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Abstract

This paper presents results on the existence and multiplicity of solutions for quasilinear
problems in bounded domains involving the p-Laplacian operator under local versions of the
Landesman—Lazer condition. The main results do not require any growth restriction at infinity
on the nonlinear term which may change sign. The existence of solutions is established by
combining variational methods, truncation arguments and approximation techniques based on
a compactness result for the inverse of the p-Laplacian operator. These results also establish
the intervals of the projection of the solution on the direction of the first eigenfunction of the
p-Laplacian operator. This fact is used to provide the existence of multiple solutions when
the local Landesman-Lazer condition is satisfied on disjoint intervals.

Mathematics Subject Classification 35J20 - 35J92 - 47J30

1 Introduction and main results

This paper deals with the study of weak solutions for a class of nonlinear problems involving
the p-Laplacian operator. More specifically, we are concerned with the quasilinear problem

—Apu = MulP2u + phy (x, u)in Q,

1.1
u=0o0ndg2, (1.1
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where  is a bounded regular domainin RV, p > 1, Apu = div(]Vu|P~2Vu), . > 0, # 0
are real parameters and z,, : 2 x R — R is a family of Carathéodory functions depending
on [L.

Our main objective is to provide local hypotheses on the family of functions &/ that
guarantee the existence and multiplicity of solutions for problem (1.1) when the parameters
1 and A are close, respectively, to zero and A, the principal eigenvalue of the operator —A
with zero boundary conditions (see [6]).

When p = 2, problem (1.1) becomes the semilinear elliptic problem

—Au = Au + ph ,u)in 2,
: u u~+ phy (x, u) (12)

u=0o0nd.

Since the seminal work of Landesman and Lazer [23], problem (1.2) under resonant
conditions has been extensively studied (see e.g. [9,11,28,29,31] and their references). Con-
sidering, for example, A = Ay and i, (x, s) = g(s) — f(x), with f € L*(Q)andg:R — R
a bounded continuous function with finite limits g = lim,_, +o0 g(s), a solution of (1.2)
exists whenever #h satisfies the Landesman—Lazer condition.

[/ (g~ — f)<p1dx][/ (gt - f)gmdx] <0,
Q Q

where ¢ is a positive eigenfunction associated with A;. This result has been extended to the
quasilinear problem by Arcoya and Orsina [10] (see also [4,7,9,13] for related results).

In a recent article Rezende et al. [30], considering i, (x, s) = ho(x, s), for every u # 0,
established the existence of a weak solution for problem (1.2), whenever i > 0 is close to
zero and |» — X1/ is sufficiently small, by supposing a local Landesman—Lazer condition
on the interval (¢, ;) C R:

(Hy) /ho(x,tlfpl)fpldx >0> / ho(x, p1)g1dx,
Q Q

or
(Hy) /ho(x,nfm)(pldx <0< / ho(x, ap1)g1dx.
Q Q

We note that one of the characteristics of the results in [30] is that it is not assumed
any global growth restriction on the nonlinear term hg. For the existence of solution
under the hypothesis (HO+ ), these authors suppose that hg is locally L°(£2)-bounded,
o > max{N /2, 1}. Using an approximation technique, the existence of a solution for the
original problem is obtained by finding a local minimum for the functional associated with
an appropriated truncation of the nonlinear term Ag. Under the hypothesis (H,, ), further
assuming that A is locally L? (€2)-Lipschitz, the solution (derived via Lyapunov—Schmidt
reduction method [14,15,24]) is a saddle point of the functional associated with the truncated
problem.

We emphasize that the projection on direction of ¢; of the solution derived in [30] is
located in the interval (#1¢1, f2¢1). Based on this fact, the existence of multiple solutions for
the semilinear problem is established in the mentioned work [30] when the local Landesman—
Lazer conditions (Hoi) hold on disjoint open intervals.

In this paper we provide versions of the results established in [30] for the quasilinear
problem (1.1) when the family of functions %, is uniformly locally L? (€2)-bounded:

(Hp) Given S > 0, there are ;11 > 0 and ng € L°(2), 0 > max{N/p, 1}, such that

|h(x, s)| < ns(x), forevery [s| < S, ae.in @, forevery u € (0, u1).
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We also suppose &, satisfies the following versions of conditions (Hoi):

Definition 1.1 We shall say that the family of functions /,, satisfies the local Landesman—
Lazer condition (H, : ) [respectively, (H )] on the interval (z1, ;) if there exists a
Carathéodory function hg : 2 x R — R such that

(1) hg satisfies (H(;L ) [respectively, (H, )]
(i) hyu(x,s) = ho(x, s0),as (i, s) = (0, sp), for every sp € R, a.e. in .

Note that hypothesis (H;) implies that the integrals in (H(;r ) [respectively (H,, )] are well
defined whenever the family of functions £, satisfies (H lj' ) [respectively (H, n )1. Further-
more, we have that /, satisfies (HO+ ) [respectively (H,y )] for u > 0 sufficiently small.

Since there is no global growth restriction on the nonlinearities £, the associated func-

tional may not be well defined in W(}’p (£2). Following the argument employed by Rezende et
al. [30], we overcome this difficulty by applying an approximation argument combined with
an appropriated truncation of the functions 4,,. We emphasize that hypothesis (H) plays an
important role in the approximation method used in this article.

In order to state our results, we consider X = {v € Wol’p(Q); fQ [Vor |P_2V<p1 -Vodx =
0}. We note that X is a topological complement in Wol’p (R2) of the space generated by ¢g.
Indeed. take 7, p-1 : Wy ?(Q) — R, defined by Tp1(0) = [ ol vdx, v € WyP(Q),

the continuous linear functional in Wol "7 (Q) associated with gof -1 By the variational char-

acterization of the eigenvalue A, X is the closed subspace of WO1 "P(Q) orthogonal to the
functional T(p,,_l.
1

Theorem 1.2 If h,, satisfies (Hy) and (Hlj') on the interval (t1, t2), then there exist positive
constants (1* and v* such that, for every p € (0, u*) and |A — ©1| < uv*, problem (1.1) has
a weak solution u, = te1 +v, witht € (1, ) and v € X.

We emphasize that, as a direct consequence of Theorem 1.2, we may establish a multi-
plicity result for (1.1) when (H J ) is satisfied on disjoint open intervals:

Corollary 1.3 If h, satisfies (Hy) and (H/D on each one of the intervals (tyj_1,12j),1 <
J <k,k>2 witht; < --- < ty, then there exist positive constants |*, v* such that, for
every i € (0, u*) and |A — A1| < uv*, problem (1.1) has k solutions {u}t, e ,uﬁ} such

that ul, = Tjp1 +v;,Tj € (hj_1, 1)), v; € X, 1 < j <k

It is important to observe that it is possible to prove Theorem 1.2 and Corollary 1.3 using,
in Definition 1.1, the weaker condition A, (x, s) — ho(x,s), as u — 0, for every s € R,
a.e. in 2, instead of (ii). See Remark 2.7.

It is clear that, under the hypotheses of Corollary 1.3, the family of functions A, satisfies
the condition (H, n ) on each interval (t2, 12j11), 1 < j < k — 1. Hence, based on the results
by Rezende et al. [30], we may expect to obtain (k — 1) more solutions for problem (1.1)
which projections on the ¢;-axis are in the intervals (t2;¢1, f2j+191),1 < j <k — L

It is worthwhile mentioning that when dealing with the hypothesis (H,) for p # 2,
unlike in [30], we may not rely on the Lyapunov—Schmidt reduction method since problem
(1.1) involves the quasilinear p-Laplacian operator. In this article the existence of solutions
mentioned in the above paragraph are derived by applying the mountain pass theorem [5,29]
for functionals associated with aproppiated truncated problems. We note that one of the most
important difficulties we face when applying minimax methods is exactly to establish the
region where the minimax critical point is located.
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In our first result on the direction of obtaining minimax solutions for problem (1.1), we
consider that &, satisfies (Hl'[ ) on two open intervals, one of them contained in (—o0, 0)
and the other in (0, 00):

Theorem 1.4 If h,, satisfies (Hy) and (Hlj') on the intervals (t1, ty) and (13, ty), with t) <
0 < 13, then there exist positive constants ™ and v* such that, for every u € (0, u*) and
L — A1l < wv*, problem (1.1) has three distinct weak solutions uiL = Tip1 + v;, with
vieX,i=1,2,3 andt € (t1, 1), 10 € (13, 1) and 13 € (11, t4).

1
m

novelty in Theorem 1.4 is the existence of the third solution uft, which is derived via the
mountain pass theorem.

Next we deal with the existence of minimax solutions for problem (1.1) when the local
Landesman-Lazer condition is satisfied in one of the semi-axes (—o0, 0) or (0, 00).

In our next result we establish the existence of two nonnegative nonzero solutions for
problem (1.1):

We note that the first two solutions u,, and “;24 are a consequence of Theorem 1.2. The

Theorem 1.5 If h,, satisfies h,(x,0) > 0 a.e. in 2, (Hy), (H, ) onthe interval (t1, tp), with
t1 > 0, and (H) on the interval (12, 13), then there exist positive constants (u*, v* such that,
forevery u € (0, u*) and | — A1 < uv*, problem (1.1) has two nonnegative nonzero weak
solutions ML' =10 +v;, withv; € X,i = 1,2, and 71 € (t1,13), 77 € (12, 13).

We remark that we have a related result providing the existence of two nonpositive solu-
tions for problem (1.1) when £, satisfies (Hlf) and (H/L_) on the intervals (71, 1) and (1, 13),
respectively, with 13 < 0.

As an application of the above results we may establish the existence of k nonnegative
nonzero solutions for problem (1.1) when the hypotheses (H ) and (H, ;j_ ) are satisfied on
consecutive open intervals. For example, supposing

(Hyp)k hy satisfies the item (/i) of Definition 1.1 and there existk e Nand 0 < #; < <
- < I < tg+1 such that

[/ ho(x,tj¢1)<ﬂ1dX][/ ho(x,rj+1<p1)<p1dx] <0, 1<j<k
Q Q

/ ho(x, trr1901)@1dx < 0,
Q

as a consequence of Theorems 1.2 and 1.5, we may state:

Corollary 1.6 Ifh, satisfies h,(x,0) > 0, a.e. in 2, (H) and (Hy, )k, then there exist positive
constants (0¥ and v* such that, for every u € (0, u*) and |, — 11| < v*u, problem (1.1) has
k nonnegative nonzero solutions {u}L, e, uﬁ}

This paper is organized in the following way: in Sect. 2 we use the Sect. 2.1 to establish
a version of Theorem 1.2 under the hypothesis that the family of functions %, is L7 (£2)-
bounded. We begin the Sect. 2.2 stating a regularity result—Theorem 2.6—used in the proofs
of our main results. After that, we present the proof Theorem 1.2. In the Sect. 3, we reserve
the Sect. 3.1 to prove Theorem 1.4. In Sect. 3.2, supposing 4, (x,0) = 0 a.e. in & and an
additional hypothesis, we provide the existence of multiple nontrivial solutions for problem
1.1 (see Theorem 3.2 and Corollary 3.3). The proof of Theorem 1.5 is presented in Sect. 4.
Section 5 is reserved for applications of our main results. For the sake of completeness, we
present the proof of Theorem 2.6 in the “Appendix”.
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Throughout this work, for p > 1 and ¢ € [1, 00), we denote by

1 1
ull = (/ |Vu|"dx)", lully = (/ |u|qu)q and lulloo = sup essg|ul,
Q Q

the norms of the spaces Wol’p(Q), L7(2) and L*°(2), respectively. Moreover, fora € (0, 1),
we consider C%% () equipped withits usualnorm || - [|o,o. For p > 1 we consider its conjugate
p' = p/(p — 1) and the Sobolev exponent p* = Np/(N — p).

2 Existence of a minimum solution
2.1 A version of Theorem 1.2

Before proving Theorem 1.2 we shall first present a version for a related problem with a
function f replacing the power |s|?~2s and h u satisfying (Hlj' ) and a stronger version of

(Hy).
We consider the problem

—Apu = Af W)+ why(x,u)in Q, @1
u=0o0noe2, '

with the family of functions /4, satisfying

(Ifll) there exist n € L°(RQ), 0 > max{N/p, 1} and u; > O such that, for every u €
O, p1),

|hy(x, )] < n(x), forevery s € R, a.e.in Q.
Furthermore we assume that (H, lf ) holds on (#1, o) C R and that f satisfies

(F1) thereexistsaninterval [T7, T2] C Rsuchthat{rp(x); 1 <t <tr,x € Q} C [T}, T2]
and

(i) f(s)=Is|P%s, Vs € [Ty, T»];
() |f(s)] < Is|P~!, Vs eR.

The functional 1 , associated with problem (2.1) is given by
1
Lou@) = —|lull? —A/ F(u)dx — M/ H,(x,u)dx, Yue Wol’p(Q),
4 Q Q

where F(s) = fé f()drand H,(x,s) = f(; h,(x, T)dt. We note that under the hypotheses

(1:11) and (F1), I, € Cl(Wol'p(Q), R) for every 0 < u < wj. Furthermore the critical
points of I , are weak solutions of problem (2.1).
Now we may state a version of Theorem 1.2 for problem (2.1):

Theorem 2.1 Suppose (H;‘), (ﬁl) and (Fy) are satisfied. Then there exist [t),1] C
(t1, 1), u* € (0, 1) and v* > 0 such that, for every u € (0, u*) and |A — 11| < v¥u,
problem (2.1) has a weak solution u,, = t, @1 + vy, with t,, € (t1, 1) and v, € X.

As observed in the introduction, for proving Theorem 2.1 we follow a minimization argument
based on the following lemma:
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Lemma 2.2 Assume that conditions (I-AI]) and (F) are satisfied.

() If0O<p < pyand k €R, then thereisu, € C:={u =tg; +v : 1<t<t),v € X}
such that

bLy(uy) =me :=inf{ly ,(u):u € C}.
Moreover, givent € [t1, o], there exists v, € X such that
Lou(tor +vy) =my i=inf{l ,(u):u =t +v,v € X}.

(ii) Givend > 0, there exists o € (0, w1) and €9 > 0 such that, if 0 < pu < po and |, —
Al < e, then ||v|| < 8, foreveryv € S;(u,A):={v e X: I ,(to1 +v) =m,},
witht € [t1, t2].

Remark 2.3 By (ii) of the above lemma, v € S;(i, A) converges strongly to the origin in
Wé’p (2) when u© — 0 and A — A; uniformly in the interval [#1, 1]

Proof (i) For every u € [0, u1), by (ﬁl) we have
[Hy(x, ) <n@)s|, Vs € R, a.e.in Q. 2.2)

As a direct consequence of (2.2), 0 > max{N/p, 1} and the Sobolev imbedding theorem,
we obtain ¢; > 0 such that

’/ Hﬂ(x,u)dx‘ <cilull. Yue W) 2.3)
Q

whenever p € [0, 1¢1). Similarly, by the boundedness of f it is also possible to find ¢c; > 0
such that

‘f F(u)dx‘ <elull. YueX. 2.4)
Q

By inequalities (2.3) and (2.4), I, ,, is coercive and bounded from below on Wol’p(Q) for
every 0 < u < pp and A € R. This together to (I:I 1), the Sobolev imbedding theorem and
the fact that WO1 "P(Q) is uniformly convex, implies that I;_,, has a point of minimum in the
set C and in the set t¢; + X forevery t € [t1, 12].

(i1) Arguing by contradiction, we suppose that there exist 6 > 0 and sequences (i) C
©, 1), (Ap) C R, (t,) C [t1, 2] and (v,) C X such that

un — 0and Ay, — A1 —> Oasn — oo,

2.5
lvall =6 > 0, vy € Sy, (o, An), VnelN. )

Without loss of generality, we may suppose that t, — t € [t1, 2]. Furthermore, in view
of (2.3), (2.4) and (2.5), we may also assume that v,—v weakly in Wol’p(Q). Considering
Sobolev imbedding theorem and taking a subsequence if necessary, we have

v, (x) — v(x) strongly in L"(Q), 1 <r < p¥,
v, (x) > v(x) a.e. in Q, (2.6)
()| < Yr(x) € L"(R),1 <r < p*, a.e.in Q.

Setting u,, = t,¢1 + vy, n € N, from the definition of S; (i, A), we have
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(I 3yt )y Vi — ) = /Q VP>Vt - V(W = v)dx = dp /Q S (un) (v — vy)dx
—n /Q Ry, (x, up) (U — vy)dx =0 2.7
and
(Do, 1 Uim) s U — V) = /Q Vit | P2Vt - V(U — 02)dX — Doy /Q S m) Wy — vy)dx
— /Q Ry (X, ) (U — vy)dx = 0. (2.8)

The boundedness of f, (2.5) and (2.6) imply that
A”/ f(un) (v —vy)dx — 0, and Anl/ fum)(y —vy)dx — 0,asm,n — o0o. (2.9)
Q Q
From (I:I 1) and Holder inequality, we get
[ ) = v = [l = valdx < len @ lom = vl
Q Q
Since 1 <o < p*, by (2.5) and (2.6) we conclude that

/L,,/. hy, Un) (U — vp)dx — 0 and um/ Ry i) (U — vy)dx — 0, asm,n — oo.
Q Q

(2.10)
Subtracting (2.7) of (2.8) and invoking (2.9)—(2.10), we obtain

/ [|Vum|p_2Vum — |Vu,,|p_2Vun] -V, —vy)dx — 0asm,n — oo.
Q

From the above result, the fact that (u,,) C WO1 "7 () is a bounded sequence and t,;, —t,, — 0
asm,n — 00, we get

|/Q (1Yt P~V — [Vuy P2V, | - Vi — up)dx|
< ltm = tal Ul |17~ 4 Nt 1P~ Tl |
+| /Q IVt P~V — Vuy P2V, ] -V (vp
—v,,)dx| — Qasm,n — oo.
Supposing p > 2 and using the estimate (see [27])
cpla —bIP <[lal’2a — |b|P~?b] - (a — b), Va,b e RY,
where ¢, denotes positive constant depending on p, we get
/;2|V(um—un)|”dx—>0, asm,n — 00. 2.11)

On the other hand, if 1 < p < 2, we invoke the estimate ( see [27])

cpla — b|? p—2 p—2 N
WSUQ' a — |b| b)y-(a—"b), Va,beR",
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to obtain

v _ 2
lim / IV @t = )| dx = 0. (2.12)
mn—00 Jo (1 + [Vuy| + [Vu, )P

Hence, applying Holder inequality with exponents 2/p and 2/(2 — p), we have

IV (um — un)|? 5 p2=p)
V(u, —u ”dx:/[ ] (1 + |Vupy| + |Vu 7 dx
/Q| (ttm )l o LA Vup | + Vup2r ( [Vum| + [Vuul)
2—p

IV — un)|? / e
d 1 Vu, Vu,|)’d .
f[/g(1+|wm|+|wn|)zfﬂ [ f @+ 1Vl + 19unras]

As a direct consequence of (2.12) and the boundedness of the sequence (u,) C WOI”7 (2), we
may conclude that (2.11) also holds for I < p < 2. From (2.11) and the convergence of (z,)
to t, we may assert the strong convergence in W(} P (Q) of the sequence (u,) tou = tey + v.
Using this convergence, (2.2), (2.5) and the fact that the function f is bounded, we obtain
that ||v|| > § > 0 and

1
IA,,,/A,, (un) = —llun ”P - )Ln/ F(uy)dx
p Q

1
_Mn/ Hy, (x, up)dx —> —|ull” —M/ F(u)dx,
Q p Q
asn — oo. Since ||v|| = 8 > 0, from (F7)-(ii), we deduce that
1 1 Al
l? =1 [ Fodx = -l = 2 julf > o,
p Q P P

and that I, ,, (f,¢1 + v,) > 0, for n sufficiently large.
On the other hand, from (2.2), (t,) C [t1, 2] and (F1)-(i), we get

1 A
Dot (tn901) = ~ a1 17 = ==t 11}
p p

1 A
—Mn/ Hy, (x, tap)dx — —|ltg1[|P — = |lte1ll; =0,
Q p p

and we conclude that Iy, ,, (t,01) < I, u, (ta@1 + vy), for n sufficiently large. However,
this contradicts v, € S;, (s, A,) for n € N. The proof of Lemma 2.2 is complete. O

In our proof of Theorem 2.1, we shall use the following technical result:

Lemma 2.4 Suppose the family of functions h, satisfies (H,) and (1:11). Let (uy,) be a
sequence in W(}’p(Q) such that u,—u weakly in Wé’p(Q), asn — oo. Then

/ [Ho(x, u,(x)) — Ho(x, u(x))]dx — 0, asn — 00,
Q

(2.13)
/Q [Hﬂ(x, uy(x)) — Ho(x, u(x))]dx — 0, aspu— 0,n — oo.
Proof First of all we note that without loss of generality we may suppose
u,(x) — u(x), a.e.in 2, asn — o0, (2.14)
lun(x)] < ¥y (x) a.e.in Q, withy, € L"(Q), 1 <r < p*, Vn e N. '
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The first limit in (2.13) is a consequence of (2.2), (2.14), with r = o/, and the Lebesgue
dominated convergence theorem. Next, we shall verify the second limit in (2.13). Let (u,)
any sequence in (0, ;1) converging to zero. We claim that

Hy, (x,u,(x)) = Ho(x,u(x)), asn — oo, a.e.in Q. (2.15)
By the definitions of H,, and Hy, we have

up (x)

u(x)
Hy, (x, uy(x)) — Ho(x, u(x)) =/ [y, (x,5) — ho(x, s))ds +f hy, (x, s)ds.
0

u(x)
(2.16)
Ngxt we fix x € Q such that |u(x)| < oo and n(x) < oo, with n given by (H;). Hence, by
(Hy) and (H)), forevery n € N,

1y, (x5 8) = ho(x, ) < hy, (x, $)| + [ho(x, $)] < 2n(x) < o0, Vs €R. (2.17)

Invoking (H,,) one more time, the above estimate and the Lebesgue dominated convergence
theorem, we obtain

u(x)
/ (A, (x,8) —ho(x, s)lds — 0, asn — oo. (2.18)
0
On the other hand, from (I:I 1) and (2.14), we have

Up (x)
‘/ hy, (x, s)ds‘ <n@)|up(x) —ulx)| - 0, asn — oo.
u(x)

Consequently, it follows from (2.16) and (2.18) that (2.15) holds almost everywhere in 2.
The claim is proved.
In view of (2.2) and (2.14), there exists ¥, € L° (2) such that, for every n € N,

|Hyi,, (6, un () — Ho(x, ()| < n(0)(lun ()| + [u(x)]) < 20(x)¥gr(x) € L1(Q), a.e.in Q.

By the above estimate, (2.15) and the Lebesgue dominated convergence theorem we have
that

/ [H,, (x, uy(x)) — Ho(x, u(x))ldx — 0, asn — oo.
Q

The proof of Lemma 2.4 is complete. O
Now we may present:

Proof of Theorem 2.1: In view of the hypothesis (H, /j_ ), the function A satisfies (HS' ), which
together to (2.2) implies that there exista, § > O and 9 € (t; + §, o — §) such that

/ Ho(x, top1)dx —/ Ho(x,tp1)dx >a >0, Vte[t, 1 +68]1U[r -6, 1] (2.19)
Q Q

We shall verify that there exist u* € (0, n1) and v* > 0 such that, for every 0 < pu < u*
and |A — A1| < v*u, we obtain

L u(op)) < L u(ter +v), Y elt, t1 + 81U — 8, 0], veS(u, ). (2.20)
From the definition of the functional IA)\, x and (Fp), we have

A =2
Ly (topr) = ——1tol” — | Hy(x, topr)dx (2.21)
Pl Q
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210 Page 10 of 27 D. Arcoya et al.

and
) »
Lou(tor+v) = Tlltwrvll —u | Hy(x,te1+v)dx, Vi € [t1, 0], v e Si(u, A).
Q
(2.22)
Considering @ > 0 given by (2.19), we take 0 < € < a/4and 0 < v* < apr 2P~V /4T +
a)?, T = max{|], [r2[}. a]

In view of Lemma 2.2-(ii) and Lemma 2.4, we may find 0 < u* < u; such that, for every
0 <u < wp*and |A — Ap] < v*u, we have

| [ Tt 0 = o pn]as] < e, Ve e tn.al, ve sie,
Q

‘/ [Hyu(x, top) — Ho(x,t0<.01)]dX‘ <e,
Q
lvll <€, Yve Si(u,A), t €ln,t2].
From the above relations, (2.21) and (2.22), we obtain

(A1 —A)
Lou(tor +v) — L u(topr) > W[”f‘/’l +v)|” — |7 ]

—M/ [Hﬂ(x, tor +v) — Hy(x, to(pl)]dx
Q

« Lt + )P + 1]”]
vt
DAl

—,u/g [Hy(x, 11 4+ v) — Ho(x, t¢))]dx

v

u fQ [Ho(x. tog1) — Hyu(x. o) ]dx

+M/Q [Ho(x, to@1) — Ho(x, te1) |dx

V*M[(Itl +r + 10’1
DAL

+M/Q [Ho(x, 10¢1) — Ho(x, tg1)]dx.

2_

2ue

In view of (2.19), 0 < € < a/4and 0 < v* < apr22P=V /AT + a)?,if 0 < p < p*,
L= A1| < viu, we get

AT + a)P a a vAT +a)?

— — *7 —_ = —_———_—
Bt +0) =l ultop)) = =V S Tt g = 5 22 Ju=>0,

whenever t € [t,11 + 8] U [, — §, ] and v € S;(u, A). That concludes the verification of
(2.20).

Considering 0 < p < p* and [A — A1] < v*pu, by Lemma 2.2-(i), there exist u,, such
that I ;,(uy,) = mc = mc(u, A) = inf{l ,(u); u € C}. From (2.20) and the definitions of
mc and m; in Lemma 2.2-(ii), we get

Lo(uy) < 0 (o) < my(u, ), Ve e[, t + 81U [0 — 6, 6.
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Hence, writing u,, = t,,¢1 + vy, v, € X, we have that t1 + 8§ < 1, < tp — §. This implies
that u,, is a point of minimum local of /; , and, consequently, a weak solution of problem
(2.1). The proof of Theorem 2.1 is complete with f| = t; + 8 and &, = t, — 6.

Remark 2.5 We emphasize that the solution u,, of problem (2.1) given by Theorem 2.1 is
actually a point of minimum of the functional 7, ,, in the interior of the cylinder C = {u =
tor + vt €1, 0], v e X}

2.2 Proof of Theorem 1.2

Before proving Theorem 1.2, we state a regularity result for the weak solution of the boundary
value problem
—Apu=g(x), in Q,

2.23
u=20, on 092, ( )

where 2 is a bounded regular domain of RV N>21< p < N and g € L°(R), with
o> N/p.

Theorem 2.6 Suppose Q is a bounded domain of RN, N > 2, with 3R satisfying the exterior
uniform cone condition. If 1 < p < N and g € L°(Q), 0 > N/p, then the weak solution
u e W&’p(Q) of problem (2.23) is in C%%(Q), for some exponent o € (0, 1). Moreover
there is a constant ¢ > 0 such that ||u ||C0,a(§) < ¢, with the exponent a and the constant ¢
depending on Q and || g||,-

For the convenience of the reader, we present the proof of this result in the “Appendix”. It
is based on the argument of the proof of Theorem 1.1 of chapter 4 by Ladyzenskaya and
Uralt’seva [22] and Remark 2.6 by Arcoyaetal. [8]. We also observe that, for p > N, Theorem
2.6 follows directly from the Sobolev imbedding W(;‘p(Q) — CO(Q),0<a<1—N/p.

Proof of Theorem 1.2: Considering T = max{|t[, [2]} and R > T|¢1]lco > 0, we take a
function ¥ € C(R, [0, 1]) such that x (s) = 1,if |s| < R, and x(s) = 0, if |s| > R+ 2. Next
we define the truncated functions fg and hy, g for 0 < u < u1, by

= |s|P72 forevery s € R
Sr(s) = Is|""sx (s), very s (2.24)
hy r(x,s) =hy,(x,s)x(s), forevery (x,s) € Q& xR.
Associated with fr and &, g, we have the problem
—Apyu = A + uh ,u), in 2,
pl Sr) + M,R(x u) (2.25)
u =20, ondf2.

From (H;) and the definition (2.24) we may assert that the family of functions /,,  satisfies
(1:11). Moreover, as ||ti¢1]loc < R,i = 1,2, it follows from (2.24) and (HMJr) that i, g
satisfies (H,ﬁ) on the interval (¢, t2). We also note that fr satisfies (F) with [T}, T2] =
[—R, R]. Applying Theorem 2.1 we find [f1, &2] C (11, 12), u* € (0, £1) and v* > 0 such
that, for every u € (0, u*) and |A — A;| < pv*, problem (2.25) has a weak solution
Uy = tu@1 + vy, with ¢, € (1, ) and v, € X.

To conclude the proof of Theorem 1.2 we verify that lim, ¢ |lu,llcc < R. Indeed, let
(un) € (0, u*) and (1,) C R be sequences such that ,, — 0,as n — oo and |A, — 11| <
unv*, for every n € N. Given n € N, we write u, = uy,, = t,¢1 + Vy,, 0y, € X
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210 Page12of27 D. Arcoya et al.

and t,, € (f1, ). Setting g, (x) = An fr(Un(x)) + finhy, r(x, uy(x)) for x € €, by the
boundedness of fr and (1:11), we may find ¥ € L°(2), 0 > max{N/p, 1}, such that, for
everyn € N, [g,(x)] < ¥ (x),a.e.in Q.

Hence, by the compactness of the inverse of the p-Laplacian operator (—A ,,)*l

L% (Q) — W&’p(Q), we may find a subsequence (u,,) of (u,) such that u,, — u strongly
in W(}'p (2), as k — oo. Furthermore, invoking Theorem 2.6 when p < N and the Sobolev
imbedding theorem for p > N, we may assume that u,, — u strongly in C(£2), asn — oo.
Using this last result, (ﬁl) and that 4, — O and A,, — A1, as n — o0, we obtain that i is a
solution of the problem
—Apu = AlfR(u), in Q,
u=0, onodf2.

Since | fr(s)| < A1ls|P~!, we get that actually u = t¢;. Moreover, observing that (¢,,,) C
[f1, 2] C (11, 12), we have t € (11, 12) and, consequently, limg— [y, oo < R. The proof
of Theorem 1.2 is complete. O

Remark 2.7 Note that Theorem 1.2 holds if we suppose
(iAi) hu(x,s) — ho(x,s), forevery s € R, ae.in 2, asu — 0,

instead of condition (H,,) — (ii). Indeed, this last condition has been used in the proof of the
Lemma 2.4 to verify (2.17) and (2.18), which are satisfied if we assume (iAi).

Remark 2.8 Note that to prove Theorem 1.2 we could apply Theorem 2.1 to any function f
satisfying (F1) and to any family of functions A, satisfying (H) and

hu(x,s) = h,(x,s), ae.inQ, for0 < u < pu, (2.26)

for every s € [T1, T»].
Moreover, we observe that the solution u,, € WO1 P (Q) of problem (1.1) provided by
Theorem 2.1 satisfies u,, = t,¢01 + vy, t, € (1, H), v, € X and

L (uy) <min{l; , (t191), I, (201},

where I, , is the associated functional.

3 A first result on the existence of a minimax solution
3.1 Proof of Theorem 1.4

We begin the proof of Theorem 1.4 by considering appropriated truncations of the family of
functions h,, and the power |s|P—2s: considering 71 := 11]|¢1llcc < 0 < T2 = t4]¢1 ]l 00>
we take x € C(R, [0, 1]) to be a function satisfying x (s) = 1, if s € [T1, T»], x(s) = 0, if
s € (=00, Ty — 1]U[Tr + 1,00),and 0 < x(s) < 1, otherwise.

Next, given u € [0, £1), we define f R — Rand fzu Q2 xR — Rby

{ f(s) = |s|P2sx(s), forevery s € R 3.0

IAzﬂ(x,s) =h,(x,s)x(s), forevery (x,s) € Q x R.
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Associated with the family of functions A . and the function f, we consider the quasilinear
problem

—Apu = Af () + phy(x, u), inQ, (32)
u =0, on Q. '
In view of the definitions (3.1), we get that h u satisfies (ﬁ 1) and
f(s) = |s|”*23, for every s € [Ty, T»] (3.3)
()] < Is|P7T, for every s € (—o0, T1) U (T2, 00). '

Furthermore, noting that {r¢(x); ;1 <t < t4,x € Q} C [Ty, T>], we have that f satisfies
(F1) and h  satisfies (2.26) with respect to the intervals (¢, 12) and (f3, #4). Consequently,
by Theorem 1.2 and Remark 2.8, we find [, ] C (11, 1), [13, f4] C (13, 14), i € (0, py)
and p* > 0 such that, for every u € (0, £*) and |A — Aq| < V*u, problem (1.1) has two
weak solutions uiL =101 +vi,v;, € X,i =1,2,and 11 € (t1, 12), T2 € (13, 14). Moreover,

considering the functional associated with problem (3.2), IA,\, u € c! (WO1 7 (Q), R), defined
by

~ 1 ~ A
Do) = —ull? — A/ Fu)dx — u/ Hy(x,u)dx, Yue Wol’p(Q), 3.4
4 Q Q

where F(s) := [y f(t)dt and Hy(x,s) := [y h,(x, T)dt, we have that uy, and u?, are
point of minimum of the functional ;_ . and satisfy

{ Lop(uy) < min{l (tn), D (1)} 53)

D (u) < minghy , (5301). I (ta1))-

Our next task is to derive a third solution ”;31 for problem (3.2) via a minimax theorem. We first
verify the geometric properties that are necessary for applying the mountain pass theorem:

Lemma 3.1 Suppose h,, satisfies the hypotheses of Theorem 1.4. Then there existty € (12, 13),
ni € (0, i*) and vy € (0, V™) suchthatminyex I (tog1+v)> max{ly . (t2@1), I u(t301)},
forevery p € (0, ut) and |A — Ay| < v

Proof Without loss of generality, we suppose that IAML(tz(pl) = max{f;\,u(tzgol), IA)L,M(I3<,01)}.
In view of the hypothesis (HM_ ) on the interval (1, f3) and (Fll), we find 4,8 > 0 and
to € (t2 + 8, 13 — &) such that

/ Hy(x, tg1)dx —/ Ho(x, fop)dx >a >0, Vi€ bh+8Uln -85l (3.6)
Q Q

Setting 8, (i, A) = {v € X; I . (191 + v) = inf,ex L (to1 + 2)}, 1 € [12, 13], by (3.3) we
have

. 1 (A1 —A) . .
L (top1+v) > ;Tlltotpﬂrvllp—u H,, (x, top1+v)dx, foreveryv € S (1, 1),
Q
(3.7
and
A 1 (A1 —2) » N
Lou(hp) = ———— 2!’ —pn | Hu(x, bepdx. (3.8)
P A Q

@ Springer



210 Page 14 of 27 D. Arcoya et al.

Now, given 0 < € < a/4, we may apply Lemma 2.4 to find ] € (0, 2*) and v € (0, D¥)
such that, for every 0 < < u} and [A — A1| < v{u, we obtain

lvll < €, Vv e Sy n),
‘/ [Hy(x, top1 +v) — Ho(x, t0<.01)]dx’ <€ Yve S, ),
Q

| [ 18u0r.t200) = ot agolar] <.
Q

Consequently, from (3.6)—(3.8), for every 0 < p < uf, [A —Af| < v*uand v € 3,0 (m, A),
we get

. . 1 (A —2) )
L, (topr +v) — L (@) > ;Tlltofm + vl
—M[/ [H, (x, top1 +v) — Ho(x, to(ﬂl)]dX]
Q
Lu—2, . .
—— Ll 4 [ U nen) — Ao, g ]
P M Q
+M[/ [Ho(x, hgr) — I:IO(XJO‘PI)dx:I
Q
L}

—7f[2(|f|+é)”] EELI»
Y ) 2 tn
:[_ 1L v} 4T +a)P g]

pa 221 oM

where 7 = max{|t2], |t3]}. Assuming further that 0 < v} < pr1a22P=V /4T + a)P, we

obtain I, (to@1 +v) > I, (tag1) = max{ly_,(t2¢1), I, . (t3¢1)}. The proof of Lemma 3.1
is complete. o

Next we present:

Proof of Theorem 1.4: Since ﬁu satisfies (Hlj') on (t1, ) and (t3,t4), we find a > 0 and
0 < 8 < min{t, — 1, t4 — t3} such that

f ho(x, to)grdx < —a <0, V1 € [13 — 8, 14],
Q

3.9)
/ ho(x, toD)@idx >a >0, Vel t+38]
Q

Given u € (0, u}) and [A — Aq1| < viu, uy and v} given by Lemma 3.1, we define
= inf I} 3.10
Crpe = Inf, max, (v (5)), (3.10)

where |

I'={y € C(0,1], Wy'"(Q)); y(0) = rre1, ¥ (1) = t3901}. (3.11)

Since f is a bounded function and (ﬁﬂ) satisfies (I:II), we may assert that IA,M  satisfies the
Palais-Smale condition. Hence, invoking Lemma 3.1 and the mountain pass theorem [5] (see
also [29)), IA;L,M has a critical point u, € Wol’p(Q) such that

Lop(y) = ¢y > max{ly , (hg1), D (13901)). (3.12)
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Take 0 < v* < min{v{, Xa/TP~1Y, with T = max{|r|, |2} and a given by (3.9). We claim
that there exists u} € (0, u*) such that, for every u € (0, u*), A — A1| < v*u, we must
have

Uy =tupr + vy, withtp +6 <1, <t4 — 6, v, € X;

T < u(x) < T, ae.in Q.

For proving such claim it suffices to verify that given sequences (u,) C (0, u})and (A,) C R
such that u, — 0,asn — oo, and |1, — A1| < v*u,, forevery n € N, we may find, up to a
subsequence, ng € N such that, for every n > ny,

{u,, =y, =1tu,e1 +vy,, witht, € (t +6,1t4 —9), vy, € X; (3.13)

Ty <uy,(x) <1, ae. in Q.

Setting g, (x) = A, f(un (x)) + Mnftﬂ,, (x, un(x)), for every x € 2, and arguing as in the
proof of Theorem 1.2, we may suppose that there exists ¢ € R such that

{un — toy, strongly in Wol’p(Q), as n — 00; (3.14)

u, — te1, strongly in C(Q), asn — oo.

Moreover —A ,(t¢1) = A f(tgol) in 2. Hence

k1/1f0¢0mn¢r=A1/1HW¢fdm
Q Q

Note that the above relation implies that t € [#1, t4]. Effectively, if t ¢ [#1, t4], by (3.3) and
our choices of T and T», we have that the set E = {x € ;| f (t@1(x))| < |t]7~ o1 ()P~}
has positive measure and, consequently,

)»1/ ftontgidx <M/ 1177 dx.
Q Q

Next we assert that actually € (11 + 8, t4 — 6). Indeed, if we suppose otherwise, by (3.9)
and the first limit in (3.14), we obtain

—/ Ry, (X, U itydx — —t/ ho(x, to1)eidx > |tla > 0. (3.15)
Q Q
From (3.3) and |A,, — A1| < v*u,, we may write

0= (I)\,,,p,n (Un), up) > ”un”p — An ”unnz - Mn/ h/z,, (x, up)updx
Q

oV fuall”

> [ P /szun(x,u,,)undx]un.

The above inequality, (3.14) and (3.15) imply that 0 > —v*|¢|” /A1 + |t|a. However, this
inequality contradicts f # 0 and 0 < v* < Aja/TP~ L.

Using the above assertion and (3.14), we conclude that, up to subsequence, there exists
ng € N such that (3.13) holds for every n > ng. The claim is proved.

From the above claim and definitions (3.1), we have that for every u € (0, u*) and
[A — x| < viu,u, = t,@1 + vy is a solution of problem (1.1) such that #1 < 7, < t4.
Furthermore, by (3.5) and (3.12), u, ¢ {u}u ui}, where u}L and ui are the solutions of
problem (1.1) found by applying Theorem 1.2 in the intervals (#1, t2) and (#3, t4), respectively.
The proof of Theorem 1.4 is complete. O
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3.2 Existence of nontrivial solutions

In this subsection we suppose that the function &, satisfies the following hypothesis:

(H,) there exist n; € L°1 (), o1 > max{ﬁ, 1}, such that
p

hu(x,s) =o(m Is|”~1), ass — 0 uniformly a.e. in 2 and x € [0, u1).

Note that condition (H») implies that # = 0 in €2 is a trivial solution of problem (1.1). In
our first result we establish the existence of an additional nontrivial solution under the above
condition and the hypotheses of Theorem 1.2.

Theorem 3.2 Suppose h,, satisfies (Hy), (Hp) and (HJ) on the interval (t1, tp), witht; > 0.
Then there exist positive constants W* and v* such that, for every u € (0, u*) and 1 €
(A1 —v*u, A1), problem (1.1) has two nonnegative nontrivial solutions uiL =711+, v €
X,i=1,2,1 € (t1,) and 1p € (0, 1p).

As a direct consequence of the above result, we may state:

Corollary 3.3 Suppose h,, satisfies the hypotheses of Theorem 1.4 and (Hy). Then there exist
positive constants u* and v* such that, for every u € (0, u*) and A € (A1 — v*u, A1),
problem (1.1) has four nontrivial solutions ujl =T +vi,v € X,i =1,2,3,4,11 €
(t3,14), 72 € (0, 14), T3 € (11, 12) and 74 € (11, 0)

Proof of Theorem 3.2: Since we are looking for nonnegative solutions we use a slightly dif-
ferent argument of the one employed in the proof of Theorem 1.5. Consider 71 = 0,
Tr = tl¢1llec and x € C(R, [0, 1]) such that x(s) = 1ifs < T», x(s) =0if s > T» + 1,
and 0 < x(s) < 1 otherwise. Then we define

A(s) = (sHPVx(s), forevery s € R
Jj Y (3.16)
hy(x,s) = hy,(x,sT)x(s), forevery (x,s) € @ x R.
We also consider the associated quasilinear problem
—Apu = Af(u)+ phy,(x,u), in Q, 3.17)
u =20, ondQ.

By definition (3.16) and (H;) we have that /1, satiusfies (I:Il). We also have that f satisfies
(F1) and f‘u satisfies (2.26) with respect to the interval (71, 2) since {tp1(x);f; < t <
ty,x € Q} C [Ty, Tz]. Applying Theorem 2.1 and Remark 2.8, we find (1, 0) C (11, 1),
a* € (0, up) and D* > 0 such that, forevery u € (0, *) and |A — A1| < D*, problem (1.1)
has a weak nonnegative solution uL = 11901 +v1,v1 € X and 11 € (#1, 12). Moreover,

D (u)) < min{l, . (f1g1 +v); v € X}, (3.18)

where IA,\,H € Cl(Wol’p(Q), R) is the functional
~ 1 ~ A
Lop@) = —ull? — A/ Fu)dx — [L/ Hy(x,u)dx, Yu e W(}’p(Q), (3.19)
P Q Q
with F(s) := I f(t)dt and I:IM(x, 5) = [ fzu(x, 7)dt, for every (x,s) € Q x R.
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As in the proof of Theorem 1.5, the second nonnegative solution ui for problem (1.1) is
derived by applying the mountain pass theorem. Fixing u € (0, i*) and A € (A; —D*u, A1),
we claim that there exist &, p > 0 such that

IAML(u) > allull”, Y u € By(0). (3.20)

Given € > 0, by (Hy), (I:Il) and using the fact that p* /o’ > p, there is A > 0 such that

~ € P .
|H,(x, )] < = ImlIsl? + An(x)ls| =, Vs € R, ae.in Q,
p

with n and 7 given by (I%) and (H>), respectively.
From the above inequality and (3.16), we get

. 1 A nw r
Fop ) = Sull? = 2 g - —e/ i lls1Pdx — A/ Dol dx.
14 V4 P Jo Q

By Holder inequality, o, 01 > N/p and the Sobolev imbedding theorem, we find ¢y, ¢z > 0
such that

*

A 1 A % r*
Do) = ;Ilull” — = lullpy - ;661llmllal lull” — Acalnllo lull o

Hence, using that ||u||ﬁ < 1/Aq||lull?, we get

N 1. (A1 —A) rf_
b0 = [ = pecrlmlln - Apealnllo lull e jju) .
Noting that (A\; — A) > 0, we may choose € > 0 such that (A1 — A)/A1 — pecilinille; > 0.
Next, since p*/o’ — p > 0, we may find «, p > 0 such that IAML satisfies (3.20). The claim
is proved.

Now we define

Cap = ;réfr Jnax, Ly (1)), (3.21)
where
I'={y € C([0, 1], WOI”’(Q)); r(©0)=0,y() = u,ﬂ}- (3.22)
By (3.18) and (3.20), R )
G > max{l , (0), Ly (u),)}. (3.23)

Since IA;L, u satisfies the (PS) condition, there exist u,, a critical point of IA;\, w»> such that
f)\,u(u“) = ¢y, . From (3.23), u, # {0, uL}. Moreover, by (3.16) and (3.17), u,, > 0 a.e.
in Q.

Since A, satisfies (HJ) on (f;, ), wefinda > 0and 0 < § < o — 1 such that

/ ho(x, to)@idx < —a <0, Vi € [tr — 8, 12]. (3.24)
Q

Take 0 < v* < min{d*, Aja/6}. Let (u,) C (0, &*) and (1,) € R such that u,, — 0 as
n — oo and A, — A1] < v*u,, for every n € N. For proving Theorem 3.2, we must verify
that, up to a subsequence, there is ng € N such that, for every n > ny,

(3.25)

Up = Uy, = TPl + Uy, Ty € 0,n), v, € X;
0 <u,(x) <T, ae.in Q.

@ Springer



210 Page 18 of 27 D. Arcoya et al.

Setting g, (x, s) = Ay f(s) + /Lnfl,,_” (x, 5), forevery (x, s) € Q x R, we may argue as in the
proof of Theorem 1.5 to conclude that (3.14) holds with ¢ € [0, t2]. Actually we note that
t € [0, t, — §). Indeed, if we suppose otherwise, by (3.24) and (3.14), we obtain

—/ ]:ll/«n (x, up)u,dx — —t/ fzo(x, to)prdx > ta > 0.
Q Q

However this may not occur since, by (3.16) and A, < Ap,

~ 1 .
/§2th (x, un)undx = E<I}/\n,ﬂn (Up), up) = 0.

The fact that 7, < 1; if n is sufficiently large, follows from ¢ < #; — § and the first relation
in (3.14). We also note that u,, > 0, u,, # 0 in Q implies that 7, > 0.

The second relation in (3.25) follows by the second limit in (3.14). The Theorem 3.2 is
proved. O

4 A second result on the existence of a minimax solution
4.1 Proof of Theorem 1.5

Following the argument used in Sects. 2 and 3, we begin the proof of Theorem 1.5 by choosing
appropriated perturbations of the functions |s|”~!s and i, (x, 5). The main difficult is that the
type of truncation employed in our proof of Theorem 1.5 does not provide the localization of
the projection of the solution on the direction of ¢;. Here we consider a local perturbation of
hy (x, s). We also remark that a key ingredient in the proof of Theorem 1.5 is the compactness
of the inverse of the p-Laplacian operator from L° () to C ().

Invoking the conditions (Hu_) on (11, 1) and (H,‘[) on (fp,13), we finda > 0 and 0 <
8 < t1 such that

/ ho(x, tg1)p1dx < —a <0, forevery |t — ;| <48, i =1,3. “4.1
Q

Fixed xo € €, we use the continuity of the eigenfunction ¢; to find r > 0 such that
B, (x9) C Qand

(t1 — &) max{gp; (x); x € B, (x0)} < (t1 — 8/2)¢1(x0) < t; min{p;(x); x € B, (x0)}, (4.2)

and we consider ¢ € C.(By(xo), [0, 1]) such that {(x) = 1, for every x € Br/z(xo).

Setting Tp = (1 —3/2)¢1(x0), T1 = t; min{g; (x); x € By (x0)} and Tr = 13]|¢1 || 0o, from
(4.2)and 11 < 13, we have that 0 < Ty < T1 < T». Next we take 0 < 8; < (T1 — Tp)/2
and x; € C(R, [0, 1]) such that x;(s) = 0,if s < Topors > T1; x1(s) = 1,if Tp + §; <
s < Ty — 8;. Furthermore we consider x» € C(R, [0, 1]) satisfying x2(s) = 1, if s < T»;
x2() =0,if s >Tr+ 1;and 0 < x2(s) < 1,if T <s < Tr + 1.

Now, for every u € [0, 1) and A > 0 to be chosen posteriorly (see Lemma 4.2), we
define

{ f(s) = (sT)P ' xa2(s), forevery s € R; 43)

By (x,s) = hy(x, s xa(s) — Axi(s)¥ (x), forevery (x,s) € Q@ x R,
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and we consider the associated problem

{ — Apu = A f () + phy(x,u), in Q,

4.4
u =0, ondQ. (44)

In the following lemma we present a list with the properties of the function /:

Lemma 4.1 Suppose h, satisfies the hypotheses of Theorem 1.5. Then the family of functions
fl,t, defined in (4.3), satisfies, for every u € [0, 1),

(P1) hy(x,s) =hy(x.s%), if

(i) x € Qands € (—o0, To] U [Ty, T2] or

(ii) x € Q — By(x0) and s € (—o0, T1].
(P2) ﬁu(x, §) =h,(x,0) >0, for every s <0, a.e in Q.
(P3) hyu(x, tgi1(x)) = hy(x, tg1(x)), for everyty <t <13, x € Q.
(Py) flu satisfies (1:11), (HM_) and (H,‘[) on (11, ) and (2, 13), respectively.
(Ps) A

hu(x,s) < hﬂ(x,er), foreverys < T,, a.e. in 2;

I:IM(x, s) < Hu(x, s+)f0r everys < T, a.e.in S,
where ﬁu(x, s) = f(; fzﬂ(x, t)dt, Hy(x,s) = f(; h(x, t)dt, foreverys € R, x € Q.

Proof The property (Py) is a direct consequence of (4.2), (4.3) and the properties of the
function v, x1 and x». The property (P») follows from property (P1) and h, (x, 0) > 0, for
almost every x € Q. Given t; < t < 13, we have that 0 < r¢;(x) < 3|91l = T2, for
every x € Q. Moreover, by (4.2), t¢1(x) > t¢1(x) > Ty, for every x € B, (xp). In view
of these facts, we may apply property (P;) to assert that property (P3) holds. The property
(Py) follows from the hypotheses of Theorem 1.5, the definition (4.3) and (P3). Finally we
observe that (Ps) is a direct consequence of (P,), the definition of h wx2@) =1ifs <
and ¥ (x) x1(s) > O for every s € R, x € Q. The lemma is proved. ]

We also observe that f , defined in (4.3), is a bounded function satisfying
f(s) =0, forevery s < 0;
f(s) = 5P~ for every s € [0, T»]; 4.5)
| £ ()| < |s|P~", forevery s € (—00, 0) U (T, 00).

Considering F(s) = fg f(t)dt, for every s € R, we may invoke the property (P4) in Lemma
4.1 and (4.5) to conclude that the functional IAA, w! WO1 7 (Q) — R, defined by

~ 1 ~ ~
L) = —|ull? — A/ F(u)dx — /L/ Hy(x,u)dx, Yu e Wol’p(Q), 4.6)
P Q Q

is of class C!. Furthermore critical points of IA;L, 1 are weak solutions of problem (4.4).

We also remark that property (P2) in Lemma 4.1 and (4.5) imply that any critical point
u e Wol’p(Q) of IA;L,,L is nonnegative almost everywhere in .

Next result provides the appropriated value of A to be considered in definition (4.3).

Setting D; i = {u € W' N L) £, ) = 0, ullo < T2, and u(x) <
Ty, for almost every x € B,(xo)}, we state:
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Lemma 4.2 Suppose h,, satisfies the hypotheses of Theorem 1.5. Then there exists A > 0 such
that the functional IA,\VM, defined by (4.6), satisfies IA,\,M(tlgol) > max{IA;L,M(u); u € Dy ul,
for every i € (0, 1) and A — A1 < p.

Proof First of all we note that by (H;) we have n € L° (2) such that

4.7

|hu(x,s)| < n(x), forevery 0 <s < Tp, ae.in € Q;
|Hy,(x,s)] <n(x)s, forevery0 <s < T, ae.in € Q.

Recalling that any critical point of I A,u 18 nonnegative, given u € Dj ., by (4.7), (4.5) and
property (P1) of Lemma 4.1, we obtain

. . 1 .
Lop@) = Iy (u) — ;(lw(u), u)

1 (p+D
ZM/ |:7h/L(X:M)M—Hu(X,M)]dx ey £ Talnl- (4.8)
QLP P
On the other hand, from (4.3), (4.5) and (4.6), we have that
N A =» A N
Lou(tip)) = Ttl —K . Hy(x, 1p1)dx—p Hy,(x, 1e)dx. (4.9)

%(xo) Q*B% (x0)

By property (Ps) of Lemma 4.1, t1 ||¢1]lc0c < T2 and (4.7), we obtain
FAIM(x, He1(x)) < Hy(x, io1(x)) < n(x)tie1(x), for almost every x € 2. (4.10)

Consequently

/ A, o1 ()dx < 11l el @.11)
Q—B%(xo)

Moreover we have that f1¢;(x) > T1 and ¥ (x) = 1, for every x € B% (x0). Hence, using
(4.10) one more time, for almost every x € B% (x0), we get

. 11¢1(x)
H, (x, o1(x)) = Hy(x, t1p1(x)) — A/ x1(s)ds < t1p1(x)n(x) — Ad,
0
where d = [(T} — Tp) — 261] > 0. Therefore

| Buteneonds < nllenlclinl = Adis ol
B%(xo)
From the above inequality, (4.9)-(4.11) and [A — A1]| < p, we get

~ tlp
Lou(te) > [ — I 2nll@illoolinlln + AdlBg(xo)l]M-

The proof of Lemma 4.2 is a direct consequence of the above inequality and the estimate
(4.8). O

Proof of Theorem 1.5: We fix A > 0 given by Lemma 4.2. By (4.1) and properties (P3) and
(Ps) of Lemma 4.1, we have that

/ fzo(x,twl)w]dx <—a<0, when|t —1t| <8, ort3 —8 <t <t3. (4.12)
Q

[m}
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In view of property (P4) of Lemma 4.1, fzu satisfies (ﬁl) and (H,j) on (t2, t3). Moreover

f satisfies (1) on the interval [0, 7>]. Hence by Theorem 2.1-Remark 2.5, there exist
(72, 3] C (12, 13), MT,AVT >0 SUC}AI that,AforAevery p e (0, u¥)and [A — Ay| < pvf, L, has
a critical point i&1,, = 1,01 + Uy, I, € (12, 3), U, € X. Moreover

(i) < min{ly , (t291), b (t3901)). (4.13)

On the other hand, using that h u satisfies (1:11) and (H, ) on (1, t2), arguing as in the proof
of Lemma 3.1, we may assume that there exists 7o € (1, t2) such that

min{Zy . (fo1 + v); v € X} > max{L . (t191). L1 (t21)}- (4.14)
Now we define .
Chp = ]}I;fmlgl;] L u(y (7)), (4.15)
where |
I'={y € C([0. 1], Wy (Q)); y(0) =t1p1, y(1) = re1}. (4.16)
From (4.14), we have . )
Capu > maX{IA,M(H‘Pl), I)L,M(IZ(/)I)}- 4.17)

Since I A, Satisfies the Palais-Smale condition, by (4.17) and the mountain pass theorem, we
have that ¢, , is a critical value of IA,\,M, i.e., thereis u, =t 01 +vu, t, € R, v, € X such
that I, ;, (u,) = ¢y, and IML(MM) =0.
We claim that there exists u* € (0, u}) and v* € (0, v{) such that
uy =ty@r + vy, witht, € (1 +6/2,13 —§/2), v, € X;
0 <Ti Suu(x), ae. in By (xp); (4.18)

luplloo < T2.

For proving the above claim it suffices to verify that given sequences (i) C (0, uj),
(An) C Rand (u,) C W(;’p(Q) such that u, — 0, |A, — A1|/un — 0,as n — oo, with u,

a critical point of IAM u, atlevel ey, 4, , for every n € N, we may find, up to a subsequence,
no € N such that, for every n > ny,

Uy = tyo1 + vy, witht, € (1 +8/2,13 — 8/2), v, € X;
0<Ti <uu(x), ae.in B, (xg); (4.19)

lunlloo < To.

Defining g, (x) = A, f(un (x)) + /Lnfl#,, (x, un(x)), for every x € Q, and arguing as in the
proof of Theorem 1.2, we may suppose that there exists ¢ € R such that

. Lp
u, — te; strongly in W, Q), asn — o0;
n ¥1 gly 0_ (€2) (420)
u, — te; strongly in C(€2), as n — oo.

Moreover —A (@) = Aq f (tp1) in Q. Using that u, is a nonnegative function in 2 and
arguing as in the proof of Theorem 1.5, we obtain that # € [0, 73]. Next we assert that actually
t € [0, t3 — &]. Indeed, arguing by contradiction, we suppose that # € (3 — §, 13]. Using that
f satisfies (4.5) and that u,, is a critical point of IA,\nV > WE get

(A1 —An)

0=(Fy, 0 (n)un) = | "
n

”un”p _/ ];;Ln(x, Un)undx]ﬂn.
Q
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Consequently, from (4.20) and (4.12) we get 0 > at > 0. This contradiction implies that
effectively ¢ € [0, t3 — §]. A similar argument implies that # ¢ (11 — §, t1 + 9).
We note that by ¢ € [0, t3 — &] and (4.20), we find n; € N such that

lunlloo < B3ll@1llcc = T2, forevery n = n;. 4.21)

Our next step is to verify that ¢ ¢ [0, t; — §]. Arguing by contradiction one more time, we
suppose that ¢ € [0, #{ — §]. On this case, by the first inequality on (4.2), the choice of Ty,
(4.20) and (4.21), we obtain that u, € D;, .,, for n sufficiently large. Hence, by Lemma
4.2, ¢c0 1, = IA;%M (uy) < IA,\,“M” (t1¢1). However, this fact contradicts (4.17). We conclude
that t ¢ [0, t; — §].

Considering the results above verified, we have that t € (t; + &, t3 — §). The first limit in
(4.20) implies that there exists no € N such that 7, € (¢1; 4+ §/2, t3 — §/2) for every n > n».
Moreover, considering the second limit in (4.20), the second inequality in (4.2) and t > #;+,
we may assume thatu, (x) > T; > 0, almost everywhere in B, (x0), whenevern > nj. Taking
ng = max{ni, ny}, we obtain (4.19). The proof of the claim (4.18) is complete.

As a direct consequence of the claim proved above and property (P;) of Lemma 4.1, we
obtain that for every u € (0, u}) and |A — A1| < v*u,u, is a solution of problem (1.1).
Moreover, u, = t 1 + vy, with ¢, € (t1,13), v, € X and IA)\,M(MM) = Cu» Ca,u defined
by (4.15)-(4.16).

Applying a similar argument we have that problem (1.1) has a solution @, = f,¢1 + Dy,
with fu € (2, 13) and v, € X, such that i, is a critical point of IA,\VM and it satisfies (4.13). We
conclude the proof of Theorem 1.5 by observing that the estimates (4.13) and (4.17) imply
that u,, # i,.

5 Applications

In this section we present applications of our main results on the existence and multiplicity
of solutions for quasilinear indefinite problems depending on a parameter.

5.1 Application 1

In our first application we consider the existence of solutions for the following problem

— Apu = MulP"2u 4 Bbr () ul Pufi () + ba () |ulPPufr(u), in L,

5.1
u=20, on 092, .1

where €2 is a bounded domain of RN, N > 1; A, B>0;1<gq1 <q,withgy > p, f1, f2 €
C(R,R) and by, by € L (), with o > max{N/p, 1}.

It’s worthwhile mentioning that indefinite semilinear (p = 2) problems have been the
object of an intense research since the works by Alama and Tarantello [2], Berestycki et al.
[12] and Ouyang [26]—see [1,3,16—19,25] and references there in. For the corresponding
results for indefinite problems with p-Laplacian operator we would like to mention the articles
[20,21,32].
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Setting
Sll_% fi(s) = f1(0), Sli_I}})fz(S) = f2(0),

r o= fi (0)/ bip'dx and
Q

ry = fz(O)/ bypPdx,
Q

we establish the following result:
Proposition 5.1 If 1 < q1 < gq2,q2 > pandry > 0 > ry, then

(i) there exist positive constants B* and v* such that problem (5.1) has a nonnegative
n—r
nontrivial solution for every 8 € (0, *) and |» — 11| < v*B -0 ;
(ii) if p < qu, there exist positive constants B** and v** such that problem (5.1) has two
P»n-—r
nonnegative nontrivial solutions forevery g € (0, B**)and r1—B 21 v*™* < A < Aj.

1
Proof Rescaling the solution u by u = %2791 @, we obtain that « is a nonnegative nontrivial

solution of problem (5.1) if and only if w is a nonnegative nontrivial solution of the problem

{ —pr:klwlpfzw—i-uhﬂ(x,w) in Q, (5.2)

w=0, on 9%,
Q—r

where = B2-9 and h,(x,s) : @ x R — R, for u > 0, is given by

hu(x,5) =b1(x)(s DN fy (M"Z%”SJF) + bz(X)(S‘L)qz_lfz(M‘fZ%"sJ“)

forevery (x, s) € 2 xR. We have that &, is a family of Carathéodory functions. Furthermore,
h,, satisfies (Hj) and Definition 1.1-(ii). Considering the function ®( : R — R given by

Do (1) = / ho(x, tongrdx = rit N 42
Q

weuse that 1 < g1 < grandr, < 0 < ry to find 0 < #1 < £, such that h satisfies the
hypotheses (H0+ ).

(i) A direct application of Theorem 1.2 implies that there exist u*, v* > 0 such that

problem (5.2) has a nonnegative nontrivial solution for every u € (0, u*) and |A —

M| < v*u. Taking B* = (/L*)%, the proof follows from this result.

(ii) Using the definition of h, and the inequality g1 < g2, we find ¢ > 0 such that
|h(x, )| < c(lbi1(x)] + b2 (x)])|s|? 1, for every 0 < u < I and |s| < 1. Since
b1, by € L°(R2),0 > max{N/p, 1} and g1 > p, we have that i, satisfies (H). The
item (i7) is a consequence of Theorem 3.2. O

5.2 Application 2
We conclude this section by presenting an application of Corollary 1.6 when £, is given by
m
hu(x,s) = ZaL(x, s)s', forevery s € R, a.e.in €, (5.3)
i=0

with aL being a Carathéodory function satisfying the following hypothesis:
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(A) aL (x, s) satisfies the hypotheses (H}) and, for every R > 0,
aL(x, s) — af)(x), as 4 — O uniformly for |s| < R, a.e.in Q.

Considering ho(x, s) = Z;n:o aé (x)s?, the associated function @, given by

m m
¢m=/MWMMM=Zﬁ/WmWM=Zm2
Q@ i=0 V& i=0

where d; = fQ af)(x)tpi“dx, i =1,---,m,isapolynomial function in the variable . Note
that under the condition (A), h, satisfies (H) and the item (i) in Definition 1.1.

As aconsequence of Corollary 1.6, we may state a result on the existence of multiple solutions
for problem 1.1 depending on the number of roots of odd multiplicity of ®:

Proposition 5.2 Suppose (A), ag (x,0) > 0in Qand dm < 0. Then, if the function ® has k
roots of odd multiplicity, 11, ..., T € (0, 00), then there exist positive constants u* and v*
such that, for every 0 < p < pu* and |» — A1| < puv*, problem (1.1) has k weak solutions
Uly .., Uf.

Remark 5.3 A typical model for &), satisfying the hypothesis of Proposition 5.2 is obtained
by considering aL(x, s) = aj(x) exp(uﬂ"s’i), Bi>0,r,>0,1<i<m.

Proof Without loss of generality we may suppose that 71 < 75 < --- < 7. From the
hypothesis of Proposition 5.2 we may write

)= — )™M =) — e (= e)F (),

with ny,...,nx,21,...,2z7 € N and p(¢) a product of irreducible quadratic polynomi-
als. As a direct consequence of above expression, we may find 1, ..., fx4+1 such that
t € (—00,71), tky1 € (g, 00) and t; € (71, 7)1 = 2,...,k,c; & (4, tiy1), for every
i=1,...,kand j=1,...,1; ®{)D(ti+1) <0, i =1,...,k; and ®(#+1) < 0. Hence
h,, satisfies (Hy ).

Noting that 4, also satisfies (H;), we may apply Corollary 1.6 to find positive constants
w* and v* such that, for every 0 < || < p* and |A — A1| < wv*, Problem (1.1) has k
solutions u; = f;¢1 4+ v;, with f; € (t;,t;31) and v; € X,i = 1,...,k, and the proof of
Proposition 5.2 is complete. O

Acknowledgements This work was done while the second and third authors were visiting the Departamento
de Andlisis Matemadtico, Universidad de Granada. They would like to present their gratitude for the warm
hospitaltiy of the whole members of that department.

First author is supported by FEDER-MEC (Spain) PGC2018-096422-B-100 and Junta de Andalucia FQM-116.
Third author is supported by CNPq (Brazil) 311808/2014-0 and 312060/2018-1.

Appendix

Proof of Theorem 2.6: By Stampacchia method [33], there is M = M (||g||,) such that
lullo = M. 6.1

Next, given k > 0 and a ball B, of RN, p > 0, we consider n(x) = £”|u — k|T, where
& : B, — [0, 1] is a smooth function of compact support on B,. Setting Ay, = {x €

B, N Q; u(x) > k} and considering that n € Wol’p(Q), from (2.23), we get
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€p|Vu|de+p/

lu — k|EP Y\ Vul|P~2Vu - VEdx = / g)EP (u — k)dx.
Ak.p

Ak,p Ak,/’

Consequently, by Holder inequality,
1
/ EP|VulPdx < p/ EPNVUIP u — k|| VE|dx + lullsollgllo | Ak o177
Ak.p k.p

Next, using the Young inequality, we get
1
PE" VUl u — K||VE| < Sl — KIPIVEL +277 (p = )P u — k|| VEI.
Combining the above inequalities, we obtain

- _1
EP|VulPdx <2F(p —1)P 1/ lu — k|7 |VEIPdx +2]lulloollgllo | Ax,pl' 7 -

Ak,p Ak.p

(6.2)

Now, given § > 0, we let k > 0 be such that supomQ[u (x) — 8] < k. From these values of
k, we take & such that £(x) = 1 for every x € B,_,,, for 0 < u < 1, in such a way that
IVE| < ﬁ. Then, from (6.2) we may write

2P (p — 1)PcP N
/ |VulPdx < =——————sup |u — k|”|Ax p| + 2lulloollgllo | Aol "7
Ar(—op (np)? A,

A

2P (p — 1P~ lep 1 _1
[TlAk,pI" sup lu — k| + 2||“||oo||g||a:||Ak,p|l v
HEp Ak.p

2P (p — l)p_lc 1 N 1
< [7|CN|”P“ sup [u — k|? +2||u||w||g||a]|Ak,p|l o
up pP Aty

or, equivalently,

max |u — k|P

N
P(I—ITG)

1— 2
VulPdx < y| +1] 14kl 77,
Ak, (1—pp

where y = max{2|lullsllgllo, en 727 (p — P

Observing that we obtain the same estimate for the function —u(x) for every k >
supomQ[—u(x) — 8], by taking n(x) = &P(—u — k)*, we may assert that u €
Bp(ﬁ, M,vy,S§, #), where B, is as defined in [22, p. 90].

Since o p > N, we may invoke Theorem 7.1 in [22] to find that there is ¢ > 0 and
o € (0, 1) such that ||u||Co,u(§) < ¢ with the constants ¢ and « depending on p, M, y, 8,0
and 2. In view of (6.1), this concludes the proof of Theorem 2.6. ]
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