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Abstract

We show that each constant rank operator .4 admits an exact potential B in frequency space.
We use this fact to show that the notion of .A-quasiconvexity can be tested against compactly
supported vector fields. We also show that A-free Young measures are generated by sequences
Bu ;, modulo shifts by the barycentre.

Mathematics Subject Classification 49J45 - 35G05

1 Introduction

A challenging question in the study of non-linear partial differential differential equations is to
find which non-linear functionals are well-behaved with respect to weak convergence, which
represents the typical topology consistent with physical measurements and has satisfactory
compactness properties. In the context of the Calculus of Variations, answering this question
amounts, roughly speaking, to describing semi-continuity properties of functionals

é"[w]:/gf(w(X))dx ey

with respect to weak convergence in certain weakly closed, convex subsets €, say, of
L?-spaces, | < p < 00), under growth conditions

0< f<e(-1”+1) @

on the integrands f. Such subsets € can account for differential constraints and boundary con-
ditions. Modulo terms removed for simplicity of exposition, such functionals could model,
for instance, the energy arising from the deformation of a solid body £2, viewed as a suffi-
ciently regular open subset of R”, where f is a continuous energy density map characterized
by the constitutive properties of the material. In accordance with the Direct Method in the

Communicated by J. Ball.

This work was supported by Engineering and Physical Sciences Research Council Award EP/L015811/1.

B Bogdan Raitd
bogdanraita@ gmail.com

1 University of Warwick, Zeeman Building, Coventry CV4 7HP, UK

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00526-019-1544-x&domain=pdf

105 Page20f16 B. Raita

Calculus of Variations, imposing a suitable bound from below on f ensures existence and
weak compactness of minimizing sequences w ;. The appropriate continuity property of &
in this case is that of lower semi-continuity with respect to weak convergence in L”

wj—w = liminf &Tw;] > &lw],
Jj—00

which, if satisfied, implies existence of a minimizer w € €.

It is well-known that if € consists of the whole of L, then & is weakly sequentially
lower semi-continuous if and only if f satisfying (2) is convex. Of course, convexity of f is
sufficient for lower semi-continuity (always understood as weakly sequential throughout this
note) in any reasonable class &, but it is hardly necessary in general. For instance, if € is the
space of weak gradients in L? and £ is a quadratic form, then one can easily show that f being
positive on rank-one matrices implies lower semi-continuity. This example, that we will later
come back to in more generality, is of particular relevance, as it provides the insight for a
second convexity condition, which is necessary for lower semi-continuity with the constraint
w = Vu:if & is lower semi-continuous, then f is convex along rank-one lines. In particular,
for integrands f of class C2, this is equivalent to the so-called Legendre—Hadamard ellipticity
condition

32F (X)

maiaabjbﬁ >0 forall X,a,b,

where summation over repeated indices is adopted. From this point of view, lower semi-
continuity of & acting on gradients reflects a semi-convexity condition on f. Indeed, it was
shown by MORREY in [22] that lower semi-continuity of & is equivalent with quasiconvexity
of f,i.e., the Jensen-type inequality

S < ][Q f(+ Vu(x))dx

holds for all 7 and all smooth maps u with compact support in the open cube Q. On one
hand, the quasiconvexity assumption is a plausible constitutive relation for energy functionals
arising in solid mechanics [5]; on the other hand, it is but a minor improvement of the lower
semi-continuity concept, which makes it particularly difficult to check in applications. The
counterexample of SVERAK [32] rules out the possibility of quasiconvexity being a type of
directional convexity (see also [7, Ex. 3.5] for the case of higher order gradients). A tractable
sufficient condition for quasiconvexity is polyconvexity, i.e., f is a convex functions of the
minors, also introduced by MORREY in [22] in connection with lower semi-continuity and
used by BALL to obtain existence theorems under very mild growth conditions, giving very
satisfactory existence results in non-linear elasticity [4]. The fact that quasiconvexity does
not imply polyconvexity is much easier to see, at least in higher dimensions, and follows
from an old observation of TERPSTRA concerning quadratic forms [37] (see also [2,6] and
the references therein).

The above considerations show that a considerable amount of work was devoted to the
treatment of lower semi-continuity in the case when € consists of gradients (see [1,19] and
the monographs [14,27]). However, for instance in continuum mechanics, it is often the case
that ¢ consists of those L”-fields w that satisfy a linear, typically under-determined, partial
differential constraint, say Aw = 0, assumption that we make henceforth. Examples arise in
elasticity, plasticity, elasto-plasticity, electromagnetism, and others. The A-free framework
originates in the pioneering work of MURAT and TARTAR in compensated compactness
[23,33,34] and can be correlated with the question of finding energy functionals that are
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continuous with respect to weak convergence in € [24]. The latter question was also studied in
generality by BALL, CURRIE, and OLVER in [7], leading to the generalization of polyconvexity
to the case where energy functionals depend on higher order derivatives. In this case, the
definition of quasiconvexity extends mutatis mutandis [20]. As to the question of lower
semi-continuity, the analysis of the case when f is a quadratic form (see, e.g., [36, Ch. 17] or
[35, Thm. 2]) reveals a different necessary condition of directional convexity, namely with
respect to the so-called wave cone of A. It was shown by DACOROGNA in [12, Thm. [.2.3] that,
in order to have lower semi-continuity, it is sufficient to assume the following generalization
of quasiconvexity, namely that

fm < fQ S+ wx))dx

for all n and all bounded w such that |, ow =20 and Aw = 0. However, it is not clear
whether this condition is necessary. More recently, FONSECA and MULLER showed in [16]
that if one assumes in addition that the fields w are periodic, in which case f is called .A-
quasiconvex, then one indeed obtains a necessary and sufficient condition' (under suitable
growth assumptions on f). Their result holds under the assumption that the symbol map
A(-) of A is a constant rank matrix-valued field away from 0. This condition, introduced in
[30, Def. 1.5] to prove coerciveness inequalities for non-elliptic systems, was first used in
the context of compensated compactness by MURAT and ensures, as noted on [23, p.502],
the continuity of the map

0#& ProjkerA@), 3)

making tools from pseudo-differential calculus available. In the absence of the constant rank
assumption, little is known about the lower semi-continuity problem. One of the few results in
this direction was proved by MULLER in [25], answering a long standing question of TARTAR
(see also [18] for a generalization).

In the proof of the main result of [16], considerable difficulty is encountered when proving
sufficiency of .A-quasiconvexity. One reason for this is the absence of potential functions for
A, which, if available, should allow one to test with compactly supported functions in the
definition of .A-quasiconvexity and, perhaps, use more standard methods.

The main result of the present work is to show that the existence of such a potential in
Fourier space is equivalent with the constant rank condition.

Theorem 1 Let A be a linear, homogeneous differential operator with constant coefficients
onR". Then A has constant rank if and only if there exists a linear, homogeneous differential
operator B with constant coefficients on R" such that

ker A(§) = imB(&) “4)
forall £ € R™ \ {0}.

Here A(-), B(-) denote the (tensor-valued) symbol maps of, respectively, A, B. We say that
A has constant rank if the map 0 # & +— rank A(£) is constant (see Sect. 2 for detailed
notation). We will regard B as the potential and A as the annihilator, although this terminology
is not standard.

! For comparison, see also SEREGIN’s work [31] in incompressible linearized elasticity, where the methods
used to project on solenoidal fields do not require Fourier analysis.
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It is important to mention that the algebraic relation (4) does not, in general, imply for
vector fields w that

Aw =0 = w =Bu for some u. (®)]

To see this, simply take A = V¥, In turn, if we impose restrictions on w that allow for usage
of the Fourier transform, (5) can be shown to hold (Lemma 2). As a consequence, standard
arguments in the Calculus of Variations lead to the fact that a map f is .A-quasiconvex if and
only if

f) < ][Q F(+ Bu(x))dx

for all  and all smooth vector fields u# supported in an open cube Q (Corollary 1). Itis also the
case that, under the constant rank condition, the notions of .A-quasiconvexity [16, Def. 3.1]
and DACOROGNA’s A-B-quasconvexity [12, Eq. (A.12)] coincide. In particular, one can define
A-quasiconvexity via integration over arbitrary domains (Lemma 3). As a consequence, the
lower semi-continuity properties of functionals (1) in the (asymptotically .A-free) topologies
considered in [3,16], which are natural from the point of view of compensated compactness
theory, rely only on the structure of the potential B.

In fact, we will show that the .A-quasiconvex relaxation of a continuous integrand can be
described in terms of B only. From this point of view, it is natural to investigate the Young
measures generated by sequences satisfying differential constraints [16, Sec. 4], as they
efficiently describe the minimization of energies that are not lower semi-continuous. We recall
that the role of parametrized measures for non-convex problems in the Calculus of Variations
was first recognized by YOUNG in the pioneering works [39-41]. See the monographs [26,27]
for a modern, detailed exposition.

Roughly speaking, for I < p < oo, we consider a sequence w; converging weakly in
L? which is asymptotically .A-free and generates a Young measure v. Technically speaking,
it suffices to take Aw; to be strongly compact in nglé’p , where k is the order of A. This
is (slightly more general than) the topology considered in [16, Rk. 4.2(i)] and is consistent
with the topology considered in compensated compactness (see, e.g., [36, Thm. 17.3], which
essentially deals with the case of linear Euler—Lagrange equations). In this setting, we will
show that the Young measure v is generated by a sequence of smooth maps Bu j, modulo a
shift by the barycentre (Proposition 1).

To sum up, under the constant rank condition on the annihilator A, the objects characteriz-
ing the lower semi-continuous relaxation of functionals defined on .A-free vector fields (i.e.,
A-quasiconvex envelopes and .A-free Young measures) can be described only in terms of the
potential B constructed in Theorem 1. From this point of view, it is the author’s opinion that
the study of functionals

&lw] :/ fx, wx))dx for Aw =0 and Flu] :/ f(x, Bu(x))dx
Q Q

is essentially dual (strictly under the constant rank condition). See also [13] and the Appendix
of [12].

Since testing with the appropriate quantity is fundamental in the study of partial differential
equations, we hope that the observations made in this work will increase the flexibility of
analyzing functionals in either class described above. On the other hand, the functional .#
seems better suited for incorporating boundary conditions, which will be pursued elsewhere.

This paper is organized as follows: In Sect. 2 we prove the main Theorem 1, in Sect. 3
we prove that A-quasiconvexity can be tested with compactly supported fields w = Bu

@ Springer



Potentials for A-quasiconvexity Page50f16 105

(Corollary 1), and in Sect. 4 we prove that A-free Young measures are shifts of Young
measures generated by sequences Bu .

2 Proof of Theorem 1

We take a moment to clarify notation. By a k-homogeneous, linear differential operator .A
on R” from W to X we mean

Aw:= Z “Ayw  forw: R" — W, (6)
|| =k

where A, € Lin(W, X) for all multi-indices « such that |«| = k, for finite dimensional inner
product spaces W, X. We also define the (Fourier) symbol map

AE):= ) &“A, eLin(W,X) for& e R".

|or|=k

We also recall the condition mentioned above that A is of constant rank if there exists a
natural number r such that

rank A(§) =r  forall& € R" \ {0}.

As to the resolution of Theorem 1, we recall the notion of (Moore—Penrose) generalized
inverse, introduced independently in [8,21,28], to which we refer plainly as the pseudo-
inverse, although the terminology is not standard. For amatrix M € R *™ its pseudo-inverse
M7 is the unique m x N matrix defined by the relations

MMM =M, MMM'=M", (MM"Y=mMM', M M)*=M"M,

where M* denotes the adjoint (transpose) of M. Equivalently, the pseudo-inverse is deter-
mined by the geometric property that MM ™ and MM are orthogonal projections onto im M
and (ker M) respectively. We refer the reader to the monograph [10] for more detail on
generalized inverses.

With these considerations in mind, it is easy to see that the projection map P € C*(R" \
{0}, Lin(W, W)) defined in (3) can be represented as

P(¢) = Idw —AT(§)AE) foré e R"\ {0}. (7

The smoothness of P is well-known [16, Prop. 2.7]; for a proof using pseudo-inverses see
[29, Sec. 4]. By the basic properties of pseudo-inverses, it is easy to see that, with the choice
B = PP, we have that (4) holds; however, the tensor-valued map P is 0-homogeneous, hence
not polynomial in general. In particular, P cannot define a differential operator.

On the other hand, motivated by a similar construction in [38, Rk. 4.1], one can speculate
that IP and, in fact, AT(-) are rational functions. This is indeed the case, as a consequence
of the main result of DECELL in [15], building on the fundamental result of PENROSE [28,
Thm. 2] and the Cayley—Hamilton Theorem.

Theorem 2 (Decell [15, Thm. 3]) Let M € RY*™ gnd denote by
P)=(—DN (aOAN fapN g aN) fori €R
the characteristic polynomial of M M*, where ag = 1. Define

ri=max{j € N: a; > 0}. ®)
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Then, if r = 0, we have that MT = 0; else
M = —a7'M* [ag(MM*) ™+ ax(MM*Y 72 + - 4 a1 Ty ]

Proof (Proof of Theorem 1, sufficiency) Suppose that A has constant rank. We put M:=A(§)
in the above Theorem for & € R" \ {0}, and abbreviate H(&):=.A(&).A*(&). The first, perhaps
most crucial, observation is that r (£), as defined by (8), equals the number of non-zero eigen-
values of M M*, which equals the number of singular values of M. This is, in turn, equal to
rank M, which is independent of £ by the constant rank assumption on .A.

Therefore, if r(§) = r = 0, we have that A(§) = Oyxm, AT(S) = 0,,xN, SO We can
simply choose B(§) = Idw, which satisfies (4) and gives rise to a linear, 0-homogeneous
differential operator. Otherwise, if r(§) = r > 0, we obtain

AT = —a, &' A* ) [a0OHE) T + e OHE) T+ +a1(6) 1dx].
Itis easy to see that 7(-) is a tensor-valued polynomial in &. The scalar fieldsaj, j = 1...r,
are such that a;(§) is a coefficient of the characteristic polynomial of (&), hence a linear

combination of minors. In particular, a; are scalar-valued polynomials in &.
It then follows that, with IP as in (3),

B(&):=a, (&)P(€) = ar(§) ldw —a, (§) AT (§)A®E) for§ e R” 9
defines a tensor-valued polynomial that satisfies (4). In particular, (9) gives rise to a linear

differential operator. To check that it is homogeneous, it suffices to see that a, (-) is a linear
combination of minors of the same order of H(-), which is homogeneous since A(-) is. O

The necessity of the constant rank condition in Theorem 1 follows from the following Lemma
and the Rank—Nullity Theorem.

Lemma1 Let S C R" be a set of positive Lebesgue measure and P, Q be two matrix-valued
polynomials on R". Suppose that there exists s such that

rank P(§) +rank Q) =s  for& € S.

Then both P and Q have constant rank in S.

Proof We abbreviate Rp:=rank P, Rp:=rank Q and assume for contradiction that Rp is
not constant in S. Say Rp(S) = {r1,r1 + 1..., r2} for natural numbers r; < r;. We also
write M, for the map that has input a matrix and returns (a vector of) all its minors of order
d. In particular, My P, M, Q are vector-valued polynomials on R”. We then have that

Ry'(r1,ri+1...r— 1) C {§ e R": M,, P(§) = 0},

sothateither M,, P = 0 (whichis not the case by definition of ;) or R;] {r1,r1+1...mn—1})
is Lebesgue—null.2 On the other hand,

2 For an elementary, very short proof of this fact, see [11].
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Rp'nhnS=Ry' (s —rhn'S
- Rél({s—rz,s—rz—i—l,...s—rl -1}
C{§ eR": M;—,, Q(§) =0},
which is Lebesgue-null by the same argument. Since
S =R ({ri,ri+1,...n =1 N STUIR, (fr2) N S,

it follows that S is Lebesgue-null and we arrive at a contradiction. O

It is natural to ask the reversed question, whether a constant rank operator B admits an
exact annihilator .A. This is indeed the case, as can be shown by a simple modification of the
argument above:

Remark 1 Let B be a linear, homogeneous, differential operator of constant rank on R" from
V to W. Then, we can choose M:=B(§) for & € R" \ {0} in Theorem 2, so that

AE):=a, (&) [Idy —BE)B'(£)] foré e R”

satisfies (4) and gives rise to a differential operator. In particular, the formula is consistent
with [38, Eq. (4.3)]. This fact can be used to extend the L!-estimates in [9,38] from elliptic
to constant rank operators.

We conclude the discussion of algebraic properties with two remarks: Firstly, it is quite
convenient that the two constructions presented are explicitly computable. On the other hand,
performing the computations on simple examples, e.g., involving only div, grad, curl, one
easily notices that the operators constructed via our formulas are often over complicated.
Perhaps more computationally efficient methods, e.g., in the spirit of [38, Sec. 4.2] can be
developed.

3 A-quasiconvexity

The relevance of Theorem 1 for analysis can be seen, for instance, from the fact that periodic
A-free fields have differential structure:

Lemma2 Let A, B be linear, homogeneous, differential operators of constant rank with
constant coefficients on R" from W to X, and from V to W, respectively. Assume that (4)
holds. Then for all w € C*(T,, W) such that Aw = 0 and f?l‘ w(x)dx = 0, there exists
u € C®°(T,, V) such that w = Bu. Similarly, for all w € Y(R W) such that Aw = 0,
there exists u € . (R", V) such that w = Bu.

Here T, denotes the n-dimensional torus, identified in an obvious way with (a quotient of)
[0, 1]"™. The Fourier transform is defined as

ﬁ(g);:/ u(x)e e gy, (10)

Ty

for & € Z" and u € C*°(T,). In addition, . (R") denotes the Schwartz class of rapidly
decreasing functions on R”, where the Fourier transform is defined also by (10), with the
amendment that the integral is taken over R”.
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Proof Let w € C*°(T,, W) have zero average and satisfy .Aw = 0, so that
w = Y DEeET
§eZ"\{0}

for x € T,, where the coefficients w(£) € ker . A(§) decay faster than any polynomial as
€] — oo. We define

u()= Yy B @&,

£€Z"\{0}

for x € T,, which is smooth by homogeneity of B'(-): say B has order I, then B'(-) is
(—I)-homogeneous. We can thus differentiate the sum term by term to obtain

Bu(x) = Qx i) Z B(E)BT (&) (&) 27 1%
§€Z"\{0}

=Q@ri) Y bE)eTE
EeZ"\{0}
= Qri)w),

where the exactness relation (4) is used in the second equality, along with the geometric
properties of the pseudo-inverse. The proof of the first case is complete.

We give an analogous argument for the case when w € . (R", W) is A-free. We have the
pointwise relation A(£)w(£) = 0, so that (4) implies that w € im B(&) and we can define

i(§):=B"©)w (&),
which satisfies the required properties. O

We conclude this Section by showing that one can test with compactly supported smooth
maps in the definition of .A-quasiconvexity.

Corollary 1 Let A, B be as in Lemma 2 and f: W — R be Borel measurable and locally
bounded. Then

QA f(n):=inf {/ f+wkx)dx: we C®(T,, W), Aw = 0,/ w(x)dx = 0},
T, Ty

Q" f (n):= inf { / f+Bu(o)dx: u e C2((0, 1", V>}
[0,1]"
are equal for all n € W. Moreover, if B has order | and € [0, 1), we have

OAf(n) = inf = /[0 i F+Bu(x))dx: u e C°WO, D", V), lullg-1« < 8] (11)

foranyn € Wande > 0.

The proof follows standard arguments; in particular we follow [14, Prop. 5.13] and [17,
Thm. 4.2] and include the proof for completeness of the present work.

Proof Ttisobviousthat Q 4 f < QP f.To prove the opposite inequality, lete > 0,7 € W, and
w be a periodic field as in the definition of Q 4 f (7). We will construct v € C2°((0, 1)", V)
such that

/ f(n+Bv(x)) dx </ f+wx)) +e. (12)
0,11 [0,11*
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By Lemma 2, we have that w = Bu for a periodic field u € C*°(T,,, V). Say, as before, that
B has order [ and define uy (x):=N"u(Nx) for N sufficiently large. This does not change
the value of the integral over the cube. Next, let § > 0 be sufficiently small and truncate to
obtain u$;:=puy, where p® € C2([0, 11") is such that p°(x) = 1 if dist(x, [0, 1]") > &
and |V7 p®| < €87/ for j =0...] and some constant C > 0. We impose N > 1 and leave
d to be determined. It follows, for ¢; > 1 depending on B only, that

1
Bujy| < [0°Buy| +c1 Y _ VI p° ||V up|
j=1
I
<€ [ [BullLe + ) @GN |V uL
j=1
-1
<arC | IBufi + Y IV ullis | =:e1Cllullys.o.
Jj=0

Say f is bounded by M > 0 on B(0, || + ¢;Cllu|l\e.~). Hence, if we choose 8 such that
2" ({x € [0, 17" dist(x, 9]0, 17") < 8}) < M~ e, we obtain

/ f(n—i—IB%u‘]Sv(x))dx < / de+/ f(n+ Buy(x))dx
[0,1]"* dist(x,d[0,1]")<§ [0,1]"*

ngM‘ler/ f(+wx))dx,
(0,11

which implies (12) with v::uf\,. To prove the equality of the two envelopes, we distinguish
two cases: If Q 4 f(n) > —o0, we can choose w such that

/{0 0 J+wk)dx < Qaf(m) +e,

and we conclude that Q 4 f(n) = QIBf(n) by (12) since ¢ > 0 is arbitrary. If Q4 f(n) =
—00, we choose w such that

/ Fr+w)de < -,
[0’1])1

so that we can conclude by (12) that Q]Bf(n) = —.

To prove (11), we need only show that the infimum is smaller than the envelope. Firstly,
note as above that by replacing u with uy (x) = N~ u(Nx), where u is extended by period-
icity to R", the value of the integral does not change. It suffices to choose N large enough so
that ux has small C'~1-%-norm. Note that for j = 0...] — 1 we have

IV unlloo = N1Vt oc,
which can clearly be made arbitrarily small.
Finally, to check the Holder bound, say that {z; + [0, N’l]”}fvzn1 is a covering of [0, 1]"

by cubes of side-length N ! that can only touch at their boundaries and let x, y € [0, 1]". If
x, y lie in the same cube z; + [0, N_l]”, we have that
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IV uy ) = V' uy )l = NNV u Ve = ) = VT u Ny = 2)
< V' ulloolx =yl
< (WaN"H VU oo lx — 19,

which can be made small since | — « > 0. If x, y lie in different cubes, which we label
Qu. Qy. Let ¥ € 90, N (x,y), § € 90y N (x,y), so that [x — y| > |x — | + |y — J.

[x =x], |y =¥y < ﬁN‘l, and all derivatives of u vanish near X, y. Using these facts and
the previous step we get
IV un () =V uy ()] < IV uy () = VT uy ()
+ IV Uy (3) = V' un ()
(VaN"H'" Vo (Ix = %1% + |y = §1)

<
< WaN"H VU027 |x — y1°,

where the last inequality follows by concavity and monotonicity of 0 < ¢t +— t“. The proof
is complete. O

Remark 2 Using the argument in Corollary 1, one can show for constant rank operators .4
that .A-quasiconvexity, as defined by FONSECA and MULLER in [16, Def. 3.1], coincides with
A-B-quasiconvexity, as introduced by DACOROGNA in [12,13] (to be precise, in the original
definition of A-B-quasiconvexity, the operator B is assumed to be of first order, but this is
only a minor technical restriction). In this case, it is not difficult to prove that [13, Thm. 4]
is essentially unconditional. A proof of this fact will be given elsewhere.

We also have that A-quasiconvexity can be defined by integrals over arbitrary domains,
instead of cubes.

Lemma3 Let A, Bbeasin Lemma?2and f: W — R be Borel measurable, locally bounded,
and A-quasiconvex, and $2 be a bounded open set. Then

VAUIES 7{2 f(n+Bu(y)dy
foralln € Wandv € C°(£2, V).
The proof follows from a simple argument in the Calculus of Variations [14, Prop. 5.11].

Proof Fixn e W,v € C2°(£2, V), extended by zero to R". By the argument in the proof of
Corollary 1, we write C:=(0, 1)" and have that

f(n)</cf(n+Bu(x))dx

forallu € C2°(C, V). For sufficiently small ¢ > 0, we can find xg € R" such that xo+££2 C

C. We define
u(x):=elv (x — x()) ,
g
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so that

f(n)</Cf(n+Bu(x>)dx=|C\(xo+am|f(n>+/ £+ Bu(x) dx

0+es2
—a —S”IQI)f(n)+/9f(n+IB%v(y))8" dy.

Rearranging the terms we obtain the conclusion. O

4 A-free Young measures

We recall the definition of oscillation Young measures, while also giving a simplified variant
of the Fundamental Theorem of Young measures.

Theorem 3 (FTYM, [26,27]) Let 2 C R" be a bounded, open set and z; € L', Rd) be
a bounded sequence in L'. Then there exists a subsequence (not relabeled) and a weakly-*
measurable map v: 2 — P(Rd) (or parametrized measure v = (Vy)yes2) such that for all
feC(£2 x Rd) we have that

liminf/ f(x,Zj(x))dxz/(f(L')Jx)dx
j=o J@ Q
Moreover,
lim / f(x,z,'(x))dxz/<f(x,-),vx)dx
J=7xJe ko)
if and only if the sequence f (-, z;) is uniformly integrable.

Above, P(R?) denotes the space of probability measures on R?. In the notation of Theorem 3,

we say that z; generates the Young measure v (in symbols, z; X v). We also recall that a
sequence Z; is said to be uniformly integrable if and only if for all ¢ > 0, there exists § > 0
such that for all Borel sets E C 2, we have that

L"(E) <8 = sup/ lzjldx < e,
j JE

or, equivalently, if

lim sup/ |zjldx = 0.
ez i Hizjl>a)

If |z;|? is uniformly integrable, we say that z; is p-uniformly integrable.

Lemma4 [16, Prop. 2.4] Let z; generate a Young measure v and Z; — Z in measure. Then
Zj + Zj generates the Young measure j given by [y = vy*8z(y) for " a.e. x, ie.,

(0, 1) = (- +2(x), vx)
for any ¢ € Cy.

The following is an extension of [16, Lem. 2.15]. The first two steps of the present proof are
almost a repetition of their arguments, which we include since the original proof only covers
first order annihilators .A.
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Proposition 1 Let A, B be as in Lemma 2 and have orders k, [, respectively, 2 C R" be a
bounded Lipschitz domain, and 1 < p < oo. Let wj, w € LP (82, W) be such that

w;—win LP(2, W),
Aw; — Aw in W_k'p(.Q, X),

loc
Y
w; —> V.
Then there exists a sequence u;j € C2°(2, V) such that
Bu;—0in LP (2, W),
Bu; +w X v.
Moreover, uj can be chosen such that (Bu ;) ; is p-uniformly integrable.

A Young measure v satisfying the assumptions of Proposition 1 is said to be an A-free Young
measure.

Proof By Lemma 4 and linearity we can assume that w = 0. We will identify maps defined
on £2 with their extensions by zero to full-space without mention. Uniform integrability
considerations strictly refer to sequences defined on £2.

Step 1. We construct p-uniformly integrable w; € CZ2°(§2, W) such that w;—0 in
LP(2, W), Aw; — Oin W’k"i(]R", X) forsome 1 < g < p, and w; generates v.

Recall the truncation operators, defined for « > 0 by

_|a if Al < «
T aA/IAl i IAl > o

which are clearly Carathéodory integrands. By Theorem 3, we have that
lim lim / |tew;|” dx = lim / / |t A|P dvy (A) dx
=00 j—>00 | a—00 o Jw

// AP dv, (A) dx < o0,
oJw

so that we can choose a diagonal subsequence «; 1 oo such that |, o |Ta;w;j|P dx equals the
pth moment of v. It also follows from Theorem 3 that (7o, w;) is p-uniformly integrable.
We now show that 7o, w; generates v. Since w; converges weakly in L? (£2, W), it con-

verges weakly in L!, hence is uniformly integrable, so that Tq;wj — w; — 0 in measure. It
also follows by elementary manipulations that 7, ;w; — w;—0in L?, so that, indeed, 7o, w
generates v by Lemma 4.

Let 1 < g < p. We have that

29 w;|7dx < 2%:;?‘"/ lw; | dx — 0,

{lwjl>a;}

T, wj — wjllLe(2,w) < /
{lwjl>a;}

so that Aze;w; — 0 in le/c(’q(.Q, X). We also record that 74;w; is precompact in
Wl4(2, W), so that DP 1o, w; — 0in W54(2, X) for |B] < k.

We can therefore choose a sequence of cut-off functions p; € CZ°(£2, [0, 1]) such that
pj 1 1in £2 and ”,OjAfajU)j”W—k,q(Rn’X) — 0 and

k
AlpjTo;wi) = pjAtg;wj + Y BulD"pj, DX "1y wj] — 0 in WHIR", X),

m=1
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where B, are fixed bi-linear pairings given by the Leibniz rule. To see that this is possible,
consider £2;:={x € £2: dist(x, 9§2) < j}, where s; | 0 will be determined. We require that
pj=1in £\ .QSJ., pj =0in .stj and [D"p;| < csj_m, m=1,..., k. Itis easy to see that
the sum above is controlled in W4 by

k k
k— — k—
E D™ pjliLee | D mtajwjllw—k,q<C§ s D "t wj ks
m=1

m=1

so that it suffices to choose any s; > max,—1,... k ||Dk””faj w; ||éé(_2k'_';) J} 0as j — oo. Alter-

natively, one can consider a different cut-off sequence p; 1 1 and employ a diagonalization
argument.
We define

,,,,,

W= Ta; W) *Te ()
where 7,(;) denotes a standard sequence of (radial, positive) mollifiers and £(j) | 0 is such

that w; e C°(£2, W) and, therefore, Aw; — 0 in W—k4(R", X). The latter inequality
follows since, for all ¢ € C2°(R", W) with [l¢|lyrq < 1,

(Awj, @) = (A(pjTa;w)), *Ns(j)) < A0 Ta; W ) Iyyra |@*N0j) llwha
< A Ta;wj) llyy—+a — 0.

It is also clear that ||w; — T wjllLr — 0, so that w; is p-uniformly integrable, converges
weakly to 0 in L?, and generates v.

Step II. We project w; on the kernel of A in R" and show that Pw; are p-uniformly
integrable in £2, converge weakly to zero in L”, and generate v. Here the L?-orthogonal
projection operator P is given by the multiplier in (7),

Pw(&):=PE)i () = [dy —A"E)AEDE)  forw € SR, W).

Since the symbol P(-) is homogeneous of degree zero, IP is a singular integral operator of
convolution type; in particular P maps Schwartz functions to Schwartz functions. Moreover,
we have that

F (0; —Pi;) (§) = B'(©)BE).Fw,(§) = AT (éj) Agg)

so that, by boundedness of singular integrals on L4

A
yfl J

It immediately follows by Lemma 4 that Pw ; generates v. To see that Pw ;—0in L? (£2, W),
we note that, since PP is (pointwisely) self-adjoint, we have, for any g € LP/(P=D (2, W),

/<g,mj>dx=/a@g,w,~>dx—>o,
2 2

lw; —PwliLemwr,wy < ¢ = AW llyy—ka e x) = 0.

LI(R",X)

since Pg € LP/P=D (2, W) by boundedness of singular integrals.
To see that Pw; is p-uniformly integrable, we use the idea in [16, Lem. 2.14.(iv)]. We
first note, by boundedness of IP on L7, that

sup [Pw; — Prow; |l e re,wy < csup |0 — teWjllLp@e,wy — 0 asa — oo
J J
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by p-uniform integrability of w ;. Note that for each fixed o, Pt is bounded in L” for any
p < r < oo, hence is p-uniformly integrable. Let & > 0. We choose o > 0 such that

sup [Pw; — Prow;llLe@e,w) < €
J

and also choose § > 0 such that for each Borel set E C £2 with £"(£2) < §, we have that
fE [Prow;|P dx < & forall j. It follows that for all such E,

/E IPw; |7 dx < or—1 (sqp/E [Pw; — Prow;|? dx + sqp/E [Prew;|” dx) < (2¢)?,
J J

where the right hand side is independent of j. The second step is concluded.

Step I1I. Using Lemma 2, we can write P ; = Bu ;, where i ; (éE)::IB%T (g)ﬁw\,-(g), so that
uj € S R", V). It remains to cut-off u ; suitably.

Since B has order [, we first note that

Dlu(e) = B (&)Bue) ® £,

so that Bu — D'y is a singular integral operator of convolution type. It follows that Du jis
bounded in L” (R") (recall here that Bu ; = Pw; is bounded in L” as w; € C2°(£2, W) isa
weakly convergent sequence), so u ; is bounded in Whr (2, V).

By compactness of the embedding WLP(2) — W!ILr(Q), we have uj — u
in WI=LP(2, V). Since Bu;—0, we have that Bu = 0. On the other hand, u =
Z7 BT ()IxBu) = 0, so that D'"u; — 0inLP(2) form = 1,...,1.

We now proceed similarly to Step I. Let p € C2°(R") be such that p; = 1in £\ £2;; and

ID"p;| <cs ™

; ,m=1,...,1, where

_ 1/2
sji= maxl||Dl "l — 0.

m=l1,...,

We can then estimate

1
Buj —BlojuplLre) < 10— pp)Bujlir) + Y 1BalD" pj, D" ulliLr(2)
m=1
I
— I—
< Bujllieca,) +¢ s 1D " ujllur @),

m=1

which tends to zero by p-uniform integrability of Bu; and the choice of s;. Here B, is
another collection of bi-linear pairings given by the product rule. It remains to conclude that
B(pju;) converges weakly to zero in L7 (§2, W), is p-uniformly integrable, and generates
v. The proof is complete. O

Acknowledgements The author is grateful to Jan Kristensen for introducing him to the problem and for
offering insightful comments and helpful suggestions.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 International
License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and repro-
duction in any medium, provided you give appropriate credit to the original author(s) and the source, provide
a link to the Creative Commons license, and indicate if changes were made.

@ Springer


http://creativecommons.org/licenses/by/4.0/

Potentials for A-quasiconvexity Page150f 16 105

References

20.
21.
22.

23.
24.

25.
26.
217.
. Penrose, R.: A generalized inverse for matrices. Math. Proc. Camb. Philos. Soc. 51(3), 406—413 (1955)
29.
30.

31.

Acerbi, E., Fusco, N.: Semicontinuity problems in the calculus of variations. Arch. Ration. Mech. Anal.
86(2), 125-145 (1984)

Alibert, J.J., Dacorogna, B.: An example of a quasiconvex function that is not polyconvex in two dimen-
sions. Arch. Ration. Mech. Anal. 117(2), 155-166 (1992)

Arroyo-Rabasa, A., De Philippis, G., Rindler, F.: Lower semicontinuity and relaxation of linear-growth
integral functionals under PDE constraints. Adv. Calc. Var. (2018). https://doi.org/10.1515/acv-2017-
0003

Ball, J.M.: Convexity conditions and existence theorems in nonlinear elasticity. Arch. Ration. Mech. Anal.
63(4), 337-403 (1976)

Ball, J.M.: Constitutive inequalities and existence theorems in nonlinear elastostatics. In: Nonlinear Anal-
ysis and Mechanics: Heriot-Watt Symposium, Vol. 1, No. 4, pp. 187-241. Pitman, London (1977)

Ball, J.: Remarks on the paper: “basic calculus of variations”. Pac. J. Math. 116(1), 7-10 (1985)

Ball, J.M., Currie, J.C., Olver, PJ.: Null Lagrangians, weak continuity, and variational problems of
arbitrary order. J. Funct. Anal. 41(2), 135-174 (1981)

Bjerhammar, A.: Rectangular reciprocal matrices, with special reference to geodetic calculations. Bull.
Géodésique 20(1), 188-220 (1951)

Bousquet, P., Van Schaftingen, J.: Hardy—Sobolev inequalities for vector fields and canceling linear
differential operators. Indiana Univ. Math. J. 63(2), 1419-1445 (2014)

Campbell, S.L., Meyer, C.D.: Generalized Inverses of Linear Transformations, p. 272. Pitman, London
(1979)

. Caron, R., Traynor, T.: The zero set of a polynomial. WSMR Report, pp. 1-2 (2005)

Dacorogna, B.: Weak Continuity and Weak Lower Semi-continuity of Non-linear Functionals, p. viii+124.
Springer, Berlin (1982)

Dacorogna, B.: Quasi-convexité et semi-continuité inférieure faible des fonctionnelles non linéaires. Ann.
Sc. Norm. Super. Pisa-Cl. Sci. 9(4), 627-644 (1982)

Dacorogna, B.: Direct Methods in the Calculus of Variations, p. xii+622. Springer, New York (2008)
Decell Jr., H.P:: An application of the Cayley—Hamilton theorem to generalized matrix inversion. SIAM
Rev. 7(4), 526-528 (1965)

Fonseca, 1., Miiller, S.: A-quasiconvexity, lower semicontinuity, and Young measures. SIAM J. Math.
Anal. 30(6), 1355-1390 (1999)

Kirchheim, B., Kristensen, J.: On rank one convex functions that are homogeneous of degree one. Arch.
Ration. Mech. Anal. 221(1), 527-558 (2016)

Lee, J., Miiller, P.F., Miiller, S.: Compensated compactness, separately convex functions and interpolatory
estimates between Riesz transforms and Haar projections. Commun. Partial Differ. Equ. 36(4), 547-601
(2011)

Marcellini, P.: On the definition and the lower semicontinuity of certain quasiconvex integrals. Ann. I’ Inst.
Henri Poincare Non Linear Anal. 3(5), 391409 (1986)

Meyers, N.G.: Quasi-convexity and lower semi-continuity of multiple variational integrals of any order.
Trans. Am. Math. Soc. 119(1), 125-149 (1965)

Moore, E.H.: On the reciprocal of the general algebraic matrix, abstract. Bull. Am. Math. Soc. 26, 394-395
(1920)

Morrey, C.B.: Quasi-convexity and the lower semicontinuity of multiple integrals. Pac. J. Math. 2(1),
25-53 (1952)

Murat, F.: Compacité par compensation. Ann. Sc. Norm. Super. Pisa-Cl. Sci. 5(3), 489-507 (1978)
Murat, F.: Compacité par compensation: condition nécessaire et suffisante de continuité faible sous une
hypothese de rang constant. Ann. Sc. Norm. Super. Pisa-Cl. Sci. 8(1), 69-102 (1981)

Miiller, S.: Rank-one convexity implies quasiconvexity on diagonal matrices. Int. Math. Res. Not. 20,
1087-1095 (1999)

Miiller, S.: Variational models for microstructure and phase transitions. In: Hildebrandt, S., Struwe, M.
(eds.) Calculus of Variations and Geometric Evolution Problems, pp. 85-210. Springer, Berlin (1999)
Pedregal, P.: Parametrized Measures and Variational Principles, p. xi+212. Birkhduser, Basel (1997)

Prosinski, A.: Closed .A- p quasiconvexity and variational problems with extended real-valued integrands.
ESAIM Control Optim. Calc. Var. 24(4), 1605-1624 (2018)

Schulenberger, J.R., Wilcox, C.H.: Coerciveness inequalities for nonelliptic systems of partial differential
equations. Ann. Mat. Pura Appl. 88(1), 229-305 (1971)

Seregin, G.A.: J Ig—quasiconvexity and variational problems on sets of solenoidal vector fields. Algebra
Anal. 11(2), 170-217 (1999)

@ Springer


https://doi.org/10.1515/acv-2017-0003
https://doi.org/10.1515/acv-2017-0003

105 Page 16 0f 16 B. Raita

32.

33.

34.

35.

36.

37.

38.

39.

40.
41.

Sverdk, V.: Rank-one convexity does not imply quasiconvexity. Proc. R. Soc. Edinb. Sect. A Math. 120(1—
2), 185-189 (1992)

Tartar, L.: Une nouvelle méthode de résolution d’équations aux dérivés partielles non linéaires. In: Bénilan,
P., Robert, J. (eds.) Journés d’ Analyse non linéaire, pp. 228-241. Springer, Berlin (1978)

Tartar, L.: Compensated compactness and applications to partial differential equations. Nonlinear Anal.
Mech. Heriot-Watt Symp. 4, 136-212 (1979)

Tartar, L.: The compensated compactness method applied to systems of conservation laws. In: Ball, J.
(ed.) Systems of Nonlinear Partial Differential Equations, pp. 263-285. Springer, Dordrecht (1983)
Tartar, L.: The General Theory of Homogenization: A Personalized Introduction, p. xxii+471. Springer,
Berlin (2010)

Terpstra, FJ.: Die darstellung biquadratischer formen als summen von quadraten mit anwendung auf die
variationsrechnung. Math. Ann. 116, 166—180 (1938)

Van Schaftingen, J.: Limiting Sobolev inequalities for vector fields and canceling linear differential
operators. J. Eur. Math. Soc. 15(3), 877-921 (2013)

Young, L.C.: Generalized curves and the existence of an attained absolute minimum in the calculus of
variations. C. R. Soc. Sci. Lett. Vars. 30, 212-234 (1937)

Young, L.C.: Generalized surfaces in the calculus of variations. Ann. Math. 43(1), 84-103 (1942)
Young, L.C.: Generalized surfaces in the calculus of variations. II. Ann. Math. 43(3), 530-544 (1942)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Potentials for mathcalA-quasiconvexity
	Abstract
	1 Introduction
	2 Proof of Theorem 1
	3 mathcalA-quasiconvexity
	4 mathcalA-free Young measures
	Acknowledgements
	References




