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Abstract We show that nonlinearly elastic plates of thickness 7 — 0 with an e-
periodic structure such that 724 — 0 exhibit non-standard behaviour in the asymptotic
two-dimensional reduction from three-dimensional elasticity: in general, their effective
stored-energy density is “discontinuously anisotropic” in all directions. The proof relies
on a new result concerning an additional isometric constraint that deformation fields must
satisfy on the microscale.
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1 Introduction

Understanding the behaviour of elastic plates (and, more generally, thin elastic structures)
from the rigorous mathematical point of view has attracted much attention of applied analysts
over the recent years. The related activity was initiated by the papers [1] and [15], which
were followed by the work [8] by Friesecke, James and Miiller concerning plate deformations
u with finite “bending energy”. The paper [8] appeared alongside the thesis [21] by Pantz
and was followed by a study of other energy scalings [9]. It puts forward the idea that
homogeneous plates of thickness /1, viewed as three-dimensional nonlinearly elastic bodies,
afford a special compactness argument for sequences of deformation gradients Vu with
elastic energy of order O (h?) as h — 0. This argument is based on a new “rigidity estimate”
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[8] concerning the distance of local values of Vu from the group of rotations SO(3). The
observation that this bounds the distance from a constant rotation field (which depends on
u) allowed the authors of [8] to show that the “limit” elastic energy functional as 4 — 0 is
given by

1
Ejim (1) := E/ Q2((w), u € Hyy(w), ey

where » C R? represents the mid-surface of the undeformed plate, (1) = (V' w) v’ Ou A
du), V' = (91, 8), is the matrix of the second fundamental form of an isometric surface
u:w— R3 and Q, is a quadratic form derived via dimension reduction from a quadratic
form appearing in the process of linearisation of elastic properties of the material in the
small-strain regime.

From the point of view of applications to real-world materials, it seems reasonable to ask
in what way the above result is affected by a possible inhomogeneity of material properties
of the plate in the directions tangential to its mid-surface. One can imagine, for instance,
that the plate has a periodic structure of period ¢ > 0 and try to replace the ¢, h-dependent
family of 4~ 3-scaled energy functionals by an “effective” functional in the sense of vari-
ational convergence [6]. Such analysis should reveal, in particular, whether the behaviour
of the plate really depends on the relative orders of smallness of the parameters ¢ and /.
Work on this programme was started in the thesis [17] by Neukamm, where a series of sim-
ilar questions was addressed for a periodically inhomogeneous rod, i.e. a one-dimensional
analogue of a plate. Further, a recent paper [14] has investigated the behaviour of periodic
plates in the cases when & > ¢ and i ~ €. This was followed by the work [23], where the
case €2 « h < ¢ is addressed. In the present paper we develop an approach (see Sects. 3,
4) that in our view simplifies the derivation of the corresponding I'-limit, via a “smoothing”
approximation procedure that precedes the two-scale compactness argument, see Sect.3 of
the present work. Smoothing is known to be useful in the asymptotic analysis of sequences
of solutions to parameter-dependent PDE (see e.g. [10,25]). In the present work we exploit
similar considerations in the asymptotic analysis of bounded-energy sequences, where the
energy is represented by an integral functional. Our smoothing approach replaces the approx-
imation result [ 14, Lemma 3.8], when & > ¢ or h ~ ¢, and an additional technical statement
[23, Lemma 3.7], when 2 < h < e, by a two-scale compactness theorem for the sec-
ond gradients of smooth approximations (Theorem 3 below). Remarkably, in the situation
where the deformation u;, € H'(S2) has no second derivatives, the smoothing procedure
takes us to a setting where the second derivatives exist and are bounded in the L2%-norm, see
Lemma 2.

The added value of our approach, however, is revealed through its ability to deal with the
more difficult case i < &2, which has remained open until now. An additional key observation
in handling this case is that the determinant of the matrix of second derivatives of the smoothed
approximation can be rewritten in a form amenable to the use of a compensated compactness
argument (see proof of Theorem 5) in order to derive an additional, “fast-scale”, isometry
constraint on the limit finite-energy deformations, see (2). It also perhaps worth mentioning
that the smoothing approach yields a somewhat shorter route to the statement of compactness
of finite-energy sequences in the case of homogeneous plates considered in [8].

Notably, a recent paper [18] contains an analysis of “zero-thickness” plates, where func-
tionals of the “limit” form (1) with explicit e-periodic x-dependence of Q; are studied in
the limit ¢ — 0. Our results are consistent with those of [18], in the sense of offering an
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alternative route to the same “supercritically-thin plate” limit functional. However, while the
authors of [18] work with a two-dimensional formulation from the outset, our derivation is
in the spirit of “dimension reduction” from the full three-dimensional problem. In addition,
our approach offers a shorter route to the proofs of [18], which is checked directly.

All of the above earlier works follow a traditional methodology of I"-convergence relying
solely on convergence properties of sequences with bounded energy combined with “structure
theorems” for combinations of their gradients, without analysing their asymptotic structure
as a two-scale series in powers of the parameters &, #. Our approach, on the contrary, is
guided by an analysis of the original sequence of energy functionals via two-scale power
series expansions (For a detailed discussion of the viewpoint provided by the method of
asymptotic expansions, see Appendix 2). For “supercritical” scalings & < &2 it suggests in
particular that, to the leading order, the approximating (“exact” or “recovery”) sequences
have to satisfy an additional constraint

det(Il + V3 ) =0, @)

where ¥ = ¥ (x',y), ' € w, y € Y := [0, 1)?, is a term that appears in the two-scale
limit of the original sequence of deformations and is responsible for the behaviour of the
plate on g-scale. One key aspect that facilitates this approach is that the limit stored-energy
function Q> is quadratic with respect to the second fundamental form of the surface, which
makes the analysis of ¢, h-dependent plate energies somewhat amenable to a perturbation
technique.

The observation that the space of deformations with finite bending energy acquires the
constraint (2), combined with a characterisation of isometric embeddings by Pakzad [20]
and the earlier ansatz of [8], see (77), allows us to carry out a rigorous proof of variational
convergence. Thanks to the two-scale asymptotic structure, the presence of the second gra-
dient of the corrector ¥ in the two-scale limit of deformation sequences provides a natural
construction for the recovery sequences, cf. (37) for the moderate regime. The supercritical
regime h <K &2 is studied in Sect.7, which contains our main result, Theorem 9: the limit
energy functional is given by

hom = 12/Qhom H(“)

where

Orom = mln/ Osr(y, I+ Vzljf)dy, v e HI%C(RZ) Y — periodic, subject to (2).

The isometry constraint (2) implies, in particular, that Q¢ (II) is “discontinuously anisotropic
in all directions of bending” as a function of the macroscopic deformation gradient Vu,
see Theorem 8§ and the subsequent discussion. To the best of our knowledge, this is a new
phenomenon for nonlinearly elastic plates. Finally, we remark that the analysis of the “critical”
scaling i ~ & is currently open.

Throughout the text Z; denotes the d x d identity matrix, d = 2, 3. Unless indicated
otherwise, we denote by C a positive constant whose precise value is of no importance and
may vary between different formulae. We use the notation 9;, i = 1,2, 3, for the partial
derivative with respect to x;, dy;, i = 1, 2, for the partial derivative with respect to y;, and
V, for the gradient with respect to y.
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2 Setting of the problem

Let w be a bounded convex! domain in R2, and let Q= w X (—%, %) be a reference
configuration of an undeformed elastic plate, where / is a small positive parameter, 0 <
h < 1. A deformation u of the plate Q2 is an H _function from €, into R3. We assume
that the material properties of the plate 2, vary over w with a period ¢, which goes to zero
simultaneously with /. For a plate made of a hyperelastic material (see e.g. [4]), the elastic
energy of a deformation u is given by the functional

/W(s_lx’, Vu)dx,
Q

where x’ := (xi,x2) € w. The stored-energy density W(y, F) is assumed to be a

Carathéodory function (i.e. measurable in y € Y := [0, 1)? and continuous in F € R3*3),

periodic with respect to y € Y, and to satisfy the standard conditions of nonlinear elasticity

(see e.g. [4]):

(A) The density W is frame-indifferent, i.e. W(y, RF) = W(F) for any R € SO(3) and
any F € R3*3, where SO(3) is a group of rotation matrices in R3*3.

(B) The identity deformation u(x) = x is a natural state, i.e. W(y, Z3) = ming W(y, F) =

0.
(C) There exists a constant C > 0 such that forall y € ¥, F € R3*3 he inequality
W(y, F) = Cdist’(F, SO(3)) 3)
holds.

Additionally we assume that (cf. [3,8,14])
(D) The density W, as a function of the deformation gradient, admits a quadratic expansion
at the identity, i.e. there exists a non-negative quadratic form Q3 on R3*3 such that

WO, I3+ G) = 03(y, G) +r(y, G) 4
for all G € R3*3, where
r(y,G) = 0(|G|2) as |G| — 0 uniformly with respecttoy € Y. (5)

We assume additionally that Q3 is measurable in y € Y for all G, |G| = 1, so thatr is a
Carathéodory function.

We next rescale the transverse variable x3 in order to work on a fixed domain. Namely,
we multiply the transverse variable by 2! so that the new variable belongs to the interval
I = (—%, %). We reassign the notation x3 to the new variable (this should not cause any
misunderstanding since we will always deal only with the rescaled domain in the future), so
x € Q= w x I. We also use the rescaled gradient

v (v 12y _ (2 9o 13
P\ has ) T \oxy oxs hons )

so that the rescaled functional is given by

En(u) := / W 'x', Vyu)dsx,
Q

! The convexity of w is a technical requirement which allows us to use the results describing the properties
of isometric immersions for the supercritical case i < 2. From the point of view of the aim of the present
work this requirement is insignificant, since the limit effective behaviour of an elastic plate is a local property.
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where u € H'(§2). We consider sequences of deformations uy, in the bending regime, that is
such that

En(up) < Ch?. (6)

(In the non-rescaled setting this corresponds to the energies of order 43). In this paper we
focus on the case when i <« ¢. We consider ¢ as a function of 4, i.e. h is our “main” parameter
and ¢ is the “dependent” parameter.

The non-degeneracy property (3) and the assumption (6) imply that

/ dist* (Vyup, SO3))dx < Ch?. )
Q

In what follows, we say that a sequence satisfying (7) has finite bending energy.

3 Two-scale compactness and second gradients

The two cases when ¢ is of order 4 and & > & were considered in [14]. In these regimes
the behaviour of the mid-surface of the plate is essentially macroscopic and the microscale
only plays a role away from the mid-surface. In our case the microscopic behaviour of the
mid-surface of the plate is very important. This is due to the fact that for each e-cell the
corresponding piece of the plate itself behaves like a miniature plate. This “micro-plate”
behaviour becomes even more dominant when i < ¢2. In order to study this property we
employ the method of two-scale convergence. The structure of the limit functional in the case
of a homogeneous plate, namely, the fact that it is basically defined on the second gradient
of the limit surface, suggests that the information about the microscopic behaviour should
also appear in the form of a second gradient. The problem is that the original functional is
defined only on H'-functions, and how one would obtain the second derivatives with respect
to the fast variable y in the limit is not clear at the outset. However, while this is not possible
in general, in the bending regime deformations possess an additional property which in a
certain sense is equivalent to the existence of the second gradient, which we explain in detail
in what follows.
Let us recall some results from [8]. We denote

Yon:=a+hY, aehZ’ op:= ] Yan

Theorem 1 Suppose that a sequence uy, in H' () has finite bending energy. Then:
1. Up to a subsequence
Viup — (V'u, n) strongly in L*(Q),

where u = u(x’) belongs to the space Hﬁo(a)) of isometric immersions, i.e. such maps

u: w— R3that (V'u)"V'u =Ty, andn :=u Aup;
2. There exists a piecewise constant map Ry, : wp — SO(3) such that

/ |Vaun — Ryl* dx < Ch?
wp X1

for some C > 0 independent of h;
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3. The difference between the values of Ry, in each pair of neighbouring h-cells is small in
the sense that

/ max |Rh(x’ +¢)— Rh(x’)|2dx’ < Ch?,
ceY,

wh

where C > 0 is independent of h, and Yy consists of those ¢ € {—h, 0, h}* for which
Yoien C wp for the value a € hZ? such that x' € Yan.

Apart from the strong compactness of the gradients Vjuj,, which is true in our setting as
well as for homogeneous plates, this theorem implies that oscillations of the gradients on the
h-scale are bounded. The third property in Theorem 1 implies that the difference between
values of Rj, in neighbouring /-cells divided by /# (which basically is the difference quotient)
is bounded on average and a similar statement can be formulated for V,u; due to the second
part of the theorem. Hence one can try to mollify uj, expecting that the second gradient of
the mollification will be bounded. In what follows we always assume that uy, is a sequence
with finite bending energy.

Let ¢ € Cgo (B1), ¢ > 0, be radially symmetric, where Bj is a unit disc centred at
the origin, fB] @ = 1, and for each & > 0 denote by ¢, (x") := h2p(h~'x), x' € R?,
the corresponding mollifier. Let ' be a domain whose closure is contained in w. For each
sufficiently small 2 > 0, consider the function i1y, = uj;(x’), x’ € «’, defined as the result of
the simultaneous mollification of u; with ¢, and averaging with respect to the variable x3:

up(x") 22//%(5 — xup(&, x3) dédx3 ://(Ph(é:)uh(S'i‘x/»xS)d%'de, x'eo
T R2 T R2

®)

(The above integral is well defined in o’ for sufficiently small /, since in this case the support
of ¢j, (€ —x') is contained in w). It is well known that the mollification iy, is infinitely smooth.
We will need to estimate in H! the difference between i1, and the average of uj, with respect
to x3,

un(x") ::/uh(x)dx3, x' ed,
1

as well as its derivatives up to the second-order. Such estimates are obtained in the next
statement.

Theorem 2 Let ' be a domain whose closure is contained in w. The mollification (8) satisfies
the following inequalities with a constant C > 0 independent of o' and h:

llitn =l g1 (@) < Ch, ©9)
IV 2 20y < C.
IVl L@y < C. (10)

Proof In the subsequent estimates we use a generalised Minkowski inequality (also some-
times referred to as the Minkowski integral inequality):

1/p 1/p
/’/F(x,y)dux(X)
Yy X

14 14
duy(y) | < / / ‘F(x,y) diy) | dpx,
x Ly
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where X' and ) are measure spaces with measures py (x) and py(y) respectively, F :

X x Y — Ris measurable and 1 < p < oo, see e.g. [11]. We obtain the L?-estimate in )
as follows:

Nin — unll 12

5 1/2

= / / on (&) (un(€ +x') —up(x)) dé | dx’'

1/2

o 2
</ (m/ (o0 ®) (@& +2) T ()"’ | d < ma [T Ea)—4 () ] 1
R2 \o B

1
= max / V'u,(te +x') - Edt
[§1=h ||Jo

< Ch | V()| 1) = Ch.

1
< max |§|/ V', (tE + x') , dt
L) E1<h o H HLz(a))

Now we estimate the difference of the gradients of i, and uj,. First notice that by the
properties of mollification, V', equals to the mollification of V'uy,. Second, one has

IVt — Rl 2@y < IV'un — Rill 2y < Ch, (11)

where I?h stands for the first two columns of the matrix Ry, and ' := @’ x I. The bound

(11) is a simple consequence of application of the generalised Minkowski inequality and the
Holder inequality. Further, the following estimate holds:

V&, — Vi 22w

_ / on(®) (Viln (€ +x') — Viip(v)) d&

2

L2 (')
< [ 1on® (Ve + ) = V)|
R2
< max |V (€ +x") = ViR ()] 2.,

I— 1 Y o / o o
< E}i’z“v uh(g +x ) - Rh(-x + ";:)”LZ(w/) + \Ifnffl);l”Rh(g +x ) - Rh(x )||L2(w/)
+ [ Ri () = Va3 | 2y < Ch, (12)
where we use the generalised Minkowski inequality and Theorem 1.
Next we estimate the second gradient of uy,, given by

V2, = / Vi(gn(§ —x") @ V' (§)dé = — / V(&) @ Viup(x' 4+ &) dé,
R2? R2
where V'@ (&) = h=3V'p(h~1&). Since the mollifier ¢ is radially symmetric, ¢, ¢ (£) is an
odd function of &1 and an even function of &>, and analogously for 9z, ¢ (§), hence we write

V' = — / dipn(&)(V'un(x' +8) = Vip(x' - §))dg, i=1,2.
(le1<h.&>0)
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Using the generalised Minkowski inequality once again we have, fori = 1, 2,

19; V'iinll 120y < / |9i0n(®) (VR + &) = Vir ' = )| 12, €
{1§1=h.& >0}
—1 /= 1 I— /
= Ch™lmax [V +8) = Vi@ = )| 2, = € (13)

The last inequality is obtained analogously to (12).
Finally, we argue that Vi, is bounded pointwise independently of &:

|V, (x| = /Qﬂh(‘f)v/ﬁh(f + 1N dg| < llen@©l2s,) IV U E + XD 25,

2
< Ch™ | V'anE+x) = RaE+x)| 12, +Ch ™" [ RuE+2)] 125, < C.
for all points x” € w and sufficiently small values of h.

As one can see from the above, V'), is a “reasonably good” approximation of V'uy,. It
remains to approximate 2~ 331, by a smooth vector function. Let 77, be the vector orthogonal
to the surface uj, defined by

np = 01y A 0ty

We show that the L2-norm of 77, — Ry, 3 is at most of order &1, where Ry, ; stands for the i-th
column of Rj,. To this end we first transform the above expression for 71, as follows:

np = o1y A ity = (Ru,1 + (1t — Ri1)) A (Rn2 + (205 — R 2))
= Rp3+ (31un — Ryp,1) A Rp2 + Ry A (2up — Ry 2)
+ (31up — Rp,1) A (DU, — Rp2).

Since R}, and V'uj, are L*°-bounded, the L2%-norms of the last three terms are of order /,
hence

Iin — Rn3ll 20y < Ch. (14)
Additionally, it is clear from (13) and (10) that
V7Rl 200 < C. (15)

Putting together the above estimates for 7y, Theorems 2 and 1, we obtain the following
result.

Proposition 1 Let o' be a domain whose closure is contained in w. Under the assumptions
of Theorem 1 the following estimates hold:

| (V'n) 7in) — Vinun ||L2(Q/) < Ch,

|| (V,ﬁh| ﬁh) - Rh || Lz((u’) f Ch

As is customary in periodic homogenisation, and due to the fact that our problem is of
two-scale nature, we require a suitable notion of convergence which takes into account the
microscopic behaviour, e.g. the so-called two-scale convergence, introduced by Nguetseng
[19]. Out of several equivalent definitions of two-scale convergence, we will use the one
based on periodic unfolding, see e.g. [5]. For convenience of the reader we give the definition
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of two-scale convergence that we use and some of its properties in Appendix 1. Next we
prove a general statement about the two-scale convergence of a second gradient, without
any reference to a specific problem. This assertion may be used in various contexts where
two-scale convergence of a second gradient is required. In the present paper we make use of
this statement in Theorems 4 and 9. In the remainder of this section we consider an arbitrary
d-dimensional space, returning to the case d = 2 in Sect. 4 onwards.

Theorem 3 (Second gradient and two-scale convergence) Let @ C RY be a bounded domain
and Y := [0, D)4. Assume that a sequence v, € H?(w) is bounded in H*(w). Then up to a
subsequence

2
Vi, = V() + Vie(x, y), (16)

where v € H*(w) is the weak limit in H*(w) (hence, strong limit in H'(w)) of the sequence
ve and* ¢ € L? (a); szer(Y)) with zero mean with respecttoy € Y.
Note that here ve is a scalar function. The theorem directly applies to the vector case

component-wise.

Proof Following the idea of the proof of the two-scale convergence for the first gradients in
[5] we introduce the following function of x and y:

e, ) = (67 (Te(ve) = My (Te(ve)) — ¥© - My (Te(Voe)) | (17
where 7, is the unfolding operator (see Appendix 1), My (f) = [| y Jdy is the operator of
averaging with respect to the variable y, and y¢ := y — (1/2, ..., 1/2)T. We calculate the

first and second gradients of v, with respect to y:
Ve = &~ (Te(Voe) = My (T(Vie))) . Vite = To(Viue).

Notice that the function v and its gradient V, v, have zero mean value in y. Hence, we can
apply the Poincaré inequality:

~ ~ 2~
1Vl 22xyy = CIVyVell2(@xyy = CIIV Vel 2@xyy = Cs

where the last bound follows from the assumptions of the theorem. Hence, the sequence v,
is bounded in L2 (w; H 2(Y)) and it converges weakly in this space, up to a subsequence:

Ve — @ weakly in Lz(w; H2(Y)).
Let a function ¢ € L? (a); H2(Y)) be such that

~ 1 —~
§=33" (V) 4. (18)
Clearly, under this notation one has
V)Z,'ﬁe — VZu(x) + V}z@\(x, y) weakly in L?(w x ),

which is equivalent to (16) upon setting
px,y) =9(x,y) —/ Plx,ydy, (x,y) €wx Y.
Q

Now it only remains to prove the periodicity of ¢ with respectto y. To this end, let ¥ (x, y') be
an arbitrary function from C§®(w x Y’), where y := (y1, ..., ya—1) " and Y’ := [0, 1)L,

2 We define ngr (Y) as the space of functions in leoc (]Rz) that are Y -periodic.
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We write the difference between values of v, on the opposite faces of the cube Y corresponding
to yg = 1 and y; = O (the proof for other components of y being exactly the same):

ES(XV y/v 1) - ’.68()(’-7 y/v 0)
= 2 (L) (x, ¥, 1) = Te(ve)(x, Y, 0)) — &7 My (T: (34v5))
=2 () (x, ¥, 1) = To(ve) (x, ¥, 0) — My (3y, Ze (ve)))

e | (o) (x, Y, 1)—7}(vs)(x,y/,0)—/ (Te (o) (x, Y, D =Te(ve)(x, ¥, 0)) dy’
Y/

Notice that T;(ve)(x, ¥, 1) = To(ve)(x + geq, y’, 0), where ¢4 is a unit vector in the
direction of x4 axis, hence we derive that

/ (Ve(x, ¥y, 1) = Ve (x, ¥, 0)) ¢ dxdy’

wxY’

= / 8_2 %(US)(X,_Y/,O)—/,Z;(UE)(X, y/50)dy/ (‘/’(X—Eeds y/)_‘(//(x» y/)) dXdy/
wxY’ Y’

19)

The sequence e ' (¥ (x — geq, y') — ¥ (x, ")) converges to —dzy strongly in L?(w x Y).
Let us denote

Ze(x,y) =g (%(vs)(x,y) —/Y/%(ve)(x,y)dy’)-

Using a slight variation of the argument in Proposition 3.4 in [5] one can see that Z, converges
strongly in L2 (w; H'(Y)) to (y¢)' - V/v as ¢ — 0. Hence, its trace

ZE(X7 y/’ 0) = 8_1 (%(US)(-X7 y/’ 0) - / %(vs)(xv y/v O)dy/)
Yy’

converges to (y©) - V/v weakly in L2 (w x Y’), see Proposition 2 below. Passing to the limit
in (19) yields

lim (Ve(x, ¥, D) = 0e(x, ', 0)) ¥ dxdy’ = — / () - V'v gy dxdy'. (20)

£—
wxY’ wxY’

We carry out the the same calculations for z(x, y) := % y¢ - (V2v) y¢, which results in
20,y D) = 2(x, ¥, 0) = (b)) - 9aV'v.
Multiplying the last expression by ¥ and integrating by parts we get

/(z(x,y’, 1) —z(x,y,0) ¥ dxdy = — /(ycy.v’vadwdxdy’.

wxY’ oxY’

Comparing the latter with (20) we conclude that ¢ (x, y) is periodic with respect to y.
Analogously we prove the periodicity of Vy¢. Indeed, we have

VyTe(x, ¥, 1) = VT (x, ¥, 0) = e (Ze(Vue) (x, ¥, 1) — Te(Vue) (x, ¥, 0)) .
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Note that by the assumptions of the theorem and properties of two-scale convergence (see
Appendix 1) the sequence 7; (Vv,) converges to Vv strongly in L*(w; H'(Y)). Hence, by
Proposition 2 below the trace 7, (Vv,)(x, y’, 0) converges to Vv weakly in Lz(a) x Y'), and
therefore

lin}) (Vye(x, ', 1) = VyTe(x, y', 0)) ¥ dxdy’
£—
wxY’

= lim / T(Voe)(x. ¥, 0) e~ (Y(x — eear y') — Y(x, ) dxdy’

wxY’

=- / Vv gy dxdy'.

wxY’

Since Vyz(x,y’, 1) — Vyz(x, y', 0) = 94 Vv we have

/ (Vyz(x, v, 1) — Vyz(x, y, O)) Ydxdy = — / Vv dg¥ dxdy’,

wxY’ wxY’

which implies the periodicity of Vy¢. Summarising all of the above we conclude that ¢ €
L*(w; Hp (Y)).

Proposition 2 Suppose that a sequence f,(x,y) converges to f(x,y) weakly in
L*(w; HY(Y)) and strongly in L%*(w x Y). Then its trace on @ x Y converges to the trace
of f weakly in L*(w x 9Y).

Proof Without loss of generality we will assume that f = 0 and prove the assertion for the
part of the boundary corresponding to y, = 0. We need to show that

lim / fulx, Y, 0¥ (x, y)dxdy =0, (©3))

n—00
wxY’

forall ¥ € C§°(w x Y’). Let us fix 1 and consider it as a function defined on @ x Y via
¥(x,y) := ¥(x,y). Let us define the function 4, = h,(y) as fw Jar dx. It is easy to see
that i, € H'(Y) and [|ull 2y) < Cll fall c2rys Winllriry < ClLfull 2o vy Hence
h, — Oweakly in H'(Y)and strongly in L2(Y). By the trace theorem /,,(y’, 0) — O strongly
in L2(Y"). In particular, Jy ha(y',0)dy” — 0. But b, (y',0) = [ fu(x,y", 0¥ (x, y) dx,
hence (21) follows.

Now we have all necessary tools to proceed to the I"-convergence statement.
4 Limit functional and I'-convergence for the ‘“moderate”
thickness-to-period ratio & > h > &2
Our main result is establishing I'-convergence of the rescaled functional Ej to the limit
homogenised functional defined on isometric surfaces. I'-convergence is a standard tool to

describe the asymptotic behaviour of nonlinear functionals, introduced by De Giorgi [6]. The
general definition of I"-convergence is the following:
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Definition 1 Let F;,i = 1,2, ... and F4 be some functionals defined on metric function
spaces H; and Hoo. Then we say that the sequence of functionals F; I'-converges to the
functional Fy,
Foo =T — lim F;,
11— 00
if the following two properties hold:

1. Lower bound. For any sequence u; € H; converging in a certain sense to Uso € Hoo
one has

liminf F; (u;) = Foo(uoo).
1—>00

2. Recovery of the lower bound. For any us, € Hoo With Foo (i) < 00 there exists a
sequence u; € H; converging to 1., in a certain sense such that

lim Fj(u;) = Foo(ttoo).
11— 00

In the above definition the notion of convergence depends on the underlying properties of
the functionals and may be non-standard, in particular, because the spaces H; and H, often
do not coincide, as in the present paper, for example. Moreover, the notion of convergence
in the second part of the definition may be different from the convergence in the first part. In
this case the former must normally be “stronger” that the latter in order to facilitate the main
purpose of the definition (nevertheless, this requirement is not always critical, e.g. see [2]).
Under the assumption of equi-coercivity of the functionals F; on the underlying sequence
of function spaces, the lower bound inequality ensures that the limit functional gives in the
limit a lower bound for the values of the functionals F;. The recovery property implies that
the lower bound F, is the greatest lower bound. In particular, the definition implies that

lim (inf F;) = inf F,

11— 00
and, if a sequence u; of “almost minimisers” of F; converges to i, then the latter is a
minimiser of Foo.

Remark 1 The I'-convergence statements proved in Theorems 4 and 9 below should be
used in conjunction with the fact that the energy functionals involved are equi-coercive, see
Theorem 1 above. In situations when the functionals are subject to appropriate boundary
conditions, this implies convergence properties for the corresponding infima and minimising
sequences.

In the present work we obtain different I'-limits for the regimes & > h > 2 and €2 >> h.
In this section we present our results for the “moderate” regime ¢ > h > 2, for which the
limit homogenised functional is given by

Ep @) : 1Z/Qhom(ll)dx u e Hlbo(a)),

where II is the matrix of the second fundamental form of u,
IL:=(Vu) Vn, n=0dundu,

and the homogenised stored-energy function is given by

O = min / 0s (v 1+ V20 (1) dy. (2)

er(Y)
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where Q> is the quadratic form defined on 2 x 2 matrices and is obtained from the form Q3 by
minimising when reducing to two dimensions (notice that Q3 vanishes on skew-symmetric
matrices):

02(y, A) := min 03(y,A+e3®a+a®e3) =min 03(y,A+a®e3). (23)
acR3 acR3

where we implicitly assume that the space R?*? matrices is naturally embedded in the space
R3*3 by adding zero third column and zero third row, cf. [8].

Theorem 4 Suppose thate > h > &2, i.e. ¢ 'h = o(1) and h~'¢* = o(1) as h — 0. Then
the rescaled sequence of functionals h=2Ej, T -converges to the limit functional E . inthe
following sense.

1. Lower bound. For every bounded bending energy sequence uy, € H'(2) such that V'uy,
converges to V'u weakly in L>(Q),u € Héo (w), the lower semicontinuity type inequality
holds:

liminf A2 Ep(up) > ER (u).
h—0

2. Recovery of the lower bound. For every u € Hi%o(a)) there exists a sequence uy° €

HY(Q) such that V'ul*¢ converges to V'u strongly in L2(Q) and

lim h2Ep(uif®) = ER ().

Proof Lower bound. Since Vyju is close to a rotation-valued function R, we can use the
frame indifference property of the stored energy function W and its Taylor expansion near
identity to linearise the functional. Roughly speaking, we will use the observation that

W, Vi) = W, Ry Viaen) = W (3, Ts + Ry Vaun = T3)) ~ Q3(0, hGi), (24)
where
1 T
Gy = h™" (R Viun(0) = Ts) .

However, the last asymptotic equality in (24) has to be made precise, since the smallness
of the term h Gy, is not pointwise. We also need to understand the structure of the (weak)
two-scale limit of Gj. To this end we will use a special representation of uj. Let o’ be a
domain whose closure is contained in w, and let Q' = «’ x I. For small enough & we can
write uy in ' in the form

up(x) = wp(x") + hx3np (x') + hzp(x),

where i), is the mollified mid-surface of u;, defined in the previous section and 7y, is the
corresponding normal. Then one has

Gn=h'R) ((V'@nliin) — Rn) + x3R; (V'7iRl0) + R, Vizp. (25)

Notice that G, is bounded in L2(€2) by Theorem 1. The first term on the right-hand side is
bounded due to Proposition 1. The second term on the right-hand side is bounded by (15).
Hence, the third term is also bounded.

Since we perform the dimension reduction when passing to the limit, we are interested
only in the behaviour of the top left 2 x 2 block of the matrix G,. Let us use the following
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notation: if A € R3*3, then A denotes the first two columns of A, and A is obtained from A
by omitting the third column and the third row. We have

G =h™'R] (V' — Rp) + x3R) V'iiy + R V'zy. (26)

The limit of the first and the third terms on the right-hand side of (26) is of no importance
for us, apart from the fact that they do not depend on x3. This is obvious in the case of the
first term. As for the third term, let My« (7; (zh)) = fo ;1 T (zp)dydxs and consider

wp =& (Te(zn) — My x1(Te(z1))) -

Itis easy to see that Vywy, = To(V'z,) and 3wy, = 93 1T (zp) = e~ T, (h—'932;). Hence
we have || Vy ;wpllr @ xy) < C.Since My (wy,) = 0, we can use the Poincaré inequality
lwillLr@xyy < ClIVyxswhllLrrxy), hence wy is bounded in L? (o' wbhry x I)).
Therefore, up to a subsequence, we have

wy — w(x,y) weaklyin L? (a)’; WhP(y x I)).
On the other hand, we know that d3wy, vanishes in the limit, hence w is independent of x3:
w=wx',y). (27)
Therefore, we have
~ _ ~ ~ 2
h 'R} (V'iiy — Ry) + R V'zy =~ H(x', y) (28)

for some H € L?(w' x Y), up to a subsequence.
Now we examine the expression R;V’ 1. The element (1, 1) of this matrix can be written
as

Rp,1 - 01np = Rpy - 011ty A Oty + R,y - 01Up A 12t

= 11ty - Rty A Rpy + 0121ty - Ry A dyitp

= —0nup - Rp3+011up - (02up—Rp2) A Rp,1+012up - Rp1 A (d1ttp — Rp,1),
where the vector product operations take priority over the inner products. Consider the second

term in the last expression (the third term can be dealt in the same way). By Theorems 1 and
2 one has

101180 2y < C. 11020 — Ri2llp2¢y < CH' 11020 — Ry 2|l < C.

On the one hand, the second term is bounded in L? ("), and so converges weakly two-scale to
some function from L2(«’ x Y) up to a subsequence; on the other hand, for any Cgo (' xY)
test function we get zero in the limit. We conclude that the weak two-scale limits of the
second and the third terms are zero. We can apply analogous argument to the other elements
of ﬁ;lr V'ny,. Therefore we see that ﬁ;tr V', and —V' 21y, - Ry, 3 have the same weak two-scale
limit (the “dot” product gives a 2 x 2 matrix whose elements are —d;;it;, - Ry 3). Applying
Theorem 3 to uj, one has

_ 2
V%, = V) + Vf(p(x’, y)

up to a subsequence, for some ¢ € L?(X'; szer(Y )), whereas Ry, 3 converges strongly to n
due to Theorem 1. Hence,

~ - 2
RI Vi > (—V’zu n v§¢) n =11+ V2y, (29)
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where § := —¢ - n € L*('; Hp,(Y)). Putting together (28) and (29) we conclude that up
to a subsequence

= 2 / 2 / /
Gn = x3 (H(x )+ Vo (x ,y)) +H(,y). (30)

We can proceed to the last step of the proof. In order to use the Taylor expansion of W
we need to control G, pointwise. Let xj be a characteristic function of the subset of ' on
which h Gy, is relatively small, namely,

1 if |hGy| < B2,
Xn = (31

0 otherwise.

It is easy to see that fQ, (1 — xn)dx — 0. Since W is non-negative we can restrict the integral
to ' and discard the set of points on which |1G},| > h'/? by using y:

2Eh(uh) =h" /W(g x', Vyup)dx > h~ /W(a X', xn Viup)dx
=h" /W X (T3 + hG) dx—/Q3(8 ', xnGp)dx

+472 [ uhGrdy. (32)
Q/
where r is defined by (4). By the assumption (5) we have |r((9_1 ! Xthh)| < g(Xh|hGh| )

for some function g(t) = o(¢), t — 0. An elementary lemma below implies that?

h_z/r (e, xuhGp) dx "= 0, (33)

Q/

Lemma 1 Suppose that t~'g(t) — Oast — 0, and let {f;} C LY(Q') be a family of
non-negative functions such that t =" fQ, ft is bounded with respect to t and || fi |l oy — 0
ast — 0. Then the convergence

fl/g (i) dx =20
Q/

holds.
Proof Notice that

/g(ft(X))dx:/g(ft(x))ft(x)dxf( up g(s)) AP,
t g St <O Uil S )1

Q'

Here it is implied, with some abuse of notation, that (f; (x))‘lg( fi(x)) = 0 whenever

fi(x) =0.

3 Note that the expression r(e~'x', x,hGp) = xpr(e™'x/,hGp) + (1 — xre™x',0) =
th(e?*lx’ s hGh) is measurable, in view of the facts that r = r(y, G) is a Carathédory function and yy,
is measurable.
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We apply Lemma 1 to the expression (33) by setting # := h?, f, :== x»|hG|?. Notice that
the particular choice of the cut-off threshold in (31) is not important: instead of 4!/ one can
take any threshold that goes to zero slower than 4.

Now we estimate the quadratic term in (32). By definition of the form Q; and the properties
of the unfolding operator we have

/Q3(5 x, XhGh)dX>/Q2(8 x', XhGh)dX>//Q2 (v, Ze(xnGn)) dydx
Q/
(34)

It is well known that convex integral functionals are lower semi-continuous with respect to
the weak convergence, see e.g. [7]. Assume that we deal with a weakly converging (as in
(30)) subsequence Gy,. Then passing to the limit and recalling that x;, converges strongly to
1 we obtain the following inequality:

hmmf//Qz v, Te(xnGp))dydx

Q'

> [ [ 02y + iy ) + HO )dyas

Q’Y

/ / 0>y, 1+ V2y)dydyx’ + / / 0>(y. H)dydx'

/ / 025, 1+ V29)dydy’ = / / on(Ddydx'.  (35)

Note that in the second step in the above we integrate with respect x3 € I, which causes the
cross term of x3 (Il + ng) and H in the quadratic form Q> to disappear. At the last step we
just used the definition of O .

A simple argument by contradiction shows that the inequality

l1m1nf// Qz v, s(XhGh)) dydx > —//Qhom(ll)dydx (36)

holds for the whole sequence Gp. Putting together (32), (33), (34) and (36) and noting that
@' is an arbitrary subset of w concludes the proof of the lower bound.

Remark 2 The above proof applies to the general case of 1 < ¢, up to the last inequality in
(35). We will use this observation in our analysis of the lower bound in the case 7 < &% in
Sect. 7.

Recovery sequence. In order to build a recovery sequence one normally needs to ensure
that the argument of the stored-energy density W is an L°°-function, so that one can pass to
the limit using the Taylor expansion (4). If this condition is not in place one would have to
estimate W on the “bad” set where the argument might be uncontrollably large, which would
require additional restrictions on W. For example in [8] the authors used a truncation result
for Sobolev maps, which consists of changing a function on some subset to make it together
with its gradient essentially bounded and estimating the measure of this set. In this paper we
will use a result of Pakzad from [20] (which appeared after [8]). It states that the space of
infinitely smooth isometric immersions from a convex set @ C R? into R is strongly dense
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in the Sobolev space of isometric immersion Hﬁo(w). Letu € Héo (w) N C*®(w), and let IT

be the matrix of the corresponding second fundamental form. Let also v (x', y) and d(x', y)
be correspondingly a scalar and a vector functions from C*®°(w x Y) periodic with respect
to y.

Denote v, := ¥ (x’, e 'x"), de := d(x’, e~ 'x’) and consider the sequence

2
— g2 23
up =u — & Yen + hxang + h ) Rd, 37

where n := 0ju A du, ng :=n + 0y, Ye01u + €0y, Ve 0ou and R := (V'u|n). Calculating
the rescaled gradient of u;, we obtain

Vaup = (Vu — eVy(Yen)ng) + hx3(V'n + Vy(y, Yediu + 3y, Yedou)|Rdg) + Uy,
where Uy, denotes the remainder:
Up 1= —&*(V/ (Yen)|0) + ehx3(V' Dy, Yrediue + 3y, Ye82u)|0)

2
X
+h273 (V' +&7'V)(Rd,)|0) .

Due to our assumptions we see that Uj, = O (£2) = o(h) uniformly on w. A simple calculation
shows that

(V'u = eVy(Wen)ne) " (V'u — eVy (Yen)|ne)
Oy Ve)® Oy Vedy, e 0
=Ts+& [ 0y Yedpte (V) 0 =13 +o(h). (38)
0 0 IVy e |

This implies that there exists an infinitely smooth function R;, with values in SO(3) such
that

R (V'u — eVy(Yen)|ng) = Iz + o(h).
(It can be constructed explicitly via Gram—Schmidt orthonormalisation for the columns of
the matrix (V'u — eV, (Yen)|ng)).
Further, consider the expression

Gp:=h" (R Vhup — T3) = 3R (V'n + Vy(dy, e d1u + 3y, Y d2u)| Rde) + o(1).

Notice that Rj, converges to R uniformly on w, V)z, ¥, converges strongly two-scale to Vﬁw,
and d, converges strongly two-scale to d. Hence, the convergence

G = x3(I1+ Y2y |d) (39)

holds. Passing to the limit in

h2Ep(up) :h_2/W(8_1x’, Viup)dx
Q

Z/Q3(8_1x/, Gh)dx+h_2/r(5_1x’,hGh)dx
Q Q
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we see that the remainder term vanishes since Gy, is uniformly bounded in L*°(w), and for
the quadratic term due to (39) we have

/ 03(e™ '/, Gp)dx = / 03(y, 7.(Gp))dxdy + / 03(e~ '/, Gpdx
Q

QxY AgxI

1 2 ’
— 33 | Q0 W+ Vv |d)dx'dy
wxY

(for the definition of A, see Appendix 1). Thus

1
lim h2Ep(up) = — / 0; (y, I+ V2y |d)) dx'dy. (40)
=0 12 )
wxY
We conclude the proof with a standard argument showing that the above assumption
of smoothness of u, v, d is not restrictive. Let # be an arbitrary element of Héo (w) and
take ¥ = ¥ (x',y) € L2 (w; ngr(Y )) to be a solution to the minimisation problem in (22)

corresponding to the matrix of the second fundamental form of u, that is

O ) = [ Q203,11+ V20dy.
Y

Let also d(x’, y) be such that

020y I+ Vy) = 0 (7. W1+ Viv ).

There exist sequences of C*°-functions u;, ¥; and d; converging to u, ¥ and d in the
corresponding function spaces such that

1
[ 03 (o1 oy 1) axay - [ op x| < <.

wxY

For each j define u;lj ) via formula (37) with u, ¥ and d replaced by u;, ¥; and d;. For
each sequence uzj ) the analogue of convergence (40) holds. It follows that there exists a

subsequence /1; — 0 such that

En(u;)) — / om (hdx'| <

~. N

Hence u}° := u,(f,) is the required recovery sequence.

J

S A microscale isometry constraint on the limits of finite bending energy
sequences in the “‘supercritical” regime & « &2

During the process of constructing a recovery sequence we have encountered a problem in
the case when i < &2. Namely, introducing the corrector terms —szwgn and €0y, Yo 0iu +
€0y, Y 02u in (37) incurs an error of order &2 (cf. (38)) which becomes of order h~'&2 when
scaled in the subsequent argument. This error does not vanish if & < €2 or h ~ &2. In order to
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understand the nature of the problem we write a formal asymptotic expansion for a recovery
sequence, see Appendix 2. In the process of eliminating the errors of order £ and higher,
it transpires that 1. needs to satisfy some solvability condition which is equivalent to the
zero-determinant condition (41) below. As we show in the next theorem, this condition is
intrinsic for the limits of finite bending energy sequences in the case & < 2. This is due
to the fact that IT 4 V)z, ¥ approximates the matrix of the second fundamental form of the
mollified mid-surface u), of the plate (defined in Sect. 3) on ¢-scale. It appears that uy, has to
be almost isometric in the case h < &2 for the expression (V’ i) "V, — I to be of order
o(h). Noting that the matrix of the second fundamental form of an isometric surface has zero
determinant suggests the condition det(II 4 V)z,lp) = 0, where 1 is the two-scale limit of the
sequence V.

Theorem 5 (Zero determinant condition for the two-scale limit isometric surface) Let u, be
a finite bending energy sequence, uy, be the mollified mid-surface of the plate defined by (8)
and o' € w. Assume that h < &*. Then the weak two-scale limit V'*u + V%(p of V', in

L*(w' x Y),u € H?

(@), o € L (o'; ngr(Y))’ satisfies the “zero determinant” condition

det(Il + V2y) = (L + 02, ¥) (o + 02, ¥) — (M + 02 9)? =0, (41)

yiy y2y2

where ¥ == —¢ - n.

Proof The proof is inspired by the general idea of the proof of the identity det Il = O for
H? isometric surfaces (see [20]). In our setting, however, the mollified mid-surface uj of
the plate is not exactly isometric. This, together with the two-scale nature of our problem,
requires in-depth analysis on the microscale.

The following identity is easily checked by a straightforward calculation (recall that i), is
a C*°-function):

- 1 . .
det V2@, = 83, (9111 - daiiy) — 3 (93, (ri)* + 87, (1in)?) -

Note that we can consider the third order tensor V27i, as a 2 x 2 matrix whose elements ; o
are vector-valued functions. Thus when we take its determinant we understand the multipli-
cation of entries as the scalar product of vectors. We will use this convention henceforth. We
can rewrite the above identity by applying the unfolding operator:

- - - 1 - -
T (det Vi) = Z(a;yﬂ;(a]uh-azuh)— 5(a§§7;(aluh)2+a§1ﬂ;(azuh>2)). (42)

We consider the left-hand side of the last identity as a scalar product of two “vectors”
fe = (T} in), T (@) T and g = (To(35,n), =T (3,#3)) . Since curly f; = 0
and divyg, = 0, we can apply the compensated compactness theorem, see e.g. [24], which
implies that the left-hand side of (42) *-weak converges to the scalar product of their weak
limits, that is

lim / / T (det Vi) ndydx' = / / det(V"u + Vig)ndydx'
h—0 /o Jy o' JY

for any n € C§°(w’ x Y). Note that x plays the role of a parameter, and does not affect our
argument. Let us now consider the right-hand side of (42). Due to Proposition 1 we have
diup = Ryi + O(h),h — 0,i = 1,2, where O (h) is understood in terms of the L2-norm.
In particular, 317y, - iy = O(h), (8;1i5)? = 1+ O(h). Thus
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: o _ _
e’ (b‘ilyz?;(aluh i) — 5 (0%, T (i) + aj]ﬂ;(azuh)z))

1
=72 (aglyZO(h) -5 (8)%%(1 + 0(h) + 83%(1 + O(h))))

= 8y21y2 O(h/e?) + aig O(h/e*) + 3y2|2 O(h/e?). (43)

Multiplying the last expression in (43) by an arbitrary function n € C§°(@’ x Y) and
integrating by parts twice we see that it converges *-weakly to zero given that i1/¢2 = o(1),
ie.

/ / det (V’zu(x’) + V2o(x/, y)) ndydx’ = 0.
o' JY :
This implies
det (V2u(x') + V2g(x', 1)) = 0. (44)

At the last step of our proof we need one additional property of the two-scale limit o (x', y).
We know that the second-order derivatives of u(x’) are parallel to the vector n(x’): one has

aiju'Rk = 8,'Rj-Rk = 3jRi~Rk = 8,'(Rj -Rk)—Rj~akR,'
= —Rj-akR,' =0, i,j,ke {132}3

since at least two of the indices i, j, k coincide. Notice further that

—0jju-n = 0yju - (Ou A dju) + d2ju - (ju A dqu)
= oju - (Blju A opu) + o;u - (Oq1u N 32]'1/!)
= dju - 3]'(3114 A Odyu) = oiu - 8jn = H,‘j, i,je{l,2}, (45)

hence 9;ju = —II;;jn. In particular, one has det V’ 2y = — det I1. In order to derive (41) from
(44) we need a similar property for ¢ to be held. In fact, we require a much weaker property
of dy, ¢ being orthogonal to R; for i = 1, 2. We establish it with the help of the following
statement.

Proposition 3 Let
ze(x,y) 1=~ (eT N (Te(@n) — My (Te(n))) — My (Te(V'in)) y°)
(cf. (17)). Then

10y, ze - Te(Ru) L1 wsyy = 0 ash—0, i=1,2. (46)

In the proof of this proposition we will need the following simple inequality, which is a kind
of Poincaré inequality.

Lemma2 Let f € H' (Y). Then

/ 1fO) = F@©)Pdyde <2 / V£ () Py,

YxY Y

Proof Since the set of C*°(Y) functions is dense in H'(Y) we only need to prove the lemma
for f € C*°(Y). First we write down a pointwise estimate for | f (y) — f(¢)|:
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1 y2
If(y)—f(i)lz‘/ alf(z,;z>dr+/ b f 1, )t
9| s

2
1
5/0 (V£ o) + 1V . )]y d.

We finish the proof with

1
/ 1fO) = F@ R dydg < / /0 (V£ )P + V£ G, ) dedydg

YxY YxY

_ 2/|Vf<y>|2dy.
Y

Proof (Proposition 3) Taking the gradient of the function z, and using the properties of the
unfolding operator we have

Vyze = e (T (V'ip) — My(To(V'ii))) .

Let us write the L2-norm of the right-hand side (dropping the coefficient ¢ 1) in a special
form:

17 (V') = My (Te (V') 1720y

2

_ / TV — / T.(V'ande| dydx

o' xY Y

2

_ / / (T (VT (. y) — To(V'T) (v, 0)de | dydx

o' xY Y
= [ mETE) - BT 0 dedyds 7

W' xXYxY

Applying Lemma 2 to 7, (V'uy,) we have

/ | T.(V'an) (x, y) = Te(Van) (v, )| dedydx < 2 ||vy7;(V’Eh)Hiz(w/Xy)
o' XY xY
=262 | T.(V7iiy,

)”iz(a)’xY) < Ce?, (48)

where in the last inequality we used the property of boundedness of the second gradient of
uy,, see Theorem 2. Due to Proposition 1 we can replace 7,(V'uy,) in the last estimate by
Te(Rn):

/ TR (x. y) — T (R (e, )| dedydx < Ce2. (49)
o' xYxY

Similarly to (47) we can write the expression in (46) as

/ e T @iitn) (x, y) — Te(@iin) (x, ©)) - Te(Ry,i) (x, y)dgdydx.

o' XY XY
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As follows from Proposition 1, in order to prove the statement it is enough to show that

! / (TR, ) = Te(Ri)(x, ©)) - Te(Ryi) (v, wdCdydx — 0, i=1,2.
o' XY XY

The expression under the sign of integral has the form (a — b) - a at every point, where a
and b are unit vectors. We use the following elementary identity, 2(a — b) - a = |a — b|?,
together with (49) to conclude the proof of the proposition:

6! / (T (R) (. y) — Te(Ri) (5. ©)) - To(Ri) (v, y)de dydx

o' xYxY
1 _ 2
=56 ! / |Te(Ri,i) (x, y) — Te(Rpi)(x, 0)|” d¢dydx < Ce.
o' xYxY

Theorem 3 implies that the sequence z, converges weakly in L2 (a)’ cH2(Y )) to the function
(cf. (18))

1
= E()’f) 31”+y1YZ3132M+ (YQ) 32”+‘/7

Since 7 (Ry,) converges to R strongly in L?(w’ x Y), we have
8)‘,'Z8 T (Rp,i) — 8y,-Z - R;,

*-weakly, i.e. with test functions taken from C§° (o' x Y) (In fact, it is possible to show weak
convergence in L?(w’ x Y), however, *-weak convergence is sufficient for our purposes).
Further, since the second-order derivatives of u are parallel to the vector b, we have

0y, 2+ R = dy,0 - R;.

Lastly, it follows from Proposition 3 that the *-weak limit of 9y, z, - 7, (R ;) equals zero,
hence

dyp-Ri=0, i=12

The above orthogonality property implies that the derivatives of ¢ can be represented in the
form 0y, ¢ = (9y, ¢ - R2) Ry +(3y, ¢ -n)n, 3y, = (3y,9 - R1) Ry + (dy,¢ - n)n. Differentiating
further we get the following identities for the second derivatives of ¢ (in particular we see
that the mixed derivative is orthogonal to both R; and R3):

3%¢ = (93,0 R)ORy+ (82,0 - m)n,
95,0 = (95,0 - RORi + (35,0 - m)n,
0y, 0y, = (9y, 0y, - n)n.

Substituting the latter and V>4 = —II n into (44) and recalling that ¥ = —¢ - n we obtain
41).
6 The structure of isometric immersions

The idea of the construction of a recovery sequence for the supercritical regime & < &2, which

is performed in the next section, relies on the properties of isometric surfaces from Héo (w).
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There has recently been a number of works devoted to this topic, see [12,13,16,20]. The
results of Sect. 5 (as discussed at the beginning of Sect. 7) imply a discontinuous dependence
of the homogenised energy density function on the direction of the bending. This observation
drastically reduces the number of manipulations one can perform with a surface in order to
construct a recovery sequence. In particular, we can not use the result on approximation of
Héo (w)-surfaces by infinitely smooth ones because this approximation does not preserve the
orientation of the bending directions. In our paper we will use mostly the results of [20],
which we review below. We then give an example of an isometric surface for which the set
of rational directions is irregular (cf. Theorem 8), and prove a statement on regularisation of
isometric surfaces required for the construction of a recovery sequence.

6.1 Auxiliary observations

For any u € H-io (w) the domain w can be partitioned into “bodies” and “arms”, according
to the following definition.

Definition 2 A body is a maximal subdomain of @ on which u is affine and whose boundary
contains at least three segments inside .

A differentiable curve I : [0,]] — w is referred to as a leading curve if u is affine
when restricted to the lines normal to F([O, l]), which we refer to as leading segments.
In the approximation procedure below we also use the term “leading curve” for the curve
y = (u o I') on the surface.

For a given leading curve I', generatrices are the lines tangent to the surface u at the
points of y and orthogonal to the latter.

An arm o[I'] is a subdomain of w covered by leading segments corresponding to a leading
curve I' (See Remark 4 below).

Remark 3 Note that a maximal subdomain of w on which u is affine and whose boundary
contains at most two segments inside  is always an arm or part of an arm.

Remark 4 Suppose that I" is a leading curve parametrised by its arclength, and denote by
T := I" the tangent vector and by N := (=T, T1)T the unit vector orthogonal to I". Then
the corresponding arm is given by

o=@ +sN@):seR,te[0,l]}Nw. (50)

Foreacht € [0, ], the set {F(t) +sN(t) :s € R} N is the corresponding leading segment.

Since leading curves are not uniquely defined, it is more reasonable to define the vector
field N on the whole w[I"] as a continuous vector field of unit vectors parallel to leading
segments, and the vector field T as the continuous unit vector field orthogonal to N. In
particular, we have T = T for any leading curve T". In what follows we consider N and T
either as vector fields N (x”), T (x”) or the normal N (¢) and the tangent T () of the curve I'(¢),
depending on the context. We will say that the value of T' (equivalently, N) is rational if the
ratio of its components is rational. We will also say in this situation that the corresponding
leading segment is rational.

@ Springer



4102 M. Cherdantsev, K. Cherednichenko

Remark 5 It can be shown that:

(a) For any given body or arm, the part of its boundary that is situated in the interior of @
is a union of straight segments whose vertices belong to dw;

(b) As follows from [20], all leading curves are in the class Cltcl . A combination of this
observation with the result of [16] establishing that Hio c Clw) implies the fact that
leading curves y on the surface  are in the class C!.

Since the leading segments do not intersect in w, the vector field N (and, hence, T) is
locally Lipschitz in w. In is not difficult to prove, using a geometric argument, the following
lemma.

Lemma 3 The local Lipschitz constant
ING) = Nl

[x" — x|

/

IT(x") — T (xp)|
_ Xy € w,

/ R
Cp(xp) := lim sup . x6|

/ /
X —))CO

lim sup

x'— x|,
satisfies the estimate
Cr(xp) < dist™ (x}, dw).

This lemma implies, in particular, local Lipschitz continuous differentiability of leading
curves.

Note that for any leading curve I', unit tangent vectors of y are also tangent to the surface
u : R? — R3. Therefore, the surface u is reconstructed on each arm from the knowledge of
the corresponding leading curve and the non-vanishing principal curvature. Indeed, denote
by «r the curvature of T', so that ' = T’ = k- N. For a given y, we define a Darboux frame
(7, v, n) by the tangent T = y’ to the curve y, the unit vector v = (V'u) N tangent to u and
orthogonal to 7, and n = 7 A v. This Darboux frame satisfies the system of equations (see
e.g. [22, p. 277], [20])

7/ 0 «kr « T
V]=|-x«r 0 0 v (51)
/
-k 0 0 n

which has a unique solution subject to appropriate initial values. Given y (¢) and v(¢) we can
write u|q[r] as

u=y@)+sv, (52)
where s parametrises the generatrix corresponding to the value 7 on the curve T'.

Remark 6 There is freedom in the choice of the sign of 1 and the direction of the vector
field N. We make this choice in such a way that the normal » in the above Darboux frame
coincides with the normal n defined as dju A dru in the discussion preceding the current
section.

Let us write down the formulae for for the gradients V'u, V’ 24, and the matrix Il in terms of
the leading directions and curvatures. Since x’ is related to (¢, s) viax'(¢, s) = () + sN(¢).
We have

d(x1, x2)

, , _f Th(d —skp) =T
3. 5) =T +SN,N)—( ),

(1 —skr) Ty
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and therefore
at.s) (T —=skr)™" Tl —skr)™!
d(x1, x2) -1 T .

The above expression is well defined since 1 —s«r is positive everywhere on w[I"], cf. Lemma
3. Then we can write the gradient and the second gradient of u in terms of the geometry of
the curves y and I':

Viu = (Tit — Tov, ot + Tiv),

Tin TiThn
Vi = —~ e (53)
l—s«kr \T'Thn T5n
Notice that (cf. (45))
T2 TiT
m=-—= ) (54)
1—skr \ ' T;
Let us introduce the following notation
~ T2 TiT:
i=( ' 7). (55)
nrn T

As will be shown in the next section, the homogenised stored energy density Q¢  in the
supercritical regime is in general a discontinuous function of its argument II. More precisely,
it is continuous with respect to the coefficient —« (1 —sx)~ ! but discontinuous with respect
to II (the direction T'). This suggests that one can modify the curvature « in a continuous way
(i.e. without changing much the homogenised energy), however, a perturbation of the vector
field T may lead to uncontrollable changes in the homogenised energy.

6.2 Regularisation of irregular surfaces.

The results of [20] and [16] assert some regularity of isometric immersions u € Héo(a)),
namely, u € C'(w) and its associated leading curves in w have locally Lipschitz deriva-
tive. Nevertheless, isometric immersions can be quite irregular for the purpose of this paper.
To illustrate this, we give an example of a surface for which the set of “rational” direc-
tions for the corresponding leading curve is the union of a fat Cantor set and a set of zero
measure.

Example. Let us recall the construction of a fat Cantor set. At the first step we remove from
the middle of [0, 1] an open interval B; of length 1/4 and denote the remaining set Aj. At
the next step from the middle of each the two subintervals of A we remove open intervals of
length 1/16 each, the remaining set is denoted by A; and its complement by B, and so on:
at the n-th step we remove 2"~ ! disjoint intervals of length 1/2%", whose union is a set of
measure 1/2”‘H . Thus we have L1 (A) = A1 (B) = % where A := N, A,, B := U, B,.By Ay
we denote the Lebesgue measure in R?. The fat Cantor set A is closed and is nowhere dense
(i.e. contains no interior points). For each n we define a leading curve via its unit tangent
vector T, (t) given as follows. Let ¢ be a function that is continuously differentiable on the
interval [0, 1], has zero mean and is such that ¢(0) = ¢(1) = ¢'(0) = ¢'(1) = 0, e.g.
¢(t) = (sin(27rt))3, and set Ag = [0, 1], By = @, Ty := (1, O)T. Foreachn =1,2, ...,
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we define 7,, := T,—; on the set [0, 1]\ (B, \B,—1), and on each component interval I, x of
the set B, \ B,—1 we define

.
Tn::( 1—¢5’k,¢n,k) . k=1,2,...,

where ¢, = ﬂnqb(22”t — 1y k) 1s the scaled (by a coefficient B, |8,| < 1, and the length
of the interval 1/2%") and appropriately translated (by the left end 7, ; of the interval I, x)
version of ¢, which “fits” into this interval. We then integrate 7}, to obtain the curves I',;:

t

@) = /Tn, te[0,1].
0

Note that at each step of this procedure we “redefine” the vector 7, only on the set B, \ B,_1.

We take 8, = B /22", where 0 < B < 4(max |¢>|)_l is a constant that will be specified
later. So far we have a sequence of curves I', with a bounded second derivative*: I <CB.
It has a subsequence that converges strongly in H'(0, 1) to a curve I' € H?(0, 1) with
IT”| < CB. In particular, one has " = (1, 0)T on the fat Cantor set defined above, and the
subset of B on which I'’ takes rational directions has zero measure. Let w := (0, ) x (0, 1),
where [ < 1 is defined by the right end of I', namely it is the first coordinate of the point
['(1). If we choose S so that |[I”| < CB < (diam(w))~!, the lines normal to ' do not
intersect within w. (Clearly, one has diam(w) < /2, so the choice B <1/ (C+/2) satisfies
the required condition.) Lastly, we can construct an isometric surface u via the procedure
described above [see formulae (51, 52)] with some “reasonable” curvature «, e.g. k = 1. For
thus constructed u the domain w is the only arm and I' is its leading curve in the sense of
Definition 2.

The above example illustrates that for a leading curve I'(¢) the set on which 7' () has
rational directions can not in general be represented as a union of intervals (up to a null set).
In what follows we argue that one can replace an arbitrary isometric surface u by a “sufficiently
regular” isometric surface, in order to obtain an explicit construction of a recovery sequence.
Note that one can not simply approximate « by an infinitely smooth isometric surface, since
Q;f)m, in general, is an everywhere discontinuous function of its argument. Thus the matrix I~I,
see (55), of the replacement surface should be different from the one of u only on a relatively
small set. First we need to recall some properties of isometric surfaces. We reformulate and
complement some results of [20] (Lemmas 3.8 and 3.9) in the following statement.

Theorem 6 Letu € H2

iso
dollx s u(x’) # v + llu = vl gy < 8,
the surface v has a finite number of bodies and arms, each maximal connected region with

non-zero mean curvature lies between two regions where v is affine, the corresponding leading
curves are Lipschitz differentiable and do not have common points with dw.

(w). For any § > 0 there exists v € H2 () such that

iso

The above properties of v are partly derived from the proofs of Lemmas 3.8 and 3.9 in [20].
Next, we briefly elucidate them. Every maximal connected region (we denote it by X) where

4 A direct calculation shows that
ITn1 < 10, 41(1— pp )~ =221, 16711 — BRopP)™!/2,

which e.g. for the choice ¢ (1) = (sin(2nt))3, t€[0,1],and B < 2«/§ gives the value C = 47 /2/3.
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u has non-zero mean curvature is attached to either one or two regions where u is affine. If
X is situated between two regions where u is affine, then the lengths of the leading segments
that cover X are bounded below by a positive constant. Lemma 3 implies that on any closed
subset of w the vector field 7 is Lipschitz continuous. In particular, we can cover X by a finite
number of leading curves so that they do not have common points with the boundary of w,
and hence have Lipschitz continuous derivative. If X has just one “affine” region attached to
itor ¥ = w, then it may happen that the infimum of the lengths of leading segments covering
¥ is zero. Then one can not control the Lipschitz constant on the sequence of segments whose
lengths tend to zero (such sequence will converge to a point on the boundary of w). In this
case we can replace u in a small region near the boundary point where such degeneration of
leading segments occurs by an affine function, making sure that the new surface is still an
element of HI%O (w). Then we arrive at the situation discussed previously.

As was mentioned at the beginning of this section, we aim at the construction of recovery
sequences for the homogenised functional EfY | in the supercritical case h & €2, given by
(67). Theorem 6 implies, in particular, that for § > 0 there exists v € H. 2 (w) with a finite
number of bodies and arms that depends on & so that

‘Ehom ) hom(v)| =é.

iso

The next theorem ensures that we can replace u € H 2 () with an isometric surface such
that the set on which its leading segments are rational can be represented as a union of finite
number of arms and a set of arbitrary small measure.

Theorem 7 Letu € HlSO (w) be such that the subset w,(u) of w covered by mtional leading
segments has positive measure. Then for each 8 > 0 there exists a surface us € H> (w) such

that:

iso

(a) The surface us has a finite number of bodies and arms, which we generically denote by
o[l'];
(b) The subset w,(us) of w covered by rational leading segments can be represented as

o us) = | | JoIT 1| USs,
T,
where each arm w[T',] consists of parallel rational segments (in particular, each leading
curve Ty isa straight segment and u(w[T',]) is cylindrical);

(c) The set Ss is measurable;
(d) The estimate

22(S5) + llu — usll 2oy + | Epom () — Epgn (us)| < 8 (56)
holds.

Moreover, ug can be chosen in such a way that on each arm the corresponding curvature
Kk (cf. (51), (54)) is infinitely smooth and Ils € L*°(w), where the latter is the matrix of the
second fundamental form of us.

Remark 7 The conditions that the curvature « is smooth and that II5 € L°°(w) are required

for the construction of a recovery sequence. In particular, we take advantage of these facts
when using the Taylor expansion formula for W, see (4).
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Proof In view of Theorem 6 we may assume without loss of generality that # has a finite
number of bodies and arms from the outset. Let us consider an arm w[I"] with the corre-
sponding leading curve I'(¢), t € [0, ], and assume that the subset K = K(I") of [0, /]
on which the directions of 7 = T (¢) are rational has positive measure A1(K) > 0. Since
the set of rational directions is countable, we can order its elements in such a way that
A1 (K1) = X1(K2) > ..., where K; is the preimage of a particular rational direction T7;,
i=1,2,3,...,sothat K = U; K;. We take an arbitrary n > 0 and let m = m(#n) be such
that for K := U | K; we have A1 (K\K},) < n. Note that all K; are closed, in particular,
the distance between any two of these sets is positive. This implies that we can remove
a finite number of open intervals Z,i C [0,IN\Ky, i = 1...,k, so that the remaining set
L, =10, l]\(Uleii) (we may also remove the points 0 and / from L, if they are isolated)
possesses the following properties:

1. The estimate A1 (L,\K};) < 1 holds.

2. The set Ly is the union of a finite number of mutually disjoint closed intervals L j,
j=1,...,n.

3. Foreach jonehas L; N K, = L; N K; forsome i € {1, 2, ..., k} and both ends of the
interval L ; belong to K;.

Let us consider a particular interval L; = [a;, b;]. The part of w[I"] covered by the
restriction of I' to Lj, which we denote by o[, ], is contained between two parallel
segments I'(a;) + sN; and I'(b;) + sN; corresponding to the rational direction 7;. In fact,
loosely speaking, w[I'|;] is mostly covered by the leading segments which are parallel to
N;. On the remainder of the set, corresponding to the restriction I'| L;\K;» Where the leading
segments are not parallel to N;, we replace them with new leading segments that are parallel
to N;. Notice that the difference between N (¢) and N; on the set L;\K; is not greater than
Cn, where C is the Lipschitz constant of N (¢). We can write

o[, 1= () +sN;, s €R, t € Lj} No.

We carry out this procedure for each interval L ;. In this way we change the leading segments
covering o[I'] only on a small set w;,[I"]. We estimate the measure of this set as follows:

A2 (wy[T]) < A1 (Ly\Kp)diam(w) < ndiam(w). (57)

Letus denote by N, and T), the vector fields corresponding to the new set of leading segments.
We have

Ny=N,T,=T in o[I'Nwy[T],

[Ny = NllLo@,ry = 0, 1Ty = TllL*(w,r) = 0 asn — 0. (58)

We denote by S,l; the union of all rational leading segments that do not belong to the set
Uj’:l o[l j] and estimate its measure as follows:

A (S,,r ) < M (K\K,diam (o) < 1 diam (). (59)

The idea behind the rest of the proof is as follows. For each arm arm we build a family of
leading curves I';; and isometric surfaces U, which will be shown to converge to the surface
u uniformly as n — 0. We assemble the approximating parts ¢/, on all arms and bodies in
a continuous fashion. We then choose a sufficiently small value of 1 so that the resulting
surface denoted by us satisfies the inequality (56).
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Proceeding with this plan, we define I';, as the maximal solution in w[I'] to the following
ODE:

T (1) =T, (T,@®), T;0) =T, (60)

where T, is the field of unit vectors orthogonal to the modified set of leading segments of
w[I']. Notice that I';, uniformly tends to I" as 7 — 0. In particular, for small enough values
of 1, the new curve will cover the whole of w[I'], i.e. one has o[I'] = w[I";]. We denote the
domain of Ty, by [0, /], noting that in general [;, # [. Both T an T, are Lipschitz continuous
on any compact subset of @, and the measure of the set w,[I"] on which T # T, is proportional
to 1. This implies that on w[I";] one has a pointwise estimate |7 (t) — T, (¢)| < Cn, where
C is proportional to the Lipschitz constant. It follows that the solution of (60) converges
to I' uniformly as n — 0. For each leading segment of o[I"] there are unique ¢ € [0, /]
and 7 € [0, I] such that I'(t) and Fn(ﬂ belong to this segment. Let us denote by ¢, the
corresponding map ¢, : t > f. It is not difficult to see that ¢y is differentiable, with ;,;
converging to 1 as n — 0. A direct calculation yields the following expression for the
directional derivative of 7' (x’) in the direction of T (x’):

VT = —TD N,

1 —skr(t)

where (¢, 5) is such that x” = I'(¢) + s N (¢). In particular, on the set w[I']\w,[I"] we have

Kk (t)
1—(Ty o) =T @)  N@)kr(t)'

Kk, 0 &y (1) = Kkr, o &y() — kr() asn — 0.

(61)

Now we can construct a new surface on w[I';]. To this end we will use the equations
analogous to (51) and (52). First, we need to adjust the non-zero principal curvature of the
surface k to compensate the shift of the leading curve I';) along the leading segments, so let

k(1)
Ky (t) == . (62)
1—(Tyogy() —T@®) - N@)kr(r)
We define the leading curve on the surface by
7
)’n(ﬂ :=/‘L’,], vy(0) = y(0),
0
with a unique Darboux frame satisfying the following system of equations:
T () 0 kr, () o @\ [ Ty
v @) | = —«r, (1) 0 0 v @) |, (63)
n), (1) —icy 0 &7 (D) 0 0 ny (f)

with the initial conditions (t,(0), v,(0), 7,(0)) = (z(0), v(0),n(0)), where ¢, is the
inverse of ¢,. Then the new surface U/, is defined by

Z/ln(f, s) = Vn(i) + svn(i)
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for suitable values of 7 and 5. Substituting 7 = ¢,,(¢) we see that (7,08, (1), vyoL, (1), 1oL, (1))
is the solution to the system

T 0 &y(1) 0 Kr, © () ky(®) Ty 0 &y(1)
Vyp o {,](t) = Cy/](t) —Kkr, © Cn(t) 0 0 Yy © gn(t) , (64)
ny 0 &y(t) —Ky (1) 0 0 ny 0 &y(t)

with the initial conditions (7, o £;(0), vy 0 £,(0), ny 0 £,(0)) = ((0), v(0), n(0)). Due to
(61) and the properties of ¢, the coefficients on the right hand side of (64) converge to the
coefficients of system (51) in the L°°-norm. This implies

|z 0 &gy vy © &gy iy 0 £y) — (T, v, 1) ||L°°(O,l) -0,
lvy o &y — vl — O,
ety — u”LOO(w[F]) — 0. (65)

Analogously we have

VU, = (Ty1ty — Tpovy, Tyoty + Tyavy)

—1 2
n,, _ knoty Toyng  ThaTyong
Vil = ———— 5 ,
Ty Ty2ny T, ny

"
where the terms on the right-hand sides are functions of f € [0, 1], cf. (63). Let us substitute
i =2¢p(t)and § = s — ([ 0 & (t) — T'(1)) - N(¢) in the above, so that I', () + §N, (i) =
I'(t) + sN(¢) everywhere in w[I']\w,[I"]. We obtain, in particular, via (61) and (62) that

Knocnfl(r?= #I?rm on w[I'N\w, [T,
1= Sier, (@) k(1) onawyll].

Then from (57), (58) and (65) we derive the following convergence properties:

[VUy = V't ooy = ©-
”Vlzun - v/zl’tHLz(w[l"]) -0,
||V/2U,7 - V/2u||L°°(wlFJ\wn[FJ) =0,

I, =M on w[I'N\wy([I'], asn— 0, (66)

where I, is the matrix of the second fundamental form of i4,.

The estimates (59), (66) imply the validity of (56). Indeed, since the number of bodies
and arms of u is finite, we can carry out the above construction for every arm (on bodies the
surface remains unchanged), and then assemble an H?(w) isometric surface starting from an
arbitrary arm or body and attaching sequentially to a current piece the next one by applying
a rigid motion, so that the resulting surface satisfies the properties analogous to (66). Then
choosing a sufficiently small n and denoting the corresponding surface by us and the union
of all S,l; by Ss yields the estimate (56). Finally, we split each arm of us into smaller arms
[T, corresponding to the cylindrical parts with rational directions and the remainder.

We conclude the proof with an argument for additional regularity of ug, which is claimed
in the statement. On each arm we can approximate the corresponding curvature « in the
L?*-norm by an infinitely smooth function. We then reconstruct the pieces of the new surface
using the Egs.(51), (52) and ' = t with appropriate initial conditions, and attach them
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together in a fashion similar to the above. Taking sufficiently good approximations of x we
ensure the validity of the estimate (56) for the new surface.

The following scaling argument allows us to obtain the boundedness of Il in w. Due to
the smoothness of ¥ and (54) the matrix of the second fundamental form Ils is bounded on
any compact subset of w. Without loss of generality we can assume that w contains the origin.
Since w is convex by the assumption, it is a star-shaped domain, i.e. 0, := (1 — o C o,
where we use 7 again to denote a small positive parameter. Let us define the scaled surface:
us p(x’) == (1— m us ((1 - n)x’), x' € w. Itis easy to see that us , is an isometric surface
(this is why we need to use the coefficient (1 — r;)‘1 in front of ug). In addition, one has
s, (x") = (1 = s ((1 — n)x’) and I, € L>(w). Therefore, for any quadratic form Q,

in particular for Q}° . we obtain

/ Q0 (s 5 (x")) dx” = (1 — 77)2/ 0 (Is((1 = max)dx' = (1 - 77)/ 0 (5(x")) dx'.

@n

Hence, choosing small enough 7 and re-denoting us ; by us, we arrive at (56).

7 Limit functional and I'-convergence in the ‘“‘supercritical’’ regime
h « &*

As follows from the compactness result of Sect.3 and the isometry constraint of Sect.5, in
the case when /1 < &* we should define the homogenised energy functional as

1
B ) = 35 [ Qi (W 67

with the elastic stored-energy function

(1) 1= min/ 0> (y, I+ Vf,w) dy, Ve HL(Y), det (H + vﬁw) —0. (68)
Y

Zero determinant condition is rather restrictive in the case of periodic functions. Next we
state a theorem describing the structure of periodic functions ¥ subject to this condition, first
recalling that II can be represented in the form (54). The coefficient —« (1 — skr)~1 is one
of the two principal curvatures of u, the other principal curvature is always zero.

Theorem 8 Let I be a non-zero matrix of the form (54) and let € szer(Y ) be such that
det (I1+ V2y) =0. (69)

Then the derivative of Y in the direction (—T», T1)" is zero, i.e. one has

Y1, y2) = ¥r Ty + Tay2)

for some 7. In particular, we have Yt = Y1 (y1) or ¥ = Y1 (), and Y7 is 1-periodic
for T = (1, O, and T = (0,17, respectively. For other rational T such that T1/ T, =
p/q € Q, where p/q is an irreducible fraction, the function y is periodic with period
P = |T\/p| = |T2/q|. For irrational vectors T the function Y1 (and, hence the function )
is constant.
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Proof The proof is based on a result by Pakzad [20]. Let us denote

1 1
EY%HH + yiyallin + §y§1122 + 4,

so that det(va) = 0 is equivalent to Eq.(69). Then Vv is continuous and for any regular
convex domain D in R? and any y € D there exists a segment of line passing through y and
connecting two points on the boundary of D such that Vyv = Iy + V, ¢ is constant along
this segment. Since the periodicity and continuity (by the Sobolev Embedding Theorem) of
Y imply its boundedness, it follows that the segment along which Vv is constant is parallel
to the vector (=T, T1)': along this direction Iy is constant. Hence V¢ is constant in the
direction (—7T», T1) T, and the derivative of v in this direction is zero due to the boundedness
of 1. The rest of the statement of the theorem easily follows from the periodicity of .

v(y) :=

The above theorem implies that at the points x’ where the principal directions of the

isometric surface u are irrational we have Qp¢ (II) = fY Q2(y, IDdy, while on the rational

directions the corrector ¥ is non-trivial and in general one has Q}° (II) < f y @20y, Idy.

This means that in general Q}° = (II) is an everywhere discontinuous function of the direction
T. We can write ¥ in the form

Yy, y2) =— Yr(Tiyr + Tayo), (70)

1 — skr

where Y7 (¢) is the solution of the minimisation problem

min / 02 (v, T+ Y(Tiy1 + Toy2))) dy, Y7 € HA,(0, P), (71)
Y

with II defined by (55). Notice that the Sobolev embedding theorem implies that {7 is
continuously differentiable.

Theorem 9 (I"-convergence) Suppose that h <K §2,ie. he 2 = o(1) as h — 0. Then the
rescaled sequence of functionals h=2 Ej, T'-converges to the limit functional Epe . inthe sense
that

1. Lower bound. For every bounded bending energy sequence uy, € H' () such that V'uy,
converges to V'u strongly in L*(Q), u € H2 (w), the following inequality holds:

180

liminf h =2 Ep,(up) > ES. (u).
h—0

2. Recovery of the lower bound. For every u € Héo (w) there exists a sequence
u’ e HY(Q) such that V'ult¢ converges to V'u strongly in L2(Q) and
lim 72 Ej, (uf*) = E ().
h—0
Proof Lower bound. The proof follows the derivation of the lower bound in the case when

e > h > &2, up to the last inequality in (35), whose right-hand side can have Opom replaced
by Q¢ given by (68), thanks to Theorem 5.

hom

Recovery sequence. A natural method of approximating the deformation of an elastic plate is
to first write an expression u = u(x”) for the mid-surface of the deformed plate, which takes
into account the microscopic oscillations in the definition of the homogenised functional
(represented by the function ), and then “add thickness” to this surface. One possible
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approach to deriving the mid-surface expression is via an asymptotic expansion, with u(x”)
as the leading-order term followed by a series of correctors in sequential powers of ¢. In the
case h < &2, the first corrector involving the function v is shown to satisfy Eq.(69), see
also Appendix 2, which is the solvability condition for the equation at the next order in €.
However, higher-order equations all involve two unknown functions and their solution is not
straightforward. As was already mentioned in the previous section, in our construction we
adopt a different approach based on properties of isometric immersions which we describe
next. The details of the formal asymptotic argument are given in Appendix 2.

As was shown in Theorem 8, the corrector 1 is constant whenever T is irrational. This
implies that if the measure of the set on which T is rational is zero, then the limit elastic
energy is simply

1 /
]Z/Qhom(ll)dx’:ﬁ / 0> (y, Ihdydx'.

wxY

Thus, the only case that remains to be considered is when the above mentioned set has

non-zero measure.
Suppose thatu € H{,

us;, 8; — 0, such that

2 (w). By Theorem 7 we can choose a sequence of regularised surfaces

1
|Eh0m (u) — hom(u3 )| = ;

1
// 02(y, Ils)dx'dy < 7 (72)
Ssj Y

We first construct an approximating sequence of plate deformations for us; for each j and
then apply a diagonalisation procedure to obtain a recovery sequence for u. Notice that all
objects below depend on the parameter §;, however we drop it from the notation in most
cases. Let us consider an arm w[I", ] of us; corresponding to a rational direction 7. On this
arm the leading curve I', is a segment of a straight line, T is constant, xr, = 0, the principal
curvature is —« (7) (see (54)), and the vector v of the Darboux frame (z, v, n) of us; o I's is
constant. Let ¥ = —« (t)Y¥7(T1y1 + T2y>2) be the minimiser of (68), cf. also (70). We have

T2 TT
I=—« ,
T, T
Qi) = min [ 0a (3,11 = £V3yr (Tiyy + Taya)) dy

= min/ 02 (v, (1 + 7 (Tiy1 + Tay2))) d

Let Y7 ; be infinitely smooth functions approximating Y7 in L2(0,1). We will make a
more precise choice of these functions later. In order to incorporate the corrector 7 ; in
the equation of the approximating surface, we need to understand the relation between the
coordinates (z, 5), x” and the underlying £ Y -periodic lattice. From x’ = '(z) +sN = ['(0) +
tT + sN we derive t = T - (x’ — I'(0)). Applying the unfolding operator to wT,j(e_lt) =
Yr,j(e7 1T - (x' — T'(0))) we get

T(Wr,j(e7'0) = Y7 (T -[e7'x' — e 'TOI+T - y)
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with y = {e~'x’ — ¢~1T"(0)}, where [-] and {-} denote the integer and the fractional parts.
Hence, in order to align the argument £ ~'# with the lattice, we need to shift it by adding
tf =T -{e7'T0)}:

TWr e+ =yr (T - (e W= [e7'TO) + T -y) = ¢r (T -y)

with y = {8_1x’ }. On the domain [0, /] of ', we define a corrected tangent vector

(1) = r(;)\/1 — (kY (e +12)2 + ek (O (e DN, (73)

so that }ra ()| = 1. For small values of ¢, the square root in the above is well defined. The
approximating leading curve y; is given by integration of 7., namely

t

Ve (1) :=/T£» ve(0) = ¥ (0).
0

Now we set
ug(D(t) + sN) := y(t) + sv, whenever T'(t) + sN € o[T,].
Let us estimate the difference between u and u,. First, it is clear that
T.=171+0(), neo=n+0(), Yye=y+0(), ase— 0, (74)

where n := 1, A v. Here and until the end of this section o(g), O (¢) are understood in terms
of the L°°-norm. Hence, one has

lue — us; Lo,y = 0, ase — 0.
Second, we have (cf. (53))
V'u, = (Tite — Tov| Tote + Tiv) .
It follows immediately that
IV'ue = V'us; || Lo (wir,1) — 0. (75)

We carry out this procedure for all rational arms w[T"], leaving the surface unchanged on
the rest of w. We then assemble a new surface denoting it by u, in the same way it was done
in the proof of Theorem 7 using rigid motions. It is clear from the construction that

ug — us, in W*(w),  and, in particular, in H' (). (76)
Now we “add thickness” to the plate and define the approximating deformation as
%2
us; n = e (x") + hxzne (x") + hzidj ' e, (717

where d;(x’, y) is some function from C*(w x Y) periodic with respect to y, which will
be chosen later and the normal n, is defined by n, = dju, A d2u. on non-rational arms and
bodies. The gradient of us, 5 is given by

_ ’ / . 2x32 /7. -1y’ j.
Vaus; n = (Viueglneg) + hxz(V'ng|dj) +h E(V di +¢ Vyd]|0).
Clearly, (V'ug, ng) € SO(3), thus we have

(Ve 1) Tty = T3) = x3(Vate )T (Ve dj) + o).
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On each arm w(I") that does not belong to the set of rational arms w(I",), the surface u, is a
rigid motion of u. Such a transformation preserves the matrix of the second fundamental form,
i.e. for the matrix of the second fundamental form of u, we have II, = (V’ug)TV’ne =1I
onw(I).

Let us consider a rational arm (T',). Notice that for k., which is given via T/ = k.n,,
after a simple calculation using (73) and (74) one has

ke =K + kY7 (67'1) + O(e). (78)
Since nj, = —k, 7, we have
0ine = —KkeTe 1y, 1 =1,2.
Then from (74), (75) and (78) we obtain
(V'ue)'V'ne = —(c + 97 I+ O(e).
We conclude that
- ((V/"‘s’ ne) ' Vaus; n — I3)

x5 (114)) + oe) if x' € wir N S,
- . (79)
X3 (—(K + ey )] d,-) 1 0@ ifx' €y,

where a7j = Vu, n)Td], and w = a)r U w;r U S5 is the natural decomposition of  into the
union of rational arms w, = UF ], the residual set of rational segments S;, and the rest
of the set w;,. We understand the notatlon Y, as a family of functions whose members are
related to rational arms w[I",] via the corresponding directions 7.

Now we are ready to define a recovery sequence and prove the convergence of the elastic
energy. We use the frame indifference of W, its Taylor expansion near 73, the unfolding
operator and (79) to get

hith(MtSj,h)
=h_2/W(8_lx/,Vu8,-,h)dx =h_2/ ( T (Ve ne) T Vhits; h)d
Q
“n / /Q3 v, s(Hldj))d’“/der //Q3 (3 Tty I dp) 'y
NS5 Y o ¥

+/0(8)dx+%/Q3 (7% ™ (Ve ) Vs, = T)) '

Q

Notice that we can use the Taylor expansion of W due to the fact that Il € L°°(w) by
Theorem 7. Passing to the limit in the above as 7 — 0 and taking into account the properties
of two-scale convergence we arrive at

Jim 1 B (s, 1) = / / 03 (v. (11dp) dx'dy

a)lrﬂSS Y

! " -~ =~ ,
+ E// 03 (v, (=G + w7 (T - T d)) dx'dy.
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Choosing Y7 j and d; close enough to the minimisers of the problems (71) and (23) with
appropriate arguments we can make the term

1 7 / 1 Vi T 3 /
55 [ [ o (randn)avay+ 5 [ [ 03 (v =t wug - piinap) avay
wr Y

wir Y r

arbitrarily close to
1 SC /
7 hom (D dx”.
i Yoy
For the term corresponding to the residual set Ss; we have, in general,
/ 05 (v. a1jdp) dx'dy > / Qhom (IDdx",
S5, xY S5
however thanks to the estimate (72) it can be controlled. Thus, for each j we can choose

Yr,; and d; so that

Jim 72 Ep (s 0) = Ejgn ()| < =

The latter, together with (72), implies that we can choose a subsequence 7 ; — 0 so that
h—ZE ES¢ < 4
j hj(uaj,hj)_ hom(u) = ;

Passing to the limit as j — oo we get the convergence of energies. Thus

Uy = sy
is a recovery sequence. The convergence of the gradients follows from (56), (76) and the
construction procedure.

Acknowledgments This work was carried out under the financial support of the Engineering and
Physical Sciences Research Council (Grants EP/H028587/1 “Rigorous derivation of moderate and high-
contrast nonlinear composite plate theories” and EP/L018802/1 “Mathematical foundations of metamaterials:
homogenisation, dissipation and operator theory”). We would like to thank Dr Shane Cooper for helpful
remarks.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Inter-
national License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons license, and indicate if changes were made.

Appendix 1: Two-scale convergence and its properties

Let @ C R? be a bounded domain and ¥ := [0, 1)¢ (in the present paper d = 2). We denote
by [x] the integer part of x, and by {x} its fractional part, i.e. [x] € 74, {x}:=x—[x] € Y.The
definition uses the unfolding operator which maps functions of one variable x to functions of
two variables x and y, where the “fast” variable y is responsible for the behaviour on e-scale:

_fv(e[2]+ey) ifxee +Y) Caoforé ez,
Te)x, y) = [0 ’ otherwise,
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for a measurable on w function v(x). Notice that 7, (v)(x, y) is set to be zero on the cells
intersecting with the boundary of . This implies, in particular, that if v € H!(w) then
T, (v) € L*(w; H'(Y)). One has

/vdx: / ﬂ(v)dydx—i—/vdx,

w wxY Ag
where A, ;= {x (6 +Y)Nw: e +Y)Ndw £ @, £ € Z4).

Definition 3 We say that a bounded in L” (w) sequence v, converges weakly (strongly) two-

2
scaleto v € LP(w x Y) as ¢ — 0 and denote this by v, — v (v —2> v) if 7; (vs) converges
to v weakly (strongly) in L? (w x Y).

We refer the reader to [5] for a comprehensive analysis of the properties of the unfolding oper-
ator 7, which, in particular, links the convergence of sequences in L?(w) to the convergence
of their unfoldings in L*(w x Y).

We also need a formal definition of two-scale convergence when not all variables have
their fast-scale counterparts, which is just a variation of the standard definition.

Definition 4 Using the notation accepted in this paper (i.e. R = wx I, w C RZY = [0, 1)2,
x = (x, x3)), we say that a bounded in L” (2) sequence v, converges weakly (strongly) two-

2
scaleto v € LP(2 x Y) as ¢ — 0 and denote this by v, — v (v —2> v) if 7, (v,) (Where 7,
acts only with respect to x") converges to v weakly (strongly) in L” (22 x Y).

Appendix 2: Formal asymptotic expansion for a recovery sequence for the
regime h « &2

In this appendix we present a formal asymptotic expansion for a recovery sequence which
leads to the zero-determinant condition (41).

Let u(x") be an arbitrary isometric surface, u € Hiio(a)), and ¥ (x’, y) be a sufficiently

smooth scalar function. As a starting point we consider the surface
ap,2 ’ 2 R ’
Uy =ulx) —e"Y(x, e xHn(x) (80)

(similar to the case ¢ > h > &2). A simple calculation (cf. (38)) shows that
(V’ﬁ?P*Z)TV’ﬁ‘:P*z = Tr + O(&?) at least formally. Ideally we need to add a sufficient
number of corrector terms to the expression in (80) to make the error to be of order o(h). Let
us consider a third-order approximation,

w3 = u(x) — 2y, e X)) + o, e X,
where ¢ is a sufficiently smooth vector-valued function. Taking the gradient we get
ViulP? = Viu—eVyyn— 2 (Vyn+yVn+ V) +6 V.
Noticing that

oin =1 Ry +112R2,  0on =1I12R; + 1Ry,

@ Springer



4116 M. Cherdantsev, K. Cherednichenko

we have
012 = 14 62 ((8y,¥)? = 29 Iyy + 2Ry - 3y, 0) + O (&),
10042 = 1+ 62 ((0y,¥)? — 20 Ty + 2Rs - By, 90) + O(&7),
ui - 9t = €2 (3,9 0y, — 2y iz + Ry - 3,0 + Ra - 9y,90) + O ().

Let us equate the second-order terms to zero:

0y, ) — 29 11y + 2Ry - By, 0 =0,
By, ¥)* — 29 Ty + 2Ry - By, 0 = O,
Oy ¥ 0y, ¥ — 29 Il12 + Ry - 0y, + Ro - 3y,0 = 0.

Clearly, the function v has to satisfy certain solvability condition. Indeed, differentiating the
above equations twice with respect to y, we get

Ry -85 1,0 = —@F YN — 8y, ¥ 83,0 + 0%, v 1Ty,

Ry- 831}’1y2¢ = _(ailyzl//)z — ¥ af’myzw + a)z'lylw I,

03, D0V O3, U+ By W 3 W+ By 93, — 205, 0 T
Ry 33,0+ Ry 05,0 =0.

Eliminating the terms that contain derivatives of ¢ and recalling that det II = 0 yields

det (11 + Vgl//) —o.
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