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Abstract

Given a constant k > 1, let Z be the family of round spheres of radius artanh(k~') in the
hyperbolic space H?, so that any sphere in Z has mean curvature k. We prove a crucial
nondegeneracy result involving the manifold Z. As an application, we provide sufficient
conditions on a prescribed function ¢ on H?3, which ensure the existence of a C!-curve,
parametrized by & & 0, of embedded spheres in H? having mean curvature k + ¢ at each
point.

Mathematics Subject Classification 53A10 - 35R01 - 53C21

1 Introduction

Let K be a given function on the hyperbolic space H>. The K -bubble problem consists in
finding a K -bubble, which is an immersed surface u : S*> — H?> having mean curvature
K at each point. Besides its independent interest, the significance of the K-bubble problem
is due to its connection with the Plateau problem for disk-type parametric surfaces having
prescribed mean curvature K and contour I, see for instance [1,13]. In the Euclidean case,
the impact of K -bubbles on nonexistence and lack of compactness phenomena in the Plateau
problem has been investigated in [5,8,9].

To look for K -bubbles in the hyperbolic setting one can model H? via the Poincaré upper
half-space (R, 12 28;1.,-) and consider the elliptic system

Au—2u3 ' G(Vu) = 2u3 K (u) deu A dyu (1.1)
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for functions u = (uy, u2, uz) € C*(S?, H?). Here we used the stereographic projection to
introduce local coordinates on S? = R? U {oco} and put

. 1 2 1 : 4
Ge(Vu) = Vus - Vug — S |VulPds = —Sus hzl L) Vuy - Vuy, £=1,2,3, (1.2)
»J=

where I ¢ ; arethe Christoffel symbols. Any nonconstant solution u to (1.1) is a generalized K -

bubble in ]I-]I3 (see Lemma A.2 in the Appendix and [14, Chapter 2]), that is, u is a conformal
parametrization of a surface having mean curvature K (1), apart from a finite number of
branch points. Once found a solution to (1.1), the next step should concern the study of the
geometric regularity of the surface u, which might have self-intersections and branch points.

A remarkable feature of (1.1) is its variational structure, which means that its solutions are
critical points of a certain energy functional E, see the Appendix for details. Because of their
underlying geometrical meaning, both (1.1) and E are invariant with respect to the action
of Mobius transformations. This produces some lack of compactness phenomena, similar
to those observed in the largely studied K-bubble problem, raised by S.T. Yau [22], for
surfaces in R? (see for instance [7,10,12,20] and references therein; see also the pioneering
paper [23] by Ye and [3,6,19,21] for related problems). However, the hyperbolic K-bubble
problem is definitively more challenging, due to the homogeneity properties that characterize
the hyperbolic-area and the hyperbolic-volume functionals.

The main differences between the Euclidean and the hyperbolic case are already evident
when the prescribed curvature is a constant £ > 0 (the case k < 0 is recovered by a change
of orientation). Any round sphere of radius 1/k in R? can be parameterized by an embedded
k-bubble, which minimizes the energy functional

1 , %
Egya(u) = 5 [Vul dZ‘i‘? u'axu/\ayu dz

on the Nehari manifold { # 7 const. | E]/Eucl(u)u = 0}, see [7, Remark 2.6]. In contrast, no
immersed hyperbolic k-bubble exists if k € (0, 1], see for instance [16, Theorem 10.1.3]. If
k > 1, then any sphere in H? of radius

canh I | In k+1
:=artanh - = —In ——
P k=2 k-1
can be parameterized by an embedding U : S> — H?, which solves
Au—2u3'G(Vu) = 2u3 'k d,u A dyu on R?, (Po)
and which is a critical point of the energy functional
Enp@) = ~ [ 121Vl dz—k [ u32es - deu ndyud 13
hypu—2 uy “|Vul® dz uz“es - Oyu A dyu dz. (1.3)
R2 R2

As in the Euclidean case, the functional Eyyp is unbounded from below (see Remark A.1).
Therefore U does not minimize the energy Enyp on the Nehari manifold, which in fact fills
{u # const. }.

Besides their invariance with respect to Mobius transformations, both system (Pp) and
the related energy Epy, are invariant with respect to the 3-dimensional group of hyperbolic
translations as well. Thus, any k-bubble generates a smooth 9-dimensional manifold Z of
solutions to (Pp). We explicitly describe the tangent space Ty Z at U € Z in formula (3.5).
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As a further consequence of the invariances of problem (Py), any tangent direction ¢ €
Ty Z solves the elliptic system

Ap —2U;'G'(VU)Vg = —Uy 'o34U +2U5 k(3,0 A 3,U + 8:U Adyp),  (1.4)

which is obtained by linearizing (Pg) at U.
The next one is the main result of the present paper.

Theorem 1.1 (Nondegeneracy) Let U € Z. If ¢ € C*(S?, R3) solves the linear system (1.4),
thenp € Ty Z.

Different proofs of the nondegeneracy in the Euclidean case can be found in [11,15,17].
The proof of Theorem 1.1 (see Sect. 3), is considerably more involved. It requires the choice
of a suitable orthogonal frame for functions in C>(S?, R?) and the complete classification
of solutions of two systems of linear elliptic differential equations, which might have an
independent geometrical interest (see Lemmata 3.3, 3.4).

As an application of Theorem 1.1, we provide sufficient conditions on a prescribed smooth
function ¢ : H® — R that ensure the existence of embedded surfaces S> — H?> having
nonconstant mean curvature k + £¢. Our existence results involve the notion of stable critical
point already used in [18] and inspired from [2, Chapter 2] (see Sect. 2.2). The main tool is
a Lyapunov-Schmidt reduction technique combined with variational arguments, in the spirit
of [2].

Theorem 1.2 Letk > 1 and ¢ € C! (H?) be given. Assume that the function

F(q) = / p(p)dH, Fl H >R (1.5)
BE (g)

has a stable critical point in an open set A € H?. For every ¢ € R close enough to 0 there
exist a point g° € A, a conformal parametrization Uge of a sphere of radius py about q°, and
a conformally embedded (k + e¢)-bubble u®, such that |[u® — Ugellc2 = O(e) as e — 0.

Moreover, any sequence ¢, — 0 has a subsequence ey, such that g converges to a
critical point for F,f). In particular, if § € A is the unique critical point for F,? in A, then
ut — Ug in C*(S?, H).

Theorem 1.3 Assume that ¢ € C'(H>) has a stable critical point in an open set A € H?.
Then there exists ko > 1 such that for any k > ko and for every € close enough to 0, there
exists a conformally embedded (k 4 e¢)-bubble.

In Sect. 4 we first show that the existence of a critical point for F; ,? (g) is a necessary
condition in Theorem 1.2. Then we perform the dimension reduction and prove Theorems
1.2, 1.3. With respect to correspondent Euclidean results in [7], a different choice of the
functional setting allows us to weaken the regularity assumption on ¢ (from C? to C1).

We conclude the paper with an Appendix in which we collect some partially known results
about the variational approach to (1.1) and prove a nonexistence result for (1.1) which, in
particular, justifies the assumption on the existence of a critical point for ¢ in Theorem 1.3.

2 Notation and preliminaries

The vector space R” is endowed with the Euclidean scalar product & - £&" and norm |£]. We
denote by {e1, e, e3} the canonical basis and by A the exterior product in R3.
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We will often identify the complex number z = x + iy with the vector z = (x, y) € R%.
Thus, iz = (—y,x), 22 = (x2 — y2, 2xy) and z 7! = |z|72(x, —y) if z £ 0.

In local coordinates induced by the stereographic projections from the north and the south
poles, the round metric on the sphere S is given by gy, j = u2sy, js dS? = pu2dz, where

We identify the compactified plane R > _R2U {oo} with the sphere S? through the inverse
of the stereographic projection from the north pole, which is explicitly given by

w(x,y) = (px, py, I — ). (2.1

The identity |w|> = 1 trivially gives @ - 3,0 = 0, @ - dyw = 0. We also notice that w is a
conformal (inward-pointing) parametrization of the unit sphere and satisfies

Aw = 20,0 N dyw, —Aw = 2/,L2(z)

0w - dyw =0

- 2yw 2 _ 1 2 2 2.2)
[oxw|” = [dyw|” = 5|Vol* = p.

hwAw=0w, ©Alw=0w, hoAdw= —pLza).

2.1 The Poincaré half-space model

We adopt as model for the three dimensional hyperbolic space H> the upper half-space
R3 = {(p1, p2, p3) € R*| p3 > 0} endowed with the Riemannian metric g5; = p3_28hj.
The hyperbolic distance dg(p, ¢) in H? is related to the Euclidean one by
2
coshdu(p,q) =1+ u,
2p3q3

and the hyperbolic ball Bgﬂ (p) centered at p = (p1, p2, p3) is the Euclidean ball of center
(p1, p2, p3 cosh p) and radius p3 sinh p.

If F: H> — R is a differentiable function, then V¥ F( p) = p%VF (p), where vH v
are the hyperbolic and the Euclidean gradients, respectively. In particular, VEF(p) = 0 if
and only if VF(p) = 0. The hyperbolic volume form is related to the Euclidean one by
dH3, = p3 dp.

2.2 Stable critical points

Let X € C!'(H?) and let £2 € H? be open. We say that X has a stable critical point in §2 if
there exists » > 0 such that any function G € C!(£2) satisfying |G — X]|| ci(m) <rhasa
critical point in £2.

As noticed in [18], conditions to have the existence of a stable critical point p € §2 for
X are easily given via elementary calculus. For instance, one can use Browder’s topological
degree theory or can assume that

min X > min X or max X < max X.
02 Q2 92 Q

Finally, if X is of class C? and £2 contains a nondegenerate critical point pq (i.e. the Hessian
matrix of X at pg is invertible), then py is stable.
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2.3 Function spaces

. =2, . . . _ Lo . .
Any function f on R~ is identified with f o ™!, which is a function on S2.If no confusion
can arise, from now on we write f instead of f o w ™.

The Hilbertian norm on L2(R 2, R") = L%(S%, R") is given by

1718 = [ 1P Wz < oo,
R2
Let m > 0. We endow
C"(®* R = (u e C"®LRY) [uz") € C"(RALRY) ) = C"(SARY)
with the standard Banach space structure (we agree that " (R 2, Ry = ¢lmlm—Lm] (Ez, R™)

. . . . . . =2 L
if m is not an integer). If m is an integer, a norm in C"" (R °, R") is given by

m

lullen =Y ™ V]l - (2.3)
j=0

Since we adopt the upper half-space model for H?>, we are allowed to write
c"(R*H) = "R RY) = {u e "R R%) | u3 > 0},
so that C" (R 2, H3) is an open subset of C" (@2, RY).
Ify,pe CI(RZ, R3) and T € R?, we put
Vi - Vo =0y - g +0yY - 0y9, TV = 110,90 + 1209
(notice that TV (z) = d¢(z)t for any z € R2). For instance, we have
d ifh=0 d ifh=0
dvp =177 i ve =17 :
X0 +yoyp ifh=1 —yoxp +x0yp ifh =1

For future convenience we notice, without proof, that the next identities hold:

0w =¢e] —ww—e Aw dyw =e; —wrw+e; ANw
Vo = e3 — w3w izVo =e3 ANw, 24
Vo = —(e1 —wiw + ex A w) i22Vw = ey — wrw —e] A o.

The monograph [4] is our reference text for the theory of Sobolev spaces on Riemannian
manifolds. In view of our purposes, it is important to notice that

H®* RY={ue HL (R2R") | [Vu| + [ulp € L2(R?) } = H'(S?, R").
We simply write L2(R ), C"(R”) and H'(R”) instead of L2(R*, R), ¢"(R”, R) and
H! (E 2, R), respectively.

2.4 Mobius transformations and hyperbolic translations

Transformations in PG L(2, C) are obtained by composing translations, dilations, rotations
and complex inversion. Its Lie algebra admits as a basis the transforms

21, 20, 2>z, 2> iz, 2> 25, 2 izt
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Therefore, for any u € C LR, H3), the functions
"Vu, ithu, h=0,1,2,

span the tangent space to the manifold {u o g | g € PGL(2,C)} atu.
Hyperbolic translations are obtained by composing a horizontal (Euclidean) translation
p > p-+aey +bey,a,b € R with an Euclidean homothety p + tp, t > 0. Therefore, for

=2 .
anyu € C"(R7, ]HI3), the functions
e, e, U,
span the tangent space to the manifold {u, | g € H3} at u, where

Ug '=q3u—+q — (q -e3)es. (2.5)

3 Nondegeneracy of hyperbolic k-bubbles

The proof of Theorem 1.1 needs some preliminary work. We put
1 1
U= + ke3), :=sinh py = — cosh pp = ——,
ri(w+kes), ri PEk= 7 Pi T
where w is given by (2.1). Since U is a conformal parametrization of the Euclidean sphere

of radius r¢ about kries, which coincides with the hyperbolic sphere of radius px about e3,
then U has curvature k and in fact it solves (Pp). Accordingly with (2.5), we put

U, :=q3U+q —(q-e3) e3 G.1
(notice that U, = U), and introduce the 9-dimensional manifold
Z={Ujoglge PGL(2,C), g1’ }. (3.2)

Remark 3.1 Any surface U € Z is an embedding and solves (Pp). Conversely, let U €

C2(R”, H3) be an embedding. If U solves (Py), then it is a k-bubble by Lemma A.2
and, thanks to an Alexandrov’ type argument (see for instance [16, Corollary 10.3.2]) it
parametrizes a sphere of hyperbolic radius p; and Euclidean radius ry. Since U is conformal,
then AU = 2r 1E)XU A dyU. Therefore U € Z by the uniqueness result in [5].

By the remarks in Sect. 2.4 and since VUy is proportional to Vw, we have that Ty, Z =
TyZ for any g € H3, and

TvZ = ({z"Vo, iZ"Vo | h =0,1,2}) @ (e1, e2, U ). (3.3)

Moreover, any tangent direction T € Ty Z solves (1.4).

It is convenient to split C™ R 2, R3) in the direct sum of its closed subspaces
(@) ={p e C"R®R* R |¢g-w=00nR%}, (w)en:={nw|necc™®)}. (34)

Since TyZ = (TyZN (a))JC-Z) @® (TuZN(w)¢2), from (2.4) we infer another useful description
of the tangent space, that is

TvZ = {s—(s-w)w—i—t/\a)ls,t 6R3}®{(a-(kw+e3))w|a GRS}. 3.5)
We now introduce the differential operator

Jo(u) = —div(uz?Vu) — u3|Vul?es + 2kus > d,u A dyu.
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Notice that Z C {Jo = 0}. Further, let 1(z) = z~". Since Jo(u o I) = |z|*Jo(u) o I for any
u e CZ‘””(EZ, H3), m > 0, then Jp is a C! map

Jo : (R HP) — ¢" (R, RY).

We denote by Jj () : C2+"(R >, R3) — ¢"(R”, R3) its differential at u.
Finally, Jo(U; 0 g) = Oforany g € PGL(2,C),q € H3, that implies Ty Z C ker Jé(U).
In order to prove Theorem 1.1 it suffices to show that

ker Jy(U) C Ty Z.

Main computations
Recall that U = ri(w + ke3) solves Jo(U) = 0 to check that

T (g = —div(U3 V)
1
—i—2U373 [G/(VU)Vw — VU3Vgp — 5¢>3AU + k(0xp A 0yU+ 0, UA 8),90)],
where G is given by (1.2). Since Vwz = —Vu = w2z, thanks to (2.2) we have

rE I (U = —div((w3 + k) "2Ve)

+2(w3 + ) [(G' (Vo) Vo — 122V ) + p2p30 + k(Bxp A By + 30 A dyp)],
(3.6)

G'(Vo)Vo — 1’2V = Vs Vo — (Vo - Vo)es. (3.7)
To rewrite (3.6) in a less obscure form, we decompose any ¢ € C™ (@ 2, R3), m > 0, as
p=Po+g oo,  Ppi=¢— (@ 0)o=u((¢ 0w)do+t (@ do)do), (38)
compare with (3.4). Accordingly, for ¢ € Cz(@z, R3) we have
Jo(U)g = P(Jy(U)g) + (Jo(U)g - w)o,

so that we can reconstruct Jj(U)g € CO(@Z, R3) by providing explicit expressions for
P(J5(U)g) and J}(U)g - , separately. This will be done in the next Lemma.

Lemma3.1 Let g € CX(R°, R3). Then

_( VPg 2w 2u?
2 /
P(Jy(Ue) =P —d VPp) Aw — —— Py,
T ( O( )(p) ( 1V<(w3 +k)2>> + (603 +k)3 (lZ QD) w (w3 +k)2 %
(3.9)
./ Vip- o) 2k 2
2/ 71/
Jo(We) - w = —d — - w). 3.10
U)o 1V<(w3 +,{)2) i @ (3.10)
Proof We introduce the differential operator L = —div((a)3 + kv ) and start to prove

(3.10) by noticing that
Lo-o = L(¢-0)+2(@34k) [(@34k) V- Vo—u1*¢-(zVo) — p (3+k) (¢ )] (3.11)
Recalling that w is pointwise orthogonal to d,w, dyw, from (3.7) we obtain

(G'(Vo)Ve — i*2V9) - 0 = —(Vg - Vo)ws.
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Further, by (2.2) we have (3,¢ A dyw + 0x@ A 0y¢) - @ = —V¢ - Vo. Finally, we obtain

rE(JUWe) - = L(p - ) — 2(03 + k) 1?[¢ - Vo) — g3 + (03 + k) (¢ - )],

and (3.10) follows, because e3 = zVw + w3w, see (2.4).
Next, using the equivalent formulation

U3J5U)g = —A¢ +2(w3 + b7 [G' (Vo) Vo + 12 wg3 + k(0xp A By + :0 A 3,0)]
we find that, for ¢ = nw, 7 € C2(R %), it holds
U35 (U) () - 3,0 = U3J5(U)(nw) - 8yw = 0,
whence we infer
P(Jy(U) (@ — Pyp)) =0, forevery ¢ € cz(Rz, R?). (3.12)

Thanks to (3.10) and (3.12) we get ’P(Jé (U)(p) = JO/ (U)(Pg), thus to conclude the proof
we can assume that ¢ = Pg. Since ¢ is pointwise orthogonal to w, we trivially have

o -w=—¢-0,w, 0o ©=—¢- dyo.
We start to handle (3.7). From e3 = zVw + w30 we get

(G'(Vo)Vg — u?z2Ve) + w3(Ve - Vo)o = Vg3V — (Vo - Vo)zVeo
= (393 — x (Vo - Vo)) dyo + (dyp3 — y(V¢ - Vo))d,0.

Further,

dep3 — x(Vg - Vo) = 0.9 - 2V + 030) — 2(Vgp - Vo)
= (8x(p - (zVw) —x(Vo - Va))) —w3¢ - 0w = —(izVo) - ayw — w39 - 0y .

In a similar way one can check that dy¢3 — y(Vg - Vo) = (izVe) - 0y0 — w3¢ - dyw, thus
G' Vo)V — *zVg = 112 (iz2Ve) A — 03(Vg - Vo)o — Pw3g.
Next, using (2.2) we can compute

O AN dyw = 0xp A (Oyw A @) = —(¢ - 0x@)0yw — (0@ - Iyw)w
0w A dyp = (0 A dyw) A dyp = —(¢ - dyw)dyw — (3y9 - dyw)w,

which give the identity
O0xp A Oyw + 0yw A 0y = —,u2g0 — (Vo - Vo)w, (3.13)

that holds for any ¢ € (w) é,,,.
Putting together the above informations we arrive at

2J/(U)p = Ly + 2 (izVp) A 22
r = —= @ w———
IO = Ty Y s+ 02 ?
2
+— — (w3 +k)Vo - Vo lo.
(w3+k)3[u<p3 (w3 +k)Vo ]

Using (3.11) and ¢3 = ¢ - (zVw), we conclude the proof. O
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Thanks to Lemma 3.1 we can study the system J{(U)g = 0 separately, on (w)é‘m first,
and on (w)cm later. In fact, ¢ € ker Jé (U) if and only if the pair of functions

—2 -2
Y =Py e (w)rh CCR R, n=¢ 0ecCR),

solves
2

P(—div( vy ))+(w2M2 (izw/f)/\w:L)sz (3.14a)

(w3 + k)2 3 + k)3 (w3 +k
. Vn 2k 2
_d = . 3.14b
IV((a)g I k)2) (@ + k)3 (3.140)

We begin by facing problem (3.14a). Firstly, we show that the quadratic form associated to
the differential operator J(; (U) is nonnegative on (w)éz.
Lemma3.2 Let ¢ € (w)y,. Then
BV - By — 3y - Jyw)? + (Bx Y - Dy + Ay - 8a))2

12 (@3 + k)2

/Jo(U)l/f Ydz =

R2 R2
Proof Since J(U)y - ¢ = P(J§(U)¥) - ¢ and Py = v, formula (3.9) gives

[P RGN Ly
’k/J(’(U)'/’ vde= /( v BT T M _2/( nysely
R2 R2

Now we prove the identity

o [ LU0 gy [ 2V 00T, /( WE 2

B
v (w3 + k)3 (03 + k)2 T M

R2
(3.15)
We use polar coordinates p, # on R? and notice that dg3 = izV. From pu® = dpw3 we
get

2 00

By :—/de/ (W - Y A @), (w3 +k) "2 dp

[e'e) [e%e) 2
@ BpY A gy — - Dpw A g ooV - @ A
= [ ar f (@3 + k)2 do+ [ ap [ 22
0 0 0
f /‘a) U A By =AY
(w3 + k)2
0
00 2
@ BpY A g — - Dy A g
+/ e / (@3 + )2 a9

Using the elementary identity d,a A 998 = p(dxa A 9yf), we see that

5 :sz LY ALY /w (0x0 A By + e A Dy0)
v (@3 + k)? (@3 + k)2

’

R2
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and (3.15) follows from (3.13) (with ¢ replaced by ).
Thanks to (3.15), we have the identity

: VY +20- 99 Adyy — w’|yI
rngo(U)w-wdzzf (w3+k)2y dz,

R2 R2

so that we only need to handle the function
by = VY [* 4+ 20 99 Adyy — 1| y|.

We decompose 9, ¢ and 9y, ¢ accordingly with (3.8), to obtain

1Y = (¥ - x@)x + (0 - dyw)wy — p? (Y - dew)o,

1Y = Q¥ - oo + Q)Y - o)y — 1 (Y - dyw)o,
respectively. Since |V1p|2 = |8x1//|2 + |8y1p|2, we infer

IV = 11913 = @ - 0:0)? + (Ox - dyw)? + By - dcw)? + By 1 - dyw)*.
Writing 1?0 = —d,0 A 3y, see (2.2), we get
prw - (W A DY) = — (0¥ - 9 0) (Y - dyw) + Bx - y@) By Y - By ),

from which it readily follows that ?by, = (3x -3y —dy Y- dy@)? + (3 Y - dyw+dy -3y ).
The proof is complete. O

Lemma3.3 Let Y € Cz(@z, R3) be a solution to (3.14a). There exist s, t € R such that
Y=s—(s-0)o+tAw,
and thus ¥ € TUZﬁ(a)fC‘2 ={s—(s-wow+trw]|s,t R}

Proof From (3.14a)itimmediately follows that v is pointwise orthogonal to w, which implies
Y e (w)é‘z. Since Py = ¢, then Jé(U)I/I = 0 by (3.9) and (3.10), hence

9V - Dew — 0y - By =0

(3.16)
9V - Dy + - e =0

by Lemma 3.2. Since ¢ € (dyw, dyw) pointwise on R?, we can write

¥ = fVo, where f:=u 2 8w, ¥ do)e (R R?).

We identify f with a complex valued function. A direct computation based on (2.2) shows
that ¥ solves (3.16) if and only if f solves dy f +idy f = 0 on RZ. In polar coordinates we
have that

Popf +idgf =0. (3.17)

For every p > 0 we expand the periodic function f(p, -) in Fourier series,

2w
: 1 .
F(0.0) =Y e, yi(p) = E/f(pﬁ)e_’hede.
0

heZ
The coefficients yj, are complex-valued functions on the half-line R and solve

y]; _h)’h =0!
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because of (3.17). Thus for every & € Z there exists a; € C such that y,,(p) = app". Now
recall that uyr € L2(R2, R?). Since

o
/uzlwlzdz=/u4|f|2dzzzn/ M4plyh|2dp=ai/l/«4lz|2hdz, Vhel,
R2 R2 0 R2

2 2
we infer that y;, = O for every & # 0, 1, 2. Thus f(z) = > apz", thatis ¥ = > apz" Vo,

h=0 h=0
and in particular the space of solutions of (3.14a) has (real) dimension 6. The conclusion of
the proof follows from the relations (2.4). ]

Lemma3.4 Letn € CX(R 2) be a solution to (3.14b). There exists « € R> such that
n :Ol(kw+e3)7
and thus nw € TuZ N ()2 = { (@ - (ko + e3)) w | @ € R3).

Proof First of all, we notice that « - (kw + e3) solves (3.14b) for any « € R3.
By the Hilbert—Schmidt theorem, the eigenvalue problem

. Vn A p? 2 2 2
—d = R*, C“(R%), 3.18
W((w3+k)2) (@ 400 1 O, me R G-18)

has anon decreasing, divergent sequence (1) ;>0 of eigenvalues which correspond to critical

levels of the quotient
v 2
/ |V _dz
r2 (w3 + k)

/ |77|2 Mzdz
r2 (w3 + k)3

Clearly, Ao = 0 is simple, and its eigenfunctions are constant functions. We claim that the
next eigenvalue is 2k, and that its eigenspace has dimension 3, which concludes the proof.
To this goal, we use the functional change

R(n) == . e H'@®)\ (o).

w(z) k+1
@ , =Pk = [ — .
m(crz) (2. ai=e k—1

By a direct computation involving the identity (w3(z) + k)u(ckz) = (kK — 1)u(z) and inte-

gration by parts, one gets
/ Vo |?dz — 2/ |@|?112dz
RrR2 R2

n(@) =

M= inf  RGp) =2k+ inf

_ _ 2
neC?®)\(0) ®eC2(RH)\(0) / &Mzd
.

On the other hand, it is well known that
/ IV |%dz
mir% JR2 2
deC2(RH\(0} / |®|>u’dz
Jp2 Pp2dz=0 JR?

is the first nontrivial eigenvalue for the Laplace-Beltrami operator on the sphere and that its
eigenspace has dimension 3, see for instance [4]. The proof is complete. O
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Remark 3.2 The third eigenvalue A, of (3.18) verifies A, > 2k by Lemma 3.4, and
. n 2 nkew; +8;3)
A:mln{R ’/7 dz=/7
2 (m (s i3 M
R2

(03 + k)3
Proof of Theorem 1.1 In fact, we only have to sum up the argument. Let U € Z. Thanks to
(3.2), U = U, o g for some g € H?, g € PGL(2, C). Since

wldz =0, j=1,2,3}.

R2

Tu,eeZ =TuZ o g, kerJj(Uyog) =ker Jj(U)og, foreveryqeH’, g€ PGL(2,C),

it suffices to congider the case U = U.

Ifg e C2(R’, R3) solves (1.4) then J{(U)e = 0, which means P (J;(U)g) = 0 and
(J5(U)g) - @ = 0. From Lemma 3.1 we infer that P solves (3.14a) and that ¢ - o solves
(3.14b). Therefore, Lemmata 3.3, 3.4 give the existence of s, ¢, @ € R3 such that

Pp=s—( -o)ow+trhw, ¢ -o=a-(ko+e3).
Thus ¢ = Py + (¢ - w)w € TyZ by (3.5), which concludes the proof. O

3.1 Further results on the operator J:) U)

To shorten notation we put
H' = H'®’ R).
Since integration by parts gives
) \% Vo -V =2
é—dw((mfk)z) Y dz= J ﬁ dz, ¢, ¢ € CX(R*RY),
the quadratic form

(¢, ¥) —> /Jé(U)(p-t/fdz (3.19)
RZ

can be extended to a continuous bilinear form H' x H' — R via a density argument. It can
be checked by direct computation (see also Remark 4.1) that the quadratic form in (3.19) is
self-adjoint on H 1 that is,

/ Jo(Wp - ¢ dz = / JU)Y - @ dz forany ¢, ¢ € H'. (3.20)
R2 R2

Since Ty Z is a subspace of Lz(ﬁz, R3) = L2(S2, R3), we are allowed to put

Tuzt :=ifeL2(@2,]R3)‘ /f-uﬂdz=0, V‘EGTUz}.

R2

. =2 .
Moreover, we introduce on L2(R °, R?) the equivalent scalar product

Pf-Py (f - o) - w)

2

dz
ACEE s +hkp
R

/dez +

R2

(fs¥)s =
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and the subspaces
TyZt ={ f e L*R* RY) | (f. 1), =0, V1 e TyZ ),
Noi=(@)r = [ f e AR RY | (f, @), =0}.

We are in position to state the main result of this section.

Lemma3.5 Letq € HB. For anyv € TuZ>, there exists Oy € H'Nn TUZi- N N, such that
JUpgy =v > onR% (3.21)

If in addition v € C™ (@2, R3) for some m € (0, 1), then ¢, € C*H" (@2, R3).

In view of Lemma 3.1, we split the proof of Lemma 3.5 in few steps.

Lemma3.6 Letv € TyZ't be such thatv-w = 0 on R2. There exists g € H' N TUZi‘ such
that ¢ - @ = 0 on R? and
JWg=vu> onR% (3.22)

Proof We introduce
X={yveH |y 0=0onR}|NTyZ,,
which is a closed subspace of H'. Notice that y = Py for any ¥ € X and moreover

2 r 2
V| /((Iﬁ iZVy) ho (Y )uzdz,

, |
. = R — 2
/ JoU)y - ¥ dz / (w3 + k)2 dz+ (w3 + k)3 (w3 + k)?
R2 R2 2

use (3.9) and a density argument. Next we put

/ JUW - dz
A= ing( R?
beX /Rz<w3+k>*2|w|2u2dz

’

and notice that A > 0 by Lemma 3.2. On the other hand, A is achieved by Rellich theorem.
Thus A > 0, because of Lemma 3.3. It follows that the energy functional 7 : X — R,

1
1(1/f)=E/Jé(U)I/f-tlfdz—/v-l/fuzdz,
R? R2

is weakly lower semicontinuous and coercive. Thus its infimum is achieved by a function
¢ € X which satisfies

/J{)(U)@ Ydz = / vy uldz, Ve X. (3.23)
R2 R2

If v € H' we write

U=y + Py + o,

@ Springer



222 Page 14 of 24 G. Cora, R. Musina

where n = - w, Py | € TyZ = ker Jy(U) is the orthogonal projection of Py = ¢ — nw
onto Ty Z in the scalar product (-, -), and Pyt =y — Py’ —nw e X. We use (3.20) and
(3.10) to compute

/ JUye - Py dz = / JPy T -y dz =0,

R2 R2
Vip-w)-Vn (-0
I - wdz:/idz—Zk ——— udz =0,
/ ()( )(/’ (77 ) (0)3 +k)2 (0)3 +k)3 I'L
R2 R2 R2

because ¢ - w = 0. Therefore, (3.23) gives

f]é(U)(p Ydz = / JUg - Pyt dz =fv.7)wl uldz =/v - uldz,

R2 R2 R2 R2
as v is orthogonal to Ty Z > PwT and to nw in L*(R 2, R?). We showed that @ solves (3.22),
and thus the proof is complete. O
Lemma3.7 Letr f € H'(R 2) be such that fw € TyZ~L. There exists n € H' (R 2) such that
nw € H! ﬁT[JZj‘ﬁN>‘< and

JU)(w) = fo u® onR?. (3.24)

Proof We introduce the space

nr-o 5 _
Y—[T]EH(R)’\/mﬂd mﬂdZ—O,VTETUZ},
R2

so that nw € H' N TyZ;- N N, for any 5 € Y, and the energy functional 7 : ¥ — R,

I(p) = /JO(U)(nw) (nw) dz—/fnﬂ

R2

1 VP me ,
=2) @t ? f( +k)3“dz_/"f“dz’
]R R2

compare with (3.10). The functional / is weakly lower semicontinuous with respect to the

H! (Rz) topology and coercive by Remark 3.2. Thus its infimum is achieved by a function
n € Y. To conclude, argue as in the proof of Lemma 3.6 to show that 1 solves (3.24). O

Proof of Lemma 3.5 Since J;(U,) = g3 >J§(U), we can assume that ¢ = e3, thatis, U, = U.
We take any v € TyZ L and write

v=Pv+ (v-wo,

where Pv = v — (v- ), as before. Since Pv € TyZ', by Lemma 3.6 there exists a unique
@ € H' N TyZ} such that ¢ - w = 0 on R? and

/Jé(U)(Z)-I//dz :/Pv-lp;ﬁdz, forany ¢ € H'.
R2 R2
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. =2
Next, notice that (v - w)w € TyZ+, so we can use Lemma 3.7 to find 7 € H'(R ) such that
nw € H'n TUZj- N N, solves

[iwer-vdz= [@ 0w -0 i foranyy e .
R2 R2
The function ¢, = ¢ + nw solves (3.21).

To conclude the proof we have to show that if v € C"™ (R 2, R3) then ¢, € CZH"(R 2, R3).

Since w € C®°(R 2, R?) and w3 + k is bounded and bounded away from zero, ¢, solves a
linear system of the form

—Agy = Ay + B(2) Ve, + 1 (w3 + k)?v,

for certain smooth matrices on R 2. A standard bootstrap argument and Schauder regularity
theory plainly imply that ¢, € C2™(R2, R3). The function z — ¢, (z~") satisfies a linear

loc
system of the same kind, hence ¢, € c2tm (@ 2, ]R3), as desired. O

4 The perturbed problem

In this section we perform the finite dimensional reduction and prove Theorems 1.2, 1.3. By

the results in the Appendix, any critical point of the C2-functional E, : C*(R > H%) - R,

2
R? R?

1
Ec(u) = f/u372|Vu|2 dz — k/u;2e3 - deu A dyu dz + 2¢ Vg (u) = Eo(u) + 2¢ Vg (u)

(noftice that Eg = Epyp, compare with (1.3)), solves
Au—2u3'G(Vu) = 2u3 ! (k + e () dyu A dyu on R (Pe)

and has mean curvature (k + €¢), apart from a finite set of branch points.
Due to the action of the Mobius transformations and of the hyperbolic translations, for

any u € Cz(@z, H3) we have the identities

ELu)(Z"Vu) =0, E.(u)(iz"Vu) =0, forh=0,1,2, ¢€R, @.1)
Ej(w)er =0, Eju)ex =0, Ejwu=0. (4.2)

Now we prove that
Ec(Uy) = Eo(U) — 26 F{(q). (4.3)

where F,f’ is the Melnikov-type function in (1.5). The above mentioned invariances give
Eg(Uy) = Ep(U). Since the hyperbolic ball Bg (g) coincides with the Euclidean ball of
radius g3rx about the point g* := (g1, g2, krrg3), the divergence theorem gives

Fl(q) = f ¢ (p) dI, = / Py d(p)dp = / Q4(p) - vp.
BE]]{((I) quk(qk) 8Bq3rk(qk)

Here Qy € Cl(Ri, RY) is any vectorfield such that divQy(p) = p§3¢(p) and v, is the
outer normal to d By, (¢%) at p. The function U, in (3.1) parameterizes the Euclidean sphere
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dBq3ry (qk). Since 9, U, A 9yUj is inward-pointing, we have

Fl(q) = —/ Q4(p) - 0:Ug A 0yUg dz = —Vg(Uy), (4.4)
R2
and (4.3) is proved. Before going further, let us show that the existence of critical points for

F, ,:b is a necessary condition for the conclusion in Theorem 1.2.

Theorem4.1 Let k > 1, ¢ € C'(H?). Assume that there exist sequences g, C R\ {0},
—2

e — 0, u e CX(R ,HS) and a point g € H3 such that uy, solves (Pe,,), and ul — U, in

c'(R 2, H3). Then q is a stationary point for de).

Proof The function u” is a stationary point for the energy functional E., = Eo + 2¢;, V.

From (4.2) we have Vé(uh)ej =0forj =1,2and Vd; (u™yu" = 0. We can plainly pass to
the limit to obtain Vd; (Ug)e; = 0for j = 1,2 and Vé (Uy)U, = 0. To conclude, use (4.4)
and recall that 9, U, = e; for j = 1,2,and 9;,U, = U =g ' (U, — qie1 — qzez). O
Now we fix m € (0, 1). The operator J, : CZ+" (Rz, H3) — ¢m (RZ, R3) defined by
Je(u) = —div(u3 2 Vu) — u3° |VulPes + 2k + e¢)uz > dyu A dyu,

is related to the differential of E, via the identity

EL(w)g = / Jew)-pdz, ueC" (R’ H), g e "R’ RY. 4.5)

R2

Remark 4.1 Since E, is of class C? and
Elwlp. y1= / AU
R
then the quadratic form in the right hand side is a self-adjoint form on H'.

We are in position to state and prove the next Lemma, which is the main step towards the
proofs of Theorems 1.2, 1.3.

Lemma4.1 (Dimension reduction) Let 2 € H? be an open set. There exist & > 0 and a
unique Cl—map

[—&8,8]x 2 > Cz+m(ﬁz, HY), (e, q) uz,

such that the following facts hold:

6)) ”2 parameterizes an embedded S?-type surface, and ug =Uy;

(i) uf —U, € TuZ- N2 (R, R) and EL () = 0 forany ¢ € TyZ- NCO (R’ R3);

(iii) for any ¢ € [—&, €], the manifold { ug | g € 2} is a natural constraint for Eg, that is, if
V4 E; (uzg) = 0 for some q° € $2, then u;g isa (k+ 8¢)-bil)ble,'

@iv) ||E$(u2) - Eg(Uq)IICI(ﬁ) = o(e) as ¢ — 0, uniformly on 2.
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Proof To shorten the notation, we put C" := C"™ (Rz, R3). For s > 0 and § > 0 we write
Qs :={p el |dist(p, 2) < s}, and Us := {v € C*" | |v(2)| < & forevery z € R?}.

We fix s and 8§ = 8(s) such that £2,, C H? and Uy +v)-e3 > 0forq € 25, v € Us.
We define

T] = ooy, T3 .= co\/sza), 75 1= coz2 Vo,

= 2c¢(k , 4.6
T = cplyw, T4 := coﬁizVa), T6 := coiZZVw, Y cokw +e3) (4.6)

where ¢ 1=,/ % is a normalization constant. Thanks to (3.3), (3.5), we have

TuZ=(t1,...76)® {(@-y)w|a R}
Trivially, 7; - @ = 0 on R?. Elementary computations give
/‘Ci T ,uza’z = 6ij, /)/h)/[ /dez =0 ifh #¢,
R2 R2
fori,je{l,...,6},h, £ e{l,2,3}, and moreover
/yf pldz = / )/22 nrdz = k2, /ygz nldz = k* + 3.
R2 R2 R?

Construction of ug satistying i), ii). By our choices of s and §, the functions

6
Fie,q;v, & ) i=p 2 Je(Uy +v) = Y £t — (@ y) o €C”,
j=1
Fale,q; v, &, ) ::([U~‘L’1 uzdz,...,/v-rguzdz; /y(v-w)uzdz) e RO x R3,
R2 R2 R2

are well defined and continuously differentiable on R x §255 x Us x (]R6 X ]R3). Thus
F = (F1,F) R x 25 x Us x (R® x R¥) - " x (R® x R?)

is of class C! on its domain. Notice that F (0, q;0,0,0) = 0 for every g € §2o5 because
Jo(Uy) = 0. Now we solve the equation F(e,q;v,&, ) = 0 in a neighborhood of
(0, g; 0,0, 0) via the implicit function theorem. Let

L= (L1, Lr): CT" x (R® x R?) — " x (R® x R?)

given by

6
Li(@; 8, B) = n"2Ig(Upe — Y 5t — (B-y) o,
j=1
Lo(93 ¢, B) :=£z(<p)=(/w-r1 uzdz,-u,/w-fsuzdz ; /)/(w-w)uzdz>,
R2 RZ Rz

so that £ = (L1, L) is the differential of (0, ¢g; -, -, -) evaluated in (v, &, @) = (0, 0, 0).
To prove that £ is injective we assume that L(¢, ¢, B) = 0 and put

v=u2 KUy € TuZ.
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From (3.20) we find

/ lv|*> uldz = / (L2 T (U e) - v pldz = / JUep - vdz = / JUpv - @ dz =0,
R2 R2 R2 R2
which implies Jj(Uy)@ = 0, that is, ¢ € TyZ. On the other hand, ¢ € TyZ™' because
L>(¢) = 0. Thus ¢ = 0 and therefore also 8 = ¢ = 0.

To prove that £ is surjective fix v € C" and (8, b) € R® x R3. We have to find ¢ € >

and (¢, ) € R® x R3 such that £1(¢; ¢, ) = v and Ly(¢) = (0, b). To this goal we
introduce the minimal distance projection

PT . L2R% R > TuZ, we Plw,

so that £ (w) is uniquely determined by P " w, and vice-versa. We find ¢ j and B so that

6
D T+ (B y)o=—P.

j=1
Then, we use Lemma 3.5 to find § € C27" N TUZj- N N, such that
JoU g = (v — PTv) p*.

Finally, we take the unique tangent direction ¢ T € TyZ such that £2(¢ ") = (8, b) — L2(P).
The triple (¢ + @; ¢, B) satisfies L(¢ " + @: ¢, B) = (v; 0, b) and surjectivity is proved.
We are in the position to apply the implicit function theorem to F, for any fixed ¢ € £225. In
fact, thanks to a standard compactness argument, we get that there exist ¢’ > 0 and uniquely
determined C' functions

vi(—e, e x 2y > U a:(—e,)x 2 >R £:(—¢, &) x 2, > RO

vi(e q) >y a:(eq) > a’(q) E:(e.q) > &)
such that
=0, @=0, &=0, Fle q:v;.£(q) " (q)=0. 4.7

By (4.7), the C! function (—¢’, &) x 2, — C>t™ (@2, H?3),
(e,q) = uy:=Ug+v; = (¢3U+qier +qrea) + vy,

satisfies i), if ¢’ is small enough. Further, using (4.5) (see also Lemma A.1) we rewrite the
last identity in (4.7) as

Eg(ug)g :/ JoUg +vy) g dz
R2

6
=Z«§f(q)/rj ~<pu2dz+/(a€(q)-y)(w-<ﬂ) pdz Ve ec,
R2

j=1 R2
/v;-rjuzdzzo, Vie{l,...,6}, /yg(v2~w)u2dz:0, Vee(1,2,3).
R2 R2
(4.8)

In particular, claim ii) holds true.
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Proof of iii). As a straightforward consequence of (4.8) we have that

/Bq,. v; - T wldz =0, /)/g 3y v; cw) pldz =0,
R2 R2

hence E|, (uZ)aq,. v; =0 forany i = 1, 2, 3. We infer the identities
g Es(ug) = E;(uZ)(e,- + 9g,v) = E;(u;)e,-, i=1,2,
gy Ee(uy) = E;(ufl)(U + dgyvg) = E;(ufi)U.

Now, from (2.4), (4.6) and (4.8) we find

2cpe; =11 — 15 + k_l)/la), 2cper = 10 + T6 + k_lyzw, 200U = kr (V2713 + k_l)/3w),
ELu))Tj = E5(q),  ELWS)(rw) = (K + 38:3)ef (),

forany j =1,...,6,¢ =1, 2,3. Thus by (4.9) we get

(4.9)

2c0Vyg Ee(ug) = Mi&*(q) + Ora’(q), (4.10)
where M}, and ® are constant matrices, namely
10 0 0 -1 0 k 0 0
My=1]10 1 0 o 0 -11, Er=|0 &k 0
00 V2kre, 0 0 0 0 0 (kK2+3)rx

On the other hand, from (4.1) and using VU, = r¢g3Vw we obtain
— g3k () = ELu) (T8 (9)). @.11)
where, in the spirit of (4.6), we have put
11 (q) == codxvg, 75(q) == coﬁszg, $(q) := coz2Vv;,
5(q) = codyvi, TE(q) 1= cov/2izVVE, TE(q) = coiz? V.

Notice that

[ @P waz <2 [ 1VoiPwaz <2l [ Wz =0, @12
R2 R2 R2
as & — 0, uniformly on £2, see (2.3).
For the sake of clarity, we make now some explicit computations. We denote by oy,

the entries of the 3 x 6 constant matrix &, le, and introduce the 6 x 6 matrix A®(q) =
(ajh (@) j,n=1,...6, whose entries are given by

3
aj(q) = f o Ti(g) pdz— ) o f ve( - 75(q) nidz.

=1

RrR2
Since ‘c; n— 0in L?(R2,RY) by (4.12), then A° — 0 uniformly on compact subsets of

(—¢', ') x 2. In particular, if £ € (0, ¢’) is small enough, then the determinant of the 6 x 6
matrix (A°(q) + ¢3r¢Id) is uniformly bounded away from 0 on [—¢&, €] x £2.
Assume that Vqu(ng) = 0 for some ¢ € [—£,£], ¢° € £2. From (4.10) we obtain

a®(q®) = —O; 'My£®(g®). Thus (4.8) and (4.11) give
—q3r §°(q°) = A*(¢°)E°(¢°),
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and hence £°(¢®) = 0, because the matrix (A®(¢®) + g5r«1d) is invertible. But then (4.10)
and V, E, (ufig) = 0 imply that «®(¢®) = 0 as well, hence E/(uzs) = 0 by (4.8).

Proof of iv). The function (¢, q) +— vj is of class C', and in particular 9, vZ is uniformly
bounded in C? for (g, ¢) € [—#, &] x £2. Thus Taylor expansion formula for

£ > Ee(uf) — Ec(Ug) = Eo(u) — Eo(Ug) +2e(Vip(ut) — Vg(Uy))

gives E¢(u)) — E¢(Uy) = o(¢) as & — 0, uniformly on 2.
Now we estimate Vq(Ee(qu) — E¢(Uy)). We use (4.2), (4.9) to obtain, for j =1, 2,
3g; (Ee(u)) — Ec(Uy)) = (Egu)e; — Eq(Uge;) +28(Vy(uie; — Vi(Uye,)
=2e(Vy(ui)ej — Vi(Upe;) = ole),
because ||u2 — Uyllg24m = o(1) and Vy is a C!'-functional.
To handle the derivative with respect to g3 we first argue as before to get
dgs (Ee(ug) — Ee(Uy)) = (Eq(ug)U — Eq(Uy)U) + 2&(V,,(ug)U — V4 (Uy)U)
= E(/)(MZ)U + o(e),

uniformly on £2. Next, from ¢3U = qu — (q1e1 + qre2) — vg and (4.2) we obtain

a3 Eg(ug)U =Eq(ug) (ugy — (q1e1 + qe2) — vy)
=— Eé(ué)v; = —Eé(ufl)v; + 28V¢’,(u2)v2 = 25V$(u2)v§

because of (4.8). Since u; — 0in C*t™ we infer that E6(u2)u§l = o(e) uniformly on 2 as
& — 0, which concludes the proof. O

Proof of Theorem 1.2 Take an open set 2 € Ri containing the closure of A, let ug be the

function given by Lemma 4.1 and notice that, by (4.4), E.(U,) = Eo(Uy) —2¢F, ,f (g). Thus
for e € [—¢&, €], ¢ # 0 we can estimate
1 e ] 1 &
|5 (Eetwh) = EoU) + EL @), 1 = 517 1Eew)) = EeUplagry = oD,

uniformly on £2 by iv) in Lemma 4. 1. Recalling the definition of stable critical point presented
in Sect. 2.2, we infer that for any ¢ &~ 0 the function Z]—E(Eg (ufi) — Ey (Uq)) has a critical
point g° € A, to which corresponds the embedded (k + e¢)-bubble u® := ng by iii) in
Lemma 4.1. The continuity of (e, g) +—> u; gives the continuity of & — u®.

The last conclusion in Theorem 1.2 follows via a simple compactness argument and thanks
to Theorem 4.1. O

Proof of Theorem 1.3 Recalling that ¢¥ := (q1, g2, kryq3), we write

FO(q) = / (p3 + k) ¢ (@sp + ) dp.
By (0)

Since ry — 0 and kry = k(k2 —1)"1/2 — 1 as k — oo, we infer that g* — ¢ uniformly on
compact sets of Ri and

3

4nr3F,f’—>¢ as k — oo,
k
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uniformly on £2. Next, we easily compute

8y, FL (q) = / (s + kn) 0,6 @p+a) dp, =12,
By (0)

3, FL (q) = / (3 +kr) 3V g3 p +¢5) - (p + krres) dp,
By, (0)

and thus we obtain, by the same argument,

3
S v NN Vo as k — 0o,
4nr,§ k

uniformly on £2. It follows that for k large enough, F, k¢ has a stable critical point in £2 € H?,
since having a stable critical point is a C'-open condition. Hence Theorem 1.1 applies and
gives the conclusion of the proof. O
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Appendix

Let K € CO(H?). Take any vectorfield Qg € Cl(R3, R?) such that div Ok(p) = p§3K(p)
forany p € ]Ri (here div =) j d; is the Euclidean divergence). The functional

Vi (1) :=/QK(M).aquayu dz, ueC' (R’ H3,

R2

measures the signed (hyperbolic) volume enclosed by the surface u«, with respect to the weight
K. In fact, if u parameterizes the boundary of a smooth open set 2 € Ri_ and if dyu A Oyu
is inward-pointing, then the divergence theorem gives

VK(u)z—/QK(u)«vduz—/p§3de=—/KdH3.
982

2 2
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Clearly, the functional Vg does not depend on the choice of the vectorfield Q. Notice that if
K = k is constant, then

k _
Vie(u) = —5 / u§263 ~Oxu Adyudz, ue CI(RZ, HS).
R2

In the next Lemma we collect few simple remarks about the energy functional
1 -2 2
E(m) = 5 37 IVul” dz +2Vg (u). (A.1)
R2
LemmaA.l Let K € CO(HP).
(i) The functional E : C! (@2, H3) — Ris of class C', and its differential is given by
E'(wy = /(u3_2Vu -V — u3_3|Vu|ze3 ~p)dz + 2/u3_31<(u)(p cOxu A dyu dz;
R2 R2

(i) Ifu € C2(R 2, HB3), then E’(u) extends to a continuous form on CO(R 2, R3), namely

E'(u)p = /(—div(u3_2Vu) —u3 | VulPes + 2u3 K u)deu A dyu) - ¢ dz ;
RZ

(iii) If K € C\(H3), then E is of class C* on C\(R*, H?).
In the next Lemma we show that critical points for E are in fact hyperbolic K-bubbles.

LemmaA.2 Let K € CO(H?) and let u € C*(R 2, H3) be a nonconstant critical point for E.
Then u is conformal, that is,

[Oxu| = [Oyul, Oxu-0dyu =0,

hence it parameterizes an S* type surface in H3, having mean curvature K, apart from a
finite number of branch points.

Proof Put o = Yu3?(|d,ul?> — |dyul?), B = —u3?dcu - dyu, ¢ = a + ip and notice that
|| < culVul? € L®(R?). By direct computation we find

(3ca — dyB)uy = u3dyut - Au— (|9yul® — |dyu|*)dyuz — 2(dyu - dyu)dyus,

3 5 5 (A2)
Oy + 0y B)uz = —u3zdyu - Au — (|0xu|™ — [dyu|“)dyuz + 2(0xu - dyu)dyxus3.
Since u solves (1.1), it holds that
u3dyut - Au = 2G(Vu) - dyu = 2(dyu - dyu)dyus + (|8,ul* — |dyul?)dyus, A3

u3dyu - Au = 2G(Vu) - dyu = 2(dyu - dyu)dyus — (|8ul* — |dyul?)dyus.

Putting together (A.2) and (A.3) we obtain oo — 9,8 = dya + 9B = 0, namely, ¢ is an
holomorphic function. Since ¢ is bounded and vanishes at infinity then ¢ = 0 on R?, hence
u is conformal.

The last conclusion follows from Proposition 2.4 and Example 2.5(4) in [14]. ]
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Remark A.1 Here we take K = k constant and point out two simple facts about the energy
functional Epyp in (1.3).

By (4.2), the Nehari manifold contains any nonconstant function. Secondly, Epyp is
unbounded from below. In fact, for r > 1 we have

1
Enyp(w +te3) = 3 /(wg, + t)_2 /dez + k/(wg + t)_za)g /dez

R2 R2
kt—1 k t+1
=4n(— 5——+ -In——).
T(—pop Ty
Notice that w + te3 approaches a horosphere as t — 1, and that lirn1 Enyp(w +te3) = —o0.
r—

Remark A.2 Differently from the Euclidean case, see for instance [5], the geometric and
compactness properties of the energy functional E are far from being understood (also in the
case of a constant curvature), and would deserve a careful analysis.

We conclude the paper by pointing out a necessary condition for the existence of embedded
K bubbles.

Let K € C1(H?) be given, and let u € c? (@2, H?3) be an embedded solution to (1.1). By
Lemma A.2, u is a conformal parametrization of the open set 2 C R3 , which is the bounded
connected component of Ri \ #(S?). We can assume that the nowhere vanishing normal
vector dyu A dyu is inward pointing. Since u is a critical point of the energy functional in
(A.1), then for j = 1, 2 we have that

0=E'(we; = Vi (ue; = /u;%((u)ej S Opu A dyu dz = — / div(p;*K (p)e;) dp
R2 2

by the divergence theorem. Thus
/ P30y, K (p)dp =0.
2

In a similar way, from E’(«)u = 0 and since diV(p3_3K(p)p) = p3_3VK(p) - p, one gets
/p3_3VK(p)~pdp =0.
2

In particular, 9, K, 9,, K and the radial derivative of K can not have constant sign in £2. We
infer the next nonexistence result (see [7, Proposition 4.1] for the Euclidean case).

Theorem A.3 Assume that K € C'(H?) satisfies one of the following conditions,

(1) K(p) = f(v- p) for some direction v orthogonal e3, where f is strictly monotone;
(1) K(p) = f(pl), where f is strictly monotone.

Then (1.1) has no embedded solution u € C2(R*, H?).
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