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Abstract The purpose of this paper is to study weak solutions of a nonlinear Neumann
problem considered on a ball. Assuming that the potential is invariant, we consider an orbit
of critical points, i.e. we do not assume that critical points are isolated. We apply techniques of
equivariant analysis to examine bifurcations from the orbits of trivial solutions. We formulate
sufficient conditions for local and global bifurcations, in terms of the right-hand side of the
system and eigenvalues of the Laplace operator. Moreover, we characterise orbits at which
global symmetry breaking phenomena occur.
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1 Introduction

In this paper, we study bifurcations of weak solutions of elliptic systems of the form:
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{ —Au=2AVF@u) inBY (L)
du _ N—1 .
ﬁ =0 onS ,

where BY is the open unit ball in RY, S¥~1 = 9B and the function F: R" — R satisfies

additional assumptions, see Sect. 2.

In particular, we are interested in the equivariant case. Namely, we assume that on the
space R™ there is defined an action of a compact Lie group I' and VF is a I'-equivariant
mapping. Moreover, it is known that BY is SO(N)-invariant, where SO (N) stands for the
special orthogonal group in dimension N.

Consider the set VF~1(0). For ug9 € VF~!(0) the constant function iy = ug is a
solution of (1.1) for all A € R. Therefore, we obtain the family of trivial solutions {iig} x R.
Investigating the change of the Conley index for different levels A € R, one can obtain a
sequence of nontrivial weak solutions bifurcating from the point (itg, 1o), for some values
Ao € R. Investigating the change of the topological degree, one can prove the existence of
the continuum, emanating from (ig, Ag), of nontrivial weak solutions of the system (i.e. the
global bifurcation of weak solutions).

For a system of elliptic differential equations with Dirichlet boundary conditions such
methods have been used in many papers, among others by the first and the second author in
[7,10,15]. A similar method has been also used in [9] for the system with Neumann boundary
conditions for bifurcation from infinity instead from critical points. The phenomenon of sym-
metry breaking for elliptic systems with Neumann boundary conditions has been considered
by the third author in [27].

The results described above are obtained with the assumption that u is an isolated critical
point of the potential F.

Assuming that VF is a [-equivariant mapping, we obtain that for ug € VF~1(0) also
yuog € VF~1(0) forall y € I'. It is therefore clear, that the assumption that the critical point
ug 18 an isolated one, does not have to be satisfied in this case.

The method, that can be used in this situation, is an investigation of the index of the
isolated orbit. Under some additional assumptions, this method has been recently proposed
by Pérez-Chavela et al. [18]. In that paper it has been proved that the computation of the
Conley index of the orbit can be in some cases reduced to computation of the index of a point
from the space normal to the orbit.

To study weak solutions of the system (1.1) we apply variational methods, i.e. we associate
with the system a functional ® defined on a suitable Hilbert space H. Its critical points are
in one-to-one correspondence with weak solutions of (1.1). The tools we use are the finite
and infinite dimensional equivariant Conley index (see [2,8] for the definition in the finite
dimensional case and [13] for the infinite dimensional case) and the degree for equivariant
gradient maps, defined in [22].

Consider the group G = I x SO (N). Since R is a ["-representation (by assumption) and
BN is an SO (N)-invariant set, it follows that the space H is a G-representation. Moreover,
for ug € (VF)~10), (gup, A) is a critical point of @ forall g € G, A € R.

Therefore we can consider the set of trivial solutions 7 = G(iig) x R. We are
going to investigate bifurcations of nontrivial solutions from the family 7. Our aim is
to formulate necessary and sufficient conditions, in terms of the right-hand side of the
system and of the eigenvalues of the Laplace operator, for a bifurcation from the orbit
G(uo) x {Ao}-

We also consider global symmetry breaking phenomena at the orbit G(iig) x {io}.
More precisely, knowing that the trivial solutions are radial, we study when the bifur-
cating solutions are non-radial. The analogous problem has been studied by the third
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author in [23,24] on the sphere and on the geodesic ball, with the use of a lemma due
to Dancer (see [4]), characterising isotropy groups of bifurcating solutions. In our situa-
tion, if the group I is not a discrete one, we cannot use this result. Therefore we generalise
it.

After this introduction the paper is organised in the following way:

In Sect. 2 we introduce the problem and recall some definitions. With an elliptic system
on a ball we associate a functional. Next we study the properties of the linear system. We
end this section with the definitions of local and global bifurcations from an orbit and of the
admissible pair.

In Sect. 3 we formulate and prove the main results of this article, namely Theorem 3.5
concerning the global bifurcation of solutions, and Theorem 3.10, concerning the symmetry
breaking problem. First we consider the phenomenon of bifurcation from the critical orbit.
We start with some auxiliary results. In Lemma 3.1 we describe the set of parameters at
which the bifurcation of solutions can occur. In Theorem 3.3 we investigate the change of
the Conley index at the levels obtained in Lemma 3.1. This result is applied to prove Theo-
rem 3.5. Since the global bifurcation implies the local one, we obtain the result concerning
local bifurcations, see Corollary 3.6. This phenomenon can be proved also directly from
Theorem 3.3, what is described in Remark 3.7. The local bifurcation of solutions, under
weaker assumptions, is considered also in Theorem 3.8. Next we study the symmetry break-
ing problem. In Theorem 3.10 we prove the bifurcation of orbits of non-radial solutions
emanating from orbits of radial ones. To obtain this result, we generalise the result of Dancer
in Lemma 3.11.

In Sect. 4 we illustrate our results with a few examples. Using the properties of the
eigenspaces of the Laplace operator (with Neumann boundary conditions) on the ball, we
verify the assumptions of our main results.

Section 5 is the “Appendix”. In the main part of our paper we assume that the reader
is familiar with some classical definitions and facts, concerning for example the equivari-
ant Conley index, the degree for equivariant gradient maps or the properties of eigenspaces
of the Laplace operator on a ball. However, it is not easy to find a detailed discussion of
these properties. Therefore, for the completeness of the paper we collect in this section
the information which we use to prove our main results. In this section we present also an
equivariant version of the implicit function theorem in infinite dimensional spaces, due to
Dancer.

1.1 Notation

Suppose that G is a compact Lie group. We denote by sub(G) the set of closed subgroups of
G. For u from a given G-space X we denote by G (u) the orbit through # and G,, stands for
the isotropy group of u. By X we denote the space of all fixed points of the action of the
group G on X.

Further, by U (G) we denote the Euler ring of G and we use the symbol x (-) to denote the
G-equivariant Euler characteristic of a pointed finite G-CW-complex. Moreover, the symbols
Clg (S, f) and CZg (S, f) stand for the Conley indices of an isolated invariant set S of the
flow generated by f, considered respectively in finite and infinite dimensional cases. A more
precise description can be found in the “Appendix”.

Finally, for a Hilbert space Hand uy € H we denote by Bs (1o, H) (respectively Ds (1o, H))
the open (respectively closed) ball in H centred at uo and with radius §. In particular, we use
the symbol BY for the open ball if § = 1, ug = 0 and H = R" and we write S¥~! for 9 BV.
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2 Preliminaries

Throughout this paper I' stands for a compact Lie group and R is an orthogonal represen-
tation of the group I'. Consider F: R” — R satisfying:

(B1) F € C*(R™,R) is such that for every u € R” we have IV2F ()| < a+ blu|? where
a,beRand1 < g < ﬁfoer3and1 <qg <ooforN =2,
(B2) F is I'-invariant, i.e. F(yu) = F(u) forevery y € I', u € R™.

Our aim is to study bifurcations of weak solutions of the nonlinear Neumann problem,
parameterised by A € R,

[ —Au=2VF@u) inBY 2.1

g—l’j =0 on N1,

Denote by H'(B™) the usual Sobolev space on BY and consider the separable Hilbert space
H =@, H'(B") with the scalar product

m m

(o whs =Y (vi, wid ey = f (Vi (x), Vi (x)) + vi(x) - wi(x)dx. (2.2)

i=1 i=1gy

Denote by G the group I' x SO(N), where SO (N) is the special orthogonal group in

dimension N. Note that the space H with the scalar product given by (2.2) is an orthogonal
G-representation with the G-action given by

(y,)(u)(x) = yu(a_lx) for (y,a) eG,ueH, x e BV 2.3)

It is well known that weak solutions of the problem (2.1) are in one-to-one correspondence
with critical points (with respect to u) of the functional ®: H x R — R defined by

O(u, A) = % / IVu(x)Izdx — A/ F(u(x))dx. 2.4
BN BN

Computing the gradient of ® with respect to u we obtain:

(V@ (u, L), v)g = /(Vu(x), Vo(x)) — AWVFux)),v(x))dx, u,veH. (2.5)
BN

Moreover,

(Vid @, Mw, v)y = /(Vw(x),Vv(x))
BN
— AWV2F () w(x), v(x)dx, u, w,v € H.
Assumption (B2) implies that V,,®: H x R — H is G-equivariant.

Moreover, from imbedding theorems and the assumption (B1) it follows that the operator
V., ® is a completely continuous perturbation of the identity, see [21].

2.1 Linear equation

In this subsection we consider the Eq. (2.1) in the linear case, i.e. the system:

—Au = MAu in BN
2.
{2’3:0 on SV, 26)
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where A is a real, symmetric (m X m)-matrix.
Using formula (2.4) we can associate with (2.6) the functional ®4: H x R — R given
by

Du(u,r) = % / |Vu(x)|2dx — % /(Au(x), u(x))dx. 2.7
BN BN

Note that from (2.5) for every v € H we have
<VM¢A(M7 )")5 U)H = <I/l, U)H - (LA.AM7 v)Ha

where

(Ljau, v)g = /(u(x), v(x)) + AAu(x), v(x))dx. (2.8)
BN

The existence and boundedness of the operator L 4 : H — H follow from the Riesz theorem.
By definition L, 4 is self-adjoint.

Let us denote by o (—A; BY) = {0 = B1 < B2 < ... < Br < ...} the set of distinct
eigenvalues of the Laplace operator (with Neumann boundary conditions) on the ball. Write
V_a(Br) for the eigenspace of —A corresponding to g € o(—A; BY). In the “Appendix”
we give a more precise description of these eigenspaces. By the spectral theorem it follows

o0 m
that H'(BN) = cl(Q}k=1 V_a(Bk)). Let us denote by Hy the space @i=1 V_a(Be). In

particular, u = Z,fil uy for every u € Hl, where u; € Hy.

Letay, ..., o, denote the eigenvalues of A (not necessarily distinct) with corresponding
eigenvectors f1, ..., fm, which form an orthonormal basis of R™.

Letw;: H — H'(BY) be the projection such that r; (u) (x) = (u(x), f;),j=1,...,m.
Clearly, if uy € Hy, then7w;(uy) € V_oa(Br) for j =1,...,m.

In the lemma below we characterise the operator L; 4, given by the formula (2.8).

Lemma 2.1 Foreveryu € H

oo m

14+ Aej
Lyau =ZZ jﬂ.’j(uk)-fj.
oo T

The proof of this lemma is standard, see for example the proof of Lemma 3.2 in [9].
Let us denote by o (L) the spectrum of a linear operator L: H — H. From the above
lemma it immediately follows the corollary:

Corollary 2.2 Let L) 4 be defined by (2.8). Then:

I+ Aaj
1+ Bk

o(LM):{ :ajea(A),,Bkea(—A;BN)}.

Moreover,

Br — A

U(Id_LAA)={ 1 A

taj €o(A), P ea(—A; BN)}.

Fix eigenvalues aj, € 0(A) and By, € o(—A; BYN). Let Va(aj,) be the eigenspace
associated with the eigenvalue o, and () = dimVy(aj,). Let ITj: R" — R™
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21 Page 60of 23 A. Gotgbiewska et al.

be the orthogonal projection such that IT;,(R") = V4(«j,) and define I1,,: H — H by
(ITjy (u))(x) = T}, (u(x)). Denote

m
V_a(Biy) 0 = Tj, | @D V-a(Bro)
Jj=1

It follows that
Voa(Bro)*A@0) = span {h- f: h € V_a(Bry). f € Valejp)} C H.
From Lemma 2.1 we obtain:
Corollary 2.3 Ifo (LA) No(—A; BN) = {aj,...,aj}), then
ker(Id — Lya) = V_a(a,"4 @) @ -« @ V_p (aj )@
2.2 The notion of bifurcation from the critical orbit

Fix ug € (VF)~1(0). Since F is I'-invariant, and therefore VF is I'-equivariant, yug €
(VF)_l(O) forall y € T',ie. I'(ug) C (VF)_I(O). We call such a set a critical orbit of F.

Note that T,,,I"(1g) C ker V2 F (u¢) and therefore dim ker V2 F (ug) > dim T,,,T'(ug) =
dim I'(#p). We assume that in this inequality there holds:

dim ker V2 F (9) = dim T (uo). (2.9)

We call such an orbit non-degenerate.

By the equivariant Morse lemma, see [31], from (2.9) we conclude that I" () is isolated
in (VF)~10).

Since ug € (VF)~1(0), the constant function iy = ug is a solution of the problem (2.1)
for all A € R. Therefore, (&g, 1), and consequently (yiig, 1) for every y € T, is a critical
point of the functional ® given by (2.4). Since from (2.3) we have G(iig) = I'(iip), we obtain
a critical orbit of ® and therefore a G-orbit of weak solutions of (2.1) for all A € R. Hence
we can consider a family of solutions 7 = G(iig) x R C H x R. We call the elements of 7°
the trivial solutions of (2.1). Put N’ = {(v, A) € (H x R)\ 7: V,®(v, A) = 0}.

Definition 2.4 A local bifurcation from the orbit G(itg) x {Ag} C 7 of solutions of (2.1)
occurs if the point (ig, Ag) is an accumulation point of the set .

Remark 2.5 Note thatif (i1g, Ao) is an accumulation point of A/ then forall g € G, (gitg, Ao) is
also an accumulation point, since H is an orthogonal representation of G. Therefore G (iig) C

cl(N).

Definition 2.6 A global bifurcation from the orbit G(iig) x {Ao} C 7 of solutions of (2.1)
occurs if there is a connected component C(Aq) of c/(N'), containing G(itg) x {Xo}, such that
either C(Lo) N (7 \ (G(uip) X {Ao})) # ¥ or C(Xp) is unbounded.

The set of all 19 € R such that a local (respectively global) bifurcation from the orbit

G(iig) x {Ao} occurs we denote by BI F (respectively GL O B). Note that directly from the
above definitions it follows that GLOB C BIF.
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2.3 Admissible pair

The notion of an admissible pair has been int@uced in [18].
Fix a compact Lie group G and let H € sub(G). Denote by (H)g the conjugacy class
of H.

Definition 2.7 A pair (G, H) is called admissible, if for any K, K> € sub(H) the following
condition is satisfied: if (K1)g # (K2)g, then (K1)g # (K2)g-

Lemma 2.8 The pair (I' x SO(N), {e} x SO(N)) is admissible.

Proof Letus denote by H the group {¢} x SO(N) andrecall thatG = I" x SO(N). Moreover,
let K1, K> € sub(H). By definition of H there are K, K> € sub(SO(N)) such that K| =
{e} x K1 and K5 = {e} x K3. Suppose that (K1)g = (K2)g.i.e. ({e} x K1)g = ({e} x K2)g.
Therefore there exists (v, «) € G such that {e} x K| = (y, a)({e} x K2)(y, o)~ ! and hence

{e} x K1 = {yeyfl} x aKya~! = {e} x aKra™!

= (e,a)(fe} x Ka)(e, ).

Thus (I? Dy = ([EQ)H and the proof is complete. ]

3 Main results

Consider the nonlinear system (2.1) with a potential F satisfying (B1), (B2). Fix ug €
(VF)~1(0) such that the orbit I' (i) is non-degenerate. We make two additional assumptions:
B3) F(u) = %(Au, u)— (Aug, u)+g(u—up), where A is areal symmetric (m x m)-matrix
and Vg(u) = o(|u|) for |u| — 0,
(B4) Ty = fe}.
From the assumption (B3) we conclude that the gradient of the functional associated with
the Eq. (2.1) has the following form:

Vu® @, ) =u—ig — Lya(u — itg) + AVn(u — ig),

where Ly 4: H — H is an SO(N)-equivariant operator given by (2.8). Moreover, Vn:
H — Hgivenby (Vn(u), v)yg = fBN (Vg(u(x)), v(x))dx is an SO (N)-equivariant operator
such that Vn(u) = o(||u||lm) for ||u|mg — O.

From the assumption (B4) it follows that Gz, = {e} x SO(N).

3.1 Bifurcation from the critical orbit
Following the standard notation we denote the linear part of V,, ® (-, 1) atitg by V,f @ (g, Mu,
thus V2 (iig, Mu = u — L; su.
B
Let us denote by A the set Uy, o)\ (0) Uﬁkeg(_A;BN){a—’;}.

Lemma 3.1 I[fio € BIF, then Ag € A.

Proof We first observe that for all 1 € R, since G(iig) is a critical orbit of ®(-, 1), we have
dim ker V2® (itg, ») > dim(G(iig) x {A}).

Moreover if Ag € BIF, this inequality is strict. Indeed, if dim ker V,de(ﬁo, Ao) =
dim(G(iig) x {Xo}), then by the equivariant implicit function theorem (see Theorem 5.1)
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there exists ¢ > 0 such that the only solutions of the equation V, ®(u, A) = 0 are elements
of G(ig) x {1} for A € (Ao — &, Ao + ¢€). From this we obtain Ay ¢ BIF. Therefore, if
Ao € BIF,

dim ker V2® (iig, 10) > dim(G(iig) x {Ao}). (3.1)

Since G(ug) = I'(u1g), we conclude from (2.9) and (3.1) that dim ker V,f@(ﬁo, Ao) >
dim(G(iig) x {Ao}) = dimker VZF(uo), i.e. dimker (Id — L/\OA) > dimker A. Using
Corollary 2.2 we obtain that this condition is satisfied if and only if {(«;, Br) € o(A) x
o(—A;BN): B = roaj} # {(0,0)}. Therefore there are (a, fx) € o(A) \ {0} x
o(—A, BN) such that By = A - @j, i.e. Ao € A. o

Fix A¢p € A and choose ¢ > 0 such that A N [Ag — &, Ao + €] = {Ao}. From the definition
of A such a choice is always possible.

Since Ao £ ¢ ¢ A, Lemma 3.1 implies that Ao == ¢ ¢ BIF and therefore G(iig) C His an
isolated critical orbit of the G-invariant functionals ® (-, Ao £ &) : H — R. From this and the
properties of flows induced by gradient operators, we conclude that G (iig) is also an isolated
invariant set (in the sense of the equivariant Conley index theory, see [13]) for the flows
induced by the operators —V,, ® (-, Ag £ ¢). Therefore, the indices CZg (G (iig), —V, (-, Ao
—¢)), CZg(G (o), —V, (-, Ao + €)) are well-defined. In the following we study when they
are not equal.

Assume that o (A\gA) N o (=A; BY) = {aj,, ..., aj}. We consider the conditions:

(Cl) Ao #0Oandthereisi € {1, ..., s} satisfying dim V_a (aj;) > 1,

(C2) Ao # 0,dimV_p(xj;) = 1 foreveryi € {I,...,s} and dimker(/d — L;;a) —
dim ker A is an odd number,

(C3) Ao =0and ZaEng(A) mae) — Zaeo,(A) 1A () is odd.

Remark 3.2 Note that we can reformulate conditions (C1)—(C3) in the following way:

(CI’) A9 # 0 and there is i € {l,...,s} such that V_x(aj;) is a nontrivial SO (N)-

representation,

(C2’) Ao #0,dimV_a(aj;) = 1foreveryi € {1,...,s}and Zle Magale;) — na(0)is
odd,

(C3’) Ao = 0and m — dimker A is odd.

Indeed,

(1) dimV_a(aj;) > Lif and only if V_A (« ;) is a nontrivial S O (V)-representation, see
Remark 5.11;

(2) since dimV_p(aj;) = 1, from Corollary 2.3 we obtain dimker(/d — Lj,4) =
Doict Bagale);

(3) since Za€a+(A) ma(o) + Zaea,(A) ma(e) + pna(0) = m, if m — dimker A is odd,
then s0is 3 e, a4y HA(®) = X ger (a) Ha(@).

Theorem 3.3 Assume that Ly € A and one of the conditions (C1)—(C3) is satisfied. Then
CZg(G (o), =Vu®@(-, ko — €)) # CLg(G(uo), —Vu® (-, Ao + €)).

Proof Denote by H C H the linear subspace normal to G(iig) at i, i.e. H= Tﬁlog(ﬂo) -
H. We start the proof with showing that we can reduce comparing the Conley indices
CZg(G ~(ﬁo), -V, ®(-, 2o £ €)) to comparing Euler characteristics of some indices on the
space H.
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Forn > 1 put H" = @;_, Hy and
ot = ¢|H”XR: H" x R — R. (32)

Note that G (iig) = T'(io) C T, I (o) © T; T (i) ~ R™ ~ Hi (by T; T (iig) we understand
the complement of the space T, I" (i1o) in H ). Therefore G (i1¢) is a critical orbit of ®" (-, Lg%
¢) for n > 1. Note that, from the choice of ¢ and the definition of ®", this orbit is non-
degenerate.

Since V,®(-, A) is a completely continuous perturbation of the identity for all A € R,
from the definition of the infinite dimensional equivariant Conley index, see Sect. 5.2, the
assertion of the theorem is equivalent to

Clg(G(iip), =Vu®" (-, ko — €)) # Clg(G(ito), —=Vu®" (-, 20 + &)
for n sufficiently large. Obviously, the above inequality is implied by
xg(Clg(Gio), =Vu®" (-, ko — €))) # xg(Clg(G(ito), =Vu®" (-, 20 +£))). (3.3)

It is known that the G-action on H given by (2.3) defines a Gj,-action on H. Recall that
Gy = {e} x SO(N). Hence H is an orthogonal S O (N )-representation.

Forn > 1put H" = H" NH = TAT () © Py, Hy and define W% = &"(;, 20 +
S)HI:H" : H" — R. From this definition the functionals W/ are SO (N)-invariant. Since G (iio)
is a non-degenerate critical orbit of ®" (-, Lo £ €), lig € Hisa non-degenerate critical point
of Wl Hence {ito} is an isolated invariant set (in the sense of the Conley index theory) of the
flows generated by —V Wi,

Note that since Gz, = {e} x SO(N), by Lemma 2.8 the pair (G, G;,) is admissible.
Therefore, using Fact 5.6 we obtain that the assertion reduces to

XGi, (Clg, (fio}, =VWL)) # xg; (Clg, ({iio}, —VWL))

for n € N sufficiently large. It is easy to see that this inequality is equivalent to

xsow) (Clsowy{ito}, =V¥L)) # xsown) (Clsow){ito}, =VV1)). (34)
We proceed to show that there exists ng € N such that for n > ng
Clson (lio}, —VWL) = Clsow) ({iig}, —V¥L). (3.5

Let v € N. For § > 0 sufficiently small and~ A€ [ — & o + e] we define
SO (N)-equivariant gradient homotopy H, : (Djs(iio, H") x [0, 1], 3 Ds (i1, H") x [0, 1]) —
(HY, H \ {0}) by

H)(u,t) =u —iig — Lya(u — iig) + tho Py o Vi (u — ilo),

where P,: H — HY is the orthogonal SO (N)-equivariant projection onto H". Note that
from Lemma 2.1 we have P, o L4 = L) 4 o P, and hence this homotopy is well-defined.

Let us denote by &, : H” — R the SO (N)-invariant potential of Hy (-, 0). It is clear that
V&) HY — H is a self-adjoint S O (N)-equivariant linear map and is given by the formula
V&) = (Ud— L, A)‘ i - From the homotopy invariance of the Conley index, see Theorem 5.3,
we obtain

Clsow({ito}, —=VV¥Y) = Clsow){io}, —VE; 1o)- (3.6)
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21 Page 10 of 23 A. Gotgbiewska et al.

Recall that (Bx) denotes the sequence of the eigenvalues of the Neumann Laplacian and

note that By — 4-o0. Therefore, there exists np € N such that the inequalities ﬁ"_%ﬁis)aj
n

> 0 hold for every n > ng and o; € o(A). Hence, by Corollary 2.2, there exists ng € N
such that m’(VS)’fOie) = m’(VS{’S’iE) for every n > ng, where m™ (-) is the Morse index.
Since (VS;’O :l:e)|H"0 = Vé}(’(‘; .- the eigenspaces corresponding to the negative eigenvalues of
Vg)’fo 4. and V& f(;’ . are the same § O (N)-representations. Thus, from Theorem 5.2,

Clsow) (tio}, —=VE] +,) = Clsow) ({110}, —Vsi';’ﬂ) ,

which implies (3.5).
To finish the proof of (3.4), and therefore also of the assertion, we will show that

xsow) (CIsow (i}, =VW¥1")) # xsow) (ClIsow)({ito}, —V¥")).

Denote by W(X) the direct sum of the eigenspaces of Id—Lj 4 (i.e.of V& f %) corresponding
to the negative eigenvalues and by V(A) the eigenspace corresponding to the zero eigenvalue.
Note that from Corollary 2.2,

W) = ( ® D VfA(ﬂkW“.f)) N

@j€o(A) Breo(—A;BY)
Br<raj

v = ( @ EB V—A(ﬂk)“““”) NH.

aj€o(A) Brea(—A;BY)
,Bk:)\aj

From Theorem 5.2, ClIson)({ito}, —foé’is) are SO (N)-homotopy types of SYVo+e),
Hence, from (3.6),

xsow) (CIsowy({iio}, =V¥L)) = xsow) (SW(AOiS)) .

(1) Suppose that 19 > 0 and ¢ is such that .o — & > 0. Recall that g > 0 for all 8 €
o(=A; BY). Then W(ho+¢) = W(ho—) DV (ho). If the assumption (C1) is satisfied,
then, by Theorem 5.4 and Remark 5.11, we obtain XSO(N)(SVW’)) #1e U(SO(N)).
Similarly, if (C2) is fulfilled, then V(Ag) is a trivial SO (N)-representation and, from
Corollary 2.2 and the definition of H, dim V(Xo) = dimker(/d — Ly,4) — dimker A is
odd. Therefore:

xso)(SY3) = (=1)ImV0)y o vy (SO(N)/SON)T) = —LL.

In both cases we have

no

xsow) (ClIsow{iio}, —V¥1))
— XSO(N)(SW(AO—S)EBV(AO))
= x50y (S Py % x50 (ny (SYH0)
# xsow) (8Y*079)
= xsow) (Clsow)({ito}, —V¥™)).

In the second equality we use the fact that §¥V*0=9®V(0) j5 § O (N)-homeomorphic
to SW 0= A §V(0) and the formula for multiplication in U (SO (N)), see (5.1). Then
we use invertibility of xso ) (S¥V*0~%)) in U(SO(N)), see [10].
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(2) Suppose that Ag < 0. Then W(ro — &) = W(ho + €) @ V(Ao) and hence

xsow) (CIsowy({iio}, =VWI")) # xsow) (CIsow)({ito}, —V¥™)),

as before.
(3) Finally, suppose that A9 = 0. Then, since

WEe) = P Voa@r e,
a_,-eai(A)
and therefore YW (=¢) are trivial SO (N)-representations,
xsow) (Clsow ({io}, —VWL))
= xsom)(S™E)
= (=DIMWED . 50w (SOWN)/SON)T)
— (_l)dlm W(:EE) . ]I‘

Hence, because the assumption (C3) implies that dim W(e) — dim W(—e¢) is odd, we
have

xsow) (CIsow)({iio}, =VW") # xsow) (CIsow)({iio}, —V¥™)),
which completes the proof.

[m}

Remark 3.4 Note that in the proof of Theorem 3.3 we have obtained that there is in fact a
change of the Euler characteristic of the Conley index at G(itg) x {\o}. More precisely, we
have the inequality (3.3), i.e.

xg(Clg(G(itg), —Vu®" (-, 2o — €))) # xg(Clg(Gliig), —Vu®" (-, ko + €))),
where ®” is defined by (3.2) and n is sufficiently large.

Now we are in a position to prove one of the main results of our paper, namely the global
bifurcation theorem.

Theorem 3.5 Consider the system (2.1) with the potential F and ug € VF~'(0) satisfying
assumptions (B1)—(B4). Assume that Ay € A and one of the conditions (C1)—(C3) is satisfied.
Then a global bifurcation of solutions of (2.1) occurs from the orbit G(iig) X {Ao}-.

Proof Throughout the proof we follow the notation of the proof of Theorem 3.3. Let &/ C H
be an open, bounded and G-invariant subset such that V,®(-, o £ &)~ 10) NU = Giy).
From Theorem 5.7 it follows that to prove the assertion it is enough to show

Vg-deg(V, @ (-, o + &), U) # Vg-deg(V, P (-, Ao — &), U),

where Vg-deg(-, -) is the degree for equivariant gradient maps, see Sect. 5.3. From the
definition of the degree, see (5.2), it follows that

VQ'deg(Vu(D(w )"0 + ‘9)7 u) = Vg‘deg(vu q)n() ('7 )"0 + 8)5 un H"O)
for ng sufficiently large. Note that G (i) C U N H"™ and hence, by Theorem 5.8, we obtain
Vg-deg(Vy @™ (-, ho £ &), U NH") = xg (Clg(G(io), —Vu®" (-, ko £ €))) -

Therefore, the assertion follows from Remark 3.4.
O
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Since the global bifurcation implies the local one, as an immediate corollary of the above
theorem we obtain the following:

Corollary 3.6 Consider the system (2.1) with the potential F and uy € V F~1(0) satisfying
assumptions (B1)—(B4). Assume that Ay € A and one of the conditions (C1)—(C3) is satisfied.
Then a local bifurcation of solutions of (2.1) occurs from the orbit G(iig) X {Ao}-.

Remark 3.7 The above corollary can be obtained directly from Theorem 3.3. Indeed,
from this theorem it follows that if one of the conditions (C1)-(C3) is satisfied then
CZg(G(ug), =V, @(-, ho—¢)) # CZg(G(ug), —Vyu, P (-, Ao+¢)), forsufficiently smalle > 0.
Following for example the idea of the proof of Theorem 2.1 of [26], using the continuation
property of the Conley index, one can prove that the change of the Conley index implies a
local bifurcation of critical orbits.

In Theorem 3.5 we have proved that if the assumption (C3) is satisfied, then 0 € GLO B.
On the other hand, repeating the argument from the proof of this theorem it is easy to show that
if the number } ¢, (a) #A(@)) =2y eq_(a) Ha(@;) is even, then the Euler characteristics
xg (Clg(G(up), =V, @"0(-, ¢))and xg (CIg(G(ip), =V, P"(-, —¢))) are equal. Therefore,
we do not know whether O € GL O B. However, under the assumption weaker than (C3) we
can prove the result concerning the local bifurcation.

Theorem 3.8 Consider the system (2.1) with the potential F and uy € VF () satisfying
assumptions (B1)—(B4). Assume that Ao = 0 and Za_,-eaJr(A) walaj) # Za‘ieof(A) pwale)).
Then a local bifurcation of solutions of (2.1) occurs from the orbit G(iig) x {0}.

Proof Using the notation of the proof of Theorem 3.3, we observe that YW(=%¢) are trivial
SO (N)-representations. Therefore CIson)({ito}, —V\IJ_f'EO) are SO (N)-homotopy types of
§dimWEe) Using information from [18] (namely Theorem 3.1 and the equality (2.11)) and
from [14] (Lemma 1.88) we obtain that CIg (G (i1g), —V,, ®"(-, £¢)) are G-homotopy types
of

<g/gﬁ0 « SdimW(ie)) / (g/gﬁo x {*}) )

From Proposition 1.53 of [14], we obtain that the above is G-homotopy equivalent to

Xy = (g(ﬁo) x §dim W&E)) /(Gliio) x {+]).

But X and X_ are different G-homotopy types. Indeed, if X} and X_ are the same G-
homotopy types, then the orbit spaces X1 /G and X_ /G are the same homotopy types. This
is impossible, since the spaces X /G are homotopy types of SIM W) ‘see [29]. Similarly
as in Remark 3.7 we use the fact, that the change of the Conley indices implies the local
bifurcation. This shows the assertion. O

3.2 Symmetry breaking

In this section we consider the symmetry breaking problem, i.e. the change of the isotropy
groups of solutions of (2.1) along connected sets. More precisely, we characterise bifurca-
tion orbits of the Eq. (2.1) at which global symmetry breaking phenomena occur. Here and
thereafter we use the notation of Sect. 3.1. Recall that 7 denotes the set of trivial solutions.

Definition 3.9 We say that a global symmetry breaking phenomenon occurs at the orbit
G(itg) x {Ao} if Ag € GLOB and there exists U C H x R such that G(iig) x {Ao} C U and
Gy # Gliig.re) for all (u, 1) € (U N (V@)1 (0) \ 7.
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Note that since the group G acts trivially on the set of parameters A, the condition G, ) #
Giip.np) 18 equivalent to G, # Gj,. In particular we are interested in studying SO (N)-
symmetries of solutions. We say that the function u satisfying SO(N),, = SO(N) is radially
symmetric.

Our aim in this section is to prove the following characterisation of global symmetry
breaking phenomena of solutions of (2.1):

Theorem 3.10 Consider the system (2.1) with the potential F and uy € VF~1(0) satisfy-
ing assumptions (B1)—(B4). Fix Lo € A and suppose that o (MgA) N o (—A; BYN) \ {0} =
{aj,...,aj}and V_A(ozj,.)so(N) = {0} for everyi =1, ..., s. Then the global symmetry
breaking phenomenon occurs at the orbit G(iig) X {Ao}-.

Note that the assumption V_x (« j,.)S OWN) — {0} means that there is no radially symmetric
eigenfunction associated with e, .
To prove this theorem we first verify the following lemma:

Lemma 3.11 Fix Ay € A. Then there exists U C H x R such that G(ug) x {Ao} C U and
forall (u, ) € (UN(V,®)"1(0)) \ T there exists i € ker vgcblHll (@1, ko) \ {0} such that
gu C gﬁ~

Proof Consider U; = im VL%CD‘HIL (g, o) @ H; and U, = ker VIECD‘HIL (g, Ao). Note that
H = U; @ U, and the spaces U; and U, are G-representations. For u € H we put u =
(u1,uz) € Uy @ Uy. In particular, since iig € H;, we identify this element with (itg, 0) €
U; & Us,.

The equation

Vu®(u,2) =0 (3.7)

is equivalent to the system
T (Vy®(uy, uz, A)) =0, (3.8)
o (Vy@(uy, uz, A)) =0, (3.9)

where 71: H — Uy and mp: HH — U, are G-equivariant projections. Moreover, since
G(ig) C Hy C Uy,

dim ker V2®y, (ilo, o) = dim G(iio),

i.e. G(iip) is a non-degenerate critical orbit of ®(-, A9)jy,. Therefore, by the equivariant
implicit function theorem (see Theorem 5.1) applied to the functional ®: U@ (U xR) — R,
the point (0, A9) and the Eq. (3.8), there exist open sets Oy C Uz, Oy, C R such that
0 € Op, Ao € Oy, and a G-equivariant map 7: G(itg) x Op x Oy, — Uy such that

(1) T(u1,0,%0) = u) foru; € Giio),

(1) m(Vu®(r(uy, uz, X)), uz, X)) = 0if uy € G(p), ur € Op and A € Oy, and these
are the only solutions of m1(V,,®(u1, uz, A)) = 0 near the orbit if up € Op and
S O}»O'

Hence all the solutions of the Eq. (3.8), and consequently the solutions of (3.9) and (3.7),
can have (in the neighbourhood of the orbit) only the following isotropy groups:

g(r(ul,uz,l),uz,k) = gr(ul,uz,k) n guz N gA = gr(ul,uz,k) N guz C gu2~
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Denote this neighbourhood by U. More precisely, U = int(t(G(iip) x Op x Oy,)) X
Op x O;,. To finish the proof observe that in the case up = 0 we have (t(u1,0,1),0,1) €
U x {0} xR foru; € G(itp), 2 € Oy,. Considering only the solutions of (3.8) and observing
that such solutions in U; x {0} x R are the trivial ones, we obtain (t(u1,0,1),0,1) € 7,
which completes the proof.

O

Lemma 3.11 generalises a lemma due to Dancer from [4]. Dancer’s result states that if
the kernel of the second derivative of the functional at a bifurcation point does not contain
nonzero radially-symmetric elements, then at a neighbourhood of this point all nontrivial
solutions are not radial. This lemma cannot be applied to prove Theorem 3.10 in the case
dim G(ug) > 0, since ker V,fdJ (19, 1o) contains constant (and therefore radially symmetric)
functions from the space tangent to the orbit.

Proof of Theorem 3.10 Note that by the assumptions of the theorem, from Remark 5.11
it follows that the assumption (C1) is satisfied. Therefore Theorem 3.5 implies that Ao €
G L O B. Moreover, from Corollary 2.3 we have

ker V,ECD‘HIL (iio, o) = ker(Id — Ly 4) NHf
= V_a(aj) 4@ @ ... @ V_p(aj,)"*0as),

Since aj,, ..., aj, # 0 are such that V_A(aji)SO(N) = {0} foreveryi = 1,...,s, we
conclude that

ker Vg @1 (o, 20)° N = (0). (3.10)

Lemma3.11 yields that there exists U C H xR such thatif V,,®(u, 1) = Oand (u, 1) € U\7T
then there exists u € ker V,f@lHll (1o, A0) \{0} such that G, C Gg. Since Gz, = {e} x SO(N),
to prove that G, # G, it suffices to note that the isotropy group of # is not of the form
H x SO(N), where H € sub(I"). Indeed, if Gz = H x SO(N), then (e~ 'x) = u(x) for
every « € SO(N), x € BV, ie. SO(N); = SO(N) and therefore from (3.10) we obtain
u = 0, which contradicts u € ker VL%Q‘HIL (0, 2o) \ {0}. ]

Note that if the assumptions of Theorem 3.10 are satisfied, i.e. ker V,f@‘HIL (fHg, Mo)SOWN) =
{0}, then there is a neighbourhood U of the bifurcation orbit such that all nontrivial solutions
from U are non-radial. In other words, in Theorem 3.10 we obtain a connected family of
orbits of non-radial solutions bifurcating from the set of radial ones.

Remark 3.12 Let Lo € BIF. By the proof of Lemma 3.11 we deduce that there is a neigh-
bourhood of the orbit G(iig) x {Ao} such that all nontrivial solutions of V,®(u, A) = 0 can
have only isotropy groups of the form Gr(, u,,2) N Gu,. Note that u; € G(itp) and hence
gul = {e} X SO(N).

Consider the additional assumption:

ker vfablHlL (ii9, 10)5°™) = ker vfcb‘w ({10, A0)-

Then G, = I'y, x SO(N). Therefore by the proof of Lemma 3.11, and since a G-equivariant
function 7 increases isotropy groups (i.e. G(u;,us.2) C Gr(uy,uz,%))> We have

Guy NGy, = (fe} x SO(N)) N (Ty, x SO(N))
= {€} X SO(N) C gf(ul,uz,l) n guz,
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i.e. solutions of V,,® (u, 1) = 0 in the neighbou@od of the orbit G(i1g) x {*o} have isotropy
groups of the form H x SO(N), where H € sub(I'). Hence all solutions from the neigh-
bourhood of the orbit are radial.

Remark 3.13 Fix Ao € A and suppose that 0 (LgA) N o (—A; BY)\ {0} = {aj, ..., aj)
are such that o, ..., a; ¢ Ao, where Ay is defined in Sect. 5.4. Then from Remark 5.12
it follows that V_ (o jl_)s OMN) — {0} and therefore the assumptions of Theorem 3.10 are
satisfied. Hence the global symmetry breaking phenomenon occurs at the orbit G(itg) x {Xo}.

4 Examples

In this section we discuss a few examples in order to illustrate the abstract results proved in
the previous section. Using the properties of the eigenspaces of the Laplace operator (with
Neumann boundary conditions) on the ball, we verify assumptions (C1)—(C3). More precisely
we apply the material collected in Sect. 5.4.

Example 1 Consider the system (2.1) for N = 2 with a potential F and ug € VF~'(0)
satisfying assumptions (B1)-(B4). Assume that Ao € R\{0}ando (ApA)No (—A; Bz)\{O} =
{a}, where \/a is not aroot of Jé (x) = Ofor Jy being the Bessel function of order 0. Following
the notation of Sect. 5.4 it means that o ¢ Ap.

In this situation, from Theorem 5.9 and Fact 5.10 the assumption (C1) of Sect. 3 is satisfied.
By Theorem 3.5 we obtain that a global bifurcation occurs from the orbit G(iig) x {Ao}.

Moreover, from Remark 5.12 it follows that V_a (o)S?® = {0}. Then by Theorem 3.10
the global symmetry breaking occurs at the orbit G(iig) x {Ao}.

Example 2 Consider the system (2.1) for N = 2 with the potential F' and ug € VF -1
satisfying assumptions (B1)—(B4). Assume that Ag € R\ {0}, 0 (L0A) No (—A; B?) \ {0} =
{ar, ..., oy} and there exists i € {1, ..., s} such that ,/a; is not a root of Jé(x) =0.

As in Example 1, a global bifurcation occurs from the orbit G(iig) x {Ao}. If moreover
o ¢ Ap foralli € {1,...,s}, then the global symmetry breaking occurs at the orbit
G(uo) x {Ao}.

Example 3 Consider the system (2.1) for N = 3 with the potential F' and ug € VF -L0)
satisfying assumptions (B1)—(B4). Assume that .o € R\ {0}, 0 (AgA) No (—A; B3) \ {0} =
{ar, ..., oy} and there exists i € {1, ..., s} such that ,/o; is not a solution of the equation:

1
Ji(x) — —J1(x) =0,
2 2x 2
where J 1 is the Bessel function of order % Therefore o; ¢ Ayp.

In this situation, since H? C V_a(«;) forsome ! > 0 (by Fact 5.10), the assumption (C1)
is satisfied and from Theorem 3.5 we obtain that a global bifurcation occurs from the orbit
Guo) x {ro}-

Moreover, if o; ¢ Ag foralli € {1,..., s}, then from Remark 5.12 we conclude that
V_a()59® = {0} foralli € {1,...,s}. Therefore, by Theorem 3.10 it follows that the
global symmetry breaking occurs at the orbit G(iig) x {Ag}.
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Example 4 Consider the system (2.1) with the potential F and ug € VF~'(0) satisfying
assumptions (B1)—(B4). Assume that Ag € R\ {0} and that o (A0A) N o (—A; BN)\ {0} =
{1, ..., a5}, where /o is a solution of the equation

, N-2

Iy () = ——Jn2(x) =0

= 2x 2
foreveryi € {1,...,s}.

If there exists i € {1,...,s} such that dimV_x(«;) > 1 then the assumption (C1)
is satisfied and by Theorem 3.5 we obtain that a global bifurcation occurs from the orbit
G(io) x {Ao}.

If dmV_a(w;) = 1 for all i € {l,...,s}, then we assume additionally that
Z,S'=1 Urga (@) — 1A (0) is an odd number. In this situation the assumption (C2) is satisfied
and by Theorem 3.5 we obtain that a global bifurcation occurs from the orbit G(itg) x {Xo}.

Note that, if dimV_a(;) = 1 for all i € {1,...,s}, then ker(Id — Lj,4)5°™) =
ker(Id — Lj,a) (see Remark 5.11(2)). Therefore, from Remark 3.12, we conclude that all
nontrivial solutions at a neighbourhood of G(iig) x {Ag} (bifurcating from this orbit) are
radial, i.e. there is no symmetry breaking at the orbit.

Example 5 Consider the system (2.1) with the potential F and ug € VF~'(0) satisfying
assumptions (B1)—(B4). Assume that Ao = 0.

If m — dimker A is odd, then the assumption (C3) is satisfied and we obtain a global
bifurcation from the orbit G(iig) x {0}. If m — dimker A > 0, then Theorem 3.8 implies a
local bifurcation from the orbit G (izg) x {0}.

As in Example 4, it is easy to see that all nontrivial solutions at a neighbourhood of the
orbit are radial.

Acknowledgements The authors wish to express their gratitude to the referee for many propositions which
allowed to improve the paper.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and
reproduction in any medium, provided you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons license, and indicate if changes were made.

5 Appendix

In the following section, to make the paper self-contained, we collect some classical defini-
tions and facts which we use to prove our main results.

5.1 The equivariant implicit function theorem

Below we reformulate an equivariant version of the implicit function theorem in infinite
dimensional spaces, due to Dancer (see [5], paragraph 3).

Theorem 5.1 Let G be a compact Lie group and suppose that

(i) Hy, Hy are Hilbert spaces, which are orthogonal G-representations,
(i) @: H; & Hy — R is a G-invariant functional of class Cc?
(iii) there is vo € Hy such that V,de(u, vo) is Fredholm for every u € Hy, there is ug € H;
such that V, ® (ug, vo) = 0 and G(ug) is a non-degenerate critical orbit of @ (-, vp).
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Then there exist § > 0 and a continuous G-invariant map t: G(ug) X Bs(vo, Hy) — Hj
such that

(1) t(u, vo) = u on G(up),

2) V, @(t(u,v),v) =0ifu € G(up) andv € Bs(vy, Ho) and these are the only solutions
of V@ (u, v) = 0 near G(ug) if v € Bs(vo, Hp),

(3) for each v € Bs(vy, Hy), the map u +— t(u, v) is one-to-one.

5.2 Equivariant Conley index

In this subsection we collect properties of the equivariant Conley index. For a more detailed
exposition we refer to [2,8] in the finite dimensional case and to [13] for the infinite dimen-
sional case. Note that the Conley index (in the finite dimensional as well as in the infinite
dimensional case) is defined for an arbitrary compact Lie group G. In our paper we use it in
special cases G =G =T x SO(N) and G = SO(N).

Let G be a compact Lie group and suppose that €2 is a G-invariant subset of a finite
dimensional G-representation V. The G-equivariant Conley index of an isolating neighbour-
hood of a (local) flow is defined as the G-homotopy type of a pointed G-space, see [2,8]. If
f: Q — Visa G-equivariant map of class C', then it generates a local G-flow 7, such that
n(xg, -) is the local solution of the problem y'(r) = f(y()), y(0) = x¢. Moreover, if S is an
isolated invariant set of the flow, then there exists an isolating neighbourhood for this set. To
simplify the notation in the main part of our paper, we denote by C I (S, f) the Conley index
of an isolating neighbourhood of the isolated invariant set S of the flow generated by f.

Put SV = D, (0, V) /0D1(0,V) and denote by [SVg the G-homotopy type of a pointed
G-space SV. From the definition of the Conley index and the Hartman—Grobman theorem it
follows (see also [26]):

Theorem 5.2 Let f: V — R be a G-invariant map of class C* and suppose that vy € V
is such that G(vo) = {vo}, V f(vo) = 0 and det sz(vo) # 0. Then Clg({vo}, =V f) =
[(SY 1, where V~ is the direct sum of eigenspaces of V2 f (vo) corresponding to the negative
eigenvalues.

The following theorem is a direct consequence of the Continuation Property of the Conley
index, see [2]:

Theorem 5.3 (Homotopy invariance) Let vo € V be such that G(vo) = {vo} and suppose
that f € C*(V x [0, 11, R) is G-invariant. If V, f (vo, t) = 0 and det V2 f (vo, t) # O for
everyt € [0, 1], then

Clg(fvo}, Vo f (-, 0)) = Clg({vo}, Vo (-, I)).

The Conley index of a flow generated by a gradient map is the homotopy type of a pointed
finite G-CW-complex, see Proposition 5.6 of [8] for the proof. With a G-homotopy type
of a pointed finite G-CW-complex X one can associate a G-equivariant Euler characteristic
xG(X), which is an element of the Euler ring U(G) with the unit I = x(G/G™). The
actions in U (G) are defined by

x6(X) + xg(Y) = xg(X VYY),
x6(X) * xg(Y) = xg(X A Y),

where X Vv Y is the wedge sum and X A Y is the smash product of pointed finite
G-CW-complexes X, Y. It is known that (U(G), +) is a free abelian group with basis

(5.1)
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x6(G/H™Y), (H)g € sub[G] (by sub[G] we denote the set of conjugacy classes (H)g
of closed subgroups of the group G). A more detailed exposition of this theory can be found
for example in [28,29].

The following theorem is an immediate consequence of Lemma 3.4 of [6]:

Theorem 5.4 If the group G is connected and V is a nontrivial G-representation, then
%6(S) #L e U(G).

Consider the potential ¢: V x R — R and assume that for A_, A € R the critical
orbit G (iig) of ¢ (-, A+) is non-degenerate. In Sect. 3 we compare equivariant Conley indices
Clg(G(utg), —V(-, A+)). Following the method introduced in [18], we want to reduce this
problem to comparing the Euler characteristics of the Conley indices of potentials restricted
to the space orthogonal to the orbit. This method bases on the relation between Conley indices
obtained with the use of the smash product over G,. To make our paper self-contained, we
recall the relevant material.

Let H € sub(G) and X be a pointed H-space with a base point *. Denote by G the
group G with disjoint base point added. The smash product of G* and X is defined by
Gt AX = (GT xX)/(GT vX) = G x X/G x {*}. The space G A X is an H-space with
anaction givenby (%, [g, x]) — [gh_l , hx]. The orbit space of this action is called the smash
product over H and denoted by G Ay X, see [29]. Note that formula (g, [g, x]) — [g'g, x]
induces a G-action on G+ Ay X and therefore this is a pointed G-space.

Theorem 5.5 (Theorem 3.1 of [18]) Let Q be an open, G-invariant subset of V. Let

¢ € C%(Q,R) be a G-invariant map and iy € 2. Suppose that the orbit G(iig) C

(V)~1(0) is non-degenerate. Define ¢ = 7L Giig): Then Clg(G(iig), —Vo) = Gt Ay
uo

Cly({ig}, —V¢), where H = Gy,.

It is known that if the pair (G, H) is admissible, then coordinates of the Euler char-
acteristics of the H-CW-complex X and the G-CW-complex G Ap X coincide. More
precisely, Theorem 2.3 of [18] states that if yy(X) = Z(K)HEE[H]”K - xu(H/K™),
then xg(GT Ap X) = > (K)y esubH) K XG (G/K™). From this relation and Theorem 5.5,
we obtain the following fact:

Fact 5.6 Let @ C V be an open and G-invariant subset and ¢ € C*(Q2 x R, R) be G-
invariant. Moreover, let ._, »4 € R and G (iig) C (V,0(-, 24)~10) be a non-degenerate
critical orbit. Set ¢ = D7t Giig)- If the pair (G, G,) is admissible and

llo

(o}, =Vud (-, A-)) # x6,,(Clg

XGHO (CIGgo iio i ({ﬁ0}7 _Vu¢('v )"+))

then

x6(CIG(G (o), =Vug(-. 1)) # x6(Clg(G (o), =Vup (-, A1))).

In the following we briefly describe the infinite dimensional version of the G-equivariant
Conley index of an isolated invariant set of a (local) G-LS-flow. This index is defined as a
G-homotopy type of a G-equivariant spectrum, see [13]. Below we recall this definition in
a special case. Namely, since in our computation we use the G-equivariant gradient maps
of the form of a completely continuous perturbation of the identity, we consider only flows
generated by such maps.

We start with a definition of a G-spectrum. Fix a sequence & = (V)32 of finite-
dimensional orthogonal G-representations. A pair of sequences:

&= ((gn)?zozn(é')’ (fn)f'f:nw))
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of finite pointed G-CW-complexes &, and morphisms €, : SV A&, — En+1 is called a
G-spectrum if there exists ng > n(€) such that ¢, is a G-homotopy equivalence for all
n = ng.

Let H be an infinite-dimensional, separable Hilbert space, which is an orthogonal G-
representation. Assume that H = cl(@fﬁzo H,,), where all subspaces Hl, are disjoint finite-
dimensional G-representations and put H" = @;_, Hy. Let& € C '(H, R) be a G-invariant
functional such that V&: H — H is a completely continuous, G-equivariant operator. Put
f=1d — VE&.

Denote by 7,,: H — H”" the G-equivariant orthogonal projection. Define f,: H* — H"
by setting f,,(u) = u — 1,,(VE(u)) for any u € H". It is known (see [13]) that if X is an
isolating neighbourhood for the flow generated by f, then X, = X N H”" is an isolating
neighbourhood for the flow generated by f,, for n sufficiently large. It follows that X,
admits an index pair (Y, Z,) with respect to the flow generated by f,,, and consequently,
Clg(Xn, fn) = [Yn/Zy]c. From the continuation property of the Conley index, the sequence
(Enny = Yu/Zn)pZ,, uniquely determines the G-homotopy type of a spectrum. The G-
equivariant Conley index of X withrespect to the flow generated by f, denoted by CZg (X, f),
is defined as this G-homotopy type.

As in the finite dimensional case, we use the simplified notation CZg (S, f) for the Conley
index of an isolating neighbourhood of the isolated invariant set S of the flow generated by

f-

5.3 The degree for equivariant gradient maps

In this subsection we recall the definition and basic properties of the degree for G-equivariant
gradient maps of the form of a completely continuous perturbation of the identity, denoted by
Vg-deg(-, -),defined by Rybicki [22]. This degree is an element of the Eulerring U (G). Let H
be an infinite-dimensional, separable Hilbert space which is an orthogonal G-representation.
We keep the notation of the previous section, namely we consider finite dimensional subrep-
resentations H" of H and the projections t,, : H — H”".

Assume that 2 C H is an open, bounded and G-invariant subset and £ € C!(H,R)isa
G-invariant map such that

(1) V&: H — His a completely continuous, G-equivariant operator,
2) 0¢ (Id — V&)™ ().

The degree of Rybicki is defined with the use of the degree for finite dimensional equiv-
ariant gradient maps introduced by Ggba [8], also being an element of the Euler ring U (G).
For simplicity of notation, we use the same symbol V-deg(, -) for both degrees.

Restricting /d — V& to H", one can study Gegba’s degree of these restrictions. It appears
(see [22]) that it stabilises for n sufficiently large, i.e. there is n¢ such that

Vg-deg(t,(Id — VE), Q NH") = Vg-deg(ty,(Id — V), Q NH")

for every n > ny.

Using this equality one can define the degree for infinite dimensional equivariant gradient
maps. More precisely, fix ng as in the above lemma and define the degree for G-equivariant
gradient maps of /d — V& on Q2 by

Vg-deg(Id — V&, Q) = Vg-deg(t,,(Id — V&), Q NH"). (5.2)
A possible application of this degree is studying phenomena of global bifurcations and,

in particular, an equivariant version of the Rabinowitz alternative. Let us make this more
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precise. Consider a family of G-invariant functionals ® € C?(H x R, R) and suppose that
there is uo € H such that V,,® (1o, A) = 0 for every A € H. The invariance of ® implies that
Gugp) C (Vu®(-, 1)~ 1(0) for every A € H. We call the elements of G (up) x R the trivial
solutions of V,,®(u, 1) = 0.

Assume additionally that V,, ®(u, A) = u — V,{(u, 1), where V,.: H x R — His a
completely continuous, G-equivariant operator. Consider Ap € R such that the orbit G (uq)
is degenerate in (V, ®(-, )»0))_1 (0). Suppose that there is ¢ > 0 such that G(ug) is non-
degenerate in (V, (., 2))~1(0) for every A € [Ao — &, Ao + €] \ {Ao}. Fix a G-invariant
open set Q2 C H such that (V,P(-, Ao £ £)~10) N Q = G(up). Below we formulate an
equivariant version of the Rabinowitz alternative.

Theorem 5.7 If Vg-deg(V, @ (-, o — ¢€), Q) # Vg-deg(V, P (-, Ao + &), 2), then there is
a connected component C(1g) of cl{(v,)) € (H x R) \ (G(up) x R): V,®(u, ) = 0},
containing G (ug) x {Ao}, such that either C(hg) N (G (ug) x (R\ {ro})) # @ or C(Xo) is
unbounded. This means that a global bifurcation of solutions of V, ® (u, .) = 0 occurs from
the orbit G (ug) X {,o}.

The proof of this theorem is standard. It is enough to replace in the classical proof (see [3, 19,
20]) the Leray—Schauder degree by the degree for equivariant gradient operators. Equivariant
versions have been formulated in [22] (Theorem 4.9) and [10] (Theorem 3.3). A version for
bifurcations from an orbit in finite dimensional representations has been proved in [16]
(Theorem 3.4).

Now we turn our attention to relations between the degree theory and the theory of the
Conley index. For the Gegba’s degree and the Conley index for equivariant maps defined on
finite dimensional representations such a relation has been obtained by Ggba [8] (see also
Corollary 1 in [11]). We recall it in the following theorem:

Theorem 5.8 Let V be a finite dimensional G-representation and ¢ € C*(V,R) a G-
invariant map such that G (ug) C (V(,o)_1 (0) for some ug € V. Assume that the orbit G (ug)
is non-degenerate and fix Q C V such that (Vo)~1(0) N Q = G(up). Then

Vi-deg(Vo, Q) = x6 (Clg(G(ug), =V@)) .

5.4 Eigenspaces of the Laplace operator

In this subsection we introduce basic properties of the eigenspaces of the Laplace operator
(with Neumann boundary conditions) on the ball. More precisely, we study the problem:

{ —Au = Bu in BN (53)

du _ N—1
5 =0 on S .

These properties are known, but it is difficult to find a reference in the literature, except for
the case N = 2, 3, see for example [1,17]. To make our article self-contained, we sketch
here the general case.

LetH ]N denote the linear space of harmonic, homogeneous polynomials of N independent
variables, of degree /, restricted to the sphere S il

Theorem 5.9 The spaces H;V are irreducible representations of the group SO (N). Further-

more, if | > 1 then HIN is a nontrivial representation of SO(N) and forl = 0 it is a trivial
one. Moreover,
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1 ifN=2,01=0
dimH)' = {2 ifN=21>1
@ +N-2)0FE ifN=31>0.

For the proof of the irreducibility of the spaces HIN we refer the reader to [12] (Theorem
5.1). The proof of the latter part of the theorem can be found in [25] (Theorem 4.1).

To find eigenspaces of the Eq. (5.3) we write the Laplacian in polar coordinates r > 0,
o=(p1,...,0N),0< @i <mfori=1,...,N—-1,0 <oy < 2m:

a ou 1
Au = r17N87 (I"N7187r> + ﬁAsN—lu,

where Agy-1 is the Laplace-Beltrami operator on SV ~!. Applying a standard separation of
variables u (¢, r) = v(p) - f(r) to (5.3), we obtain the system

—Agv-1v(p) = pv(p) on SN (5.4)
r2f"(r) + (N = Drf'(r) + (ﬂr2 —u) f(r)=0 on (0, 1), (5.5
[f(0)] < o0, (5.6)
(1) =0. (5.7)

The Eq. (5.4) has solutions only if 1 is an eigenvalue of —Agn-1,i.e. u = p; :=I(I+N =2),
1 =0,1,..., withassociated eigenspaces equal va, see [25]. Substituting . = py, p = +/Br

and f(r) = g(,o)/,ol\%2 into (5.5), we get the Bessel equation of order / + NT_Z:

N —2\?
p*g"(p) + pg' (p) + </>2 — (l + T) )g(p) =0 on (0,/B).

Using (5.6) we obtain that the solution of this equationis g(p) = C; J[+NT—2 (p),where C; € R

and J; ~v—2 is the Bessel function of the first kind of order / + %
2
Since we are interested only in solutions satisfying (5.7), taking into consideration that

F1(r) = VBB~ (g/(ﬁr) - ZZVJ_Bng(\/Br)>’ we obtain that /B satisfies the equa-

tion:

) N-2 o g
o () = == w2 (1) =0. (5.8)

For m € N we denote by x;;,, the m-th solution of (5.8) in (0, 00). Put xg0 = 0 and A4; =
{Bim = x7,15°_, for 1 > 0 and Ag = {Bom = x3,,}50-

Fact 5.10 From the above considerations:
(1) o(=A; BY) is the union of the sets A;,

) if B € A, then HIN C V_aA(p), ie. HIN is SO(N)-equivalent to a subspace of

V_A(B). For B € o(—A; BN) we have V_5(B) ~son) ) HY (by
1e{l=0: Be A}
X s0(N) we denote the equivalence relation of S O (N)-representations).

Remark 5.11 Since from Theorem 5.9 we have dim H}' = 1 and dim %’ > 1 for/ > 1, it
follows that for 8 € o (—A; BN):

(1) if dimV_x(B) > 1, then there exists / > 0 such that HY C V_A(B) and thus
V_a(B) is a nontrivial SO (N)-representation,
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(2) ifdimV_A(B) = 1,then V_A(B) =sow) H{)V and therefore it is a trivial represen-
tation of SO (N).

Remark 5.12 From Theorem 5.9 we obtain that if 8 € o(—A; BY) and B ¢ Ap, then
V_a(B)SOM) = {0}.

To illustrate the above description of the eigenspaces, we will look more closely at the
cases N = 2, 3.

Suppose that N = 2. Then, for [ € N U {0}, the Eq. (5.8) is of the form Jl/(x) = 0 and
therefore x;,,, is the m-th solution of Jl’ (x) = 01in (0, c0) and xgp = O.

Fact 5.13 Under the above notation, o (—A; B%) = Ufio A = {Bim = xlzm}j'i]’mzl U
{Bom = xgm Yor_o With corresponding eigenvectors given by
(D) vllm (r, ) = Ji(xpur) cosle and vlzm (r, ¢) = Ji(xpur) sinle for By, inthe casel > 0,
2) vom (r, @) = Jo(xomr) for Bom in the casel = 0.

Note that from the above fact it follows that le ~S0(2) span{vl]m, vlzm} for [ > 0 and
HE ~s0(2) span{vom }.

Corollary 5.14 Let B € o (—A; B?), then

() If B € Ay forl > 0, i.e. B = By for given l,m > 0, then V_x(B) is a nontrivial
SO (2)-representation. Moreover, if dim V_(B) is even, then V_a(B)S0® = {0}
and if dim V_A (B) is odd, then V_a(B)S°® ~500) H3.

2) If B € Ao, i.e. B = Bom foragivenm € N, then dim V_ (B) is an odd number. More-
over, ifdim V_a (B) = 1, then V_A(B) ~s50(2) H% is atrivial S O (2)-representation.

Suppose now that N = 3. Then, for / € N U {0}, the equation (5.8) is of the form
Jl’+l (x) — %Jl + (x) = 0 and therefore x;,, is the m-th solution of this equation in (0, co)
2

and xgg = 0.

Fact 5.15 Under the above notation, o (—A; B3) = UZo A = {Bim = xlzm}?il mey Y
{Bom = xgm Jor_o With corresponding eigenvectors:

(1) For By in the casel > 0:
1 .
Vot (1, 01, 92) = \71”% (x1m7) Pix(cos 1) sin kgy,

1
Viont (- 01 92) = == (amr) Pr(cos 1) cos ko,
vomt (1 @1, 92) = Jpy 1 (imr) Pi(cos g1),

where k = 1, ..., and Py, P; are Legendre functions,
(2) For Bom: vomo(r, @1, ¢2) = J% (xXom™).

From the above fact it follows that H? Xso@3) span{vom, v}ml, v%ml, .. Ullml’ vfml} for
[ > 0and HS R s0(@3) span{vomo}-
The description of HIN in the general case can be found in [30] (Chapter IX).
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