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Abstract
We establish Holder continuity for locally bounded weak solutions to certain parabolic sys-
tems of porous medium type, i.e.

au—divim|u/" " 'Du)y =0, m > 0.

As a consequence of our local Holder estimates, a Liouville type result for bounded global
solutions is also established. In addition, sufficient conditions are given to ensure local bound-
edness of local weak solutions.

Mathematics Subject Classification 35K40 - 35K65 - 35K67 - 35B65 - 35B45

1 Introduction and main results

Let E be an open set in RY and Er := E x (0, T] for some T > 0. Fora positive m, we are
interested in the following parabolic system

{ duj — div(m|u|™" 'Du;) =0 weakly in E7, 0
i =1,

con, w=(uy, -, Up).

In the scalar case, i.e. n = 1, it is commonly referred to as the porous medium equation. It
presents degeneracy in the set [Ju| = 0] when m > 1 and singularity when 0 < m < 1.

As is well known, everywhere regularity is in general not expected from systems of elliptic
or parabolic type (cf. [8]). Nevertheless, the special quasi-diagonal structure of (I) enables
us to achieve the Holder regularity of locally bounded solutions.

Let u be a solution to the system (I). Loosely speaking, our main result reads

uwe Ly (Er) = ueCy (Er)

for some o € (0, 1) depending only on n, N and the exponent m; see Theorem 1.1 for details.
Based on our explicit local estimates, we are able to obtain a Liouville type result, which
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asserts bounded global solutions must be constant; see Corollary 1.1. In addition, we explore
sufficient conditions that ensure local boundedness of solutions in Sect. 6.

The norm of u refers to the standard Euclidean norm, i.e. |u| = (u% + u% + -+ u,zl)%
However, it is worth pointing out that our Holder estimate for solutions to the system (I) still
holds for any norm of u. This point will be clear from the proof. Thus, in particular, we could
use [ul; = |ug|+ |uz|+- - -+ |up| in the system (I). Moreover, our results also hold for more
general systems modeled on (I), which permit us to insert bounded and measurable diffusion
coefficients in the system (I) (cf. (1.1) — (1.2)).

Our motivation of studying the system (I) with measurable coefficients as in (1.1) — (1.2)
mainly stems from the C!+ regularity for the parabolic p-Laplace equation, i.e.

uy — div (| DulP~2Du) = 0.

The spatial gradient Du will satisfy a system with structures similar to (I). In fact, we may
differentiate the above equation in x; formally to obtain

_ oy UxiUx;
e, = (1DulPPuyjn, + (p = 2)DulP > ——Lu | =0.
J |Du|2 X

Here the summation convention is evoked. Introduce the vector valued function v := Du. In
terms of v the above differentiated equation can be written as

-2
U‘Y,I_(al'j|v|p US,X,')X,, :Ov s = 13 7Na

where the measurable coefficients are defined by
ViVj
Iv|2’

aij =8ij+(p—2)
which in turn fulfills the condition
min{p — 1, }|§[* < a;j&&; < max{p — 1, 1}||* forany & € RV,

In particular, when N = 1, v reduces to a scalar function v that satisfies the one dimensional
porous medium equation

v — (p — D[P 2vy), = 0.

Therefore Du satisfies a system with the same structure as (I) form = p — 1; see the general
system (1.1) — (1.2). Particularly, our main result implies the following well-known C!¢
regularity of a weak solution u to the parabolic p-Laplace equation (cf. [2-4,7,17]):

Du e Ly, = DueCf..

Our approach to the Hélder regularity for (I) is inspired by [5] where the C1* regularity
for the elliptic p-Laplace equation has been investigated. The proof in [5] reflects a general
idea due to De Giorgi: if the set where the equation is degenerate is confined within a small
portion of a ball, then it is actually non-degenerate (cf. Sect. 3); if conversely the degenerate
set occupies a seizable portion, then the solution can be compared with the radius of the ball
(cf. Sect. 4).

The main new input of our argument lies in the introduction of proper intrinsically scaled
cylinders, instead of balls, where the homogeneity of the parabolic systems is restored. We
refer to [4,6] for an account of the theory for intrinsic scaling. It would also be helpful to refer
to the recent work [14] on the Holder regularity for porous medium type equations. Some
arguments we use here are closely related to this work. This kind of idea has been used in [4,7]

@ Springer



Holder regularity for porous medium systems Page3of28 156

to treat the C% regularity for parabolic systems of p-Laplacian type, via a combination of
Campanato’s approach and De Giorgi’s iteration. Nevertheless, the quasi-diagonal structures
of the system (I) allow us to implement the idea of intrinsic scaling more or less like we deal
with scalar equations. Once proper energy estimates are derived from the system, we do not
refer back to it any more. Thus we rely solely on De Giorgi’s techniques.

Finally, we mention that there is a “cousin” of the system (I), namely

Y

dui — A(lu|"'u;) =0 weakly in E7,
iZ];"'ana uE(l’tla"'aun)'

The systems (I) and (II) are formally identical only in the scalar case, i.e. n = 1. The system
(IT) has been derived in [19] from Bean’s critical-state model in the superconductivity theory.
With the norm |u|y, it has been established in [11] modeling a competitive adsorption process
among different species, via a multi-component isotherm of Freundlich type.

A study of Holder regularity is carried out in [11] for non-negative solutions to (II) with
the norm |u|;. The non-negativity of u turns out to be essential, since the argument relies on
the fact that |u|; satisfies the scalar porous medium equation. See [11,19] for discussions on
Dirichlet problems and [9,16] on Cauchy problems.

Similar interest in the Holder regularity of solutions to various parabolic systems also
appears in [13,15,18]. Certain degeneracy is considered in [13] for systems with different
structures from ours, whereas systems in [15,18] are non-degenerate as the arguments are
based on the regularity criterion in [8].

1.1 Main results

We postpone the formal definition of weak solutions to Sect. 1.3 and refer to Sect. 1.2 for the
use of notations. Now we proceed to state in a precise manner our main results concerning
the interior Holder continuity of weak solutions to the system (I).

Theorem 1.1 Let u be a bounded, local, weak solution to the system (I) in Et. Then u
is locally Holder continuous in ET. More precisely, setting M := |u|lo £, there exist
constants y > 1 and o € (0, 1) that can be determined a priori only in terms of m, n and
N, such that for every compact set K C Er,

m—1 1\ @
X1 — xa| + M"2 |t1—r2|z)
, o om > 1,

|ll(xl, tl) — U(XZ, [2)‘ < VM ( diStl(K; 1'*)

1—m 1\ @
M2 |x; — x2| + |t] — 12]2
, O0<m <1,

lu(xi, 1) —u(x2, 0)| < yM ( disty (K- T)

for every pair of points (x1, 1), (x2,12) € K. Here dist| and disty are intrinsic distances
from K to the parabolic boundary T of Et defined in Sect. 1.2.

Remark 1.1 We have stated Theorem 1.1 for globally bounded weak solutions. However the
proof has a local thrust. As a matter of fact, for any M > 0 verifying

max essosc u; <M, wheref = M w1,
1<i<n (Xo»tn)"v‘QQ(e)

m=1
max essosc u; <M, whered =M 2, O0<m~<]l,
1<i<n (x0,10)+ Qo (V)

@ Springer



156 Page4of 28 N. Liao

for some cylinders (x,, t,) + Q0 (0) and (x,, t,) + Qo () included in E7, we will show the
following oscillation decay for 0 < r < g:

o
r
max essosc u; <yM <7> , m>1,
1<i=<n (x5.t5)+0Qr(0) o

o
r
max essosc u; <yM (7) , O0<m< 1.
1<i<n (x0,15)+Q; (¥) o

See Sect. 1.2 for the meaning of these cylinders. The conclusion of Theorem 1.1 can be
derived from this oscillation estimate via a standard covering argument.

Remark 1.2 Theorem 1.1 continues to hold for systems with more general structure modeled
on (I); see (1.1) — (1.2). As a result, the constants « and y also depend on the structural
constants C, and Cy in (1.2).

The oscillation decay in Remark 1.1, while local in nature, has a global implication.
Indeed, let u be a bounded, local weak solution to the system (I) in the semi-infinite strip
Sr:=RM x (=00, T) for some T € R. Then when m > 1, we have for 0 < r < p that

o
,
max essosc  u; < y|ulloo,sy | =)
1<i<n (x,10)+Qr(0) %

for any cylinder (x,, ,) + O, (6) compactly included in S7. Now fixing r and letting 0 — o0,
we immediately arrive at a Liouville-type result. The case 0 < m < 1 can be analyzed
similarly. Thus we arrive at the following Liouville type result.

Corollary 1.1 A bounded, local weak solution to the system (I) in St must be a constant.

Remark 1.3 Unlike elliptic equations, one-sided boundedness of solutions in St is generally
not sufficient to imply solutions to parabolic equations are constants. This is evident from the
non-negative solution u(x, t) = ¢**' to the one dimensional heat equation. See [6, p. 105]
for more on Liouville type results of parabolic equations.

Remark 1.4 The global boundedness condition in Corollary 1.1 can be easily relaxed to allow
|u| to grow slower than (|x| + |t|%)°‘ as |[x| > ooand t — —o0.

1.2 Notations

Suppose u is a bounded solution to (I) in E7. Let I' := dE7 — E x {T} be the parabolic
boundary of Er, and for a compact set C C E7 introduce the intrinsic, parabolic m-distance
from K to I" by

m—1 1
dist; (KC; T) := inf {|x — 3|+ [l |t—s|7}, m> 1,
(x,1)ek
(y,s)el’

1-m

1
distr (IC; T) := inf {||u||0<,2 [x —y|+ |t —s|2 } , O0<m~<1.
(x,nek
(y,s)el’

For o > 0Olet K, (x,) be the cube with center at x, € RY and edge 2p. We define backward
cylinders scaled by a positive parameter 6 by

(Xos 1o) + Q0 (0) := Ko(x,) X (ty — 00%, 1,].
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We also need another type of cylinders
(o, o) + Qo (9) = Kipg(xo) X (to — 0. 1],
for some positive parameter ¥. In Sect. 6, we will use the following type of cylinders
(%05 10) + Qv i= Ko(x0) X (1o — T, 1].

When (x,, t,) = (0,0) or 6 = ¢ = 1, we will omit them from the notation.

In what follows, we will use y as a generic positive constant in our estimates, which may
change from line to line. Nevertheless, such y can be determined a priori in terms of given
data.

1.3 Notion of solution

It is always very important to pinpoint what we mean by a weak solution, as different notions
may lead to different implications. In the following we may consider a general system mod-
eled on the system (I):

{ dui —divA®(x,t,u, Du) =0 weakly in E7, o

i=1,---,n, u=(up, -, uy),
where the functions
AV = (a0, AR)  Er < RY xRN > RY

are Carathéodory, i.e. A(f)(x, t,u, z) is measurable in (x, 7) for all (u, z) € RN x R™ and
continuous in (u, z) for a.e. (x, t) € Er, and satisfy the structure conditions

AD(x,t,u, Du) - Duj > Colul™ " [Du; |, 12
IAD(x, 1, u, Du)| < Cifu|"~"[Du], '
foralli = 1,---, n and for some positive m, C, and Cy. Together with n and N, they will

be referred to as the data in the sequel.
A vector valued function u satisfying

up € C(0,T; L2 .(E)), [u]"'uy, u; € L} (0, T; Wh2(E)), m> 1,
ui € C(0,T; LITYE)), ul™ g, |ui " u; € L (0, T; Wh2(E)), 0 <m < 1,

is a local, weak sub(super)-solution to (1.1) with the structure conditions (1.2), if for every
compact set K C E and every sub-interval [#1, 2] C (0, T,

/ u;¢pdx
K

for all non-negative test functions

1% .
i f/ [~ i + AV (x, 1,0, Du) - Dpldxds < (=)0 (13)
t K x(t1,12)

¢ € Wil (0, T5 L*(K)) N L (0, T; W12(K)).
Remark 1.5 The notion of solution may generate discrepancies, as it is not entirely clear even

in the scalar case. An interesting study on the equivalence of different notions of solution for
the prototype porous medium equation is carried out in [1].
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In what follows, special care needs to be taken for the time variable of a solution since we
will use test functions that involve the solution itself. Lack of regularity in the time variable
notwithstanding, they become admissible provided we employ a proper mollification in the
time variable.

To this end, we introduce for any v € LY(Ep),

o T t—s
[vln(x, 1) = %/ esTv(x,s) ds, [v];(x, 1) = %/ e v(x,s)ds.
0 t

Properties of this mollification can for instance be found in [10, Lemma 2.2]. In particular,
we need the following identities:

aloln = 4(v—[la). &[l; = +(Iv]; —v). (1.4)

From the weak form (1.3) of the differential inequality for sub(super)-solutions we may
deduce the mollified version:

/f [8,[[u,~]]h¢ +[AD(x, 1, u, DW];, - Dd)] dxdr
Er
T
g(z)/ u,-(x,O)-%/ e i (x, s)ds dx, (1.5)
E 0

for any non-negative test function ¢ € L?(0, T; Wo1 "P(E)) with compact support in E7.
Indeed, we may take the test function [¢]; in the weak formulation (1.3) of sub(super)-
solutions to (I). Since ¢ is compactly supported in E7, we have after an application of
Fubini’s theorem

// [— wid,[¢]; + [AD (. . w, D], - D¢>] dxdr
Er

T ¢
< (z)/ ui(x,O)-%/ e Fp(x,s)dsdx.
E 0

On the other hand, we calculate the term involving the time derivative using (1.4)

// u;0;[@]j dxdt = %/f u; ([¢]; — ¢) dxde
Er Er
= %// ([uiln — ui)¢ dxdt = —// ;[u;]n¢ dxdt.
Er Er

This yields the desired claim in (1.5).

2 Energy estimates

This section is devoted to local energy estimates for the general system (1.1) — (1.2). Due to
the degenerate or singular nature of the system, we need to consider the case 0 < m < 1
(Proposition 2.1) and the case m > 1 (Proposition 2.2) separately.

Proposition 2.1 Let 0 < m < 1 and u be a local weak sub(super)-solution to (1.1) - (1.2) in
Er. There exists a constant y > 0, such that for all cylinders Qr s := Kp(x,) X (ty—S, t,] C
Er, every k € R, everyi € {1, ---,n}, and every non-negative, piecewise smooth cutoff
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Sfunction ¢ in Qg s vanishing on 0K g(x,),

esssup/ gi(ui,k)g“z(x,t)dx—i—// [u? V| Du; — k)+|?¢? dxdt
KR(xo) ORr.s

t,—S<t<t,

<y [[ w—oipctaxay [[ - nimie
ORr.s ORr.s
+/ g (i, B £2(x, 1, — S)dx,
KRr(xo)
where we have defined

gy (i, k) := j;/k i (p(s) — k), ds, @(s) == |s|" 5.

Proof We prove the statement for sub-solutions only, as the other case is similar. For fixed
t,—S <t <t <t,and e > 0 small enough we define the cutoff function in time by

0, fort, —S<t<t —e,
1—|—t_£”, fort; —e <t <1,
Ye(t) == 1, forty <t <1,
1-=2 forn <t <n+e,
0, forn, +e <t <t,.

Now, we choose in (1.5) the test function

Ors > (x, 1) = ¢(x, 1) = £ (x, DYe (D (pwi (x, 1) — (k) .

It is an admissible test function thanks to the notion of solution and the choice of cutoff
functions. In the following we omit the reference to the vertex (x,, #,) in the notation.
For the integral in (1.5) containing the time derivative we compute

//E 0, [uinch dxde = //Q et [l (0 Qi) — 0(0), dxdr

T R,S
+f fQ eyl (e i (x,0) = 9(K)) , = (o([ill) = 9 (k) , | dxdr
> / fQ Yty ([uiln. k) dxde

= // (4—2% + %3:C2)g+([[ui]]h, k) dxd:.
ORr.s

Here we have used in the second line the identity (1.4); and the fact that the map s —
(¢(s) — @(k))+ is a monotone increasing function, which implies that the term in the second
line is non-negative. Since [u;], — u; in LZ(QT) (cf. [10, Lemma 2.2]), we can pass to the
limit as 7 — 0 in the integral on the right-hand side. We therefore get

liminf// 3 [uilne dxdr > —// (C20] + Vedi£?) gy (ui, k) dxde
Or.s ORr.s

h—0
= —[I, +IL],

with the obvious meaning of I, and II,. We now pass to the limit ¢ — 0. For the term I, we
obtain forany 7, — S <t <t < t, that

lim I, :/ CZ(x,t1)9+(ui(x,t1),k)dx—/ ¢ (x, ) gy (i (x, 1), k) dx,
e—0 KR KR
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whereas for Il we have

hm I, = // 8,{ g4 (u;, k) dxdr.
Krx(ty,12)

Next, we observe that the term on the right-hand side of (1.5) disappears as 1 — 0, since by
construction ¢(-,0) = 0 on E, i.e. we have

T
lim / ui(x,0) - %/ e_%qb(x, s)dsdx = / ui(x,0)¢(x,0)dx =0.
h—0 JF 0 E
It remains to consider the diffusion term. After passing to the limit as 7 — 0, we use the

structure conditions (1.2) for the vector-field A®), and subsequently Young’s inequality to
estimate

Jim / [AD (x, ¢, u, Du)], - D¢ dxds
Er

= / 0 1//£A(1)(x, t,u, Du) - [§ D((p(ui) — (p(k))+
R,S
+2¢ (p(ui) — <p(k))+D§] dxdt

> CO/ Ve lu? D1 Du; — k) *¢? dxdt
ORr.s
—2Cy / / 1D [Ye | (@(ui) — (k) ID(u; — k)4 | dxdt
ORr.s
C
> / Yelu* DD (u; — k)4 *¢* dxdr
2 OR.s

—y//Q Ve (pi) — () 1D P dxdr.
R.S

Combining the preceding estimates and letting ¢ — 0 we arrive at

C
f c20y (i, k) dx + = / f 2"V D(u; — k)4 176 dxdt
Kpgx{t2} Kgx(11,12)

= yf/ [(ga(u,-) —(/)(k))i|D§‘|2+8t§-29+(ui,k):| dxdt
Krx(t1,12)

+ / ¢y (u;, k) dx,
Krx{t1}

whenever 1, — S < t] < tp < t,. Remembering 0 < m < 1, the terms in the bracket are
estimated by

(plui) —o®), < @; — 07,

and
g+<ui,k>=/k (0(5) — 9(h) ds<f (s — Ky ds = Th(u — B

Recalling u; € C(0, T; Lt (E)), then one easily obtains the desired estimate. ]

loc

Proposition 2.2 Let m > 1 and u be a local weak sub(super)-solution to (1.1) —(1.2) in ET.
There exists a constanty > 0, suchthatforall cylinders Qg s == Kgr(x,)x(t,—S,1,] C ET,
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everyk € R, everyi € {1, --- , n}, and every non-negative, piecewise smooth cutoff function
¢ in QR,s vanishing on 0Kg(x,),

ess sup / (u;j —k)2c?(x, 1) dx +// lu|" ' D(u; — k)+|?¢? dxdr
KR(xo) ORr.s

to—S<t<t,

<y // " ;- B2IDE P dxdr 4+ y // (ur — k212, | dxds
OR.s OR.s
+/ (i — K22 (x. 1y — S) dx.
KR (xo)

Proof In the weak formulation of the sub(super)-solution to the i-th equation of the system
(1.1) — (1.2) we take the test function +(u; — k)+¥.¢2 over the cylinder K, (x,) x (t, —
S, t,], where v is defined in the proof of Proposition 2.1. Then a time mollification as in
Proposition 2.1 will justify the use of the test function. We refrain from further elaboration
and refer the reader to [6, Chapter 3, Proposition 6.1] for analogous calculations. O

Remark 2.1 The energy estimate in Proposition 2.2 does not hold when 0 < m < 11in general,
since the integral containing |u|”~! might diverge. Nevertheless if we restrict ourselves
to k > 0 for sub-solutions with positive truncations, or k < 0 for super-solutions with
negative truncations, then the above estimate still holds for locally bounded solutions, when
0 < m < 1. Indeed, one observes that the notion of solution and u € L{; (E7) implies that
Du e L]ZOC(ET), when 0 < m < 1.

3 De Giorgi-type Lemmas

Suppose (x,, t,) + Qo () C E7, and for a locally bounded function u in E7, we introduce
a quantity M satisfying

2M > max esssup |u;l. 3.1
l<izn (X(),T(;)JFQQ(O)

First of all, we have the following De Giorgi type lemma for the general system (1.1) — (1.2).

Lemma 3.1 Let u be a locally bounded, local weak sub(super)-solution to (1.1) — (1.2) in
E7. There exists a positive constant v € (0, 1) depending only on M, 0 and the data, such
that if for some i € {1,--- ,n},

[Fui = MIN[(x0, 1) + Qo (@) = v[Qu (D)l
then
Fu; > %M a.e. in (x,,t,) + Q%(G).
Moreover,
yM'~" /6

N+2

(1 Mye)E

for some y > 0 depending only on the data.

Remark 3.1 If wesetd = M '~ in Lemma 3.1, then v becomes a positive constant depending
only on the data. Moreover, Lemma 3.1 can be stated for cylinders of the type Q, (), with

m—1

the choice ¥ = M 2
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3.1 Proof of Lemma 3.1 whenm > 1

Assume (x,, 1,) = (0, 0). We will present the proof for super-solutions only, sub-solutions
being similar. In order to employ the energy estimate in Proposition 2.2, we set

Q
kn=?+ﬁv Q11=Q+27’ K, =K,,. Q"=K"X(_9Q’2”O]'

Introduce the test function ¢ vanishing on the parabolic boundary of Q,, and equal to identity
in Q;+1, such that

n n

2
D¢ <y— and |G <y—.
4 fo
In this setting, the energy estimate may be written as

ess sup f (ui—kn>2_¢2(x,r)dx+// la|" =" [D[(u; — ky)—¢]* dxdr
K’l Qn

—002<t<0

syf/ ! (u,-—kn>2_|D;|2dxdr+y// (= ko2 [¢,] dxd
On On

4" +1 4" 2
< —M"T + —M*)|A,l,
= y(gz 0@2 >| n|

where we have set A, := [u; < k,] N Q,. To estimate the left-hand side from below we
introduce

Il; := max {ui, %M} .
Then for the time part we estimate

(i — k)2 g% (x, 0y dx > | G — k)2 2% (x, 1) d.
K” Kn

For the space part, we first observe that
~1 -
()" [[ 101G - k)-c1P axar

< f/ s " D(Gir — k)12 ddr
Qn

= // i " | DLt — ky)—¢1)* dxdt
OnNlitj=u;]

+// lit; "~ | DI(GE; — ky)— 1% dxdt
Qnm[”i<ﬁi]
4n
< /f 1Dl = k)€1 drd + y 25
On

Here in the last line we have used the fact that [u; < k,,] and [i; < k;] coincide.
Collecting all the estimates above gives us that

ess sup (ﬁi—kn)z_g“z(x,t)dx—i—Mm_]// |D[(ii; — kn)—C]|? dxdt
—002<t<0Y Ky n

4" +1 4" 2
< —M"T + —M*)|A,.
— V<Q2 0@2 )| n|
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An application of Holder’s inequality and Sobolev’s imbedding [4, Chapter I, Proposition 3.1]

gives that
M 2
<ﬁ> [Ansil
5/ (i1; — kp)2 % dxds
On
N
- o N+2 N+2 2
5(// [ — ko)t P dxdt) A2
On
¥z
+
< y(f/ |D[(@; — kn>7;]|2dxdr>
QVl
2

B 2.2 N+2 2
X | esssup (i —kp)2¢7(x,t)dx |Ay| ¥ F2
—002<t<0Y Ky

m n n
<M (4—2M1+’" + 4—2M2>|An|‘*ﬁ.
0 fo

In terms of Y;, = |A,|/|Qnl, this can be rewritten as

2
0 Ni2 MI=mN gy 2
Yol < y24n<M1_m> (1+ ; >Yn+N+2-

Hence by [4, Chapter I, Lemma 4.1] ¥,, — 0, if we require that

_N42

lem lem >
Y, <y 7 [1—1— 7 ] =:v.

The proof is concluded.

3.2 Proof of Lemma 3.1when0 <m < 1

Assume (x,, 1,) = (0, 0). In order to employ the energy estimate in Proposition 2.1, we
notice first that, for k < k we have

k k . .
/_ (p(s) —@(k))—ds = / (p(s) — (k) —ds = (ptk) — k) (u; — k).
As a result, the energy estimate reads

(p(k) — p(k)) esssup f (ui —k)—¢>dx + / / a2 DD (u; — k- |*¢? dxdr
—002<t<0/ Ky 0,(0)

gy// (u; —k)2_m|D§|2dxdt+y// (uj — k)¢ dxde.
0,6 0,(0)

In order to use this energy estimate, we set forn =0, 1, - - -,

M M = ky kg o . On + Ont1
k":7+2"7j;1’ kn:%a sz:Q+27,~Qni%,
Ky =Ko, Ki=Ks, Qn=Kyx(—0020], Qn=K,x(—002 0]
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Introduce the test function ¢ vanishing on the parabolic boundary of 0, and equal to identity
in Q,, such that

n n

2 4
IDif<y— and |Gl =y——
0 0o

In this setting, the energy estimate may be written as

(¢(kn) — @(ky)) esssup /N (u; — kn)— dx + / /N a1 Dw; — ky)—|* dxdr
Kﬂ QVl

—002<t<0

sy// (ui—knﬁmwuzdxdtw/ (i — ko), dxd
On

4" 4"
< )/( M2m + 72M1+m>|An|,
0? fo

where A, = [u; < k,]1 N Q.
Noting that k, < M and ¢/(s) = m|s|"~1, we may estimate the terms on the left-hand
side of the energy estimate from below by

mM™
on+3 "’

kﬂ ~
o) — p(f) = / ¢/(s)ds = mM" ™ (ky — ) =
kn
/ / P Dy — Koy P ddr = (yo M) / f~ D(ui — K- dxdr.
Qn Q”

In the last line we have used (3.1), and consequently [u| < Zn% M, where n is the number
of equations in (I). In order not to confuse it with the integral index n, we have used y, to
denote 212 .

Collecting all the estimates above gives us that

Mm

271

esssup | (u;j —kn)— dx+M2(’"—”f/~ |D(u; — ky)_|* dxdt
—6@2<t<0 Ky n

n
< y<4 M 4 4

Q 5 2M1+m>|A |

Now setting ¢ to be a cutoff function which vanishes on the parabolic boundary of 0, and
equals identity in Q,41, an application of the Sobolev imbedding [4, Chapter I, Proposi-
tion 3.1] gives that

M\ 22 2
i3 [Apy1] < / - (i — ky)~ ¢~ dxdt
(55) 3

( / (i — k)2 dxdr) | Ay | WFT

N

~ 2 +1
sy([/~ |DGui — )| dxdz)

2

- N+T 1
X ( ess sup (u; — ky)— dx) |A, | N+T
—002<t<0 Ky
+1 2(1 m)N 4n 41 % 2
<y M2m+7M1+m |An|1+m.
on Q ‘9Q2
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In terms of ¥,, = |A,|/|Qnxl, this can be rewritten as

9\ W M-\ N 2
Y,,Hsyb"(M]_m) (1+ ; > Y, M

where b and y depend only on the data. Hence by [4, Chapter I, Lemma 4.1], Y,, — 0 if we
require that

N+2

lem lem - 5
Y, <y 7 [1—1— 7 ] =:v.

The proof is concluded.

4 Reduction of the supreme of solutions

Let M be defined in (3.1) and v be the constant determined in Lemma 3.1 by taking 6 =

Mi-m, Suppose foralli € {1, -- - , n}, the following measure theoretical information holds
[[ui < MIN[(xo, 1) + Qo (0)]] > v|Q,(0)], @
[[u; = =M]N[(x0, 1) + Qp(O)]] > v|Qp(O)]. '

We claim that if (4.1); holds, then there exists n € (0, 1) depending only on the data, such
that

up <2M(1 —n) ae.in (x,,1,) + Q%(V@).

Similarly, if (4.1); holds, then there exists € (0, 1) depending only on the data, such that
u; > =2M(1 —n) ae.in (x,,1,) + Q%(ve).

Combining the two estimates, the supreme of |u| is reduced in a smaller cylinder, i.e.

max esssup  |u;| <2M((1 —n). 4.2)
I=izn (Xosto)+Q g (v0)

Remark 4.1 The above statement can be made for cylinders of the type Q, (%) with ¢ =

M Namely, omitting the reference to (x,, #,), the following implications hold:
1
i = M1N Q)| > v|Qe(W)| = u; <2M(1—1n) ae.in Qe(v_27),

i > —M1N Qp(9)] > v|Qp(9)| => u; > —2M(1 —n) ae.in Qg(u—%ﬁ).

Let us treat (4.1); for instance. For simplicity, we assume (x,, f,) = (0, 0). Recalling the
definition of M in (3.1), we always have |u| < Zn%M in Q,(0). We will work with u as a
sub-solution within the smaller set

[M < [u| < 212 M1N Q,(6). 4.3)

This is realized by working with the energy estimate in Proposition 2.2 about (u; — k)4
for some k > M. As we have already mentioned in Remark 2.1, the energy estimate in
Proposition 2.2 holds for all m > 0 here, since the level £k > 0. This energy estimate is the
basis for the following Lemmas 4.1 — 4.3.
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To start with, we observe that there exists some s € [—002, —%v@gz], such that
i (- s) < MIN Ky| > Lv[K,l. 4.4)

Indeed, if the above inequality were not to hold for any s in the given interval, then we would
have arrived at a contradiction to (4.1);:

1\)92

Q
<1000 = [ 7 [t = MIN K| ds
—bo

0
# [, ) < MINK| ds
7%1)992

=v|QeO)].

4.1 Propagation of measure information
Now we introduce a lemma concerning the time propagation of measure theoretical infor-
mation in (4.4).

Lemma 4.1 Assume (4.4) holds. There exist § and ¢ in (0, 1), depending only on the data
and v, such that

[ui(.5) <2M —eM| N Ko(»)| = §vIKo, ()| forallt € (s,s +8M' 0.

Proof Use the energy estimate in Proposition 2.2 for sub-solutions in the cylinder Q =
Ko x (0,6M 1_"’Qz], with k = M and choose a standard non-negative cutoff function ¢ (x)
that equals 1 on K(j_¢), and vanishes on d K, satisfying | D¢ | < (og)’l; in such a case, we
have forall 0 < ¢t < §M !~ o2,

/(m—k)i;z(x,r)dxs/ (i — K%¢2(x, 0) dx
K, K,

+vy f/ )™ (u; —k)i|D§|2dxdt
0

sM?
< [ =R 0 dx 4 yIK
Ky o

8
2 1

In estimating the term containing [u|” ! we have evoked (4.3).
The left-hand side of the energy estimate can be bounded from below by

Wi — 222, 1y dx > / (Wi — b2 22, 1) d
K([,U)gﬁ[ui >2M—eM]

KQ
2142
> (1 —=e)"M7|Ag,(1-0)0 ()]
where we have defined
Ap(—o)o®) =[ui(-,1) 21N K1_s)p and £ =2M —eM.
Notice that

[Ag o] = |Ag,(1-0)o®) U (Ago(t) — Ag,(1-0)0 ()]
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<A -0)o M| + 1Ky — K(1-0)0l
< |Ag (1—0)o )| + No|K,|.

Collecting all the above estimates yields that

1 3
|Aco()] < —— [ (1 = 3v) + ¥ =5 | Kl + No|Kol.
1-e o
Finally, this allows us to choose the various parameters quantitatively. Indeed, we may assume
¢ is so small that (1 — £)% > % and choose

v 1) v
—, Y5 = 5%
16N o2~ 32

Then the above estimate is simplified as

|Aco0)] < [1_5” - E]|K .
’ (1—e)2 " 8]°°
To conclude, we may choose ¢ such that
L= Zv + v <1 e
1-¢)2% 8 4’
This completes the proof. O

| <

4.2 A shrinking lemma

Based on the measure theoretical information obtained in Lemma 4.1 for each slice K, x {t},
where t € (s, s+ 89@2], we may prove the following shrinking lemma.

Lemma 4.2 Assume (4.4) holds. There exists y > 0 depending only on the data, such that
for any positive integer ji, we have

where Q = K, X (s, s+ 89@2].

["”M‘]”Q’ s

Proof We employ the energy estimate of Proposition 2.2 in a larger cylinder Q' = K3, x
(s, s 4+ 860021, with levels kj =2M (1 2,+1 ) for j > 0 and a cutoff function ¢ in Ky, that
is equal to 1 in K, and vanishes on 0 K3,, such that [D¢| < 2Q_1. Then, we obtain

// |u|m*1|D(ui—kj)+|2dxdz5y/ (i — k)% (x,5)dx
[¢] K2

+V/ ™" (u; —kj)?,_IDCIdedt.
Q/
Recalling (3.1) and observing that on the set [u; > k;], there holds

1
M <u; <|u|l <2n2M.

Hence the above energy estimate yields

M 2
[ s =i axar = =2 (5) 1o
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Next, we apply [4, Chapter I, Lemma 2.2] to u; (-, 1) for t € (s, s + 860> over the cube
K,, for levels k; < kj. Taking into account the measure theoretical information from
Lemma 4.1:

i, 1) <2M —eM1N K,| > $vIK,| forallt € (s, s + 80071,
together with an application of Holder’s inequality, this gives

eM

ﬁl[ui(-, 1) > kj+11N Kp|

7/QN+1

< |Du;|dx
[ui (1) < kj10 Kol Jikj<u(0)<k; 110K, l
1
2

< @</ |Dui|2dx)
v [kj<u,'(-,t)<kj+|]ﬂl(g

X |([ui (1) > kil = [uiC, 1) > kjp ) N Kgﬁ-

Set A; = [u; > k;]N O and integrate the above estimate in d¢ over (s, s + 80@2]; we obtain
by using the energy estimate and the Fubini theorem that

1
eM Ye 2 1
2,.|A,»+1|_v(//Q|D<u,-—kj>+|2dxdt) (1Aj = 141D

<

y &M 1 1
< ——|0J2(JA;| — |A; 2,
S G [Q1Z(1Aj1 = [Aj+1D)

Now square both sides of the above inequality to obtain
v
Ajil? < 52101141 = 14 41]).

Add these inequalities from O to j, — 1 to obtain

Jx—1
. Y
AP = Y 1Al = o101
j=0

From this we conclude
14
VA/6 j«

This is exactly the desired conclusion. O

1Azl = 10l

4.3 A De Giorgi-type lemma near the supreme
Recall that Q = K, x (s, s + 800*]. We need the following De Giorgi-type lemma in the
set Q. The proof is analogous to the one for Lemma 3.1.

Lemma4.3 Let & € (0, 1). There exists a positive constant v, depending only on the data
and 8, but independent of &, such that if

[[wi = 2M —EM]N Q| < v,|Q,
then

u; <2M — %SM a.e.in K% X (s + %89@2, s+ 80@2].
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Proof For simplicity, we may fix the top of the cylinder Q,i.e. s +860%,at0.Forn =0, 1, ...

we set
EM &M 4
ky —ZM—T_W, Qn:§+
K, =K,,, QOn=K,x(-860;,0].

Q
on+l1’

Write down the energy estimate in Proposition 2.2 over the cylinder Q,. Taking also into
account the set [u; > k,], we are working in the set (4.3), i.e. there holds

M <u; <|lul <y,M.

1 . .
Here y, = 2n2 and n represents the number of equations in the system (1.1). We also use n
as a generic integral index in the proof here.
This gives the energy estimate

ess sup / ( —kn)igtdx + MM ‘// D[(uj — ky) 41> dxds

—8002<t<0

2n 1
<y2 (g-‘M) 2 7{39Q2 X[ui>k"JdXdl

2 . Ml—m
<V*($M) M" (1+ 59 >|An|

where we have set A, := [u; > k,]1 N Q.
Applying Holder’s inequality and the Sobolev embedding [4, Chapter I, Proposition 3.1],
and recalling that { = 1 on Q, 41, we get

(EM)?
Foery | Anti] = //Q I(u,- — ky)3 dxdr
n+

(// Wi — k) o ¢ TP dxdr) gl
<y // Dl — k)+c]|dxdt)””

x( ess sup / { [(ui—kn)Jr;]Zd )N+2|A |N+2

—38002 <t<0 Y Ky x{t}

for a constant y depending only upon N. Combine this with the energy estimate to get

|Ans1] 5)/¥M2(131+_21) (1 M ) Ay T2

0 80

In terms of ¥,, = |A,|/| Qx| this can be rewritten as

ton =72 (i) 1 T
By [4, Chapter [, Lemma 4.1], Y¥;,, — 0 as n — oo, provided

_ 4ol _ 1

T10. %y (14 mm o) T
This finishes the proof. O

M= /(86)

o
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4.4 Proof of (4.2)

Now we are in a position to prove (4.2). The measure theoretical information (4.1); gives
(4.4) at some s in [—992, —%U@Qz]. Whereas (4.4) can be written in K, i.e.

[[i (-, 8) < M1N Kpg| > 575 v|K2gl.

Next we may apply Lemma 4.1 with ¢ and v replaced by 2o and 4%,11 respectively. With
6 and ¢ fixed in terms of these parameters as in Lemma 4.1, we may fix v, in Lemma 4.3
depending on the data and also on 8. Then we may choose & = £27/+, whereas j, is chosen
according to Lemma 4.2, such that

4N
<,
V/8 ji
Thus Lemma 4.3 yields that
<om— M in Ko x (s + 380(20)%, 5 +86(20)°] 4.5)
up < 2Jjx+1 ae.m K, S+ 7 0)°, s 0 . .

If s + 66 (ZQ)2 > 0, we are done. If not, we may run the machinery of Lemmas 4.1 — 4.3
again, keeping in mind that we are always in the set (4.3) where degeneracy or singularity is

avoided. In fact, the quantitative information in (4.5) gives a similar condition as (4.4), with

%v = 1. Then reasoning as above using Lemmas 4.1 — 4.3 would yield § and & depending

only on the data such that,
up <2M —EEM  ae.inK, x (s + 280(20)%, s + (8 + §)0(20)*] .
After L steps, we arrive at
up <2M —ELEM  ae.in Ky x (s + 380(20)%, s + (6 + L8)O(20)%].  (4.6)

The quar_ltitative information as in (4.6) will reach the top of Q,(0) when L is so large that
4(8 + L&) > 1. Therefore, we may conclude with n = £L&.

5 Proof of Theorem 1.1
With all the ingredients prepared so far, we are ready to prove Theorem 1.1. The proof splits

into two parts according to either m > 1 or 0 < m < 1. In the first part, we will work with
cylinders of the type Q, (), whereas in the second part we use cylinders of the type Q, ().

5.1 Whenm > 1

We may assume that (x,, f,) coincides with the origin and set

2M := max [esssupluil}.

1<i<n Er

Constructing the cylinder Q,(0) with 6 = M= we may assume

Qo(®) C Er and esssuplu;| <2M foralli=1,---, n.
00(6)
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5.1.1 Reduction of oscillation near zero

Let us first suppose (4.1) holds foralli = 1, - - - , n. Then according to (4.2), we have

esssup [u;| <2M(1 —n), foralli=1,---,n.
Q%(VG)

If we introduce
. 1 m=1 N
Q1= 0001 withor=co, c=321-m"T, 6 =[M1-n]'"™,
then the above estimate yields that

Q1CQ%(1)9) and esssuplu;| <2M(1 —n), foralli=1,---, n.

(]

Now we may proceed by induction. Suppose o, = 0, M, = M,andupto j =1,--- , £ —1
we have built

oj=coj-1, Mj=0—-nM;1, 6;=M"",
] .
Q= Ky, x (—Qjej,O], llélfls)(nessgiup|ui| <2M;.

For all the indices j = 1, --- , £ — 1, we alway assume that (4.1) holds foralli =1, --- , n,
1.e.,

[[ui < M;1N Q;| >v|Q;| and |[u; > —M;1N Q| > v|Q;l.
In this way the previous argument can be repeated and we have forall j =1, -+ , ¢,

max esssup |u;| <2M; (1 —n) =2M;. 5.1

1<i<n 0;
Consequently, iterating the above recursive inequality we obtain forall j = 1,2,--- , ¢,

In(1 —n)

Inc 62

2\ Yo
max esssup |u;| <2M(1 — n)j =2M <Q—’> where o, =
I<izn g, o

5.1.2 Reduction of oscillation away from zero

Let us suppose ¢ is the first index such that (4.1) is violated, that is, for some i € {1, - -- , n}
there holds

either |[[u; < M¢]1N Qe <v[Q¢| or |[u; > —M¢1N Q¢| < v|Qyl.
According to Lemma 3.1, we must have
either wu; > %M{ or u; < —%Mz a.e.in Q%Q((Qg).
In either case we end up with
lu| > |u;| > 1My ae.in Q1,,®0). (5.3)
On the other hand, taking (5.1) for j = ¢ into consideration, we obtain

1 1
esssup |ul < n2 max esssup |u;| <2nIM,. 54
(7] Izizn g,
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The lower bound (5.3) and the upper bound (5.4) of u permit us to realize the oscillation
decay of u by an appeal to the classical parabolic theory in [12]. In fact, we may introduce
new variables

- X 7 t
X = — =
’ I-m 2~
o M0

and a new function
=N . -1 ~ 1-m 2 -~
W(E, 1) = M, 'u(eck, My "gpf) for (.7) € Q1.
As a result, the function w satisfies
d:w; — diviz AD&, 7, w, Dyw) =0 weakly in Q%,
i=1,---,n,
where the functions
ADG, 7, w, Diw) := M[mggA(i)(x, t,u, Du)
satisfy the structure conditions
AD (%, 7, w, Dgw) - Dzw; = Colw|™ ™! Dywi|?,
ADE, 7, w, Dzw)| < C1lw|™" | Dz .
Appealing to (5.3) — (5.4), we have % <|w| < Zn% in Q1. This becomes a non-degenerate,

diagonal system about w. According to [12], there exist «; € (0, 1) and y > 1 depending
only on the data, such that forall 0 < r < %,

max essoscw; < yr*.
I<i<n Q,

Rephrasing this oscillation decay in terms of u, we have for all 0 < r < gy,

r A\
max essoscu; < yM; <—> . (5.5)
I1<i<n Q,(6e) O¢

Combining (5.2) and (5.5), we arrive at the desired conclusion, i.e., forall 0 < r < o we
have

o
r .
max essoscu; < yM | — where o = min{«,, o1 }.
I<i<n Q) o

Here we have used m > 1 such that & < 6y, and thus Q,(6) C Q,(6y).

52When0<m<1

We set up M just like in Sect. 5.1. Constructing the cylinder Q, (%) with ¢ := MmTfl, we
may assume

Q,(¥) C Er and esssuplu;| <2M foralli=1,---,n.
Qo ()
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5.2.1 Reduction of oscillation near zero

Let us first suppose the following holds foralli =1, --- , n:

lwi = MIN Qp(M)] > v[Qe(@)| and |[u; = —M]N Qp()] > v[Qp(P)|.  (5.6)

Then according to Remark 4.1, we have

esssup |u;| <2M(1—n), foralli=1,---,n.
Qg

If we introduce

m—

} 9 =M1 —n)]"T,

1 1 1—m

Qi = Qy (1) withoy =co, e =min {1, Jv73(1 =1

then the above estimate yields that

9 C Q%(V’%ﬁ) and esssuplu;| <2M(1 —n), foralli=1,---,n.
Qi
Now we may proceed by induction. Suppose ¢, = 0, M, = M,andupto j=1,---,£—1
we have built
m—1
0j =C0j—1, Mj :(1—7])Mj,1, l?j :Mj2 s
- —_p2 . .
Q./ - K‘l?jgj X ( Qja 0]7 lréllaﬁxn essQi“p'”l' 5 2Mj'

For all the indices j = 1, --- , £ — 1, we alway assume that foralli = 1,--- ,n,

u; < M;1NQ;| >v|Q;| and |[u; > —M;]1N Q;| > v|Q;].

In this way the previous argument can be repeated and we have forall j = 1,--- , ¢,
max esssup |u;| <2M; (1 —n) =2M;. 5.7
1<i<n 9;
Consequently, iterating the above recursive inequality we obtain forall j = 1,--- , ¢,
. i\ @ In(1 —
max esssup |u;| < 2M(1 —n)! =2M <Q—1> where o, = M (5.8)
Isisn o, o Inc

5.2.2 Reduction of oscillation away from zero

Let us suppose £ is the first index such that (5.6) is violated, that is, for some i € {1, --- , n}
there holds

either |[[u; < M1 N Qe| <v|Qy¢| or [[u; > —Me]N Q| < v|Qyl.
According to Lemma 3.1, we must have
either wu; > %M@ or u; < —%M@ a.e.in Q%Qz(m).
In either case we end up with

jul = Juil = $Me ae.in Q) ). (5:9)
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On the other hand, taking (5.7) for j = ¢ into consideration, we obtain

1 1
esssup |ul < n2 max esssup |u;| <2n2M,. (5.10)
Q Isizn g,

Next, we may introduce new variables

and a new function
m—1
= ! 7z 2 7
w(x, 1) = M; 'u(oeM,* %, 0;1) for (x,7) € Q%.
As a result, the function w satisfies
dw; —divg AD (%, 7, w, Diw) =0 weakly in Q.
[ = ], -ee L n,

where the functions

_m+l

ADE, 7w, Dyw) := M, * 0AD(x,1,u, Du)

satisfy the structure conditions
ADE, 7, w, Dgw) - Dw; = Colw|" ™" | Dyw; %,
AD &, w, Dsw)| < C1lw|" ! | Dgwy].
Appealing to (5.9) — (5.10), we have % < |w| < 2n% in Q%. This becomes a diagonal

system about w. According to [12], there exist «; € (0, 1) and y > 1 depending only on the
data, such that forall 0 < r < %,

max essoscw; < yr.

1<i<n "

Rephrasing this oscillation decay in terms of u, we have for all 0 < r < gy,
r\
max essoscu; < y M, (—) . (5.11)
1<i<n Q,(¥¢) Q¢
Combining (5.8) and (5.11), we arrive at the desired conclusion, i.e., forall 0 < r < o we

have

o
r .
max essoscu; < yM | — where @ = min{c,, «1}.
I<izn Q,(¥) o

Here we have used 0 < m < 1 such that & < ¥y, and thus Q, (%) C O, ().

6 Local boundedness of solutions
In this section, we propose some sufficient conditions that imply the local boundedness of

solutions. In the following we still consider the general system (1.1). However, we need to
impose more structure conditions, namely
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AD(x,t,u, Du) - Du; > Colul" " Du;|?,

n
> At u, D) - u;Dlul = Colul” | Dlul [, 6.1)
i=1
IAD (x, 7, u, Dw)| < CiJu]" " Du;,
foralli = 1,---,n and for some positive m, C, and C;. Note that (6.1), is additional

comparing with (1.2). Nevertheless they are all verified by the prototype system (1.1).
For m > 0, a vector valued function u satisfying

ui € C(0,T; LE(E)), [ 'uy, ui € L} (0, T; Wh2(E)),

is a local, weak sub(super)-solution to (1.1) with the structure conditions in (6.1), if for every
compact set K C E and every sub-interval [#1, 2] C (0, T'], the integral formulation (1.3)
holds.

We have the following result concerning quantitative supreme estimates of local weak
solutions, whose proof we use Moser’s iteration to present.

Theorem 6.1 Let u be a local weak solution to (1.1) in ET with conditions (6.1). There exists
y > 1 depending only on the data, such that for any o € (0, 1) and (x,, t,) + Qo C ET,
form > 1, we have

1

YA 1 I ’
esssup  |u| < = / (u/"™ + 1) dxdr | ,
(X0,70)+Qop,0t (1 — 0) 4K |QQ~T| (X0,10)+Qop.7

where A is defined in (6.6) and k := %; whereas for 0 < m < 1, requiring that A :=
N(@m — 1)+ 2r > 0 for somer > 2andu € L] (Et), we have

loc

2
A 1 . -

esssup |u| < Y = / (la|” + 1)dxds |
(Xo:10)+Qop,01 (1 — U)TK |QQ,‘L’| (x0.10)+ Qo

where A is defined in (6.7).

6.1 Energy estimates

We first present an energy estimate that will serve as the starting point of Moser’s iteration
scheme.

Proposition 6.1 Ler u be a local weak solution to (1.1) in E1 with conditions in (6.1). Set
f () to be a non-negative, non-decreasing, locally Lipschitz function in R,. There exists a
constant y > 0, such that for all cylinders Qg s := Kr(x,) x (t, — S, t,] C Er, and every
non-negative, piecewise smooth cutoff function ¢ in Qg s vanishing on 0Kg(x,),
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[u]
ess sup / / sf(s)ds Cz(x, t)ydx + // |u|m_1|Du|2f(|u|)§2dxdt
to—S<t<ty  Kg(xo) JO Or,s

+/fQ ™ Dlul> £ ()¢ dxds
R.S

|u|
<y // D™ £ (ul) dxdr + y // / s£(s) ds |&] dxdt
OR.s Ogr,s Y0

[ul
+/ f sf(s)ds % (x, 1, — S) dx,
Kr(x0) JO

provided

[u
|u|m+lf(|u|) and / sf(s) ds € LIIOC(ET).
0

Proof Define the truncated version of f by f; := min{f, k} for some k > 0. Let v, be
as in Proposition 2.1. We take ¢ = [u;]; fk(l [a]n |)1/fg§2 as a test function against the i-th
equation of (I) in Q := Kgr(x,) X (t, — S, t] for T < t,. In the following we omit the
reference to x, and sum over the index i € {1, .-, n} tacitly. As in Proposition 2.1, the
right-hand side of (1.5) vanishes as 7 — 0. The time part is calculated as

/ /Q 0 s Tus T i (1T 1)

, ) 5 [[u]xl 5

! / /Q 01wl i (1[u] )¢ 2 dxdr = / /Q , /O sfi(s)ds 2 dxdr
[[u]x| T [[u]xl

/ / sfi(s)ds ¢%dx —2// / sfi(s)ds ¢ & dxdt

Kg JO lo—=S 0 Jo

u] T u]
— / / sfr(s)ds §2 dx — 2// / Sfir(s)ds ¢ dxdt ash — 0.
KR J0 lo=S 0Jo

The space part can be calculated by sending 4 — 0:

[ 1A% rw. Dwl - Dl aver
- // AD(x,t,u, Du) - [Du; fi(ju)¢?] dxds
0
+ // AD(x,t,u, Du) - [u; Dfi(jul)¢?] dxds
0

+2// AD(x, t,u, Du) - [u; fi(lu)¢ D¢ ] dxdt
0
=1L+ 5L+

Next we estimate the above three terms separately. First, according to (6.1)1, we have
L =G // [~ Dul? fi (u))¢? dxdz.
Q
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With regard to 1>, we calculate using (6.1),:
L= //Q AD(x,t,u, Du) - Dfi(Ju))¢? dxdr
-c, [ |l |Dlul i axar
For I3, we estimate using (6.1)3 and Young’s inequality:
L= 2//Q AD(x, 1, u, Du) - DZu; fi(lu])¢ dxds
> —%Cof . lu/" " Dul? fe(Jul)¢? dxdr
- yf . IDZPlul™ ! fi(Jul) dxdr.

Collecting all above estimates and sending k — 0o, we may conclude. O

Remark 6.1 1t is not hard to see from the proof that the energy estimate in Proposition 6.1
still holds if we replace (6.1); 3 by the weaker conditions

n
> AV 1,0, Du) - Du; = Colul"' | Duf?,
i=1
AP (x, 1,0, Dw)| < Ciju|"~'[Du|, i=1,--,n

6.2 Proof of Theorem 6.1 whenm > 1

For ease of notation, we set v := |u|. In the energy estimate of Proposition 6.1, we take
f) =P for g >0, apply the inequality | Dv| < |Dul| to the second term on the left, and
dump the third term. The test function ¢ is chosen to vanish on the parabolic boundary of
Or,s and equal 1 on Q, ¢, such that [D¢| < (R — o)~ and || < (S — 1)~ 1. As aresult,
the energy estimate in Proposition 6.1 gives

1
ess supf v dx + // V" 1B Do) dxdr
/3 +1 —t<t<0 0

0.7

< V"B qxdr + 3 // v2 1P dxds (6.2)
(R Q)2 //;QR s - Or.s

<[(R yg)z —J/fgks @ 4 1) dxdr.

In the last line we have applied Young’s inequality.
. 3 m+1+p . .
Written in terms of w := v~ 2 , the above estimate gives

1 22+8) 2
ess sup/ wmHHE dx 4 —_— f/ |Dw|~ dxdt
B+1 <0 K, x{t} (m+l+,8) Oorr

14
< |:(R Q)2 _r]//QRS(w + 1) dxdt.
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This is the starting point of Moser’s iteration scheme. In order to use this energy estimate
properly, we introduce for g, T > 0,0 € (0,1)andn =0, 1, ---,

1—0o 1—o0)1
Qn:09+(27n)01 ‘5,1:(7174—(7"),
~ On + On+1 ~ Tn + Tn+l
S T T
K, =K,,, K= Ké,,v On =Ky x (—=1,,0], Oy =K, x(—=1,,0],
S N W S S N S g
Pn = ns Qn—m+1+5n, n+1 = KPn N’ = N
Note that the choice of sequences in the last line implies
N+aqn

Pny1 = (m+14B) N

Now set ¢ to be a standard cutoff function that vanishes on d,, é,, and equals identity in O, 41,
such that | D¢| < 2" /o. We apply the Sobolev imbedding (cf. [4, Chapter I, Proposition 3.1]),
together with the energy estimate in Q,, C Q, and the choice §, = 0, to obtain

// vPrl dxdr < / ~ (wg)zN?’" dxdr
Qn+| Qn

2
v
V//N |D(w¢)|* dxdr | esssup /N (we)dn dx
On —Ty<t<0J Ky x{t}

| 242 PPV K
y(m+1+ ,B2n) N —+= / (vP" + 1) dxdt
(I o) 2T 0,

() U |
< " (4= (WP + 1)dxdr | |
1—0)\e> =t On

for some b, y > 1 depending only on the data. To simplify the above recurrence inequality,
we take the power p, _&1 on both sides, set

IA

1
1 P
Y, :[ / WP + l)dxdt]p , (6.3)
[Onl JJo,
and rewrite it as
n KpPn
Y41 < BPwsr Y, (6.4)

where

ﬁ 2\ Nf2
BV T\ L (e
: (1— O-)ZK QZ T
Iterating this inequality yields

1 2 n—1y Loyl
Y, < Bm[n-‘rk(n—l)-i-l( (n=2)+-~+«k ]YOP;H»]K (6.5)

One calculates the limits

1 & N2 1
Jim Ykitn—j)="—, lim et =L
n— 00 pn+1 j=0 8 n—oo pn+1 2
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As a result, sending n — oo in (6.5) gives

1
A 1 2
esssupv < yiNz |:—/ Ckann 1)dxdz] ,
Qop.0t (1 — O')TK IQO' Qo

2\ 2 e
A= <Q7) +<é>m . (6.6)

6.3 Proof of Theorem 6.1 when0 <m < 1

where

The proof in this case is similar to the previous section. We indicate some key differences.
First of all, the energy estimate departs from (6.2), which now becomes

1
ess sup/ v dx —i—// V"B Do ? dxdr
ﬂ +1 —t<t<0JK,x{t} 0,

0.1

14 V2 A
<|:7(R e —r]/fQ“ + 1) dxdr.

Introduce the sequences 0, On» Tn» Tns Gn> Kns Kn, O, Qn, and « as in Sect. 6.2. In this
section, the sequences p, and B, are defined by

4 N+
Po=24Pu, Puri =wy+ 5 +m—1, suchthat puyy = (m+1+ ) an.

Next, an application of the Sobolev imbedding as in Sect. 6.2 would yield that

b" 1 1\* .
pPrt dxdr < R + - (P + 1)dxdr |
2
Onii (I1—0)*\e* = On

for some y, b > 1 depending only on the data.
The sequence {8, } is increasing and the first number g, is chosen to ensure p,4+1 > pp.
A simple calculation indicates this amounts to

Ai=N@m—1)+2r >0 wherer :=f, + 2.

As in Sect. 6.2, one defines Y}, as in (6.3) and obtains a recurrence inequality as in (6.4) and
(6.5). Next, one calculates the limits

lim Zl(](l’l —j)=—, lim Po_n+1 _ 28

=00 ppy

Hence sending n — oo in (6.5) gives

~ 2
A 1 x
esssupv < 7/71\]2 |: / W +1) dxdt] ,
Qoo,0t (1 — U)TK |Q0| 0

- 2\ V0 v
A= <Q7> +<é)N+2 . 6.7)
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