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Abstract

Using the convex integration technique for the three-dimensional Navier—Stokes equations
introduced by Buckmaster and Vicol, it is shown the existence of non-unique weak solutions
for the 3D Navier—Stokes equations with fractional hyperviscosity (—A)?, whenever the
exponent 6 is less than Lions’ exponent 5/4, i.e., when 6 < 5/4.

Mathematics Subject Classification 35Q30

1 Introduction

In this paper we consider the question of non-uniquness of weak solutions to the 3D
Navier—Stokes equations with fractional viscosity (FVNSE) on T*

B+ V- W)+ Vp+u(=A¥v =0, 0
V.-v=0,

where 8 € R is a fixed constant, and for u € C*®(T?) with ng u(x)dx = 0, the fractional
Laplacian is defined via the Fourier transform as

F(—=AYu)E) = |51 Fu)E), &eZ’.
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Definition (weak solutions) A vector field v € ngk(R; L3(T?)) is called a weak solution
to the FVNSE if it solves (1) in the sense of distribution.

When 6 = 1, FVNSE (1) is the standard Navier—Stokes equations. Lions first considered
FVNSE (1) in [20], and showed the existence and uniqueness of weak solutions to the initial
value problem, which also satisfied the energy equality, for 6 € [5/4, co) in [21]. Moreover,
an analogue of the Caffarelli-Kohn—Nirenberg [6] result was established in [18] for the
FVNSE system (1), showing that the Hausdorff dimension of the singular set, in space and
time, is bounded by 5 — 46 for 6 € (1,5/4). The existence, uniqueness, regularity and
stability of solutions to the FVNSE have been studied in [17, 26, 28, 29] and references
therein. Very recently, using the method of convex integration introduced in [12], Colombo
et al. [8] showed the non-uniquenss of Leray weak solutions to FVNSE (1) for 6 € (0, 1/5)
and for 6 € (0, 1/3)in [13].

In the recent breakthrough work [5], Buckmaster and Vicol obtained non-uniqueness of
weak solutions to the three-dimensional Navier—Stokes equations. They developed a new
convex integration scheme in Sobolev spaces using intermittent Beltrami flows which com-
bined concentrations and oscillations. Later, the idea of using intermittent flows was used to
study non-uniqueness for transport equations in [23-25] employing scaled Mikado waves,
and for stationary Navier—Stokes equations in [7, 22] employing viscous eddies.

The schemes in [5, 24] are based on the convex integration framework in Holder spaces
for the Euler equations, introduced by De Lellis and Székelyhidi [12], subsequently refined
in [2, 3, 10, 15], and culminated in the proof of the second half of the Onsager conjecture by
Isett in [16]; also see [4] for a shorter proof. For the first half of the Onsager conjecture, see,
e.g., [1, 9], and the references therein.

The main contribution of this note is to show that the results in Buckmaster—Vicol’s paper
hold for FVNSE (1) for 6 < 5/4:

Theorem 1 Assume that & € [1,5/4). Suppose u is a smooth divergence-free vector field,
define on R, x T3, with compact support in time and satisfies the condition

/ u(t, x)dx = 0.
T3

Then for any given g9 > 0, there exists a weak solution v to the FVNSE (1), with compact
support in time, satisfying

lv — ul'Lf’°W39_l'l < &p.

As a consequence there are infinitely many weak solutions of the FVNSE (1) which are
compactly supported in time; in particular, there are infinitely many weak solutions with
initial values zero.

Remark 1 In the above theorem we assume that 6 € [1,5/4). However, using the con-
structions in [5] with a slightly different choice of parameters, one can actually show that
Theorem 1.2 and Theorem 1.3 in [5] hold for the 3D FVNSE, i.e., there exist non-unique
weak solutions v € C, t() Wf ’2, with a different 8 > 0, depending on 6. However, in this paper
we choose to prove a weaker result, Theorem 1, in order to simplify the presentation while
retaining the main idea.

Remark 2 For the case 8 € (—oo, 1), the same construction also yields weak solutions
veC ? L)% nc ZO le ‘I with a suitable choice of parameters.
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We now make some comments on the analysis in this paper. Using the technique in [5], we
adapt a convex integration scheme with intermittent Beltrami flows as the building blocks.
The main difficulty in a convex integration scheme for (FVNSE)), is the error induced by the
frictional viscosity v(—A)? v, which is greater for a larger exponent 6. This error is controlled
by making full use of the concentration effect of intermittent flows introduced in [5]. As it is
shown in the crucial estimate (36), the error is controllable only for 6 < 5/4. Compared with

[5], since our goal is to construct weak solutions v € C?Li’weak NLY szgfl’l, we adapt a

slightly simpler cut-off function and prove only estimates that are sufficient for this purpose.

2 Outline
2.1 Iteration lemma

Following [5], we consider the approximate system

{Btv+V-(v®v)+Vp+u(—A)9v:V-R,

V.v=0, @

where R is a symmetric 3 x 3 matrix.

Lemma 1 (Iteration Lemma for L2 weak solutions) Let § € (—oo, 5/4). Assume (vy, Ry) is
a smooth solution to (2) with

I Rgll o1 < Sgut. 3)

for some §441 > 0. Then for any given 8,42 > 0, there exists a smooth solution (vg+1, Rg+1)
of (2) with

IR illzor) < 842, @)

and supp,vg+1 U supp, Rg+1 C Ns,,, (supp,vg U supp, Ry). )
Here for a given set A C R, the §-neighborhood of A is denoted by
Ns(A)={yeR:3y € A, |y—y|<8}.

Furthermore, the increment wg4+1 = vg4+1 — vy satisfies the estimates

12
lwgaillers < €812, ©)
lwg+1 ”L?OWA?B*LI < 8442, @)

where the positive constant C depends only on 6.
Proof of Theorem 1 Assume Lemma 1 is valid. Let vg = u. Then
d

/ ovo(t, x)dx = —/ vo(t, x)dx = 0.

J3 dt J3
Let

1
Ry = R(0;vg + v(—A)evo) +vo®vo+ pol, po= —§|U0|2,

where R is the symmetric anti-divergence operator established in Lemma 5, below. Clearly
(vg, Ro) solves (2). Set
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81 = IlRollzeor1.

8q+1 =279, forg > 1.

Apply Lemma 1 iteratively to obtain smooth solution (v, R;) to (2). It follows from (6) that

1/2
D Mvget = vgllperz= D llwgetlle 2= € 8,0 < oo

Thus v, converge strongly to some v € CZOL)ZC. Since [|Ry+1 ||L§’°LL_> 0,asq — oo, visa
weak solution to the FVNSE (1). Estimate (7) leads to

o0 oo
1 = V0l 2010 = Z]annq,cwfﬁ,l,, < Zlaqﬂ < e0.
q9= q=

Furthermore, it follows from (5) that

supp,v C Ug>osupp, vy C quzo 8441 (SUpP ) C Ny 4eq(SUpP;ut).

Now we show the existence of infinitely many weak solutions with initial values zero. Let
u(t,x) = @(t) ZIkISN age’®* with ay # 0,ar -k = 0,a ¢ = aj forall [k|< N, and
¢ € C(R,). Thus V - u = 0 satisfies the conditions of the theorem. Hence there exists a
weak solution v to (1) close enough to u so that v # 0. (]

3 Iteration scheme
3.1 Notations and parameters

For a complex number ¢ € C, we denote by ¢* its complex conjugate. Let us normalize the
volume

IT3|= 1.
For smooth functions u € C*°(T?) with f’J1‘3 u(x)dx = 0 and s € R, we define

FAVFu)E) = [EP Fu)E), &eZ’.
For M, N € [0, +o0], denote the Fourier projection of u by

u§), M<I|§|<N, el

F(Pra,nyu) = { 0 otherwise.

We also denote P<x = P[o.x) and P> = Pk +o0) for k > 0.
Following the notation in [5], we introduce here several parameters o, r, A, with

0<a<1<r<A<u<k2, or <1, (8)

where A = A411 € 5N is the ‘frequency’ parameter; o with 1/0 € N is a small parameter
such that Ao € N parameterizes the spacing between frequencies; r € N denotes the number
of frequencies along edges of a cube; i measures the amount of temporal oscillation.

Later o, r, u will be chosen to be suitable powers of A,.1. We also fix a constant p > 1
which will be chosen later to be close to 1. The constants implicitly in the notation ‘<’ may
depend on p but are independent of the parameters o, r, X.
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3.2 Intermittent Beltrami flows

We use intermittent Beltrami flows introduced in [5] as the building blocks. Recall some
basic facts of Beltrami waves.

Proposition 1 [5, Proposition 3.1] Given £Ee S?n Q3, let Ag esS*n Q3 be such that

Ag-E=0. |Agl=1, A_g=Ag

=3 §

Let A be a given finite subset of S such that —A = A, and A € Z be such that AA C Z3.

Then for any choice of coefficients ag € C with aéf =a_g the vector field

iAE- . 1 —
W(x) = ZangemE *,  with By = E(AE-HE x A§>’
EeA

is real-valued, divergence-free and satisfies

W2
VxW=AW, V-(W®W):VT.

Furthermore,

1 _
(W W) := ]{w W ® Wdx :EZA2|a(S)|2(Id—E ®E).
(S

Let A, A*, A~ C S? N Q3 be defined by
At = {%(361 + 4ey), é(362 + 4e3), é(3e3 + 461)},
AT =—A", A=ATUA".
Clearly we have

5A €Z and min _ |§ +&|>

1
- )
E Eeh E+E£0 5

Also it is direct to check that
1 _
3 Y Wd-E@f) =1Id
EecA

In fact, representations of this form exist for symmetric matrices close to the identity. We
have the following simple variant of [5, Proposition 3.2].

Proposition 2 Let B.(Id) denote the ball of symmetric matrices, centered at the iden-
tity, of radius e. Then there exist a constant &, > 0 and smooth positive functions
Ye €C *°(Bs, (1d)), such that

L ve =Y o o
2. foreach R € B, (Id) we have the identity

R= % > (vg®) aa-E o8

EeA
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Define the Dirichlet kernel
1

Dy (x) = PTERI Do Q=G kD) ke {—r L))
§€Qy
It has the property that, for 1 < p < oo,
1D lLr S P73, Dy 2= 2.
Following [5], for £ € A*, define a directed and rescaled Dirichlet kernel by
net, X)) =ng; 5., .0 X) = Dy(Ao (& - x + ut, Ag - x, (& x Ag) - X)), (10)
and for £ € A™, define
e X) = 1_ x).
Note the important identity

1 _ _
Lm0 =£E Vg0, E et (11)

Since the map x > Ao (£ - x + ut, Ag cx, (E x Ag) - x) is the composition of a rotation
by a rational orthogonal matrix mapping {e, e2, €3} to {£, Ag, £ x Ag}, a translation, and a
rescaling by integers, for 1 < p < co, we have

7’[]1‘2 n@(t,X)z(t, x)dx =1, ||'7(§)”L°°L”(T3)< 32730,

Let W be the Beltrami plane wave at frequency A,
W, = Wz, (x) = Bge™™,

Define the intermittent Beltrami wave W(g) as

W@(t, x) = ngygyr#(r, x) = n(g)(l‘, x)W@)(x). (12)
It follows from the definitions and (9) that
P ayWe =We), (13)
_ _
]P[%A/\) <W(§> ® W(E’)) =Wg®Wg), & #-¢ (14)

The following properties are immediate from the definitions.

Proposition 3 [5, Proposition 3.4] Let ag € C be constants with agi =a_g. Let
W) =) agWeg ).
EeA
Then W(x) is real valued. Moreover, for each R € B, (Id) we have
R ? W W R 2B B R
Z(V(a( )) 7{}* ®®Weg = Z(V@)( )) §®B =R
€A EeA
Proposition 4 [5, Proposition 3.5] Forany 1 < p <oco, N >0,K > 0:
HVN‘?KW(S)H <N Guorp)K32-3p, (15)

ooPN

Hv 3K"<s>” o < Gor)N Guor )k r32-3p, (16)
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3.3 Perturbations

Let 1/(¢) be a smooth cut-off function such that

¥ (1) = 1 onsupp, Ry, supp ¥(1) C Ny, (supp,Ry), |¥/'(1)< 28(1111- )
Take a smooth increasing function x such that

1, 0<s<l1
s, s§>2

)

x(s) = {
and set
Pt x) = £ 84010 (811 1Ry 1,01 ) w200,
where ¢, is the constant in Proposition 2. Then clearly
supp; o C N, (supp, Ry). (18)

It follows from the above definition that
[R;|

g1 (37 1Ry, 001 )92

Therefore, the amplitude functions

[Ryl/ 0 =gy <é¢, = Id—Ry/p € B, (Id) on supp R,;.

ag)(t, x) == o2, 0y dd = o(t, X! R4 (2, x))
are well-defined and smooth. Define the velocity perturbation to be w = wg41:

w = w® 4 © 4 O,

) _ W ~ ~ _iE.
w? =3 agWe = agt xngt. x)Bge ™™,

EeA EeA
1
© _ o ~
wH = ZV(“@”@)) x W)
q+1 =
EeA
1 _
(O 2 g2
R 72 PLHP#O(“(&)"@)g)’
EeAt

where Py iy = Id — VA~ !div is the Leray-Helmholtz projection into divergence-free vector
field, and P f = f — J[T3 fdx.Itis well-known that Py i is bounded on L?, 1 < p < 00
(see, e.g., [14]). It follows from Proposition 3 that

2 —
Y ak ]fr W ®W_gdx = pld - Ry. (19)
EeA

3.4 Estimates for perturbations

Lemma 2 The following bounds hold:
lollLeert = Cogan, (20)

-1 -1
o™ lcogsupp &y S et @1
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lolley, = Cqnn IR llcw),

1/2 1/2
lag)llzperz S lollh 1 S 8,40
||a(§)||crl}/x =< C(8q+l’ ||Rq llew).

Proof Tt follows from (3) that

ey = o[ g R
[Rg1<84+1 |Rg1>84+1 [Ry|>84+1

= C8q+1-
It is direct to verify (21) and (23), while (22) and (24) follow from (17) and (21).
Now we can estimate the time support of wg41:

Supp,wy+1 C supp,p C supp ¥ C Ns,,, (supp, Ry).

We need the following Lemma, which is a variant of [5, Lemma 3.6].

(22)
(23)
24)

(25)

Lemma3 ([24, Lemma 2.1]) Let f, g € C*(T?), and g is (T/N)3 periodic, N € N. Then

for1 < p < oo,

I fellr< I flerliglie+CoN"P flicliglLe.

Cy = C(Sup”a(g)”q"’x>
EeA ’

to be some polynomials depending on SUPEc A ||a@ I e -

Let us denote

Lemma4 Suppose the parameters satisfy (8) and
% <.

Then the following estimates for the perturbations hold:

) 172 ~12
i g 805+ Cgnor™ ey,
3/2-3
lwgstlleopr S 7¥2737cy,
(c) (1) < 1 3/2 3/2-3/p
qu"l oLl qu“ LeL? S (ordprtr €.
(p) 5/2-3/p
8twq+1 Lo 8twq+1 L NAq 10U Cr,
N 3/2-3 N
NV INwgatllpoerp S r227P00, s

forl < p<oo,N>1.

Proof Since W@ is (T/ o )3 periodic, it follows from (15), (23), and Lemma 3 that

H (p)
g+1

_ =172\ _ _
L2 S Z(Ha@) ”L,°°L§ * (ga10) Ha@) HCI>HW(5)”L?OL5

< 5‘/

i1+ Ogrio)™17Cr
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In view of (8), (15) and (16) yield that

< _ 3/2-3/p
Lerr S > ST,
’ EeA

We, H Loorr S

H »
g+l

co

(c) < -1 _ _ _ _
o . ~Aq+IZ<H”<s>HL,wu;+HV”@)HLgOLg)H“(@HCIHW LooL?
EeA
< (or)yr3?73rey,
() —1 —1
”wq+1 L,°°L” > ” a1 & LeL? S Z H (&)‘co LOOL?’
EeAt eAt

<ulrrey,

where the boundedness of Py andPoon L?, for1 < p < oo, is used in the first inequality

of the estimate for || w! LeL? In the same way, we can estimate
X

q+1 ”

(p) < _ _
‘ 90y et ~ Z‘ B,a@)‘ o et Ha@)‘ col® Ler?
EeA
< hgriopr®?3vey
(©) _
1Wq+1 L,°°L” Ao ZH (Hn@) HL§>°L§ * HV et ‘ 9 Ler?

For N > 1, using (15) and (16), we obtain that

8;Vn(E)HLOO p) S UV)\q+1U/Lr5/2_3/pC2 5 )\q+10MF5/2_3/pC2.

N, (P) N—k
HV Wt | ooy 2 ZZHV “(S)HCOHV W@HLOOLP
Eenk
< AN Peey,
N (© -1 N K+l
HV Wait | oo rp S tq 1ZZZM+1MHVW@’CO LooL?
t t X
SeAm— =
-1 Nem|/ gk, _ m—k+1
g 1ZZZM+1 HV “(é)’co .
Fenm=0k= r L
<)»N 32PN,
m
N, (@) -1 N—m k. _ m—k_  _
HV Yot || ooy p ~ S ZZHV ( )’cOI;HV n(S)HLfOLip v n(E)HLfOLip

EcAm=0

_aypor)Vr -
< )L(ZI\/+1},3/2 3/p o Cy < )‘(ZIV+1r3/2 3/'”CN,

where we use (8) and (27).

g
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3.5 Estimates for the stress
Let us recall the following operator in [12].

Lemma5 (symmetric anti-divergence) There exists alinear operator R, of order —1, mapping
vector fields to symmetric matrices such that

V"R(u):u—][ u, (33)
3
with standard Calderon—Zygmund estimates, for 1 < p < oo,

RNz —wirS 1 IRIco oS L IRP2oullLe S VI Prou Lo (34)

Proof Suppose u € C®(T3, R3) is a smooth vector field. Define

Ru) = %(VPLHU + (VPLHU)T) + %(Vv + (Vv)T> - %(V - vId

where v € C°(T?, R?) is the unique solution to Av = u — 3 u with f3 v =0.

It is direct to verify that R(u) is a symmetric matrix field depending linearly on « and sat-
isfies (33). Note that R is a constant coefficient ellitpic operator of order —1. We refer to [14]
for the Calderon-Zygmund estimates | R | ;p_ w1.» S 1 and [RPoullr S || |V|_IIF’¢0u||Lp.
Combining these with Sobolev embeddings, we have [|[RullceS [[RullpiaS lullpaS
lluellco, with @ = 1/4. O

We have the following variant of [5, Lemma B.1] in [5].

Lemma6 Leta € C%(T3).For 1 < p < 00, and any smooth function f € LP(T3), we have
V17" 20@P2k Nl Logrs)S &~ IVall oogrs) L f | Loers). (35)
Proof of Lemma 6 We follow the proof in [5]. Note that
VI Pro@P2i f) = VI Pokp Pk 2aPsk ) + |V~ Pro(Por/2aPsi f).

As direct consequences of the Littlewood—Paley decomposition and Schauder estimates we
have the bounds for 1 < p < oo (see, for example, [14])

IP<kollr—szrS 1, VI Porppllrorr S k™Y NIVIT Prollirorr S 1

Combining these bounds with Holder’s inequality and the embedding W!-#(T?) c Lo°(T?),
we obtain

VI Pro(@Pok e Sk IP<k2aPoi fllLr+PokpaPsi f I Lo
Sk P <k ppall Lo+ [P nall o) £l
S kTN IVP <k pall pa+k I VP ppall )l f L e
Sk IP<k2Vall pa+k [V Pag 2| VIVP=r 2all )] £ 1l o
Sk IVal g+ IV Porppal ol £ e S k- HIV2all ol f Dl

O
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It follows from the definition of w4 that

1
/ wy+1dx =/ T ZV<“(§>”<§)W@)>"X
T3 T3 Ag+l £
/w = Z P g0 (g E)dx = 0.

d
Hence [1s v(—A)gqudx = 0 and Zfﬂg wg+1dx = 0. We obtain R,.; by plugging
Vg+l = Vg + Wy+1 in (2), using (33) and the assumption that (v,, R,) solves (2):

VR =V [ (v( A’ Wa+l + 8’wq+1 + 8fw((zc+)1) T Vg @ Wyl + W1 @ UQ]
o9 [ ) @ v + il @ (w2 + 0]
x [V ( t(zﬁ)l ® w;ﬁ)l - Rq) + 31“);21] +V(pg+1 — Pg)
=V - (Riinear + Reorrector + Roscittation) + V(pgs1 — pg).
It follows from Lemma 4 that

(c)

3 (0
” Reorrector ”LtOOL)f(’ 5 <H qu

L2 H Y1

< (crr +pflr3/2)r3 3rg,.

L°°L2”>

O | (ot gy

wﬁ,’i)l ®» . © -
Noting that V x . = Wo F Wy Lemma 4 and (34) yield that
q+1

” Rlinear ”LOOLf

-1
)‘q+l

”L,OOLf

RV x (w‘(;:')l)HLooLp + |R(v(=AY wye)
r Lx

+ vy @ wyel + Wyl ® Uq”L?oLf

—1 (p) 260—1
S )"q+1 alwq+1 LoLr + ” VI Wq+1 ”LfoLf + lvg llcollwg+1 ”L?QLf
5/2-3 3/2-3 20—1
< ourd?3re, 43 N’(Aqﬂ + ||Uq||C0)C3. (36)

This is the crucial estimate to control the fractional viscosity. If we assume that p ~ 1, r ~
)‘q_+11 , wemusthave & < 5/4 in order that the second term in (36) is small for A4 sufficiently
large.

It remains to estimate ﬁosciua,ion, which can be handled in the same way as in [5]. It
follows from (19) that

(p) (p) _ _ _
V. ( Wy @ Wyiy — Rq) =V. Z agag,Wg ® W) — Ry
EEeA
=V-| X agae Priue W @ We, | + Vo
EFeA

= Z E(gyg’)'f'vp.
EE A
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Since E ) has zero mean, we can split it as

Ege)+Eg g =Pxro (V ("(E)“@’)) ' (szwwﬂ (W@ dWe) +Wg® W(E))))
+Pzo (“@)“(?)V : (W@) ® W)+ Wy ® W@)))

=Egr 1t Egr oy

Using (15), (34) and (35), we obtain

_ < -lg_
LT WY [

WeoWe, H reL?

S ()w1+10)_1 Ha@a ) s

!
’Lf%i”

W Hmzﬂ We

5 ()Lq+10)_1 Ha(g)a = 3
< (grro)133Pes,

Recall the vector identity A- VB+ B -VA =V(A-B)— A x(V x B)— B x (V x A). For
£, ? € A, using the anti-symmetry of the cross product, we can write

v. (W@ ®Wg,+Wg, ® W@)

= (W@) OWe)+Wg) ® W@))V("@”@’))
+ ”(?)”(?)(W(E) VWe + We, VW(E))

= (W(E’> ' V(”@”@’))) We + (W@) : V(’?@"@’))) Wy
MGUGN (W@) : W(E’))'

For the term E EF2) first consider the case £ + &’ # 0. It follows from the above identity

and (14) that
agdE)V (W@) ®We)+We) ® W<s>>
= a@dg)V - Pzag/10 (’7@”(’ (W@) W)+ Wg) ® W@))
= aga@)\P=ign/ 10( (’7@)'7@ )) (W(s) W)+ We) ® W(S)))
+ a0 Prgn 10(’7@’7@ ) (W e >))
= agag\P2i4.1/10 (V (’7(@"@’)) ' (W@) W)+ We) ® W(E)))
+ V(“(é)“(s W W(E’)) - V(“(é)“(g ))P Zhgut/ IO(W@) ' W(E’))
- “(E)“@’)szqﬂ/lo((w(é) : W@S)V(’?(?)”@’)))’
where the second term is a pressure, the third can be estimated analogously to E » EE.1 Also

note that the first and fourth term can estimated analogously. Using (16), (34) and (35) we
obtain

”R(“@“(s >]P’>Aq+n/1°<V (”(9’7(?)) ' (W@) ®We) + We) ® W(é)))) HL?"Lf
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<1

~ Tg+1

454E) ‘ V(”@)"@’)) H LeLt

< ogri3re,.

~

Cc3

Now consider E(g’ _E2) ‘We can write
_ B 2 B B 2 -
v (W@ ®W_g+Weg® W(E)) = (W<—s) : V”@) W + (W@ ' V”@)) W

- (AE' V”?E))Ag * (é x Ag- V”?E)) (E % AE)
= VéG ~ (E- V”?E))g

v —Ean
= Vg = ey

where we use (11) and the fact that {£, A?’ £ x Ag} forms an orthonormal basis of R3.
Therefore, we can write

o 2 2 2 &, 5
Eg z2=Fro (“(s)VP>M+1”/2”<s> - "@Ma’”(s))
2 2 2 2
= V(Q(E)szqﬂa/zn(g)) - ]P);/:O (leq+1()‘/2(n(§))va(g))
— ! 2 2 -1 2 V2 E
w0 (“@)’7(&)5) i Pao (3’ (“@)”(@5)'
Using the identity Id — P,z = VA~ !div , we obtain

_ ) _ 2 2 a1 2 9 =
Y Ee gt dwgl =V (% Pasyuiony) =V Do uT ATV oy (a nE)

= Y Bro(Porguasz)Val )+t 3 Bro(o (o ) E).
: :

where the first and second terms are pressure terms. Using (16), (34) and (35), we obtain

IRP20(Porynio 207 )V % Yo S (grio) ™ @17 2,203

< Ognio) ' P 7P¢s.
It follows from (16) and (34) that
-1 2\,2 % <, -1 2\.2 §
#IRPzo (8’ (“(E)) ’7@5) lopery < m 1o (“(E))”@)sHL?%f
<ulPe,

Let us now give the explicit definition of Eascillatiun:

Roscittation = ) P20 (V(“@“@’Q PzrgnoepWe @ W) + Wer ® W@))))
EEeA
tD @ Pl 1°(V<”<§>’7@’>) ' (W@ ©We *We) © W@))
EEenE£E
- V(“(E)“(E’))P qun/lo(w@ ' W(?’))
EEenE£E

@ Springer



92 Page140f15 T.Luo, E. S. Titi

- Z a(?)a(g’)PZ/\qn/lO((W(E)'W(E’>)V('7(§)’7(§’)>)

EEenE£E
2 2 —1 2 2 =
=D Pso (Pi*w“/ 2('7@)V“<E>) +u Y P <8f (“@) '7@5)'
EecA EecA

Finally, we estimate the time support of R,1. Using (25) we obtain
supp; Rg+1 C supp,wq+1 U supp, Ry C N, (supp; Ry).

Now we choose the parameters r, o, . Fix a so that
2
max{O, 5(29 — 1)} <a<l,

which is possible since 6 € (—o0, 5/4). Fix

—(a+1)/2 o= )L(Sa+1)/4'

— )« —
r=2 o_)‘q+l ’ q+1

o (37)

Clearly (27) is satisfied. Choose p > 1 sufficiently close to 1 so that

a+1 Sa+1 5 3 3 3
— + +|=-——Ja <0, — — — Ja+max(0,20 — 1) < 0,
2 4 2 p 2 p

Sa+1 9 3 l -« 3
— +lz-——)Ja<0, — +{3——Ja<0.
4 2 p 2 )4

Note that C is independent of A1, due to (24). Combining the above estimates with Lemma
4, it is easy to check that, by taking A, sufficiently large, we arrive at (4), (6) and (7). This
completes the proof of Lemma 1.
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