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Abstract
In this article we prove a Harnack inequality for non-negative weak solutions to doubly
nonlinear parabolic equations of the form

ou —divA(x,t,u, Du™) =div F,

where the vector field A fulfills p-ellipticity and growth conditions. We treat the slow diffusion
case in its full range, i.e. all exponents m > 0 and p > 1 withm(p — 1) > 1 are included in
our considerations.

Mathematics Subject Classification 35K55 - 35K65 - 35B45 - 35B65

1 Introduction and results

Let @ C R", n > 2, be a bounded open domain and (0, 7') with 0 < T < o0 a finite time
interval. In the following, Q7 := @ x (0, T) denotes the related space-time cylinder. The
prototype of the doubly nonlinear equations we are concerned with is
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du — div (|Du™[P72Du™) =0  in Q7 (1.1

for non-negative solutions u: Q7 — Rx( with parameters m € (0, 00) and p € (1, 00). If
m =1, (1.1) reduces to the parabolic p-Laplace equation, whereas for p = 2 we retrieve the
porous medium equation. Doubly nonlinear equations of type (1.1) are classified as doubly
degenerate it m > 1 and p > 2, singular-degenerate if m > 1 and p € (1, 2), degenerate-
singular if m € (0,1) and p > 2 and doubly singular if m € (0,1) and p € (1,2).
Furthermore, depending on the behavior of solutions, we distinguish between slow diffusion
equations with m(p —1) > 1 and fast diffusion equations with m(p —1) < 1. The qualitative
difference between both cases stems from the fact that in the former one solutions might have
a compact support, while this is not possible in the latter one. In the present paper, we treat
the complete slow diffusion range p(m — 1) > 1, which includes the doubly degenerate case
and the singular-degenerate and degenerate-singular slow diffusion case.

In the literature, (1.1) often appears in equivalent forms; cf. [17-20,28,33]. More precisely,
we note that formally (1.1) is a transformation of

du™ — div (|DulP2Du) = 0
with m := % and

du — c(t, p)div (u*|DulP~*Du) =0

where £ := (m — 1)(p — 1). These representations of (1.1) can be shown to be equivalent.
Let us also note that for m > 1 there are two different notions of weak solutions to the porous
medium equation and doubly nonlinear equations in the literature. The first one assumes that
u" s weakly differentiable with respect to the space variable, whereas the second one
claims this for ™ (in the case m < 1 only the latter one makes sense). For the prototype
porous medium equation the equivalence of both notions of solutions has been shown in
[6]. It is still an open problem if the same is true for doubly nonlinear equations and porous
medium type equations with a general structure.

Harnack estimates play a crucial role in the regularity theory of partial differential equa-
tions. In the elliptic setting, essential contributions are due to Moser [25] for linear elliptic
equations and Serrin [29] and Trudinger [31] for quasilinear elliptic equations. In the parabolic
setting, the first results have been obtained by Hadamard [16] and Pini [27] for non-negative
solutions of the heat equation. For the heat equation Harnack’s inequality takes the form

¢ sup u (it —0%) < u (X0 t0) < ¢ sup u (-1, +07%)
By (xo) By (xo)

with waiting time 0. Moser [26] showed that this result is true for linear parabolic equations
as well and demonstrated the necessity of the waiting time. Later, Trudinger [32] proved Har-
nack inequalities for quasilinear parabolic equations and the homogeneous doubly nonlinear
equation

3 (uP~") — div (|DulP~2Du) =0

with p > 1. Using an approach based on mean value inequalities for suitable De Giorgi
classes, Gianazza and Vespri [14] gave a proof that extends to more general operators
A(x, t, u, Du) instead of | Du|P~2 Du. Finally, simplifying an approach originally introduced
by Moser, Kinnunen & Kuusi [22] obtained Harnack’s inequality for the homogeneous dou-
bly nonlinear equation, where the Lebesgue measure is replaced by a more general Borel
measure. In the case of non-homogeneous nonlinear equations, the situation is more involved.
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DiBenedetto [7] proved that non-negative weak solutions of the parabolic p-Laplace equation
and the porous medium equation satisfy an intrinsic Harnack inequality of the form

¢! sup u (-, tp — ty) < u (X, 1) < c inf u (-, 1, +ty)

By (x0) By (xo

with t,, = cu(x,, to)z_” o? for the parabolic p-Laplace equation and ¢, = cu(x,, t,))l_"’g2
for the porous medium equation. These Harnack inequalities are called intrinsic, because the
waiting times depend on the solution itself. Loosely speaking, solutions of non-homogeneous
equations behave like solutions of the heat equation in an intrinsic time scale. A counterex-
ample [11] shows that a Harnack estimate with ,, independent of u is false. Since the proof in
[7] relies on comparison with explicit solutions, it cannot be adapted for general quasilinear
equations. Nearly 20 years later, this problem was overcome by DiBenedetto, Gianazza &
Vespri [9], whose proof only uses measure theoretical tools. The main novelty is the so-
called Expansion of Positivity. The same method was used by Kuusi [23] to obtain weak
Harnack estimates for super-solutions of nonlinear degenerate parabolic equations. For an
extensive overview regarding the parabolic p-Laplace equation and the porous medium equa-
. . . . . . m+1

tion with the definition of weak solution involving u 2, we refer to the monograph [10]
by DiBenedetto, Gianazza and Vespri and the survey [11] by Diizgiin, Fornaro and Vespri.
Harnack’s inequality for the prototype doubly nonlinear equation

du — div (Ju/™ | DulP>Du) = 0 (1.2)

has first been proved by Vespri [33] for the full range of parameters p > 1 and m + p >
max{2,3 — 5}. The proof uses explicit constructions involving the Barenblatt solution and
therefore cannot be applied to more general structures. For the doubly degenerate case Fornaro
and Sosio [12] generalized the result to weak solutions of

oju — divA(x, t,u, Du) = B(x, t, u, Du),
where the operators A and B fulfill the conditions

A(X,t7u»§)'€ ZCO®(|M|)|$|I)_CP7 .
IAGx, t,u, &) < cr(Ju))lglP! 'i‘Cp_l‘D(|M|)E,1
B(x, 1,1, €)| < cx®([u)|E[P~" + cocP~ D (Ju)?

with p > 2, positive constants co, c1, ¢2, ¢ and a function @ satisfying an (m — 1)-growth
condition with m > 1. They used a definition of weak solution involving u" . A weak
Harnack inequality for super-solutions can be found in [24]. For the case of fast diffusion
equations, we refer to the articles by Fornaro, Sosio and Vespri [13] and Vespri and Vestberg
[34].

In this paper we prove Harnack’s inequality for the entire slow diffusion range and thereby
close the gap for the by now missing singular-degenerate and degenerate-singular slow dif-
fusion cases. Furthermore, we work with a definition of weak solution involving u”, which
is new even for the doubly degenerate case and the slow diffusion porous medium equation.

1.1 Setting

We consider non-negative weak solutions to the doubly nonlinear equation

du—divA (x,f,u, Du™) =divF  inQr (1.3)
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with m > 0. For the vector field A: Q7 x R x R” — R" we assume that A is measurable
with respect to (x, t) € Qr forall (1, £) € R x R" and continuous with respect to (i, &) for
a.e. (x,t) € Q7. Moreover, we assume that A satisfies the following growth and ellipticity
conditions

AGx,t,u,§)-E = vE[” and  |A(x,1,u,6) < LIEIPT, (1.4)
for p > 1 and structure constants 0 < v < L < co. We demand that
FelL°(Qr,R" (1.5)

for some o0 > —-
we are in the S|1(7)W diffusion range. In the following we abbreviate

“FP and that the parameters m and p satisfy m(p — 1) > 1 which means that

d:=m(p—1)—1>0.

We now give the precise definition of weak solution to (1.3) that we use throughout the paper.

Definition 1.1 Assume that the vector field A satisfies (1.4). A non-negative measurable
function u: Q7 — R in the class

loc

we € (0,1 Lint (@) withu” € L (0.7: Wil (@)

is a non-negative weak sub(super)-solution to the doubly nonlinear equation (1.3) if and only
if the identity

// [—u.at<p+A(x,z,u,Dum).Dw]dxdt(?// F.Dgdxdi  (1.6)
Qr - Qr

holds true for any testing function ¢ € C§°(Qr, Rx0). If u is a weak sub- and super-solution
it is called a weak solution.

We are now in the position to formulate the main result of our paper:

Theorem 1.2 Letm > 0, p > 1 withm(p — 1) > 1 and u be a continuous, non-negative,
weak solution to (1.3) in the sense of Definition 1.1, where the vector field A satisfies (1.4)
and F satisfies (1.5). Moreover, let (x,,t,) € Qr such that u(x,,t,) > 0. Then, there
exist constants c,, y > 1 depending only on n, m, p, L, v and o such that for all cylinders
Boy (x,) X (t, — 400", 1, +400P) € Qr, with

()
B u(xo, tp)

_l_n+p
IFllLe@pne? o =

we either have

_4d
St (xo, 1) 77 (1.7)

or

(2v%) " sup u ( to — (21/)*‘199”) <u (o t)) <y inf u(-1o+60"). (1.8)

Bg (x0) o Xo

Note that the continuity assumption in Theorem 1.2 is not restrictive. The Harnack inequal-
ity continues to hold for a.e. point (x,, #,) € Qr if we state it for an arbitrary non-negative,
weak solution to (1.3). However, for the sake of a neater exposition of the result, we prefer
to state it for continuous solutions.
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1.2 Plan of the paper

In Sect. 2 we collect some auxiliary tools. Using u”™ — a™ for some level a as test function
in (a mollified version of) the definition of weak sub- and super-solutions, we derive certain
Caccioppoli inequalities in Sect. 3. For convenience of the reader we state all intermediate
results for weak sub- respectively super-solutions instead of weak solutions, so that it becomes
clear what the minimal assumptions are. Next, in Sect. 4 we show that weak sub-solutions to
(1.3) are locally bounded and give a quantitative estimate. In Sect. 5 we prove so-called De
Giorgi type lemmas. Loosely speaking, the first lemma shows that if a super-solution u to
(1.3) is smaller than some level M only on a small enough proportion of a suitable cylinder,
then u is larger than % a.e. on a smaller cylinder contained in the first one. The second lemma
gives an analogous statement for sub-solutions in the case that u is larger than a fixed level
only on a small enough proportion of the bigger cylinder and consequently smaller than a
fraction of the level on the smaller cylinder. The proofs of the statements rely in particular
on the Caccioppoli estimates. In Sect. 6 we prove Expansion of Positivity of non-negative
weak super-solutions. The conclusion of the section is that if

{u(to) = M} 0 By(xo)| = | By (xo)]

foralevel M > 0, € (0, 1) and a suitable ball B, (x,), thenu > kM a.e. in By, (x,) X (t(, +
%b(/cM)’dQ”, t, + b(/cM)’dg”]. Here, the constants b, k € (0, 1) depend only on the data
and «. In the proof, the Caccioppoli estimates and the first De Giorgi type lemma are used.
Finally, in Sect. 7 we deduce the intrinsic Harnack inequality stated in Theorem 1.2. To show
the forward inequality, i.e. the second inequality in (1.8), after a transformation we use the
second De Giorgi type lemma and iteratively apply Expansion of positivity. Subsequently,
we prove that the forward inequality implies the backward Harnack inequality, i.e. the first
inequality in (1.8). Actually, a more general version of the backward Harnack inequality is
shown in Sect. 7.

2 Preliminaries
2.1 Notation

First, we introduce some notation used throughout the paper. For functions defined on Q7,
we denote the time slice at time ¢ € (0, T) by v(z) := v(-,1). Forz, = (x,,%,) € R" xR
we define space-time cylinders

Q,.0(20) == By(xo) X Ny (1o) 1= By(x,) X (to = 0, 1]
07 9(20) 1= By(xo) X Ag (to) 1= By(xp) X (1o, o + 6]
with a radius ¢ > 0 and time length 6 > 0 and let
Q0.0(z0) == Qg (20) U O (o)
As usual, we let
(u —a)4 = max{u — a, 0}, (u —a)_ ;= max{—(u — a), 0},
for u, a € R. Furthermore, for u, a > 0 we define the boundary term

b [um, a’"] =T (a'"+1 — umﬂ) —u- (a'" — um) . 2.1
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2.2 Mollification in time

Since weak solutions do not possess a time derivative in general we have to use mollification.
To this end, for v € L1(Q7, RY) and & > 0 we define the following mollification in time

t —
Tl == %/ T u(x, 5)ds, 22)
0
which formally satisfies the ordinary differential equation

vl = — ([vls — v). 2.3)

Basic properties of [[-]l; are provided in the following lemma. For its proof and further
information, we refer to [21, Lemma 2.2] and [5, Appendix B].

Lemma 2.1 Suppose that X is a separable Banach space. Ifv € L" (0, T; X) for somer > 1,
then the mollification [v]|, definedin (2.2) fulfills [v]ly € L" (0, T; X) andforanyt, € (0, T]
there holds

NTvTallr ©.0:x) < MVllLr©,0:%) -
Moreover, in the case r < oo we have [-1, —> vin L"(0,T; X)ash | 0.

Using the same technique as in [30, Lemma 3.6], we conclude that any sub(super)-solution
to (1.3) in the sense of Definition 1.1 satisfies the mollified version of (1.6),

// [0/ [ullne + [ACx, 2, u, Du™)] - Do) dxdt
QT

=) : T,
// [F1; - Dedxdt + E/ u(O)/ e hpdsdx 2.4
= JJar Q 0

for any ¢ € C§°(Qr, R>0).

2.3 Transformation

The following Lemma is an easy consequence of a change of variables.

Lemma22 Let T > 0, I C R be an open interval and ®: I — (0,T) an increasing
C®-diffeomorphism. Then, u is a weak sub(super)-solution to (1.3) associated to A, F in
By, x (0, T) if and only if the function w(x, ) := u(x, ®(v)) is a sub(super)-solution to
(1.3) associated to the vector field

Alx, T,u,£) = D' (DA(x, D(1), u, &)
and right-hand side F(x, 1) = ®' () F(x, ®(1)) in By, x I.

The next Lemma shows that the product of a non-negative weak super-solution u with a
non-decreasing C!-function y is a super-solution to a modified equation. A similar argument
has already been used in [9].

Lemma 2.3 Let 2 C R" be bounded and open and I C R an open interval. Assume that u is a
non-negative weak super-solution to (1.3) in Q x I associatedto A, F andy € C'(I) Nco(1)
is non-decreasing and satisfies % <y < Conl for a constant C > 1. Then, the function
i 1= yu is a non-negative weak super-solution to (1.3) in Q x I associated to the vector-field

X — u &
R t,u,) =y (A (x.1, 5. 550
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and inhomogeneity F:= yF.

Proof In the following we abbreviate ©2; = Q x I. Let ¢ € C{°(221,R>0). Then
Yo € C(; (21, R>0). By assumption y’, u and therefore also [u]l; are non-negative. By
an approximation argument we may use y ¢ as testing function in the mollified weak formu-
lation (2.4) on the interval [ instead of (0, T'). This leads to

—//Q [[M]]h)/at(ﬂdth://Q <‘3z([[u]]m/)<pdxdt=f/Q [0/ Lulny e + [ullny'¢] dxds

/ / 8y lulny ¢ ddr
Q

—/ [A(x, t, u, Du"™)]y - D(y¢)dxdt
Q

v

v

+// [[F]]h-D()/go)dxdt—i—%/ u(O)/e_%(ygo)dsdx.
Qr Q I

Passing to the limit /2 | O with the help of Lemma 2.1 and taking into account that spt(y ¢)
is compact in the last term on the right-hand side, this leads to

/ [—yu3,go + yA(x, t,u, Du™) - D(p] dxdr > // yF - Do dxdt
Q[ QI

for every ¢ € Cgo (21, R=), which is in view of the definition of & and F equivalent to

/f [—ﬁa,¢+yA(x,z,§,l;—'?:’)-D<p] dxdtz[/ F. Dy dxdr.
Q; Q

Recalling the definition of A, this yields the claim. O

Combining the last two lemmata leads to the following statement, which is used in the
proof of the expansion of positivity.
Corollary 2.4 Let T > 0 and u a non-negative weak super-solution to (1.3) in B, x (0, T)
associated to A and F. Further, assume that [ C R is an open interval, that ®: I — (0, T)
is an increasing C*®°-diffeomorphism and that y € C'(I) N C°(I) is non-decreasing and
satisfies é <y < C on I for some constant C > 1. Then, the function v(x, 1) = y (1) -
u(x, ®(t)) is a non-negative weak super-solution to (1.3) in B, x I associated to the vector-

field
At tu,6) =y (O (A(x, 00, 5. 757 )

and inhomogeneity F(x, 7)==y ()P () F(x, ®(1)).

2.4 Auxiliary lemmata

For a function v € W'! and k < ¢ the next lemma gives a local estimate for the product of
the measures of superlevel sets {v > £} and sublevel sets {v < k} in terms of the L'-norm of
Dv on the intersection of their complements, cf. [8, Chap. .2, Lemma 2.2 and Remark 2.3].

Lemma25 Letv e W“(BQ (x0)) and k, £ € R with k < £. Then, there exists a constant ¢
depending on n such that

ch+l

|Bg(xo) N{v > £} By (xo)N{k<v <t}

(£ = k)[By(xo) N{v < k}| = |Dv| dx.
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The following lemma can be found in the literature; cf. [1, Lemma 2.2] for « € (0, 1) and
[15, inequality (2.4)] for o > 1.

Lemma 2.6 For any a > 0, there exists a constant ¢ = c(«) such that, for all a, b > 0, the
Sfollowing inequality holds true:

Lp® —a®| < (al + b6 — a] < clb* — a®].

The next lemma summarizes all properties we need concerning the boundary term b
defined in (2.1).

Lemma 2.7 Let m > 0. There exists a constant ¢ = c(m) such that for every u,a > 0 we

have
m+1 m+1 2
2 | .
m

. ml mil (2
@) %|um2 “ | Sb[u’",am]§c|u 2 —a

(i) Lu™ —a™? < (u+a)" " blu™, a™] < clu™ —

—a
.

Proof The proof of (i) can be found in [4, Lemma 2.3] for m > 1 and in [3, Lemma 3.4] for
0 < m < 1. The inequalities in (ii) are a consequence of (i) and Lemma 2.6. O

The following iteration lemma is a well known result and can be found for instance in [8,
Chap. .4, Lemma 4.1].

Lemma 2.8 Let (Y;);cN, be a sequence of non-negative numbers satisfying
Yir1 <« b'Y foralli € Ny

with some positive constants k, y and b > 1. If

e
Yo<k vb 7,

R|—

then Yy — 0 asi — o.

Finally, we recall a parabolic version of the Gagliardo—Nirenberg inequality, see [8, Chap-
ter I, Proposition 3.1] or [2, Lemma 3.1].

Lemma 2.9 Let Q;Q(zo) C R™1 pe a parabolic cylinder and 1 < p, r < oo. For every
ueL®(t,— 0,153 L (By (x0))) N LY (to — 0, 1,, WP (B, (x,)))

we have u € Lq(Q;G(ZO))for qg=pd+ %) with the estimate

// |u|? dxdt
Q;_@(Zo)

£ P
< c< sup / |u|’dx) / |:|Du|” + H ] dxdr,
te(ty—0,t5) J Bo(xo)x{t} Q;_@(Zo) Q

where c = c(n, p,r).

3 Caccioppoli inequalities

In this section we derive energy estimates that are crucial in the course of the paper. We start
with the energy estimates for weak super-solutions.
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Lemma3.1 Letm > 0, p > 1 with m(p — 1) > 1 and u be a non-negative weak super-
solution to (1.3) in the sense of Definition 1.1, where the vector-field A fulfills the growth
and ellipticity assumptions (1.4). Then, there exists a constant ¢ = c(p, v, L) such that on
any cylinder Qg’g(zo) € Qr with 0,0 > 0, and forany0) <r < 0,0 <s <6 anda >0
the following energy estimates

sup / bu™,a™]dx + // |Du™|P dxdt
teAy (t,) Y lu<a}NBy(xo) x{r} {u<alNQr (z0)

b[u™, a™ m __ ,mp Ty

SC// [ [u™, a ]+|M a™| +|F|P€1:|dxdt (3.1
{u<a}nQ, 4(z0) 0—s (o —nr)?
and
sup / b[u’",a'”] dxf/ b[u'”,am] dx
teAy (1,) Y {u<a}NBy(xo) x{t} {u<a}NBy(x,)x{to—s}
[u™ —a™|? _r
+ C// ———— + |F|?-T | dxdt (3.2)
fu<anQ o) L (@ =1)F

hold true, where b[-, -] is defined in (2.1).

Proof Throughout the proof we abbreviate Qgﬂ = Q;e (z0) and B, = B,y(x,). Since
the claimed estimates are local in nature, we may assume without loss of generality that
u e CO0, T); L™t1(Q)). An approximation argument shows that the mollified weak formu-
lation (2.4) extends to non-negative testing functions ¢ € L?(0, T; W&’p(Q)) N LmT+1 (27)
with compact support, since [u]l;, € co([0, T); L™t (Q)), [A(x, 1, u, D™, [F1n €
L%(QT) and u(0) € L"TI(Q) by the assumptions on u, growth condition (1.4) and
Lemma 2.1. We therefore find that

ff [3,[[u]]h<p + [AC, £, u, D)y - D(p] dxdr
Qr
T
z/ [[F]]h~D<pdxdz+%/ u(O)/ e Tdsdx (3.3)
Qr Q 0

holds true for any ¢ € LP(0, T; Wol’p(Q, Rx0)) N L%(QT) with compact support. For
e > 0and t € A(t,) = (t, — s, t,) we define cutoff functions n € Wl’OO(BQ (x0), [0, 1]),
¢ € WHh®(Ap(1,), [0, 1]) and ¥ € WH°(Ag(1,), [0, 1]) which satisfy

1, f €B , 2

pery = {1 foree Brixo) and | D] < ——,
0, forx e Q\ By(x,), o—r
1, fort € (t, — 5,1, + 6),

<) = t—t,+6 ’ ’

s forte(to—G,to—s),
1, fort € (t, — 0,111,

Ye() = {1 — 1@ —1), forte(t,n+e),
0, fort € [t + &, 1,).

‘We choose

@@, 1) = 0P ) Ye () (W™ (x, 1) —a™) _
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215 Page 10 0f 35 V.Bogelein et al.

as testing function in the mollified version (3.3) of the differential equation. For the first term
on the left hand side we have

// o [[ullne dxdt
Qr

= // P e e d; [ully ([ully —a™) dxde
{u<a}ﬂQQ’H

- // P& e 0y lully (™ — [uly) dxds
{u<a}ﬁQ1;9

IA

- // n? ¢ e 0 [lulln ([uly — a™) dxdt
{u<u}ﬂQ;9

- // "¢ wsat(m%lllu]];?“ + gt — g [[u]],,) dxdr
{u<a}ﬂQ;9

—// nP ¢y 0;b[[ully, a™ ] dxds
{u<a}ﬂQ;€

/ f 0P (&w] + v )o[lully, @™ dxde,
(u<ainQy,

where we used in turn (2.3), the fact that (u — [u]ly) (@™ — [«]}') > 0 by monotonicity of
s > s and the definition of b. Since [[u]l, — u in L+ (R27) in the limit 2 |, 0, we get

loc
lim sup // o [ullpe dxdr
nl0 Qr
< // n? (L) + wed')blu™, a™dxdr =: 1, + 11, (3.4)
{u<a}ﬂQ;_6

where the meaning of I, and Il; is clear in this context. We let 4 | 0 also in the diffusion
term. For the resulting integral we use assumptions (1.4) and Young’s inequality to obtain

lim/ [A(x,t, u, Du"™)]; - Do dxdr
o JJoy
= // A(x,t,u, Du™) - Do dxds
Qr
:—// A(x,t,u,Du'”)-D(npgl/fs(um —am))dxdt
{u<a}ﬁQ;9

-/ A 1,1, Du™) - [P £ DU + P~ ¢ (0™ — a™) D] dxdr
{u<a}ﬁQgﬂ

IA

f/ [ = vnPewel Du™? + pLyP~ g | D™ — @ Du™ [P | ded
{u<a}ﬂQ;9

m [u™ —a™|P
n? ¢y |DU™|P dxdr + ¢ ——— dxdr,
{u<a)nQ,, {(u<a}nQ,, (o —nr)r

where ¢ = ¢(p, v, L). The second term on the right hand side of (3.3) vanishes in the limit
h | 0, since ¢(0) = 0. In the first integral we pass to the limit 2 | 0 and then apply Young’s

S_

[SIES
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inequality. This yields

hm/ [F1n - Do dxdt
Qr

\%

- (17wl FILDW™ | + | Fllu™ = a™|| D] | dxdr
{u<a}ﬂQ;9

/{u<a}ﬁQ7

0.0

[En"w@IDuml"Jr |u™ —a™|”
4 (0—r)P

A%

+c(p,v)|F|r- ':|dxdt.

Inserting the preceding estimates into (3.3), we conclude that

I+ // n? ¢ | Du™|P dxdt
{u<a}ﬂQ£_H

m __ . mp
[uﬂﬂﬁ]dw.

SIIS+C(p7UaL) / (Q—r)f’

{u<a}ﬂQ;9

Now, we pass to the limit & | 0 in the preceding inequality. Since u € C°([0, T]; L™t (Q)),
for any #; € A4(t,) we obtain

H+e
lim (=) = lim][ / nPblu™, a™]dxdr
€l0 &0 Jy, {u<a)NBy x{t}
:/ nPblu™,a™] dx
{u<a}nBy x {1}
> / blu™, a™]dx.
{u<a}nNB, x{t1}

Further, we have

lim// n? e | Du™|P dxdr > // |Du™|P dxdt
el0 {u<a)nQy, {u<a)NBy x (t,—s,11)

and

Altogether, we deduce the estimate

/ b[ a™ldx + 3 /f |Du™|P dxdt
{u<a}nB, x {u<a}NB, x(to—s,t1)

m_—a™ P  blu™, a™] e
<c(p,v,L) + + |F|r-T [dxdt
{u<aynQ,, (Q_r)p 0—s

for any t; € A;(t,). Finally, taking the supremum over ¢ € A(#,) in the first term and
passing to the limit #; 1 7, in the second term yields inequality (3.1).
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In order to prove (3.2) we choose ¢(x,t) = n? (X))@ (x,t) — a™)_ as testing
function in (3.3), where 7 is defined as before and

0, fort e (t, — 0,1t — €],

%, fort € (1) — e, 11),
Ye() =41, for ¢ € [11, 1],

Lore fort € (b, th +¢),

0, fort € [rp +¢,1,),

fort, —s <t <t <t,and e > 0 small enough. The term involving the time derivative of
[z1l, is treated as in (3.4). Thus, we find that

11m [hm sup // orllullne dxdt}
10 Qr
< lim // nPylblu™, a™]dxds
el0 J Ju<aingy,
:/ n”b[u'",am]dx—/ nPblu™, a™]dx
{u<a}NBy x{t1} {u<a}nB, x{t2}

5/ b[um,am]dx—/ b[u™, a™]dx
{u<a}NByx{t1} {u<a}NB, x{t}

foranyt, —s <t} < t» < t,. For the diffusion term and the right side the same arguments
as in the proof of (3.1) are applicable. Therefore by passing to the limits 2 | O and ¢ | 0 we
obtain

/ b[u™,a"ldx + 5 // |Du™|P dxdt
{u<alNB, x{tr} {u<a}NB, x(t1,t2)
< / blu™, a™]dx
{u<a}nByx{t1}

|u’" —a™|P _r_
+c(p,v, L) + |F| =T [ dxdt
{u<anQ,, (0 —nr)P

foranyz, —s < t; < tp < t,. Omitting the second term on the left side, choosing t; = 1, — s
and taking the supremum over 1, € A;(f,) leads to (3.2). m]

Similarly, we obtain energy estimates for sub-solutions. However, in the course of the
paper we only need the analogue of (3.1).

Lemma 3.2 Under the assumptions of Lemma 3.1 we obtain for any non-negative weak sub-
solution to (1.3) the energy estimate

sup / b[u™,a™]dx + // |Du™|P dxdt
teAy (t,) Y {u=a}NBy(xo) x{r} (u>a}N 0y (z0)

b m, m m — m p .
gc/f [ ™ a™] | " = a”] +|F|p’il]dxdr, (3.5)
w>anQ, o) L 0 = (o—r)?

for a constant ¢ = c¢(p, v, L).
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Proof The proof is analogous to the one of the energy estimate (3.1). Here, we choose the
testing function

g, 1) = nP (O () (" (x, 1) —a™)

with the positive part of u™ — a” instead of the negative one. Similar arguments as in the
proof of (3.1) then lead us to inequality (3.5). O

4 Local boundedness of non-negative weak sub-solutions

In this section we establish that non-negative weak sub-solutions to (1.3) are locally bounded.
We argue by a parabolic version of De Giorgi classes.

Theorem4.1 Letm > Oand p > 1 withm(p—1) > 1. Assume that u is a non-negative weak
sub-solution to (1.3) in the sense of Definition 1.1 and F € L° (1) with o > ;‘:’1’. Then u

is locally bounded in Qr and for any cylinder Qg = Qg,e (z0) €@ Qr with(Q < 0,0 < 1 the
quantitative estimate

n+p mp g
sup u < ¢ (5 + 5) 7 [l ik gy + IF IS gy +1]
1
500

holds true, where %Qo = Qé %(z,,) and c is a constant depending onn, m, p, v, L and o.

Proof Letm' := '”7“ denote the conjugate Holder exponent of m + 1. For i € Ny we define
radii g; and times 6; by

oi=3(1+27)0 and 6:=3(1+27)e.
Throughout the proof, we use the short-hand notation

Qi =0, ) C Qo.

Furthermore, for a quantity k > 1 to be chosen later on, we consider levels
ki = (1— 27k
and the sequence of integrals

Y; = // (™ — &")" dxdr.

Since u™ € LP(21) by definition, Y; is finite for any i € Ny. The idea of proof is to show a
recursive estimate for ¥;. To this aim we first use Holder’s inequality to obtain

pn+m’) ﬁ o
<//Q (um_k;n+1)+ " dxdt) ’ ‘{u >ki+l}in+1|l n+m’
i+l

P
=D [{u > kig1} 0 Qigr| w7, @.1)

IA

Yiq

where the definition of I is clear in this context. First, by the Gagliardo—Nirenberg inequality
from Lemma 2.9 we infer

I<c sup / (W™ = k), dx
1€(lo—0i+1,0) Bgi+l(xo)><{t}
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m
//Q |:’D(u o +‘p (QPHI)+:| dxdr,
i+1

for a constant ¢ = c(n, m, p). We now consider the integrand in the first integral on the
right-hand side. For u > k; | we have with the abbreviation

K 2:%(klm+ " )<ki+1

i i+1
that
u™ —H%,m <2u™ < Lﬂ (um — l;lm) < 2it3 (um — 12;")
ki — k" +
and

u™ —|—/;Im >y —l;lm
Therefore, in view of Lemma 2.7 (ii) we obtain

m—1

m+1 1=m m+1

(0 = k) = (k) (R T = k)

(m—1)4 . N1-m N
<c2 m ’(u—i—k,-) (um—k'-"
+

m+1

T k)
2

l

(m=1)4 . -\ 1l—m ~
=2 (wk k) (wm R
+ +

2" '[’[ ,?]X{b%}'

Using this inequality above and applying the Caccioppoli inequality (3.5) from Lemma 3.2,
yields

I<c sup / } blu™, lzf"]dx
1€(to—0i+1,10) {u>ki}mBQi+1 (xo) x{t}
< \P
(e =)
// ) |Du™|P + ~——— | dxdt
{u>ki}N Qi1 o
(m l)+ ~ ~ 14
lb [ m kzm] (um _ k:ﬂ) L
<c // + + |F|r=1 | dxdt
{(u>ki)NQ;

0; — i1 (0i —oi+1)?

P

n

ntp
n

3

for a constant ¢ = c¢(n, m, p, v, L). Foru > Izl- we now estimate th~e b-term with the help of
Lemma 2.7 (i), the assumption m + 1 < mp and the fact that k; < k; < k with k > 1. In this
way we obtain

m+l m;l |2

blu™ k" < |u'2 —k

<c [(um — élm)p + kmp] =c [(um — /;lm)]7 +20+2p (/;lm — k;”)p]

< c2i”(um - km)p,
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with ¢ = ¢(p), so that

n+p

(m— l)+ +
I<CU/{ o, [ A )(iﬁé) (u’"—kf”)p+|F|%] dxdt]
u=> i

n+p
n

+(m l)+
§c|:2(p V(4 1) ¥ UFI gl > B 0 @470

where ¢ = c(n, m, p, v, L). Further, we have that
u>ki}NQi|(k" — k")’ < u' —k; xdr <Y,
{u >k} 0 Qi (k" — k)" " — k") dxdr <Y,
{u>ki})NQ;

which together with k > 1 implies that
@i+2)p

[fu > ki) n Qi < y; < 20+Pry;, (4.2)

Finally, the preceding computations together with0 < o < land ¥; < |[ul}h L (Q0) lead to

n+
2 n[l

. (m—1)4 mp _r_ 1——2P
+ o(p— - olp—
ISc[Z’(” g )(%+é)(nunLLf,,(go)+||F||ZU;QO))Yi g “} ,

o

with a constant ¢ = c¢(n, m, p, v, L). Inserting this inequality into (4.1) and using (4.2), we
conclude that

( (m—1)4 ) mp P 1 P n:p/
il p+ - > — 5= |tm
Yig1 < C|:2 (,QLP )(”u“L’”I'(QO) + “F“L”(Qo))p Yi v I):|
2ip it
. kTPYi
ivI1+y
<kb'Y; "7,

where we used the abbreviations

A (rtp)
—_ = ) n+m pintp
— C(Q” + 0) o F (p=1)(n-+m")
Pt D) ”u”me(Qo) + ”L"(Qo) ’
k n+m’
(p+%)(n+p)+pm’
b = 2 n+m'’

V= n+m (1 - al(l;_fl))'

Since o > pi

7> we have that y > 0. Choosing k > 1 large enough, such that

1,1 1 (1_%) 2
k> C(QT; + 9)p(m+]) ”u”LmP(Q()) (”””me(QO) + 1FllLe (o)

with a suitable constant ¢ = c¢(n, m, p, v, L, o), we find that

|
Yy = // W™ dxdr <k~ vb v*.
Qo

Thus, the assumptions of Lemma 2.8 are satisfied. Consequently we find that ¥; — 0 as
i — 00, which implies # < k a.e. in %Qo. The claim of the theorem now follows by an
application of Young’s inequality. O

n+p
) (p—Dm+D)
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5 De Giorgi type lemmas

In this section we will prove certain De Giorgi type lemmata for weak sub- and super-
solutions. We start with the one for super-solutions.

Lemma5.1 Letm > 0, p > 1 withm(p — 1) > 1 and u be a bounded non-negative weak
super-solution to (1.3) in the sense of Definition 1.1, where the vector-field A satisfies (1.4)
and F € L° (Qr) for some o > r;’;‘l’ Moreover, consider z, € Qr and 0,0, M > 0 such
that

Q00 (20) € Qr,  wheret := oM~4oP.

Then, there exists vi € (0, 1) depending only onn, m, p,v, L, o and 0, such that: If

[ < MY0 Q3,501 (20)] < 01103, 20 (o)

Il @ < ()10, Go)l7 (5.1)
then
u > % a.e. in Q;r(zo)

holds true.
Proof For i € Ny define radii o; and times 7; by

0i =0 (1 + 2”') and 7 :=60M ‘o7
as well as levels

k=Y (1427).

To shorten notation, we introduce

Qi =0, @), Ai={u<k}nNQ; and Y;:=

At this stage, we use the Caccioppoli inequality (3.1). Since 0 < u < k; on A; and % <
ki < M and by Lemma 2.7 (ii), we estimate the term involving b on the left-hand side by

b[ km] — c(m) (k +I/l)1 m( " km)— — C(m)ju1 m( " _klm)z— ’

while for the one on the right-hand side we obtain by Lemma 2.7 (i) that

m 2
b [u”, k"] < c(m) <u'"z+' _y 2“)
Ml = i :

Thus, we conclude that

sup / M (W — k) dx 4+ // 1D (" — k") _ P dxds
1€(to—Tit1,10) Y Bo; | x {1} Qit1

0i41 %

2
(um;—l _kméH)
k! 1
// vy p) S 1V C A —} I} S AT
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mp

M " —
Sczm[?( 1) 14170 + | FI }|Ai|‘ D

¢ 2ip pmp

QP [(1

¢ 2P pmp
2

where in the second last line we used assumption (5.1). Note that c = c(m, p, v, L, 6). Next,

we use Holder’s inequality with exponents ”:2 and ”+2 , the Gagliardo—Nirenberg inequality
from Lemma 2.9 with r = 2 and p and the precedmg estimate. This leads to

// u™ — kl-m)f dxdr
Ait1
(n+2) ﬁ
< (// (™ — k) dxdt) A7
Ait1

p

w2
<c ( sup / (u™ — klm)z_ dx)
tE(to—Ti+1,10) BQH.]X{”
(um — k)7 wo
. (// [D (u™ —k")_|” + p’dxdt> |A;| 72
Qi1 Qit1

n+p

1 P P —_2
+ )14+ |Q,~|w—1>] |41 50

_r
|Q |6(p 1)|A | 0(/7—1)7

m-n [ M™ n+2
< 2P M |:7|Q |70 | A; | 70~ 1)} |A;| T
o?

with a constant ¢ = c¢(n, m, p, v, L). Moreover, due to Lemma 2.6 we have
(k7 = k) = ()" (@ +27" — 2700y

. . m—1 . .
1 (%)m (2+2—1+2—(1+1)) 2—(1+1) > ﬁz—tMm,

%

c(m)
so that

I =k axd = = k)" il = ol 2 Al
Ait1

Combing the preceding estimates yields

ntp

i ntp (m—1) M™ n+2
(Al = 27 (H5) 2Py [—|Q || 4|0 w] AT
e’

with a constant ¢ = c(n, m, p, v, L, 8). Dividing the above inequality by |Q; 11|, using the
fact that ‘Q’l = c(n, p) shows that

n+p p(m—1)

io(14m5p
Yi+] Eczlp( +"+2)M n+2

n+p
mp ) p__ _ ptp)
—mplQi|$ [M i|"+ Y‘1+n+2 T ) (p—D
i

QP

+ p___ ptp)
1+Z+[27)Y1+n+2 o(n+2)(p—1)
i ’

<6‘2<

where ¢ depends only onn, m, p, v, L, 6. This brings us into the position to apply Lemma 2.8

. pm+71ﬂ .
withk = ¢, b =2 ( *2) and y = 25 — Wﬂ;i;% > 0 (since o > "'H’) where
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v1 € (0, 1) can be chosen in dependence on the data. This shows ¥; — 0 as i — oo, which
yields the claim. O

Now we turn our attention to the De Giorgi type lemma for sub-solutions.

Lemma5.2 Letm > 0, p > 1 withm(p — 1) > 1 and u be a bounded non-negative weak
sub-solution to (1.3) in the sense of Definition 1.1, where the vector-field A satisfies (1.4)
and F € L° (Qr) for some o > 'I’:’l’ Moreover, consider z, € Qr, 0,0, M, uy > 0 and
a, ¢ € (0, 1), such that

Q20207 (20) € Qr,  wheret := oM~oP
and

sup u <M < 4. (5.2)
03,2, 0)

Then, there exists v» € (0, 1) depending only onn,m, p,v, L,0,0,a and ¢ such that: If

|{Mm >y — CMm} N Qz_g,zpt(Zo)| = 12005, 27 (20| (5.3)
and
m —1 _ 1
| FllLe @ < (MT)I) Q4. (o), 54
then
u <pf) —alM™  ae.in 0, :(20)- (5.5)

Proof As before, we define for i € Ny
0i ‘=0 (1 + 2”) and 1 1= QM*de’

as well as levels

k"=l — (1;“ +a)eM™

and sets
Qi =0, @) and A;j:={u>k}NQ;.
In the following we will apply the Caccioppoli inequality (3.5) from Lemma 3.2. Using the
definition of A; and Lemma 2.7 (i), (ii) and the fact that %C)M <ki <u < MonA; we
estimate the terms involving b by
_ 2 _ 2
c(ni,{)Ml " (um _klm)+ = (ki +I,t)1 " (um - k;n)+
<c(m)b [um, klm]
2
m m+l
< c(m) (u + -k ° ) .

+

Thus, by the Caccioppoli inequality (3.5) and assumption (5.4), we obtain

sup / M (- k;")2+ dx + // |D (u™ — k"), |7 dxdz
By >t}

1€(lo—Ti+1,10) Qi+
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2
(um;—l _kméH)
1
// 2<'+1)P pk )i forpmd S T R | dadr

mp

ip M I’1 _%
< c?2 Q + ||F||LJ(QT)|AI| o(p=D |Al|

¢ 2ip ppmp
< S 0i 7T | Ay D
o’

for a constant ¢ = c¢(m, p, v, L, 6, ¢). Similarly as before, we use Holder’s inequality, the
Gagliardo—Nirenberg inequality from Lemma 2.9 with r = 2 and p and the last estimate to

conclude
P
/[ (™ — k") dxdr
Ait1
p(n+2) ﬁ 2
< // (um—ki’”)+" dxdt |A;|+2
Ait+1
r_
) n+2
<c sup / (u™ — kl’-")+ dx
1€(lo—Ti+1,l0) Bgi+lx{[}

n+2
<// IDu™ — k™) |P + (u” )+ dxdt) |A; |72
Qit1 z+l

tp 2D [M’"f’

< CZIP)H»ZM n+

Tz
; ﬁmirﬁ] 4| ¥
for a constant ¢ = c¢(n, m, p, v, L, 8, {). Notice that
// (" — k"8 dxde = (k%) — k") A =27 CFDP A — a)P P M Ay
i+1

Combining the preceding two estimates leads to

ntp

ntp

i n4p (m—1) Mmr 2
(Al = 27 (F58) gy Bty [ |Qi75 | Ay 70 1>] 4|7
e’

with a constant ¢ = c(n, m, p,v, L,0,a, ). By completely the same reasoning as in the
proof of Lemma 5.1 we infer that ¥; — 0 asi — oo, provided we choose v, € (0, 1) small
enough in dependence on the data. O

6 Expansion of positivity

In this section, we prove the so called Expansion of Positivity of a non-negative weak super-
solution u. The Expansion of Positivity is crucial in the proof of Harnack’s inequality. In a
first step we show the following lemma, which ensures a certain propagation of positivity in
measure.

Lemmaé6.1 Let m > 0, p > 1 with m(p — 1) > 1 and u a non-negative weak super-
solution to (1.3), and let a € (0, 1] and M > 0. Then, there exist e = e(m,a) € (0, 1) and
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8§ =38(m, p,v,L,a) € (0 1) such that the following holds: Whenever z, = (x,,1,) € Qr
and o > 0 such that Q (z0) C Q7 and

SM—dgp
{u(t5) = M} 0 By(x0)| = a| By (x,)] (6.1)
and
Mm p—l 4 1
1Pl @n = (%) 108 4000 G0l 6.2)
are satisfied, then
[{u() = eM} N By(xo)| = &1By(xo)| forallt € lig, 1o +8M%0P).  (63)

Proof In the following we abbreviate Q¢ := Q o 5M—d ,,(Zo) with § € (0, 1) to be chosen
later. The idea of the proof is to show that if (6. 1) ‘and (6 2) are valid, then

() < eM) N By(xo)| < (1— %) 1By(xo)l

holds true for allt € [z,,t, +5M ‘dgp), which is equivalent to (6.3). Therefore in a first step
we let s € (0, 1) and compute

{u(t) < eM} N By(x,)l
< Hu(t) <eM}n B(l—s)g(x0)| + |Bg(x0) \ B(l—s)g(xn)|
< H{u() < eM} N B1—s5)0(x0)| + ns|By(x,)!. (6.4)

To estimate the first term on the right hand side we use the Caccioppoli inequality (3.2) from
Lemma 3.1. Taking r = (1 — 5)p and @ = M leads to

[ b[u”, M™] dx
{u<M}NB(1_g)o(x0) x {1}

m Iu — M™|P
=< blu™, M"]dx + ¢ dxdt
{u<M}NB, (x0) X {1,) w<Myng,  (s@)?

+c// |F|ﬁ dxdt
{u<M}NQo
= 1+ 11+ 1III

foranyt € [t,, o +8M~4(1—s5)PoP) withaconstantc = ¢(p, v, L). Recalling the definition
of the boundary term b from (2.1) we estimate the left hand side by

/ b[u", M™] dx
{u<MINB( _g)0 (x0) x{t}

> / blu"™, M™ ] dx
{u<eM}NB(1_g)p(xo) x{t}
= / mrle Mm_H M™u + erluer1 dx
{u<eM}NB(1_g)0(xo) x{t}
>0
- MM e gy

+1
‘/{‘U<8M}DB(1 —s)o (x0) x{t}

o MM (1= e L) [{u(r) < eM} N B(1—5)0(x,)|
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for ¢ € (0, mLH) to be chosen later. For the first term on the right-hand side, we use again
the definition of b and assumption (6.1) to obtain

1:/ M M et dx
{u<M}mBQ(X0)><{to]
<0
< MMM {u(ty) < MY N By (x,)|
< SH ML — )| By (%))

Further, we have that
II < cM"P(s0)"P|Qol = ¢ 85" M" | B,y (x,)|

and in view of assumption that (6.2) we obtain

.
I < ¢ Fll foig,,| Qo' 70T < (M) Q| = ¢ 5M™ By (xo)].
Altogether this leads to
s M (1= e [{u(r) < eM} N B1—g)o(x,)|
< [m’il M1 = a) + cM™ s (7P + 1)] B, (x0)].
which is the same as

[{u(t) < eM} N B_go(x0)| < [1—a+ e (77 + D] By (x,).

_ om+l
lsm

Combining the last estimate with (6.4), and taking into account that 0 < 1 — smTH <1, we
get

Hu(t) < eM} N By(xp)| < ﬁ [1— o+ 8™ (s77 + 1) + ns] | By (o)

1
forany t € [t,, 1, + (SM"IQI’) with ¢ = ¢(p, v, L). Now we choose s = é"—n € (0,1) and
thereafter § = 8§(m, p, v, L, @) small enough to ensure CS%(s"’ +1) < % This leads to
1
(@) < &M} N By(xo)| = 7 (1= ) 1Bo(o)l
m
forallt € [t,, 1, + SM’dQ”). Choosing
1= 3
e<—(1-—2) e
“m4+1 1-5 T
we conclude the proof. O

Remark 6.2 From the proof of Lemma 6.1 we observe that ¢ and § are monotonically increas-
ing with respect to «.

The preceding lemma at hand, we are now able to prove the Expansion of Positivity for
non-negative weak super-solutions to the doubly degenerate equation (1.3).

@ Springer



215  Page 22 of35 V. Bégelein et al.

Proposition 6.3 (Expansion of Positivity) Let m > 0, p > 1 withm(p — 1) > 1 and u
be a non-negative weak super-solution to (1.3). For fixed o € (0, 1] there exist constants
b,k € (0,1) and ¢ > 1 depending only on n, m, p, v, L, 0 and a such that the following
holds true: We consider z, = (x,,t,) € Qr, M > 0 and

1
T —t,)(kM)? P
0€ (0,00, where gy :=min { ! dist (x,, 92), [%] 6.5)
Supposed that
[{u(ty) = M} N By(xo)| = e By(xo)| (6.6)
and
m\P—1 1
1Flr@n = 2 (250) 107 ymagn G0l 7 (6.7)

are satisfied, then we have
u>kM  aein Byy(x,) x (t, + bk M)™0P 1, + b M)~ oP].
Proof The proof of Proposition 6.3 is divided into several steps. Throughout the proof we

denote by ¢ = e(m,a) € (0,1) and 6 = §(m, p,v, L,a) € (0, 1) the constants from
Lemma 6.1.

6.1 Application of lemma 6.1

For j, € N to be chosen later in dependence on n, m, p, v, L, o and o we define

(T —to)M? ( 22P+-/%d>]5
U7 p( -

00 = min {% dist(xo, 9Q), 01}, where g1 := [ ; 5o

and

1 3Q{’ d 22p+jud
= — = - — 1.
mu\T eXp( 3ded ) =

Bgo(xy) X [to, to + S(SM)_dQ”) C Qr forallp € (0, gp]and s € [so, 1].

Note that

Now we fix o € (0, oo] and assume that (6.6) is satisfied and that

m\P—1 1
1Pl @ = (S82) Qs @] (6.8)

Then, the assumptions of Lemma 6.1 are fulfilled with M replaced by s M forany s € [so, 1].
Thus, we find that

{u(t) = esM} N By(xo)| = 5By (xo)]

forall s € [so, 1]and all 1 € [t,, 1, + 8(sM)~%oP).
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6.2 Transforming to another problem
Fort > 0 welets(t) := e d. Then, we have s(t) € [sg, 1] for T € [0, 79], where
T9:=dln (YIT)) = 222);*‘1.
Next, we define
B(1) := 8(s()M) 0P = sM~gPe  fort € [0, 1o].
From Step 6.1 we deduce that for any 7 € [0, 7¢] there holds
[to. 10 + ®(1)) C (0. 7)
and
{u(r) = es(T)YM} N By(xo)| = £1B,(xo)|  forallt € [to, t, + (7).
In particular, letting
(1) =1, + B(x) fort € [0, 1],
we have that
Hu(®(x)) = es(t)M} N By (x,)| = $1By(x,)|  forallt € [0, 1o]. (6.9)

Finally, we let y (7) := 5(1)5. Then, Corollary 2.4 ensures that
v(x, 1) =y (Dux, (1))
is a non-negative weak super-solution to
8,v—divK(x,r,v,Dvm) —divF in Byy x (0, 1)
with
A, 7,0,8) =y (O (DA (4, ®(0), 75, 3 )
and

F(x,7):=y@)® (1)F(x, ®(1)).

Using the growth assumptions (1.4) of A together with the definition of the functions ® and

y we compute that A satisfies the growth and ellipticity conditions
A, tu§) -z 31617 and |AG 7w, 6)| < 515177

Defining

ko :=¢ (8@”)5 ,

we observe that kg = ey (t)s(t)M for any t € [0, 79] and therefore inequality (6.9) can be

rewritten as

[{v(r) > ko} N By (xo)| = $1Bo(xp)|  forall T € [0, 10].

(6.10)
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6.3 Gradient estimates on intrinsic sublevel sets

2Jx d 1 2Js d
Y= = —
ko SoP \ ¢

07 = 07 (z5) = By (x,) x [0, 9rP),
0 = 07 (z,) = B, (x,) x [0, 9(5)P),

-~

07 = 0V (z,) = By(x,) x [9(§)P, 9rP)

Next, we define

and consider cylinders

for 0 < r < 8p. Moreover, for j = 1,..., j., we let
kj = 2*-"ko, Aj(t) :={v(r) < kj} N Bgp(xo), Aj:={v<k;}N QZQ

and observe that

0 (40)?
|Aj|=/ |Aj(7)|dr.
9 (20)?

Further, a simple computation shows that
Q) c 05, and QF, C By, x [0, 19).

By definition of F and Holder’s inequality, we obtain for g € [1, o] that

//V Iflqudr://v ly (@' (1) F (x, (1))|? dxdr
ol Ok,

= Iy @@ @ g o //Q ()7 [P, o) dxde
80
p q(1+l_l) % ~ q
5(3M*dgpel’<49>’) a0 (//v? cp’(f)yF(x,@(r))]"dxdr) 108,
0%,

_ L B 7 <
< c[(M doP) AT 0g, |7 ||F||Lo<gr>} |08, |,
where in the second last line we used the area formula and the fact that ¥ (40)? = % (%)‘1 ,
sothatc = c(n, m, p,v, L, 0, «, j.). Assuming that

m —1 1
1Fllzo @) < (%) 197 jy-agr @017 (6.11)

for some constant ¢, > 1 to be chosen later, we further estimate

kMmN a(p=1)
— c p_p 179 x c N ~
ff F1 dude < [0+ =5077 ] |Q§Q|§—< ’) [
Qé@ c Cx \ O

*

again with a constant ¢ = ¢(n, m, p, v, L, 0, «, j,). Therefore, we may choose c, in depen-
dence onn, m, p,v, L, 0, « and j, in such a way that

N km\ap=1
// [F|9 dxdt < <—’*> 107 | (6.12)
=9 29 0
oy,
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holds true for any ¢ € [1, o]. Note that we replaced ¢ by 2¢ in the denominator and |égg|
by |QZQ| for later purpose. We observe that

Oy = Qg par—aryor (¥o: ?(40)7) and  OF, = Og, yagyr (o ?(40)7).

Thus, the Caccioppoli inequality (3.1) from Lemma 3.1 together with Lemma 2.7 (i), estimate
(6.12) with g = 7 and the fact that | Qgg |/l QZQ | = c(n) implies

/f |DV™|P dxdt = // _|DV"|P dxdt
Aj {v<k;INQ,
[ [0 50
<c + + |F[r=1 |dxdt
fv<k;)NQ, (40)? ' (20)?

k’(lp m+1 mp

A0 A0 J* A0

sc[(4;),,|Qgg|+ 5agyr Ll T 5 |Q8Q|}
kP

<2104, (6.13)

= Qp 401> .

withc = c(n,m, p,v, L).

6.4 Measure estimates for intrinsic sublevel sets

Now, we exploit the estimate

K=ty = (27— 270Dy = 27 (1 27 g = e(mk)!

with ¢(m) € (0, 1) together with Lemma 2.5 and inequality (6.10) to obtain

KA (O] < (K=K ) 140 (D))

C(n)Qn-H

T | Bap(xo) \ Aj(1)] Bag (xo) (K, | <v™ (1) <k}

< ﬁ/ |Dv" (v)] dx
Aj(O\Aj+1(7)

forall j =0,..., j,and all T € (0, ¥ (40)?). We integrate this inequality with respect to t
over (9 (20)7, ¥ (40)7), apply Holder’s inequality on the right-hand side and use the gradient
bound (6.13) to get

|Dv™(t)|dx

KA 1| = M/ |Dv"| dxdr
o Aj\Aj+1

1
M(f |Dv”’|"dxdf> AN Al T

o
J

c(n,m,p,v,L) =1 0 1
comp0L) g A\ Ajyr| 7 1047

A
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Dividing both sides by k’" > 0 and summing over j =0, . — 1, we find that
» Jx » Jx—1
JlAGIPT <Y AT < - 100,177 3 145\ Ajaa| < |Q4Q|v 1
=1 ars j=0
so that
~ Pl o
(v < k)N Qhp| = 1ALl <™ (£) 7 104, (6.14)

for a constant ¢ depending only on n, m, p, v and L.

6.5 Application of De Giorgi type lemma 5.1

Atthis stage, we exploit Lemma 5.1. Observe that the cylinder @ZQ = QZQ 9 (4P —20)oP (x0, 0 (40)P)

satisfies the requirements of the Lemma with o, 6 and M replaced by 20, 4p 2p and kj,. Then,

the constant v from Lemma 5.1 depends only on n, m, p, v, L and o, but is 1ndependent of
J«- Note that (5.1) is implied by (6.12) applied with ¢ = o. Thus, choosing j, large enough,
so that

p=1
(#) " <av,
J*
all assumptions of Lemma 5.1 are satisfied and we conclude that

v > %kj, a.e. in By (x,) X ((4” —27 + 1) vo?, 19(4@)”) . (6.15)

Note that j, depends on n, m, p, v, L, o and «. This also fixes ¢, in (6.11) in dependence on
n,m, p,v, L, o and «. In turn, we choose ¢ > 1 in dependence on n, m, p, v, L, 0 and « in
such a way that condition (6.7) implies the validity of (6.11) and (6.8).

6.6 Returning to the original problem and conclusion

Finally we use the definition of v and k¢ to rewrite (6.15) as
ulx, d(r)) > 2= UstD =G epm >xM

fora.e. (x,T) € By x (47 — 2P + 1)Do?, 0(4@)"], where

o G
Kk =«(n,m,p,v,L,a) =2 Ut ge="4

Returning to the original time variable, we obtain
u>«kM ae.in By x (to + Bb(k M) oP 1, + b(x M) 0" ]

with b := 892~ UstDd ¢ (0, 1) and B := e~ ?"~1?e" depending only on the data. Note that

22p+ijxd

sed
exactly as in (6.5). Since 8 < % this completes the proof of Proposition 6.3. O

.. d .
by the definitions of b and k¥ we have % exp ( - ) = %, so that gg can be re-written

Remark 6.4 From the proof of Proposition 6.3 we observe that

iNd
b 4r [
d:8exp<8< - ) ) >41’Sexp(%) > 47,
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Moreover, the parameter b in Proposition 6.3 is monotonically increasing with respect to «.
This can be seen from the definition b = 842~ U«+D4 where j, is decreasing and ¢ and &
are increasing with respect to «; see Remark 6.2.

7 Harnack’s inequality

We are now ready to prove our main result, Theorem 1.2. In the following section, the second
(forward in time) inequality of (1.8) is shown. In a subsequent step, we ensure the validity
of the first (backward in time) inequality of (1.8).

7.1 Forward inequality

Let ¢, > 1 to be fixed later, consider (x,, t,) € Q7 with u(x,, t,) > 0 and define

¢ d
o=—2—) .
(”(xov to))

Moreover, assume that ¢ > 0is small enough so that Bo, (x,) x (t, —200", t,+200") € Qr.
Note that the stronger assumption Bo,(x,) X (t, — 4607, t, + 490”) € Qr will only be
needed in the proof of the backward Harnack inequality. Finally, we define the rescaled
function

V(1) = b u (R0, 7)) in Bo(0) x (—2c§,2cf,’), (7.1)

where (%,7): Qr — Qr with Q7 == {(x, 1) € R"" : (£, 7) € Qr} is defined by
to?
u(x,, to)d'

A straightforward computation shows that v is a bounded, continuous, non-negative weak
super-solution of

F(x):=x,+o0x and i(t):=t,+

9 v — div A (x, t,v, Dvm) =div F

in Bg(0) x (— 2cd 2cd) in the sense of Definition 1.1 with

~ prl (Xo.1 )m
A(x,t,v, ziA(i,f,ux,l)v,m)
( é‘) u(xo,[o)d"'l ( o o o ;’
and
- Qp—l B
F(x,t) = F(x,1).

u(x,, ta)d+l

The main step towards Theorem 1.2 is the following lemma. After returning to the original
variables this proves the intrinsic forward Harnack inequality, i.e. the second inequality of
(1.8). Indeed, if Lemma 7.1 is valid, we obtain that

1 Flle @r) > 10| B1(0)|7 0" 7~ P Vy(x,, 1,)" P~ D=5

@ Springer



215  Page 28 of 35 V.Bogelein et al.

or
U (%0, 10) < 5-tt (1o +607)  in By(x,),

which shows the second inequality of (1.8) for y = max {W, % }

Lemma7.1 For v, A and F as above, there exist constants v0,v1 € (0,1) and ¢, > 1
depending only on the data, but independent of u(x,, t,) such that either

- 1
1Fl Lo g7y = vol Bi(O)]=

or

v (-, cg) >y in B1(0).

Proof In the following we abbreviate O, = Q;r,, (0) = B,(0) x (—=rP,0] for r > 0. For
7 € [0, 1) we consider the family of cylinders {Q; } and the functions M, N: [0,1) —
[0, oo) defined by

M(t) :=supv, N(t):=(1— ‘L')_a,
Or

with § > 1 to be chosen later on. Note that the functions M and N are both monotonically
increasing and My = 1 = Nj, since v(0,0) = 1. Moreover, as T ? 1, N(r) — oo while
M (t) remains bounded, since v is bounded in Q. Together with the continuity of v this
ensures that there exist

T, ;= max{t € [0,1) : M(t) = N(1)}
and (x,, ;) € Q; such that
V(. ) =M(T)=N(@)=(1-1)". (7.2)

Let 7 € Nxj such that 21= 1 — 7, < 2277 and define r := 27". Then 7, + r <
7+ 1(1 = ) = 1=, which implies

(xtvt*) + Qr_ C QT—%—J - Ql_'
2

Moreover, by definition of M, N and 7, we have

-5 ;
sup v < sup v:M(HTT*> fN(lJE—T*): (1_7“) <2 — 0 M,
Gt 407 074.
2

Observe that M, > 1. Next, on the cylinder Q;M"’rl’ (X4, 1) C (x4, 1) + O, we apply the
De Giorgi type Lemma 5.2 to v with ’

1— 2738m
_ 45 _
¢=1-27"", a_1_2—48m

and (uy, M, 0, o) replaced by (M, M,, 1, %). Indeed, hypothesis (5.2) is satisfied, since

sup v sup v=<M,.
o (Xu i) (X 1)+ Q0r

r,M,,_drl’
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By v we denote the constant vy from Lemma 5.2 depending on n, m, p, v, L, 8, a, {; hence
v =v(n,m, p,v, L,§). Moreover, observe that

V" (X 1) = (1 — 1,) 70 > 7 20mp=dm — p=28m pym  ppm_ g p,

This shows that conclusion (5.5) of Lemma 5.2 is false. Hence, either (5.3) or (5.4) is violated.
This means, we either have

. aMmN\PL 1
||F||La(§;)>( ; ) Q) vty Gt |7 (7.3)
or
fv=2"mpno” . G >9Q 4, )] (7.4)

If (7.4) is satisfied, by Fubini’s theorem there exists 7, € (f, — M:drp , 1] with
v (&) = 27" M} N B, (x2) | > §|B, (x2) |-

By I;, k € (0,1) and ¢ > 1 we denote the constants b, k, ¢ from the Expansion of Positivity
in Proposition 6.3 applied with « = v. Note that b, ¥ and ¢ depend on n, m, p, v, L, o and
8. Supposed that

1
. (2¢d — 1) (2~%em,) "
r < min {g dist (x, 0Bg(0)), 7 }, (7.5)

we are allowed to apply Proposition 6.3 with (F, a, M, o) replaced by (F D, 27 M, r)
and conclude that either

i 1/ %m) "\ f
1Fllo ) > 3 <H> Ik k (7.6)

r r,(Z*‘mM,)fdrP

™

or
v>2"%EM, inBy (x) x (4 Lb(27%kM,) P G+ b2 %kM,) ]
holds true. In the second case we find that
[{v(Go) = 27 PR M} N Bar (x,)] = |Bar (3], (7.7)
where 7, := 1, + 5(2’45/ZM*)_dr”. This allows to apply the Expansion of Positivity in the
next step with @ = 1. Therefore, by b, k € (0, 1) and ¢ > 1 we denote the constants b, «, ¢

from Proposition 6.3 applied with « = 1. Then, b, ¥ and ¢ depend on n, m, p, v, L and o,
but not on §. Supposed that

(7.8)

@cd —i,) (2~ %k M, )" ] }7}
i ,

2r < min =§dist (x4, 3B9(0)), [

we may apply Proposition 6.3 with (F, «, M, o) replaced by (F, 1,2-*% M, 2r) and con-
clude that either

Q=

2_48~M* m\ p—1
(K)) |Q+ | (7.9)

~ 1
1Fl o () = - ( o 2 247  2ry
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or
v>2"%ReM, in By (r) x (01 — b (27 %k M) ™ @r)?, 1]
holds true, where #; := 7, + b(2‘4‘3/?KM*)_d (2r)?. In the second case, we have
[{v(t) > 27 Pk M.} 0 Bar (x2)| = [Bar (x2)].
We recursively define 75, .. ., t; by
t =t + b2 PRI M) @I )P

for j € {2,...,n}. Iterating the procedure of Expansion of Positivity we arrive at the fol-
lowing assertion. Supposed that

_ o 1
2/r < min {%dist(x*, 3Bo(0)). [(265 — ’“)(bz_%”]M*)d} ’ } (7.10)
forevery j =2, ..., n, we find that either
8 1/ Q%=1 m)ym\P~! 1
1Fll oy > Z(T) 103, 2w 1ay-d@iny | (7.11)
is satisfied for some j € {2,...,n}or
v> 2" M, in By, (x) x (13 — 3627 M) @) 1] (7.12)

We first ensure that (7.10) is satisfied for 7. We note that 2%y = 1. Since x, € B 0), we
immediately observe that 2 =1< % dist(x,, dBg(0)). Next, we choose § > 1 in depen-
dence on n, m, p, v, L and o such that 2% = 1, which is possible, since « is independent of
§. In view of the definition of M, we find that

27HRKM, =27 M k2" = 27 Mg (20) = 27%k = 1 € (0, 1).

Note that y; depends on n, m, p, v, L and o. The second condition in (7.10) is equivalent to
t; < 2cg . Therefore, we compute

n
~ _ . —d .
=+ B PEM) b (270 M) (20r)
=

_ b [kd\" 2Pp K4\ "
=fHh+t—=—=) +——7——|1-=
yf(21’> yf’(zp—xd)[ (2"> }

P Lro2n Ay
o yld(ZP—/cd) yld 20 —kd 2r )

We note that due to Remark 6.4 we have b < b and therefore the expression 3 pzill’( 7 — bis
positive. Hence, choosing ¢, such that

1 2Pp

2¢4 > —_—
° Ty @ =k

(7.13)

and taking into account that 7, < 0 we find that

fi <1 +2c? <2c.
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Provided that (7.13) holds true, (7.10) is satisfied for 7 and in turn implies that (7.10) is
satisfied for any j = 2, ..., 7 and in particular also (7.5) and (7.8) are satisfied.

To summarize, we have now shown that either (7.12) is satisfied or one of the alternatives
(7.6), (7.9) or (7.11) if ¢, is chosen large enough. We start with the former case where (7.12)
is satisfied. Since 2" = 1 we have B;(0) C Ba(x,) = Byi+1,.(x4), so that

v() >y inBy(0) foranyt e (tﬂ - %byfd, tﬁ]. (7.14)

Unfortunately, the interval depends on 72 and hence on v. Therefore, we need to find a
subinterval which is independent of 7. In view of Remark 6.4 we have ’?% > ’?% > 47 and
48d zd
K

hence )/ld =27 < 272p=%d} - 2=2rp_Therefore, we observe from the preceding

computation of #; that

et (5) ] el ()]
T A -k )17 e —«d 2

2Pp k2p b
> — — .
yi@er —ikd)y  2pyd2r —kd) 22yl

In the second term on the right-hand side we use k < 477b < 477, which once again is a
consequence of Remark 6.4. This leads us to the lower bound

27b b b 2Pp b
_ _ - 3 '
vil@r —wd)y Dyl 2yl Ty —kd) 2071y

t; >

For the left interval limit in (7.14) we obtain
2Pp b

1 —d
tp —sby; ¢ < —— — —.
T T dp —dy 2y

The preceding computations show that with the choice

i 27b b

¢l = - > 1
T yf@r—kd)y  2vyf

we have
1., —d
€ (l;, — Ebyl s tﬁ].

Note that ¢, depends on n, m, p,v, L and o and a straightforward calculation shows that
(7.13) is satisfied. From (7.14) we now conclude that

v(c)zn B,

which concludes the proof of the lemma in the case that (7.12) is satisfied.
Finally, we are left with the case where one of the alternatives (7.6), (7.9) or (7.11) is
satisfied. In any of these cases we conclude that

~ . 1 - \d+1-¢
||F||L0(§}) > yl|B1(0)|7, where y 1= m <W) (7.15)

is valid. We note that yp € (0, 1), since kK < « by Remark 6.4 and that y depends on
n,m, p, v, L and o. This concludes the proof of the lemma. O
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7.2 Backward inequality

With the intrinsic forward Harnack inequality on hand, we are able to show the intrinsic
backward Harnack inequality, i.e. the first inequality of (1.8). Actually, in the following we
will prove the more general version

(crr) ™ sup u (-t = (y=7") " 00") < u (xo ) (7.16)
Bg(xn)

with positive constants cq, c2 such that ¢ 7/02’2 > 1, which implies the first inequality of
(1.8) by choosing ¢; = ¢, = 2. We have already fixed (x,, t,) € Q7 with u(x,,t,) > 0.
Now we assume that Bo,(x,) x (t, — 46007, 1, +400") € Qr. Moreover, let ¢y, ¢ > 0 be
positive constants such that ;22 > 1 and suppose that alternative (1.7) is not valid, i.e.

_]_ntpe _d
IF Nl @pel ™" 0 < Julx, 1) 0. (7.17)

In order to prove the backward Harnack inequality, we consider two alternatives. First, we
assume that

U (xp,1) < c1y? U (xp,1,) forallt e (1, — 2007, 1,) (7.18)
with y as in the right-hand side of (1.8). Our aim is to prove that (7.18) implies
sup (10— (cry™™) 007 ) < 1y u (o, 10) (7.19)
Bg (x0)

Indeed, assume that (7.19) was not satisfied. Then there exists x, € B,(x,) such that
u(xy, t1) = c1y“?u(x,, t,), where we abbreviated t; := 1, — (clycz_])_degl’, since u is
continuous and (7.18) is in force. Let 6, := cg ulx,, )79 A simple calculation shows that
d
d

0o?,

h = 26,07 = 1, — (14+27~) (crp)”
0o?.

1 +20,07 =t — (1 =2y~9) (cry™1)”

Sinced > 0,y > 1and c;y2~! > 1, this implies (1; — 26,0”, t; + 20,07) C (t, —
4607, 1, + 4607) € Qr. Thus, we are able to apply the forward Harnack inequality with
(x0, t,) replaced by (x4, #1). This leads to

_ntp

IFllo@po? ' "o > )=

d d
w (e 1) > Lo, 1) 7

1
Y
which contradicts (7.17), or

u (o) <y dnf (- 11+ 6.07).

o (Xx
Inview of (7.18) and the facts that x,, € B, (x.) andf1+6,0” < 1,, this yields the contradiction
1y u (xo, ty) = u (xy, 1) < yu (xa, 1+ 6,07) < c1yu (xo,1,) .

Therefore (7.18) implies (7.19).

It remains to treat the case where (7.18) is violated. This means that there exists ¢ €
(t, — 2007, t,) such that u(x,,t) = clyCZ_lu(xo, t,). We define t as the largest value with
this property (note that u is continuous) and let

d
0, ::( Co ) = (cly"zfl)_dg.

u(xo, )
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We claim that

t, — 1T > 60:0°. (7.20)
Indeed, if (7.20) was not valid, there existed 0 < ¢ < o such that

t, — T =0,0".

Computing that (t — 26,07, T +20,;07) C (t, — 400", 1, +400"), we are allowed to apply
the forward Harnack inequality with (x,, t) instead of (x,, #,). This gives that either

d

t)dﬂ*a > %u (x0, 1,

)d+17§

’

—p_1_ntp
IFllLmi@p@” ™" "7 = Ju (x,
or
Clycz_lu (Xo, tv) =u (xos T) <yu (x"’ T+ Ofép) =vu (x(” IO) .

holds true. The former one contradicts (7.17), while the latter one contradicts ¢ yc2_2 > 1.
Therefore, (7.20) is valid. Next, we define

s =1, — 600"
By definition of t and (7.20), we find that
T<Ss<t, and U (xy,8) < clycz_lu (X0, 1p) .
In the following we show by contradiction that

sup u(y,s) < 1y (xo, 1) . (7.21)
By (x0)

Indeed, otherwise by the continuity of u there existed y € By(x,) with u(y,s) =
172 u(xp, t,). For 65 := clu(y,s)~¢ we have that (s — 26,07, s + 26507) C (t, —
4607, 1, + 4607). Thus, applying the forward Harnack inequality with (y, s) instead of
(%0, t,) leads to

d d
S)d+173 )d+173,

_1_ntr 1 1
IFllzo@pe?™ "o = uly, > Suxo, Io

which contradicts (7.17), or
u(y,s) <y inf u (~, s+ QSQP) .
By (y)
Since s + 6;0” =1, and y € B,(x,), we obtain the contradiction

Yy u (X0, 10) = u(y, 8) < yu (o, 1o) -

Therefore (7.21) is valid. Recalling the definition of s, we conclude that the desired backwards
Harnack inequality is in force also in this case. This finishes the proof of inequality (7.16)
and thus the proof of Theorem 1.2.
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