Calc. Var. (2019) 5853

https://doi.org/10.1007/500526-019-1486-3 Calculus of Variations
()

Check for
updates

A blob method for diffusion

José Antonio Carrillo! - Katy Craig? - Francesco S. Patacchini?

Received: 28 March 2018 / Accepted: 18 January 2019 / Published online: 16 February 2019
© The Author(s) 2019

Abstract

As a counterpoint to classical stochastic particle methods for diffusion, we develop a deter-
ministic particle method for linear and nonlinear diffusion. At first glance, deterministic
particle methods are incompatible with diffusive partial differential equations since initial
data given by sums of Dirac masses would be smoothed instantaneously: particles do not
remain particles. Inspired by classical vortex blob methods, we introduce a nonlocal regu-
larization of our velocity field that ensures particles do remain particles and apply this to
develop a numerical blob method for a range of diffusive partial differential equations of
Wasserstein gradient flow type, including the heat equation, the porous medium equation,
the Fokker—Planck equation, and the Keller—Segel equation and its variants. Our choice of
regularization is guided by the Wasserstein gradient flow structure, and the corresponding
energy has a novel form, combining aspects of the well-known interaction and potential ener-
gies. In the presence of a confining drift or interaction potential, we prove that minimizers of
the regularized energy exist and, as the regularization is removed, converge to the minimizers
of the unregularized energy. We then restrict our attention to nonlinear diffusion of porous
medium type with at least quadratic exponent. Under sufficient regularity assumptions, we
prove that gradient flows of the regularized porous medium energies converge to solutions
of the porous medium equation. As a corollary, we obtain convergence of our numerical
blob method. We conclude by considering a range of numerical examples to demonstrate our
method’s rate of convergence to exact solutions and to illustrate key qualitative properties
preserved by the method, including asymptotic behavior of the Fokker—Planck equation and
critical mass of the two-dimensional Keller—Segel equation.
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1 Introduction

For arange of partial differential equations, from the heat and porous medium equations to the
Fokker—Planck and Keller—Segel equations, solutions can be characterized as gradient flows
with respect to the quadratic Wasserstein distance. In particular, solutions of the equation

o=V -(VVO)+V-(VW xp)p)+ Ap™ ViR >R, W:R! >R, m>1,
— — N———

drift interaction diffusion

ey

where p is a curve in the space of probability measures, are formally Wasserstein gradient
Sflows of the energy

1
8<p)=/Vdp+5/(W*p>dp+fm<p>,

/plog(p) dct form=1,p < L,

F'"(p) = /le[jd form > 1,p <« L4 @)

m—
+ 00 otherwise,

where £9 is d-dimensional Lebesgue measure. This implies that solutions p(z, x) of (1)
satisfy

9o =—Vw,&(p),

for a generalized notion of gradient Vy,, which is formally given by

§&
Vw,E(p) ==V pvs— ,
0

where 8€/§p is the first variation density of £ at p (c.f. [3,27,28,82]).

Over the past twenty years, the Wasserstein gradient flow perspective has led to several
new theoretical results, including asymptotic behavior of solutions of nonlinear diffusion
and aggregation—diffusion equations [27,28,70], stability of steady states of the Keller—Segel
equation [10,12], and uniqueness of bounded solutions [26]. The underlying gradient flow
theory has been well developed in the case of convex (or, more generally, semiconvex)
energies [2,3,5,24,55,77,82,83], and more recently, is being extended to consider energies
with more general moduli of convexity [6,26,28,35].

Wasserstein gradient flow theory has also inspired new numerical methods, with a com-
mon goal of maintaining the gradient flow structure at the discrete level, albeit in different
ways. Recent work has considered finite volume, finite element, and discontinuous Galerkin
methods [9,16,21,61,80]. Such methods are energy decreasing, positivity preserving, and
mass conserving at the semidiscrete level, leading to high-order approximations. They natu-
rally preserve stationary states, since dissipation of the free energy provides inherent stability,
and often also capture the rate of asymptotic decay. Another common strategy for preserving
the gradient flow structure at the discrete level is to leverage the discrete-time variational
scheme introduced by Jordan et al. [55]. A wide variety of strategies have been developed
for this approach: working with different discretizations of the space of Lagrangian maps
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[42,56,67-69], using alternative formulations of the variational structure [43], making use
of convex analysis and computational geometry to solve the optimality conditions [8], and
many others [11,17,23,29,31,47,48,84].

In this work, we develop a deterministic particle method for Wasserstein gradient flows.
The simplest implementation of a particle method for Eq. (1), in the absence of diffusion,
begins by first discretizing the initial datum pg as a finite sum of N Dirac masses, that is,

N

po ~ pd =Z(3x,-mi, x; €RY, om0, 3)
i=1

where §,, is a Dirac mass centered at x; € R4. Without diffusion and provided sufficient
regularity of V and W, the solution p™ of (1) with initial datum p(l)v remains a sum of Dirac
masses at all times ¢, so that

N
PN (0 =" Sy mi, “
i=1

and solving the partial differential equation (1) reduces to solving a system of ordinary
differential equations for the locations of the Dirac masses,

N
ki =—VV(i) =Y VW —x)mj, ie(l,....N}. 5)
j=l1

The particle solution p® (¢) is the Wasserstein gradient flow of the energy (2) with initial
data pév , so in particular the energy decreases in time along this spatially discrete solution.
The ODE system (5) can be solved using range of fast numerical methods, and the resulting
discretized solution p (r) can be interpolated in a variety of ways for graphical visualization.

This simple particle method converges to exact solutions of equation (1) under suitable
assumptions on V and W, as has been shown in the rigorous derivation of this equation
as the mean-field limit of particle systems [22,24,52]. Recent work, aimed at capturing
competing effects in repulsive—attractive systems and developing methods with higher-order
accuracy, has considered enhancements of standard particle methods inspired by techniques
from classical fluid dynamics, including vortex blob methods and linearly transformed parti-
cle methods [19,36,46,49]. Bertozzi and the second author’s blob method for the aggregation
equation obtained improved rates of convergence to exact solutions for singular interaction
potentials W by convolving W with a mollifier ¢.. In terms of the Wasserstein gradient
flow perspective this translates into regularizing the interaction energy (1/2) [(W x p)dp
as (1/2) [(W s @g % p)dp.

When diffusion is present in Eq. (1), the fundamental assumption underlying basic particle
methods breaks down: particles do not remain particles, or in other words, the solution of
(1) with initial datum (3) is not of the form (4). A natural way to circumvent this difficulty,
at least in the case of linear diffusion (m = 1), is to consider a stochastic particle method, in
which the particles evolve via Brownian motion. Such approaches were originally developed
in the classical fluids case [33], and several recent works have considered analogous methods
for equations of Wasserstein gradient flow type, including the Keller—Segel equation [50,
52,53,62]. The main practical disadvantage of these stochastic methods is that their results
must be averaged over a large number of runs to compensate for the inherent randomness
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of the approximation. Furthermore, to the authors’ knowledge, such methods have not been
extended to the case of degenerate diffusion m > 1.

Alternatives to stochastic methods have been explored for similar equations, motivated by
particle-in-cell methods in classical fluid, kinetic, and plasma physics equations. These alter-
natives proceed by introducing a suitable regularization of the flux of the continuity equation
[34,75]. Degond and Mustieles considered the case of linear diffusion (m = 1) by interpreting
the Laplacian as induced by a velocity field v, Ap = V - (vp), v = Vp/p, and regulariz-
ing the numerator and denominator separately by convolution with a mollifier [40,74]. For
this regularized equation, particles do remain particles, and a standard particle method can
be applied. Well-posedness of the resulting system of ordinary differential equations and a
priori estimates relevant to the method were studied by Lacombe and Mas-Gallic [58] and
extended to the case of the porous medium equation by Oelschldger and Lions and Mas-
Gallic [60,63,66]. In the case m = 2 on bounded domains, Lions and Mas-Gallic succeeded
in showing that solutions to the regularized equation converge to solutions of the unregu-
larized equation, as long as the initial data has uniformly bounded entropy. Unfortunately,
this assumption fails to hold when the initial datum is given by a particle approximation (3),
and consequently Lions and Mas-Gallic’s result doesn’t guarantee convergence of the par-
ticle method. Oelschlédger [66], on the other hand, succeeded in proving convergence of the
deterministic particle method, as long as the corresponding solution of the porous medium
equation is smooth and positive. An alternative approach, now known as the particle strength
exchange method, incorporates instead the effects of diffusion by allowing the weights of
the particles m; to vary in time. Degond and Mas-Gallic developed such a method for linear
diffusion (m = 1) and proved second order convergence with respect to the initial particle
spacing [38,39]. The main disadvantage of these existing deterministic particle methods is
that, with the exception of Lions and MasGallic’s work when m = 2, they do not preserve the
gradient flow structure [60]. Other approaches that respect the method’s variational structure
have been recently proposed in one dimension by approximating particles by non-overlapping
blobs [25,30]. For further background on deterministic particle methods, we refer the reader
to Chertock’s comprehensive review [32].

The goal of the present paper is to introduce a new deterministic particle method for
equations of the form (1), with linear and nonlinear diffusion (m > 1), that respects the
problem’s underlying gradient flow structure and naturally extends to all dimensions. In
contrast to the above described work, which began by regularizing the flux of the continuity
equation, we follow an approach analogous to Bertozzi and the second author’s blob method
for the aggregation equation and regularize the associated internal energy F. For a mollifier
0e(x) = @(x/e) /e, x e R, & > 0, we define

flog(gos *p)dp for m=1,

m
= _ 6
Fe (0) (@e % P)™ 1 (6)
——————dp for m > 1.
m—1
For more general nonlinear diffusion, we define
Fe(p) :/F((Pe *p)dp,  F:(0,00) > R. 7

As & — 0, we prove that the regularized internal energies " I"-converge to the unregu-
larized energies 7™ for all m > 1; see Theorem 4.1. In the presence of a confining drift or
interaction potential, so that minimizers exist, we also show that minimizers converge to min-
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imizers; see Theorem 4.5. For m > 2 and semiconvex potentials V, W € C2(R?), we show
that the gradient flows of the regularized energies £* are well-posed and are characterized
by solutions to the partial differential equation

o=V - (VVHYW % 0)p)+V - [0 (Ve * ((9s % p)"20) +(ge % )" 2 (Ve % )] .
(8)

Under sufficient regularity conditions, we prove that solutions of the regularized gradient
flows converge to solutions of Eq. (1); see Theorem 5.8. When m = 2 and the initial datum
has bounded entropy, we show that these regularity conditions automatically hold, thus gen-
eralizing Lions and Mas-Gallic’s result for the porous medium equation on bounded domains
to the full Eq. (1) on all of RY; see Corollary 5.9 and [60, Theorem 2].

For this regularized Eq. (8), particles do remain particles; see Corollary 5.5. Consequently,
our numerical blob method for diffusion consists of taking a particle approximation for (8).
We conclude by showing that, under sufficient regularity conditions, our blob method’s
particle solutions converge to exact solutions of (1); see Theorem 6.1. We then give several
numerical examples illustrating the rate of convergence of our method and its qualitative
properties.

A key advantage of our approach is that, by regularizing the energy functional and not the
flux, we preserve the problem’s gradient flow structure. Still, at first glance, our regularization
of the energy (6) may seem less natural than other potential choices. For example, one could
instead consider the following more symmetric regularization

/(ws % p) log(ge * p)dL? for m =1,

(e x p)" d
m—1

U (p) = F" (pe % p) =
4 for m > 1,

for more general nonlinear diffusion,
Us(p) = / Ulpe ¥ p)dL?,  U:[0,00) — R.
Although studying the above regularization is not without interest, we focus our attention on

the regularization in (6) and (7) for numerical reasons. Indeed, computing the first variation
density of U, gives

sU
£ = gp % (U o (e % p)),
dp
as compared to
§F¢ , ,
5 = @ * (F" o (@e * p)p) + (pe * p)F" 0 (e * p)

for F. In the first case, one can see that replacing p by a sum of Dirac masses still requires the
computation of an integral convolution with ¢,. Indeed, if p = ZlN:] 8y;m;, where (xi)lN: 1
are N particles in R? with masses m; > 0, then, for all x € R4,

U N N
3, )= vex [U/ (Z ge(x — xi)miﬂ = /R ge(x = y) [U’ (Z Py — xi)mi>:| dy.
i=1 i=1

which does not allow for a complete discretization of the integrals. On the contrary, in the
second case, all convolutions involve p, so a similar computation (as it can be found in the
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proof of Corollary 5.5) shows that they reduce to finite sums, which are numerically less
costly.

Another advantage of our approach, in the m = 2 case, is that our regularization of the
energy can naturally be interpreted as an approximation of the porous medium equation by
a very localized nonlocal interaction potential. In this way, our proof of the convergence of
the associated particle method provides a theoretical underpinning to approximations of this
kind in the computational math and swarming literature [57,59]. Further advantages our blob
method include the ease with which it may be combined with particle methods for interaction
and drift potentials, its simplicity in any dimension, and the good numerical performance we
observe for a wide choice of interaction and drift potentials.

Our paper is organized as follows. In Sect. 2, we collect preliminary results concerning the
regularization of measures via convolution with a mollifier, including a mollifier exchange
lemma (Lemma 2.2), and relevant background on Wasserstein gradient flow and weak con-
vergence of measures. In Sect. 3, we prove several results on the general regularized energies
(7), which are of a novel form from the perspective of Wasserstein gradient flow theory,
combining aspects of the well-known interaction and internal energies. We show that these
regularized energies are semiconvex and differentiable in the Wasserstein metric and char-
acterize their subdifferential with respect to this structure; see Propositions 3.10-3.12. In
Sect. 4, we prove that F, I"-converges to F as ¢ — 0 and that minimizers converge to mini-
mizers, when in the presence of a confining drift or interaction term; see Theorems 4.1 and
4.5 . With this I"-convergence in hand, in Sect. 5 we then turn to the question of convergence
of gradient flows, restricting to the case m > 2. Using the framework introduced by Sandier
and Serfaty [76,78], we prove that, under sufficient regularity assumptions, gradient flows of
the regularized energies converge as ¢ — 0 to gradient flows of the unregularized energy,
recovering a generalization of Lions and Mas-Gallic’s results when m = 2; see Theorem 5.8
and Corollary 5.9. Finally, in Sect. 6, we prove the convergence of our numerical blob method,
under sufficient regularity assumptions, when the initial particle spacing / scales with the
regularization like & = o(e); see Theorem 6.1.

We close with several numerical examples, in one and two dimensions, analyzing the rate
of convergence to exact solutions with respect to the 2-Wasserstein metric, L'-norm, and L°°-
norm and illustrating qualitative properties of the method, including asymptotic behavior of
the Fokker—Planck equation and critical mass of the two-dimensional Keller—Segel equation;
see Sect. 6.3. In particular, for the heat equation and porous medium equations (V = W =0,
m = 1, 2, 3), we observe that the 2-Wasserstein error depends linearly on the grid spacing
h ~ N~V form = 1,2, 3, while the L'-norm depends quadratically on the grid spacing
for m = 1, 2 and superlinearly for m = 3. We apply our method to study long time behavior
of the nonlinear Fokker—Planck equation (V = |~|2 /2, W = 0, m = 2), showing that the
blob method accurately captures convergence to the unique steady state. Finally, we conduct
a detailed numerical study of equations of Keller-Segel type, including a one-dimensional
variant (V = 0, W = 2xlog|-|,x > 0,m = 1,2) and the original two-dimensional
equation (V = 0, W = Al m = 1). The one-dimensional equation has a critical mass
1, and the two-dimensional equation has critical mass 87, at which point the concentration
effects from the nonlocal interaction term balance with linear diffusion (m = 1) [13,41]. We
show that the same notion of criticality is present in our numerical solutions and demonstrate
convergence of the critical mass as the grid spacing & and regularization ¢ are refined.

There are several directions for future work. Our convergence theorem for m > 2 requires
additional regularity assumptions, which we are only able to remove in the case m = 2
when the initial data has bounded entropy. In the case of m > 2 or more general initial
data, it remains an open question how to control certain nonlocal norms of the regularized
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energies, which play an important role in our convergence result; see Theorem 5.8. Formally,
we expect these to behave as approximations of the BV -norm of o™, which should remain
bounded by the gradient flow structure; see Eqs. (24) and (25). When 1 < m < 2, itis
not clear how to use these nonlocal norms to get the desired convergence result or whether
an entirely different approach is needed. Perhaps related to these questions is the fact that
our estimate on the semiconvexity of the regularized energies (6) deteriorates as ¢ — 0,
while we expect that the semiconvexity should not deteriorate along smooth geodesics; see
Proposition 3.11. Finally, while our results show convergence of the blob method for diffusive
Wasserstein gradient flows, they do not quantify the rate of convergence in terms of 2 and
¢. In particular, a theoretical result on the optimal scaling relation between % and & remains
open, though we observe good numerical performance for ¢ = ', 0 < p « 1.Ina
less technical direction, we foresee a use of the presented ideas in conjunction with splitting
schemes for certain nonlinear kinetic equations [1,20], as well as in the fluids [49], since
our numerical results demonstrate comparable rates of convergence to the particle strength
exchange method, which has already gained attention in these contexts [40].

2 Preliminaries
2.1 Basic notation

For any r > 0 and x € R we denote the open ball of center x and radius r by B, (x). Given
aset S C RY, we write lg: RY — {0, 1} for the indicator function of S, i.e., 1g(x) = 1
for x € S and 15(x) = 0 otherwise. We say a function A : R — R has at most quadratic
growth if there exist cp, ¢; > 0 so that |A(x)| < co + c1|x|? for all x € R?.

Let P(Rd ) denote the set of Borel probability measures on R9, and for, any p € N, P, (Rd)
denotes elements of P(R?) with finite pth moment, M, (RY) := fRd [x|Pdu(x) < + oo.
We write £¢ for the d-dimensional Lebesgue measure, and for given u € P(Rd), we write
w < £4if p is absolutely continuous with respect to the Lebesgue measure. Often we use
the same symbol for both a probability measure and its Lebesgue density, whenever the latter
exists. We let L” (u; R?) denote the Lebesgue space of functions with pth power integrable
against [.

Given o a finite, signed Borel measure on R4, we denote its variation by |o|. For a Borel
set E C R? we write o (E) for the o -measure of set E. For a Borel map T : R? — R? and
w € P(RY), we write Ty for the push-forward of x through 7. We letid : R? — R4 denote
the identity map on R? and define (id, 7): R? — R? x R? by (id, T)(x) = (x, T (x)) for
all x € R?. For a sequence (i,), C P(R?) and some u € P(R?), we write i, X w if
(ttn)n converges to u in the weak-* topology of probability measures, i.e., in the duality with
bounded continuous functions.

2.2 Convolution of measures
A key aspect of our approach is the regularization of the energy (2) via convolution with a

mollifier. In this section, we collect some elementary results on the convolution of probability
measures, including a mollifier exchange lemma, Lemma 2.2.
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For any . € P(R) and measurable function ¢, the convolution of ¢ with i is given by

¢ xu(x) = /d ¢(x —y)du(y) forallx e RY,
R

whenever the integral converges. We consider mollifiers ¢ satisfying the following assump-
tion.

Assumption 2.1 (mollifier) Let ¢ = ¢ % ¢, where ¢ € CZ(R%; [0, 00)) is even, 1SN mey =
1, and

C(x) < Celx|79, |V (x)] < C2|x|_q/ for some C;, C; > 0andg >d +1, ¢’ > d.

This assumption is satisfied by both Gaussians and smooth functions with compact support.
Assumption 2.1 also ensures that ¢ has finite first moment. For any ¢ > 0, we write

ge =& p(/e) and ¢ =e70(/e).

Throughout, we use the fact that the definition of convolution allows us to move mollifiers
from the measure to the integrand. In particular, for any ¢ bounded below and ¥ € L'(R¢)
even,

f¢d<w*u)=/ ¢ dp.
]Rd Rd

Likewise, the technical assumption that ¢ = ¢ * ¢, and therefore that ¢, = ¢, * ¢, allows
us to regularize integrands involving the mollifier ¢, ; indeed, the following lemma provides
sufficient conditions for moving functions in and out convolutions with mollifiers within
integrals. (See also [60] for a similar result.) This is an essential component in the proofs
of both main results, Theorems 4.1 and 5.8 , on the the I"-convergence of the regularized
energies and the convergence of the corresponding gradient flows. See “Appendix A” for the
proof of this lemma.

Lemma 2.2 (mollifier exchange lemma) Let f: R? — R be Lipschitz continuous with
Lipschitz constant L y > 0, and let o and v be finite, signed Borel measures on RY. There is
p = p(q,d) > 0 so that

‘/;f*(fww—f(;g*v)fda

<elLy </({g *|v])dlo| + C§|a|(Rd)|v|(Rd)> forall e > 0.

We conclude this section with a lemma stating that if a sequence of measures converges
in the weak-* topology of P(R?), then the mollified sequence converges to the same limit.
We refer the reader to “Appendix A” for the proof.

Lemma 2.3 Let i1 be a sequence in P(RY) such that e A nase — 0forsome . € P(RY).
Then ¢ * [Le A .

2.3 Optimal transport, Wasserstein metric, and gradient flows
We now describe basic facts about optimal transport, including the Wasserstein metric and

associated gradient flows. (See also [2,3,5,77,82,83] for further background and more details
on the definitions and remarks found in this section.)
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For 11, v € P(RY), we denote the set of transport plans from 1 to v by

F(u,v) :={y e PRI x RY) | w'yy = u, w4y = v},
where 7!, 72: R x RY — R are the projections of R? x R? onto the first and second copy
of R?, respectively. The Wasserstein distance W (1, v) between two probability measures

w, v e Pa(RY) is given by
172
Wa(u, v) = min (/ |x—y|2dy<x,y>) : ©)
yel(n,v) RE xR

and a transport plan y,, is optimal if it attains the minimum in (9). We denote the set of optimal
transport plans by I'o(u, v). If @ is absolutely continuous with respect to the Lebesgue
measure, then there is a unique optimal transport plan y,, and

Yo = (id, To)#u,

for a Borel measurable function T,: R — R?. T, is unique up to sets of u-measure zero
and is known as the optimal transport map from p to v. Convergence with respect to the
Wasserstein metric is stronger than weak-* convergence. In particular, if (11,,), C P2(R%)
and 1 € P2(RY), then

Wa(pn, n) —> 0asn — oo <— (un A wand My () — Mo() asn — oo)

In order to define Wasserstein gradient flows, we will require the following notion of
regularity in time with respect to the Wasserstein metric.

Definition 2.4 (absolutely continuous) p € ACZ.((0,00); Py(RY)) if there is f €
leoc((O, o0)) so that

t
Wo(u(t), u(s)) < / f(@r)ydr forall t,s € (0,00)withs <t.

Along such curves, we have a notion of metric derivative.

Definition 2.5 (metric derivative) Given . € AClzoc((O, 00); P>(IRY)), its metric derivative
is

W2 (u (1), pu(s))

, .
t) := lim
10 = lim =0

An important class of curves in the Wasserstein metric are the (constant speed) geodesics.
Given uo, 1 € P2 (R%), geodesics connecting g to 1 are of the form
o = (1 —w)n' +an®)yyo for o« [0, 1yo € To(u, v).
If y, is induced by a map T, then
o = ((1 —a)id + aTo)#uro-

More generally, given w1, 12, 43 € Pz(Rd ), a generalized geodesic connecting [y to i3
with base 1 is given by

,uff3 = ((1 — )’ +ot7r3)#y fora € [0, 1]and y € P(R? x R? x RY)

x such that 724y € To(1, wa) and 734y € Do, 13).
(10)
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with 717 R x R? x RY — R? x R¥ the projection of onto the first and ith copies of R?.
When the base u; coincides with one of the endpoints o or u3, generalized geodesics are
geodesics.

A key property for the uniqueness and stability of Wasserstein gradient flows is that the
energies are convex, or more generally semiconvex, along generalized geodesics.

Definition 2.6 (semiconvexity along generalized geodesics) We say a functional G : P5(R?)
— (— 00, 00] is semiconvex along generalized geodesics if there is . € R such that for all
Wi, w2, w3 € Po(R?) there exists a generalized geodesic connecting 47 to @3 with base 141
such that

A — o)
G(uZ™?) = (1 — )G(112) + aG(us) — =2 > W2 (a2, p3) foralle € [0, 11,
where
W3, (142, 13) :/ ly —zldy(x, y,2).
R4 x R4 xR

For any subset X C P(Rd) and functional G: X — (— o0, 00], we denote the domain
of Gby D(G) = { € X | G(n) < + 00}, and we say that G is proper if D(G) # @. As
soon as a functional is proper and lower semicontinuous with respect to the weak-* topology,
we may define its subdifferential; see [3, Definition 10.3.1 and Eq. 10.3.12]. Following the
approach in [24], the notion of subdifferential we use in this paper is, in fact, the following
reduced one.

Definition 2.7 (subdifferential) Given G : P>(R?) — (— 00, 00] proper and lower semi-
continuous, 4 € D(G), and £ : RY — RY with & € L%(u; R?), then & belongs to the

subdifferential of G at u, written & € 9G(u), ifas v & “w,

Gv)—G(u) = inf / (), y —x)dy(x, y) + o(Wa(u, v)).
yelo(u,v) JRd xRd

The Wasserstein metric is formally Riemannian, and we may define the tangent space as
follows.

Definition 2.8 Let i € P> (RY). The tangent space at p is

Tan, P>(RY) = {Vo | ¢ € C(RY)},
where the closure is taken in Lz(u; RY).

We now turn to the definition of a gradient flow in the Wasserstein metric (c.f. [3, Propo-
sition 8.3.1, Definition 11.1.1]).

Definition 2.9 (gradient flow) Suppose G: P»(R?) — R U {+ oo} is proper and lower

semicontinuous. A curve u € ACIZOC((O, + 00); P2(RY)) is a gradient flow of G if there exists

a velocity vector field v: (0, co) x R — R? with —v(¢) € aG(1()) N Tan,, () Py (RY) for
almost every ¢ > 0 such that p is a weak solution of the continuity equation
O (t, x) + V- (v, x)pu(r, x)) = 0;

i.e., u is a solution to the continuity equation in duality with CJ° (RY).

We close this section with the following definition of the Wasserstein local slope.
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Definition 2.10 (local slope) Given G: P> (RY) — (— 00, o0l its local slope is

[0G|(n) = lim sup M forall u € D(G),

e Wa(u, v)
where the subscript + denotes the positive part.
Remark 2.11 When the functional G in Definition 2.9 is in addition semiconvex along
geodesics the local slope [dG] is a strong upper gradient for G. In this case a gradient flow of

G is characterized as being a 2-curve of maximal slope with respect to |dG|; see [3, Theorem
11.1.3].

3 Regularized internal energies

The foundation of our blob method is the regularization of the internal energy F via convolu-
tion with a mollifier. This allows us to preserve the gradient flow structure and approximate
our original partial differential equation (1) by a sequence of equations for which particles
do remain particles. In this section, we consider several fundamental properties of the regu-
larized internal energies F;, including convexity, lower semicontinuity, and differentiability.
In what follows, we will suppose that our internal energies satisfy the following assumption.

Assumption 3.1 (internal energies) Suppose F € C2(0, 4+ oc0) satisfies lims_, o F(s5) =
+ oo and either F is bounded below orlim inf,_.¢ F(s)/s? > — oo forsome f > —2/(d+2).
Suppose further that U (s) = s F (s) is convex, bounded below, and lim;_,o U (s) = 0.

Thanks to this assumption we can define the internal energy corresponding to F' by

F(p)dp if p < £4,
Flp) = {f prap tps
+ 00 otherwise.

If F is bounded below, this is well-defined on all of P(]Rd). If iminf_, ¢ F(s)/sﬂ > — 00
for some B > —2/(d + 2), this is well-defined on P, (R?); see [3, Example 9.3.6].

Remark 3.2 (nondecreasing) Assumption 3.1 implies that F is nondecreasing. Indeed, by the
convexity of U (s) and the fact that lim;_,o s F(s) =0,

sF(s) =/ U'(rydr < sU'(s) = s>F'(s) + sF(s) foralls € (0, c0),
0

which leads to F’(s) > 0 forall s € (0, 00).

Our assumption does not ensure that F is convex along Wasserstein geodesics, unless F
is convex.

Remark 3.3 (McCann’s convexity condition) McCann’s condition [65] on the internal density
U for the convexity of the internal energy F can be stated on the function F instead: the
function s — F(s~9) is nonincreasing and convex on (0, 00), i.e.,

F'(s)>0 and (d+ DF'(s)+dsF"(s) >0 foralls € (0, 00),

which, by Remark 3.2, holds when for example F is convex and satisfies Assumption 3.1.
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We regularize the internal energies by convolution with a mollifier.

Definition 3.4 (regularized internal energies) Given F: (0, c0) — R satisfying Assump-
tion 3.1, we define, for all 1 € P(R?), the regularized internal energies by

Fe(p) = / F(pe xu)du foralle > 0.

Note that, for all x € P(RY) and ¢ > 0, Fp (1) < F(llgell pooray) < 00.
An important class of internal energies satisfying Assumption 3.1 are given by the (neg-
ative) entropy and Rényi entropies.

Definition 3.5 The entropy and Rényi entropies, and their regularizations, are given by

F"(p) = /Fm(p)dp,

F( ):/F (0o it for Fy(s) = 1 1°8% form =1,
e W m e F M AL " sV —1) form > 1.
Note that, as per our observation just below the definition of 7, the entropy F! is well-defined
on P (RY) and the Rényi entropies (F™, m > 1) are well-defined on all of P(RY). Also note
that the regularized entropies ()", m > 1, ¢ > 0) are well-defined on all of P(]Rd ).
In order to approximate solutions of Eq. (1), we will consider combinations of the above
regularized internal energies with potential and interaction energies.

Definition 3.6 (regularized energies) Let V, W: R? — (— 00, 0] be proper and lower
semicontinuous. Suppose further that W is locally integrable. For all i € P(R?) define

1
Ee(p) = / Vdu+ 5/(W*u)du+}'€(u) forall ¢ > 0.
When F = F), for some m > 1, then we denote £ by £” and & by £]".

The regularized internal energy in Definition 3.4 incorporate a blend of interaction and
internal phenomena, through the convolution with the mollifier, or potential, ¢, and the
composition with the function F. To our knowledge, this is a novel form of functional on the
space of probability measures. We now describe some of its basic properties: energy bounds
and lower semicontinuity, when F is the logarithm or a power, and differentiability, convexity
and subdifferential characterization when F is convex. For the existence and uniqueness of
gradient flows associated to this regularized energy, see Sect. 5.

Remark 3.7 Although the regularized energy in Definition 3.4 is of a novel form, it was
noticed in [71, Proposition 6.9] that a previous particle method for diffusive gradient flows
leads to a similar regularized internal energy after space discretization [25,30]. The essential
difference between these two methods stands in the choice of the mollifier, which, instead of
satisfying 2.1, is a very singular potential.

We begin with inequalities relating the regularized internal energies to the unregularized

energies. See “Appendix A” for the proof, which is a consequence of Jensen’s inequality and
a Carleman-type estimate on the lower bound of the entropy [30, Lemma 4.1].
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Proposition 3.8 Let ¢ > 0. If m = 1, suppose € Pr(RY), and if m > 1, suppose u €
PRY). Then,

Frw) +Ce = F (W) = F"(Gex ) for 1<m <2, an
F(w) < F"(gexp) for m=2. 12)

where Co = Co(m, u) — 0as € — 0. Furthermore, for all § > 0, we have

d/2 2 :
G > — @n/8)? —28(Mae) +e2M28)) i m =1, (13)
0 if m>1.

For all ¢ > 0, the regularized entropies are lower semicontinuous with respect to weak-*
convergence (m > 1) and Wasserstein convergence (m = 1). For m > 2, we prove this
using a theorem of Ambrosio, Gigli, and Savaré on the convergence of maps with respect to
varying measures; see Proposition B.2. For 1 < m < 2, this is a consequence of Jensen’s
inequality. For m = 1, we apply both Jensen’s inequality and a version of Fatou’s lemma
for varying measures; see Lemma B.3. In this case, we also require that the mollifier ¢ is a
Gaussian, so that we can get the bound from below required by Fatou’s lemma. We refer the
reader to “Appendix A” for the proof.

Proposition 3.9 (lower semicontinuity) Let ¢ > 0. Then

(i) F}"is lower semicontinuous with respect to weak-* convergence in P(RY) forallm > 1;
(ii) if ¢ is a Gaussian, then }'81 is lower semicontinuous with respect to the quadratic Wasser-
stein convergence in P> (RY).

When F is convex, the regularized internal energies are differentiable along generalized
geodesics. The proof relies on the fact that F' is differentiable and ¢, € C2(R?), with bounded
Hessian; see “Appendix A”.

Proposition 3.10 (differentiability) Let F satisfy Assumption 3.1 and be convex. Given
2—3

U1, U2, U3 € Pr(RY) and y € Pr(RY x RY x RY) with néy = i, let p =
(A -’ + anS)# y fora € [0, 1]. Then
d

2—3
do{ fs(l»ba )‘Ot=0 (14)

=////// F' (e % 12(3) Ve (v —v) - (z —w — (y — v)) dy (u, v, w) dy (x, y, 2).

A key consequence of the preceding proposition is that the regularized energies are semi-
convex along generalized geodesics, as we now show.

Proposition 3.11 (convexity) Suppose F satisfies Assumption 3.1 and is convex. Then F; is
Ap-convex along generalized geodesics, where

Ar = =20 D% el oo ray F' (19l oo ey ). (15)
Proof. Let (/Lg_)3)ag[0,1] be a generalized geodesic connecting two probability measures

ta, 113 € Pa(RY) with base py € Po(RY); see (10).
We have, using the above-the-tangent inequality for convex functions,

Fe(uz) — Fe(ua) = // (F (e * u3)(y) — F(pe * 12)(2)) dy(x,y,2)

2/// F'(@e % 2 () (@e % 13(2) — @ % 2()) dy(x, v, 2)
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B /// /// F'(¢e % 102(0)) (96 (z — w)

—@:(y —v)dy(u,v,w)dy(x,y,2).

Therefore, by Proposition 3.10,

Fols) — Folua) — - 7o)
e\[L3 e (L2 da e My @0

= [[[ ] @

X [@e(z —w) —@e(y —v) = Ve (y —v) - (z —w — (y —v)]dy (u, v, w)dy(x, y, 2)

| D?e |l oo

> — | ”L LR ./// /// F’ (e * p2(YNNz —w — (y — v)| dy(u,v,w)dy(x,y,2)
D2<pg 0 F'([l@ell 100 R

- I I (]Rd)2 el (! d)) /// /:/*/ |Z,w,(yfv)|2d)’(”s”’ w)dy(x,y,2)

> = 20D |l e ety F (e Nl o ) W, (2, 13),

which gives the result. O

We now use the previous results to characterize the subdifferential of the regularized
internal energy. The structure of argument is classical (c.f. [3,24,55]), but due to the novel
form of our regularized energies, we include the proof in “Appendix A”.

Proposition 3.12 (subdifferential characterization) Suppose F satisfies Assumption 3.1 and
is convex. Let ¢ > 0 and u € D(F;). Then

., 5F,
vedFe(n) NTan, Po(RY) &= v=V 5
"
where
8 Fe , ,
510 =@ x (F o (9 % W) + (F o (¢ % 1)) @e % i, o — almost everywhere. (16)

8F¢

In particular, we have |0 F.|(n) = HV

L2(w;Rd)

As a consequence of this characterization of the subdifferential, we obtain the analogous
result for the full energy &, as in Definition 3.6. See “Appendix A” for the proof.

Corollary 3.13 Suppose F satisfies Assumption 3.1 and is convex. Let ¢ > 0 and u € D(E;).
Suppose V, W e CY(RY) are semiconvex, with at most quadratic growth, and W is even.
Then
8E
v € 0&(u) NTany, Pz(R ) &= v= Va—
I
where
8&
8—; =@ (F' o (s * p)p)
+ (F’ o (e * u)) Qe xu+V +Wxu, wp-almosteverywhere.

In particular, we have |0E;|(n) = ”V‘SE‘

L2(u;Rd)
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4 I'-convergence of regularized internal energies

We now turn to the convergence of the regularized energies and, when in the presence of
confining drift or interaction terms, the corresponding convergence of their minimizers. In
this section, and for the remainder of the work, we consider regularized entropies and Rényi
entropies of the form F}" for m > 1. We begin by showing that 7" I"-converges to F as
& — 0 with respect to the weak-* topology.

Theorem 4.1 (F, I'-converges to F) Ifm = 1, consider (t¢)s C P>(R?) and ne Pr(RY),
and if m > 1, consider (ug)e C P(R?) and p € P(RY).

1) If pe A W, we have liminf,_,o F' (e) = F™ ().
(ii) We have limsup,_, o F/" (1) < F™ ().

Proof. We begin by showing the result for 1 < m < 2, in which case the function F is
concave. We first show part (i). By Proposition 3.8, for all ¢ > 0,

fgn(ﬂs) > ]:m(fs * [Lg).

By Lemma 2.3, pi, A W implies &g * fLe A w. Therefore, by the lower semicontinuity of
F™ with respect to weak-* convergence [3, Remark 9.3.8],

lim inf 7" (e) > liminf ™" (&, * pe) = F™ (1),
e—0 e—0
which gives the result. We now turn to part (ii). Again, by Proposition 3.8, for all ¢ > 0,
F™(p) + Ce = F' (W),

where C; — 0 as ¢ — 0. Therefore, lim sup,_, o F/" (1) < F"(w).
We now consider the case when m > 2. Part (ii) follows quickly: by Proposition 3.8,
Young’s convolution inequality, and the fact that [[{¢ || ,1(gey = 1, for all & > 0 we have

FI) < G % 1) = g e %l

1 1
= m”é‘SHTI(Rd)”M”’Zm(Rd) = mf]”M”Tm(Rd) = J:m(ﬂ)

Taking the supremum limit as ¢ — 0 then gives the result. Let us prove part (i). Without loss
of generality, we may suppose that lim inf,_,o F}" (¢ ) is finite. Furthermore, there exists a
positive sequence (&), such that e, — 0 and lim,—, 1~ ]-'gf (e,) = liminfe—o FJ' (ie). In
particular, there exists C > 0 for which 7! (14¢,) < C for all n € N. By Jensen’s inequality

for the convex function x > x™~! and the fact that {, % ¢, = ¢, forall & > 0,

m—1
(m — 1)‘7:gm(ﬂs) = /(‘ps * /'Ls)m_] dug > (/ Qe * e dﬂvs)

m—1
=</ |;E*ue(x>|2dx> :
]Rd

Thus, since 7" (ne,) < C forall n € N, we have [|{g, * fte, [ 2rey < C' = (Cm —
1)) 1/2(m=1) We now use this bound on the L?-norm of Ce, * Ig, to deduce a stronger notion
of convergence of ¢, * [tg, to . First, since (ug,)n converges weakly-* to p as n — 00,
Lemma 2.3 ensures that (¢, * (e, — Me,)n converges weakly-* to 0. Since the L2-norm is
lower semicontinuous with respect to weak-* convergence [65, Lemma 3.4], we have

P e
c' > llnn_l)loféf 18e, * pe, lp2may = el L2(ray s
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sothat . € L2(R?). Furthermore, up to another subsequence, we may assume that (gg, *(Le, )n

converges weakly in L2. Also, since e, * e, A w, forall f e C (RY) we have

lim / Fdts, % o, = / fdu,
n—oo

SO (&g, * M, )n converges weakly in L? to . By the Banach—Saks theorem (c.f. [73, Sect.
38]), up to taking a further subsequence of (&g, * (ig,)n, the Cesaro mean (vi), defined by

1
— EZQ" x g, forallk € N,
i=1

converges to u strongly in L. Finally, for any f € ce (R?), this ensures

‘ f Fo?dcd — / futdcd

s/|f||vk—u||vk+u|dcd
S Moo ey llve — pll 2 way llve + pll 2 (way s

so that
lim /f(vk)zdﬁdsz,uzdﬁd. 17)
k—o00

We now use this stronger notion convergence to conclude our proof of part (i). Since m > 2
and

e, * e, 17, ey = Om = DFL (s,) < € foralln €N,

by part (i) of Proposition B.2, up to another subsequence, there exists w € L!(j1; R?) so that
forall f € CX(RY),

lim f (o, # 1e,) dits, = / Fwdp. (18)

n—o0
Furthermore, recalling the definition of the regularized energy and applying [3, Theorem
5.4.4(1)],

lim inf 77" (e) = lim 77 (ne,) = lim ——— / (e, * 1ae,)" " dpin

> ! /wm_ldu.
“m—1

Therefore, to finish the proof, it suffices to show that w(x) > u(x) for w-almost every
x € RY. By Lemma 2.2 and the fact that ¢, * ¢, = @, for all n € N, there exists p > 0
and C; > 0O so that forall f € Cé’o(Rd),

‘ / (e, # 1s,) dite, — / F(Go, # s, ) dL

= ‘/Qn * (fle,) d&e, * e, — /(fan * e, ) [ dle, * e,

< IV Flloqaty (1o, * o) 3 gy + Cc )
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Combining this with Eq. (18), we obtain

n—o0o

tim [ £, ue?act = [ fuan. (19)

Finally, using Eq. (17) and the definition of (v;)x as a sequence of convex combinations of
the family {Ce; * e, }ieq1,... k), forall f € CC"O(]Rd) with f > 0 we have

k 2
[ suract = gim [ ooract = im fR df(,iZ;gn *usnm) dx
n=1

k
.1 2
1y

n=

Since the limit in (19) exists, it coincides with its Cesaro mean on the right-hand side of the
above equation. Thus, for all f € C°(RY) with f > 0,

/fuzdﬂd S/fwdu-

This gives w(x) > 1 (x) for u-almost every x € R?, which completes the proof. O

Now, we add a confining drift or interaction potential to our internal energies, so that
energy minimizers exist and we may apply the previous I'-convergence result to conclude
that minimizers converge to minimizers. For the remainder of the section we consider energies
of the form &£/ given in Definition 3.6, with the following additional assumptions on V and
W to ensure that the energy is confining.

Assumption 4.2 (confining assumptions) The potentials V and W are bounded below and
one of the following additional assumptions holds:

V has compact sublevel sets; (CV)

V(x) > Colx|*> + C; for allx € Réfor some Cy > 0, Cy € R; (CV)

V =0 and W is radial satisfying ‘ llim Wi(x) =+ oc. (CW)
X[— 00

Under these assumptions, the regularized energies &' are lower semicontinuous with
respect to weak-* convergence (m > 1) and Wasserstein convergence (m = 1), where for the
latter we assume ¢ is a Gaussian (c.f. Proposition 3.9, and [3, Lemma 5.1.7], [65, Lemma
3.4] and [79, Lemma 2.2]).

Remark 4.3 (tightness of sublevels) Assumptions (CV) and (CV’) ensure that the set {x €
’P(Rd) | f Vdu < C}istight for all C > 0; c.f. [3, Remark 5.1.5]. Likewise, Assumption
(CW) on W ensures that the set { € P(R?) | f W x udp < C} is tight up to translations
for all C > 0; c.f. [79, Theorem 3.1].

We now prove existence of minimizers of £, for all ¢ > 0.
Proposition4.4 Let ¢ > 0. For m > 1, if either Assumption (CV) or (CW) holds, then

minimizers of E]' over P(RY) exist. Form = 1, if (CV') holds and ¢ is a Gaussian, then
minimizers of 581 over P (]Rd ) exist.
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Proof. Firstsupposem > 1,sothat 7, > 0and £ is bounded below. By Remark 4.3, if (CV)
holds, then any minimizing sequence of £/ has a subsequence that converges in the weak-*
topology. Likewise, if (CW) holds, then any minimizing sequence of £/ has a subsequence
that, up to translation, converges in the weak-* topology. By lower semicontinuity of £, the
limits of minimizing sequences are minimizers of £/".

Now, suppose m = 1. By Proposition 3.8, for all § > 0 and 12 € P>(R?),

FM(w) > —Q2r/8)4? — 28(Ma (1) + £ Ma(2)),

Consequently, by the assumption in (CV’) and the fact that W is bounded below by, say,
C € R, we can choose § = Cp/2 and obtain

C + CoMa(p) + C1 — (41 /Co)V? — Coe’Ma(¢) < EM () forall w € P2(R?), (20)

Hence any minimizing sequence (i), C P» (R?) has uniformly bounded second moment.
Thus, (i), has a subsequence that converges in the weak-* topology to a limit with finite
second moment. By the lower semicontinuity of £ the limit must be a minimizer of £". O

Finally, we conclude that minimizers of the regularized energy converge to minimizers of
the unregularized energy.

Theorem 4.5 (minimizers converge to minimizers) Suppose m > 1. If Assumption (CV)
holds, then for any sequence (pe)e C P(RY) such that jue is a minimizer of &N for all
*

e > 0, we have, up to a subsequence, g — |, where [ is minimizes E™. Alternatively, if

Assumption (CW) holds, then we have 1, A W, up to a subsequence and translation, where
again | minimizes E™.
Now suppose m = 1. If Assumption (CV’) holds and ¢ is a Gaussian, then for any

sequence (lLe)e C Pa (RY) such that p, is a minimizer oszl for all € > 0, we have, up to a
*
subsequence, pg — |, where . minimizes £'.

Proof. The proof is classical. We include it for completeness.

We only prove the result under Assumptions (CV)/(CV’) since the argument for (CW) is
analogous. For any ¢ > 0, since (. is a minimizer of £* we have that £" (u,) < £ (v) for
allv e PRY) if m > 1, and forall v € Po(RY) if m = 1. Taking the infimum limit of the
left-hand side and the supremum limit of the right-hand side, Theorem 4.1(ii) ensures that

lim i(I)lf EM(ue) <limsup &' (v) < EM(v). (21)
£—

e—0

Since £™ is proper there exists v € PRY ifm > 1and v € Po(RY) if m = 1 so that
the right-hand side is finite. Thus, up to a subsequence, we may assume that {€" (us)]e is
uniformly bounded. Whenm > 1, F¢(u) > O for all ¢ > 0, and this implies that { f Viduele
is uniformly bounded, so {u.}. is tight. When m = 1, the inequality in (20) ensures that
{M>(1ee)}e is uniformly bounded, so again {1, } is tight. Thus, up to a subsequence, (1ts)e
converges weakly-* to a limit u € PRY ifm > land p € Pr(RY) if m = 1. By
Theorem 4.1(i) and the inequality in (21), we obtain

M) = Lim inf &' (e) < EM(V)

forall v € P(RY) if m > 1 and for all v € P»(RY) if m = 1. Therefore, 1 is a minimizer of
em. O
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Remark 4.6 (convergence of minimizers) One the main difficulties for improving the topology
in which the convergence of the minimizers happen is that we do not control L™ -norms of the
regularized minimizing sequences due to the special form of our regularized energy. This is
the main reason we only get weak-* convergence in the previous result and the main obstacle
to improve results for the I"-convergence of gradient flows, as we shall see in the next section.

5 I'-convergence of gradient flows

We now consider gradient flows of the regularized energies £, as in Definition 3.6, form > 2
and prove that, under sufficient regularity assumptions, gradient flows of the regularized
energies converge to gradient flows of the unregularized energy as ¢ — 0. For simplicity of
notation, we often write £!" and F," for ¢ > 0 when we refer jointly to the regularized and
unregularized energies.

We begin by showing that the gradient flows of the regularized energies are well-posed,
provided that V and W satisfy the following convexity and regularity assumptions.

Assumption 5.1 (convexity and regularity of V and W) The potentials V, W € C'(RY)
are semiconvex, with at most quadratic growth, and W is even. Furthermore, there exist
Co,C; > 0s0

W), [IVV &), IVW(x)] < Co+ Cilx|™ " forall x € RY.

Remark 5.2 (w-convexity) More generally, our results naturally extend to drift and interaction
energies that are merely w-convex; see [35]. However, given that the main interest of the
present work is approximation of diffusion, we prefer the simplicity of Assumption (5.1), as
it allows us to focus our attention on the regularized internal energy.

Proposition 5.3 Let ¢ > 0 and m > 2. Suppose E]" is as in Definition 3.6 and V and W
satisfy Assumption 5.1. Then, for any po € D(EM), there exists a unique gradient flow of E]"
with initial datum 1.

Proof. 1t suffices to verify that £ is proper, coercive, lower semicontinuous with respect to
2-Wasserstein convergence, and semiconvex along generalized geodesics; c.f. [3, Theorem
11.2.1]. (See also [3, Eq. (2.1.2b)] for the definition of coercive.) If ¢ > 0, then F}" is finite
on all of P» (Rd), and if ¢ = 0, then F" is proper. Thus, our assumptions on V and W ensure
that £ is proper. Clearly F" is bounded below. Hence, since the semiconvexity of V and
W ensures that their negative parts have at most quadratic growth, £ is coercive.

For ¢ > 0, Proposition 3.9 ensures that 7" is lower semicontinuous with respect to
weak-* convergence, hence also 2-Wasserstein convergence. For ¢ = 0, the unregularized
internal energy F" is also lower semicontinuous with respect to weak-* and 2-Wasserstein
convergence [65, Lemma 3.4]. Since V and W are lower semicontinuous and their negative
parts have at most quadratic growth, the associated potential and interaction energies are
lower semicontinuous with respect to 2-Wasserstein convergence [3, Lemma 5.1.7, Example
9.3.4]. Therefore, £" is lower semicontinuous for all &£ > 0.

For ¢ > 0, Proposition 3.11 ensures that 7" is semiconvex along generalized geodesics
in P»(RY). For e = 0, the unregularized internal energy F" is convex [65, Theorem 2.2]. For
V and W semiconvex, the corresponding drift f V du and interaction (1/2) f W xpu)du
energies are semiconvex [3, Proposition 9.3.2], [24, Remark 2.9]. Therefore, the resulting
regularized energy £/ is semiconvex. O
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In the case ¢ = 0, gradient flows of the energies £ are characterized as solutions of the
partial differential equation (1); c.f. [3, Theorems 10.4.13 and 11.2.1], [24, Theorem 2.12].
Now, we show that gradient flows of the regularized energies £ can also be characterized
as solutions of a partial differential equation.

Proposition 5.4 Let ¢ > 0 and m > 2. Suppose E' is as in Definition 3.6 and V and W
satisfy Assumption 5.1. Then, . € ACIZOC((O, +00); Po(RY)) is the gradient flow of M if
and only if . is a weak solution of the continuity equation with velocity field

V= —VV = VW 5 e — V@ % ((0e % 1) 2 1te) — (@ % e)" Ve % 1. (22)

Moreover, fOT ||v(t)||i2(lL€;Rd) dt < ocoforall T > 0.

Proof. Suppose u. € ACIZOC((O, +00); P2 (R?)) is the gradient flow of £*. Then, by
Definition 2.9 and Corollary 3.13, i, is a weak solution to the continuity equation with
velocity field (22). Conversely, suppose . is a weak solution to the continuity equa-
tion with velocity field (22). By Corollary 3.13, —v(t) € 9&(u(t)) N Tany ) P> (R?) for
almost every ¢t € (0, co). Furthermore, since fOT ||v(t)||i2w6:R(,) dt < ooforall T > 0,
e € ACE (0, + 00); P»(R?)) by [3, Theorem 8.3.1]. O

A consequence of the previous proposition is that, for the regularized energies £, particles
remain particles, i.e. a solution of the gradient flow with initial datum given by a finite sum
of Dirac masses remains a sum of Dirac masses, and the evolution of the trajectories of the
particles is given by a system of ordinary differential equations.

Corollary 5.5 Let ¢ > 0 and m > 2, and let V and W satisfy Assumption 5.1. Fix N € N.
Fori e{l,...,N} =1, fix Xl(.) e R? and m; > 0 satisfying Zisl m; = 1. Then the ODE
system

Xi(t) = =VV(Xi(0)= Y ;o) VWX (=X (0)m =V T (8%, ym)). 1 €10, T],
Xi(0) = X7,
(23)

is well-posed for all T > 0. Furthermore, L, = Zie] dx;(ym; belongs to AC2([0, T1;

Pr(RY)) and is the gradient flow of E" with initial conditions s (0) 1= ) ;c; 8yom;.
Proof. To see that (23) is well-posed, first note that the function
SF!
15 +-s YN) > Vﬁ(zjfsyjmj)
m—2 m—2
= Z (Z e (yj — yk)mk> + <Z @e (i — yk)mk) Vo (yi —yj)m;
jel kel kel

is Lipschitz. Likewise, Assumption 5.1 ensures y; +— VV(y;) and y; ZA,‘E, VW(y; —
v;) are continuous and one-sided Lipschitz. Therefore, the ODE system (23) is well-posed
forward in time.

Now, suppose (X N solves (23) with initial data (X ?)f\' , onan interval [0, T'], for some

i=1" =

fixed T. We abbreviate by v; = v;(X1, X2, ..., Xn) the velocity field for X; in (23). For
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any test function ¢ € C° (R? x (0, T)), the fundamental theorem of calculus ensures that,
foralli € I,

T
/0 (Vo(Xi (1), HXi (1) + d9(X; (1), 1)) dt = —p(X;(0), 0).

Combining this with (23), we obtain

T T
/ de(Xi (1), ) dt + ¢(X],0) —/ Vo(Xi(1), vi(1)dt =0
0 0

Multiplying both sides by m;, summing over i, and taking jt, = ), 8x,;(ym; fort € [0, T]
gives

T
f f 0ot x) dpre (1, x)di + f 0(0, ) s 0, %)
0 R4 R4

T
+/ / Vo(t, x)v(t, x)due(t, x)dt =0,
0 R4

for v as in (22). Therefore, u. is a weak solution of the continuity equation with velocity
field v. Furthermore, forall 7 > 0

T T
2 2 2
v(t oy df <2 max VV(X;(t + | VW(X;(t) — X;(t dt
/(; ” ( )”LZ(MS,Rd) (i,j,k)el3 [A (| ( ( ))' | ( ( ) ]( ))| )

T
+ /0 (1@ X} 0 = Xe @)™ + (@ (X () = Xe )" [

X Ve (Xi () — X, (t))|2)dt] < o0,

by the continuity of VV, VW, and ¢.. Therefore, by Proposition 5.4, we conclude that
e € ACZ([0, T1; P2(R?)) and i, is the gradient flow of £ O

We now turn to the I"-convergence of the gradient flows of the regularized energies, using
the scheme introduced by Sandier—Serfaty [76] and then generalized by Serfaty [78], which
provides three sufficient conditions for concluding convergence. We will use the following
variant of Serfaty’s result, which allows for slightly weaker assumptions on the gradient flows
of the regularized energies, but follows from the same argument as Serfaty’s original result.
(See also Remark 2.11 on the correspondence between Wasserstein gradient flows and curves
of maximal slope.)

Theorem 5.6 (c.f. [78, Theorem 2]) Let m > 2. Suppose that, for all ¢ > 0, . belongs to
AC%([0, T]; P2(RY)) and is a gradient flow of E" with well-prepared initial data, i.e.,

16 (0) = 11(0), lim & (1e(0)) = ™ (u(0)), w(0) € D(E™). (50

Suppose further that there exists a curve i in P»(R?) such that, for almost everyt € [0, T},
*
pe(t) = u(t) and

(S1) hmlnf/ |pL£|(S) ds >/ |,u|(s) ds,
(52) hm lnf E (e(1)) = E™(u(2)),
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t t
(S3) lim inf/ |8€;”|2(u8(s)) ds > / |88’”|2(,u(s)) ds.

e—0 0 0
Then 1 € AC%([0, T]; P2(R?)), and w is a gradient flow of E™.

For simplicity of notation, in what follows we shall at times omit dependence on time
when referring to curves in the space of probability measures.

In order to apply Serfaty’s scheme in the present setting to obtain I"-convergence of the
gradient flows, a key assumption is that the following quantity is bounded uniformly ine > 0
along the gradient flows ¢ of the regularized energies £/

| eell Bym :2/ / Ce(x — ¥) (Ve * pe)(x)
Rd JRd

+(VEs # ) () (e * 1) ()™ 2| dpte () dx,

where we use the abbreviation p, = (@ * fe)™ 2ue. This quantity differs from

H VEF! [Sne H L1 (e RA) merely by the placement of the absolute value sign:

el By =
R4

= / ’(V‘PS * Pe) + (Ve * Le) (@e * ,us)m72| due = HV

de(y)

/]Rd Ce(x—y) (Ve * pe)(X)+ (Ve * pe) (X)(@e * Me)()’)m_zdx
87
SLe

L' (13 RY) ‘
(24)

Serfaty’s scheme allows one to assume, without loss of generality, that |FJ*|(ue) is
bounded uniformly in ¢ > 0 for almost every ¢ € [0, T'], and Holder’s inequality ensures that
|F™ (e) = ”V.B}'g”/éua ||L2(M€;Rd) > [V /8 me ”LI(M;W); see Proposition 3.12. Con-
sequently, we miss the bound we require on || e[| v merely by placement of the absolute
value sign in inequality (24).

Still, |4 | gy has a useful heuristic interpretation. Through the proof of Theorem 5.8,
we obtain

T m

S F,

lim inf / 2
e—=0 Jo Yy

\Y% dt

L1 (g3 RY)

A%

m r m—1
m/o VO™ 1 uoyema 41

T
/0 /Rd |Vu(t, x)"| dxdt; (25)

see the inequality (33) and Proposition B.2. Consequently, one may think of |||l gy as a
nonlocal approximation of the L!-norm of the gradient of .

We begin with a technical lemma we shall use to prove the convergence of the gradient
flows.

Lemma5.7 Lete > Oandm > 2, and let T > 0 and . € AC2([0, T1; P2(RY)). Then for
any Lipschitz function f : [0, T] x RY — R with constant L > 0, there exists r > 0 so
that

I(Ce % (frre)) — f(Ce x e)] (Ve * pe) + [(Le * (fPe)) — f(&e * pe)] (Ve * Ms)”Ll([o,T]x]Rd)
T T =
<Ly (/0 lle Ol By dt +2C, Vel 1 gay TV D (/0 f;"(us(r»dz) :
where C; > 0 is as in Assumption 2.1.
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Proof. We argue similarly as in Lemma 2.2. Let f : [0, T] x R? — R be Lipschitz with
constant L 7 > 0. Then,

/ |1 % (Fi1te)) = £ (& % 1)1 (Vs % o) + [(Go % (fPe)) — f(Ce % )l (Ve % pe)| dL?

-1,

=Ly /]R” ./R" Ce(x = ) = Y1 [(VEe % pe) () + (VEe % 1e) () (e * pre) ()" 2| dpae (y) dx.

A.W Ce(x = ML) = FET[(VEe % pe) () + (VEe % re) () (@6 * pe) ()" 2] dpre (v)| dx

By Assumption 2.1, C; is so that £ (x) < C¢|x|7? forg > d + 1 forall x € R?. Choose 7
so that

q—@+1
< — ).
qg—1
Now, we break the integral with respect to du.(y) above into integrals over the domain
B, (x) and R?\ B, (x), bounding the above quantity by

0<7 (26)

Ly /Rd /B ) )Cg(x — X = Y1 [(VEe % pe)(x) + (Ve % pe) (0) (0 * pe) ()™ 2| dpre () dx

+ Lf/ / Co(x = Wx = Y [(VEe % pe) () +H(VEe 1) () (s * 1) ()™ 2| dpe(y) dx,
Re JRAB ; (x)
=1L+
First, we consider /1. Since, in the integral, |x — y| < &, we obtain
I <& Lyllpellpvm.

Now, we consider /. We apply the inequality in (52) to obtain ¢, (x — y)|x — y| < C&" with
7 :=r(l — q) + q — d in the integral—the inequality in (26) ensures 7 > 1. Consequently,

L <eLiC (/IVEg*peldﬁd/dus+/IVCS*MaIdEd/p5d£d>
< 287LfC;||V§s||L1(Rd)/p£ L8 < 26" L CIVE Il 1 gy Fo () 2/ D)

where, in the last inequality, we use that ||Vie|lpiray = VS| 1(ray/e and, by Jensen’s
inequality for the concave function s ~2)/(m=1,

/Ps dﬁd = /(ﬁog * Ms)m_zdl‘«s

] (m—2)/(m—1) 5 .
< ( f (e * pe)™™ dﬂs) = F" () =2/ =D, Q27)

Since 0 < (m —2)/(m — 1) < 1, Jensen’s inequality gives

T 1 T (m=2)/(m—1)
/ f;"w(r))('"—”/(’"—“drsT(f / f;"(us(t))dt> .28
0 0

This gives the result by taking » := min(r, 7 — 1). O

With this technical lemma in hand, we now turn to the I'-convergence of the gradient
flows.
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Theorem 5.8 Letm > 2, and let V and W be as in Assumption 5.1. Fix T > 0 and suppose
that e € ACZ([0, T1; Po(RY)) is a gradient flow of E" for all ¢ > 0 satisfying

e (0) = 11(0) and Lim, £ (e (0)) = ™ (1(0)), (A0)

for some 1(0) € D(E™). Furthermore, suppose that the following hold:

(A1) sup,_g fy llie ()| pvpdr < 00;
(A2) there exists v [0, T] = P2(R?) such that Lo % e (t) = w(t) in LY([0, T1; Lloc(Rd))

as e — 0, and sup,. fo 1Ze * e ()] T Re) dt < oo.

Then (1) A w(t) for almost every t € [0, T], w € AC3([0, T1; P2 (R?)), and W is the
gradient flow of E™ with initial data 11(0).

Proof. First, we note that . (¢) A wu(t) for almost every ¢t € [0, T]. This follows from
(A2), which ensures &g * g (t) — p(t) in LY([0,T1; L. (]Rd)), hence &g * e (1) — @(t) in
distribution for almost every ¢ € [0, T']. Then, since ¢, * s (t) — e (t) — 0 in distribution
forall¢ € [0, T], we obtain . (f) — w(t) in distribution. Finally, since weak-* convergence
and convergence in distribution are equivalent when . and p are both probability measures

[3, Remark 5.1.6], we obtain . (t) A w(t) for almost every ¢ € [0, T].
Itremains to verify conditions (S0), (S1), (S2), and (S3) from Theorem 5.6. Item (S0) holds
by assumption (A0). Item (S1) follows by the same argument as in [37, Theorem 5.6]. Item

(S2) is an immediate consequence of the fact that . (¢) A w(t) for almost every ¢ € [0, T],
our main I'-convergence Theorem 4.1, and the lower semicontinuity of the potential and
interaction energies with respect to weak-* convergence [3, Lemma 5.1.7].

We devote the remainder of the proof to showing Condition (S3). We shall use the following
fact throughout: combining Assumption (A2) with Proposition 3.8 implies that

T
sup/ FM (e (1)) dt < sup — / 186 pe (O gay dt < 0. (29)

-1

To prove (S3) we may assume, without loss of generality, thatlim inf,_,¢ fOT [0E | (e (1))2 dt
is finite, so by Fatou’s lemma

T T
00 > lim inf / 10E™ | (e (1)) dit > / limi(1)1f|85§”|(u£(t))2dt, (30)
E—> 0 0 E—>

so liminf,o [0E" (e (t)) < oo for almost every ¢ € [0, T']. In particular, up to taking
subsequences, we may assume that, for almost every ¢ € [0, T'], {|0&E]"*|(11¢ (t))}¢ is bounded
uniformly in ¢ > 0. By Corollary 3.13,

n

8F]
10E" [ (pe) = HVV + VW e +V—r o (1te)
t3

L2(ueRE)
Furthermore, note that if
w" e WHHRYY and V™ + VVu + (VW % ) = £ for some € € L?(u; RY), (31)

then [0E™|(n) = €1l 22(: ey €L [3, Theorem 10.4.13]. Thus, to prove (S3) it suffices to
show that

m

8F]
hmlnf/ /‘VV—}-VW*(MEO‘))—#—V

(e (1)) dua(t) dt
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T
> /0 [ EOPR du(t) dr, (32)

when (31) holds for almost every ¢ € [0, T]. Furthermore, the inequality in (32) is, by
Proposition B.2(ii), a consequence of

F r
. (s>) dpte(s)ds = /0 / FOED) du() ds,
(33)

llm/ /f(t) (VV+VW*/L5(S)+V8

£—0

for all f e CZ°([0,T] x R?). Observe that Proposition B.2 is stated for probability
measures—we can easily rescale due ® dL¢ to be a probability measure by diving the
above equations by 7' > 0.

First, we address the terms with the drift and interaction potentials V and W. Combining
Assumption 5.1 on V and W with Assumption (A5.8) on . ensures that |V V| is uniformly
integrable in d e ® drd and (x, y) = |[VW(x — y)| is uniformly integrable dju. @ dp. ®
d 9 Therefore, by [3, Lemma 5.1.7], (i) converging weakly-* to p ensures that

T
1im/ /f(t) (VV + VW sk (e (1)) dpe(2) dt

/ /.ﬂnvv+VW*mnmdmnm

m—l

Now we deal with proving the diffusion part of (31) (that is, for almost every ¢ € [0, T], we
have ()™ € WH(RY) and V(1) = () (t) for n € L2(u; R?)), and with proving that

tim f [ o

T
) die () di = fo f FOn@dudi, (34

Recalling the abbreviation p, = (¢, * we)" 2 1ue, we rewrite the inner integral on the
left-hand side of (34) as
8'7:(?1 m—2
fv I due = | f ((V(Pa * Pe) + (@e * We) (Ve * Ma)) due
&

_ / (€ % (1)) (Ve % pe) + (G % (fpe) (Ve # o) L2,

Applying Lemma 5.7 together with (29) and (A3), and integrating by parts, we obtain

11m /

= lim /0 f FIOE # (e (Ve * (pe(0))) AL dt

(1)) djue(t) dt

T
+ /0 f FO) (e % (pe()) (Ve * (e (1)) dL dt
T
= — lim fo / V F(0)(Ce % (1e(0))(Ce % (pe(1))) AL dr

T
= - 1im/ /Ze % (V[ ()& (11 (D)) pe (1) AL dt.

e—0 0
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Now we move V f out of the convolution. By Lemma 2.2, there exists p > 0 so

‘ f e % (Vf(Ge % o)) pe dL — / VF(Ce * (e * pe)) pe dL°

< eP|IV fll oo, 71xRY) </((Pe )" e + Ce f De d[,d>
< &PV fllLe o, 71xre) (Fgm(ﬂs) + C;fsm(/ts)(m_z)/(m_l)) .

where we again use (27). Using the inequality in (28) and that {fOT FI'(e(t)) dt}e is uni-
formly bounded in &,

T m T
~ fim / / FOVTE (o) ey di = lim / / V(1) (@e % o) pe d L2 di (35)
e—0Jo Sle e—0Jo

T
— lim / f V£ () (ge % e ()" dpue () 1. (36)
0 R4

e—0

To conclude the proof, we aim to apply Proposition B.2 (iii), and we begin by verifying
the hypotheses of this proposition. First, note that since s * s — @ in L'([0,T1; L. (RYY)
form > 2 ase — 0, we also have ¢ * e — p in L'([0, T1; L (RY)). Let w, =
@s * . By definition, [wydue = [(Z * ne)*>dL?. Thus, Assumption (A2) and the fact

that ¢, * e (RY) = 1 imply

T
sup/ /ICE*ME(I)Izdﬁddt < oo,
0

e>0
sothat w, € L([0, T1, L' (its; R?)). Furthermore, for any & € L ([0, T1; W1 (R?)), the
mollifier exchange Lemma 2.2 and the convergence of ¢, * p, to i in LY([0,T1: leoc (R?y)
give

T T
/0 /h(t)we(t)dus(t) :/o /(a*(hue(t))dQ*(Ms(t))dt

T
= / / h(t)(Ce * e ())? d L dt
0

+ P IV Loo 0,77 w0 (ReY)

T
</(; / 15 * (ME(I))Hsz(Rd) dcd dr + C;)

T
—>/ /h(t),u(t)zdﬁddt, (37)
0

ase — 0.Thus, we € L'([0, T1; L' (j1e; RY)) converges weakly to . € L([0, TT; L' (dpw))
in the sense of Definition B.1 ase — 0. As before, while this definition is stated for probability
measures, we can easily rescale d i, ® d£9 to be a probability measure by diving the above
equations by T > 0.

We now seek to show that, for all g € C2°([0, T] x RY),

T T
lim /0 f gD we (O™ dpe () dt = /0 / g™ du).

When m = 2, this follows from Eq. (37). Suppose m > 2. Let k : R? — R be a smooth
cutoff function with 0 < k¥ < 1, [Vk|lpeomay < 1, ||D2K||L00(Rd) < 4, k(x) = 1 for all
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|x] < 1/2 and «(x) = O for all |x|] > 2. Given R > 0, define kg := «(-/R), so that
IVigrllpo@sy < 1/R. Then, by Jensen’s inequality for the convex function s sl
Lemma 2.2, and Assumption (AS5.8),

T
limsup/ /IKng(t)lmfldue(t)dEddt
0

e—0

T
< lim sup /0 / (e * (e 2o % (K e (1) dL? dr

e—0

T
<timsup [ [ g a0 et as

e—0
T
= /0 / (R ()™ dpu(r) dt.

Combining this with (37), where we may choose i = kgg for any g € C° (R?), we have
that (krw,), converges strongly in L" Ve R tokgp € L™~ (u; RY) as & — 0, in the
sense of Definition B.1. Finally, since Assumption (A5.8) ensures that fOT My —1 (e (t)) ds
is bounded uniformly in &, we may apply Proposition B.2(iii) to conclude that for all g €
C2([0, T] x RY),

t t
lim/ / glcrwe " dpu, =/ / glerml™ dpu.
e—0 0 JRrd 0 JRd

Taking g = V f, choosing R > 1 so that kg = 1 on the support of V f, and combining the
above equation with Eq. (35), we obtain

tim f [ o

We now prove that x has the necessary regularity. In particular, we show that for almost
every ¢t € [0, T], we have u™ € WLLRY) and V" = nu for n € L2(u; RY). Inequality
(30) ensures that, up to subsequences {fé [0 F}" |2(u8 (1)) dt}¢ is bounded uniformly in ¢ > 0.
Thus, by Holder’s inequality, there exists C > 0 so that

T
C>f dtz/
0 L2(je;RY) 0
(L
>T —/ \%
T Jo

for all ¢ > 0. Combining this with (38) gives

T
() dpe () di = /f ViOro"dcld.  (38)
0

8]-"" (SJ-'"’

(1)) (t)) dt

L' (ue;RY)

2
) dt] ,
L (je;RY)

()

T
CT| fll poo(ray = lim sup ||f||L<><>([o,T]xJRd)/
£—0 0 L' (je;RY)

T
= [* [ rovwaeractar
0
Hence V(u™) has finite measure on [0, T] x R, so we may rewrite (38) as

lim /
e—0

t
(D) dpe(t) dr = / / F@®avu®™dt. (39)
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By another application of Holder’s inequality, this guarantees

t 1/2 t
Je ( / ||f(t)||izww)dr> = timsup [ 100120

e—0

SFI!
‘Vﬁ(ﬂs(f))
Me

L2(jug;RD)
> fo / FOAV(uity™) d.

Riesz representation theorem then ensures that there exists n € L2([0, £1; L%(1; RY)) so that
nu = V(u™). In particular, this implies V(u(t)™) € L'(R?) for almost everyt € [0, T], so
w" e W1 (R9) for almost every t € [0, T'] and we may rewrite (39) as

T
lim / / fOV
e—0 Jo R4

which completes the proof. O

sFY !
5 He®)dpe(t)dt = —/ /f(t)ndu(t)dt,
He 0

We conclude this section by showing that, in the case when m = 2 and for V, W €
C2(R?) with bounded Hessians, whenever the initial data of the gradient flows have finite
second moments and internal energies, we automatically obtain Assumptions (A5.8)—(A2).
Consequently, in this special case, we are able to conclude the convergence of the gradient
flows without these additional assumptions.

Corollary 5.9 Let ¢ > 0 and m = 2. In addition to satisfying Assumption 5.1, assume
that V., W e C*(R?) have bounded Hessians D*V and D*W. Fix T > 0, and suppose
we € AC2([0, T1; Po(RY)) is a gradient flow of E]" satisfying

1e(0) = p(0), lim & (1e (0)) = £ (1(0)), p(0) € DE™), (40)
sup M (116 (0)) < 00, sup [ j1¢(0)log(pe (0)) dL? < 4 oc. (41)
e>0 e>0

Then, there exists |1 € ACZ([0, T1; P2(RY)) such that

* L*(RY)
Ue(t) = w(t) and &e * e (t) ——> u(t) forallt € [0, T],
and v is the gradient flow of E™ with initial data 14(0).

Remark 5.10 (Previous work, m = 2) The above theorem generalizes a result by Lions and
Mas-Gallic [60] on a numerical scheme for the porous medium equation d;u = A uz on a
bounded domain with periodic boundary conditions to equations of the form (1) on Euclidean
space.

Proof of Corollary 5.9 First, we show that sup,_ [|[¢s * (e (0)) || L2(ray < 00. The fact that

D?V and D?W are bounded ensures | V| and | W | grow at most quadratically. Combining this
with Eqgs. (40)—(41), which ensure {€" (11(0))}s and {M>(1¢(0))}, are bounded uniformly
in ¢ > 0, we obtain

SUp g (116 O 72 gy = SUP 7 (112 (0))
£>

e>0

= sup (E2(1e(0)) — [ Vs (0)

e>0

1
3 / W (Ms(O))due(O)> < +o00.
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Furthermore, since the energy 2 decreases along solutions to the gradient flow, we have

Sug”fs*(ﬂs(f))”iz(Rd)Esug||Ce*(Ms(0))||%z(Rd)<00 forallr € [0,T].  (42)
£> £>

Next, we show that our assumption that the initial data has bounded entropy (41) ensures
fot IVEe * (/Lg(s))Hiz(Rd) ds < C(14+T)+ My(ug(t)) forall ¢t € [0, T], for some C > 0

depending on d, V, W and sup,_ [ log 11, (0) d 1. (0). Formally differentiating the entropy
Flu) = flog(u) du along the gradient flows w., we expect that, for all ¢ € [0, T],

d
b [F ()] = -2 / IVEe * (e () > d L + / AV dpg(t) + f AW * (e (1)) d e (t).

Hence, forany 7 € [0, T,
t
Fl e () — F (e (0)) = 2 /0 f IVEe % (e (s)|* d L ds
t t
+f /AVdMe(S)dS+/ /AW*(/LS(S))dMs(S)dS
0 0

t
5—2/ /IVCE*(MS(S))IZdEdds
0
+1 (ID*V |l poray + 1 D* Wl oo ey

This computation can be made rigorous by first proving the analogous inequality along
discrete time gradient flows using the flow interchange method of Matthes et al. [64, Theorem
3.2] and then sending the timestep to zero to recover the above inequality in continuous
time. Thus, there exists Ko > 0 depending on V, W and sup,. F(16(0)) so that, for all
tel0,T],

t
/0 IVEe % (e () 122 gy ds < —F (o)) + Ko(1 +1).

Finally, by a Carleman-type estimate [30, Lemma 4.1], we have F L) > — (271)‘1 12— My (v)
forany v € P, (RY). Therefore,

t
/0 IVEe % (e () 122 gy ds < Maie () + C(L+1). (43)

Now, we use this estimate to show that {M> (1. ())}¢ is uniformly bounded in ¢ for all ¢ €
[0, T']. Let « be a smooth cutoff function with0 <« < 1, || Vk || pooray < 1, ||D2K||L00(Rd) <
4, k(x) = 1forall [x] < 1/2 and «(x) = O for all |x| > 2. Given R > 0, define xr(x) =
K (x/R),sothat || VKR | oo gay < 1/Rand || D*kgl| s (ray < 4/R?. Then there exists C;c > 0
so that for all R > 1, |[V(kr(x)x2)| < Cclx| and | D3 (kg (x)x2)| < C for all x € RY.
By Proposition 5.4, u. is a weak solution of the continuity equation. Therefore choosing
KR (x)lx|2 as our test function, we obtain, for all t € [0, T'],

/ KR (Ox ) dpe(t, x) — / KR ()X 1> d e (0, x)
R4 R4

t
= —2/0 /Rd V(R ()x?) (Voe  (11e(5)) + VV () + VW 5 (e (5)) (X)) dpre(s, x).
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Since D?V and D?>W are bounded, |VV| and |VW/| grow at most linearly. Consequently,
there exists C’ > 0, depending on V, W, and C, so that

t
_2/0 /Rl Vr D (VY () + VI 5 (1 ()00 djie (5. )

t
< (1 +/ Mz(,ug(S))dS> .
0

Likewise, by Lemma 5.7, there exists » > 0 so that, for all r € [0, T],
- 2/(: /]Rd V(kr()x?) Ve * (e () (x) d e (s, x)
— 2 /0 t [ 6 (Ve 60 Ve x G0 dx ds
<2 /0 t /R VR (IPIEe % (1e(5) () VEe * (e () dx ds
+ &"Cy (/(;t e () Bvm ds + 2t||V§||L1(Rd)>
= /0 t /R | AKROOX) (e * (e (9)))* dx ds
+e Cy (/0 lite ()l Bvyr ds + 2t V¢ ||L1(Rd>>
< Ce fo Iff(ua(s»ds

t
+2¢"Cy (/0 e * (Ms(s))”LZ(Rd)”st * (Ms(s))”LZ(]Rd) ds + 2f||V§||L1(Rd)>

< Cet F2(1e (0)) + 267 C, (,/rfgwg(OWMz(us ) + CA+1) +21[|V¢ ||L1<Rd>>

< C" (14146 My(ue(1)))

for C” depending on Cy, sup,- o F2(11(0)), and | V¢ l| L1 (d)- In the second inequality, we
use that

lellBve < 2I(VEe % me)(Ce * o)l L1y = 1166 * el p2may IV Ee * el p2@may — (44)

Therefore, there exists C” > 0 so that, for all € [0, T,
|, kel dpste.n
R4
t
< Ma(116(0)) + C’ (t +/ Mz(Ma(S))dS) +C" (141 + & Ma(1ue (1)) .
0

As the right-hand side is independent of R > 1, by sending R — + oo by the dominated
convergence theorem we obtain that for e < 1/(2C"),

t
Mo(pe (1) < 2C' <t +/ M>(pe (5)) dS) +2C"(@ +1).
0
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Therefore, by Gronwall’s inequality, there exists C depending on C’, C” and T (and inde-
pendent of ¢) so that

Ms(e(t)) < C forallz € [0, T]. (45)

We may combine this with the inequality in (43) to obtain, for all # € [0, T,

13
/ IVEe * () 122 gy ds < C+C(1+1) fort € [0, T]. (46)
0

We now use these results to verify the assumptions of Theorem 5.8 hold, so that we
may apply this result to conclude convergence of the gradient flows. Assumption (A5.8) is a
consequence of the inequality in (45). Assumption (A5.8) is a consequence of the inequalities
in (42), (44) and (46).

It remains to show Assumption (A2). First, note that since sup,. o [15e * e | oo (j0, 7xRE) <
00, every subsequence of (¢ * [ts)e has a further subsequence, which we also denote by
(e * e)e, that converges weakly in L2([0, T] x ]Rd) to some v as € — 0, and for which
Ce * e (t)—v(t) weakly in LR forallt € [0, T]. By uniqueness of limits and (40), we
have v(0) = 1 (0) almost everywhere.

Next, note that (42) and (46) ensure that sup,-. o 1Sz * & | .2 (0. 77 111 R4y < ©©- In particular
we have sup,. ¢ [IKrSe * wll 20, 77: 51 reyy < 0o for the smooth cutoff function kg, R > 1.
Therefore, by the Rellich-Kondrachov Theorem (c.f. [44, Sect. 5.7]), for almost every ¢ €
[0, T'], up to another subsequence, (kr&: * te(t))e converges strongly in L2(R?) to some
vg(t). In particular, for any f € C°(Bg/2(0)),

/fdv(t) = lin})/fdg“g*ug(t) :/fdvR(t) forallz € [0, T,

so v = vg almost everywhere in Bg/2(0). Since R > 1 is arbitrary, this shows that for
allt € [0,T), & * pe(t) — v(t) strongly in L2 (R?). Finally, using again that {||¢, *
He() | L2(ray}e is bounded uniformly in 7 € [0, T], the dominated convergence theorem
ensures that &, % ps(f) — v(r) in L' ([0, T1; L? (RY) as & — 0. This completes the Proof

loc
of Assumption (A2).

As we have now verified the conditions of Theorem 5.8, we now conclude that p. (¢) A
v(t) for almost every ¢t € [0, T], for some v € AC2([0, T1; P2 (Rd)) which is the gradient
flow of £ with initial data 4¢(0). By Proposition 5.3, the gradient flow of £ with initial
data £ (0) is unique. Thus, since any subsequence of (i), has a further subsequence which
converges to v, the full sequence must converge to «, which gives the result. O

6 Numerical results

6.1 Numerical method and convergence

We now apply the theory of regularized gradient flows developed in the previous sections
to develop a blob method for diffusion, allowing us to numerically simulate solutions to
partial differential equations of Wasserstein gradient flow type (1). We begin by describing
the details of our numerical scheme and applying Theorem 5.8 to prove its convergence,
under suitable regularity assumptions.

Theorem 6.1 Assume m > 2 and V and W satisfy Assumption 5.1. Suppose 1(0) € D(E™)
is compactly supported in Bgr(0), the ball of radius R centered at the origin. For fixed grid
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spacing h > 0, define the grid indices Q" := {i € Z¢ : |ih| < R} and approximate j1(0) by
the following sequence of measures:

pe©i= 3 sumis mi= [ au(0). i e 0, @7
. Qi
’EQ};?

where Q; is the cube centered at ih of side length h. Next, for ¢ > 0, define the evolution of
these measures by

me(t) =" Sx;mmi. t€0,T], (48)
ieQh

where { X; (t)}ieQﬁ are solutions to the ODE system (23) on a time interval [0, T | with initial
data X;(0) = ih. If h = o(¢) as ¢ — 0 and Assumptions (A5.8)—(A2) from Theorem 5.8
hold, then (us(t))e converges in the weak-* topology to u(t) as ¢ — 0 for almost every
t € [0, T, where u(t) is the unique solution of (1) with initial datum 11(0).

Proof. By Corollary 5.5, . € ACZ([0, T; P2(R)) is the gradient flow of £ with initial
condition p.(0) for all ¢ > 0. To apply Theorem 5.8 and obtain the result, it remains to show
that Assumption (AO) holds. In particular, we must show that, assuming 7 = o(¢e),

1
Lim, (/ Vdue(0) + 5/(W * (16 (0))) d e (0) +f£”(lte(0))>
1
= / Vdu(0) + Ef(W*(“(O)))d“(O) + F"(n(0)).

Define 7 : RY — R by T(y) = ihfory € Q; andi € Q”. Then T is a transport map from
n(0) to ue(0)and [T (y) —y| < hforally € RY. By construction,

Wa(pe (0), n(0)) = {IT(y) =yl | y € suppu(0)} < h,

S0 g (0) A n(0) as ¢ — 0 (and so, as h — 0). Likewise, for all e, & > 0, suppu.(0) C
Br(0). Consequently, since V and W are continuous,

1 1
;%/ Vdue(0) + 5/(W* (1e(0))) d e (0) = / Vdu(0) + 5/(W* (1(0))) dn(0).
Thus, it remains to show that
;i_f)r})ff’(us(o)) = F"(1(0)).

By Theorem 4.1, we have that lim inf, .o F}" (s (0)) > F™ (u(0)). By Proposition 3.8, for
all ¢ > 0 we have

FI(1e(0)) < F"(1e(0) = 57 126 # e o -

Consequently, to show that lim sup, _,o 2" (12:(0)) < F" (1(0) = RO, s, /Gm — 1),
it suffices to show that ¢, * uz(0) — w(0) in L™ as ¢ — 0.

For simplicity of notation, we suppress the dependence on time and show &g * e —
in L™ as ¢ — 0. By the assumptions that © € D(E™) with compact support and V and W
are continuous, we have i € L™ (R?). Consequently ¢, * 4 — pin L™ as ¢ — 0, and it is
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enough to show that ¢, * g — ¢ * u — 01in L™. Using that T is a transport map from /.
to u,

e * e (x) — & # p(x)| = ‘/Rd Co(x — T(Y)) — Co(x — y) djn(y)
1
< /0 /Rd IVee(x — (1 —a)T(y) —ay)||T(y) — y|ldu(y)da

1
sh/f [Vi(x = (1 —a)T(y) —ay)| du(y)da.
0 R4

Combining the decay of V¢ from Assumption 2.1 with the fact that V¢ is continuous,
there exists C > 0 so that |V(x)] < C(1g(x) + le’quRd\B(x)), where B = B;(0) is
the unit ball centered at the origin. Note that if |[x — y| > 2h, then for all « € [0, 1],
x—(A-a)T)—ayl = |x—yl—h = lx—y|/2and |x = (1 —a)T (y) —ay| < 3|x —y|/2.
Thus, by the assumptions on our mollifier, we have

IVie(x = (1 —a)T(y) —ay)|

C x—(1—-a)TQ) —ay
RN |

&

+e x — (1 —a)T(y) —ay| ™ Iga\p ( .

c lx — y] 26\ y 3x — y
SSd-H<IB< 78 >+<?> lx —yI7 lp\pa 2% :

Thus, taking the L™-norm with respect to x, doing a change of variables, and applying
Minkowski’s inequality, we obtain

x—(1=-a)T(y) —ay>]

1S * e — e * pll Lo ey

< hlVielloo ‘/ wu(y)
Boj(x) m
E —y|> <28>q’ y 3)x — y|
13( (5 ) =y g | =) ) dn(y)
/BM ) ( 2e 3 B\R 2e
f n(x —w)dw
By (0) m
|w|) <2e>‘1’ > 3|w|
1 <— + =) lw™ Igpe | =— )] uix —w)dw
‘/BZh(O)C ( 2¢ 3 B\R 2¢e

hd+1 h
< cllpllm é‘dﬁ‘i‘; ,

where ¢ > 0 depends on C, |V{ |, and the space dimension. Therefore, provided that
h = o(e) as ¢ — 0, we obtain that {; * g — ¢ * 4 — 0in L™, ]

Ch

+ _
gd+1

m

=h|[Villo

Ch
gd+1

m

Remark 6.2 (compact support of initial data) In Theorem 6.1, we assume that the initial datum
of the exact solution . (0) € D(E™) is compactly supported. More generally, under the same
assumptions on V, W, and m, given any vy € D(E™) N P2(R?) without compact support,
there exists vy € D(E™) with compact support such that vy and Vg are arbitrarily close in the
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Wasserstein distance. Furthermore, by the contraction inequality for gradient flows of £,
the solution v with initial data vy and the solution v with initial data vy satisfy

Wa(v(t), v(t)) < CWa(w, V) forall ¢ € [0, T],

where C > 0 depends on 7 and the semiconvexity of V and W [3, Theorem 11.2.1]. In this
way, any solution of (1) with initial datum in D(E™) N P, (R?) can be approximated by a
solution with compactly supported initial datum, so that our assumption of compact support
in Theorem 6.1 is not restrictive.

Remark 6.3 [Assumptions (A5.8)—(A2)] In Theorem 6.1, we proved that, as long as Assump-
tions (A5.8)—(A2) from Theorem 5.8 hold along the particle solutions {i¢}¢, then any limit
of these particle solutions must be the corresponding gradient flow of the unregularized
energy. Verifying these conditions analytically can be challenging; see Theorem 5.9. How-
ever, numerical results can provide confidence that these conditions hold along a given particle
approximation.

A sufficient condition for Assumption (A5.8) is that the (m — 1)th moment of the particle

solution
DX m
ieQh

is bounded uniformly in 7, ¢, and h. In particular, this is satisfied if the particles remain
compactly supported in a ball.
A sufficient condition for Assumption (A5.8) is that

/'vé's*ps'd;s*ﬂs+/.|v§£*ﬂs|d§5*p87 (49)

with pe = (@ * 1e)™ 2 e, remains bounded uniformly in 7, &, and h. In fact, for purely
diffusive problems, we observe that this quantity is not only bounded uniformly in ¢ and #,
but decreases in time along our numerical solutions; see Fig. 3 in the preprint version of the
manuscript, arXiv:1709.09195. For the nonlinear Fokker—Planck equation, we observe that
this quantity is bounded uniformly in ¢ and & and converges to the corresponding norm of
the steady state as t — oo; see Fig. 6 in the preprint version.

A sufficient condition for Assumption (A2) is that the blob solution converges to a limit
in L! and L, uniformly on bounded time intervals. Again, we observe this numerically,
in both one and two dimensions, and both for purely diffusive equations and the nonlinear
Fokker—Planck equation; see Fig. 4 below. In this way, Assumptions (A5.8)—(A2) may be
verified numerically in order to give confidence that the limit of any blob method solution is,
in fact, the correct exact solution.

6.2 Numerical implementation

‘We now describe the details of our numerical implementation. In all of the numerical examples
which follow, our mollifiers ¢, and ¢, are given by Gaussians,

Le(x) = eI g (x)

(4me2)d/2

2 Re2
lxl/8e% xeRy e >0.

=k LX) =

1
(8762)d/2 ¢
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In addition to Gaussian mollifiers, we also performed numerical experiments with a range
of compactly supported and oscillatory mollifiers and observed similar results. In practice,
Gaussian mollifiers provided the best balance between speed of computation and speed of
convergence.

We construct our numerical particle solutions p(#) as described in Theorem 6.1. As a
mild simplification, we consider the mass of each particle to be given by m; = (0, ih)h?,
where 1£(0, ih) is the value of the initial datum ¢(0) at the grid point i 4. For the numerical
examples we consider, in which ©(0) is a continuous function, the rate of convergence is
indistinguishable from defining m; as in (47).

The system of ordinary differential equations that prescribes the evolution of the particle
locations [c.f. (23) and (48)] can be solved numerically in a variety of ways, and we observe
nearly identical results independent of our choice of ODE solver. In analogy with previous
work on blob methods in the fluids case [7], we find that the numerical error due to the
choice of time discretization is of lower order than the error due to the regularization and
spatial discretization. We implement the blob method in Python, using the Numpy, SciPy,
and Matplotlib libraries [51,54,81]. In particular, we compute the evolution of the particle
trajectories via the SciPy implementation of the Fortran VODE solver [15], which uses either
a backward differentiation formula (BDF) method or an implicit Adams method, depending
on the stiffness of the problem.

Our convergence result, Theorem 6.1, requires that 4 = o(g) as ¢ — 0. Numerically,
we observe the fastest rate of convergence with ¢ = h'=P for 0 < p <K l,ash — 0.
Since computational speed decreases as p approaches 0, we take ¢ = h%%? in the following
simulations. In these examples, we discretize the initial data on a line (d = 1) or square of
sidelength 5.0 (d = 2), centered at 0.

Finally, to visualize our particle solution (48) and compare it to the exact solutions in
L?-norms, we construct a blob solution obtained by convolving the particle solution with a
mollifier,

fe(t, ) i=Ce * ue(t, ") = Z Ce (- — xi)my, tel0,T] (50)

ieQ;",

ByLemma?2.3,if j, A nase — 0, where u is the exact solution, then we also have i, A “w.
Consequently our convergence result, Theorem 6.1, also applies to this blob solution.

We measure the accuracy of our numerical method with respect to the L., L°°-, and
Wasserstein metrics. To compute the L'- and L-errors, we take the difference between the
exact solution and the blob solution (50) and evaluate discrete L!- and L®°-norms using the
following formulas:

1A zacohy = D 1F GO 1Lf et
icQh

= max |f(@h)|, fora given function f: R?Y - R.
ieQf

We compute the Wasserstein distance between our particle solution p, in (48) and the
exact solution p in one dimension using the formula

1 1/2
WZ(”““):(/O |F,;‘(s)—F,;1<s)|2ds) , (51)
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Heat and Porous Medium Equations: Fundamental Solution
Exact vs. Numerical Solution, h = 0.02, varying m

m=2 m=3
-l 0 | -1 0 I
Position
Exact vs. Numerical Solution, varying h, m = 3
h=.02 h=.01 h=.005
T T ‘l e T - T o T T
0.9 k 0.7 0.8 0.9 1.0 0.7 0.8 0.9 1.0

Position

Fig. 1 Comparison of exact and numerical solutions to the heat (m = 1) and porous medium (m = 2, 3)
equations. Numerical solutions are plotted with thick lines, and exact solutions are plotted with thin lines

where F, ! and F, ~! are the generalized inverses of the cumulative distribution functions of
n and Me: respectlvely, c.f. [3, Theorem 6.0.2]. We evaluate the integral in (51) numerically
using the SciPy implementation of the Fortran library QUADPACK [72]. In two dimensions,
we compute the Wasserstein error by discretizing the exact and blob solutions as piecewise
constant functions on a fine grid and then using the Python Optimal Transport library to
compute the discrete Wasserstein distance between them. In particular, we use the Earth
Mover’s Distance function in this library, which is based on the network simplex algorithm
introduced by Bonneel et al. [14].

6.3 Simulations
Using the method described in the previous section, we now give several examples of numer-

ical simulations. We consider initial data given by linear combinations of Gaussian and
Barenblatt profiles, which we denote as follows:

—lx?/4t

B
Y (T, x) = | Gr” _ x e R?,
" 4Bk — Kr_2ﬁ|x|2)lr/(m D form > 1,
with
1 -1
p=————— and k= b(m=1 ,
24+dim—1) 2 m

and K = K (m, d) chosen so that [ ¥, (z, x)dx = 1.
In Fig. 1, we compare exact and numerical solutions to the heat and porous medium
equations (V = W = 0, m = 1, 2, 3), with initial data given by a Gaussian (m = 1) or
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Heat and Porous Medium Equations: Double Bump Initial Data

Density
m=1 m=2 m=3
Times
1.2 0.0 q q
—-= 0.1
- -=- 02
E‘] ..... 03
o 6_ 4 4 .
T }7°N - 4om)
4773k VBN = 1
@ x) o= = N
frid e \\x e & 47 il ¥
e T S/ VAR W VAR
-2 -1 0 1 2 =2 -1 0 1 2 =2 -1 0 1 2
Position
Particle Trajectories
m=1 m=2 m=3
3
24 1 1
o
£
S
11 . .
0 T T T T T T T
-5 0 5 -2 -1 0 1 2 =2 -1 0 1 2
Position

Fig. 2 Numerical simulation of the one-dimensional heat and porous medium equations. Top: Evolution of
the blob density pg. Bottom: Evolution of the particle trajectories x;, with colors indicating relative mass of
each particle

Barenblatt (m = 2, 3) function with scaling T = 0.0625. The top row shows the evolution of
the density on a large spatial scale, at which the exact and numerical solutions are visually
indistinguishable for m = 1 and m = 2. However, for m = 3 the fat tails of the numerical
simulation peel away from the exact solution at small times. The second row depicts the
numerical simulations for m = 3 on a smaller spatial scale, illustrating how the tails of the
numerical simulation converge to the exact solution as the spacing of the computational grid
is refined.

In Fig. 2, we compute solutions of the one-dimensional heat and porous medium equations
(V=W =0,m =1, 2, 3), illustrating the role of the diffusion exponent m. The initial data
is given by a linear combination of Gaussians, po(-) = 0.3¢1(- + 1, 0.0225) + 0.7y (- —
1, 0.0225), and the grid spacing is & = 0.01. For m = 1, the infinite speed of propagation
of support of solutions to the heat equation is reflected both at the level of the density, for
which the gap between the two bumps fills quickly, and also in the particle trajectories, which
quickly spread to fill in areas of low mass. In contrast, for m = 2 and m = 3, we observe
finite speed of propagation of support, as well as the emergence of Barenblatt profiles as time
advances.

In Fig. 3, we analyze the rate of convergence of our numerical scheme in two dimensions.
We compute the error between numerical and exact solutions of the heat and porous medium
equations (m = 1,2, 3), with respect to the 2-Wasserstein distance, L'-norm and L*°-
norm, and examine the scaling of the error with the grid spacing 4. (Recall that ¢ = 7%
throughout.) Plotting the errors on a logarithmic scale, we observe that the Wasserstein error
depends linearly on the grid spacing for all values of m. The L'-norm scales quadratically
for m = 1 and 2 and superlinearly for m = 3. Finally, the L®-error scales quadratically for
m = 1, superlinearly for m = 2, and sublinearly for m = 3. This deterioration of the rate
of L*-convergence for m = 3 is due to the sharp transition at the boundary of the exact
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Convergence Analysis: Two-Dimensional Diffusion

slope =~ 0.95 slope ~ 0.97 ‘ slope ~ 0.94 ‘
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Fig. 3 Rate of convergence of blob method for two-dimensional heat and porous medium equations

solution; see the second row of Fig. 1. (The rate of convergence is similar in one dimension;
see Fig. 4 in the preprint version of this manuscript, arXiv:1709.09195.)

In Fig. 4, we simulate solutions to the nonlinear Fokker—Planck equation (V (-) = |- /2,
W = 0, m = 2) and consider the rate of convergence to the steady state of the equation,
¥2(0.25, x). In the top row, we compute the error between the numerical solution at time
t = 1.2 and the steady state with respect to the Wasserstein, L!'-, and L®-norms for various
choices of grid spacing 4. We consider solutions with Barenblatt initial data (m = 2, 7 =
0.15). We plot the error’s dependence on 4 with a logarithmic scale and compute the slope
of the line of best fit to determine the scaling relationship between the error and 7. We
observe similar rates of convergence as in the case of the heat and porous medium equations;
see Fig. 3. In the bottom rows, we give snapshots of the evolution of the blob method
solution, as it converges to the steady state. We consider Barenblatt initial data (m = 2,
7 = (.15) and double bump initial data given by a linear combination of Barenblatts, po(x) =
0.7¢y2(x — (1.25,0),0.1) 4+ 0.3y (x + (1.25, 0), 0.1). The grid spacing is & = 0.02.

In the remaining numerical examples, we apply our method to simulate solutions of Keller—
Segel type equations, with the interaction potential W given by 2 x log |-| for x > 0. In one
dimension, the derivative of this potential is not integrable, and we remove its singularity it
setting it equal to 2 /e for all x € R? such that x| < ¢. In two dimensions, the gradient of
this potential is integrable, and we regularize it by convolving it with a mollifier ¢,, as done
in previous work by the second author on a blob method for the aggregation Eq. [36].

In Fig. 5, we consider the one-dimensional variant of the Keller—Segel equation (V = 0,
W() = 2xlog|-|, m = 1) studied in [18]. Its interest is that it has a defined critical value
x for unit mass leading to the dichotomy of blow-up versus global existence. For x = 1.5
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Fokker—Planck: Two Dimensions
Rate of Convergence to Steady State
107" 4 5 1
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Evolution of Density: Barenblatt and double bump initial data
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Fig.4 Top row: Error between numerical solutions and steady state. Bottom rows: Snapshots of the evolution

towards steady state

One-Dimensional Keller—-Segel Equation: Blow-up

Evolution of Second Moment

Evolution of Particle Trajectories

0.35
050 1 ——=- blob method
®  DGF particle i
045 1 p 030
exact
0.40 4 0.25 1
g
§ 0.35 o 020 1
3 E
=
£ 0.30 05 1
3
%)
0.25 4 0.10 4
0.20 1 005 4
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T T T T 0.00 T T T
0.0 0.1 0.2 0.3 -5 0 5
Time Position

Fig. 5 Left: Comparison of the evolution of the second moment along exact solutions (solid line) with blob
method solutiosn (dashed line) and previous numerical results by the DGF particle method [25]. Right:
Evolution of particle trajectories, with colors indicating the relative mass of each particle
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One-Dimensional Nonlinear Keller—Segel Equation: Convergence to Steady State
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Fig.6 Left: Evolution of the second moment. Right: Evolution of particle trajectories, with colors indicating
the relative mass of each particle

and initial data of mass one, solutions blow up in finite time. We consider initial data given
by a Gaussian v (t, -), T = 0.25, discretized on the interval [— 4.5, 4.5] with grid spacing
h = 0.009. We compare the evolution of the second moment of our blob method solutions with
the second moment of the exact solution. We also compare our results with those obtained in
previous work via a one-dimensional Discrete Gradient Flow (DGF) particle method [25,30].
By refining our spatial grid with respect to the DGF particle method, we observe modest
improvements. (Alternative simulations, with similar spatial and time discretizations as used
in the DGF method, yielded similar results as obtained by DGF.) The blow-up of solution
is not only evident in the second moment, which converges to zero linearly in time, but
also in the evolution of the particle trajectories. In particular, we observe particle trajectories
merging on several occasions as time advances.

In Fig. 6, we consider a nonlinear variant of the Keller—Segel equation (V = 0, W(:) =
2x log|:|, m = 2) in one dimension, with initial data and discretization as in Fig. 5. We
observe the convergence to a steady state both at the level of the second moment and the
particle trajectories.

In Figs. 7, 8 and 9 we consider the classical Keller—Segel equation (V = 0, W(.) =
1/@2m)log|-|, m = 1) in two dimensions. In Figs. 7 and 8, the initial datum is given by a
Gaussian ¥ (7, -), T = 0.16, scaled to have mass that is either supercritical (> 8), critical
(= 8m), or subcritical (< 8m) with respect to blowup behavior. In particular, for supercritical
initial data, solutions blow up in finite time [13,41]. In Fig. 7, we consider the evolution of the
second moment for solutions obtained for fixed grid spacing & = 0.03 and varying mass 77,
8w, and 9. We observe that the second moment depends linearly on time, and we compute
its slope using the line of best fit. We then analyze how the slope of this line converges to the
theoretically predicted slope as the grid spacing & — O.

In Fig. 8, we consider the evolution of the second moment for the supercritical mass
solution from Fig. 7 on a longer time interval. As in the one-dimensional case (see Fig. 5),
we are able to get approximately halfway to the time when the second moment becomes zero
before the second moment of our numerical solution begins to peel away from the second
moment of the exact solution. Indeed, one of the benefits of our blob method approach is
that the numerical method naturally extends to two and more dimensions, and we observe
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Two-Dimensional Keller—Segel Equation: Analysis of Blowup Behavior
Evolution of Second Moment, h = 0.03
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Fig. 7 Left: Evolution of second moment of numerical solutions. Right: Convergence of slope of second
moment to theoretically predicted slope (solid line)

Two-Dimensional Keller—Segel Equation: Blowup with Supercritical Mass 97
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Fig.8 Left: Comparison of second moment of numerical solution (dashed line) to exact solution (solid line).
Right: Evolution of particle trajectories, colored according to the relative mass of each trajectory
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Two-Dimensional Keller—Segel Equation: Evolution of Second Moment
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Fig. 9 We plot the evolution of the second moment along particle solutions to the two-dimensional Keller—
Segel equation, with initial data given by constant multiples of the linear combination of Barenblatts from
Fig. 4. In particular, we consider constant multiples M = 7, 87, 9. We estimate the slope of the line using
the line of best fit

similar numerical performance independent of the dimension. We also plot the evolution of
particle trajectories, observing the tendency of trajectories in regions of larger mass to be
driven largely by pairwise attraction, while trajectories in regions of lower mass feel more
strongly the effects of diffusion.

Finally, in Fig. 9, we consider the evolution of the second moment for double bump initial
data, with initial mass 77, 87, and 9. The slopes of the second moment agree well with the
theoretically predicted slopes given in Fig. 7.
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Appendix A. Proofs of preliminary results

We now turn to the proofs of some of the elementary lemmas and propositions from Sects. 2
and 3 . We begin with the proof of the mollifier exchange lemma.

Proof of Lemma 2.2 By the Lipschitz continuity of f,

ch*(fV)da—/(ﬁg*v)fdo

S/ / Ze(x = If(x) = fFOWIdIvI(y)dlo|(x)
R4 JRd

st/ / L (x — )lx — yldIv|() dlo|(x)
R4 JRA

Set p := (¢ —d)/q > 0. Decomposing the domain of the integration of |v| into Bgr (x) and
R4\ B.» (x), we may bound the above quantity by

Lf/ (/ Zs(x—y)lx—y\dIVI(y)dX+/ Zs(x—y)lx—ydIVI(y)> dlo|(x).
RY \JB,p(x) RA\B,p (x)
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By the decay assumption on ¢ (see Assumption 2.1), for all x, y € R? with |x — y| > &” we
have

X —y\ lx -yl —q .-
Cg(x—y)lx—y|=§< - ) " < Celx —y|'" 9677 < Cre?. (52)
Thus, we conclude our result by estimating the above quantity by

ePLy fw(g V) dlo|(x) + e” L Celo| (R |v|(RY).

We now give the proof that if p, A W, then ¢ * e A W“.

Proofof Lemma 2.3 By [3, Remark 5.1.6], it suffices to show that ¢, * . converges to i
in distribution, that is, in the duality with smooth, compactly supported functions. For all

feCE®Y,
[ st [ rad <|[ raesuo = [ raul+| [ rau- [ rad

*
Since u; — w1, the second term goes to zero. We bound the first term as follows:

V fd(wg*ug)—f £ e
R4 R4

< IVfll o me) fRd/Rilx—ylwa(x—y)dydus(X)

= [Vl Loora) ./Rd /Rd L%’go(g) dzdpe(x)

:8||Vf||L°°(]Rd)/ zle(2) dz,
R

=

/ / (fO) = f(X)ge(x — y)dy dpe(x)
R4 JRA

which goes to zero as ¢ — 0. O

Next, we prove the inequalities relating the regularized internal energies to the unregular-
ized internal energies.

Proof of Proposition 3.8 We begin with (11). To prove the left inequality, we may assume
without loss of generality that i € D(F). First, we show the result for the entropy (m = 1).
Note that

Flw) = FLw) = Hlulge * w).
where H is the relative entropy; that is, for all v € P(RD),

[log (f,—“) du if < v,

+00 otherwise.

H(plv) = :

By Jensen’s inequality for the convex function s — s log s, the relative entropy is nonnega-
tive, which gives the result. Now, we show the left inequality in (11) for 1 < m < 2. By the
above-the-tangent property of the concave function F,, and Holder’s inequality, we get
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1

—— | (" = (e k)" dp = / (1= @+ W) u" 2dp

F"(u) — Fi(w)
m—1

=it = @ * pall oy 1™~ s (e
(RY) (R)

-1
— Il = e * il pm gy 14N o -

Since u € D(F™) implies u € L™ (RY), the first term goes to zero as ¢ — 0 and the second
term remains bounded. This gives the result.

We now turn to the right inequality in (11) in the case 1 < m < 2. By the fact that
@: = e x {c and Jensen’s inequality for the concave function F,, for all x € R? we have

Fru(@e * w(x)) = Fy, (/Rd Ce(¥)&e * (x — y) dy)

> /]R" CeV) Fy (Ce % (x — y)) dy = &e * (Fyy 0 (Lo * 1)) (x).

Consequently, we deduce
F () = /Rd Fin(@e % u(x)) dpu(x) = /Rd Ge * (Fi 0 (Lg% ) (x) dpe(x)

= /Rd Fin(Ge 5 1 (x)) d(Ge % ) (x) = F" (Lo % 1) .

Now, we show (12). Since F, is convex for m > 2, this is simply a consequence of
reversing the inequalities in the last two inequalities.

Finally, we consider the lower bounds (13). When m = 1, these follow from the right
inequality in (11), a Carleman-type estimate [30, Lemma 4.1] ensuring that F}" ({ * ) >
— (27 /8)%/? — §M> (L, % ) for all § > 0, and the fact that

/Rd L)+ yPdy < 2P 4+ 2Ma(5) —> Ma(Ge % ) < 2Ma(u) + 2Ma(%y)
= 2Ma (1) + 26> My (2).

When m > 1, we simply use that F,,, > 0. O

We now give the proof that, forall ¢ > 0, theregularized energies are lower semicontinuous
with respect to weak-* convergence (m > 1) and Wasserstein convergence (m = 1), where
in the latter case, we require ¢ to be a Gaussian.

Proof of Proposition 3.9 First, we note that for any sequence (i4,,), C P(RY) and u € P(R?)
such that p, A © and any sequence x,, — x, we have

[@e * fn (Xn) — Q¢ * p(x)]

= '/%(xn = Vdun(y) —/we(x —y)du(x)

< ’/ (e (xn —y) — @e(x —y))dun(y)‘ + ‘/wg(x = Vdun(y) —fwg(x — ydu(x)

n——+ o0
_—

< 15 — 1 Vgelloo + ‘ / 0o (x — V)dptn(y) — / 0o (x — )du(x) 0. (53

since g, (x — -) € Cp(RY).
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We now show (i). Suppose A w. By Lemma B.3, we have

hm 1nf Fl'(pn) = hm inf
—+oom — 1

1
> / Hminf (e # ()™ dp (o).
R

m—1 d n——+ 00,x'—x

/ (e % )"y

By inequality (53),

hmlnf ((pg s (XN = (@ % ()™

n——+4 00,x

Combining the two previous inequalities, we obtain lim inf,,_, oo F" (1n) = FJ' (1), giving
the result.

Next, we show (ii). Suppose u, — p© in the Wasserstein metric. Since ¢ is a Gaussian,
there exist xo € R? and Cy, C; € R so that, for n sufficiently large,

10g(@e * 11 (x)) > Colx — xo|* + Cy, (54)

Define f, := log(¢. * u,) and ¢(-) := Co] - —xo|2 + C1. Then, by Lemma B.3, we have

lim inf /Rd(fn(X) —q())dpn(x) = /Rd liminf  (f,(x)) —q(Ndpx). (55

n—+ oo n—400,x'—x

Since @, — w in the Wasserstein metric,

lim / (—qg())dpn(x) = f (—g)du(x) = / liminf  (—q()dp(x).
R4 R4 —>X

n——+oo 1 n—+ 00,x’
(56)
Furthermore, by (53) and the fact that log(-) is continuous on (0, 4+ 00),
liminf f,(x") = hm mf log(<p£ * (X)) = log(pe * (x)). 57
n——+00,x'—x
Thus, combining (55), (56), and (57), we obtain,
FL(pn) = lim inf / Fo@)dpn(x) = / log(ge * u(x)dp(x) = Fi (1),
n—+0o0 Jpd R4
which gives the result. O

Now we turn to the proof that the regularized energies are differentiable along generalized
geodesics.

Proof of Proposition 3.10 By definition, for all @ € [0, 1],

Fe(u2™3) —//F(wgma((l—mway)) dy(x,y).

Therefore, we deduce

Fe(uEH=Fulpa)= / / / (F (e % 1273 (1 — a)y+az))) — F (s % u1(»)) dy (x, y, 2)

1
=/o ///F/(C“‘(y’ ) (e % 137 (1 = @)y +@2)) — @ % w1 (») dy (x, y,2) ds,
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where ¢; 4 (y, 2) = (1 =)@ % (11 () +5¢e % 1273 (1 — )y + ax). Using Taylor’s theorem
compute

Qe % L2 (1 — @)y +az2)) — @ % 11 (y)

_ // @e((1—a)(y — V) +a(z — ) — ge % (y — ) dy (. v, w)

= // (@Vee(y —v)- Z—w—(y —v) + Dg(y,z,v,w)) dy(u, v, w),

where Dy (y, z, v, w) is a term depending on the Hessian of ¢, satisfying

‘/// Dy(y, z, v, w)dy(u,v, w)‘

2
=% HDZ%HLOO(W)/ e—w— (v — 0P dyw, v, w)

<20 | D?¢e | oo o) <|z|2 +1yP +/ w|* dps(w) +/ Ivlzduz(v))
Hence, since F’ is nondecreasing,

Feud™?) = Folpo)

1
=a/0 //////F/(cs,a(y,z))wg(y—v)-(z—w—(y—v))dy(u,v,w)dy(x,y,z>ds+ca,

where |Cy| < 402 D2l oo gty ' (10e | oo ) (S 1612 dpaa () -+ f 1x1? dpaa (x). Note that
¢, (), 7) converges pointwise to ¢, * (2(y) as o — 0 since

|(p£ * ,u:fi_)S((l —0o)y +az) =@ * pua(y)]

= ‘// (pe((I —a)(y —v) +a(z —w)) = ¢e(y —v)) dy (u, v, w)’

= alIVgellpooray <|Z| + Il +/|w|dM3(w) +f|vldm(v)> .

Thus, to complete the result, it suffices to show that there exists g € L' (y ® y) so that

F'(cs.a(y, ) IVee(y —v) - 2 —w — (y — )| < g(y, 2, v, w),

since the result then follows by the dominated convergence theorem. Since F’ is nondecreas-
ing we may take

gy, z v, w) = F' (||<Pa||LOO(Rd)) IV@ellpooray 12 —w — (y — v,

which ends the proof. O

Next, we apply the result of the previous proof to characterize the subdifferential of the
regularized energies.

Proof of Proposition 3.12 Suppose v is given by Eq. (16). This part of the proof is closely
inspired by that of [24, Proposition 2.2]. For all x, y € R define G (o) = F(@e % o ((1 —
a)x +ay)) foralla € [0, 1], where ;o = ((1 —o)m! —i—omz)#y, with some y € I'o(u, 1),
connects (o = u and 1. Now define

G@)-GO) e

fla) = 5

(Ix = yI* + W3 (1o, 1)) foralle € [0, 1],
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where A = —2F’(||g05||Loo(Rd))||D2<pgIILm(Rd) = Ap; see (15). We write [a, by := (1 —
a)a+abforanya, b € R?. Letus compute the first two derivatives of G for all « € [0, 1]:

G'(e) = F' (g0 % o (I, y]a))f (5 —x 1 —v) - Voullx —u,y — va) dy (. v,
R4 xR4
(58)
and
2
G (@) = F"(@e * po([x, ¥1a)) (/ (y—x4u—v) Vo ([x —u,y —vle) dy(u, v))
Rd x R4
+ F'(ge * po([x, ¥a)) /Rd Rd(y — x4 u—0)D*([x —u,y — vle)(y — x +u —v)dyu, v).

Since F” > 0, F’ > 0 and H D2, H is finite, we have

L®(R4)
G"(@) = = F'(Igell oo (gay) ||Dzwa||Lw(Rd)/ Iy —x +u—vdyu,v)
RIxRd
59
> — 2F (gl o ) ||Dz<pg||LOO(Rd)f (Iy = 2P + lu = ) dy (. 0>
R4 xRd

= (Iy — x* + W3 (o, 1)) -

Now, by Taylor’s theorem,
/ Ya—s " Aot 2 2

@) =GO+ | = =G w)ds = - (1x = ¥+ WiGuo, w)

and therefore, using (59) leads to
/ 1 “ " A 2 2
f(a)ZJ sG (S)dS—E(IX—YI + W5 (o, n1)) =0
0

which shows that f is nondecreasing, and so f (1) > limy—0 f (o), which implies (after
integrating against dy (x, y))

G -G
Fe(p1) — Fe(po) = /Rd 2 3_}1110 (%) dy(x,y) + AW3 (1o, 1)

=/ G'(0)dy (x, y) + AW3 (1o, 41)-
R4 xR4
Then, by (58) and antisymmetry of V¢,, compute
[, coaen={ [ Fermwoo-xtu-v
R4 xRd RI xR4 JRI x R4
“Voe(x —u)dy(u,v)dy(x,y)

=/ F'(@e % o(x)) Vg % po(x) - (y — x)dy (x, y)
RI xR

+f Ve 5 (F' o (¢g * o) o) @) - (v —u)dy (u, v)
R4 xR

_ / V(ng
RIxRd OO

—x)dy(x,y).
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Hence

8 F
Fe(mr) — Fe(po) = / V(00 - (v = 0 dy (x, y) + AW5 (o, ),

RIxRI O[O

which shows that § F; /610 € 0F¢ (o). We now prove that v € Tan, P> (R?). Consider a
vector-valued function § € CZ° (R4, and for any x,y € R? define H(a) = F( fle @e(x —
y4+aEx) — &) du(y)) forall ¢ € [0, 1]. Then

H'(0) = F'(ge * pu(x)) /Rd(S(X) —&) - Ve (x —y)du(y).

Now compute, using the antisymmetry of Vg,

lim Zeld+oblep) = Few) _ . wdu(ﬁc) =/ H'(0) du(x)
a—0 o a—0 JRd o R4

= /Rd F'(@e % n(x) Ve % u(x) - §(x) dp(x)

+ /Rd Ve * (F o (ge * 1)) (x) - §(x) dpu(x)

8 F¢
=/ VoLt () £ dp(o),
RI OL

where passing the limit « — 0 inside the integral in the first line is justified by the fact that
H’ is bounded. Then, by the definition of the local slope of F,

liminf 2e(Ad +of)an) — Fo () > 10 ().

a0 Wo((d +ad)gu, 1)
Therefore, by the previous computation,

8 Fe
/ V—(x) -§(x)dup(x)
R Op

1)
. Wo(Gd +ad)gp, p)
> —|0F:| (1) llgljgf » > —[0F | (NE N 12 Ry s

since, by definition of the 2-Wasserstein distance,

. Wa((id +aé)su, 1)
lim s(L)lp " < 1§ z2(u;rey-
oa—

Then, by replacing £ with —&, by arbitrariness of £ and by density of C2° in L?(i; RY), we
get

8Fe
du

< [0Fe|(w),
L2(u;R9)

ol = |9

which shows the desired result. Since |9 F¢|(x) is the unique minimal norm element of 9 F,
this also shows that we actually have equality in the right-hand side above.

Suppose now that v € 9F;(u) N Tan, P(RY). Fix ¢ € Cgo(Rd) and define uy =
(id+aViy)gp and iy, = (id —aVy)gu for all @ € [0, 1]. For « sufficiently small, x2/2 +
ay(x) is convex and id +a Vi is the optimal transport map from p to iy, s0 (i, te) =
{id x (id +aVy)}. Similarly, o (e, n) = {id x (id —a«V)}. Since v € 9F}"* (i), taking
V = [y in Definition 2.7 of the subdifferential, for o sufficiently small, gives

Follta) = o) > / (v, @V it + 0@ V¥l 2.
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and
Folfla) = Fo () < / (0. VY dia + 0@ V¥l 2.

Combining this with Proposition 3.10, we obtain

. F — Fe d d N
/(v,Vllf)du < lim Felbta) = Fe0) _ —Fe(a)| = —Fe(fla)
a—0 o do a0 da 0=0
— lim Fe(tha) — Fe(1) S/(U,VI//)d,u.
a—0— o

Rewriting the expression from Eq. (14) gives
[ v an

= L Fia)
= da V22

= /(V% * (F" o (e * p)p) + F' (e % 1) Ve * w, Vb )dpe.
a=0

Thus, forw = v— Ve x(F' o (ge * p)) + F' (e #11) Ve %, we have [ (w, V) dp = 0,
i.e. V-(wp) = Ointhe sense of distribution. By [3, Proposition 8.4.3], since v € Tan,, P> (R?)
we get [[v — wllz2¢.re)y = VIl 12, ra)- Since we have already shown that the vector in (16)
is the element of minimal norm of 8, we get that |[v — wllp2(,,rey < IVllz2(,:Rey. and
so v — wlle(#;Rd) = ||U||L2(M;Rd). Again using [3, Proposition 8.4.3], we obtain w = 0,
which ends the proof. m}

Finally, we prove the characterization of the subdifferential of the full regularized energies
&r.
Proof of Corollary 3.13 Write Ay € R and Ay € R the semiconvexity constants of V and
W, respectively. The proof follows the same steps as that of Proposition 3.12 with the only
difference being the definitions of the functions G, f and H. Given x, y € R4, we define,
forall « € [0, 1],

G(@) = F (¢ % pta(1 = )x +ay)) + V(I —a)x ) + W ua((l = e)x +ay).
G@ =GO _ O+ iwa

A
fl@) = T2 (1 = P+ Watio, ) = S5 x =12,
and
H(a) = F(/Rd e(x —y +a(§(x) — () du(y)>+ Vix
+as(y) + RdW(x —y+alEx) —&y))duly),
where (9, (1, > and & are as in the Proof of Proposition 3.12. m]

Appendix B. Weak convergence of measures

In this appendix, we recall several fundamental results on the weak convergence of measures.
We begin with a result due to Ambrosio, Gigli, and Savaré on convergence of maps with
respect to varying probability measures. This plays a key role in our proofs of both the
I'-convergence of the energies and the I" convergence of the gradient flows.
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Definition B.1 (weak convergence with varying measures; c.f. [3, Definition 5.4.3]) Given
a sequence (U,), C PRY) converging in the weak-* topology to some u € PRY), we
say that a sequence (v,), with v, € Ll(/J,n; Rd) for all n € N converges weakly to some
ve L' (u; RY) if

lim fOv,(x)dp, (x) = /d f)v(x)du(x) forall f € CCOO(R‘I).
R

n—oo R4

Furthermore, we say that (v,), converges strongly tov in L?P, p > 1, if

lim sup vl zp (0, :mey < NV Lp iRy -
n—oo
Proposition B.2 (properties of convergence with varying measures; c.f. [3, Theorem 5.4.4])
Let (un)n C PRY), u € P(RY) and (v,), be such that v, € L' (uy; Rd)for alln € N.

Suppose i, A w and sup,en Vnll Loy, :re) < 00 for some p > 1. The following items
hold.

(i) There exists a subsequence of (vy), converging weakly to some w € L' (u; RY).
@i1) If (vy)n weakly converges to some v € LY(u; RY), then

Uminf [vnllLp(,:me) = I0lLpuiray forallp = 1.

(iii) If (vy)n strongly converges in LP to some v € LP (u; RY) and Sup,eny Mp(tn) < 00,
then

lim /f|vn|1’du,, :/f|v|pdu forall f € CRY).
n—oo

We close by recalling a generalization of Fatou’s lemma, for varying measures.

Lemma B.3 (Fatou’s lemma for varying measures; see, e.g., [45, Theorem 1.1], [4, Lemma

3.3]) Consisder a sequence (jin), C PRY) and uw e P(RY) so that Un A . Then for any
sequence (f,)n of nonnegative functions on R, we have

/ liminf  f,(x")du(x) < lim inf/ fa () dp, (x).
R X n—o0o Rd

d n——+ 00,x'—
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