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Abstract

We establish the interior Holder continuity for locally bounded solutions, and the Harnack
inequality for non-negative continuous solutions to a class of anisotropic elliptic equations
with bounded and measurable coefficients, whose prototype equation is

Uy + Agyu =0 locallyinR x RV, forq < 2,

viaideas and tools originating from the regularity theory for degenerate and singular parabolic
equations.

Mathematics Subject Classification 35J70 - 35J92 - 35B65

1 Introduction
1.1 Notation and the main results
Let E be an open set in RN with N > 2. We denote a general point in E by z = (x, y) €

R x RN~ For a function u defined in E, the symbols D u (or uy) and Dy, u (or uy,) represent
the differentiation of u with respect to x and y; variables. Accordingly we also set

D,=(D,,,...,Dy,_ ), D=(Dy,D,).

Communicated by Y. Giga.

B< Naian Liao
naian.liao@sbg.ac.at

Igor I. Skrypnik
iskrypnik@iamm.donbass.com

Vincenzo Vespri
vincenzo.vespri @unifi.it
1 Fachbereich Mathematik, Universitit Salzburg, Hellbrunner Str. 34, 5020 Salzburg, Austria

Institute of Applied Mathematics and Mechanics, National Academy of Sciences of Ukraine, Gen.
Batiouk Str. 19, Sloviansk 84116, Ukraine

Dipartimento di Matematica e Informatica “U. Dini”, Universita degli Studi di Firenze, Via Morgagni
67/A, 50134 Florence, Italy

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00526-020-01781-x&domain=pdf

116 Page2of31 N. Liao et al.

For 1 < ¢ < 2, we shall consider the elliptic partial differential equation

N—1
U + Y Dy Ai(z,u, Du) =0 weakly in E, 1)
i=1

where the functions A;(z,u, &) : E x R x RN — R are Carathéodory functions, i.e. they
are measurable in (i, £) for all z € E and continuous in z for a.e. (i, £) € RNt Moreover,
they are subject to the following structure conditions a.e. in £

N—1

> Ai(z,u, Du) - Dyu = Co|Dyul?

i=1

|A; (z,u, Du)| < C1|Dyul?~t i=1,...,N—1

(@)

with given positive constants C, and C;. The prototype equation is
Uy + divy(1Dyul!">Dyu) = 0.
Before stating the main result, let us recall that the anisotropic elliptic partial differential
Eq. (1) is a special case of the more general equation

N
Z Dy, Aij(x,u, Du)y =0 weaklyin E, 3)
i=1

where the functions A; (x, u,£) : E xR x RN — Rare Carathéodory functions, and subject
to the structure conditions

Ai(x,u, Du) - uy, = Coluy, |7,

o “4)
[Ai(x, u, Du)| < Crluyg P,
for some constants p; > 1, C, > 0 and C{ > 0. The prototype equation is
> (@)l |7 Puy), =0 weakly in E.
i=1
Here a;(x), i = 1, ..., N are measurable functions, satistying C, < a;(x) < C for some

positive C,, and C;. Note also we slightly abused the symbols x and D in (3) and (4), which
represent a vector in R and the gradient in x.

When p; = --- = py = p > 1, the general Eq. (3) reduces to the standard p-Laplacian
type equation whose local regularity theory, such as Holder regularity and Harnack estimates,
is well studied. See [3,13,21,22,24], for example.

When p;’s are potentially different, the study of local regularity was initiated in [17-20].
It has been shown that solutions are Lipschitz continuous, provided the coefficients of the
operator are differentiable and satisfy some proper structure conditions. See also [14,15].
However, much less is known about the local regularity for (3) with merely bounded and
measurable coefficients.

It has been proved that the local boundedness of local solutions to (3) is inherent in the
notion of weak solution in [10,12], provided

N
max{pi, ..., pN} < N P where

1”1
Zf

l=1 Di

'El\'—‘
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The above condition indicates that the indices p;’s are not too far apart. In fact, examples are
constructed in [11,17] to show that solutions could be unbounded, if the indices are too far
apart. Recently, a rather detailed discussion on this issue has been carried out in [1].

Concerning the continuity of locally bounded solutions, a first step was made in [16]. It
has been shown that locally bounded solutions to (1) are Holder continuous for ¢ > 2. We
also mention that the Holder regularity for more general anisotropic operators is considered
in [8,9].

In order to define the notion of weak solution formally, we introduce the following
anisotropic Sobolev spaces

whA(E)y = lu e L'(E) 1 uy € LX(E), uy, e LY(E), i = 1,...,N — 1},
WoHNE) = Wyt (B nwhRA(E).

A function u € Wli)’c[z’q](E ) is called a local, weak sub(super)-solution to (1), if for every
compact set K C E it satisfies

N—-1

/[;”x¢,vdz+/;( ZA{(Z,M,DM)¢yi dZ S (Z)O,

i=1

for all non-negative test functions ¢ € W(,l’[z’q] (K).

In this note, by sub(super)-solutions we always refer to the weak ones defined above.
When we speak of structural data, we refer to the set of parameters {¢g, N, C,, C1}. We also
write y as a generic positive constant that can be quantitatively determined a priori only in
terms of the data and it may change line by line. When we write y (b) we mean to emphasize
the dependence on the quantity b.

For p > 0 let K,(y) be the cube of center at y in RN-! and edge 2p. When y = 0
we simply write K. For z, = (x,, y,) € E, we define the cylinders scaled by a positive
parameter 0:

centered cylinders: Zo+ 0,(0) = [xo — 49,0%, Xo + 9,0%] x Ky(y0),
forward cylinders: 2o+ O (6) = [x0, X0 + 49,0%] x K (o),
backward cylinders:  z, + Q;(Q) = [xo - Gp%,xo] x Kp(yo).

Concerning the parameter 6, it will be a quantity that restores the homogeneity of the Eq.

(1) depending on the structure it is subject to. More precisely, we will set 6 = [u] z%q, where
[u] represents a quantity that is of the “dimension” of a given solution u. When ¢ = 2, the
cylinder z, + Q,(0) formally recovers the standard cube in RY of center at z, and edge 2p.
The exact form of 6 hinges upon the context and will be specified in the following. Thus,
such cylinders are intrinsically scaled. When 8 = 1, we simply write z, + Q;f.

Suppose thatu € L°°(E) is a local weak solution to (1) and (2). For a compactset K C E
introduce the intrinsic distance from K to 0 E by

. def . } 2 _2
(2,q) — dist(K; 0E) = lg]f< {Iy—y|+||ullo§E|x—x|q}.
p .
Z€dE
Fix z, € E and let R > 0 be so small that

00 € lxo = RY, xo + R¥1 x Kg(y,) C E
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for a small parameter ¢ > 0; we may assume that z,, coincides with the origin. We set

+

wt =ess supu, p~ =essinfu, w=essoscu =p" —pu .
0, Qo Qo
Construct the cylinder
2~

0r(6) = [—GR%,QR%] x Kz with 6= (%)T
where A > 1 is a parameter to be determined in terms of the data only. Without loss of
generality, we may assume that w < 1, such that

r(O) C and essoscu < w.
e Qo 0r(6)

This Q g () is the starting cylinder for the reduction of oscillation.
Now we state our theorem concerning the interior Holder regularity which holds for all
l<qg<?2.

Theorem 1 Let u be a bounded, local, weak solution to (1) and (2) in E. Then u is locally
Hoélder continuous in E. More precisely, there exist constants y, A > 1 and o € (0, 1) that
can be determined a priori only in terms of the data, such that for any 0 < p < R, we have

o
ess 0S¢ U < yw (—) .
Za+Qp(0) R
In other words, for every compact set K C E,
q=2 o

2
Iyt = yal + lull & plxr — x2| @
(2,q) — dist(K; 0F)

lu(z1) —u(z2)l < yllulloo,e

for every pair of points z, zo € K.

In order to state Harnack’s inequality, introduce the following intrinsically scaled cylinder
centered at z, € E:

2o+ 04p(0)  where 0 = [eu(z,)] 7", ®)
where ¢ € (0, 1) will be determined in terms of the data and

2(N = 1) def

N g« < q <?2. (6)

It is worth mentioning that (6) ensures k def Ng—2(N—-1)>0.
Since every locally bounded, local, weak solution to (1) and (2) has a continuous repre-
sentative by Theorem 1, we may only deal with continuous weak solutions.

Theorem 2 Let u be a continuous, non-negative, local, weak solution to (1) and (2) in E.
Assume (6) holds and the cylinder (5) is contained in E. There exist constants c, ¢ € (0, 1)
depending only on the data, such that

¢ sup u<u(z,) <c ' inf u.
Zr}"l‘Qp(e) ZO+Qp(9)
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Theorem 2 has been stated for continuous solutions, to give meaning to u(z,). However,
it continues to hold for non-negative weak solutions to (1) and (2) for almost all z, € E and
for the corresponding intrinsic cylinders.

The proofs of Theorems 1 and 2 are based on the following expansion of positivity. To
this end, we introduce another intrinsically scaled cylinder centered at z, € E:

27
Zo+Q16p(9) where 6 ZSMT‘Z7 (7)
for some positive number M and a parameter § € (0, 1) to be determined in terms of the data

only.

Proposition 1 Let u be a non-negative, local, weak super-solutionto (1) and (2) in E . Assume
the cylinder (7) is contained in E and

[[u(xo, ) = MIN Ky (yo)l = BIK )|
for some B € (0, 1) and M > 0. There exist constants 1, § € (0, 1) depending only upon the
data and B, such that
2—
u>nM ae.inzy+ Qap(0) with6 =M .

The proof of Theorem 2 will also use the following LlloC — L7° estimate.

loc

Theorem 3 Let u be a non-negative, local, weak solution to (1) and (2) in E and assume (6)
holds. There exists a constant y > O depending only on the data, such that for all cylinders

[xo —2t, X +2t] X K2,(y0) C E,

S
f u(xo, y)dy +vy (7) B
KZp(y(z) o

Remark 1 Our main results continue to hold if we multiply u,, in (1) by a measurable
coefficient a(y) satisfying C, < a(y) < C; for some positive C, and C;. Nevertheless
we do not know how to demonstrate them for more general operators at this moment. See
(8)—(10) for the technical obstruction.

we have

N—-1

,Oq
ess sup u=<y 5
[Xo*t’xo+[]><[(/)()’0) 4

where k = Nqg —2(N — 1).

1.2 Novelty and significance

The main contribution of this work is to present a local regularity theory regarding (1) in the
case ¢ < 2. In Theorem 1, we obtain that locally bounded solutions are Holder continuous
forall 1 < g < 2. Moreover, we establish an intrinsic Harnack inequality for non-negative
solutions to (1) in Theorem 2, which holds only for ¢ > ¢, where g, > 1 is defined in (6).
The main tool of proving Theorems 1 and 2, i.e. the expansion of positivity for non-negative,
super-solutions, is presented in Proposition 1. Such a property plays a central role in any kind
of Harnack estimates for elliptic and parabolic equations. Moreover, Theorem 3 serves as
another main component in the proof of Theorem 2. It may be viewed as a Harnack inequality
in Ll — L2 topology.

The main idea of treating the local regularity issues for (1) is the so-called intrinsic
scaling, which was originally formulated in the theory of degenerate and singular parabolic

@ Springer



116 Page 6 of 31 N. Liao et al.

equations. We refer to [2,4,7] for an account of the theory. To realize such a key idea, we
also owe technical tools to the parabolic theory. The exponential shift technique in our proof
of Proposition 1 is borrowed from [6], which was used to handle the singular parabolic
equations. Theorem 3 also has a counterpart in the theory of singular parabolic equations,
though we need some new input to prove it. See [5] and [7, Appendix A]. However, it is
not immediately clear whether the same kind of approach can be applied to more general
anisotropic p-Laplacian operators. We think this intriguing interplay between the theories
of elliptic equations and parabolic equations deserves a deeper understanding in the future
investigation.

As for the organization of this note, we first collect some preliminary tools in Sect. 2,
including energy estimates, DeGiorgi-type lemmas, a logarithmic lemma and its conse-
quences. In Sect. 3, we give a proof of Proposition 1, concerning the expansion of positivity.
Section 4 is devoted to the proof of Theorem 1. To streamline the presentation, we show
Theorem 2 in Sect. 5 assuming Theorem 3, which will be proven in Sect. 6.

2 Preliminaries

For a multi-index p = (p1, ..., pn), pi > 1, introduce anisotropic Sobolev spaces
W'P(E) ={u e L'"(E) 1uy, e LV(E), i=1,...,N},
1,
Wy P(E) = WEHE) n WP (E).

We state here the Sobolev—Troisi inequality [23].

Lemma1 Let E C RN be a bounded open set and consider u € Wol’p(E), pi > 1 for all
i=1,...,N.Set

1%1 . Np
L e
N = pi N —

’BlM—‘

If p < N, then there exists a positive constant y depending only on the set of parameters
{N, p}, such that

N
N
el 5 < v [T s -
i=1

According to our notion of weak solution for (1), the index we willuseisp = (2, ¢, ..., ).

2.1 Energy estimates
For k € R, we set

(u — k)4 = max{u — k, 0}, (u — k)y_ = max{—(u — k), 0}.
The first proposition concerns energy estimates in the interior.

Proposition 2 Let u be a local, weak sub(super)-solution to (1) and (2) in E. Then there
exists a constant y > 0 depending only on the data, such that for any cube Q C E and for
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every non-negative, piecewise smooth cutoff function { vanishing on dQ, we have for any
k € R that

/ ID.x(u—k)i|2C2d2+/ 1Dy (u — k)x|7¢% dz
Q Qo

5y/Q(u—k)i|;x|2dz+y/Q<u—k>1|Dy4|"dz.

Proof We only show the case of super-solutions, the other case being similar. In the weak
formulation of (1), we take the test function — (1 — k),;“z; a standard calculation yields that

N—1
—/ PuDe(u —k)_dz —/ ¢* ) Ai(z,u, Du)Dy, (u — k) dz
Q 0 o

N-1

f2/;§|ux|(u_k)f|§,v|dz+2/;§ Z [Ai(z,u, Du)|(u — k) |Dy,¢ldz.
i=1

We will employ the structure conditions and Young’s inequality repeatedly in estimating the
various terms. We first estimate the terms on the left-hand side. The first term is

- / ¢y Dy — K)_dz = f Dy — K267 dz,
0 0

while the second term is estimated by

N-1

—/ £ Ai(z.u, Du)Dy, (u — k)_dz > CO/ IDy(u —k)_|7¢? dz.
o 0

Now we estimate the terms on the right-hand side. The first term is estimated by
_ 1 2 _ 2 22
2| Cluxcl(u —k)—|¢cldz < Dy —k)-17dz+2 | (u—k)Z|tc|"dz.
0 2Jo 0

Similarly, the second term is estimated by

N—-1

2 [ & 3 1w Dl — b1y
i=1

C
< 7"/ ;2|Dy(u—k),|4dz+y/(u—k)‘i|Dy;|‘Idz.
0 0

Collecting all these estimate gives the desired result. O

The second proposition concerns energy estimates involving boundary information. We state
it in the case of super-solutions, while sub-solutions have an analogous statement. Let 6 and
M be positive parameters.

Proposition 3 Letu be alocal, weak super-solutionto (1) and (2) in E. Suppose z,+ Q;t ) C
E and

uxy,,)>M a.e.in Kp(yo)'

Then there exists a constant y > 0 depending only on the data, such that for any k < M and
for every non-negative, piecewise smooth cutoff function ¢ vanishing on dQ ,(0), we have

/ N |Dx(u—k)_|2;2dz+f N IDy(u —k)_|9¢? dz
20+Qp ©®) ZO+Q[’ ©®)
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sy w-wPePdzey [ w-nliDcy e
zo+0p (0) Zo+0p (0)

Proof Assume z, = (0, 0). The function —(u — k)_¢?2 vanishes on the boundary of fo(@),
since u(0, -) > M on the set K, and k < M, and thus it is an admissible test function. Using
this test function in the weak formulation in Qfot(Q), the remaining calculation runs similar
to the proof of Proposition 2. O

2.2 DeGiorgi-type Lemmas

Suppose 6 and M are positive parameters.

Lemma 2 Let u be a non-negative, local, weak super-solution to (1) and (2) in E. There
exists a number v > 0 depending only upon the parameters 6, M and the data, such that if

[[u < M]N[zo + Q2o (O)]] = v[Q2,(O)],

then
M .
u > > ae.inz, + Q,(0).
Proof We may assume z, = (0,0). Forn =0, 1, ..., we set
M M P - Pn t+ Pn+1
kn=?+ﬁs Pn=,0+27» n=T

0n=0,0), On=050).
Introduce the cutoff function ¢ vanishing on d 9, and equal to identity in 0., such that

n

2 y (2\?
IDy¢| <y— and 4] < = .
P 0\ p

In this setting the energy estimate in Proposition 2 yields

0= k)-Pdzt [ Dy k)17 dz

29" 2 24" q
020 /Q”(u—kn)_dz—f-yp—q/Qn(u—kn)_dz

241 M4 M1

=Y

p 62

where we have set A n= [u < k,]NQ,.Now setting ¢ to be a cutoff function which vanishes
on the boundary of Q, and equals identity in Q,1, an application of Lemma 1 gives that

M \? i.q
(W) [Apy1l S/‘Qn(u—kn),g“ dz
N-

Ng N q
=< (/~ [(u _kn)fé‘]mdz) [Ap|V
On

N-1

< V(”Dx(“ — k)12 l_[ 1Dy, (u — kn)fnq)

i=1

=z

g
|1411|W

@ Springer



Local regularity for an anisotropic elliptic equation Page90of31 116

24n prd M2—4 4
vy 04 <1+ 02 >|An| N,

L_ (1 N—1
g N\2 q )

In terms of Y;, = |A,|/|QOxl, this can be rewritten as

s & M?>4N 144
Y;1+1SJ/V1(W> <1+ ) )Yn ,

where y| and y depend only on the data. Hence by [2, Chapter I, Lemma 4.1], Y, — 0 if we
require that
e AN Ve AN

We also have a version involving boundary data.

where g satisfies

Lemma 3 Let u be a non-negative, local weak super-solution to (1) and (2) in E. Suppose
Zo + inp(O) C E and u(x,,-) = M on the set K»,(y,). There exists a number v > 0
depending only upon the parameters 6, M and the data, such that if

lu < M10 [z, + 05, 0)]] < /03, ®)].

then

SIS

u(x,y) > ae.inz,+ Q;f(e).

Proof The proof is similar to that of Lemma 2. This time, we may employ the energy estimate
in Proposition 3, since k,, < M. The constant v presents the same form as in Lemma 2. O

2.3 Alogarithmic estimate

Let O be a cylinder in E. Suppose u is a non-negative, weak super-solution to (1) and (2) in
E.Fora € (0,1) and M > 0, we introduce the following function in Q:

1 1
G(M(Z)) = |:M(Z) +617M - ]‘4:|+ .

Note that G (u) = 0if u > (1 — a)M & £.

Lemma4 Let u be a non-negative, local, weak super-solution to (1) and (2) in E. There
exists a constant y > 0 depending only on the data, such that for every piecewise smooth
cutoff function ¢ in Q vanishing on 0 Q, there holds

/Dl M
n
0 o u—+aM

< yf |Dy¢|‘f<u+aM)‘f*2dz+y/ g2 dz.
ON[u<k] ON[u<k]

2
c2dz
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(2.9

Proof Use the test function ¢ = — G (u)¢? € W Vin the weak formulation of u to get

/ L / Z Ai(z,u, Du)——— {
0N[u<k] (M+CIM)2 0N[u<k] (u +6lM)2

N-1

< 2/ {;xuxG(u)dz+2/ G ) ZA (z,u, Du)Dy, ¢ dz.

We use the structure conditions (2) and Young’s inequality repeatedly to estimate various
terms separately. For the left-hand side, the first term is

¢? M\
f Uy —————dz = f ‘Dx In, ( )
ON[u<k] (u+aM) 0 u+aM

The second term on the left is treated similarly:

2 2
Dy Dyul?
/ Ai(z,u, Du)ig 5 dz>C, 7| yul™¢ X[M;k]
ON[u<k] (u+aM) o (w+aM)

For the right-hand side, the first term is estimated by

g‘zdz.

2/ CCeuxGu)dz < 2/ C18e |G u)|ux|dz
0 0

<2/ Dy In M ) [ ld
—_ X M ;{X z
2

u+aM

The second term is estimated similarly:

¢2dz +2fQ 12212 X<t dz.

N-1

|Dy u|q§ Xu<k]
/:G(u)ZA G DDy dz = o wraMy

+y / IDy¢ | (u +aM)?™2 dz.
ON[u<k]

Collecting all above estimates yields the desired result. O

2.4 Consequences of the logarithmic estimate
Suppose u is a non-negative, local, weak super-solution to (1) and (2) in E. Let z, € E,

p > 0and M > 0, such that z, + Q»,(0) C E, where for some j, > 0 to be determined we
have defined

. 2—q
0= M

2.4.1 Propagation of measure theoretical information

Lemma5 Assume for some f € (0, 1) there holds

[u(xo, ) =2 MINKp(yo)|l = BIKl.

@ Springer



Local regularity for an anisotropic elliptic equation Page 110f31 116

Then there exists j. > 0 depending only on the data and 8, such that

> §|Kp| forall x € [xo —0p?%,x, +9p%].

M
|:u(x, ) > —i| NKy(yo)

2Jx

Proof Assume z, = (0, 0). We first apply Lemma 4 in Q,,(9), choosing a = 2~/ for some
J€{l,2,..., js} and a cutoff function ¢ that equals 1 in Q,(6) and vanishes on dQ2,(6),
such that

14
Op

v

1Sl = IDy¢| <

q
2

i)

In this way, we obtain

Joo P ()
n
0,(0) S u-+am

< )// o IDy¢17 (4 aM)T 2 gpu<(—aym dz + J// ¢c|?dz
2p

Q2,(0)

2
dz

14
=< W|Qp(9)|-

From this, a straightforward application of Holder’s inequality yields

/ Wl dz < 210,00,
0,) Op?

where, for ease of notation, we have set

M
e ronE)

By the measure theoretical information known at x = 0, we estimate
[ vonay=a-pjme
Ky

These estimates joint with the mean value theorem give us

q
6p2

/Iﬁ(x,y)dyS/ 1//(O,y)dy+// o [Yxldxdy
Kp K, Ky —60p2

<(-p)jm2+-L10,0)
Op2
<= p)jin2+ylK,l

forall x € [—Gp%, 9,0%]. The left-hand side is estimated from below over a smaller set
M
ulx,:) < i NK,
to obtain

g Y(x,y)dy > (j—1)In2

M
|:u(x, )< —] nK,

27
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116 Page 12 of 31 N. Liao et al.
Collecting the above estimates, we have for all x € [—9,0% , 0,0%],
uie,) = Xk, < L=k, + X1k,
- 2J —j—1 j—1
To conclude, we may choose j, large enough, such that
] 3
A I
k=174 ju—1 4
O

2.4.2 A shrinking lemma

Lemma 6 Assume

u(xp,) =M a.e. inK,(y,).

Then there exists a constant y > 0 depending only on the data, such that for any j. > 0

< Miak <Lk
M(X,')_ZT p()’o) _]:l p|»

forall x € [x,, — Qp%,x(, +9,0%].

Proof Assumez, = (0, 0). The proofis similar to that of Lemma 5. However, the quantitative

information u(0, -) > M in K, yields
| womay=o.
Ky

Hence we have for all x € [—9,0% , 0,0%],

Y
< —K,|.
< 1Kl

<M K
|:u(x, )< 2—/] NK,

The proof is concluded by redefining y properly.

2.4.3 Propagation of pointwise information

A combination of Lemmas 3 and 6 shows that the positivity of a non-negative, local super-

solution at x,, over a y-cube spreads in x direction over a smaller y-cube.
Lemma 7 Assume
u(xo,") =M ae.inKyp(yo).

Then there exists j,. > 0 depending only on the data, such that
M .
u(x, ) > pYEe a.e.inK,(yo),

Jorall x € [x(, - 90%,/\‘0 +9,0%] where 0 = (2*f*M)2%q,
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Local regularity for an anisotropic elliptic equation Page 130f31 116

Proof Assume z, = (0, 0). By Lemma 3 in the cylinder Qitp (0) with 6 = (2_j*M)2%q for
some j, > 0 to be chosen and a = %, there exists a positive constant v depending only on
the data, such that if

u= 2|00k < viok,o)l
= 2Jx 2p = 2p
then
> M i £ 0
u > s a.e. in Qp( ).
Now we choose the constant j, according to Lemma 6, such that y j~ <y, O

3 Proof of Proposition 1

The proof of Proposition 1 hinges upon the following preliminary version.

Proposition 4 Suppose the hypothesis in Proposition 1 holds. If for some B € (0, 1) and
M > 0 there holds

[u(x, ) = MIN K, (yo)| = BIK |
for all
v = x| < M2 p4,
Then there exist constants 1, & € (0, 1) depending only upon the data and B, such that
u(x, ) =nM a.e.in Kz,(y,)
for all

q 2~
Islx—x|=M7Zp

q
2 .

2—
d=8M 7 p
We will assume without loss of generality that z, coincides with the origin. To simplify

the presentation, we deal with the half space [x > 0] only, since the case of [x < 0] is similar.

3.1 Change of variables

Introduce the new variable Z = (X, y) and the unknown function v defined by
2—q ¢
= — M2 p2 1 2 =
R R LY (e, ®)

<
I

) —e 2—¢

MT,O%

> |

2—q
It maps the cylinder [O, M= p%] x K1gp into (0, 00) x K16. Now we proceed to show that

v satisfies a differential inequality with a similar type of structure conditions as (2). To start
with, we have by differentiation that

Me1=P¥ 2
uy = ——7 (g — Av), }»défi,
Mip2 2—¢q
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Mo
Upy = ———— [vgg — 24 — Dz + (A — D],
1 g
(v0%)
M ¥
Dyu = —e_}‘"D;v.
0
As aresult, v will satisfy the following differential inequality weakly:
N—-1
vir — @A — Dug + 20— Dv+ Y D5, AiE, v, D:v) <0, ©9)

i=1
where we have defined
2
(u10%)

Ai(Z,v, D:v) = m

A;(z,u, Du).

Moreover, we have

N—1

Z A,‘(f, v, Dzv) - D;,.v > C0|D§U|q

i=1

|AiZ, v, D:v)| < C1|Dsv9™" i=1,...,N.

3.2 Energy estimates for v

Proposition 5 Suppose v > 0 satisfies (9) weakly in a cube Q in RN . There exists a constant
y > 0depending only on the data, such that for every non-negative, piecewise smooth cutoff

function ¢ vanishing on 0 Q, we have for any k > 0 that

/|D.;<v—k)_|2;2dz+/ D5 (0 — k) [96 d
0 o

< nyw—k)%um+|z;;|2)dz+y/Q(v—k)q_|D;;|"dz.

(10)

Proof For simplicity of notation, we still denote the variable of v by z = (x, y) and A; by
A;. In the weak formulation of (9), we take the test function (v — k)_¢2; discarding the

non-negative contribution of v, a standard calculation yields that

- / PoeDy(v—k)_dz — (2h — 1)/ Poe(v—k)_dz
0 0

N-1
- / ¢ Ai(z,v, Dv)Dy, (v — k) dz
2 o
52/ Cluxl(v — k)—[¢xl dz
K

N-1

+2/ ¢ Y |Ai(z, v, DV)|(v — k)| Dy, | dz.
0

i=1
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We will employ the structure conditions and Young’s inequality repeatedly in estimating the
various terms. We first estimate the terms on the left-hand side. The first term is estimated by

—/;zvxDx(v—dezz/ IDy (v — k)_|*¢% dz,
0 K

while the second integral is
1

—/ czvxw—k)fdz:—f ¢2Dy (v — k) d:
0 2 Jk

=—/ (el (v — k) [Pdz.
K

The third term is estimated by

N—1
—/ ¢* Y Ai(z.v. Dv)Dy, (v — k) _dz > CU/ IDy(v —k)_19¢2 dz.
0 =i K
Now we estimate the terms on the right-hand side. The first term is estimated by

2/ Closl (v — k) [¢4 dz
9

< 3/ ;2|Dx<v—k)_|2dz+2/ =k dz.
2Jo 0

Similarly, the second term is estimated by
N-1
2 [ £ Y 141G v, DU — K- 1Dy 10z
0 =

c
< 7”/ ;2|Dy(u—k)_|qdz+y/(u—k)‘i|Dy;|4dz.
0 0

Collecting all these estimates gives the desired result. O

3.3 Shrinking the measure of the set [v ~ 0]

The measure theoretical information in Lemma 5 gives that for some positive integer j,
depending only on the data, such that

2

‘[u()z, ) > r%ﬁf] n K1’ > §|K1| forall § > 0.
Let X,, ny, > 0 to be chosen and set
. 2 = k

=27 k,=¢EeTi", k,= 2—2 forn=0,1,...,n. (11)

With this stipulation the measure theoretical information above implies
- B 1

[[v(x, ) = k] N K| > g1
and for all » > 0. Assume momentarily that X, has been chosen. Introduce the pair of
cylinders

|Kg| forall ¥ € (%, 00), (12)

0= [x FET R+ 2k3—4] x Ky, Q = [xx + 3k3‘q] x K1g.
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Lemma 8 There exists ny, > O depending only on the data, such that for any v € (0, 1), we

have
ko

Proof We employ the energy estimate (10) in the cylinder Q’, with levels k, and a non-
negative, piecewise smooth, cutoff function ¢ in @', which equals 1 in Q and vanishes on
0Q/, satisfying

=v|Q|.

1 _
IDsel< g ol <48 2

Since j, and thus € are fixed, one verifies that if we take X, large enough then we have
K72 = 1220 < 1,
and as a result
gl + 1 = 2K

From this observation, the energy estimate (10) gives us that

2—q
. ki
/ D5 (v — ko) 17 dZ < K (1 + kz_q> v < kN Q)
Q 0

< yhkillv < k1N Ql,

where we have used the fact that kg_q < kg_q.
Next, we apply [2, Chapter I, Lemma 2.2] to v(X, -) for

~ def [~ —g ~ _

Fel = [x0+k,2, 1 %, 4 2k2 q]
over Kg, with levels &k, > k;,1. Taking into account the measure theoretical information in
(12), this gives

ko

W”U(f, ) < kny1] N Kg|

14
T @&, ) > k]l N KS| Sk <v(E, ) <kaNKs

1
q
<’ (/ IDyvl"di>
B \Jiky1 <v(E.)<knINKs

X [(0(F, ) <kl = [0 ) < kg1 ) O Kl 77

|D5v| dy

Set
Ay =v<k]lNQ

and integrate the above estimate in dx over /; we obtain by using the energy estimate

1
k y 2\ ¢ _1
2”L|An+1|s/3<fg |D;(v—kn)+|‘1dy) (1Anl = 1Ans1D)' 70

k 1 1
sy2—2|g|q(|An|—|An+1|>‘ 7,

@ Springer



Local regularity for an anisotropic elliptic equation Page 170f31 116

Now take the power qq on both sides to obtain

1
—T

[Anrt |77 < ¥1QITT (Aul — [Ans1)).

Add these inequalities from O to n,, — 1 to obtain

ny—1
4 4 a4
el Ap, 1777 < Y | Apgt|7T < y|QIET.
n=0
From this we conclude that
4
[An,| = —=12QI
ny!
_gq=1
Thus we may fix n, by choosing yn, ¢ <. O

3.4 A DeGiorgi-type lemma for v

Suppose for the moment X, > 0 has been chosen in terms of the data. Assume for some
b > 0 to be determined only in terms of the data, there holds the set inclusion:

2~

(x1,0) + Q0g(8) € Q C [0,b] x K16, where 6 = (27"*/%)2%], ko = T

We may employ the energy estimate (10) in (x1, 0) + Qg(0) to obtain the following.

Lemma 9 There exists a number v > 0 depending only upon the data, such that if

ko
[v < 27] N [(x1,0) + Os(0)]| = v|Qs(O)],

then

v > a.e.in (x1,0) + Q4(0).

o
- Zn*+l

Proof We may assume (x1,0) = (0,0). Forn =0, 1, ..., we set

M1 M ko
l" + o on+l1’ 1= ony’
8 - Pn + Pn+1
pn =4+ o Pn = s

0u=050), 0n=05;0). 6=M

Introduce a non-negative, piecewise smooth, cutoff function ¢ vanishing on dQ, and equal
to identity in Q,,, such that

4n

7

The constant n, will be chosen in (14) first and then X, in (17), such that

IDs¢l = y2" and izl <y

2 =
e et Tq def  25¢
;T = A, >1landf = = A, (13)

are absolute constants depending only on the data.

M =
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Assuming this for the moment, we would have
2;" 2— 2—,
1Sz | + |§i|2 =Y (Aaz + 45 q) 21" <y A, 14,
Consequently, the energy estimate (10) yields

[ s =tz [ 1Dy~ -z
n Qﬂ

<21 Ay f (v —1,)2 dZ + )/2""/ (v—1?dz

n Qil
< 29" AU ME + M)A,
<y27"ATUA,l,

where we have set A, = [v < [,] N Q.
Next, we may proceed exactly as in Lemma 2 to obtain the recurrence inequality

1
Yip1 < )/Adylnyn

o forn > 0,

where d, y| and y are positive constants depending only on the data, and Y,, = |A,|/| Qx|
Hence by [2, Chapter I, Lemma 4.1], Y;, — 0 if we require that

*% def

Y, <yA, =V

3.5 Expanding the positivity of v

Assume momentarily that n, and X, have been determined. We may also assume

2— ~ 2—
et %23 i an integer. Then recalling the definition of k, and k,, in (11), we slice
2—q

2— ~ 2—
Qinto & 7 ef02 72" ns cylinders, each of length k,” , by setting

o 2-q o 2—q
0, = |:)Eo+k0 q+nkn*2 X0 + ko q+(n+1)kn*2 1|XK8

_24
forn=0,1,...,€2

e‘fOZZ%q”* — 1.
For at least one of these cylinders, say Q,, there must hold

v < kn, 1N Ol < v[Qnl.
Having v fixed in terms of the data as in Lemma 9, we may choose 7, according to Lemma 8§,
such that

ynt <. (14)

2—g
Apply Lemma 9 to v over O, with 6 =k, f to obtain that

= 2—q 1 Z%q k"* :
v %otk T+ (n+ )kl ) = 5- aein Ka.
Consequently, there exists some X in the range

- 2— - - 2—
Tot+ bk, 1 <% <Xy +2k5 1,
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such that
~ 2 3 .
v(X1,) > 0,e2797° ae.in Ky
where
15
%0 = Snrt s)

3.6 Returning to the original coordinates

In terms of the original coordinates and the function u, we arrive at

2z =
u(xy, ) > O’()Meﬂ(llivw) déf

M, ae.inKy,,

where x; corresponds to X1 according to the change of variables (8). Apply now Lemma 7
with M replaced by M, to obtain that there exists j, > 0 depending only on the data, such
that, setting € = 27 /%,

=2 a2
M(X, ) > GMO = GO'oMeZ*II(XI X0)
=4 2% ]
€0,e0° "M ae.in Kz, (16)

\

for all
2 [3
X1 S x <x1+(eMp) 2 (2p)2.
The parameter X, is still to be chosen. Now we choose it such that the right-hand side of the
2—,
above interval equals M =t 0 % ie.,

224 4 5 2 g 224, 24 3§ q
M7 pZe ™ =M p2 —x1=(€0,) 2 M2 e 1 (2p)2,

which implies the choice of X,:

% 1

e = ——7 .
22(e0,) 2
Taking into consideration (15), this choice of X, implies that

Xo 2l—q < 2—q
L = AT, a7

2—q, 24
277 M= €2

which guarantees that (13) holds. Therefore, (16) holds for
¢ 2-q 2—q q ¢ 2-q
X1 =pIM7T —(eMp)Z 2p)2 <x <p2M7.
From the definition of X, and the change of variable (8) one estimates

2%,

2— =
x1<(1—8M72p? whered = e 0%
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3.7 Proof of Proposition 1 concluded

Since
[[u(-,0) > MINK,| > BIK,],
according to Lemma 5, there exists j, > 0, such that

B
> 50 = SIKol

M
|:u(x, ) > —:| nK,

for all

2—q 2—q
MA* ot << (M)
- 2]0 pr=x= 2]{1 p=-

_ . 224
We apply Proposition 4 with M replaced by M| = M =27/°M and x, = £M, * ,0%. As
a result, there exist n, § € (0, 1), such that

[NIEY

u(x,-) > nSM a.e.in K,
for all
S 2—q g
[x] <8(M)™2 p2.

The proof of Proposition 1 is completed by properly redefining constants n and §.

4 Proof of Theorem 1

Let the parameters § and 1 be fixed as in Proposition 1 with 8 = % In order to apply
Proposition 1, we set

-2
A=45%47,

Then one of the following two alternatives must hold:

i
[t = u©.9 = 2] nKke| 2 1Kkl or
4 2
‘[w) *>”]mx‘>lm|
u(v, no = 4 R =5 RI-

According to Proposition 1 with M = %a), we have
2—

q
+ n . . _(@®\72
+(u™ —u) > 4a) a.e. in Qg(é) w1th9_(A) .

In either case, we obtain a reduction of oscillation. More precisely,

essoscu < (1 — Q)w.
Q§(9) 4

Once we have this reduction of oscillation, the rest of the proof is quite standard. We refer
to p. 45 of [2] for details.
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5 Proof of Theorem 2 assuming Theorem 3

Fix z, € E, assume u(z,) > 0, and construct cylinders

Zo+ 04p(0) CE, wheref = [Eu(zu)]z%q.

Introduce the new variables z = (X, ¥) defined by

~_Y—DYo - X — Xo
yzi, X =

p pHlu(z)1
Under this mapping, the cylinder z, + Q4,(6) is transformed into

2 —q

2
57,4%57] x K4, q <?2.

S

0=[-4

Consider the new function in Q:

-~ -~ - 4 2 -
v(x,y) = <xo+x)02[u(zo)] 2 »yo+py>-

u
u(zo)
Then v(Z) is a bounded non-negative, weak solution to

N-1
vz + Y Dy Ai(Z,v, Dv) =0, (18)
i=1

where the function A[(Z, v,Dv) : E x R x RN — R is defined by
Ai(Z, v, Dv) = Az, u, Dilu(z)]'~7p7 71,
subject to the following structure conditions a.e. in Q:

N-—1
> Ai(Z, v, Dv) - D5v = Co| Dyl
i=1

|A;(Z, v, Dv)| < C1|Dsv[9™! i=1,...,N — L

Therefore Proposition 1 holds for v. In what follows, for simplicity of notation, let us still
denote the variables of v by z = (x, y).
The proof of the right-hand side inequality in Theorem 2 is a consequence of the following.

Proposition 6 There exist constants ¢, ¢ € (0, 1), which can be determined only in terms of
the data, such that

v>c inQ1(c).
5.1 Proof of Proposition 6

For t € (0, 1), introduce the family of nested cubes {K;} and the families of non-negative
numbers {M} and {N} as follows:

M, =supv(0,:), N, =(1-1)77,
K-

where ¢ > 1 is to be chosen. The two functions [0, 1) > t — M, N, are increasing, and
M, = N, = 1 since v(0,0) = 1. Moreover, N; — oo as T — 1 whereas M. is bounded
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since v is locally bounded. Therefore the equation M; = N has roots and we denote the
largest one as 7. By the continuity of v, there exists y € K, such that

v(0,y) =My, =N, =(1— 7)) 7.

Moreover,
Kor(y) C K1+, C K1, where 2R def Zt*'
2
Therefore by the definition of 7,
o _o def
sup v(0,-) < sup v(0,) <2°(1 —1,) 7 = M,.

Kar(y) K e

Now we apply Theorem 3 to conclude that there exists y € (0, 1) depending on the data,
such that
2—¢
sup v <yM, whered =M, .
0, 9)+0r©)

Next, we may take A in the proof of Theorem 1 even larger, such that

0,5+ Qr(6) C (0,7) + Qr(6) and osc v =yM,,
0.5)+0&(®)

_ 2—q
5 (VM*> .
A

Then (0, ¥) + Qr(9) serves as the starting cylinder in Theorem 1. B
Lete, € (0, 1) andsetr = €,R.By Theorem 1, forallr < R andforallz € (0, y)+Q,(0)

where

S =0 —0 I\ 1 —0
V() = v(0.5) = =y (7271 =) ) (5) = 51—

provided we choose €, so small that

This in turn gives

1 _
vz S0 =) LM forallz € (0,5) + 0,6).

From this we may start employing Proposition 1 to conclude that there exist positive constants
n and § as indicated, such that

v(x,) =M in Ko (y)
for all

[STXY

—89_r% <x <80rz.

Repeated applications of Proposition 1 then yield positive constants n and § as indicated,
such that

v(x,) = n"M in Ky ()
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for all

[T

—8«9_1‘% <x <80rz.

We may assume €, (1 —1,) is a negative, integral power of 2. Then choose n such that 2"r = 2.
In this way, we calculate

1 1 8 \ ° 1 €x\O
”M:*l— —on _ ":720 n(*)'
n 2( Te) 1) > <6*2”> n 2( ) )

Finally, we may choose o such that 2°7 = 1. As a result, setting ¢ = 2737~ 1¢Z, we have
v(x,:) >c¢ inK;

for all

2-¢ _2-¢ q=2_.2-q ., % def _2-q
>82 9y 2 AT272 Te = ¢ 2

bl

provided o > ¢ /(2 — q), which may be assumed by possibly taking 1 smaller if necessary.
In conclusion,

v>c in Q1(C).

5.2 Proof of Theorem 2 concluded

‘We have shown in the last section that

2—
u(ZO)SC_l inf u where 9:[Eu(20)]Tq.
Z()"FQ,U(G)

Now we claim that

sup u < 2c_1u(zo).
211+Qp(9)

Indeed, if not, by continuity of u, there would exist zy € z, + Q,(6) such that
u(zy) = 2¢u(z,).

The membership of z, in z, + Q,(#) implies that

q
|xo — X4| < p2

_ 2—¢ q | cC &
[cu(z,)] 2 = p2 [*u(z*)] ,

which in turn gives that

2—q
o\ =2

Zo € 25 + Q5(6,) where j = p (2) T and 6, = [u(z)] 7.
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However, this leads to a contradiction:

U inf u < c_lu(zo).

Z*"!‘Qﬁ(e*)

207 u(z,) = uzy) < ¢

The proof of Theorem 2 is now concluded by properly redefining c.

6 Proof of Theorem 3

We first present two propositions from which Theorem 3 follows.

Proposition 7 Let u be a non-negative, local, weak super-solution to (1) and (2) in E. There
exists a constant y > 0 depending only on the data, such that for all cylinders

[XO - Ta Xo + T] X KZp()’o) C E;

we have

Xott % T2 =
— T / / udydx < —— / u(xo, y)dy +vy (*) .
0<r<T tp Yo—t JKp(Yo) o K2p (o) P

Proposition 8 Let u be a locally bounded, local, weak sub(super)-solution to (1) and (2) in
E.Forr € (0,2], let

YN +r—1yg—2N—1)>0.
There exists a constant y > 0 depending only on the data, such that for all cylinders

[xo —2t,xo +2t] X K2,(y0) C E,

Xo+2t Kir
ess sup Uy <y ( ) ][ ][ u'y dxdy
[xo—t,x0+1]1X K (o) K2p(yo) /X0
t2
+y p7

we have

6.1 Proof of Proposition 7

Assuming z, = (0, 0), let us consider the cylinder [T, T] x K .. In what follows we denote
by £>(y) a piecewise smooth function that vanishes on K, and equals 1 on K, such that

<_r
T (=o)p

2
£ (x) = (1 - %) .
+

Let us introduce a constant « that satisfies

|Dy§-2|

whereas for 0 < t < T we define

1
1<a<min{q,7},
qg—1
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such that the quantities 2 — o, ¢ — o and a(¢ — 1) are all in (0, 1). The proof of Proposition 7
replies on the following two lemmas.

6.1.1 Auxiliary lemmas

Lemma 10 Suppose the hypothesis in Proposition 7 holds. There exists a constant y > 0
depending only on the data and o, such that

t
// IDyul?u=¢1¢) dydx
—t
2 o o
dydx+ //u" dydx.
/—z/K )qpq -t JK,

Proof We may assume that u > € > 0 for otherwise we may work with u + ¢ and then let
€ — 0. Now we use u' ¢ ;g as a test function in the weak formulation of (1). Formally,
we have

t N-1 .
/ / uxxul_aé'lfzq dydx + Z / / Dy, Ai(z, u, DM)Ml_aé’lé’zq dydx < 0.
-t Jxk, = )ik,

We estimate the two terms on the left separately. First of all,

t
/ / uxxul_a§l§2q dydx
-t JK,
t 2 t
= (a — 1)/ / |ux|2u_°‘§1§2qdydx+—2/ / xuxul_“g‘gdydx
-t JK, =) Jk,
t 2 t
—@=0 [ [ P ayds+ o= [ [ ebii e v
-t JK, Q- J, K,

t 2 t
> (a — 1)f / luyPuc1cd d dx—if / u?=¢d dydx.
Ny Tl B P

Next,
N-1
Z/ / DyiAi(z,u,Du)ul_“Q;'quydx
. —tJK
i=1 P
t
zco<a—1>f / Dyulu=®g1¢d dydx
- Jk,
t
—qclff Dyl 107 Dy | dydx
-t JK,

C t
> —(a — 1)/ / |Dyulfu=¢1¢y dydx
2 - Jk,

t
v [ [ wrein,cl ayax.
—tJK,

Combining them we obtain the desired conclusion. O
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Lemma 11 Suppose the hypothesis in Proposition 7 holds. There exists a constant y > 0
depending only on the data and o, such that

2—q
yt 4 24-! yt

|Dyul?™! Vaydx < ¥ o T gl
1—o)p /_f/ agdvdy s G o (1 —a)ipt

where

S = sup //udydx
0<t<T lION 1pN-T K,

Proof Notice that by our choice of «, the quantities 2 — «, ¢ — « and (¢ — 1) are all in
(0, 1). By Holder’s inequality and Lemma 10, we estimate
1

1 i _ _
m/ /K IDyul? ™" e dydx
~Jx,
1 |:/t/~ q qT ( 1) 5
<" IDyulTu=%g18; dydx / / u® 9= dydx
(1=0)pN | )t Jk,
L
q
9= dyd
(l—a)p [l—a)qqufk“ ”} [
1 y [ 2 o )
+7—//u7“ddx // u*9=" dydx
a—op" |2 Je," @ Uk, '

2—q
yt 4 p4-1 yt 1
< 4 q - s
SU—on” T ey

q
u®@=n dydxi|

6.1.2 Proof of Proposition 7 concluded

We use ¢ §2q as a test function in the weak formulation of (1) for super-solutions. Formally,
we have

t N=1 o
/ / uxx;l;g dydx + Z / / Dy,-Ai(Za u, D“);l;zq dydx < 0.
-t JK, = )ik,

We estimate the two terms on the left separately. First of all,

/ / uxx§l§2 dydx = / f Xuxfzq dydx
-t Kp —t K
2 q 2 ! 4
= 7/ u(t, );2 dy + - / u(—t,)¢, dy — —2/ / ut, dydx
! K Kp t —t Kp

P

=2p""0 (1),

where

1 t
h(t) = 7/ / utd dydx.
tpN=1 ), K, 2
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On the other hand, we estimate

¢ '
/ / Dy, Ai(z, u, Du)g; ;g dydx = —q/ / Ai(z,u, Du)t; Dyl.gggz"’l dydx
-t JK, -t JK,

qC1 /t / 1, .q-1
- [Dyul?""¢18,  dydx.
(1 —=o)p Jo Jk,

Combining the above two estimates we obtain

n Dyul? ' ¢1cd7 dydx.
0= oy /;/| gl dydx

We integrate the above inequality in dt over (0, t) for T < T, use Lemma 11 and apply
Young’s inequality to obtain for an arbitrary § € (0, 1),

2

T b4l 2 1
h(t) —h(0) <y——-8 ¢ — &
OO =V T T T
1
T2 2—q
5354—%(*)
=1 \ g
(1—0)7782 P

As 7 ranges over (0, T'), we arrive at

udydx <45 sup / / udydx
O<t<T tPN l/;t/K 0<t<T l‘pN 1 - Jk,

+43—/ (0)d-+y<ﬂ)k

— u(0, y)dy

/ONl K (1_(,)%5% p?
)y

P

An interpolation argument ([2, Chapter I, Lemma 4.3]) yields that

1 t
sup ——~—7¢ / /
o<r<1 1PN K,

6.2 Proof of Proposition 8

1

T2\ >
u(O,y)dy+y<7> .
P

2p

For parameters k, p, t > 0andn =0, 1, ..., we set
k 1—-o0)p - Pn + Pn+1
kn:k_?, pn:O'p'i‘T» ,011:f7
1—-o) . by + tht1
tn=<7t+Ta tn=T,

Qn = [~tn, ta] x Kp”a Qn = [_fna fn] X Kﬁ,,

By construction Qo = [—0t,0t] X Ks,. Assuming u is locally bounded in E, we may
define

M =esssupuy, My =esssupuy.
Qo O

Introduce the cutoff function ¢ vanishing on dQ,, and equal to identity in 0, such that

n n

2 2
Y and |D¢| < L5

D _re
D= 5, =00
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In this setting the energy estimate in Proposition 2 yields

[ iD= ke Pdz 4 [ 1Dy~ k)t d:
Qn Qn
L d y2" ko) d
m (14 n+l)+ Z+m Qn(u_ n+1)y dz.

Next setting A, = [ > k,4+1]1 N Q,, we observe that for any > 0
-
0 (“ - kn)’.:,. dz > (kn+l _kn)r|[u > kn+l] N Qn| = W|An|-
As aresult, applying Holder’s inequality and the above observation with r = 2, we estimate

the second integral on the right-hand side of the energy estimate by

q

2
f(u—kn+1)idzs([ (u—ml)idz) [ > k110 Qnl'~2
On On

y22n7qn

=, ( — k)2 dz.

Putting this back to the energy estimate gives us

f~ |Dx<u—kn+1)+|2dz+f~ 1Dy (1t — k1) |9 dz
n Q”

22nkq72 q
< (Tﬁ (1 +k2_‘f’%>/ (u — k)2 dz.
- G p Qﬂ

Now setting ¢ to be a cutoff function which vanishes on the boundary of 0, and equals
identity in Q,+1, an application of Lemma 1 and the energy estimate gives that

/ (= kng1)} dz < / (u — ko438 dz
QIH»I On

NG N .

N-1 2

N -2
<y<||Dx<u—kn+1)+||21—[||D)7[<u—kn+1)+||q) AT

i=1

2 _2,2 2
22nkq -2 p 7 22n 1 itw I+5%
< [ v ( + ke 3 >i| <kT) [/ (u — kn)%r dz] ,

(1—0)?p4

2o

where g satisfies

Q| =
I
z|—
N
| =
|
—
N——"

Hence by setting

Y, =f (u — kn)} dz,
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we arrive at the recurrence inequality

1 2
2\N q\ 7 2
V244 1 ¢ 2-q PTNT 145
YHlS(l yiki \K*T4pd P ) I
-0

where y, y1 > 0 are absolute constants.
Now let us stipulate that
N
k>|— ,
=\

such that the above recurrence inequality becomes

1 2
yy 1 2\V L pTN\T _1+2
Yoq1 < L ( ——) (K75 ) v T
(1 —oyikw k74 pd t

2
] 2y
<N <k2 s )q TR

(1—o)iki 2
n N\ N L2
YV 2—g P q 1+%
<M (el Yot v,
T U —o)ikw < fz) !

Hence by [2, Chapter I, Lemma 4.1], Y,, — 0, i.e. M, < k, if we require that

N-1 N-1
2N 9\~ g K tz q
Yof)’(l_a)zglkZ (k27q%> q _y(l—a)q kq <7>

pfl
This is fulfilled if we require k; = (N + 1)¢ — 2(N — 1) > 0 and take

4q
2

vYo

K N-1
pq Kz
24N\ 2
(1 —o)*i

k =

1 2 ﬁ
- (?)

q

N—1 1
o o 2\ 2=¢
y p?\ = 2 K t q
Mo T = ZN(?) (f W’Z) *(ﬁ)
_O-)KZ(I o

Mq(2*f’> q N-1 q ) %
Yy k2 P [5) - 2 t 4
<om(F) T e (5)
(1 — o) % Q p

for any r satistfyingr <2 and«, = (N +r — 1)g —2(N — 1) > 0. Thus we have

21 )
0<M:1_’L’<L
K2 K)

As a result, we arrive at

and an interpolation argument ([2, Chapter I, Lemma 4.3]) gives that

- 2 bt
esssup uy <y ( ) ][ ][ u' dxdy +y (*) .
[—t,t1xK) K>, p?
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