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                    Abstract
We consider the stationary Keller–Segel equation 
$$\begin{aligned} {\left\{ \begin{array}{ll} -\Delta v+v=\lambda e^v, \quad v>0 \quad &{} \text {in }\Omega ,\\ \partial _\nu v=0 &{}\text {on } \partial \Omega , \end{array}\right. } \end{aligned}$$

where \(\Omega \) is a ball. In the regime \(\lambda \rightarrow 0\), we study the radial bifurcations and we construct radial solutions by a gluing variational method. For any given \(n\in \mathbb {N}_0\), we build a solution having multiple layers at \(r_1,\ldots ,r_n\) by which we mean that the solutions concentrate on the spheres of radii \(r_i\) as \(\lambda \rightarrow 0\) (for all \(i=1,\ldots ,n\)). A remarkable fact is that, in opposition to previous known results, the layers of the solutions do not accumulate to the boundary of \(\Omega \) as \(\lambda \rightarrow 0\). Instead they satisfy an optimal partition problem in the limit.
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Appendix 1: A Green’s function in dimension 2
Appendix 1: A Green’s function in dimension 2
In this appendix we prove the analogous of [3, Proposition 2.1] in the 2-dimensional case (the case \(N=2\) is not treated in [3]).

                  Lemma 6.1

                  There exist two positive, linearly independent solutions \(\zeta \in C^2 ((0,1])\) and \(\xi \in C^2 ([0,1])\) of the equation
$$\begin{aligned} -u^{\prime \prime }-\dfrac{1}{r}u^\prime +u=0\ in\ (0,1), \end{aligned}$$

satisfying
$$\begin{aligned} \xi ^\prime (0)=\zeta ^\prime (1)=0,\quad r(\xi ^\prime (r) \zeta (r) - \xi (r) \zeta ^\prime (r))=1, \ \forall r\in (0,1]. \end{aligned}$$

                    (6.1)
                

Moreover, \(\xi \) is bounded and increasing in [0, 1], \(\zeta \) is decreasing in (0, 1] and
$$\begin{aligned} \xi (0)=1,\quad \lim _{r\rightarrow 0^+}\dfrac{\zeta (r)}{-\ln r}=1,\quad \lim _{r\rightarrow 0^+ }(-r\zeta ^\prime (r))=1. \end{aligned}$$

As a consequence, the Green function defined in (1.11) (for \(N=2\)) can be written as follows
$$\begin{aligned} G(r,s)=\left\{ \begin{array}{ll} s^{N-1}\xi (r)\zeta (s)\quad \text {for }r\le s \\ s^{N-1}\xi (s)\zeta (r)\quad \text {for }r> s. \end{array}\right. \end{aligned}$$

                    (6.2)
                


                           
                
                  Proof

                  Let \(\xi (r):= I_0 (r)\) be the modified Bessel function of the first kind (see (10.25) of [28]). It is well-known that \(\xi \) is positive, bounded, increasing, and that \(\xi ^\prime (0)=0,\ \xi (0)=1\). Let \(s=\ln r\), \(s\in (-\infty ,0]\) and \(\varphi (s)= \xi (e^s)\). In this new variable, we have that
$$\begin{aligned} {\left\{ \begin{array}{ll} \varphi ^{\prime \prime }+\varphi e^{2s}=0 \quad \text { in } (-\infty ,0)\\ \displaystyle \lim _{s\rightarrow -\infty } \varphi (s)=1, \quad \displaystyle \lim _{s\rightarrow -\infty } \varphi ^\prime (s)=0,\\ \varphi (0)=\xi (1)>0, \quad \varphi ^\prime (0)=\xi ^\prime (1)>0. \end{array}\right. } \end{aligned}$$

We set
$$\begin{aligned} \psi (s) := \varphi (s) \left\{ \dfrac{1}{\varphi (0) \varphi ^\prime (0)}+ \int _s^0 \dfrac{1}{\varphi ^2 (t)}dt \right\} . \end{aligned}$$

By direct calculations one can check that \(\psi ^\prime (0)=0\),
$$\begin{aligned} -\psi ^{\prime \prime }+e^{2s}\psi =0, \text { and } \varphi ^\prime (s) \psi (s) -\psi ^\prime (s) \varphi (s) =1, \end{aligned}$$

for every \(s\in (-\infty ,0)\). We also have \(\psi ^\prime (s)= - \int _s^0 \psi (t) e^{2t} dt <0\). Moreover, the relation \(\displaystyle \lim _{s\rightarrow -\infty } \varphi (s)=1\) implies
$$\begin{aligned} \lim _{s\rightarrow -\infty } \psi ^\prime (s)=-1, \end{aligned}$$

and using L’hospital rule,
$$\begin{aligned} \lim _{s\rightarrow -\infty } \dfrac{\psi (s)}{s}=\lim _{s\rightarrow -\infty }\psi ^\prime (s)=-1. \end{aligned}$$

Thus letting \(\zeta (r):= \psi (\ln r)\), we have all the claimed properties.

                  Finally, in order to prove (6.2), we have to show that, for all \(\varphi \in C^\infty ([0,1])\),
$$\begin{aligned} \int _0^1 \left( \frac{\partial G}{\partial r}(r,s) \varphi '(r)+ G(r,s)\varphi (r) \right) r^{N-1} \,dr =s^{N-1} \varphi (s). \end{aligned}$$

                    (6.3)
                

By the defintion G in (6.2), the left hand side of (6.3) rewrites as
$$\begin{aligned} \int _0^s \left( \xi '(r)\varphi '(r) + \xi (r) \varphi (r) \right) \zeta (s) s^{N-1} r^{N-1} \,dr + \int _s^1 \left( \zeta '(r)\varphi '(r) + \zeta (r) \varphi (r) \right) \xi (s) s^{N-1} r^{N-1} \,dr. \end{aligned}$$

We integrate by parts and we use the equation satisfied by \(\xi \) and \(\zeta \) and the respective boundary conditions, to obtain
$$\begin{aligned}&\int _0^s s^{N-1} \zeta (s) \varphi (r) \left[ -\left( r^{N-1}\xi '(r)\right) '+\xi (r)r^{N-1} \right] \,dr + s^{2N-2}\xi '(s)\zeta (s)\varphi (s) \\&\quad \quad +\int _s^1 s^{N-1} \xi (s) \varphi (r) \left[ -\left( r^{N-1}\zeta '(r)\right) '+\zeta (r)r^{N-1} \right] \,dr - s^{2N-2}\xi (s)\zeta '(s)\varphi (s) \\&\quad =s^{2N-2}\xi '(s)\zeta (s)\varphi (s) - s^{2N-2}\xi (s)\zeta '(s)\varphi (s). \end{aligned}$$

Then using (6.1) we obtain \(s^{N-1} \varphi (s)\), so that (6.3) is proved. \(\square \)
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