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Abstract

We show that the N-covering map, which in complex coordinates is given by u, (z) =
2+ zV/J/N|z|"~! and where N is a natural number, is a global minimizer of the Dirichlet
energy D(v) = fB [Vu(x)|? dx with respect to so-called inner and outer variations. An inner
variation of u,, is a map of the form u, o ¢, where ¢ belongs to the class A(B) = {¢ €
HY(B;R?) : det Vo = lae., ¢|yp(x) = x}and B denotes the unit ball in R2, while an outer
variation of u,, is a map of the form ¢ o u,,, where ¢ belongs to the class A(B(0, I/Jﬁ)).
The novelty of our approach to inner variations is to write the Dirichlet energy of u,, o ¢ in
terms of the functional I(y; N) := [ N|¥|* + |- |* dy, where v is a suitably defined
inverse of ¢, and v/, and V/ are, respectively, the radial and angular weak derivatives of i,
and then to minimise /(¥; N) by considering a series of auxiliary variational problems of
isoperimetric type. This approach extends to include p-growth functionals (p > 1) provided
the class A(B) is suitably adapted. When 1 < p < 2, this adaptation is delicate and relies on
the deep results of Barchiesi et al. on the space they refer to in Barchiesi et al. (Arch Ration
Mech Anal 224(2):743-816, 2017) as A,. A technique due to Sivaloganthan and Spector
(Arch Ration Mech Anal 196:363-394, 2010) can be applied to outer variations. We also
show that there is a large class of variations of the form v =& o us o g, where 4 and g are
suitable measure-preserving maps, in which u; is a local minimizer of the Dirichlet energy .
The proof of this fact requires a careful calculation of the second variation of D(v (-, §)), which
quantity turns out to be non-negative in general and zero only when D(v(-, §)) = D(u2).

Mathematics Subject Classification 49J99 - 74B20

1 Introduction

Let B be the unit ball in R2, let N be a natural number, and, for any map u in the Sobolev
space HY(B,R?), let

D(u) = / IVu(x)|? dx (1.1)
B
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be the Dirichlet energy of u. Ball showed in [1] that there is a minimizer of ID(-) among
functions in the class

V:={ye H'(B;R? : detVy = lae.in B, ylap = u,}. (1.2)
Here, u,, is the N-covering map given by
1
VN

where ) < R < land0 < « < 2m. The prefactor I/Jﬁ ensures that i, satisfies det Vu,, =
1 a.e., which, together with the observation that Vu , is essentially bounded, implies that u
belongs to Y. This paper examines and finds evidence in support of the conjecture that u , is
itself a singular (i.e. non-smooth), global minimizer of D in Y by proving that u , is the unique
global minimizer of D with respect to generalized inner and outer variations. A generalized
inner variation of u,, in this case is formed by varying the independent variable only, i.e. by
forming a map u,, o ¢ where ¢ belongs to the class

uy(Rcosa, Rsina) := (RcosNa, Rsin Na),

A(B) = {¢ € H(B;R?) : det Vg = 1 ae. in B}, (1.3)

and where the notation Hi}j(B; R2) refers to maps in H 1(B: R?) that agree in the sense of
trace with the identity map on d B. An outer variation of u,, on the other hand, is a map of
the form ¢ o u,,, where ¢ belongs to A(B(0, I/Jﬁ)) and B(0, r) is the ball in R? of radius
r and centre 0.

We also study the corresponding problem in the case of energies with subquadratic growth,
a typical example of which would be a functional such as the p-Dirichlet energy. In the
subquadratic setting the construction of generalised inner variations is much more delicate,
so we postpone its description until Sect.5 of the paper, where, it should be noted, we shall
rely on the ideas of Barchiesi et al. [4].

The problem of minimizing D in Y is of interest for several reasons, the first of which is
that this problem automatically delivers a singular minimizer whenever N > 2. An argument
of Ball in [3, Section 2.3] can be adapted to establish that, when N > 2, no member of ) is
C!, and so, in particular, the minimizer of I) in )V cannot be C!. The constraint det Vy = 1
a.e. in B is instrumental in limiting the regularity in this way: without it, it is easy to show
that the unique global minimizer of ID among maps y agreeing with u,, on d B is the smooth
harmonic extension of u, |5p. Nor can topology be ignored: it turns out that any y in ) is
continuous and hence, by topological degree theory, is such that, roughly speaking, y(B)
covers the ball By N times. When N = 1, the minimizer of DD in ) is trivially the identity
map, which coincides with | in the notation introduced above. Thus we focus on non-trivial
changes in topology by choosing N > 2.

The second reason to study D in detail is that, formally at least, u,, is a critical point of
an appropriately perturbed version of D in ). To be precise, it can be checked directly that
u,, solves the Euler-Lagrange equation associated with the energy

D(u) +/ 2pyIn R detVudx, (1.4)
B

where py := N — 1/N is constant. (See [6, Proposition 3.4] in the case N = 2; the case
for general N follows similarly.) The prefactor of det Vu in (1.4) is a Lagrange multiplier
traditionally used to encode the requirement that functions in ) obey the constraint det Vu =
1 a.e.. We note that the theory which underpins Lagrange multipliers in the case of nonlinear
elasticity has been established in [8,14,15,21-23]. The main difference between that setting
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and ours lies in the lack of invertibility of maps belonging to )’ which, as indicated above,
can be thought of as being N-to-1, whilst those considered by the works cited above, for
example, are assumed to be invertible, with sufficiently regular inverses. Thus their results
do not necessarily provide for the existence of a Lagrange multiplier for our problem in the
case of the Dirichlet energy ID. Nevertheless, the direct calculation alluded to above conforms
to the conclusions of both [15, Theorem 3.1] and [8, Theorem 4.1], for example, without
necessarily obeying all their hypotheses. This observation may be of independent interest.

It is straightforward to check that, when ¢ € A(B), uy o ¢ has finite Dirichlet energy,
agrees with u,, on 9 B, and satisfies det V(u,, o ¢) = 1 a.e. in B, and that the same assertions
are true of outer variations ¢ o u,, where ¢ € A(B(0, 1/+/N)). We remark that Uy 0@
represents a quite general form of inner variation that is appropriate to the constraintdet Vv =
1 a.e. imposed on members of A(B). In the setting of nonlinear elasticity more generally,
where the constraint det Vv > 0 a.e. is enforced, inner variations of admissible maps v often
take the form v(x + €¢(x)), where ¢ is a smooth, compactly supported function and € is
chosen sufficiently small that det V(x + €¢(x)) is bounded away from 0. See [2] together
with [5, Theorem A.1]; see also [3, Section 2.4]. In the incompressible setting we consider
in this paper maps of the form ¢(x) = x + €¢ (x), with ¢ smooth and compactly supported
in B, belong to A(B) only if ¢ (x) = 0 for all x. Thus this particular form of inner variation
appears to be too restrictive.

The first main result of this paper, Theorem 2.2, is the following.

Theorem Let u, be the N-covering map and let ¢ be a map in Hl.b(B; R2?) which satisfies
det Vo = 1 a.e. in B. Then

/|V(uN0(p)|2dx2/ |Vu | 2dx, (1.5)
B B

with equality if and only if ¢ is the identity map. In particular, u, is the unique global
minimizer with respect to inner variations of the Dirichlet energy.

The corresponding result for outer variations, Theorem 4.3, demonstrates that, within the
class of outer variations, u,, is the unique global minimizer of the Dirichlet energy among
maps agreeing withu, on dB,i.e. D(pou,) > D(u, ) forall ¢ in the class A(B (0, l/ﬁ)),
with equality if and only if ¢ is the identity map.

It has to be checked that inner and outer variations in this setting are genuinely different,
and this is done rigorously in Proposition 6.1. It is therefore quite natural that the approaches
needed to prove Theorems 2.2 and 4.3 are necessarily different too. Sections 2 and 3 describe
our approach to the inner variation problem, which proceeds by writing D(u, o ¢) as a
functional in v, a suitably defined inverse of ¢, and by solving a series of problems of
isoperimetric type. The approach needed in the case of outer variations is adapted from [30],
and, although isoperimetry is again involved, the method does not apply to inner variations.
Taken together, these two results clearly do not settle the question of whether #,, minimizes
Din ). Nonetheless, we believe that Theorems 2.2 and 4.3 are interesting intermediate steps.

Our approach to inner variations can be generalized to functionals with subquadratic p-
growth. In this setting, the extension of A(B) is a delicate matter, and we rely heavily on
the results of [4] concerning the class which they refer to as A,. The details can be found in
Sect. 5, which deals with functionals of the form

E(u) ::/Bf(Wu(x)l)dx, (1.6)
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where f is convex, of class CY(R™1), and such that f/(t) > 0fort > 0. We suppose that,
for some 1 < p < 2, there is a constant C > 0 such that étp < f(t) < CA +t?) for all
t > 0. The corresponding result to Theorem 2.2 is Theorem 5.7, which we record here for
completeness.

Theorem Let the functional E be given by (1.6) and let u, o ¢ be a generalized inner
variation of u,,. Then E(u, o ¢) > E(u,), with equality if and only if ¢ = id.

We remark that since u, is a non-affine, positively one-homogeneous function, Vi, (x)
is discontinuous at the point x = 0, a feature it has in common with many of the examples of
singular minimizers in the higher dimensional calculus of variations. In brief, [17,24,27,32]
all construct one-homogeneous minimizers of smooth, strongly convex functionals, the last
of these being in the smallest possible, and hence optimal, dimensions m = 3, n = 2. Here, m
and n are, respectively, the dimensions of the domain and codomain of the energy minimizing
map. The works [24,32] also contain cogent summaries of the wider theory, which the reader
should consult for further details. To relate some of this to the problem considered in our
paper, we note that in the dimensions m = n = 2, and without a constraint on the determinant,
minimizers should be smooth. This follows from standard results about harmonic functions
(or indeed from the classical result [25, Theorem 1.10.4 (iii)] in the more general case of
strongly convex, quadratic growth integrands), and from [28] in the case that the candidate
minimizer is supposed to be one-homogeneous. In the presence of the determinant constraint,
however, these results cannot apply to members of ) when N > 2.

The paper concludes by focusing in detail on the case N = 2, where we examine a rich
subclass of Y comprised of maps of the form v =% o uy o g, where i and g are self-maps
of the balls B(0, 1/+/2) and B respectively. In fact, the maps g and & are generated by flows
in a way that is made precise in Sect. 6.2, and because of this there is a natural parameter in
v, which we call 8, on which both 2 = h(z; ) and ¢ = g(y; §) depend smoothly, and for
which it holds that g(y; 0) = y for all y in B and h(z; 0) = z for all z in B(O0, 1/\/5). This
enables us to write

v(y; 8) = h(uz(g(y; 8)): 8), (1.7)

which is such that v(-; 0) = u», and so D(v(-; §)) depends naturally on § and obeys
D(v(-; 0)) = D(uz). The final main result of the paper, Theorem 6.3, concerns maps of
the type v(-, §) and can be described as follows. Note that J stands for the 2 x 2 matrix
representing a rotation of 7 /2 radians anticlockwise.

Theorem Let v(-,8) be given by (1.7) and let E = JVE and ¥ = JVo be smooth,
divergence-free maps with compact support in B(0, 1/ V2)\{0} and B\{0} respectively. Sup-
pose that h and g are solutions of the following equations

{&sh(z, 8) = JVE(h(z.8) z€B(0,1/v2). 8 € (=8, )

h(z,0) =z z € B(0,1/3/2),
{ 05G(y,8) = JVE(G(y,8)) y € B, € (=, d)
G, 0)=y yeB

Then

(@) 9sls=0 D(v(-,8)) =0, and
(b) it holds that

02,y DO 8)) = 4/3 (0 =€ ounesl + {0 —Eouel dy,  (18)
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and 3}|,_ D(v(-, 8)) = 0 only if

ls=0
D((,8) = D) 18] < bo.

In particular, the map uy is a local minimizer of the Dirichlet energy with respect to all
variations of the form v(-, §).

1.1 Notation

For non-zero x, we will write X = x/|x|. Note then that for any weakly differentiable map ¢
we may write Vo (x) = ¢, X +¢; ® JX, where J is the 2 x 2 matrix representing a rotation
of 7t /2 radians anticlockwise. For any two vectors a, b in R2, the 2 x 2 matrix a ® b is defined
by its action a ® b v := (b-v)a on any v in R?. In plane polar coordinates (R, ), the angular
derivative v, is (¥¢)/R and the radial derivative is ¥, . The inner product of two matrices
Ay and A, will be denoted by A - Ay = tr (AT A2) and the norm by |A;]> = tr (AT A)).
The two-dimensional Lebesgue measure of a (measurable) set £ C R? will be written | E|
provided it is unambiguous to do so, and otherwise as £>(E). Throughout the paper, we
will use C, to represent the circle of radius r and centre 0. The rest of the notation is either
standard or is explained where it is introduced.

2 The Dirichlet energy of inner variations of u,,
Let ¢ belong to .A(B) and consider the composed map u , o ¢. A short calculation shows that

1
IV(uy 0 p)|* = X @) + X2(9)?) + N(Y1(9)? + Y2 (9)?), 2.1)

where X1(p) = @-¢,, X2(p) = @91, Yi1(p) = J@-¢, and Y2(¢) = J@-¢;. Theright-hand
side of (2.1) can be rewritten in terms of Vo @ and VT J to give

1 _ _
IV(uy 0 p)|* = NW%F + N|VeT Jgl%. 2.2)

For later use, we note that for N > 1
1

VN

Define W : S' x R?*?2 x N — R by

Vol < [V(uy o) < VN|Vol. (2.3)

1
W, F,N) = NlFTflz—i-NlFTJﬂz. (2.4)

Note that, from (2.2) and (2.4),
IV(uy o 9)* = W(@, Vo, N). (2.5)

In the following we shall need to refer to the inverse, v, say, of a map ¢ belonging to
A(B). The existence and regularity of a continuous map  satisfying ¥ (¢(x)) = x for
a.e. x in B was established in [31, Lemma 6 and Theorem 8], as was the validity of the
expression Vi (p(x)) = Vo)~ Bearing the constraint det Vo = 1 a.e. in mind, this
immediately implies that Vi (¢(x)) = adj Vo(x) a.e., and hence, via [31, Theorem 2 (ii)],
that Viy € L2(B; R?).
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Proposition 2.1 Let W be given by (2.4) and let ¢ lie in A(B), so that u, o ¢ is an inner
variation of the N-covering map. Let = ¢~ : B — B be the inverse of ¢, as described
above. Then r also belongs to A(B), and

W(@. Vo, N) = W, V' (). 1/N) (2.6)
pointwise a.e., where y := @(x). In particular, the Dirichlet energy of u,, o ¢ is given by
[ vy oot dx = 1), X
B
where

1§ N) = /B W, vy (). 1/N) dy. 2.8)

Proof Apply [31, Theorem 8] together with the constraint det Vo(x) = 1 a.e. to obtain
Vi (p(x)) = adj Vo(x) a.e. in B. Letting y = ¢(x) and using the identity adj A = JT AT J
gives Vox)T = JVy()JT, and, since JT = —J, it follows that Vo (x)@(x) =
JTVY () Jy and VT (x)J@(x) = IV (y)y. Now, v = %Jv is an isometry of the plane,
$O
_ 1 _ _
W@, Vo, N) = Ve g + NIVe' J5*
o7 <12 <12
= NIJ V() Jyl”+ NIJVY ()l
1 =2 =12
= NIVW(y)JyI + NIVy(y)yl
=WwG, Vem', 1N,

which proves (2.6). Integrating the expression above with respect to x and than applying the
change of variables formula [31, Theorem 2 (ii)] leads to (2.7). ]

Using Proposition 2.1, we can now study the Dirichlet energy of the map u, o ¢ by
considering I (¥, N). The latter can be expressed very simply in polar coordinates as

1
10y, N) = / NI + gl dy 2.9)
B

and hence, by convexity, the inequality
. - - 2 =
1) 2 16N 428 [ =) Ty + 5 [ @e—am-svay @10
B B

must hold. By a direct calculation using the boundary condition ¥/ (y) = y for y € 9B, the
two integrals combine to give

I(y,N) = 1(id, N) + 2(N — 1/N) (ﬂ —/ 14 idV(y)), (2.11)
B
where dv corresponds to the measure d.£%(y)/|y|. Defining

F@) ZZ/BW -y dv(y), (2.12)
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we claim thatif ¢ belongs to A(B) then F () < 7. Supposing for now that this is established,
we immediately obtain from (2.11) that / (1, N) > I(id, N), which, thanks to (2.7), implies
that

/ IV(uy op)>dx > / [V, | dx.
B B
Our goal is now to prove the following result.

Theorem 2.2 Let u,, be the N-covering map and let ¢ be a map in Hi}i(B; R?) which satisfies
det Vo = 1 a.e. in B. Then

/|V(uNog0)|2dx2/ |Vu | 2dx, (2.13)
B B

with equality if and only if ¢ is the identity map. In particular, u, is the unique global
minimizer with respect to inner variations of the Dirichlet energy.

A short proof of Theorem 2.2 which draws together all its supporting results will be given
at the end of Sect. 3.

3 Boundson F(y)

It is enough to establish the stronger result that, for any admissible v and almost every
r € (0, 1), the functional

1 _
Fsni= [ e)-yan, G.1)
r JaB(,r)
when subject to the constraint
1 1 2
= JY -y dH =mre, (3.2)
2 JaBo.r)

obeys F(y;r) < 2mr. Integrating (3.1) over r € (0, 1) will then yield the claim that
F(y) <.

The constrained variational problem of maximising F'(-; r) subject to (3.2) is of normal (or
non-degenerate), isoperimetric type, and can be solved by introducing a Lagrange multiplier.
Before justifying this assertion rigorously, we first gather some basic facts about admissible
maps. In the following, ¥|c, denotes the restriction of the continuous map ¥ to the set
C, =090B(0,r).

Proposition 3.1 Let  be admissible, that is, let  belong to the Sobolev space Hib(B; R?)
and satisfy det Viy = 1 a.e. in B. Then:

(a) Y has a continuous representative;

(b) for L'-a.e. ¥ € (0, 1), V¥lc, belongs to HY(C,;RY) and is H'-a.e. 1 — 1;

(¢) ¥ is measure-preserving, and the expression (3.2) holds for L'-a.e r € (0, 1);

(d) the topological degree d(yr, B, w) € {0, 1} for all w € RZ\W(CV), and the set U| :=
{we ]Rz\w(Cr) : d(, By, w) = 1} coincides with ¥ (B;);

(e) U, has a generalized exterior normal V(Y (y)) = JI;:D(T»())E) forae. y e Cy, and 0U| =
U (C)).

Proof (a) This is [31, Theorem 5] or [16, Theorem 2.3.2]; alternatively, see [13, Cor. 5.19].
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(b) The first assertion follows from [26, Proposition 2.8 (iii) and (v)]: see Remark 2 after the
statement of [26, Proposition 2.8]. The second part follows by first applying [31, Lemma
5.1] to deduce that v is 1 — 1 on a set of full £2-measure in B. It must therefore be the
case that for a.e. r € (0, 1), ¥|c, is Hl'-ae 1—1.

(c) That ¢ is measure-preserving can be deduced from [31, Theorem 7]. Alternatively, one
can argue as follows. Let G C B be open and such that [0G| = 0. First note that,
since ¥ is open (because it has a continuous inverse, ¢) and preserves d B, the degree
d(¢¥, B, x) is well-defined at any point x in B = {/(B) and is equal to 1 for such x.
By [13, Proposition 5.25], we note that

/detVl/x(y)dy:/ d(y, G, x)dx. (3.3)
G R2

By properties of the degree, d(¥, G, x) = 0if x ¢ ¥ (G). The degree d(y, G, x) is not
defined when x € ¥ (dG), but, since ¥ has the N-property (by [13, Theorem 5.32]),
this set is null. For x in ¢ (G) we can apply excision and d(y, B, x) = 1 to conclude
that d (¥, G, x) and the characteristic function xy (G)(x) are equal almost everywhere.
Inserting this into (3.3) together with det Vi = 1 gives the desired result for open sets.
The result for general measurable G follows by approximation.

Finally, to prove (3.2) it is clearly enough to show that () fB’_ det Vi dx = % fc,. Jyr -
¥r dH" for smooth maps ¥ and then apply an approximation argument. The latter expres-
sion is a natural consequence of the fact that det Vi is a null Lagrangian, and is hence
a divergence. In this case, det Vi = (1/2)div (y2J VY1 — ¥1J Vi), which can be
integrated using Green’s theorem to give (). Equation (3.2) is now immediate from ()
and det Vyr = 1.

(d) By [7, Proposition 1, part (v)], ¥ obeys condition (INV), and hence by [26, Lemma 3.5,
part (i))], d(¢, B, w) € {0, 1} forall w € Rz\lp(C,). Hence, by [26, Lemma 3.5], U,
coincides with the topological image of B, under i which, given that ¥ is continuous,
is the same thing as v (B;).

(e) This is [26, Eq. 3.14] adapted to the case at hand. Alternatively, see [7, Lemma 1, Eq.
2.6]. O

We first deal with the question of the existence of a maximiser of the functional F(-; r)
among suitable functions in the set C(r) described by (3.5) below. Let r € (0, 1) be such that
Proposition 3.1(b)—(c) apply to ¥|c,. Define

1
AWle) = 5/ TV e dH (3.4)
Cr
and let
Cr)=¥lc, e HY(CRY) 1y € A, AWlc,) = mr?). 3.5

We can assume that for almost every r in (0, 1), sequences (w(”) [c,)nen in C(r) are bounded
in H'-norm. To see this, consider the full sequence (Y ) ,en in A. Without loss of generality
[y ™| H!(p) 1s uniformly bounded, and hence, in particular, so must | Wf(”) le, l1L2(c,) be for
a.e.rin (0, 1). Note that 9, and restriction to C, commute, so we can write (¥|c,): = ¥ [c,
for any function ¥|c, in C(r). Next, since F (-, r) is clearly bounded above, we can choose
(™ I¢, ) nen such that

F™|c,ir) = sup{F(¥|c,:r) : ¥lc, € Cr))
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as n — oo. By the foregoing argument, we can extract a subsequence (not relabelled) such
that y ™ [c, —v forsome functionvin H L(C,; R?).1tis then immediate, by Sobolev embed-
ding, that F (y ™ [c,;r) = F(v;r),and that by Sobolev embedding together with the weak
convergence " ¢, —v, that A(Y™ ¢ ) — A(v).Hence F(v; r) = supe(y F(¥le,:r)
and A(v) = 7r2. Further, by again considering the full sequence ("), e in A, which we
may assume, without loss of generality, converges weakly to ¢ in A(B), it follows that
v = V¥|c,. Hence, for almost every r € (0, 1), a maximiser ¥|c, of F(-; r) existsin C(r).

Introduce plane polar coordinates on C, via y = re(a) for 0 < o < 27, where e(x) =
(cosa, sinar)T. We take z belonging to ¥ (B,) and, for 0 < o < 2w, define the maps p(-)
and o (-) by

p@) = ¥ (re(@)) —z| and (3.6)
e(o (@) = 2re@) — 2. (3.7
p(a)

By Lemma A.1, p and o can be chosen such that they both belong to H! ([0, 27r), R), and,
by Lemma A.2, o obeys 0 (0) = o9 and o (27) = 27 + o9 for some og. Notice that if either
p(a) > rforall @ or p(a) < r for all o then ¥ (B,) would have measure strictly greater than
or, respectively, strictly less than | B, |, contradicting Proposition 3.1(c). Hence, and without
loss of generality, we may assume that p(0) = r. The quantity op must remain free at this
stage; it will, in fact, parametrize the two families of extremals described in Lemma 3.3.

In terms of p and o,

2
AWlc,) = (1/2)/0 p*(@)o’ () dot (3.3)

and

2
F(lc,;r) :/o p(a)cos(o (o) — o) da. (3.9

By identifying v |c, with the pair of functions (p, o) as described above, it is convenient to
alter the notation slightly so that A(p, o) := A(Y¥'|c,) and F(p, o) := F(¥|c,; r). We now
determine conditions necessary for ¥|c, = (p, o) to be a stationary point of F' amongst
maps which obey the constraint A(p, o) = 7r2.

Lemma3.2 Let (p, o) be determined from {r|c, as described in (3.6) and (3.7) above, and
suppose that (p, o) is a stationary point of F with respect to perturbations which obey
A(p, &) = mr?. Then, for some constant A, the coupled ODEs

rpo’ +cos(oc —a) =0 (3.10)
rp' +sin(c —a) =0 (3.11)

hold almost everywhere on [0, 21 ].

Proof Let €] and € be real, let p1, 02, o1 and o be smooth and compactly supported in
[0, 2], and consider the function

v(€1,€) == A(p + €101 + €02,0 + €101 + €02).

Now v, (0, 0) = fozn po’pr+ (1 /2),02(72/ da. Suppose for a contradiction that y, (0,0) =0
for any choice of py, o5. Then it easily follows that po’ = 0 and hence that A(p, o) = 0,
contradicting a hypothesis of the lemma. Hence we can choose p2 and 07 so that y,, (0, 0) # 0,
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and, via the implicit function theorem, find a smooth function g : (—1,1) — R such that
2(0) = 0 and y (e, g(¢)) = y(0,0) = nr2 for all sufficiently small €. Differentiating
the latter expression gives ye, (0,0) + g’'(0)y.,(0,0) = 0, which will be of use shortly.
The variations (p¢, 0¢) := (p, 0) + €(p1, 01) + g(€)(p2, 02) obey the constraint and so are
admissible in the sense given in the statement of the lemma. In particular, 9¢ |c—o F (p€, 0¢) =
0, which we compute as follows (and where, for brevity, we set ¥ := o(«¢) — « and then
suppress o whenever possible):
2
dele=0F (p€,0) = ; (p1 + &' (0)p2) cos T — p(o1 + g'(0)02) sin T da

2
= / p1cos X — poy sin Z da + Ay, (0, 0) (3.12)
0

provided we set A = —(fozn p2C0s X — possin X da)/ye, (0, 0). Inserting y¢, (0,0) =
fozﬂ po’p1 + (1/2),02(71’ da into (3.12) gives

2
0= / p1(cos T 4+ Apo’) + (A/Z)pza{ — poy sin T do
0

2
=/ p1(cos T 4+ Apo’) —o1p(Ap’ + sin X) da,
0

from which (3.10) follows immediately, as does p(Ap" + sin ) = 0 a.e. on [0, 27r]. Since
¥|c, is, by Proposition 3.1(b), 1 — 1 H'-a.e., we may assume that p vanishes only on an
H'-null subset of [0, 277], and hence (3.11) must hold almost everywhere. ]

It remains to identify the solutions to (3.10) and (3.11), and thereby calculate the extreme
values of F'(¥|c,; r) among ¥|c, in C(r).

Lemma3.3 Let (p, o) be determined from {r|c, as described in (3.6) and (3.7) above, and
suppose that (3.10) and (3.11) hold. Then —2nr < F(Y|c,;r) < 2mr.

Proof Recallthat ¥ (a) = o (o) —«. By altering o’ and p’ on a set of measure zero if necessary,
we can assume that (3.10) and (3.11) hold pointwise on [0, 277). Clearly, 1 # 0. Moreover,
since X and p are absolutely continuous, a simple bootstrapping argument using (3.10) and
(3.11) implies that p and ¥ are smooth away from the set {« € [0, 27) : p(«) = 0}. Since
it is long, we break the rest of the proof into several steps.

Step 1. Let k # 0 be a constant to be determined shortly, and let

p=—kYsecX, (3.13)
tan X = Y’/Y, (3.14)

provided cos ¥ # 0 and ¥ # 0. Let ¥ solve Y + Y = (Ak)~! on (0, 27) subject to
Y(0) = 1 and Y'(0) = tan oy, where, to start with, we suppose that cos oy # 0. The
motivation for transforming variables in this way is explained in Remark 3.4 below. The
aim is to show that with p, ¥ and Y so arranged, both (3.10) and (3.11) automatically
hold. To that end, note that by first differentiating (3.14) and then using Y +¥ = (Ak)~!,

YY//_y/Z
y2
1
o)< 3.15
(Ak) 7 (3.15)

sec’ (D)o’ = +1+tan’ T
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Bearing (3.13) in mind, the latter expression rearranges to give (3.10).
To see that (3.11) holds, differentiate (3.13) and use (3.14) and its derivative to obtain

0 = —kY sin(2) sec’(2)E — kY’ sec(T)
/

= —kY sin(Z)( > — kY tan(X) sec(X)

Y
YY' — Y2
= —kY sin(%) <7 + 1 + tan® 2)
Y2
= —2"sin(®).
(It may help to notice that the bracketed term in the penultimate line also appears in

(3.15), and is therefore (AkY)~1.)
Step 2. Eliminating ¥ from (3.13) and (3.14) gives

o = k|(Y?2 4+ Y12, (3.16)

When cosop # 0, we impose p(0) = r by setting k = —r cosop in (3.13) (and by
recalling that Y (0) = 1). This gives rise to two possible sets of equations expressing
cos X and sin X purely in terms of Y as follows:

+Y
cos X = m (3]7)
. +Y’
sinY=-— (3.18)

(Y2 + Y/2)1/2’

the & sign to be interpreted as sgn (cos og). Suppose for now that cos g > 0. Note that
from (3.16), (3.17) and (3.18), we can express the components of ¥|c, as

pcoso = rcos(og)(Y cosa — Y sina) (3.19)
psino = rcos(og)(Y cosa + Y sina). (3.20)
Since
Y =0k + (1= k)" cosa + tan og sin e, (3.21)
these simplify to give
Vi, (@) = (rcors :ﬁl;rl) — e (@) (3.22)

The same equation results when cos og < 0 is assumed at the outset.
Step 3. To determine A we impose the constraint A(p, o) = mr? as follows. By the
description of A given in (3.8), and by using (3.10), (3.13), and (3.21), we see that

1 2
Ap,o) f/ ppo’ da
0

2
1 27
= Ty pcos X da
0
1 27
=% —kY da
0
= n/kz,
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and hence A = £r~L. It is immediate from (3.9), (3.13), and (3.21) that F(Wlc,;r) =
2721, whence the claim in the statement of the lemma in the case that cos oy # 0.
Step 4. We now deal with the case cos oy = 0. Firstly, note that by sending cosog — 0
in (3.22) we obtain four distinct maps (corresponding to A~' = +r, o9 = 7/2 or 37/2)
which, by a direct calculation, obey (3.10), (3.11) and the relevant boundary conditions.
The point of this final step is to verify that these are the only such solutions.

Letus fix og = 7/2, let (3.13) and (3.14) hold and again suppose that Y satisfies Y +Y =
(Ak)~1 on (0, 27r). In order that p(0) = r holds, (3.13) implies that Y (0) = 0. Suppose for a
contradiction that X («) = /2 on [0, §) for some § > 0. Then (3.13) implies that Y (o) = 0,
and hence Y +Y” = 0 on [0, §), which, since ()Jc)_1 # 0, is a contradiction. Hence there is
8 > 0 such that X () # /2 if « € (0, §). The calculations in Step 1 imply that (3.10) and
(3.11) hold on (0, §). Now, by writing (3.14) as Y’ cos & — Y sin & = 0, differentiating this
expression and applying the equation Y + Y = (Ak) ™!, we have

(YcosT + Y sinZ)(Z + 1) = (k) ' cos T (3.23)

on (0, 8). Note that the prefactor of ¥’ + 1 is continuous, with limit ¥’ (0) as o — 0+.
Suppose first that Y’(0) = 0. Then ¥ = (M) ~H(1 = cosa), so from (3.14) cos T = +(1 —
cosa)/2/+/2, and hence sin ¥ = +(1 +cosa)/2/y/2 (again by using (3.14)). In particular,
p=+v2071(1 = cosa)!/?, making p(0) = r impossible.

Hence we may assume that Y'(0) # 0. By letting @ — 0+ in (3.23), it follows that
¥’(0+) = —1, with obvious notation. By (3.13), I’'Hopital’s rule, and the condition p (0) = r,
r = kY'(0)/ %' (0+). Without loss of generality take k = r, so that Y'(0) = &'(0+) = —1
follows, and hence ¥ = (Ak)~! (1 —cosa) — sina. With k = r, we see that (3.16) becomes
p = r(Y% + Y?)1/2 and hence, from (3.13), that the versions of (3.17) and (3.18) with
negative prefactors on the right-hand sides must be used. The components of ¥ |c, are then

pcoso = —r(Y cosa — Y sina)
psino = —r(Y' cosa + Y sina).
Using the expression for Y just derived, we obtain (3.22) evaluated at og = 7 /2. A similar

procedure in the case that oy = 3w /2 produces the corresponding version of (3.22). The
proof can be concluded by arguing as in Step 3 that A~! = +r and substituting in (3.22). O

Thus we see that the extremals of F(-; r) on C(r) are in the form of two families of maps
which take circles to circles, each family being parametrized by the change in polar angle
oo Note also that the condition that re; maps to re(op) is achieved by effectively ‘pivoting’
the original circle C, about a suitably chosen point.

Remark 3.4 Here we explain the origin of the transformation (3.13) and (3.14). For argu-
ment’s sake, suppose that cos oy > 0. Then the assumption that both p and o are absolutely
continuous together with the conditions p(0) = r and X(0) = op imply that cos X(«) > 0
and p(a) > 0 provided « is sufficiently small. Using (3.11) and (3.10) gives p’/po’ = tan X,
which on writing ¢’ = 1 + ¥ and integrating yields

o
p(a) = —k sec X exp (/ tan X (a) d&) , (3.24)
0
where k = —r cosog. Let 6 = féx tan X () da and insert (3.24) into (3.10) to obtain

1 —2k(2 + e sec? & = 0.
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Now 6’ = tan ¥ and 8" = sec? ¥ ¥, so
1—2k(@" +07% + e’ =0,
which, on letting ¥ (o) = ¢?, transforms into the equation
1 — k(" +Y)=0.
In terms of Y, (3.24) becomes (3.13) and the equation 8’ = tan ¥ becomes (3.14).

Remark 3.5 Early in the proof of Lemma 3.3 it is asserted that the functions p and o are
smooth away from the set {&¢ € (0,27) : p(a) = 0}. This qualification is necessary
in the sense that, for certain oy, there exists oo such that p(ag) = 0, and p, o fail to
be smooth in a neighbourhood of «g. To see this, consider the case that cosop # 0, so
that p obeys (3.16) and Y is given by (3.21). Solving p(e) = 0 gives cosa = 1 — Ak
and sine = —Aktanop. It can be checked that if cos g and A are of the same sign then
p(a) = 0is impossible, but that when cos og < 0, k = —r cos o (see Step 2 of Lemma 3.3)
and A = r~!, the equations for p(ag) = 0 are solved by ap = 7/3 when o9 = 2r/3.
Letting « = /3 + €, we find that p(¢) = V2r/T=cose, cos £ = —/T — cos e/ﬁ and
sin ¥ = — sin(€)(v/24/T — cos €)', none of which is smooth in a neighbourhood of € = 0.
By contrast, the quantities p cos ¥ = —r(1 — cose€) and p sin ¥ = —r sin €, which are the
building blocks of ¥|c,, are clearly smooth in €, and hence in «.

As promised at the end of Sect. 2, we now give the proof of Theorem 2.2.

Proof Let ¢ be as described in the statement of the theorem. By Proposition 2.1, Eq.(2.9)
and inequality (2.11), it follows that

1

/ [V (uy o@)|?dx = (N + 1/N)+2(N —1/N) (n —/ F(;r) dr) ,  (3.25)
B 0
where ¥ = ¢! and the functional F is given by (3.1). By the argument preceding Lemma 3.2,
the results of Lemma 3.3 apply to F (y; r) foralmostevery r in (0, 1).In particular, F ({; r) <
2mr a.e., from which it clearly follows that the second termin (3.25) is nonnegative for N > 1.
Finally, since the term 7 (N + 1/N) in (3.25) is exactly the Dirichlet energy of u, on the
unit ball, (2.13) follows.

To prove that u,, is the unique global minimizer of the Dirichlet energy with respect to
inner variations, we note that if (2.13) holds with equality then, in particular, (2.11) must also
hold with equality. Since the functional / (v, N) in (2.9) is strictly convex in v, (2.10) holds
with equality if and only if i is the identity map, whence ¢ must be the identity map too. O

Remark 3.6 Note that equality in (2.13) also implies that F (y; r) = 2z r for almost every r,
so, for such r, it must be that ¢ = ¥|c, for an appropriate choice of o and with =1,
as described in (3.22) (and in the notation introduced in (3.6) and (3.7)). Supposing this to
be the case, it follows that

V(R, ) = R(e(d(R)) +e(a) —e1)

for a suitable, weakly differentiable map & satisfying 6 (1) = 0. A short calculation then
reveals that det Vi = 1 a.e. if and only if & is a.e. zero, and hence that ¥ is equivalent to
the identity map. In this way the uniqueness part of the proof of Theorem 2.2 can be deduced
without appealing to strict convexity.
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4 u, is a minimizer within the class of outer variations

We now apply a technique of Sivaloganathan and Spector [30] to demonstrate that u,, is
a minimizer of the Dirichlet energy within the class of outer variations. In the rest of this
section we will write By := B(0, 1/ VN ) for brevity.

Definition 4.1 (Outer variation) Let ¢ € Hi!i(BN’ R?) satisfy det V¢p = 1 a.e. in By. Then
¢ ou, is an outer variation of u,,.

By Proposition 3.1, we may assume that ¢ is continuous and measure-preserving, and that
fora.e.r € (0, l/ﬁ), @|c, belongs to Hl(Cr; Rz) and is H!'-a.e. 1 — 1. We have need of
the following technical result.

Proposition 4.2 Let ¢ € Hib(BN’ R2) satisfy det V¢p = 1 a.e. in By. Then there exists a null
set w C (0, 1//N) such that for all v € (0, 1/v/N)\w:

() ¢(C) is H'-measurable and H' (¢ (C,)) > 27r;
(i) Jor(2) - ¢ (z) = 1 for H'-a.e. z € C;;
(iii) H'(@(Cr) < [¢, 19 () dH! (2).

Proof (i) Since ¢ agrees with the identity on d By, [31, Lemma 5(i)] implies that ¢ is 1 — 1
almost everywhere. Let U := {z € By\¢(C;) : d(¢, B(0,r), z) > 1}. Then properties
of the degree easily imply thattf C ¢ (B(0, r)). By [13, Theorem 5.21], the fact that ¢ is
1 — 1 almost everywhere and the constraint det V¢p = 1 a.e., we can assume that the set

E:V = {x € By : V¢ (x) exists classically, qb_l(qj(x)) = {x}and det V¢ (x) = 1}

is of full measure in By. Let x € E:V N B(0, r) and define z = ¢ (x). By [13, Lemma
5.9], there is r9 > O such that, for all 1 € (0,rp], p(x + h) # ¢(x) if 0 < |h| <y
and d(¢, B(xg, r1),z) = sgn det V(x) = 1. The former implies in particular that z ¢
¢(0B(x, r1)). By taking r; sufficiently small, we may assume that B(x, r1) C B(0, r).
Itis clear that z ¢ ¢ (C,), so by the excision and domain decomposition properties of the
degree we have

d(¢,B(0,7r),2) =d(¢, B(x,r1),2) +d(¢, B(O,r)\B(x,r1), 2).

It must be that d(¢, B(0,r)\B(x,r1),z) = 0, since otherwise there is X €
B(0, r)\B(x, r1) such that ¢(X) = z, contradicting our assumption that z has no other
preimages in By besides x. Hence d(¢, B(0,r),z) = 1, so x € U, and we conclude
that ¢ (B(0, r)) and the set U := {z € By : d(¢, B(0,r), z) > 1} differ only by a set
of £2-measure zero. By part (c) of Proposition 3.1, ¢ preserves the measure of B(0, r),
so that £2(U{) = mr?. Now, by arguing as in [26, Lemma 3.5, Step 3], ¢(C,) = 9*U
H!-a.e., and hence, by the isoperimetric inequality [12, Theorem 3.2.43],

H (@ (C)) = 2/T(L2WU)? =277,
(i) Let C* = {z € Cr : Jpx(2) - $:(2) # 1}, w1 := {r € (0, 1/+/N) : H'(C*) > 0} and
E = U,cu, CF. Since det V¢ = 1 a.e., it follows that £2(E) = 0. On the other hand,

£L2(E)= | HYC)dr,

w]

which implies that w; is null. Hence, by excluding r from w;, we ensure that J¢z(z) -
¢:(z) = 1 for H'-ae. z € C,.
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(iii) By Proposition 3.1(b), we can assume without loss of generality that ¢|c, belongs to
H'(C,,R?). The stated inequality now follows by applying [26, Proposition 2.7]. O

Following [30, Lemma 3.5], we note that, by the Cauchy—Schwarz inequality and Proposi-
tion 4.2(ii), for a.e. r € (0, 1/v/N),

lpr(2)| > H' —ae.zeC,. (4.1)

1
e ()]

We now state and prove our result concerning outer variations.
Theorem 4.3 Let ¢ o u,, be an outer variation of u . Then
D(pouy) > D(u,) withequality if and only if ¢ = id. 4.2)

Proof A short calculation shows that

|ty D)) dy
N

)

D(¢ouN)=fBN|¢f<uN<y)>|2+

to which, by [13, Theorem 5.35], we can apply the change of variables

2 2
/BN|¢r<uN(y>)|2 + Wdy =/B (N|¢f<uN<y)>|2 + W) det Vi, (y) dy
2
:/Rz (N|¢,(z)|2+ “I’R]E]Z)‘ )d(uN,B,z)dz

:/ N?|pe @)1 + Ior () dz.
By
Here we have used the fact that d(u,, B,z) = N if z € By and d(u,, B,z) = 0 if
z € R?\By. This is easily deduced by noting that u, agrees with the smooth function
vy (2) = zN/«/N on 9 B, expressed here for brevity in terms of z € C, so thatd(u,, B, z) =
d(vy,B,z)forall z € R?\d By, and then by computing d(vy, B, z) directly. Now let fy :
R* — R be given by
1
@ =N+,

and notice that fy is strictly convex on R* and strictly increasing on the interval (1/+/N, 00).
It follows by the calculation above and (4.1) that

D( ouy) :/B N2pe @ + g2 () dz

< . Iy (19 (2)]) dz

1/v/N
_ /0 2’”][c Fu (62 dH' ) dr

1/v/N
> / 2rfy (f |¢T<z>|dH1<z>) dr,
0 C,

where Jensen’s inequality has been applied to pass from the third to the fourth lines above.
By Proposition 4.2(i) and (iii), the argument of fy in the last line above is at least 1, and
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since fy is increasing on (1/+/N, 00), we must have

UVE VN x
/ 2rfy (f |¢f<z>|dH‘(z>> dr > / 2erfuydr = (1),
0 C, 0

But, by inspection, D(u, ) = % fn (1), which proves the inequality stated in (4.2).
If D(¢pou,) = D(u,) then all the inequalities derived above become equalities, implying
that

(a) Equation (4.1) must hold with equality a.e. in By, and hence, by the condition for equality
in the Cauchy—Schwarz inequality, there is a scalar-valued function k(z), say, such that
Jor(z) = k(2)¢: () for a.e. z in By;

(b) fCr |d: (2)] dH'(z) = 27r mustalso hold fora.e.r € (0, I/Jﬁ), which when integrated
over r in that range gives

][ lp-(2)dz =1, 4.3)
By

© fg, fn(¢c (@D dz = fu(1).
Hence (c) and (4.3) give

][ Inlgc (@) dz = fy <][ |¢f(z)|dz) .
By By

Since fy is strictly convex, Jensen’s inequality tells us that

][ vl (DD dz = fy (][ |¢r(Z)IdZ>
By By

with equality if and only if |¢; (2)| = fBN |¢p:(2)| dZ for a.e. z. But, by (4.3), this implies that
|¢:(2)| = 1 for a.e. z, and hence from (a) together with the constraint J¢z(z) - ¢, (z) = 1
a.e., we obtain that k(z) = 1 a.e. Thus we can write

V() = —Jp:(2) ®Z+ ¢ (z2) ® JZ ae. 7 € By,

which has the property that cof V¢ (z) = V¢ (z) a.e. Thus, by Piola’s identity, ¢ is a weak
solution of Laplace’s equation which agrees with the identity on d By, so it must be that
¢ =idin By. O

Remark 4.4 From the proof above, we see that

2
7|¢”1(VZ)| dz. (4.4)

1
D@ ouy) =/ Nige@P +
Bn

Now compare this with the corresponding expression for an inner variation, (2.9), which we
reprint here for convenience,

1
Dy o) = [ L IWeOIP + NP dy.
B
The technique used in Theorem 4.3 does not apply to functional D(u,, o), and neither do the

methods used to prove Theorem 2.2 apply to the functional D(¢ o u,,). In each case, it seems
that the weighting of the radial and angular derivatives determines the approach required.
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5 Extension to functionals with p-growth for1 < p < 2

It is natural to ask whether the techniques of the preceding section carry over to functionals
besides the Dirichlet energy. The functionals we have in mind are of the form

E(u) ::/Bf(IVu(x)l)dx, 5.1

where f is convex, of class C'(R™), and such that f'(f) > 0 for t > 0. In addition, so
that the setting of the problem is W1P(B; R?), we suppose that there is a constant C > 0
such that %t” < f(t) < C( +1tP)forallt > 0. When p > 2, the analysis of E(u, o ¢)
carries over from that given for D(u, o ¢) with only minor changes, so we do not address
that question here. We focus on the case 1 < p < 2, where one has to construct carefully
a suitable analogue to the function space .A(B) introduced in (1.3). The chief difficulties
are that, in contrast to members of A(B), a typical map ¢ € wlhp (B; ]Rz), with p < 2,
obeying det Vo = 1 a.e. in B and ¢|3p = id need not be continuous, Eq.(3.2) need not
hold, nor need ¢ be invertible in the sense described just before Proposition 2.1. Recall that
the continuity and invertibility of ¢ € A(B) were needed to apply results depending on the
topological degree and to transform the energy functional |’ 5 W(@, Vo, N)dx into a more
tractable form involving ¢ := o~ ! (see e.g. (2.7) and (2.8)), while Eq. (3.2) led to the area
constraint in the study of the functional F (y) described in Sect. 3.

Fortunately, thanks to works of Miiller and Spector [26], Henao and Mora-Corral [18-20]
and Barchiesi et al. [4], there is a substantial framework which provides a suitable candidate
for A(B). In short, the required invertibility and other properties (such as the validity of
Eq.(3.2), for example) can be found in the class which Barchiesi, Henao and Mora-Corral
refer to in [4] as .A,,. We shall recall the definition of A, from [4] below, describe some of
its properties, and note how a supplementary condition, given later, ensures that the local
inverse of [4] is, in this setting at least, effectively an inverse on the entire image domain.

5.1 Extending the class .A(B)

Let p € (1,2) and let U, be the class of ‘good’ open sets defined in [4, Definition 2.7].
Following [4], define the class A, on the set B as:

Api={p € whP(B,R?) :adjVeg € LIIOC(B; R?), det Vo # O a.e., Det Vo = det Vo,
and d(¢, B(x,r),-) > 0 a.e. forall r > O for which B(x, r) € Uy,}.

For later use, we recall that if ¢ € whp (B, ]Rz) then its distributional determinant Det V¢
obeys

1
(Det Vo, n) = _5/ @(x) - cof Vo(x)Vn(x)dx n € CZ(B).
B
We also recall the definition of Miiller and Spector’s condition (INV), as given in [26,
Definition 3.2] in terms of a bounded, open domain & C R” with Lipschitz boundary:

Definition 5.1 We say that u : Q — R” satisfies (INV) provided that for every a € S there
exists an £! null set N, such that, for all r € (0, 7a)\Na, U|yB(a,r) s continuous,

(1) u(x) € imp(u, B(a,r)) Uu(dB(a,r)) for L2ae. x € B(a,r), and
(i) u(x) € R2\imr(u, B(a, r)) for £?-a.e. x € Q\B(a, r).

Here r, := dist (a, 02).
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The topological image imT(u, B(a, r)) is given by
imr(u, B(a,r)) :={y e R"\u(@B(a,r)) : du,dB(a,r),y) # 0}

whenever u|j g, ) is continuous: see [26, Section 3] or [4, Section 3]. We will need to apply
condition (INV) to the precise representative of a function in W1-P_One can either follow [26,
Proposition 2.8], or, as we do here, give the formulation of [4, Proposition 2.2].

Proposition5.2 Letr1 < p < nandu € WP (Q; R"). Let p* := np/(n — p) be the Sobolev
conjugate exponent. Denote by P the set of points xo € Q2 where the following property fails:
there exists u*(xg) € R" such that

lim lu(x) — u*(xo)|?” dx = 0.
"™OJB(xo,r)

Then cap,(P) = 0.

Here, cap,, refers to the p-capacity of a set: see [11, Section 4.7], for example.

We now form the subclass /f,, as follows, where condition (INV) is understood in the
sense given above with @ = B andn = 2:

/fp ={peAy(B): g€ Wih’p(B; R?), @* satisfies (INV) in B, detVo =1 a.e.}.
(5.2)

By [26, Lemma 3.3], condition (INV) is stable under weak convergence in wblP(B,R?),
and, by [4, Proposition 6.1], the weak (in L") limit of the sequence (det V!/ )). jeN coincides
a.e. with det Vg provided ((p(j))]EN C Ap, (det V(p(j))JeN is equiintegrable, and (go(j))]EN
is bounded in W17 (B, R?). Since det Vo = 1 a.e. in this case, [4, Proposition 6.1] yields
¢ € Ap. Thus, in summary, A,, is closed in the weak W7 (B; R?) topology.

Definition 5.3 Let ¢ € A),. Then a generalized inner variation of u,, is a function of the form
uyog:B— R

Since A pis weakly closed, it follows from Sobolev embedding that the class of generalized
inner variations is also weakly closed. With this in mind, an application of the direct method
of the calculus of variations yields the following.

Proposition 5.4 Let E be given by (5.1). Then there is a minimizer ¢ € .,éfp of E(uy o ).

Proof Note that ,pr contains the identity map, so, in particular, the set of generalized inner
variations is nonempty. Take a sequence (/) jen such that E(u,, 0p)) N\ inf{E(u, 0p/) :
@€ .Afp}. By (2.3) and the assumed p-growth of f, it follows that, for a subsequence, /) —~¢
in whp (B, Rz), and, by the argument above, that ¢ € A p- The convexity of [E finishes the
proof. O

Next, we wish to define a suitable inverse of ¢ € A p- According to [26, Lemma 3.4], if ¢*
satisfies INV) on B then ¢ is 1 —1 a.e. on B. (See also [4, Lemma 5.1(a)] for the equivalence
of (INV)and 1 — I a.e. on sets U € U,,.) Take a family of open sets (U;) jen C U, with the
property that U‘7° 1Uj = B and UJ CC Ujq forall j. By [4, Lemma 2.20], there are radii
rj /' 1 such that the choice U; := B(0, ;) works, for example. Since ¢ is 1 — 1 a.e., it is
clearly the case that ¢ is 1 — 1 a.e. on each U;. Hence, in the notation of [4, Proposition 5.3],
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the family (U) jen belongs to 2417, and so, by the same result, (¢|y;) ™" exists and belongs to
Wl (imr(g, Uj); R?), with

Velu) ™' ) = (Ve(elu) ') ae. (5.3)

and for each j € N. By [4, Lemma 5.1 (b)], the topological images are nested in the sense
that imy(¢, U;) C imr(p, U;+1) a.e., and, by [4, Lemma 5.18 (c)], they exhaust B up to a
set of measure zero. For a.e. y € B, we take ¥ (y) := ((pIUj)’l(y) if y € imr(g, U;). Since

the sets imt (¢, U;) are nested a.e., ((pIUjH)’l agrees a.e. with ((plyj)’l onimrt(¢, Uj). For
clarity, we record the definition of ¥ here.

Definition 5.5 Let ¢ € ffp and let (U;) jen C Uy, be a nested family of sets which satisfies
B = UjenUj. Define the function ¥ on B = Ujcnimr(p, Uj) by ¥ (y) = (galuj)fl(y)
whenever y € imr(p, U;j). For y € 0B, set ¥ (y) = y.

Since det Vo = 1 a.e., (5.3) implies that

V(gly) ™ () = cof Ve((plu) ' ONT. (5.4)

By considering the functions Vi Ximy(p,u), (5.4) and applying the area formula [4, Propo-
sition 2.7] with NU_; = 1 a.e. (the last of which follows from [4, Lemma 5.1]), it follows
that

/ IV (n)IP dy =/ |cof Ve (plu,) " ()77 dy
imr(¢,Uj) imr(¢,Uj)

-,

J

IVo(x)|? dx 5/ IVo()|” dx.
B

Hence, by monotone convergence, Vi € LP (B, Rz). By a similar argument, this time with
the functions W% (y, VWT(y), 1/N) Ximr(p,U})» it follows that

fBW%@,vl/,T(y),l/N)dy=LW%(¢(x),V¢(x),N)dx. (5.5)

Proposition 5.6 Let ¢ € ./fp. Then the inverse ¥ of ¢ given in Definition 5.5 satisfies
Det VY = 1 as a distribution. In particular, (3.2) holds.

Proof Let n € C2°(B) be a scalar-valued test function. Since sptn CC B, thereis j € N
such that spt CC imr(¢, U;). Then

1
(Det Vir, ) = —ngw(y)-cofVW(y)Vn(y)dy
1

- —5[ (plu) ™ ) - cof Vigly) ™ (M Vn(y) dy
mr(p,Uj)

1
= ‘5/ (@lu) ™ o) - Vel (@lu) ™ ) V() dy
imr(¢,Uj)

:_7/Ax-(V¢|Uj(x))TVn(<ﬂ|Uj(x))dx

Uj

= _7/ x-V(nooly;)dx

Uj
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=/‘nowwdx
U .

J

=/ n(y)dy=/ n(y)dy,
imr(p,U;) B

which, since n was arbitrary, proves the first part. To show that (3.2) holds, note that by [4,
Proposition 2.23], for each given set U € Uy there exists a family (15)5~0 of smooth,
compactly supported test functions such that ns — xy pointwise in B and such that

1
DetTpms) > 5 [ W) -cof VIO dHI (), 5.6)
aU
According to [4, Lemma 2.20], B(0,r) € Uy forae. 0 < r < 1. Taking U = B(0,r) in
(5.6), the left-hand side converges to 72 by the first part of the proposition. Noting that
v(y) = ¥, and using the expression cof Vi (y)y = JT v, the right-hand side of (5.6)
converges to % fc,_ J¥ - Yy dH', whence (3.2). O

We are now in a position to apply the techniques of Sects.2 and 3 of this paper to prove
the following result.

Theorem 5.7 Let the functional E be given by (5.1) and let u,, o ¢ be a generalized inner
variation of u,,. Then E(u, o ¢) > E(u,), with equality if and only if ¢ = id.

Proof Let ¢ € /fp. Recall (2.5) and note that, by (5.5), E(u,, o ¢) can be written
E(uy o) = /B FW3(@@), Vox), N)) dx
= [ rviG.vuT o amay,
where ¥ is the inverse of ¢, as described above. By the convexity of f,
[ roriGovuT = [ vy ay
[ iGN G et N
—W2G,1,1/N))dy. (5.7)

A direct calculation shows that W%()?, 1,1/N) = (N + %)% is constant, and in polar
coordinates

| 3
Wi, vyl 1/N) = (NWRF + Nwz) .

Let g(a, b) = (Nlal* + %|b|2)% forany a, b € R? and note that g is convex. In particular,

gWi o) =2 8(3, JY) + Dg(y, Jy) - (g =¥, ¥r = JY)

1

—Nl%Nle' 5+ U Jy
—< +N> +< +N> ( VoW =0+ 55 W = y)>.
(5.8)
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Integrating and applying the boundary condition |y = id, it follows that

1 1 172 1\2
fWZ(y,w, 1/N>dyzf WZ(y,l,l/N>dy+<N+—> (N——) (x—F). (5.9)
B B N N

where F'(y) is given by (2.12). The constraint (3.2) is in force, and the arguments of Sect. 3

continue to hold with WP in place of H' throughout (with the exception of part (a) of
Proposition 3.1; this is not needed, now that (3.2) has been established above by different
means). In particular, by Lemma 3.3, we see that F (1) < 7, and hence the rightmost term
in (5.9) is nonnegative. Since f’ > 0, it follows that the second line in (5.7) is nonnegative,
from which the inequality E(u,, o ¢) > E(u, ) results.

To prove that the identity map is the unique minimizer, first suppose that E(u, o ¢) =
E(u,). Then, in particular, (5.8) holds with equality for a.e. y in B. The same cal-
culation which proves the convexity of g also shows that if x := (a,b) € R* then
D?g(x)[£, €] = 0 if and only if x and & are proportional. Equality in (5.8) therefore implies
that D%g(y, Jy)[£, €] = O with & := (Yx —¥, ¥ — Jy), and hence, by the previous remark,
that (¥, ¥¢) = k(y)(y, Jy) for some function k(y) and a.e. y in B. Since det Vi =1 a.e.,
it follows that kz(y) = 1 a.e,, and hence that Vy/(y) € SO(2) for a.e. y. By a version of
Liouville’s theorem (see e.g. [29]), Vi is smooth and everywhere equal to a constant matrix,
and hence, via the boundary condition, ¥ = id. Thus ¢ = id. O

6 A class of variations in which u, is a local minimizer

We now focus on the double-covering map, u2, with the twin goals in mind of (a) establishing
that there are maps in the admissible class ) that are not inner variations of u, and (b)
demonstrating that u, is a local minimizer in a large subclass of A whose description we
give in Sect. 6.2. The proofs of both facts rely to differing extents on being able to generate
self-maps on the balls B or B’ using flows, the ideas for which come from [10] and the
references therein.

6.1 Admissible maps that are not inner variations of u;

The following class of counterexamples apply to the case N = 2, i.e. to the double-covering
map, but the principle can be extended to N-covering maps if we wish. To be clear, we seek
maps v belonging to H'(B; R?) which obey both det Vv = 1 a.e. in B and v|yp = us, but
which cannot be expressed as inner variations u#, o ¢ where ¢ belongs to A(B).

Proposition 6.1 There exists a smooth diffeomorphism ¥ of B = B(0, 1/+/2) such that
¥ (0) = po # 0, where pg liesin B, ¥r|yp = id and det Viy = 1 in B’. The map v defined
by v = o uy is then admissible, i.e. v € ), but is not an inner variation of uy.

Proof To begin with, an argument of Dacorogna and Moser implies that a diffeomorphism
Y with the properties stated above exists. Specifically, by [10, Remark after Theorem 7], one
first chooses a diffeomorphism vy, say, of B’ which permutes the points 0 and po and which
preserves the boundary 9 B’, but which does not necessarily preserve area. By [10, Theorem
71, one then finds a second diffeomorphism, ¥, say, of B’ which preserves the boundary,
fixes 0 and po and which, in addition, satisfies det Vi/» = (det V1) ~'. It then suffices to
take ¥ = 1, o Y. It should be clear that v := ¥ o u lies in H'(B; R?), agrees with u» on
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¢ [ ]
. y
l ® e iy Py
I 2,
Xy ° L] y2 KJ
B(0,1) B(0,1) B(0,1/v/2)

Fig. 1 The points y; and y; are such that uz_l(po) = {y1, y2}, and the points x| and x obey ¢(x;) = y; for
i = 1, 2. Thus the map up o ¢ takes x1 and x7 to pg. In particular, py always has two preimages in B, and so
the map v constructed in Proposition 6.1 cannot be of the form 1, o ¢

dB and obeys det Vv = 1 on B\{0}, so that v € ). Moreover, by construction, v(0) = po
and, in fact, 0 is the unique preimage of pg in B.
To clarify the following argument we introduce the following notation. Given sets X, Y,

amap f: X — Yandpointsa € X,b € Y, leta <£> b express the statement that f(x) = b

if and only if x = a. By definition of u; and ¥ we therefore have 0 &0 i) po, and hence,
since v = v o uy by definition, 0 & po- Now let y; and y, be the local inverses of u;
defined on B’, so that u;(y; (po)) = po for i = 1, 2. Note that because py # 0, neither of
v1(po), y2(po) is zero and y;(po) # y2(po). Let ¢ € A, where the class A is defined in
(1.3). Since d(¢, B, y) = 1 for all y in B, it must in particular be that there are points xy, x2
in B such that ¢(x;) = y;(po) fori = 1, 2. Moreover, x| # x because yi(po) # y2(po)-
Hence, and with obvious notation, x; £ vi (po) et po- (See Fig. 1.) If we now suppose for
a contradiction that v = u» o ¢ then we must have x; A pofori =1,2.But0 & Po, which
implies x; = x = 0 and thereby contradicts x| 7# x;. Since ¢ was arbitrary, we conclude
that v is not expressible as 13 o ¢. O

The key to the result above is the use of ‘outer variations’ of u of the form ¥ o us,
and it naturally leads us to consider compositions of the form v o u; o ¢ where ¥ and ¢
are measure-preserving maps of the balls B’ and B respectively. By further requiring that
tr (¥) = id and tr (¢) = id, it should be clear that ¥ o u> o ¢ belongs to ). In this way, we
can generate a rich subclass of ) which can be analysed in a neighbourhood of u,. This is
the topic of the next subsection.

6.2 Local minimality of u; inthe class S’ o uy 0 S~
In this section we focus on admissible maps v = v(-, §) in the form
v=hou og, (6.1)

where h € §', g = G~ with G € S, and where the classes $” and S are defined in terms of
flows, as follows. Firstly, let

T(B) :={X € C®(B\{0}, R?) : divX = 0in B},
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with a corresponding description for T (B”). Then we define S” and S respectively by
8= {h :B'—> B/, 32 eT(B) and

—_ [ / _
5o >0 s.t.{Bsh(z,S) =JVE(h(z,8)) ze€B, §e( 50,50)}

h(z,0) =1z zeB
and
S::{G:B—>B, 3% e T(B) and

3G (y.8) = JVE(G(y,8)) ye€B,§e (b, 80)}

8o > 0 s.t.
0 {G(y,O):y yeB

Now, by [9, Lemma 14.11], maps belonging to S’ are self-maps of B’ which obey (i)
detV h(z,8) = 1forall z € B, |8§] < 8 and (ii) h(z,8) = z forall z € B, |§] < 8.
Similarly, maps in S are smooth self-maps of B with unit Jacobian and which agree with
the identity on 0 B. In particular, by the inverse function theorem, any map G belonging to
S is smooth, invertible and agrees with the identity on d B, so that g = G~ is well-defined.
Letting the set S~! be

S'={(G': Ges),

the notation in the title of the section is now self-explanatory, and, by inspection, the map v
given by (6.1) belongs to ).
Now recall that

D(v) = /B [Vo(x)|? dx.
When v is expressed using (6.1), a short calculation shows that
D() = /B VR (uz(y) Vua(y)adj VG (y) [ dy, (6.2)
where G = g~!. Indeed, it is clear from (6.1) and the definition of D(v) that
D) = /B |Vh(u2(g(x))) Vua (8(x) Vg (x)[* dx.

By making the substitution y = g(x) and using the fact that Vg(x) = adj VG(y) when
detVg(x) =land G = ¢!, the expression (6.2) results.

Lemma 6.2 Let D(v) be as in (6.2) with h a smooth self-map of B’ and G a smooth self-map
of B. Then D(v) can be written as

_ 2 ), 1 2 2
]D)(v)—/B2|hf(u2(y))| G, WI” + 2|hs(u2(y))| G (y)l

= 2(he (u2(y)) - hsua (YNNG (y) - G () dy. (6.3)
Futhermore, on letting
_ G:() -G,
PO =G, P

Ihs (u2 ()12

. 6.4)

: (6.5)
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and defining the function W : RT — RT by U(¢) =t + %, D (v) takes the form
21G, 12
|G, 2) dy.
|75 (u2(y))]

Proof The first expression, (6.3), for D(v) follows by substituting the three expressions, valid
fory # 0,

1
D(v) = fB 5|hs(uz<y>)|2|GR(y)|2(p<y) —2¢()* + q,< (6.6)

Vh(ua(y) = hyW25)) ® 120 + he (W2(y)) & Ju2 (),
Vua(y) = %mw ®F + V220 ® J7,
adjVG(y) = Iy @ JG(y) =Y ® JG.(y),

where 7 := % forany z € R2\{0}, into (6.2).

In order to see (6.6), we begin by abbreviating b1 = G (), b2 = G (¥), a1 = hs(u2(y))
and ap = h(u2(y)). In these terms, det Vi(uz(y)) = Jay - ap and det VG (y) = Jby - by,
and since both & and G are 1 — 1, measure-preserving maps by hypothesis, it follows that
Jay -a» = 1 and Jb;y - by = 1 throughout the domain B. In particular, note that none of
ay, ay, by and b, can vanish at any point y in B. Hence the decompositions

Jby
by=pb
»=pb1+ el
Ja1
@m=qa+—35 a2
ai
must hold, where p = l"b‘ Il’zz and ¢ = Talszz are the shorthand versions of (6.4) and (6.5)

introduced above. Using these exressions in (6.3) shows that

D)= | 2|bil"|ga1 + — *I 12 |pb+ 2 —2pqlail”|bi”dy
B lai] [D1]
1 2161 | lar]?
= [ slaiP1bil*(p® + 44> — 4pg) + +
fB 2 lai]?> ~ 2|b1|?
which, on reverting to the original notation, is (6.6). O

Let E : B’ — B’be asmooth, divergence-free map with compact support in the punctured
ball B’\O. Let & belong to S, that is, h(z, §) is a one-parameter family of maps, defined for
z € B’ and |§| < 8y, for some 8y > 0 by the system

{h/(z, §) = E(h(z,8)) if ze B and |8] < & ©7)

h(z,0) =z if ze B/,

where h'(z,8) := 9sh(z, §). Similarly, let ¥ : B — B be a smooth, divergence-free map
with compact support in the punctured ball B\0. Let G = g~! be a one-parameter family of
maps, defined for y € B and || < dp, by the system

(6.8)

G'(y,8) = X(G(y,8) if ye B and |§] < &
G(y,0)=y if y € B,

where G'(y, §) := 095G (y, 8).
Since E and X are smooth and divergence-free, we have det V,h(z,8) = 1 if z € B,
det VyG(y,8) = 1if y € B, and higher derivatives of A (-, §) and G (-, §) with respect to &
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can be calculated directly from (6.7) and (6.8). Finally, since E and X are divergence-free,
it is well known that potentials o and & exist such that

E(z) =JVE(@) z€B,
X(y) =JVyo(y) y€B.

With G(y, 8) and h(z, §) defined by (6.8) and (6.7), let
g7, =G"1(y.8) yeB. 8] <. (6.9)
and write
v(x,8) = h(uz(g(x,8)),8) x e B, |§] < do. (6.10)

Suppressing the dependence on é for brevity, this is merely (6.1) with the particular choices
g(x) = g(x,4) and h(z) = h(z, §), but now equipped with an associated evolution which
enables us to calculate the second variation 852 ’ 5=0 D(v(-, 8)).

The goal of this section is to prove the following result.

Theorem 6.3 Let ¥ = JVo and B = JVE be smooth, divergence free maps belonging,
respectively, to CZ°(B\0, R?) and C°(B\0, R?), and let h, G, g and v be defined by (6.7),
(6.8), (6.9) and (6.10) respectively. Then

(@) 3sl5=0 D(v(-, 8)) =0;
(b) it holds that

03|, D(-, 8) = 4fB {0 —§ 0wl +{(0 —Eou)ea dy.  (6.11)

and 9|;_, D((-, 8)) = 0 only if
D(v(-, 8)) = D(us) 8] < 8o.

In particular, the map uy is a local minimizer of the Dirichlet energy with respect to all
variations of the form v(y, 6).

The proof of Theorem 6.3 relies on a number of auxiliary results, which we now present.

Lemma 6.4 Let h(z,§) and G(y, §) obey (6.7) and (6.8) respectively, and define

ai(y,8) = hg(ua(y), 8) (6.12)
bi1(y,8) = Gx(y,9) (6.13)
az(y, 8) = he(ua(y), 8) (6.14)
by(y,8) = G(y,9). (6.15)

For brevity, write b} (y, 8) = d3sb1(y, ), b (y,8) = 32b1(y, 8), and similarly for a(y, 8),
by(y, 8) and ax(y, §). Then the following hold for y € B and —§p < § < 8p:

@ b1(y,0) =7y, ai(y,0) = ua(y);

(b) ba(y,0) = Jy, ax(y, 0) = Jua(y);

(©) bi(y,0) = Zr(y), aj(y,0) = Es(uz(y));
(d) by(y,0) = X (y), ay(y,0) = Er (u2(y)).

Proof (a) Since G(y,0) =y, the relation G, (y,0) =y, whose left-hand side is b;(y, 0)
by definition, is immediate. Similarly, A, (z, 0) = Z for any z # 0, so take z = u(y) and
recall the definition of a;(y, 0). The proof of part (b) follows similarly.
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(c

~

Consider (6.8) and take the derivative with respect to the radial variable R. Since the
derivatives in § and R commute, we have

bi(y,8) = VE(G(y,8)b1(y,8) y € B, [5] < . (6.16)
By taking 6 = 0, applying (a) and the fact that G(y, 0) = y for y € B, it follows that
1(3.0)=VE()7Y ye€B.

The right-hand side of the equation above is ¥, (y), as claimed. Similarly, &/ (z,0) =
Es(z)z, in which we set z = u»(y) to obtain a; (v,0) = Es(uz(y)). Notice that the
condition y # 0 is precisely what is needed to ensure z = u3(y) 7# 0. The proof of part
(d) follows similarly. O

The next three lemmas gather together and simplify various quantities which will shortly
be of use and which exploit the divergence-free nature of E and X appearing in (6.7) and
(6.8). The first of the two results is an identity that is easily deduced, so we present only a
sketch of the proof. The second and third results are more involved.

Lemma 6.5 Let o belong to the class C2°(B\0, R). Then
fBamRof — OROrrr + O’ER — ooz dy = 0. (6.17)
Proof Equation (6.17) follows from the facts that
/1-3 OrrrO7r — OrO7rr dy =0, and (6.18)

/ ORrrOtr — UIZR dy =0, (6.19)
B

each of which can be established through a relatively straightforward sequence of integrations
by parts. O

Lemma 6.6 Let bi(y, §) be given by (6.13), where the corresponding map G(y, §) evolves
according to (6.8) and where ¥ = JVo is a smooth, divergence-free map with compact
support in the punctured ball B\O. Similarly, let ai(y, §) be given by (6.12), where the
corresponding map h(z, §) evolves according to (6.7) and where & = JVE& is a smooth,
divergence-free map with compact support in the punctured ball B'\0. In addition, let

X(y) :=§&ua(y)) y€ B, (6.20)
and note that X € C2°(B\0, R). Then

@) S, > =02+ 0%
() 1Es(u2()I* = 4X2, + X2, and

(c) the following identities hold:

IOk 4 62 4o dy, (621)

2 o2
/bl(y,O)- {(v,0) + |b|(y,0)] dy:/ % 4
B B R

4X2 X Xp
R2 R

+4X2, + X2, dy.
(6.22)

/Ba1<y,o>-ai’(y,0>+|ai<y,0)|2dy=/3

Proof (a) We have ¥ = 0xJy — 01V, S0 X = oxrJy — 07y, and part (a) is immediate.
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(b) Replacing o (y) and y with £(z) and z respectively gives E(z) = &55(2)J7 — &5(2)Z.
By (6.20), &5 (u2(y)) = 2X g and &5 (u2(y)) = Xk, whence the stated expression for
| Es (2 ().

(c) We focus on calculating by (y, 0) - b/l’(y, 0), since |b/1 (y, 0)|2 = |ZR(y)|2 has already
been dealt with in part (a). Given (6.8), it follows by (6.16) and both parts of Lemma 6.4,
that fori = 1, 2, the i™" component of b} (y, 0) obeys

B} (.0 = VS MIEW). 31+ (VEW) Ze ()i
Suppressing the dependence of X on y for brevity, we have
VE=5:8y+2:®JY,
so that
(VEXp)i = (E)r(Y - Xp) + (X)) (JY - Xp).

Moreover,

% X
V2E: = (T)RRY + (Z)erIT) @ T + ((Zi)RrY-i- (=) Jy+(Z)e Iy — @?) ®Jy

R R
and hence
) _ _ (Z)e _
VEZD), Y1 = (Z)re(Z - Y) + | (Bidre — (% -Jy).
Therefore, with the summation convention in force,
b1(y.0) - b{(y.0) = ¥; V>5[ 2, ] + ¥ (VE Zp);i
y : Er

=7 Ze)(T-V) + (i- Shr — )(2 I + (- Te)?
+ (- 2T Zp)

Given that ¥ = J Vo, itis straightforward to check that ¥ -y = —o,, £ - Jy = oy, and
that

Y Xgr = —Orgr (6.23)
T Tar = —U—I’;R — Oexr (6.24)
_ ORr
Y- X =—0r¢ — n (6.25)
V- X =—org and (6.26)
Jy - Xp = ogg- (6.27)

Hence

(o}
b1, 0) - B (3.0) + 1510 ) = 0v0var — o (75 + e )
g, (e} o
+ }R (Urr + FR) — ORR <Urr + ?R)
+207, + 0
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Integrating this expression over B, applying Lemma 6.17 and using the fact that
[ ZEZEE dy = 0 yields (6.21). Similarly,

ai(y,0) 'ai/()’U 0) + |ai(y, 0)|2 =& 855 — & <i£ +$rsr> + 5 (En + %;s)

s s
&

- S&s (S‘L’T + ?) + zérzs + SSZS’

where each term on the right-hand side is evaluated at u»(y). Using (6.20), we have
E(ua(y)) = Xf(y)/ﬁ, Ewa(y)) = ﬁXR(y), and, suppressing the arguments for

brevity, &r55 = ﬁXrRR’ &ss = 2Xgp, Erst = ert/ﬁ, §rr = X¢o/2 and &y = Xop.
Hence, with s = |us(y)| = R/~/2, we have

ai(y,0)-aj(y,0) +1a} (v, 00> = X: Xerr — XeXerr + X2 — Xeo Xpx — 8X 2 X rr

4x2 L XeeXa

+R2 R

+4X2, + X2,

Integrating this expression over B, applying Lemma 6.17 with X in place of o, and using
the fact that [, XEXRE gy = 0, we obtain (6.22). o

By employing the shorthand notation a; (§) := a;(y, é) and b; () := b;(y, 8) fori =1, 2,
and using (6.6) from Lemma 6.2, we can write

D(v(-, §)) = fB %|a1(8>|2|b1<6>|2(p(6> —24(8))% + W (r(8)) dy, (6.28)
where
p(é) = %, (6.29)
q(8) = % (6.30)
ré) = m. (6.31)

Lemma 6.7 Let £(8) = 5lai(®)?1b1(®)1*(p(8) — 2q(8))> + W(r(8)) be the integrand of
D(v(-, 8)) as it appears in (6.28), where p, q, r are given by (6.29), (6.30) and (6.31) respec-
tively. Then

/‘C/(O)dy:/ 3(X¢g —ocr) dy (6.32)
B B

and

0770
R

2
L0y dy = | 4(0cx — 4Xrp) (0rr — Xeg) +3 (£ +
B B R?

4X2 X, X
—3( = +%R+4X%R+X$R)

+ome + 03R> +

OR 4XR 2
+ URR—E—UU—4XRR+XU+ R dy. (6.33)
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Proof By Lemma 6.4, it is immediate that p(0) = 0, ¢(0) = 0 and (0) = 2, and, by a direct
calculation, that
L£'(0) = ¥'(2)r'(0)
=3(b1(0) - b (0) — a1 (0) - a{(0))
=3y - Zr(y) —u2(y) - Es(ua(y))
= 3(—=07r(¥) + &rs (w2(¥)))
=3(X¢r(¥) — 0rr(¥)),

the equivalence &;5(u2(y))) = X, z(y) having been established during the proof of
Lemma 6.6. This proves (6.32).
To demonstrate (6.33), first note that

L£"0) = (p'(0) — 24 (0))” + ¥ @) (' (0))* + ¥’ (2)r" (0). (6.34)

Now, by a direct calculation followed by an application of Lemma 6.4,

P'(0) = b1(0) - b5(0) + b1 (0) - b2(0) — 2(b1(0) - b2(0))(b1(0) - b} (0))

=y -Z:(0)+Jy - Zr(y)
Ogr
= Ogrr — & — Or7,

R

where (6.25) and (6.27) have been used to replace terms in ¥ with terms in o.
Similarly,

q'(0) = & (ua(y)) — w — & (ua(y))
oy X 2Xy
=M= T

where the conversion to terms in X is again made using facts already established in
Lemma 6.6. Hence

4Xe\?
/ (P’ (0) —2¢'(0))*dy = / <0RR - % — 07 —4Xpr + Xoo + TR) dy. (6.35)
B B

Next,

1
@) (0) + W' (2)r" (0) = 1 (4D1(0) - b1(0) — 4a1 (0) - a} (0))*

3

+ {40150’ © = 4@ ey ©

+16((@1(0) - 4} (0)? = (@ (0) - a{ ) (B1(0) - b O)) ]
=4 Tp — 100) - BN + 12600) - Bswa(»)?

+3(b1 -5 (©) = 3(a1 - a}) (0)

— 12620 - Bs@2(0))G - Ep)
= 407y + 16620 u2(7))? — 200 gy (u2(y)

+3(b1 -5 (0) = 3(a1 - a}) (0)

= 4(0rr — 4Xr) Ok — Xeg) +3(b1 - b)) (0)
—3(ar - ay)'(0).
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By (6.21) and (6.22),

/ Q) (0))* + ¥ (2)r"(0) dy = / 4(orr —4Xcp)(0cr — Xzr)
B B

oy (e}
+3<—+ T +o,§R+03R)+

R2
which, when combined with (6.34) and (6.35) yields (6.33). ]

4X2 XX
—3< R 2T R+4X§R+X$R> dy, (6.36)

We now replace X and o in (6.33) with their Fourier series representations

Ao(R)
X(y) = > (6.37)
Jj=1
ap(R) . .
o) ="+ > " aj(R)cos(j®) + bj(R)sin(j6) (6.38)
j=1
where y = (Rcos6, Rsinf) and where, ap, Ag and, for j = 1,2,...,a;,b; and A}, are

smooth functions of R € (0, 1). Note that, by (6.20), X is an even function of y, and so its
Fourier series must be as stated. The following result records the effect of this substitution
into (6.33), but in a new set of variables which arise naturally from a;, b; and Aj.

Proposition 6.8 Let X and o be represented by (6.37) and (6.38) respectively. Let R = ¢'
fort € I :== (—o0, 0] and define functions

bje") .
w;(t) = o jeN, tel (6.39)
ot
zj(t) = a‘,e(te ) jeNy, tel (6.40)
Aje') |
Zit) := " jeNy, tel. (6.41)

Define the function O(f; j) on C*°(I) x Ny by
O )= (2= HGE = D2+ G2 +8) 2 +4f (6.42)

and where f denotes differentiation with respect to the variable t. Then, in these terms, the
expression (6.33) takes the form

/L”(O)dy_—/O(ZO—ZO,O)dt—i—nZ/O(z, Zjs )+ O(wj; jydt. (6.43)

jeN

Proof Firstly, it is straightforward to check using elementary properties of Fourier series that
when X and o are expressed in terms of (6.37) and (6.38), (6.33) gives

1 2 2
3(a Af
£'(0)ydy =2 / L gt | =32+ AP
/z.s ©)dy n04 Rz T R?

1 44} 2
+7 <a” ”I’g +=0 - 4A”> RdR
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x  rl b\’ aiN/ A\ aiN/ A\
472 Z 2Ly g &L 2Ly (2L
e [l ()) (G - (G (G - (5
/ 2 / 2 /
a’. b aiv/ 2 a.d
J J 1”2 mn o2 J )
+3 (R +<R> +aj +bj +J <<<R>> - R3>
2 X
+j2 bi / _%
R R3
A\ AN\ AA
344 44" + 2 =L - /
(R) M AR R R3

2

2
a'. a; Al A
" J 2% ” J 240
+:“"‘R+J M AR T R RAR

Now we use (6.39), (6.40) and (6.41) to write a} = z; + Zj, a;.’ = (zj +Z;)/R and

(aj/R) = zj/R, with similar conversions for A; and b;. Using also the facts that

/uﬂdz:/iuidt:O and /ub’dt:/iiudt:—/m‘)dz,
1 1 1 1 1

where u, v, are any of w;, z;, Z;, we find, after simplifying and re-arranging terms, that
/ £'0)dy =27 f (o — Z0)* +2(20 — Z0)* + (z0 — Zo)? dt
B I
2y / [42 + 62+ 82 + (7 - D2 - 22
jeN I

(6.44)
+ {402 + 572+ 80 + (2 = DG = dw?]
+ {423+ 62 +823 + (2 - (P - 973
—2{45, 2 + 5j2 +8)z,Z; + (2 — D(j* — Dz;Z))} dt.

It is now clear that the integrand of the first term in (6.44) is equal to %O(Z[) — Zp; 0), and
that the remaining integrand equates to O(z; — Z;; j) + O(wj; j), which leads directly to
Eq. (6.43) as stated. O

Corollary 6.9 Let the functions o and X belong to C2°(B\0) and be related to [ £ (0) dy
through (6.33). Then

/ £"0)dy > 4/ {(X —0)er)® + (X — 0)re}* dy. (6.45)
B B
Proof To show (6.45), begin by noting the lower bounds
O(z0 — Z0; 0) = 4(Z0 — Z0)* +4(20 — Zo)° (6.46)
O@j—Zji ) 2 MGP+ DG = Z)* + G — Z)%) (6.47)
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Owj; j) = H(j* + D} + i), (6.48)

the last two of which hold for all j € N. A short calculation using the Fourier decompositions
(6.37) and (6.38), and the changes of variables (6.39), (6.40) and (6.41), shows that

7. . .5
/ (X = 0)eel? dy =2 / (o — 20)% + (o — Zo di
B 1
° . ..
+7 Z/(z, —Z)?+ G = Z)) i+ iide (6.49)
=171
and
o0
/ (X —0)er)?dy=m Z/jz(z'j — Zj)* + jhb} dr. (6.50)
B . 1
j=1

Inserting inequalities (6.46), (6.47) and (6.48) into (6.43), and using (6.49) and (6.50), yields
(6.45). O

It may help at this point to take stock of the results obtained so far, which have established
the lower bound (1.8), i.e.

02|, D(u(-. ) > 4 /B (0 — & oun)en) + {(0 — & o un)en) dy,

for variations v(-, §) given by (6.10). The functions o and X = & o u, are connected to the
evolution of v(-, §) for |§| < &g through the systems (6.7) and (6.8). In proving Theorem 6.3
we are faced with two possibilities, which are that either the right-hand side of (1.8) is strictly
positive or it is not. The strictly positive case is easily dealt with, while the degenerate case
that

/B{(G —Eour) )’ +1{(0 —Eou)pe> dy =0

requires further analysis. This is the purpose of the next three results, after which we will
finally turn to the proof of Theorem 6.3.

Lemma6.10 Let & € C°(B\0, R) and suppose o (y) = E(ua(y)) forall y € B. Then

| -
VE2(y) = V20, (ua(y) + EUT(Y)JI/Q())) y € B. (6.51)

Proof From o (y) = &(u2(y)) we have Vo (y) = V& (u2(y))Vuz(y). Postmulitplying this
expression on both sides by (Vua(y))~!, which is the same thing as

. | I
adj Vua (y) = 721y ® Juz(y) + V25 @ uz(y),

yields (6.51). O

Lemma 6.11 Suppose that h(z, 8) and G(y, §) evolve according to (6.7) and (6.8) respec-
tively, and let 8 = JV & and ¥ = JVyo where o (y) = &(u2(y)). Then

h(uz(y), 8) = u2(G(y,8)) y € B, [8] < do.
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Proof Let H(y,8) = u(G(y, 8)). Since G(y, 0) = y for all y in B, it is immediate that
H(y,0) =ux(G(y,0)) = us(y) if ye B
and, since h(z,0) = z for all z in B/,
h(uz(y),0) = uz(y) if y € B.
Hence H(y,0) = h(ua(y), 0) if y belongs to B. We will now show that
H'(y,8) = E(H(y,8) yeB, I8 <,

and, since the same equation is satisfied by 4 (u2(y), 6), we can conclude by the uniqueness
of solutions to such ODEs that H(y, §) = h(u2(y), §) for y € B and |§| < dop.

In the following, we abbreviate H (y, §) to H, and, later, G(y, 8) to G; we also make use
of the notation 7 = z/|z| for z # 0. By definition of H (y, 4),

H'(y,8) = Vua(G(y, $)G'(y, )

= (mG) ®G +vV2Ju2(G) ® JG) IVo(G)
V2

= (H ®G+V2/H® JG) J (02(G)G + 0:(G)JG)

V2
— 0(G)—
= V20,(G)JH — G\(E)H
_J (ﬁak(c)ﬁJr G’(fg) Jﬁ)
= JVEw2(G))
= JVE(H)
= B(H),

where, in order to pass from the fifth to the sixth line of the calculation, we have applied
Lemma 6.10 with G(y, 6) in place of y. The conclusion now follows. O

The consequences of Lemma 6.11 are quite strong, as we now show.

Proposition 6.12 Assume that the conditions of Lemma 6.11 are in force, and let v(y, §) be
given by (6.10). Then

D(v(-, 8)) = D(uz) [8] < do.

Proof By Lemma 6.11, we may assume that h(u2(y), ) = u2(G(y,d)) for y € B and
|8] < 8¢. By differentiation,

Vh(uz(y), 8)Vuz(y) = Vua(G(y, 8))VG(y, d),
and hence, by (6.2),

D(o(-, 8)) = /B Vh(ua (), 8)Vur(y) adi VG| dy

_ fB Vs (G(y, 8))VG (v, 8) adj VG () dy
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- /B Vua(Gy. S)I dy

= / |Vur (x)* dy
B
= D(uy).

In the above, we have used the fact that det VG(y, §) = 1 together with the change of
variables x = g(y, §) where g is given by (6.9) ]

We are now in a position to prove Theorem 6.3.

Proof Part (a) of Theorem 6.3 follows from Eq. (6.32) in Lemma 6.7 and the fact that

f Xegr —ordy =0
B

for any smooth function with compact support in the set B\0.
To prove part (b), we twice apply a suitable dominated convergence theorem to the expression
(6.28) for D(v(-, §)) to deduce that

05 |52 D (-, 8)) = /B £"(0)dy

> 4 /B (X = Yo +{(X = o) dy, 62)

after (6.45) of Corollary 6.9 has been applied. If the lower bound in (6.52) is positive
then a standard argument implies that, for sufficiently small §, the inequality D(v(-, §)) >
D(v(-, 0)) = D(up) must hold. Note that we have implicitly used part (a) of Theorem 6.3
here.

If, on the other hand, the second derivative 862 l;—oD(v(-, §)) vanishes then

/ (X =)o + (X — o) dy =0,
B

and so (X — 0)x = 0 and (X — 0)gzx = 0 both hold in B. Together, these imply that
V(X — o) satisfies

V(X —0)=0 yeB.

But then V(X — o) is a function of the polar angle alone, and since V(X — o) vanishes on
dB, we have V(X — o)(y) = 0 for all y in B. Thus X — o is a constant, which, since X
and o have compact support in B, must be zero. Hence X = o in B. Now the conditions
of Lemma 6.11 are satisfied, so, by Proposition 6.12, we must have D(v(-, §)) = D(u») if
[8] < 8o O
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Appendix

The following two results are used early in Sect.3 to express the curves ¥ (C,) in suitable
coordinates.

LemmaA.1 Let s belong to H' (B, R?) and satisfy = id on dB and det Vs = 1 a.e. in
B. Letr > 0, let B, = B(0, r) be the ball of radius r and centre 0 in R2, and let C, = 3 B,.
Let 7 € Y (B;), e(a) = (cos &, sin«) and define for 0 < o < 2m the maps p(-) and o (-) by

pla) =¥ (re(e)) —z| and (A.1)
e(o (@) = Lre@) — 2 (A2)
p(a)
Let h(w) represent the complex form of %, that is
1
h(a) = —— (Y1 (re(a)) —z1 +i(Yn(re(@)) —22)). (A.3)

p(a)

Then, for a.e. r such that 0 < r < 1, p belongs to H([0, 27), R) and o can be chosen to
obey

o) =00 —1 /a h(s)h' (s)ds 0 <a < 2, (A4)
0

where h(s)h'(s) belongs to L%(0,2n). In particular, o lies in H'((0,27), R).

Proof By part (b) of Proposition 3.1, we may assume that p belongs to H 1[0, 27), R).
Moreover, because z is an interior point of ¥ (B,), it must be that p(a) > po > 0 for all
a € [0, 27] and some pg > 0. In particular, the function A («) defined by (A.3) belongs to
H'([0, 27), C). Let [In] be a branch of the complex logarithm, let 7, be a standard mollifier
and define i = 1 * h. Then, for sufficiently small €, we may assume that |h¢ («)| > %, say,
and hence that [In](/¢(«)) is smooth. Let ¢ be a smooth test function with compact support
in (0, 27r) and note that
2 2 ’
/ (] (e (@)@’ (@) doc = — / 021, 0 d
0 0 he(a)

Letting ¢ — 0 and using the fact that »’ € L?(0, 27), standard properties of mollifiers imply
that

2 , 2 h/(()[)
/ [In](h(x))¢' () da = —/ ¢ (o) da.
0 o h(x)

Since [In](h(a)) = i(o(a) + 2km) for some k, it follows in particular that the weak derivative
of io () exists and equals i (a)h' (@) a.e. in (0, 27). Equation (A.4) is now immediate, as is
the final line in the statement of the lemma. m]

LemmaA.2 Let the conditions of Lemma A.1 hold, and let p and o be given by (A.1) and
(A.4) respectively. Then o 2m) — o (0) = 2m.

Proof For brevity, define W («) = v (re(a)) for all « in [0, 27]. Since z ¢ ¥ (C,) and ¥ (C))
is compact, it follows that there is a point p, say, on {(C,) nearest z, and, without loss of
generality, we may choose the parametrization of C, such that p = W (0). Hence

[W(O) —z| < |¥(a)—z|] 0<a < 2.
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- (o, 2m))

U ([0, %))

Fig.2 Left The arrangement of W ([0, ™)) and W ([e*, 27)) is illustrated. Both generalised exterior normals
v and v point into the region Up := {w € RZ\W(Cr) 1 d(¥, By, w) = 0}, and the degree changes by 1 as
each curve is crossed in the direction of its normal. By Proposition 3.1 part (d), the degree can take only the
values 0 or 1. Thus there is a non-trivial region in a neighbourhood of W («*) where the degree is both 0 and 1,
which is impossible. The point z is depicted here as the origin for convenience. Right The curve ¥ (C;) with
o(2mw) — o0 (0) = —2m is illustrated. According to Proposition 3.1 part (e), the exterior normal v is obtained
by rotating the tangent vector, here written as t for brevity, /2 radians clockwise. Since v points into the
region U defined above, it follows that ¥/ (B;) lies entirely outside ¥ (C,) and is, in particular, unbounded.
This is impossible

By rotating the coordinate system in the image domain, we may also assume that W(0) €
{z+1(1,0): t > 0} =: R(0), say. Introduce for each & > 0 the shorthand notation

U0, ) :={¥(s): 0 <s <a}.

Since ¥ (C,) is a closed loop, there must exist a least ¢y > 0, say, such that V(«;) € R(0),
and so we may define the closed loop I'y, by

Py = W([0, 1) U [W(a1), ¥(0)]

which connects W(0) to itself. For such a loop there are two possibilities: either I'y, is
contractible in the set Rz\{z} to the point W(0) or it is not. Note that, since 'y, = ¥ (C;)
encircles z, it is certainly the case that I'y; is not contractible to W (0) in ]Rz\{z}, so the set

E :={a € (0,27] : (@) € R(0), I'y is not contractible in ]Rz\{z} to W (0)}

contains 27t and is bounded below. Thus a* := inf E is well defined.

Suppose that; — «* and «; € E forall j. Then, since ¥|c, belongs to H! (Cy, ]Rz), we
have H! (W((aj, a*))) = Oas j — oo, so the non-contractibility in R2\{z} of [y to W(0)
follows from that of I'y; for sufficiently large j. Thus E is closed and «* € E is a minimum.
Note that I'g = {W(0)}, which is clearly contractible to W (0) in R2\{z}. Hence 0 ¢ E, and
so, in particular, ¢* > 0.

It now follows that W ([0, @*]) is such that (a) ¥(0) and W («*) both lie on the ray R(0)
with |z — W (0)| < |z— W (a®)| and (b) ¥ ([0, o)) U[¥ (™), ¥(0)] is homotopic to a simple
loop y, say, encircling z exactly once in either the clockwise or anticlockwise direction. The
alternative to (b) is that y encircles z more than once, which would necessarily generate
points W (B1) and W (f>), say, on R(0) such that 81 < B> and B;, B> € E. By removing the
section of curve corresponding to W((81, B2)), we obtain that I'g, is not contractible to W (0)
in R2\{z}. Since o* is minimal, it must be that the procedure just described is not possible
with By = ™, whence the claim.
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Now consider the closed loop W ((a*, 27)) U [W(0), ¥ («™)], which we claim is con-
tractible in Rz\{z} to the point W (0). Suppose not for a contradiction. Then, since |V (0) —z| <
|W () — z| for all & in [0, 277] by construction, no part of W ((«*, 27r)) can cross the line seg-
ment [z, W(0)], and so W ((«™, 277)) must encircle z by also encircling the curve W ([0, a)).
By periodicity, we have W (2r) = W(0), so ¥ ([a*, 27]) must cross W ([0, «*]) at W(a™)
where 0 < o < 2m. If @ < 27 then the crossing point is ruled out by the topologi-
cal considerations illustrated in Fig.2(left), so «* = 27. But then 0 27) — 0 (0) = +2m7,
with + corresponding to the anticlockwise direction of rotation. We can rule out the case

o(2m) — 0(0) = —2m because it implies, via the topological considerations illustrated in
Fig.2(right), that ¢ (B, ) is unbounded, which is plainly false. Whence 0 27) — o (0) = 27.

O
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