Sect. 5.3). Then the integrand on the
left hand side (LHS) of (2.7) is a lower order term, whereas the integrands on the RHS of
(2.7) involve higher order terms, formally of fourth and third order in the limit # — 0, and
thus need to be treated.

In Sect. 4, we integrate by parts in the first integral on the RHS of (2.7), using a result
of Sect. 3 that tells us V; F[u]V is a regular distribution belonging to L](q+k71)/(k71)([2)

oc

if u € W2’q+k_1(.(2) N Wll)fo(.Q). After taking § — 0 and carrying out some further

loc
calculations (see Lemmas 4.2 and 4.3), we will obtain the estimate

vl (@)
Cq* Jpy,, tr(An)

+> f (@) FY A (H ul)j
i

BR+2/:

C
< 7( / @HIH 4+ f (Au+ cl)“’“‘), (2.8)
1Y Bry2p BRr3p

where C is a constant independent of /2, ¢ and p.

Whilst the first integral on the LHS of (2.8) is a favourable positive higher order term, the
other two integrals on the LHS (which we denote by (I2);, and (I3);, respectively) involve
higher order terms which are, a priori, of unknown sign. Treating (I»);, and (I3);, is the most
technical part of our proof.

Now, if we momentarily assume sufficiently highregularity onu, say u € W £2)N
Wllo’COO(Q) (g > 1), the issue of dealing with (I5), and (I3),, is largely simplified. As will be
detailed in the proof of Theorem 6.1, one may apply the Cauchy inequality to each of the
integrands and absorb the resulting third order terms into the positive term on the LHS of
(2.8). Under the stated integrability assumption, this crude estimation is sufficient to show

—1 v(@eH?))?* ¢
q g / fk‘ (@H)72)] - ﬁ(/ (5+)q+2k—1+/ (Au_,’_cl)q+2k—1).
q BR+/J tr(AH) o BR+2/) BR+3[)

@ Springer
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177 Page8of33 J.A.J. Duncan, L. Nguyen

An estimate analogous to (2.1) and (2.2) can then be obtained, assuming ¢ > kn — 2k + 1.

The difficulty is to therefore deal with (Io), and (I3), under the weaker integrability
assumptions of Theorems 1.5 and 1.8. At this point, we make the distinction between the
various cases. In each case, we estimate (I;);, and (I3); so as to produce a cancellation
phenomenon when combined, leaving only lower order terms; see Lemmas 4.4 and 4.5 for
the estimates on (I2),, Lemma 4.10 for the estimates on (I3);,, and Corollaries 4.12, 4.13
and 4.14 for the resulting cancellations. It will then follow from (2.8) that, in Case 1 of
Theorem 1.5 with the relaxed assumption u € Wli::quk_l £2)nN WIL"COO (£2) (¢ > 1), we have
the estimate

—1 v(@H?)P ¢

q fk‘ (( ) )‘ < (5+)q+k—l (AM Cl)q+k—1 .
2 2

q° JBgy, tr(Ag) P\ JBgis, Bri3p

(2.9)

Similarly, in the remaining cases with u € Wli’cq+k(.(2) N Wll)’coo(.Q) (g > 1), we will obtain

—1 v(@hHe))P ¢
1 f"M <= CADEARES (Au+Cpth).
2 2
q BR+/) tr(AH) P BR+2/> BR+3/7

(2.10)

To obtain (2.1) from (2.9) (resp. (2.2) from (2.10)), we proceed as follows (the details can
be found in Sect. 5). We first obtain an integral estimate for }V((ﬁ"‘)q/ 2) }2, to which we can
apply the Sobolev inequality. We then justify taking the limit # — 0 and impose the lower
boundg +k —1 > %" (resp. g + k > (k'gl)" ), from which we obtain (2.1) (resp. (2.2)).

3 Divergence structure of the linearised operator F[u]¥

In this section we derive a divergence formula for the linearised operator F [u]¥ (defined in
(1.6)), which we will use at various stages of our proof.

We note that in the case that Agy[u] = VZu or Aylu] = A,, the divergence properties
of F[u]" are well-documented (for smooth ). In the former case, F[u]"/ is divergence-free
with respect to the flat metric (see [52]), and in the latter case, wl =k Flul is divergence-free
with respect to the conformal metric g;; = u=2s; ; (see [63]). For related discussions, see
also [4,5,26,34,53].

For A € Sym, (R) and 1 < k < n, define the k’th Newton tensor of A inductively by

Te(A)i=01 (A — Th_1(A)A, To(A):=8". 3.1

It is well-known (see [52]) that

doyg(A) _ ij
oAy Ti—1(A) (3.2)
and
tr(7Tx(A)) = (n — k)ox (A), (3.3)

and moreover Tk,l(A)ij is positive deﬁnite when L(A) € Flj (see [6]). In particular, by
(1.6) and (3.2), FlulY = Tr—1(Ag[ul)V.
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Lemma3.1 Let 2 C R” be a domain and u € C3(82). Then for H € Cl(2 xR x
R"; Sym,(R)) and2 <k <n,

k—1

Vi P = Y = DP T oy (A (Vo (H LD = Y (H s ) (A HI=:V .
" (3.4)
Moreover, if H(x, z,&) = Hy(x, z, &)1, then
ViFlul' = —(n — k + )V (Ha[u]) Ti—a2 (Ap)". (3.5)
Proof The identity (3.4) will follow once we show thatfor | <k <n — 1,
ViTi(Aplu)’ = f(—l)ﬂ“Tk_p(Am“”(va(H[u])z — VE(HDa ) (Af D in 2.
. (3.6)

Similarly, (3.5) will follow once we show that for 1 < &k < n — 1 and H(x,z,§) =
Hy(x,z, )1,

ViTe(Agu)’ = —(n — k) Vi (Ha[u]) Te—1(Ap)” in £2. (3.7
To this end, we take the divergence of both sides in (3.1), which yields
ViTe(Aulul)’ = Vo (Aulul) — Vi(Tim1 (Aplu)™ (Auu))])

o) gy v
= 0 A V/(Aglul)ii — Vi(Tr—1(Ag[ul)) (AH)I

— Ti—1 (A 'Vi(Ag [uD)]
D A (Y (Al — Vi(Aulu)]) = Vi (T (Aglu)) (Ap)]

= Ty (A) (Vi (HIul)] — V7 (HIuDit) = Vi (Tem1 (A [uD) (Am)]
3.8)

Then (3.6) is readily seen by applying (3.8) iteratively.
We now turn to (3.7), for which we apply an induction argument on & using (3.8). The
base case k = 1 is clear. We suppose that for some k > 2 we have the identity

ViTi1(Ag[u)V = —(n — k + D)V (Ha[u]) Tk—2(Ag)", (3.9)

and we show that (3.7) then follows. First observe that, by (3.9) and the fact H;; = H>d;;,
(3.8) simplifies to

Vi Ti(Apul)’ = Vi (Halu)) Te—1 (Ap)"Y — VI (Ho[ul)tr(Te—1(Ag))
+(n =k + 1)V (Ha[ul) (Te—2(Am) Ap)Y. (3.10)

After substituting (3.1) and (3.3) into the last term and the penultimate term in (3.10), respec-
tively, we arrive at (3.7). ]

Note that V[u]’ (de;ﬁned in (3.4)) contains at most second order derivatives of u. As a
consequence, V; F[u]" is a regular distribution for u € Wli‘chrk_l £2)n WIIO’COO(Q). More
precisely, we have:
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s )N WIL’COO(.Q) with ¢ > 1 and
2 <k <n.Thenfor H € C]%Cl (22 xR x R"; Sym,(R)) and ¢ € WOI’S(.Q; R™), s:=q+q£,
we have

Lemma3.2 Let 2 C R" be a domain and u € W4 !

/F[u]ifvl-@:—/ Viul ;. (3.11)
2 2

where V[ul’ is defined in (3.4). In particular, VFluly = V{u)/ € Ll(g:_k_l)/(k_l)(ﬂ) and
|ViFlul/| < C(1+ |VZul*"") ae. in Bog, (3.12)
where C is a constant depending on an upper bound for || H || co.1 5.

Proof It is clear that u € W29~ (2) N W (2) implies Vu)/ e LUHD/* D (o),

loc

Since L + =L — 1 it suffices to prove (3.11) for ¢ € C3°(£2; R"™). Let uyy € C3(£2) be

s T g+k—1
such that u¢,) — u in w2ath=l (£2). Then by (3.4), we have for each m € N the identity
Vi Fluyl” = VIugml’, and it follows that

loc

/F[u(mﬂffw,-:—f Vi o). 3.13)
2 2

Now, since ugy) —> u in Wlf)’CqJ“k_l(Q), we have both F [u(,)] — F[u] and V{ugm] —

Viul in L0 (@) In particular, we can take m — oo in (3.13) to get (3.11). The
estimate (3.12) follows from the definition of V [u]/. ]

4 Main estimates

In this section we prove our main estimates, which will then be used in the proof of our
main results in Sect. 5. Largely, our estimates will be concerned with terms involving the
contraction of the linearised operator F = (F%/) and its divergence with various other tensors,
such as V29, Vi and (A), H[u);j).

4.1 Initial integral estimates: isolating higher order terms

The following lemma provides the starting point for our integral estimates:

Lemma 4.1 Suppose f € C(£2 x R x R") is positive, H € C°(£2 x R x R"; Sym, (R))
and u is a solution to (1.4). Then for fixed h,

D kAL flul < FUViViu =Y FU A (HIul)y; ace.in $2;. (4.1)
! !

Proof The proof follows [60], with some adjustments. For A € Sym,,(R), let GiU(A) =

30,/ (A)/9A;; = klop(A)IP/AFI(A), and denote GU:=GU(Ay[u]). Fix | €

{1,...,n}and h € R\{0}. Then there exists aset S, ; C §2;, with £ (£2;,\Sn,1) = 0 (where .Z

is the Lebesgue measure) such that A(Ag[u](x)), A(Ag[ul(x £ hey)) € Fk+ forallx € Sy .

By concavity of akl ®inr k+, it follows that for x € S;,; we have

ot (Aulul(x £ hep) — oy (Aulul(x)) = GY () (Aulul(x + hep) = Aplulx)),,-

4.2)
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Adding the two equations in (4.2), dividing through by A% and summing over [, we have

n
Z Apoy " (Aululn) < Y GU ) Ap(Aulul(x),; forallx € Spi=(")Shs,
1 I=1
4.3)
with S, clearly satisfying .2 (£2,\S,) = 0. Substituting the definition of G into (4.3) and
recalling that Ay [u] = V2u — H{[u], we obtain

Y ko F (Am)Ahol (Anlul) <Y FU AL (VP — H[u]);; in Sp. 4.4)
1 l

Substituting the equation ak] /k (Ap) = f into the LHS of (4.4), and commuting difference
quotients with derivatives on the RHS of (4.4), we arrive at (4.1). ]

As outlined in Sect. 2, we proceed to derive a series of integral estimates by multiplying
(4.1) by suitable test functions and integrating by parts using the divergence structure proved
in Lemma 3.2. Recall that for a fixed increment 7 > 0, we defined v(x) = ), A lu(x)
and that we fixed a ball Bog € £2, and a constant C; (depending on an upper bound for
| Hllco(sy) suchthat Au+Cy > 1 and |V2u| < Au+C; ae. in Bog. The existence of such a
constant is guaranteed by the assumption A(Ag) € F2+. We then defined v = v+ Cy, and for
a small parameter 6 > O (that we eventually take to zero) we defined Qs = ((6"‘)2 + 82) 12,
For p € (0, %], we also fix a cutoff function n € C°(Br42,) satisfying0 <n <1,n=1
on Bry, and IVigl < C(m)p~ ' forl =1, 2.

Suppose u € Wi ™71 (2) N WL (2) (¢ > 1) is a solution to (1.4). Multiplying (4.1)
by r;QZ_1 and integrating over the domain Bry>,, we see

S [ oyt st
1 R+2p

5/ nQj~ ‘F”VVJU—Zf nQf ™ F Al (H ), 4.5)
Bri2p B

R+2p

which is just the estimate (2.7) in Sect. 2, repeated here for convenience.
We are now in a position to prove our first integral estimate. In what follows, let

3= / @) + / (Au+CrY
BRr+2p Br+3p

Roughly speaking, if u € Wli’cs (£2) then J,ES) should be interpreted as a lower order term,

and terms bounded by J }ES) are consequently considered ‘good terms’.
We will first address the case f = f(x, z) for simplicity and postpone the more general
case until Sect. 5.3. The relevant equation is therefore

oM (Aplul(0)) = fFx,u(x) >0, A(Aplulx) € I~ forae.xe Q. (46)

Throughout Sect. 4, unless otherwise stated, C will denote a generic positive constant
which may vary from line to line, depending only on n, R, f, H and an upper bound for
lullwico(p,y)- In particular, C is independent of &, g and p, and any norm of V2u. In addi-
tion, we will often use the inequalities Au + C; > 1 and |V2u| < Au + C; without explicit
reference.
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Lemma 4.2 Suppose f € Cllo’c1 (82 x R) is positive, H € CO’I(.Q x R xR"; Sym, (R)) and

loc

u e w2 atk £2)N WI})’COO(Q) (q > 1)isasolutionto (4.6). Then for R > 0 with Bop € 2,

loc
p € (0, %] and |h| sufficiently small, we have

(g-1 n(@HI2FIVV; b +/ n(@HIIV Flul V5

Bri2p Bri2p

+Z/ n(@ I FU AL (Hul)ij < Cp 20D, 4.7)
/ B

R+2p
Proof Appealing to Lemma 3.2 with ¢p; =1 Qg_l V; v, and noting that
] - - 3 e~ 1 -
Vid)j = Qg VianU + (g — 1)U+Q(g V,’UV]'U + HQZ V,‘Vjv,
we have

/ Fij(Qg—‘vmvjﬁ +(q — 1)5*Q§‘3Viﬁv,5 + ngg“vivja)
BRri2p
= _/ nQ! 'V FlulV ;. 4.8)
BRri2p

Rearranging (4.8) to get the desired integration by parts formula for | Braay Qg_l Fiv;V;v,
and substituting this back into (4.5), we obtain

(g—1 nﬁ+Q§‘3Fifv,~ﬁvjﬁ +/ nQ! Vi Flul Vo
BR+2,0 BR+2,0
. [ ~
+Y / nQf " FU Al (H[ul)ij < — / Q) FUviV;i
1 Br+2p Br+2p
-3 / knQf ™ f*1 Al flul. (4.9)
i BR+2p

We now take § — 01in (4.9), using Fatou’s lemma for the first integral (which is positive) and
the dominated convergence theorem elsewhere (which is justified since ¢ > 1). This yields

(g—1 n(ﬁ*)q’zFijViﬁVjﬁ+/ n@HIIV Flul v o
BR+2p BR+2P
+) / n(@HT FY AL (Huby < - f N FUVinV;©
7 Y Bri2p Bri2p '
- Z/ k(@571 A AL fLul. (4.10)
i BR+Zp

To conclude the proof of Lemma 4.2, we must bound the RHS of (4.10) from above by
Cp’ZJ}f‘Hk*l). We begin with the first integral on the RHS of (4.10). Appealing again to
Lemma 3.2, now with ¢p; = é(ﬁ*)q Vinand Vi¢; = (57)11V;0V,n+ $(5+)q ViVjn, we
have

R+2p

.. 1 1 .
/ Fi ((ﬁ+)‘1—1v,-r,vjﬁ + f(fﬁ)qv,-vjn) = _7/ @IV Flul” V;n.
Br+2p q B

@ Springer



Local second derivative estimates for the o) -Yamabe equation Page 130f33 177

Therefore,

/ @HIFIVinV;o
BRri2p

1 N
< */ @HIFIV;V;n
q BR+2p

o) C
—2/ (ﬁ+)q|F|+—/ @) divF[u]
P~ JBriop P JBrisp

where F = (F'/). Recalling |F| < C(Au + C)*~! and applying Holder’s inequality to the
penultimate integral in (4.11), we see that fBR+2p @ F| < CJ}E‘H—k—l). The final integral

in (4.11) satisfies the same estimate, since |divF[u]| < C(Au + C)*~! by (3.12).
It remains to estimate the second term on the RHS of (4.10). Keeping in mind that f =
flx,z) € Cltcl (£2 x R), we apply Holder’s inequality followed by (2.5) to obtain

‘Z [ e £
i R+2p

q—

g-1
<e(f,,.o) (]
Bri2p Br+2p

N7
S Al flul )
I
q—1

q—1 1
(255)C</ (,;+)q> </ |Af[u]|q>q <cJ\?. (4.12)
Br+2p Br+3p

This concludes the proof. O

1 N
+ ‘f/ @IV Flul'V;n
BR+2,0

IA

, (4.11)

To clear up notation, we denote the three integrals on the LHS of (4.7) involving higher
order terms by

I)p=(q — 1) n@HI2FIV5V; 3,

BRri2p

(Iz)h::/ @'V Flul V5 and
BRri2p

=3 [ @ Al
7 Y Bri2p

The terms (I1);,, (I2);, and (I3);, will be considered in turn. In Sect. 4.2, we prove an
estimate for (Iy);,. In Sect. 4.3.1, we estimate (I;);, in the case that H is a multiple of the
identity, and in Sect. 4.3.2 we estimate (I2), for general H when k = 2. The estimate for
(I3);, in the general case is slightly involved, so for illustrative purposes we first address the
simpler case when H (x, z, &) = Hi(x, z)|.§|21 with H; > 0, which includes the o%-Yamabe
equation in the positive case. This is done in Sect. 4.4.1. The estimate for (I3); in the general
case is proved in Sect. 4.4.2. In the process, we will prove the cancellation phenomenon
between (Iy); and (I3); alluded to earlier — see Corollaries 4.12, 4.13 and 4.14.

4.2 A pointwise lower bound for Flu]/V;vV;v

The term FV;3V;% in (I;), can be bounded in the same way as in [60] (see Eq. (3.6)
therein). We reproduce the argument here for the reader’s convenience.
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Lemma 4.3 Suppose f € C%2 x R) is positive, H € CO(2 x R x R"; Sym,, (R)) and u
is a solution to (4.6). Then for g > 0,

(v+)q_2FijVil~)le~) > - 7 ae.in £2;. (4.13)

af* V(@)
q%> Au—tr(H)

In particular, for R > 0 with Bor € £2, p € (0, 21, g > 1 and |h| sufficiently small, we
have

g1 V(@)
Iy = qu/;?mp S m (4.14)

Proof Denote by ///,:r C Sym,, (R) the set of symmetric matrices M with A(M) € T, ,:“. For
1 <1 < n, denote by F(j(A) the matrix with entries do;(A)/dA;;. Using the concavity of
o0k (A)/ox—1(A) on ///,j', we have

Fily(A) - Fil_py(A)
or(A) — ok-1(4)

forall A € 4" (4.15)

(see e.g. [48,60]). Applying (4.15) inductively, it follows that

ok(A) — T o1(A) tr(A)

forall A € .4 (4.16)

Taking A = Ag[u] in (4.16), where u is a solution to (4.6), we obtain
Flul¥ (x) - 8t
fRu)(x) ~ Au(x) — tr(H [u](x))

from which (4.13) is readily seen. The estimate (4.14) then follows from properties of n. O

fora.e. x € £2,

4.3 Integral estimates for ViF[u]ijVjV

In this section we obtain estimates for the term (1), = f Brsay n@HI=1v; Fluliv jv. The
case in which H is a multiple of the identity matrix will be dealt with first, in Sect. 4.3.1.
The case for general H when k = 2 will then be addressed in Sect. 4.3.2.

4.3.1 Thecase H = Hy(x, z, &)I

In what follows we denote tr(F) = ), F i _'We prove the following two lemmas which
address the case that H is a multiple of the identity:

Lemma 4.4 Suppose f € CY9(2 xR)is positive, H € Cl’l(.Q x R x R"; Sym,, (R)) with

loc

H(x,z, &) = Hi(x,2)|&*], and that u € Wz'q+k_1(.Q) N WIL’COO(.Q) (¢ > 1) is a solution

loc

to (4.6). Then for R > 0 with Byg € 2, p € (0, g] and |h| sufficiently small, we have

2
L)y > — /B n(ﬁ)‘f*ltr(F)iwg‘f' 19,45 — Cp 1D, (4.17)
R+2p a
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Lemma 4.5 Suppose H € C11 (2 x R x R"; Sym,,(R)) with H(x, z,§) = Ha(x,z, €)1,

loc

and that u € Wl ™ (2) N WX (2) (¢ > 1). Then for R > 0 with Bog € 2, p € (0, %]

loc
and |h| sufficiently small, we have

H.
(L)), > — / @ () 2[ulV,d — Cp~ Y. (4.18)
Br+2p

a

Remark 4.6 Note that in Lemma 4.5, we do not assume that u solves (4.6). In contrast, the
fact that Lemma 4.4 holds under a weaker integrability assumption uses both the fact that u
solves (4.6) and that H, depends quadratically on Vu.

Remark 4.7 The first term on the RHS of (4.17) and (4.18) will later be shown to cancel with
a term arising from our estimate for (I3),,.

Proof of Lemmas 4.4 and 4.5 The proof consists of three steps. In Step 1, we prove a prelim-
inary estimate assuming only u € Wli’cq"_k_] £2)n WIL’COO (82) and H = Hy(x,z,&)1, but
we do not assume at this point that u necessarily solves (4.6). Only in Steps 2 and 3 will we
appeal to the specific hypotheses of Lemmas 4.4 and 4.5.

Our starting point is the following expression for (I2),, which follows from (3.5):

L), =—(m—k+1) n(@NIV; (Halu]) Te—2 (Ap) " V; 0.

Br+2p

Step 1: In this step, we show that for every u € w2ath=l £2)n WIL'COO(Q),

loc

L)y > —f n(ﬁ+)q_1tr(F)8H2
Br+2p el

a

[u]V, v

n—k+1 . . 3%H, B _
- / NG F——[ul(Am)iy — Co~ T4V (4.19)
q Br42p agaagb

Note that the first integral on the RHS of (4.19) is the desired term seen in (4.17) and (4.18).
First observe that by the chain rule,

et g1 0H> i
(), =—(m—k+1) N = [u] Tea (An)V Vi
Br+2p dx/
0H. .
—(—k+1) n@HT 2 (] Troa (Ap) IV ju v,
BRri2p 9z
0H: .
—(m—k+1) n@ Y 2 1) Tea (Ap) UV Vau Vid. (4.20)
Br+2p d a

Denote the top two lines of the RHS of (4.20) collectively by L, and the bottom line by L.
Recalling that V;V,u = H»8, + (Ap) jq and, in view of (3.1) and (3.3), that

1
(Te2(Am)An);, = ~Fia & ———tr(F)dia, @21)

k +
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we have
0H,
Ly=—mn—k+1) N = [u] Tea(An)ia Ha V'
Br+2p afa
—(n—k+1) n(@+)1- 10 3 1 (Tk—2(An)An),, V'D
Bry2p é}_a
4.21) .
= 2 (—k+1) G L T (A oV
BRr+2p aéa
J0H, »
+(n—k+1) n@HI = U] F, Vo
BR+2p a%_a

[u] V,0.

oH
- / (@) e (F) =
BR+2p 0

a

Substituting this identity for L, into (4.20) yields

. L 0H -
)y =Li—(n—k+1) NG Z2 U T 2 (Ap)ia HaV'
BR+2p a%-a
oH
+(—k+1) N 2 ] F
BR+2p 8 a

5 2 [u] V. (4.22)

a

- / n(@hHa~ ‘tr(F)
BRri2p

We claim that the terms on the top line of the RHS of (4.22) are bounded from below
by —Cp~' 79"V Indeed, as Ty »(Ap)' = dox_1(An)/dA;j, by Lemma 3.2 we have
|V Te—r (A [u])¥| < C(Au+ C1)*2. Itis also clear that | Tk—»(Ax)Y | < C(Au+C)*2.
Thus, after integrating by parts using Lemma 3.2 and applying Holder’s inequality, the lower
bound for these terms follows.

To estimate the penultimate integral in (4.22), we integrate by parts using Lemma 3.2 and
apply the identity

Vi (8H2[ & ))
d&a
= (2 o) A+ ) + (i )i + 0
(8&8&7 ) ib + Hip (azaga u](X)) iu(x) + axiaga[”](x)'
After an application of Holder’s inequality, this gives

0 H- .
f @ 2 B Lvi
Br+2p 08,

a

1 92 H,
> —f/ N F 2 [u] (A)ip — Cp~ 7T,
q BR+2p as(lag

from which (4.19) follows.

Step 2: In this step we prove Lemma 4.5. Indeed, for u € Wl%)cq k £2) N Wll)’coo (£2) (not
necessarily solving (4.6)) we have the estimate

Sy
g i _—C CIF A
4 B, n(@HF, aas o5, 2 [ul (Am)iv Blmp(v Y| F||Ay|

(q+k)
-CJ, ,

v

@ Springer



Local second derivative estimates for the o) -Yamabe equation Page170f33 177

where F = (F'/) and the last inequality follows once again from the estimate | F| < C(Au+
C1)*~! and Holder’s inequality. Substituting this into (4.19) then yields the desired estimate
(4.18).

Step 3: In this step we prove Lemma 4.4. Since we assume in this case that Hy(x, z, &) =
H (x, z)|£|? and that u solves (4.6), rather than estimating as in Step 2 we observe

; 02 Hy
Fa 08,08 [Wl(Ar)ip = 2H1 F}8°" (Ap)ip = 2H\ FJ(Ap){ = 2H koy(Ap) = 2H kf*.
(4.23)

Substituting (4.23) into the second integral in (4.19), we arrive at (4.17). O
4.3.2 The case k = 2 for general H

In this section we obtain an estimate in the case k = 2 analogous to (4.17) and (4.18). We
do not assume that H is a multiple of the identity and, as in Lemma 4.5, we do not assume
that u solves (4.6):

Lemma4.8 Suppose H € CL1(2 x R x R"; Sym, (R)), k = 2 and u € W2 (2) n

loc
WlL‘COO(Q) (¢ > 1). Then for R > O with Bog € £2, p € (0, g] and |h| sufficiently small, we
have

L)y z/B n(@+)I- laaT[ ]vivauvjﬂ—/ n(mq”%m[u]trmmvaﬁ
R+2p a

BR+2,o S{l
—Cp 1. (4.24)

Remark 4.9 The first two terms on the RHS of (4.24) will later be shown to cancel with a
term arising from our estimate for (I3);, (cf. Remark 4.7).

Proofof Lemma 4.8 As k = 2, we have V; F[u]/ = V; H[u]"/ — V/tr(H[u]) (by (3.4)) and
ViViy = tr(Ag)8/¢ — FI¢ — HJ% Tt follows that
(o), = / 77(17+)q_1(ViH[M]U — Vit (H[u])V,;¥
Br+2p

oH dtr(H) s
= +yg-1 V,V, viviy )V
/B,mp”(” ) ( 5, W ViVan = —5—lul g

+ n(ﬁ*)"*‘(a g4 2 gy = 20D D “)V;ﬁ
Bri2p 9z ax; 0z ‘

vg (OHY dtr(H) Do -
=fBR+20n(v+)q 1(—% (U] V;Vu — 354 [u]tr(Ay)s’ )v,-u

ij ij
+f n(ﬁﬂ‘f*l(—w 1+ 2 g Gy — S5y 2 g
Bri2p ax! 0z 0 9z

Xj
atr(H)
aga

[Wl(F/* + H/")>ij). (4.25)

The integral on the last two lines of (4.25) can be bounded from below by —Cp~1J ,fqﬂ)
in exactly the same way as in the proof of Lemmas 4.4 and 4.5: we integrate by parts using
Lemma 3.2, estimate the relevant quantities in terms of Au+C and apply Holder’s inequality.
The estimate (4.24) then follows. ]
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4.4 Integral estimates for F[u]ijAZH[u]ij

In this section we obtain estimates for the quantity (I3), =), fBR+zp n (321 Fi AZ (H[ul)ij.
More precisely, we prove the following lemma:

Lemma4.10 Suppose H € C! (2 x R x R"; Sym,(R)), R > 0 is such that By € £2
and p € (0, §1.

a) Ifue w2atk £2)N WIL’COO(.Q) (q > 1), then for |h| sufficiently small, we have

loc

COH:
{3); > / n(@ I P ] v,5 — €70, (4.26)
BR+2p 8%'”

b) Ifu € Wod "N @)N WL (2) (q > 1) and H(x, z.§) = Hy(x, 2)[§ 1 with Hy > 0,

loc
then for |h| sufficiently small, we have

OH: _
(1), > / n@HI P ) v, 5 — e 0D, 4.27)
BR+2p 3544

Remark 4.11 Neither estimate in Lemma 4.10 requires u to be a solution to (4.6).

Before proving Lemma 4.10 we first discuss its consequences, namely the resulting can-
cellations between (I);, and (I3),. First consider the case H = H;(x, 2)|& |21 with H; > 0:

Corollary 412 Suppose f € Ci) (2 x R) is positive, H € ) (22 x R x R"; Sym,,(R))
with H = Hy(x, 2)|&[] and Hy > 0, and that u € W™ 1 @2) n W2 (2) (g > 1)is a
solution to (4.6). Then for R > 0 with Byg € £2, p € (0, g] and |h| sufficiently small, we
have

_ k—
L)y + (13), = —Cp~ gD, (4.28)
In particular,
~ 2\ 2
g—1 / k |V((U+)q/ )| < Cp—ZJ(quk*l) (4.29)
q* Brip Au—tr(H) — h ’

Proof The estimate (4.28) follows from combining the estimates (4.17) and (4.27). The
estimate (4.29) is then obtained by substituting (4.14) and (4.28) into (4.7). O

Similarly, we obtain the following in the case that H = H(x, z, &) I:

Corollary 4.13 Suppose H € Cy;) (2 x R x R"; Sym, (R)) with H = Ha(x, z, §)1, and
ue W@y n WL Q) (g > 1). Then for R > 0 with Bog € 2, p € (0, X1 and |n|

loc
sufficiently small, we have

)y + €3, > —C,o_th(quk). (4.30)

If, in addition, u solves (4.6) for some positive f € CIL’CI (82 x R), then

_ v ((5+)4/2)|?
T l/ f"7| (@) < Cp 2y, 4.31)
* Jpy,,”  Au—t(H)
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Proof The estimate (4.30) follows from combining the estimates (4.18) and (4.26). The
estimate (4.31) is then obtained by substituting (4.14) and (4.30) into (4.7). O

A similar cancellation also holds in the setting of Theorem 1.8, although this requires a
little more work:

Corollary 4.14 Suppose H € C}:' (2 x R x R": Sym,(R)), k =2 and u € W29(2) n

loc loc

WL (2) (g > 1). Then for |h| sufficiently small, we have
(o) + (3), = —Cp~ 2797, (4.32)

If; in addition, u solves (4.6) for some positive [ € Cllo’c] (£2 x R), then

~ 2\ 2
q— 1 / 2 |V((v+)q/ )| < CpflJ(q-'rz) (433)
q> gy,  Au—tw(H) ~ h

Proof The estimate (4.33) will immediately follow once (4.32) is established, by substituting
(4.14) and (4.32) into (4.7). - - o -
Taking k = 2 in Lemma 4.10 a) and using F"/ = tr(Ay)8"’ — V'V/u — HY , we see

otr(H .. 0H;;
{3, > / NN r(Ap) WD) v, — / n@HIVIVIu— U]V,
Bri2p a Bri2p 3&q
~4\qg—1 77ij 0H;; ~ (q+2)
— n™") H T[u] Vav—CJh . (4.34)
Br+2p Ea

Now, the first term on the RHS of (4.34) cancels with the second term on the RHS of (4.24),
and the first term on the last line of (4.34) can be estimated by —C p v 2’”2) , after integrating
by parts and applying Holder’s inequality. Therefore, combining (4.24) and (4.34), we obtain

1 0H;; . . L
(L + 0y = / 0 L] (vvau Vi (i) — VIViy va@*)‘f)— Cp I

BR+2/) 85“
Now, if u were to have enough regularity, we could integrate by parts here, observe that

the third derivatives of u cancel, and obtain (4.32) by estimating the remaining terms in the
usual way. To circumvent the lack of regularity, we instead apply the following lemma:

Lemma4.15 Let U C R" be a smooth bounded domain and let B € L*°(U; R"*") be an
antisymmetric matrix with supp(B) € U. For 1 < p < oo and p’::ﬁ, consider the
bilinear form % : whr(U) x Wl”’,(U) — R given by
B(g, h) = / B} Vag V/h. (4.35)
U
IfdivB € L1(U; R") with %—}-% =1- %forsome 1 < gq,r < oo, then we have the estimate
@)l < [ KdivBIITglin (436)
U

forallg € WhP(U) and h € WP (U) N L™ (U).
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Before proving Lemma4.15, we use it to complete the proof of (4.32): foreachi € {1, ..., n},
IH;;
04

taking B;’ =7 [u] — n%[w], g = Viuand h = (07)7 in Lemma 4.15 we obtain

OH:: . . o
/ n—2[u] <V’VauV/ @) — V’Vqua(ﬁ+)’1>
BR+2p a%-a

(4.36) . 3
< Cp! / (Au+ C)PIH? < Cp~ 1T
BRri2p

It remains to prove Lemma 4.15. By a standard approximation argument, it suffices to
prove (4.36) for g, h € C°°(U). We are then justified in integrating by parts in (4.35), giving

|%<g,h>|=‘/ (VfB?Vag+B;?Vavfg)h 5/ divB|[VglIhl.
U —_— —— U

=0

where we have used antisymmetry of B to assert that B;.’ V,Vig =0. O

4.4.1 Proof of Lemma 4.10 b)

We now turn our attention back to the proof of Lemma 4.10. Whilst the two estimates (4.26)
and (4.27) can be dealt with simultaneously (see the proof of Lemma 4.10 in Sect. 4.4.2),
for illustrative purposes we first provide a more direct proof of (4.27), which includes the
or-Yamabe equation in the positive case. Indeed, when H = Hj(x, 7)|€ |2I we are able to
calculate AZ (H[ul);; explicitly by deriving the following discrete version of the Bochner
identity, avoiding the more involved estimates required for the general case. In what follows,
we denote
uf’ (x):=u(x + hey).

Lemma4.16 (Discrete Bochner identity) Suppose Hy € C%(2 x R) and [ € {1,...,n}.
Then

i — — 2 2
Al (H\ )| Vul?) = 2H V' uV; Afu + (Hy [u))] " [V u|™ + ()] [V V]
+ VYV u v Hy ] + V)V ViV H ]
+ V] (Vi (V' Hilad). (4.37)

Assuming the validity of Lemma 4.16, the proof of (4.27) in Lemma 4.10 b) is then
straightforward:

Proof of Lemma 4.10 b) Substituting the discrete Bochner identity (4.37) into the definition
of (I3);, and dropping the two positive terms, we obtain

I3 =2 / @ e (F)Hy ViuV, o
BRri2p
+ Z/ n(ﬁ+)‘1‘1tr(F)(v;hviuvfuv;h Hy[u] 4 V]V uV;u V] H [u]
i BR+2p

+ V) (Viu(V MV Hy [u])). (4.38)
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After applying the difference quotient product rule
VI uv)(x) = ul (x)VI'v(x) 4+ v(x) V'u(x) (4.39)

to the integrand in the last line of (4.38), we may then estimate the last two lines of (4.38) in
the usual way. Namely, after applying the bound tr(F) < C(Au + C1)*~!, using Holder’s
inequality and appealing to (2.4), we see that the last two lines of (4.38) are collectively

bounded from below by —CJ, ng+k—1) . The estimate (4.27) then follows. O

Proof of the discrete Bochner identity (Lemma 4.16) Using the product rule (4.39) to first cal-
culate V, " (Hy[u]|Vu|?), we see

Al ([ Vul) = V] (V7 (i [)V uVia) )

= VP (V7 ;"9 + O (il Viu 9 )+ V] (Vi 9 07V H ).
On the other hand, noting that V/'u; "u(x) = V; "u(x) and (V; "u)! (x) = VI'u(x), we also
have by (4.39) the identities

VI (H ViV = B a7V v v
= H V' uV; Alu + ()] |V V]
+ V" VeV u v Hy[u]

and

vi(H o—hoi \ _ ohwi oh , oho—hywi

]V V"V ) = VIV V] (Hy [ Vie) + Hi ViV VT i
= (H\[u))] |VVu|” + VIV uVuV] Hy[u] + H ViuV A,

Putting these three identities together, we arrive at (4.37). O

4.4.2 Proof of Lemma 4.10 in the general case

We now prove Lemma 4.10 in the general case. To simplify our analysis, we will make use
of the following semi-convexity property of H € Cllo’cl (£2 x R x R"; Sym,,(R)): there exists
a constant Cyx > 0O such that the mapping § — H(x,z,&) + Cs|€|*1 is convex for all
(x, z, &) € X (thisis an immediate consequence of the Cll.gcl regularity of H). We will make

use of this property in the form

0H;;
9&a
for all (x,z, &), (x,z,¢) € X. Note that in Case 1 of Theorem 1.5, we may take Cy = 0
in (4.40), as H(x,z,&) = H(x, z)|é§|21 is convex with respect to & when H; > 0. The

inequality (4.40) will play a role similar to that of the discrete Bochner identity used in the
previous section (see Lemma 4.16).

Hij(x,2,8) > Hij(x,2,0) + (.2, O)(E — ) — Cx8ijlE — ¢ (4.40)

Proof of Lemma 4.10 We first prove Lemma 4.10 a). It suffices to show that

ij Ah ijaHi./ h
FYAy(H[ul)ij = F 0E [u] VqAju + error terms VI € {1, ..., n}, 4.41)

a

@ Springer



177 Page 22 of 33 J.A.J. Duncan, L. Nguyen

where the error terms satisfy

/ n(@+)?|error terms| < CJ,qurk). (4.42)
BR+2p

To keep notation succinct, we denote xE=x+ hel and F = (F) in what follows.
Step 1: We first prove a lower bound for F/ (x)A (H[u](x));;, identifying the error terms
in (4.41). Observe that by (4.40) and the fact that F iJ is positive definite in Fk , we have

Fi
hf‘) [(H[u](xi»,-,- — H(x™, u(x®), Vu(x»i,-]
> F’;S‘) 882" (F, u(x®), Vu () (Vau(x™) — Vau(x)) — i'f' Vu(x®) — V(o)
> Fl;ix) SBH"’ 1160 (Va @) — Vo) — S 19ty - vue) P
€ h
_ CIF]
i —— |Vu(x®) — Vu(x)| forae.x € Brioy,

where to obtain the second inequality we have estimated
0H; j
98a

0H;;
(x®, u(x®), Vu(x)) — 85’ ) ()| < 1H 1) (105 — x| + [0 (F) — u(x)))

< C|h]|.
Recalling the definition of A 1 (H [u](x));j, we therefore see that for a.e. x € Bry2p,

FU(x) 4] (H[M](X))U

> Fii o i s Y 11 () Vi Al (x)

a

Fi (x)
h2

— Cx|FIIVIVu?> — Cx|FIIV"Vul* = CIF||V]!'Vu| — CIF|IV"Vul.  (4.43)

+ <H(x+, u(x), Vu(x))ij — 2(H[ul(x))ij + H(x ™, ux"), Vu(x))ij>

Step 2: To prove (4.26), we need to show that the error terms in last two lines of (4.43)
satisfy (4.42). Formally, these terms behave like | F|(|VZu|? +|V2u|), and so by the estimate
|F| < C(Au + C1)*~!, the bound (4.42) is then conceivable. We now give the details.

Denote the terms on the penultimate line of (4.43) collectively by E, and the terms on the
last line of (4.43) collectively by E». The error terms in E» are easier to deal with. Indeed,
by the bound |F| < C(Au + C)*~!, Hélder’s inequality and (2.4), we have

2
q+k
|V;Ehw|'1+’<> < Y.

(4.44)

+k—2
/ @I FIVE VU < ca ) e ( /
Bri2p B

R+2p

In exactly the same way, one can show fBR (@)~ ]|F||VlihVu| < CJ(‘Hk D , and

combining these estimates we obtain fBR+2p n(v+)q HE,)| < CJ,Eq"'k).
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We now treat the error terms in E;. We first observe that by the fundamental theorem of
calculus followed by the chain rule, we have the identities

H(x*, u(x®),&)ij — H(x, u(x), &);

1 1
:/ iH(xithel,u(xi),g)ijdurf iH(x,u(x:l:the;),&)ijdt
o dt o dt

L oH; n L oH;
= +h ol (x £the,u(x™),E)dt = h 3 (x,u(x £they), £)Viu(x + they) dt,
0 X 0 Z

and therefore

Hxb,u(x®), §)ij — 2H (x, u(x), §)ij + Hx ™, u(x7), £)ij

= h/ 3 (x, u(x +thep), &) Viu(x + thep)
0 Z

— a2 (x,u(x —they), &E)Viu(x — thel)> dt
1 0H,;; I 0H,; _

—l—h/ = (x 4+ the,,u(x™),&) — = (x —the,,u(x™),&) | dt. (4.45)
0 < ox! ax! )

Now, by the Cllo’c1 regularity of H and the Lipschitz regularity of the mapping (x, z, p)
— 851;/ (x, z, &) p; for fixed &£ andeach ! € {1, ..., n}, we can estimate the last line of (4.45)

from above by Ch? and the middle line of (4.45) from above by

LS|
Cch? + Ch2/ m‘vlu(x + the) — Viu(x — rhe,)} dr.
0

Applying these estimates in (4.45) and taking & = Vu(x), we therefore see that
1 1
|E1| < C|F| + C|F]| / IV{"Vu(x)|dt + C|F]| / IV, "V (x)| dt. (4.46)
0 0

Using (4.46), one readily obtains the estimate fBR+2p n@HINE|| < CJ;"J“k_l), apply-
ing the same line of argument as seen above for E;. For example, by Fubini’s theorem and
Young’s inequality, we have

1
/ n(hye! |F|</ VEY (0| dz) dx
BRri2p 0

1
=f/ n@ O FIIVEVu(x)| dx dr
0 BR+2/)

1
5CJ,jq+k“>+c// V|9 dx di
0 BR+2,0

2.4) _
< C]}Equk l)'

This completes the proof of Lemma 4.10 a).

Step 3: It remains to prove Lemma 4.10 b) (see Sect. 4.4.1 for an alternative proof which
is independent of calculations in Steps 1 and 2 above). Note that in this case, we may take
Cx = 01n (4.43) and so the error terms on the last two lines of (4.43) formally behave like
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|F||V2u|. By the same argument as in Step 2, the error terms £ and E» considered in Step
2 therefore satisfy || Brisy n@HIYE;| < C J}E‘Hk_l) , and the conclusion follows. ]

5 Proof of main results

In this section we use Corollaries 4.12, 4.13 and 4.14 to prove Theorems 1.5 and 1.8, as
outlined at the end of Sect. 2. We will first give a detailed proof of Case 1 of Theorem 1.5
when f = f(x,z) in Sect. 5.1, and then indicate the necessary adjustments for remaining
cases, still when f = f(x, z), in Sect. 5.2. In Sect. 5.3, we extend these results to the case
f = f(x,z, &), completing the proofs of Theorems 1.5 and 1.8.

5.1 Proof of Case 1 of Theorem 1.5 when f = f(x, z)

In this case, we recall that by Corollary 4.12 we have the estimate

~ 2
f [V(@H )| _Ca JlatD, 5.1)
Bry,  Au—tr(H) ~ p2 h

29 @) N WL (2) (g > 1) Let6 € (0, 1) be such that 252 < g +k — 1

(we will eventually take 6 = ﬁ). Also denote by (2 — 0)*:=n(2 — 0)/(n — 2 + 6) the
Sobolev conjugate of 2 — 6. We first obtain from (5.1) the following:

where u € W,

Lemma 5.1 Suppose f € CL:! (2 x R) is positive, H = Hj (x, z)|&[*1 with Hy € C:! (2 x
R) and Hy > 0, and that u € W2 qtk= l(.Q) N Wl})’coo(ﬂ) (q > 1) is a solution to (4.6). Then

q(2 0)* (2—29>*
/ (Au+ Cy)
BR+p

0
C o\ 20
< —Z(/ (Au+C1)2T€> / (Au+C1)‘1+k_1. 5.2)
1Y BR+3/; Br3p
Proof The estimate (5.2) will follow immediately once we establish the estimate
2
q2—0)* 9)* 2-0% 79 L k—1
(/ &) ) |fh6 |7 gtk (5.3)
BR+p

since we can then apply Fatou’s lemma and the fact that 9+ — Au + C; a.e. as h — 0 to
the term on the LHS of (5.3), and Lemma 2.1 to the terms on the RHS of (5.3).

Keeping in mind the lower bound infg,, f > % > 0, we first observe that by Holder’s
inequality and (5.1), we have

([ rvta@eme)™
Brip

0 ~\q/2)|?
< c(/ (Au —tr(H))¥>2 ’ / fk|VA((v7)q)|
BR+p BR+p u _tr(H)

(5 nC 2=
Laq |J( 9 )|2 eJ(‘1+k D 5.4
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On the other hand, since @ < g + k — 1, Holder’s inequality gives

2 6
(o) ([ o) oor
Brip Br+p Br+p

(38,2 k—1
VAR A (5.5)

Applying the Sobolev inequality to (5+)7/> € W2~ and appealing to (5.4) and (5.5), we
arrive at (5.3). m]
The inequality (5.2) is of reverse Holder-type if 6 satisfies
2—-6 q2—-6)*
—_— k—1< ———.
g SITkTl=T

For example, if we fix 6 = k;‘ﬁ and finally impose the assumptiong +k — 1 > %" we see
that (2 —0)/0 =kn/2 <gq+k —1and

q2—0)* kn kn
= 7 _ k—1 = —k+1)———1)—k+1=0.
2 @+k=D={7 kN T = +
In what follows, we denote
2 —0)* k
g2 _ "
2 kn 4+ 2 —2k
Proof of Case 1 of Theorem 1.5 when f=f(x,z) With 6 = ﬁ, we obtain from (5.2) the esti-
mate
B cq
( / (Au + cl)M) =— / (Au+ C)THEt (5.6)
BRr+p P= JBrysp

for all g > %" —k+1andp € (0, g]. The constant C in (5.6) and below now depends on
‘fBR+3p (Au 4+ C1)*/2, which is finite due to our hypotheses.

We now carry out the Moser iteration argument. Let p > %” be as in the statement of
Theorem 1.5, and define a sequence ¢; inductively by

qgo=p—k+1, qj=pgj1—k+1forj=1
Theng; = Bgj1 —(k—1) = Blgo — (k — DB/~ + ... + B+ 1), which implies
; 1—-B877\ j— k—1
LIRS (Ll i D Sl (5.7)
B’ -1 B—1
Note that the limit in (5.7) is positive by definition of 8 and the fact that go > %” —k+1.

In particular, g; — oo as j — oo.
Applying (5.6) iteratively with g = ¢g; and p = 37/ ~IR, we have for each j > 0

g
(/ (Au +C1)ﬁ‘“) < <9jC‘Ij/
B

B(|+3_j)R

(5.7) J N
< [](pyc) / (Au+Cy)?
i=0 Bar

B
(Au + cl)ﬂqf%)

(143=i=hHr

< (9B) X0 BT C L0 BT (Au+ Cp)P.

Bar
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Letting j — oo and appealing once again to (5.7), we arrive at

(a0-44) "

| Au + CillLo(Bg) §C< (AM+C1)p> ,

Bar

which implies the desired bound on 1V2u| L= (Bg) by the choice of Cy. O

5.2 Proof of Case 2 of Theorems 1.5 and 1.8 when f = f(x, 2)

In these cases, we recall that by Corollaries 4.13 and 4.14 we have the estimate

- 2
/ k |v((v+)‘1/2)| < g‘,(q—kk) (58)
Bre,  Au—tr(H) ~ p2 7"

where u € W2 (2) n WL (2) (g > 1.

lo

Proof of Case 2 of Theorems 1.5 and 1.8 when f=f (x,z) We let & € (0, 1) be such that 25 <
g + k. Following the same arguments as in Sect. 5.1, one readily obtains the following
counterpart to the estimate (5.2):

q2—0)* (2_29>*
</ (Au+Cyp) 2 >
BRr+p

6
C o\ 20
< *Z(/ (Au+ Cl)zTﬁ) / (Au+ C)T*E, (5.9
14 Bry3p Bry3p
Taking 6 = m and imposing g + k > Uﬁ% we see
2—-0 k+ Dn 2 —0)*
== % gtk < %_
We thus obtain from (5.9) the estimate
1786 ¢
< / (Au + cl)ﬁq) <=1 (Au + CTH,
BRer BR+3p

where
(k+ Dn

Th+nt2—20k+1)

B: 1

and C now depends on f Brisy (Au+Cy) (k+Dn/2 The Moser iteration argument then follows

through as before, using p > W and defining ¢; inductively by g0 = p — k and

qj:ﬂqul—kfoerL m}

5.3 Proof of Theorems 1.5 and 1.8 for f = f(x, z, ¢)

In this section we explain how the preceding arguments may be adjusted to treat the general
case f = f(x, z, &), thus completing the proofs of Theorems 1.5 and 1.8:
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Proof of Theorems 1.5 and 1.8 The arguments up until (4.12) remain valid for f = f(x, z, &),
but the last term in (4.10) can no longer be estimated as in (4.12). Consequently, under
otherwise the same hypotheses, the conclusion of Lemma 4.2 now reads

)y + (A2 + (A3) + (a), < Cp 2700,

where (I1),, (In);, and (I3),, are as before and

(I)pi=) /B Ten (@)~ AL f L.
I

R+2p

The estimates for (I1);, (I2);, and (I3),, are unchanged (see Lemmas 4.3, 4.4, 4.5, 4.8 and
4.10), since they do not involve differentiating f. The integrand of (I4), was previously a
lower order term, but is now formally of third order in u. However, this can be treated using
some of the ideas already seen in the proof of Lemma 4.10. Indeed, by the same argument

leading to (4.43), we have foreach/ € {1,...,n}and a.e. x € Bgy2, the estimate
Al fu) (x)
> 3 W)V Al ux) — Cx |V Vu> — C |V "Vul? — C|V]!'Vu| — C|V, " Vu|
a
1
+ ﬁ(f(ﬁ, w(x™), Vu(x)) = 2 f[ul(x) + f(x ", u(x), VM(X))>~ (5.10)

As before, the constant Cx > 0 is such that the mapping & — f(x,z,&) + Cxl&)? is
convex for all (x, z, &) € X. Denoting all but the first term on the RHS of (5.10) as error
terms, it follows from (5.10) that

af

I k ~4+\g—1 pk—1"J
(4)hZfBR+2p n@mHIf oc,

[V, —/ kn(@H)4~! £5=Yerror terms.
Br+2p
(5.11)

Now, in the same way that we dealt with the error terms in Step 2 of the proof of Lemma 4.10,
one readily obtains f Brisy kn@H)4=! fk=Yerror terms| < CJ ,iqﬂ). For the first integral on
the RHS of (5.11), we integrate by parts and apply Holder’s inequality to obtain

af

-1 y(g+D
— <Cp 1y .
084 h

[u]V,0

/ kn(ﬁ+)q_lfk_1
Br+2p

Returning to (5.11), we therefore obtain (I4), > —C ,0_] J,fqﬂ). As a consequence, the
estimates (5.1) and (5.8) hold, and the arguments of Sect. 5 therefore apply without any
changes. O

6 The case k > 3 for general H

In this final section we consider a minor extension of Theorem 1.8. Recall that our proof
of Theorems 1.5 and 1.8 exploited a cancellation phenomenon between higher order terms
arising from (I,),, and (I3),,, where the divergence structure of F/ played arole in estimating
(I2),- When 3 < k < n and H is not necessarily a multiple of the identity, the divergence
structure given in (3.4) is more involved and the resulting arguments fall outside the scope
of the present paper. That said, if one assumes higher integrability on V2u from the outset,
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the terms (I»), and (I3), may be estimated by using Cauchy’s inequality and absorbing the
resulting negative higher order terms into the positive term (I;);,. This avoids the need to
prove any cancellation between (I>);, and (I3);. We establish:

Theorem 6.1 Let $2 be a domain in R" (n > 3), f = f(x,2,&) € Cigt (2 x R x R") a
positive function and H € Cllo’c] (2 x R x R"; Sym,,(R)). Suppose 3 < k < n, p > kn
and u € Wli'cp(.Q) is a solution to (1.4). Then u € Cllo‘c1 (82), and for any concentric balls
Br C Bog € $2 we have

V2| oo (gg) < C,

where C is a constant depending only onn, p, R, f, H and an upper bound for ||ully2.p (g, -

Proof Following the proof of Theorem 1.8 in Sect. 5.3 but leaving the terms (I); and (I3),,
untreated, we have for u € w2ath=l (£2)N WIL’COO(.Q) g=>1

loc

~ 2
g—1 V((@+)4/? - e
Cq? |(tr(AH))| +d2)p +I3), < Cp ZJ,Equ ), (6.1)
Br+2p
We now suppose further that VZu € L;’oJCer*l (£2) (g > 1). By Cauchy’s inequality and the

bound [divF[u]| < C(Au + C)* ' in Eq. (3.12), we see that for all § > 0

2 .
S I (et 2 A
q BR+2/>
~ 2
8(g —1) v(@he? 1 N . 2
= _472 n ’ ( )’ - "(U+)qtr(AH)‘d1VF[M]‘
q Br+2p t['(AH) 8((] - 1) Br+2p
~ 2
. _%@-D 0 V((@H)4/?)| _c (q+2k—1) 62)
T ¢* e,  w(Am) 8(g—1)""
By similar reasoning, it also holds that
(4.26) O0H:
@), = f n(@ P ] v,5 — g4
BR+2p 8%'”
~ 2
) . v@h?))T ¢ J@+2%=1) 63)
T ¢® U,  w(Am) 8(g—1™"

Taking é sufficiently small in (6.2) and (6.3), and then substituting these estimates into (6.1),
we obtain

—1 V(@2 _
q _ / n‘ (@H72)] < Cp72J}ElI+2k D 6.4)
q Bry2p tI'(AH)

The argument then proceeds as in Sect. 5.1: we let 6 € (0, 1) be such that 20%9 <qg+2k-—1
and obtain from (6.4) the estimate

q2—-0)* (2729)*
( / (Au+Cyp) 2 )
Br+p

0
C o\ 20
< T‘,’(/ (Au+ C1)¥> / (Au + CpT+2-1, (6.5)
o BR+3/J BR+3p
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Taking 6 = ﬁ and imposing g + 2k — 1 > kn, we see that 20%0 =kn<q+2k—-1<

M, and we therefore obtain from (6.5) the estimate

B cq
( f (Au + cl)ﬂq) <= (Au+ €9+,
Brtp

Br+3p

where B:=kn/(kn + 1 — 2k) > 1 and C now depends on /BR+3p (Au + C)*". The Moser
iteration argument then goes through as before, giving the desired conclusion. O
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A A remark on the regularity of solutions to the 0>-Yamabe equation
obtained by vanishing viscosity

Let (M*, g0) be a4-manifold with scalar curvature Ry > 0 and Schouten tensor Ag satisfying
f a4 02(Ag) dvg > 0. In [12], the existence of smooth solutions g, = e2Ws go with positive
scalar curvature to the fourth order equation

8
02(Agy,) = 3 Mg, Rewy = 2111005, (A1)
is established for each § € (0, 1], where 7 is any fixed non-vanishing (0, 2)-tensorand y; < 0
is the conformal invariant obtained by integrating both sides of (A.1). Moreover, solutions
are shown to satisfy the uniform estimates

||w5||Wz,s(M4’gO) < C forall§ e (0, 1], 1 <s< 5, (A2)

where the constant C = C(s) is independent of §. A heat flow argument is then applied to
obtain a conformal metric g with A(Ag) € F2+. In this appendix, we show that in the case
that (M*, go) is locally conformally flat, we may take the limit § — 0 more directly in (A.1)
to obtain the desired conformal metric with A(Ag) € I 2+. More precisely, using Theorem 1.1
and a result of [46], we show that, along a subsequence, the solutions ws converge weakly
to a smooth solution of the equation o, (Agw(;) = =2y |n|§w8 > 0.

To this end, fix 4 < s < 5. We first observe that by (A.2), we can find a sequence
8; — 0 for which w;:=ws, converges weakly in WS (M9, go),saytow € WS (M4, 20)-
By the Morrey embedding W2 (M?, g0) — Cl*"é (M*, g0), We may assume w; — w in
clepm?, go) for some a > 0. It then follows from [46, Proposition 5.3] and the estimate
(A.2) that for all ¢ € CO(M*), we have

lim [ oy(Ag, )pdvg = / 02(Ag, )¢ duo. (A3)
M4 M4

i—00
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Substituting the Eq. (A.1) into (A.3) and integrating by parts, we therefore see that
. 51’ 2
02(Ag, )¢ dvo = lim —Rg,, Agu, @ —2v1Inlg, @ ) dvo
M4 i—o00 )4 4 ! ! i

= —f 2y1lnl;, ¢ dvo
M4
for all ¢ € C2(M*, go). It follows that w € W25 (M*, go) solves
02(Ag,) = =2y1lnl;, > 0 ae.in M*. (A4)

Moreover, as R Su; > 0 for each i, it follows that R,, > 0, and by (A.4) we therefore have

Ry, > Oae. If (M 4. go) is locally conformally flat, we therefore obtain from Theorem 1.1
that u:=e=" € C1(M*, g¢), and consequently (A.4) is uniformly elliptic at w.

At this point, we apply the Evans-Krylov theorem to obtain u € C>%(M*, go). Indeed,
by the proof of [7, Theorem 6.6], it suffices to observe that, by Lemmas 4.1 and 4.16,
v=1> AZu is a subsolution to a uniformly elliptic linear equation, namely

FUV;Vjv+ B Djv > C,

where F'/ is uniformly elliptic and F"/, B' and C are bounded. Furthermore, since
f(x, u)::—27/1|77(x)|572g0 = —27/1144|r;(x)|§0 is smooth, standard elliptic regularity ensures

that # (and hence w) belongs to C®(M?, 80)-

B Proof of Lemma 2.1

The proof is a standard argument using Taylor’s theorem. We claim that

n 1
lon — Aullps ey < Z/ Hv,v,u(x + the) — vlv,u(x)‘ i 4
0
=1
n 1
+ Hv,v,u X — they) — Vi Vu(x di B.1
; /0 ( ) 3] (B.1)

forallu € W2*(£2) and 2’ € 2 satisfying |h| < dist(£2’, 3£2), from which the conclusion
follows by the continuity of the translation operator in L*(£2). By density it suffices to prove
(B.1) for u € C2(£2). Let £2’ be as above. Then for each x € £2"and ! € {1, ..., n}, we have
by Taylor’s theorem

1
u(x £ he)) =u(x) £ hViu(x) + hZ/ (1 —0)ViViu(x £ they) dt,
0

and thus

n 1
vp(x) — Au(x) = Z/o (1—=1) (V;Vlu(x + the) — Vlvlu(x)> dt
=1

n 1
+ Z/ (1 — t)(VIVZM(x — they) — V[V]M(X)) dt. (B.2)
=170
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Let s’ be such that 1 + 1 = 1. It follows from (1.2) and Holder’s inequality that for all
g € L¥ (') satisfying gl s (o < 1, we have

/Q/ (vn(x) = Au(x))g(x) dx
n 1
= Z/ a —;)/ <V1V1u(x+thel)—V[Vlu(x)>g(x)dxdt
=1 0 Q'
n 1
+Z/ 1§ —t)/ (v,v,u(x — they) —V1V1u(x))g(x)dx dt
—_ 1 J0 ko4

< Z/ ‘v,vlu(x + ther) — VIVZM(X)‘

=1

L‘(Q)

+ Z/ ’V;Vlu(x —they) — Vlvlu(x)‘ (B.3)

=1

LS(Q)

Taking the supremum over such g in (B.3), we obtain (B.1). ]
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