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Abstract We study a singular-limit problem arising in the modelling of chemical reac-
tions. At finite ¢ > 0, the system is described by a Fokker-Planck convection-diffusion
equation with a double-well convection potential. This potential is scaled by 1/¢, and in the
limit ¢ — 0, the solution concentrates onto the two wells, resulting into a limiting system
that is a pair of ordinary differential equations for the density at the two wells. This con-
vergence has been proved in Peletier et al. (SIAM J Math Anal, 42(4):1805-1825, 2010),
using the linear structure of the equation. In this study we re-prove the result by using solely
the Wasserstein gradient-flow structure of the system. In particular we make no use of the
linearity, nor of the fact that it is a second-order system. The first key step in this approach is
a reformulation of the equation as the minimization of an action functional that captures the
property of being a curve of maximal slope in an integrated form. The second important step
is a rescaling of space. Using only the Wasserstein gradient-flow structure, we prove that the
sequence of rescaled solutions is pre-compact in an appropriate topology. We then prove a
Gamma-convergence result for the functional in this topology, and we identify the limiting
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functional and the differential equation that it represents. A consequence of these results is
that solutions of the e-problem converge to a solution of the limiting problem.
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List of symbols
N Weak convergence in duality with continuous
functions
CE(:, -5 +) pairs (p, v) satisfying the continuity equation (1.21)
d%v ,") Wasserstein distance of order 2 (1.22)
Ee, Teo and A, (Section 1) general energy, dissipation
fuctional, and action
Ee, Je, and Ag (Sections 2-9) Wasserstein energy, dissipation (1.20), (1.24), (1.25)

f‘fg, jg and fts

fuctional, and action, i.e the same as
free Wass ‘Wass
Egree, gV, and A,
&, Je, and A, written in terms of p

(2.8), (2.12), (2.13)

&o, Jo, and Ay Limit energy, dissipation, and action (1.26), (1.29), (1.32)

Ve, Ve Invariant measure (y,) and its push-forward (1.2) and (2.5)
under §,

ge» 8e Lebesgue densities of y, and . 2.1), (2.6)

H ‘Enthalpy function’, potential for the Brownian  page 421
particle

k=1/k Reaction parameter (1.5)

M-, ) Argument of the integral in Jy (1.30)

Se Transform from & to s, inverse of &, (2.3)

Te Time rescaling 2.2)

Ug Density dp. /dy, (1.6)

7 Transform of ug, iy = u, o & 2.7

We Lebesgue density of v, p. (2.15)

We Lebesgue density of . o, (2.10)

és Transform from s to &, inverse of § 2.3)

Ze Normalization constant of y, (1.2)

1 Introduction

In a seminal study in 1940, Kramers [24] introduced a model of chemical reactions in which
the system is represented by a Brownian particle in a potential energy landscape. In this model
the wells of the potential energy correspond to stable states of the system, and a reaction event
is the passage of the particle from one well to another. By analyzing the probability of such a
reaction event in terms of system parameters, Kramers was able to improve existing formulas
for the macroscopically observed reaction rate.

Although Kramers does not state it in these terms, the central result in [24] is a conver-
gence result in the limit of large activation energy. In [35] we provided a first rigorous proof
of this result in the case of Brownian particles without inertia. The present study can be
considered a sequel to [35], in which we address a question that was left unanswered in [35].
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Passing to the limit in a Wasserstein gradient flow 421

Fig. 1 A typical function H H

-1 1

The issue hinges on the fact that the system of [35] is a gradient flow of a free-energy
functional with respect to the Wasserstein metric. The proof of the main result made no use
of this structure, however, and this led us to ask, Can we prove the same result using the
structure of the Wasserstein gradient flow?

This question is interesting for a number of reasons. The first is that the Wasserstein
gradient flow is a natural and physically meaningful structure for this problem—we explain
in Sect. 7 what we mean by this. It can actually be argued that it is more natural than the linear
structure that we used in the proof in [35], and therefore it is also natural to ask whether this
structure can be used.

The second reason is that the Wasserstein gradient-flow structure is known to arise in an
impressively wide range of models and systems (e.g. [3,6,8,9,15,19,26,37], just to name a
few), and therefore any method that uses only the properties of this structure has the potential
of application to a wide range of problems. Consequently, our approach here is to limit our
use of information to those properties that follow directly from the gradient-flow structure.

As a third reason, this study fits into a general endeavour to use gradient-flow structures to
pass to the limit in nonlinear time-evolving systems (see e.g. [4,28,30,39,38,40]). The inher-
ent convexity and lower-semicontinuity properties of this type of formulation provide handles
for such limit passages that are similar to the well-known results for elliptic systems—as we
show below.

1.1 Kramers’ problem

The motion of a Brownian particle in a one-dimensional potential landscape is described by
the initial boundary-value problem (often called a Fokker-Planck or Smoluchovski
equation [36, p. 8])

1
0pc = o0 (de e + —pedH). 120, §cE:=[-11], (Lla)
1
e s + —pedc H = 0, t>0, £ =+l (1.1b)
&

The unknown function p, is a time-dependent measure in M(E) (the space of finite, non-
negative, Borel measures on the closed interval E = [—1, 1]), and this equation is to be
interpreted in an appropriate weak form.

In this study we take the potential energy H to be a double-well potential, with wells
in & = =1, and we follow the choice of [35] to truncate the domain at the wells, i.e. we
take E = [—1, 1] as the spatial domain (see Fig. 1). For definiteness we assume that H is
smooth, even, maximal at O with H(0) = 1, and minimal at 1 with H(£1) = 0. Each of
these assumptions can be relaxed, but that is not the purpose of this study.

In (1.1) two important constants appear. The potential H is scaled by 1/e, which creates
the situation of large activation energy: the energy barrier separating the two wells is large
in the limit ¢ — 0. As a consequence, the rate at which a particle passes from one well to
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Fig. 2 The measure yg, Ve
illustrated by plotting its
Lebesgue density

0(1/e)

-1 1

the other is exponentially small as ¢ — 0; with the coefficient 7., which is defined in (2.2)
below and which tends to infinity as ¢ — 0, we adapt the time scale to make the rate of
transition asymptotically O(1).

The asymptotically large ‘hump’ of the potential H /e causes any solution of (1.1) to
become singular in the limit ¢ — 0. This is well illustrated by the unique stationary solution
of unit mass,

ve =2 e LYy, (1.2)

where Z, is a normalization constant and £! is the one-dimensional Lebesgue measure (see
Fig. 2). Since H(¢) > 0 for all £ # +1, the measure y, becomes strongly concentrated at
the wellsé = £l ase — O:

SV PP (1.3)
Ve Yo = ) -1 2 1- .
In [35] we proved a number of results. The first is that the sequence p, converges,1 in
the sense of measures, to a limit measure pg, whose support is restricted to the two points
& = =£1:

* 1 _ [
Pe — PO = 5”0 51+ EMO 1.
The densities ua—L : [0, T] — R of this limit measure pg satisfy the limit equation
dug = k(g —uy) (1.4a)
dug =k(ug —ug). (1.4b)

where the rate constant k is given in terms of the potential function H by

1
k= ;1/|H”(O)|H”(1). (1.5)

This limit system corresponds to the natural modelling of the monomolecular reaction A = B
at the continuum level.

A second result states a stronger form of convergence, and also highlights the role of the
density u. of the measure p, with respect to y,, i.e.

d
ue = (16)
dye
which satisfies the dual equation
1
e = 7o (Oecus - gagugagH). (1.7)

! The result of [35] uses a slightly different definition of 7, which is asymptotically equivalent to the one of
this study, (2.2).
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Passing to the limit in a Wasserstein gradient flow 423

0(Je)

0(1//¢) e

§ §
—1 1 —1 1

Fig. 3 A comparison of pe and the density u, = dpe/dye.

Figure 3 illustrates the relationship between p, and u.. As it turns out, u, is much bet-
ter behaved than p, in the limit ¢ — 0O: if the initial datum for u. is bounded above and
below, then the same holds for u, by the comparison principle, since constants are solutions
of (1.7). In addition, u, becomes locally constant away from & = O (see part 3 of Theorems 3.1
and 3.2 below). This is reflected in a stronger form of convergence for u,, proved in [35],
which implies in particular that nonlinear functions of u, also converge.

The aim of this study is to derive similar convergence statements by different methods,
specifically, by using only the structure of the Wasserstein gradient flow. Before describing
this structure for the specific case of (1.1), we first recall the general structure of a gradient
flow in a smooth and finite-dimensional setting.

1.2 Gradient flows in a smooth Riemannian setting

Let us consider a smooth d-dimensional Riemannian manifold Z, a C! energy functional
£ 1 Z — R, and a quadratic dissipation potential ¥ induced by the Riemannian metric
on Z. In local coordinates, we can identify Z (and the tangent space T,(Z) at each point
z € Z) with R? endowed with a smooth Riemannian tensor G(z) : R? (= T.(2)) — RY (=
T#(2)) in the form ¥ (2; 2) = 2(G(2)z, 2).

The gradient flow of £ in Z is then given in the form

z2(t) =v(t) € T;H(2), where v(t) = —V5E(z(t)) or G(z()v(t) = —DE(z(1)).
(1.8)
Here and elsewhere in this study we use overdots for time differentiation and D for the Fréchet
derivative of a function (an element of T} (Z) in the Riemannian setting). The gradient Vg &
is defined as usual via the metric as z — G(z) " 'DE(z). It will sometimes be easier to use

the dual dissipation potential {* given via the Legendre transform with respect to z, namely
Y*(n; 2) = %(n, G(z)"'n). Then the gradient flow (1.8) takes the form

2 =Dy *(=DE(2); 2). (1.9)
Here and below the derivatives Dy and Dy* are only taken with respect to the first variable.

Solutions of (1.9) in a time interval (a, b) can be characterized as minimizers of the action
functional

b
A(z;a,b)::/ 1//(2+VGg(z);z)dt:%/(G(z)(Z—i-VGg(z)),Z—i—VGg(z))dt, (1.10)

a
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defined on C'! curves with values in Z. Expanding the integrand and observing that

. . d
(G(@)z, V6E(2)) = (DE(2), 2) = Eg(z)’
we see that A has the structure

A(z;a,b) = E(z(b)) — E(z(a)) + T (z; a, D),
b
J(za.b) = /[w(zm; 2(1)) + ¥ (~DEG(); 2 ) | . (L.11)

Note that for every curve z we have A(z; a, b) > 0, while A(z; a,b) = 0 if and only if z
satisfies (1.8).

1.3 Gradient flows in a metric setting

The functionals 7 and A can be generalized to infinite-dimensional and non-smooth settings
given by a space Z with a lower semicontinuous (pseudo-, i.e. possibly taking the value 4-00)
distance d : Z x Z — [0, +00]. In such a space both tangent spaces and derivatives might
not exist. Instead one can turn to two metric concepts, the metric slope [0€| of the functional
& and the metric velocity |z| of a curve. The metric slope generalizes (21*(—DE(2); 2))1/2
and is defined by

1d€(z) := lim sup E@ — W)+ (1.12)
w—z d(Z, w)

Instead of defining a dissipation potential ¥ on the tangent space of an arbitrary point of Z,
one considers the class AC (a, b; (Z, d)) of absolutely continuous curves (with respect to the
distance d) and their metric velocity

d(z(¢),z(t + h
1Z|(t) == l}imo W ifz € AC(a, b; (Z2,d)), (1.13)
which exists for a.e. t € (a, b) [3, Th. 2.1.2].
Using these concepts, the natural generalization of 7 in (1.11) is
/ 1 1
J(z;a,b) = / [Elilz(t) + §|35|2(Z(t))] dt ifz € AC(a,b; (2,d)), (1.14)
a
trivially extended by 400 if z is not absolutely continuous. Assuming that the slope is a
strong upper gradient for £ [3, Ch. 2], it is not difficult to prove that
J(z;a,b) = E(z(a)) — E(z(b)) forevery curve z € C([a, b]; Z) with E(z(a)) < +o0.
(1.15)

Comparing with the classical case outlined in Sect. 1.2 we deduce the following common
structure:

Definition 1.1 Let Z be a topological space, £ : Z — (—o0, +00] be a functional, and
let 7(-; a,b) be a nonnegative (extended) real functional defined on C([0, T']; Z) for all
0 <a < b < T, and satisfying

E(z(b)) + T (z;a,b) > E(z(a)) forevery z € C(la, b]; Z). (1.16)
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Passing to the limit in a Wasserstein gradient flow 425

Writing
A(z) :=E@(T)) —Ez(0) +T(z;0,T),

we define a curve z € C([0, T']; Z) to be a solution of the gradient flow system (2, &, J) if
£(z(0)) < ocoand A(z) = 0.

This formulation of a gradient flow, in terms of the functional .4, will be the basis for
the rest of this study. It clearly contains the classical case of a gradient system (Z, &, d), for
which 7 can be defined via (1.12)—(1.14), and the metric-space case outlined above, and it
is sufficiently general to contain also the structure of the limiting problem (see Sect. 1.7).

1.4 A first gradient-flow structure for (1.1): the Hilbertian approach of [35]

We now turn to the specific case of this paper, equation (1.1). It is well known [7] that
equation (1.1) in the density formulation (1.7) is the gradient flow of the Dirichlet form

1
£y = %/ |ogu® dys, (1.17)
5

in the weighted Hilbert space Zéin = L?(&; y,). In this approach the quadratic dissipation
potential (which is also the squared metric velocity) of a curve u is

1

N R I
P = 5 [ dy = S0, . (118)
Z

and does not depend on u, so that the resulting space has a flat Hilbertian geometry.
The limit ODE (1.4) has a similar linear structure, given by

Z" = L= 150) = { @, up) € R :ug = uo(£1) },
; k . n L [ 1 .
) = g vl = Ui+ gl = 5 [ o dw.
2 4 4 2 Ji-in
(1.19)

The rigorous transition from (1.18) to (1.19) is established in [35] in a more general setting
where diffusion in physical space is allowed as well. The analysis in [35] depends in a crucial
way on the linearity of the problem.

1.5 An alternative gradient-flow structure for (1.1): the Wasserstein approach
of [22]

As was discovered in the seminal study by Otto and co-workers [22,34], equation (1.1) has
another relevant gradient structure. It relies on the interpretation of p as a mass distribution
which is transported such as to reduce the free energy.

In order to describe this point of view, we introduce

d
Zmeas . — A(E), 68&“(,0) = /H ulogudy, — p(E)log p(E), whereu := —,
(1.20)
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426 S. Arnrich et al.

with the convention that £°(p) = +oo if p is not absolutely continuous with respect
to y,. The space 2™ is endowed with the usual weak-* convergence of measures (i.e. con-
vergence in duality with continuous functions) and can be metrized by the L2-Wasserstein
distance dy .

This distance dy admits two nice characterizations: the first one involves optimal transport
(see e.g. [3,42]), while the second one is related to the dynamical interpretation discovered
by Benamou and Brenier [5] and is well adapted to the gradient-flow setting.

In the latter point of view, we introduce the class CE(a, b; E) (Continuity Equation) given
by couples p € C([a, b]; Z™*) and v € M((a, b) x E; R) such that

0;p + 0gv = 0 in the sense of distributions in D ((a, b) x R).

Here we trivially extend p by zero outside of E. Often v = pv for some Borel velocity field
v: (a,b) x E — R, in which case the conditions above reduce to

b
// lv(t, &) p(t,d§)dr < +00 and

a

0;p + 9:(pv) = 0 in the sense of distributions in D' ((a, b) x R). (1.21)

For those couples (p, v) € CE(a, b; E) such that there exists such a velocity field v with
v = pv, the distance dy can be defined in terms of v, by

1
d% (0o, p1) =min[//ﬁ lu(t, ©)1> p(t,d&) dt : (p, pv) € CE(0, 1; B), p(0) = po, p(1) = p1 |,
0 [

(1.22)

which illustrates how we can interpret v as the ‘Wasserstein velocity’ of the curve p. Note
how finiteness of dy requires that v < p and dv/dp € L*(p), implying that CE(a, b; B) is
a larger space than AC([a, b]; E, dy); indeed, our choice to work with CE(a, b; E) stems
from the fact that in the limit & = 0 the objects will still be elements of CE(a, b; E), but no
longer of AC([a, b]; E, dw).

Recalling (1.13), it is natural to introduce the dissipation potential

1
Y88 (; p) = ;[u(s)2p(ds), forp € ME), ve L*(E:p).  (1.23)

This expression suggests to interpret L>(E; p) as the ‘Wasserstein tangent space’ at the
measure p, and in [3, Ch. 8] this suggestion is made rigorous.

The corresponding (squared) slope of Sgree [3, §10.4.4] defined by (1.12) is the Fisher
information

"o = [

deu |2 d
57”‘ dp:4[|3gﬁ|2dyg, ifu:ﬁwith\/ﬁe W21, 1).
) &

This corresponds to the choice of the dual dissipation potential

Te

W) (; p) = 5 / 1(€)? p(dg)

and of the ‘Wasserstein gradient’ nggree of the entropy given (at least formally) by
0 d
Ve (o) = EL — o logu, u= L.
u ' dye
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Passing to the limit in a Wasserstein gradient flow 427

This construction is equivalent to (1.1): in fact, at least for smooth densities,
dep + i H = p d log (d—p)

€ dye
so that (1.1) has the gradient flow structure (1.8) in the Wasserstein sense:

ho+d(pv) =0, v=—-T,VWEr(p),

Motivated by these remarks, we introduce the functional ngass,

szass(p; a,b) = /ab (/T ivzp(t,dS) —i-ZTE/7 ’85ﬁ|2dy8) dr,
) if (p, pv) € CE(a, b; 5) and p = uye, (1.24)
and the corresponding Wasserstein action functional
AV (3 a, b) = EFC(p(b)) — E7°(p(a)) + T** (p; a, b), (1.25)

which satisfies the admissibility condition (1.16). In analogy to Definition 1.1, a Wasserstein
solution p of (1.1) in the time interval [0, T'] is a curve in M(E) with S:Tee(,o 0)) < +o0
and A (p;0,7) =0.

1.6 Our main results

In this work we prove various results on the connection between the Wasserstein gradient
structure (Z™Me, Sfee, jswass) and a gradient structure (Z;°*, (‘;ree, Jo) for the limit sys-
tem (1.4). As described above, the motivating question is whether we may pass to the limit in
the gradient-flow equation AY*S(p,) = 0. This question falls apart into two sub-questions:

(1) Compactness: Do solutions of Ayass(pg; 0, 7) = 0 with uniformly bounded initial
entropy Sgree(,og (0)) have beneficial compactness properties, allowing us to extract a
subsequence that converges in a suitable topology, say o ?

(2) Liminf inequality: 1s there a limit functional [Jp such that

Pe —> po = lim inf TV (pgsa, b) = Jo(po; a, b)?

And if so, does it satisfy the admissibility condition (1.16), i.e.
£ (p (D)) — E5°(p(a)) + To(p; a, b) = 0
forevery0 <a < b < T and p € C([a, b]; Z7***) with S(f)ree(p(a)) < 400?

Our answer to these questions is indeed affirmative. Question 1 is answered by Theo-
rem 3.2, which establishes that any sequence p. such that ngree (pe(0)) and jswass(pg; 0,7)
are bounded, is compact in several topologies. These boundedness assumptions are natural,
and only use information associated with the gradient-flow structure.

Question 2 is addressed by Theorems 4.1 and 6.1, which characterize the limit of the
functionals jgwass(-; a, b) in terms of Gamma-convergence. If we denote by o the topol-
ogy mentioned above, then this convergence is characterized by the existence of functionals
Jo and Sgee satisfying the two properties

(1) Lower bound: for each family of curves p. SN po with sup, szree (pe(a)) < 400, we
have

Jo(po; @, b) < Tim inf TN (e @, b) and € (po(h)) < liminf £ (pe (b).
E—> E—>
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428 S. Arnrich et al.

(2) Recovery sequence: for each po € C([a, b]; Z7°®) with Sgee(po(a)) < 4o0,

Jo(po; a, b) < +o0 there exists a sequence p, € C([a, b]; Z™*) such that p, AN 00
and

Jo(po; @, b) = lim TV (pgsa,b),  EN(po(b)) = lim EI= (0 ().
&£—> £—

The limit structure (Z;'°*, E(l;ree, Jo) consists of measures p that are absolutely continuous
with respect to yp and thus supported in {—1, 1}:

1
p= Eu_(S,l + 514"'81 for some u® > 0.

The space Z;'** and the energy S(gree are natural limits of the corresponding objectsas ¢ — 0:

ZP = {p € M(E) : supp(p) C {—1, 1}] C Zmess,

dp dp 1 _ _
glee(py= —log (— ) dyy —mlogm=—(ulogu™ +u"logu™) —mlogm
0 11 dpo g(d)/o) 2 2( g 2 ) 2
+_ dp = i -
where u™ = —(£1), m=pE)==-w" +u"). (1.26)
dyo 2

This limit energy Egee is the Gamma-limit of £¢ [4]. However, the limit functional
Jo(+; a, b), does not have the same duality structure as (1.11), and we discuss this next.

1.7 The structure of Jy

In fact, since the limit problem is characterized by measures p(¢) concentrated at £ = =+1,
no effective mass transport is possible between & = —1 and £ = 1. Assume for instance
the case when p is sufficiently smooth, i.e. p(t) = %Zui(t)(ﬁil = uyp for a couple
u® € C'((a, b); R). Then the distributional time derivative of p is ;0 = 1 > %81 and
any signed measure v supported in E x [a, b] and solving the continuity equation

p+0v=0 inDRx (a,b)) (1.27)

cannot be absolutely continuous with respect to p and therefore cannot admit the decompo-
sition v = pv for some v € L2(—1, 1; p) (except for the trivial case ut =0).

Recalling that the total mass m = %(u_ + u™) is conserved and therefore 1~ = —u T
Eq. 1.27 has the unique solution

s

1
v=wll s, w0 =it @) forg e (L. re@b). (128)
trivially extended to O outside [—1, 1].
As we show below, Jy(p; a, b) has the form

b
ﬁ@mwwz/Mwmwﬂmm

1 1
if p(t) = 3 > uE()8s1. uFeAC@a. biR), withw = i = ——at
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Passing to the limit in a Wasserstein gradient flow 429

where the function M : R x [0, 00)> — [0, +00] is given by

K

2 / 2
+y - w u'(s) . 1, _ o+ o
M(w,u™) := inf /2u(s)+2u(s) ds : ue H (—k,k), u(xx) =u , K=

1
P
—K

(1.30)

This functional 7y satisfies the admissibility criterion (1.16). Indeed, along any admissible
curve p(t),

d1
dr2

d free
—&  (p()

1
m gui(t)logui(t) =5 Zi:(logui(t) + Dat ()

Jllogu™ (1) —~logu™ (0] (1),
so that the admissibility condition (1.16) is equivalent to
(logu™ —logu )w < M(w,u®) foreveryw € R, u® > 0. (1.31)
In Theorem 5.2 we prove this inequality, implying that the limiting action Ay,
Ao(p: a, b) = E5*(p (b)) — Ei*(p(@) + To(p: a, b), (1.32)
satisfies Ag(p0) > O for all p.
It is now natural to ask which curves p satisfy the equation Ag(p; a, b) = 0. This equation
implies equality in (1.31), which suggests defining the ‘contact set’ [29]
C:={ (@, w) | Mw,u®) + Jogu™ —logu)w =0}.

A consequence of a second inequality proved in Theorem 5.2 is
+ ko -
u-,w)elC «— w=§(u —u").

This implies that any p satisfying Ag(p; a, b) = 0 also solves the limiting equation (1.4).
1.8 Recovering a gradient flow

Finally, one might ask whether it is possible to find a ‘true’ gradient structure, i.e. an alter-
native functional A that does have the dual structure as in (1.11) or (1.14). For this we need
to find a dissipation potential ¥o(w; u™) such that the associated contact set is equal to C,
i.e. such that

C={(w,u®) : Yow;u®) + Y (—DEw™); u*) + (w, DE(u*)) =0 ).

Using the two-sided estimate of Theorem 5.2 for M we find that a natural choice for ¥ is

21 -1 -
Yo(wuh) = 7 OB T OBE 2
k  ut—u-

which gives the desired result (1.4).
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430 S. Arnrich et al.

1.9 The variational approach: basic tools and main ideas

As we mentioned before, in the present paper we adopted a metric-variational approach to
extract crucial information from the particular structure of Eq. 1.1. This point of view has
become quite popular and arises from

the combination of general metric concepts (briefly recalled in Sect. 1.3),
basic measure-theoretic tools, optimal transportation, and entropy-dissipation techniques
(ala Otto [34], see Sect. 1.5),

e a careful use of the continuity equation (1.21) and of the Benamou-Brenier dynamical
point of view [5],

e standard I'-convergence methods.

On the other hand, the problem exhibits many non-standard features, which we have addressed
with new ideas and techniques, which could hopefully be useful in other situations.

e One of the main points here is that the limit procedure mixes in an unusual way the two
contributions to 7, namely that due to time change (v (z) in the notation of Section 1.2)
and that due to the entropy slope (¥ *(—DE&)). Therefore one cannot canonically separate
these two contributions in the structure of Jp. This fact has another interesting conse-
quence: in the present setting it is not possible to investigate separately the limit behaviour
of the distance and of the functional using I"-convergence tools (as in the well-behaved
gradient flows considered by [4,35,37,39]). Conversely, the geometry perturbed by the
sublevels and by the slopes of the varying entropy functionals 5£ree induces a new kind
of evolution in the limit, which can solely be captured by considering the asymptotics of
the whole space-time functionals 7.

This singular behaviour motivated our general Definition 1.1 of a gradient flow system
(A, &, J) and the idea to focus on basic structural dissipation inequalities along solutions
of the continuity equation which could be preserved in the limit.

e A second crucial point is the rescaling strategy (Sect.2) which allows us to resolve the
singular behaviour of the functionals along sharp transitions. Since the continuity equa-
tion has good invariance properties, we can combine the information coming both from
the original and from the rescaled formulation to construct the limit.

e As abyproduct, we recover a (quite surprising, at first sight) common structure uniting
(1.1) and (1.4) thanks to this measure-theoretic interpretation: this is not completely triv-
ial, if one takes into account that the limit problem is a system of ordinary differential
equations.

e This fact is strongly related to the new variational formulation of reaction-diffusion sys-
tems, see [17,27]. In fact, it turns out that many reaction systems (even with nonlinear
reactions of mass-action type) can be written as a gradient system with a well-chosen dis-
sipation functional ;. While for linear reaction systems such as here (or more generally
Markov systems) there are several variational gradient structures, this new formulation
appears to be the only one that is compatible with diffusion processes.

e A final comment should be devoted to the connections with stochastic particle systems,
which we will explain in more detail in Sect. 7.

1.10 Structure of the paper
In Sect. 2 we introduce a rescaling of space that desingularizes one of the terms in 7;. This

rescaling allows us to prove, in Sect. 3, the compactness of a sequence p, with bounded
initial energy & (0 (0)) and bounded 7 (p.) in a number of topologies. Sections 4 and 6 give
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the two parts of the Gamma-convergence result, the lower bound and the recovery sequence.
Before constructing the recovery sequence we investigate in Sect. 5 the function M in some
detail. These are the central mathematical results of the paper.

In Sect. 7 we place the results of this paper in the context of large-deviation principles for
systems of Brownian particles, and comment on the various connections. In Sect. 8 we dis-
cuss various aspects of the results and their proof and comment on possible generalizations.
Finally, in Sect. 9 we draw parallels between this work and an independent study of the same
question by Herrmann and Niethammer [20].

2 Rescaling
2.1 Definitions

From here on we write &, J., and A, for Sgree, ‘7€Wass, and AX‘/*‘SS, since we will only be
using the Wasserstein framework. Since for most of the discussion the interval (a, b) will be
fixed to (0, T'), we will also write 7 (p) for J(p; 0, T') etc.

A central step in the analysis of this study is a rescaling of the domain which stretches
the region around £ = 0. This converts the functions u., which have steep gradients around
& = 0 (see Figure 3), into functions i, of the new variable s that will have a more regular
behaviour.

We call g, the Lebesgue density of y,, namely

1 |[H"(0)] H" (1)

g:(&) = Z;le_H(‘f)/s, and we set k := p = - (asin (1.5)).
2.1)
We now make the choice of 7, precise:
1
T 1= L d . 2.2)
2"_1 8:(§)

An application of Watson’s Lemma gives the asymptotic estimate

e—0
r‘g/e;"el/8 =

Using that g, is even (since H is even), we introduce the smooth increasing diffeomor-
phism & > s = §.(§),

&
Se i [=1,1]1 = [k, k], $5:(8) ::/ dn, (2.3)
Te8e (1)
0
with inverse &, := 57V =k, k] — [—1, 1.
Note that ée satisfies
d . A A .
355(5) =7:8:(5e(5)), &e(—x)=—1, and & (k) =1. (2.4)

With this change of variables we call S := [—«, «] the domain of the variable s and we
set

Ve : = Se)ave, Pe = (Se)npe. (2.5)
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Observe that the Lebesgue density g. of y. satisfies

d -
és(g‘s(g))@fs(%-) = ge(€) sothat 2(s) = 7eg; (Ee(s)), (2.6)

and the transformed measure p, satisfies
Pe = UeVe, Ue =g 0&. 2.7
In particular, we can easily transport the entropy functional to the new setting,

.(p) = /S i(s) loga(s) e (ds), sothat &(p) = E(p) if = Gogp.  (2.8)

If (o, pv) € CE(a, b; E) then the couple (5, p0) with d(s) = v(E(s))/(tege (Es (5))) belongs
to CE(a, b; S) and satisfies the continuity equation

P+ 05(p0) =0 in D0, T) x R); (2.9)

in fact, since v(£(s)) = ﬁ(s)éé(s), for every d=¢ofe C&((0,T) x [0, 1]) we have

T -
0= // (3r¢ +v agcb) pi(dE)dt = // ((8t¢) ofo 4+ (wok) (de) o 55) fr(ds) dt
0’7" 0’S

T T
= [[ (d+Ev@o o) = [ (ad+00.6) 5o ar
0 S 0 S

Setting w := v il g, we also have
1 ~2

1 2 1 NI A 1/A2A2A w
_ do = — do = — ds = — —ds. 2.10
2Ts/av P 2Te/sv T8 (G dp =5 Y @10

Since

05Vt = (/w0 &) 8 =7 (O 0 &) ge ok

we also get

21 .
218/ —dy, = 2/
g Teg2 (&) s

Combining (2.9), (2.10), and (2.11), we now define the functional
T
A 1 [ 0?2
Je(p;0,T) == f/ - ds+2/
2 /s u S
0

and (5, p0) = (p, wL?) € CE(a, b; S). This calculation shows that

i

2
agﬁ‘ dye = 2/
S

2
8\/;‘ ds. (@11

~

2 dA
a\/;] ds) dr. ﬁ:dp &

uv ge,

(2.12)

Je(p;0,T) = Jo(p; 0, T), and
Ac(p;0,T) = Ag(5; 0, T) = E(p(b)) — & (p(a)) + T (53 0, T). (2.13)
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56)
1

slope O(1)

s=0 s=1

Fig. 4 The transformations from & to s and from ug(£€) to fig(s). The left-hand graph shows the bijection
between & € [—1, 1]and s € [0, 1]. The right-hand graphs illustrate how the transformation (2.7) expands the
region around & = 0 and converts the function u, with a near-discontinuity around § = 0 into a function i
that has a slope of order O (1).

Remark 2.1 The desingularizing effect of the transformation from u, to i, can best be rec-
ognized in the last term in (2.12). In terms of i, this term is the H 1_seminorm of Ve,
and indeed boundedness of jg implies boundedness of /i, in L2(0, T; H'(S)) (see the
proof of Theorem 3.2). Compare this with the corresponding term in the non-transformed
version (2.11), where the vanishing of 7.y, close to & = 0 allows for large gradients at that
point.

As an independent way of viewing the effect of the transformation, the equation (1.7)
for u, transforms into the equation

8e Oy = Osslle

for it,. Here the structure of the term 9,ii, (specifically, the lack of singular terms inside the
derivatives) is related to the better behaviour of 7. O

2.2 Formal analysis
The most complete understanding of the limit ¢ — 0, and how J. becomes converted
into Jp, arises from considering the rescaled function ii.. However, one can also gain some

understanding from a formal analysis in the original variable &, which we outline here.
Since (pg, peve) € CE(0, T; E), we have

8e0iue + 0g (Ugvege) =0, (2.14)
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which can be partially solved to find

&
We(§) = ue(§)ve(5)g:(5) = /ﬂage. (2.15)
|

Since g. vanishes in the interior of [—1, 1], we expect that w, becomes constant in & €
(—1, 1), with value

0
1
/L'tggs ~ El:t(—l, 1) =: w. (2.16)
-1

Writing the first term in (1.24) in terms of w,, and using the convergence of w, to the
constant w, we find that the two &-integrals become

1 1 1

1
1 w? T, O u? ~0 w? 1 d 1 [ 0:u?
; ds+—€/ EUs o de R —/— ‘§+f/ U ged.

27, Ug8e 2 Ug 2 Ug Te8e 2 &
—1 —1 -1 -1

This expression is already close to the definition of the function M in (1.30). The remaining
difference, the two factors . g, in the two integrals, is removed by the transformation (2.3)
from & to s.

One can go further, and reconstruct how the limit equation (1.4) arises in the &-variable.
For small ¢, the large value of 7, implies that for fixed ¢ the function & +— u. (€, t) is close
to a stationary solution of (1.7) with Dirichlet boundary conditions at & = %1. Writing this
equation as

8eOrue = To g (gsaéus), 2.17)
it follows that (writing u+ for the boundary values)

uy —u_ 1
2kt ge(§)

where we have used the characterization (2.2) of 7,. Comparing (2.17) with (2.14) we remark
that

dgue (1, §) ~

(2.18)

We i= UgVe&e = TeLQeOtUse,
so that

li{ CLY w ~ we = 2.0 G uy —u- (E)lk(u —u_)
) = e = Te8eltlUg % = 5 + -)s

which coincides with (1.4a).

3 Compactness

The main results of this section, Theorems 3.1 and 3.2, describe compactness properties of
sequences p, and their transformed versions p., for which the initial energy & (0. (0)) =
Ee(pe(0)) and T (pe) = Je (pe) are bounded.

Letus first comment on what one might expect. For p, and g, the limit objects are measures
po and pg concentrated in {—1, 1} and {—«, k}. The existence of converging subsequences is
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a simple consequence of the bounded total variation of the measures and the bounded domain
of definition. However, this convergence alone does not contain enough information for the
lower bound result of Theorem 4.1.

The key to obtaining more detailed convergence statements lies in using the objects that
appear in J; and jg, which are w, = veuege, We, deUte, and dsit,. Boundedness of T, (p)
implies, using the definitions (1.24) and (2.12), that there exists a constant C > 0 such that

z 2 A 2
1 w; (Ogug)
- dédr <C, ve(d§)dr < C, 3.1
Te J JE Ue8e Z  Ug
0 0
T

T
~ D )
9
// Ye gsdr < C, // @Octte)” g5ar < c. 3.2)
0 S Ug 0 S Ug

If the sequence i, also happens to be bounded in L, then the bounds (3.2) imply weak
compactness of w, and d;ii, in L2((0, T) x S). Also, since t, Y, is unbounded in any set not
containing £ = 0, (3.1) suggests that u, should become constant in [—1, 0) and (0, 1]. In
Theorem 3.1, where we make this additional assumption of boundedness in L, we show that
the remarks above indeed are true. Moreover, we shall see that we can recover the canonical
decomposition py = %u‘é_l + %u“‘é 1 by taking the limit of the traces of the densities u, at
& = +1, and similarly for gg.

When i, is not assumed to be bounded in L, singular behaviour is possible that violates
the L*° bound but influences neither the boundedness of energy and dissipation nor the limit
object pp. We treat this case in Theorem 3.2.

Theorem 3.1 [Compactness under uniform L bounds] Let p, = u.y. € C([0, T]; Z™)
satisfy, for suitable constants m, C > 0 and for all ¢ > 0, the estimates

ps(t, B) =mforallt € [0,T], & (p:(0) =C, Te(ps) =C, and |luglloo = C.(3.3)

Then there exists a subsequence (not relabeled) and a limit po = ugyg € C ([0, T]; Z™%)
such that the following hold:

(1) pe(t) = po(t) in M(E) for every 1 € [0, T);

(2) Thespatial traces u, (-, £1) are well-defined and converge strongly to u(f () = ugp(-, £1)
in L'(0, T);

(3) Forall0 < § < 1 the function ug converges uniformly to the limiting trace values u(j):
in LY(0, T; L® (=1, =8)) and L' (0, T; L*®(8, 1)).

Let i1, be the transformed sequence and let W, be given as in (2.12). Then there exist limits
g € L®((0,T) x S) N L>(0, T; WH2(S)) and o € L*((0, T) x S) such that

(4) i, = fig in L®((0, T) x S), and dsit, — dsitg, We — Wo in L>((0, T) x S);

(5) the traces 123: of ig(-,s) at s = Lk coincide with the traces of ug, i.e. they satisfy
a3 = uy in (0,T);

(6) e = () = L (ug (V8_c +u ()8, in IS) for every t € [0, T1;

(7) wo(t,-) is constant in S for a.e. t € (0, T) and satisfies wo(t, -) = %I:lg([) a.e.in(0,T).
The couple (o, Do), Do = WoL?|0.7)xs satisfies the continuity equation

9o+ 95D =0 in D((0,T) x R). 3.4
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We will see in Theorem 5.4 that in the special case of solutions of (1.1), which satisfy
A¢(pe) = Orather than A (p.) < C, the limit object i is a linear interpolation of the values
ats = +t«.

Proof We divide the proof in a few steps; we will denote by C various constants which are
independent of €.
Step 1: Entropy estimates. There exists a constant C > 0 such that

Ee(pe (1)) = Ec(pe(1)) < C foreveryt € [0, T; (3.5)
in particular, for any subsets A € (—1, 1) and Ae (—«k, k) we have
lim sup ps (¢, A) =0, lim sup p.(z, A) =0. (3.6)
e—>0 ¢ e—0 ¢
It is sufficient to prove (3.5) for the unrescaled measures p (¢). First we note that &, is non-
negative; denoting by p(¢) := p(T — t) the time-reversed curve, since J:(0) = J=(p), the
bounds (3.3) and (1.16) imply that £ (p.(¢)) < C for every ¢ € [0, T]. .
Property (3.6) follows from (3.5) and the fact that limg o y:(A) = limg o p:(A) = 0.

Considering e.g. the case of A € (—1, 1), by using first the inequality r logr > —e~! and
then Jensen inequality, we get for every A € (—1, 1)

1
SYe((=L DA A) + Ee(pe (1)) + mlogm = /Aus(tyé)logua(t,é) Ve (d§)

pe(t, A)
zp(t,A)log( )

) Ve (A)

3.7
so that y; (A) — 0 implies sup, p¢(t, A) = Oase — 0.
Step 2: Estimates on i, w,. There exists a constant C > 0 such that
T
lielloo < C and // We(t, s)* dsdt < C. (3.8)
S
0

The first bound derives from assumption (3.3), and the second follows easily from (3.2) and
the L°°-bound on i,. We state these here to contrast with the corresponding, weaker, versions
in the proof of Theorem 3.2.

Step 3: Pointwise weak convergence of 0. (¢) (statement 6): there exists a sequence

&n 4 0 and a limit po(t) K yo such that pe, (1) X 0o(t) for everyt € [0, T].
Starting from the continuity equation we have for every 0 < #p < #; < T and ¢ €

cl(o, 11,
i
/S 0 dpe(t) — /S 0 dps(to) = / /S By ibe dsdr.
10

Recalling the definition of the L!-Wasserstein distance dw, [3], we find

dw, (s (1), ps(t0)) = = Sup[/swdﬁs(tl) —/S(Pdﬁg(to) 9 e CH([0,1]), |959] < 1]

i A 12
< //|u38(t,s)|dsdt <2k —zo)(// zba(t,s)zdsdt) )
S S
] 0
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It follows by (3.8) that the curves ¢ > p,; are an equicontinuous family of mappings from
[0, T] into the space M(S) endowed with the L!-Wasserstein distance; since the total mass
is m, the claim follows by the Arzela-Ascoli theorem.

Step 4. Weak convergence of p.(¢) (statement 1). Writing the limit po of the previous
step as po(t) = %u& (t)6_, + %ug'(t)&(, we have for everyt € [0, T],

* 1 _ I

Pe, (1) = po(1) = 3o (161 + o 81 (3.9
Letus fixt € [0, T] and let us consider a subsequence ¢, of &, along which p,/ () converges
weakly to some g € M(E). By the result of Step 1, we know that 5 = %ﬁ’5_1 + %ﬂ*&l for
some ii*: if we show that i+ = uat(t) we have proved the thesis. Considering &~ and taking
a function ¢ € C(S), we know that ¢, := ¢ o s, converges pointwise to ¢o(§) = ¢ o sp,
where so(§) = sign(€) (with so(0) = 0) and the convergence is uniform on compact subsets
of [—1, 1]\ {0}. It then follows that

1
I I |
3 g = fim [ 90) 0.0 = tim [ 0@ pi 00
* 1

1

1
/ 90(6) pAE) = 2 D™ P(w).
+

—1

Since ¢ is arbitrary, we obtain (3.9).

This shows the intuitive result that the densities of ug and iy (with respect to yo and 7o)
are the same; we call them both uﬁ. It mirrors the fact that the traces of u, (in & = +1) and
of i1, (in s = =«) are also the same.

Step 5. Convergence of u. (statements 2 and 3): The traces usin
converge in LY(0, T) to the limits u(j)E defined in the previous step. In addition, setting a)gc =
+(6, 1) we have

= ug, (-, £1) strongly

T
lim sup |ug, (t,§) — u(j)t(t)| dt =0 forevery0 <§ < 1. (3.10)
n—oQ éewai

0

Let us first observe that the quantities

. Pen 1 (@F) 1 /
= = e, (., 8)dyse , 0<$§ 1,
i, 5(0) @) 7D w;”"(’ £)dy:(§), 0<8<

are uniformly bounded and converge pointwise to u(j)t(t) for every t € (0,T) by Step 4.
By (3.1) and the boundedness of u, we have

T
: +2 + 2 1/2
llm/|'95 |7(#)dt=0, where 6. (¢):= sup |us(t,&)—uc(t,n)| < (5/ [0z 1| dg) .
ewo £cwt of

We then calculate for &, n € co(si

1
Ve (@y)

0 (1)
Ye(@y)

e (1, &) — 2 5(1)] < / Jue (1, §) — ue (¢, m)| ye(dn) <
@5
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Recalling that y, (wj‘) — 1/2 as ¢ — 0, we thus obtain

T

lim / Sup |ug, (£,1) — i ()| dr =0
n—00 n

0 Eewf

which in particular yields (3.10) and the convergence of the traces, since ﬁ:,, s strongly
converge to uf)b inevery LP(0,T), p < 4o00.

Step 6. Compactness and limits (statement 4). Given the estimates (3.8) and (3.2), this
follows from standard results.

Step 7. Identification of the traces of ¢ (statement 5). Since the trace operator Tr is
weakly continuous from H'(S)to L2({—«, k}) =~ R2, the weak convergence of it in HY(S)
implies that its traces il (-, k) = ug, (-, £1) converge weakly in L>(0, T; R?) to Tr ilg.
Since ug, (-, 1) converges strongly to uOjE in L1(0, T) (Step 5), it follows that Tr ity = u(j)E

Step 8: The continuity equation and the structure of W (statement 7). Passing to the
limit in the continuity equation (2.9) and using the previous convergence result we imme-
diately find (3.4). Since py is supported in [0, T] x {—«, «}, we obtain that 9;09 = 0 in
[0, T] x (—«, k), so that wo depends only on ¢.

Choosing a test function of the form ¢(¢, s) = ¥ (¢)¢(s) with ¢ € C°(0,T) and ¢ €
CZ°(R), ¢ = 1 on a neighborhood of « and ¢ = 0 on (—o0, 0], we obtain

T
/Vf(t) o () dr = /R¢(t)§(S)ﬁo(l,dS)dt=—/ sw(t)é“’(S)li)o(t)dsdt-
0

Since fs ¢’'(s)ds = ¢(x) = 1, we conclude that W is the distributional derivative of %ﬁ:{ .
This concludes the proof of Theorem 3.1. O

We now discuss the case where i, is not assumed to be bounded in L*°. A simple example
shows how i, may become singular without affecting any of the relevant limit processes.
Take any sequence p, with bounded &, (4, (0)) and J; (5,), and let ii; = dp,/d7, be bounded
from above and away from zero as well. Fix two nonnegative functions ¢ € CC1 ((—k, k)
and ¥ € C}(R), fix 0 < o < T, and define

B ) I - )
Fet,9) 1= felt,9) + 9 () o) 92 0).

NG

Note that since the additional term blows up polynomially, while y, converges to zero expo-
nentially fast on supp ¢, the limits of p, and p, are the same. For the same reason the perturbed
We, satisfying 9,0, + d;w. = 0, only differs from w, by an exponentially small amount.

Therefore
lim sup // —£ dsdt = lim sup // dsdt < oo.
£—0 su e—0 su

We also estimate

/1

T

T
2 t—t 2
38ddt<2//5£ddt+f/w2 ° ¢ dsdr.
S Ue 80 S Ug

0
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The first term of this estimate is bounded by assumption, and the second is bounded by the
scaling in ¢ and the assumption that i, is uniformly bounded away from zero.

This example shows that the assumptions of bounded initial energy and bounded 7 do
not rule out singular behaviour of the sequence ii, berween —k and «. The example also
suggests what form this singular behaviour might take: that of a singular measure in time
(called A1 below), but with bounded total variation. This is exactly what we prove in the
following theorem.

Theorem 3.2 (Compactness, the general case) Let p. = u.y. € C([0, T]; Z™¢%) satisfy,
for suitable constants m, C > 0 and for all ¢ > 0, the estimates

pe(t, E) =mforallt € [0,T], E(pe(a)) =C, and Je(pe) < C.

Then there exists a subsequence (not relabeled) and a limit po = ugyo € C([0, T]; Z¢%)
such that the following hold:

(1) pe(t) = po(t) in M(E) for every t € [0, T;

(2) Thespatialtraces u, (-, 1) are well-defined and converge strongly to u(j)t(~) =ug(-, 1)
in LY(0, T);

(3) Forall0 < § < 1 the function ug converges uniformly to the limiting trace values M(T
in L0, T; L®(—1, —8)) and L' (0, T; L8, 1)).

Let Ui be the transformed sequence and let W, be given as in (2.12). Then there exist limit
functions iy € LY, T; Whl(—k, k), wo € LY(0,T) x S), a reference singular mea-
sure A+ € M0, T1) with »+ L L', and a function g € L, ([0, T] x S) with ds1ig €
L% ([0, T]1 x S), where A+ = A+ @ L'|s € M([0, T] x S), such that

(4) e — do + moAL, 85l — dyiig + dyriig AL, and We — 1o in the duality with
C([0,T] xS);

(5) the traces 123: of ig(-,s) at s = Lk coincide with the traces of ug, i.e. they satisfy
123: = u(j)E a.e. in (0, T); the traces f;l(:)t (1) of (¢, -) vanish for A-a.e. t € [0, T1;
~ * ~ —_ .

(6) pe — po(t) = %(u0 ()0 + u0+(t)8,() in M(S) for everyt € [0, T];

(7) wolt, ) is constant in S for a.e. t € (0, T) and satisfies wy(t, -) = %I:l-’_([) a.e.in(0,T).
The couple (o, Do), Do = WoL?|0.7)xs satisfies the continuity equation

3 po+ ds00 =0 in D0, T) x R). @3.11)

Remark 3.3 Parts 1-3, 3.2, and 3.2 are the same as in Theorem 3.1. The main difference lies
in the structure of the limits of &, and w, (part 3.2) and therefore the identification of the
traces of ig and mg (part 3.2).

Proof Some of the steps are the same as in the case of Theorem 3.1; for those we only give
the statement. For the others we detail the differences.
Step 1: Entropy estimates. There exists a constant C > 0 such that

E(pe (1)) = Ec(pe (1)) < C foreveryt €0, T1;
in particular, for any subsets A € (—1, 1) and Ae (—k, k) we have

lim sup pe(r, A) =0, lim sup ps (1, A) = 0.
e—>0 ¢ e—>0 ¢
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Step 2: Estimates on i, w.. There exists a constant C > 0 such that
T
/suplﬁg(t,s)|dl <c, / i (2, 8)| ds dr < C. (3.12)
S
0

seS
These bounds are weaker than the L>°-bound on i, and the L2-bound on @, of Theorem 3.1.
Let us set p, := /ilg: since p, € L2(0, T; Wh2(—k, )) its traces at s = =k are well

defined and belong to L2(0, T). We set 9 () = sup, ges |pe(t, r) — pe(t,s)|. Standard
estimates yield

1/2 T
6e(1) < (2x / |asﬁg|2ds) : / 62(1)dt < Je(pe;0,T) < C.
S 0

2
(/ﬁsd)?g) 5/ﬁ§d%=m,
S S

pe(t,s) < / Pe(r)dPe(r) 4+ 6:(t) < /m +6.(1) foreverys €S,
S

Moreover

and

and therefore

sup e (t, s) < 2m + 202(1).

seS

The second estimate of (3.12) then follows from

2 1/2 1/2
/m)g(r,snds 5( et O 4 s) (/ﬁg(t,s)ds) .
S S Ug S

Step 3: Pointwise weak convergence of 0. (¢) (statement 6): there exists a sequence

&n 4 0 and a limit po(t) such that pg, (t) X 00(t) for every t € [0, T1, and po(t) <K Yo.
Step 4. Weak convergence of p.(¢) (statement 1). Writing the limit pg of the previous
step as po(t) = %ua ®)é—i + %uar(t)&(, we have for every t € [0, T],

. 1 _ 1,
Pen () = po(t) = Jug (3-1 + Sugb1.

Step 5. Strong convergence of traces (statements 2 and 3): the traces uﬁi =ug, (-, £1)

strongly converge in LY (0, T) to the limits ug defined in the previous step. In addition, setting
wgt = %(6, 1) we have

T

lim sup e, (2, &) — uy (t)|dt =0 forevery0 <4 < 1.

n—oo
E-Ecurs

The proof of this step is similar to that of Theorem 3.1, but uses instead the estimate on

pS = kv uSa
1/2
|aspg|2ds) .

&.newy s

gig/wﬁzmdt:o, 65 = sup |p€<s,r)—p5<n,t>|g(a/i
0 w
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Step 6. Compactness and limits (statement 4). Because of the lack of an L*° bound,
from here on the proof differs significantly from that of Theorem 3.1. Let us set £ (t) := 1+
sup;cs lis (7, s)|. Up to extracting a suitable subsequence ¢ — 0 (without changing notation)
we can assume that there exist weak limits A € M([0, T']) and j19, Vo, o, 60 € M([0, T1xS),
such that (identifying functions with the corresponding measures)

* A * A A * A A * A~ A * A
e — A, Ulg — [lo, Wg — Vo, OsUe — o, and |d,ite| op. (3.13)

Since @, (f, s) < £.(r) we have 19 < A := A ® L!|s, so that fig = rigA for a suitable
bounded Borel function riig € LY ([0, T'] x S). Since

[

it follows (see Lemma 3.5 below) that in the limit Dy < fig and |$p| < 6y < fio. In particular
Do = fgA and Sy = go A with 7, go € L ([0, T] x S). Since d;/ip = So, we easily have
for every couple of test functions ¥ € C*([0, T']), ¢ € C°(—«, k),

)dsdt<C

/ Y (0)g(s) go(t, s) ds A(dr) = — // Y ()¢’ () 1o (2, ) ds A(d1).
(0,7)xS (0,T)xS

Since  is arbitrary, we deduce that dsr1¢(z, -) = go(z, -) in L*°(S) for A-a.e.t € [0, T]. We

also deduce that
//( ) ds A(dr) < C. (3.14)

The measure A € M([0, T']) can be decomposed as A = oLl + At with € € LY(0, T) and
At L 2! and similarly A = ¢£' @ £'|s + A+ with AL = At ® £]5. We set fig 1= gl
and o = g ¥, so that the limits in (3.13) can be decomposed as jig = g + MoA~T,
co = dsiip + diipAL, and Dy = Wy + AgA~L. In Step 8 below we show that the last term,
noAL, vanishes.

Step 7. fip and @( have equal traces (statement 5). Let us consider, e.g., the case of
—k and take nonnegative test functions ¥ € C([0, T']) with sup, o, T [Y(t)] < 1,and ¢ €

C([—«, k]) with support in [—«, 0) and integral 1, so that ®(s) := f ¢(r) dr is decreasing,

supported in [—«, 0), and satisfies @ (—«) = 1. We also set g5 (s) := 8 Yo(—k+8~ (s +k)),
Ds(s) 1= P(—k + 87 (s + k), ps(s) = — D/ 5(s). Denoting by €2 the product [0, T] x S,
we have

T T
/w(t)ua(ndt—//w(r)m(s) fio(dsdr) f/lug(t)—ﬁ;(t, —k)| dr
0 Q 0

+/ Y (s (i, (1, —k) — e (t, s)| ds dt

Q

# [[vonoiesaa - [[vaes sl
Q Q
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Passing to the limit as ¢ — 0 the first and third terms vanish; concerning the second term,
we have

/ Y (Oes($)ite (t, —k) — e (t, 5)| ds dt S//llf(t)(ps(S) /If)sﬁe(l,r)ldr dsdr

Q Q K
T K
Z/lﬁ(t) /%(S)Iasﬁa(t,S)ldS dr.
0 K

Combining these inequalities and passing to the limit as ¢ — 0 we get

T
/ ¥ (Ougy (1) dr — / / Y (D@3 (s) fo(dsdn)| < / ¥ (1) Ds(s) 6o(dsdr),
0 Q Q

so that, applying Lebesgue’s dominated convergence theorem with the fact that ®s(s) — 0
fors > —x and 0 < &5 < 1, we obtain

T
lim / ¥ (Dug (1) dr — / / ¥ (D@3 (s) fo(dsdn)| < / ¥ (1) Go(dsdr) = 0,
0 Q

[0.T]x{—«}

since 6 < A.
On the other hand, recalling that fip = g A and mg € L,{ (0, T; W1(S)), an analogous
argument yields for i, () := g (t, —k),

T
/ V(@i (1) M) —/ / ¥ (0)os(s) frodsdn)| < / / V(D05 iy (O)—rio(t. )] ds A1)
0 Q Q
< / / s (s)
Q

i h=uil!. (3.15)

2o(r, )| ds a(dr) 25 0.

Since v is arbitrary, we conclude that

Step 8: Passing to the limit in the continuity equation (statement 7). This step is the
same as in the proof of Theorem 3.1.

Conclusion: Vanishing of the singular part of vy, i.e. worL = 0. From (3.15) it follows
that r?zgt(t) = 0 for At-a.e.7 € [0, T]. On the other hand, (3.14) yields for At-ae. re[0,T]
and for every n > 0 and §(¢) with i (5(¢), 1) > 0,

1 Do) ot 5)? 1 Do(1)% Ao (t, $)2
+OO>7/(1UO() +ng(,S))dszi/( o Ao s))ds
2 Js \nmg(t,s)  mo(t,s) 2 Js \n+mo(t,s) n-+mo,s)

= 1i0(0)] | 13 10g0n i, )] ds = 21in(0)| g n ~ gty + so(r, 50|

Since n > 0 is arbitrary, we conclude that wg(¢) = 0 rt-ae.t €0, T]. m]

The Lemma below is similar to many other duality results (see e.g. [2, §2.6] or [3,
Lemma 9.4.4]) and seems to have some wider usefulness. We state it in R? for generality.
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Lemma 3.4 Let Q C RY. For p € M(Q) and v € M(2; RY),
>,
2 Ja

In particular, if the right-hand side is finite, then v < [ and ¢ du € L2 ().

dv 2 d |b|?
” du=sup{ [ [adp+b-dv]: a € Cp(R), b € Cp(2 RY), at—- = 0t.
w Q

(3.16)

Proof We write F(v|w) for the left-hand side, and F'(v|w) for the right-hand side. We first
show that F'(v|u) < F(v|u). If v is not absolutely continuous with respect to u, then
F(v|u) = oo, and there is nothing to prove; if v < p, then we can write v = fu.

For all a and b continuous, bounded, and satisfying a + |b|2 /2 <0, we have

2 2
/[ad,u—l—b-dv]:/[a—i-b-f]dug/[ +ﬂ+ﬁ]du
Q@ Q 2 2

2
5/ UL = Foou.
Q

To prove the opposite inequality, we assume that F'(v|un) < oo, and first show that
v < . Suppose not; then there exists a Borel set A C €2 such that ©(A) = 0 and v(A) # 0.
Take ¢ > 0, set a = —cxa, and define a sequence a, € C,(£2) such that a,, 1 a. Then
fa,, du — 0 as n — o00. On the other hand, setting b, := +/—2a,v(A)/|v(A)|, we have
f by -dv — +/2¢ [v(A)| > 0. Since ¢ is arbitrary, this violates the finiteness of F'(v|u), and
therefore v < L.

Again writing v = fu, with f € L?(1)?, we now choose b, € C,(2) such that b, — f
in L2(u)4, so that [ by, - fdu — [|f>dp = 2F(v|w). Setting a, := —|b,|*/2 we have
a, — —|f|2/2 in L' (1), and therefore fan du — —F(v|w). The result follows. ]

The above dual characterization (3.16) of the property 7 d” € L2 (2) will now be used to
characterize the limits in Step 6 of the above proof.

Lemma 3.5 [fu, N uw and wy, N v, and

lwy, |2
sup

n JQ Un

dx =: C < o0,
then v < u with d” IS L2 (R) and

lwa |
(— du < liminf [ 220 (3.17)

n—o0 Q un
Proof For each pair (a, b) as in the right-hand side of (3.16) we have

C > | | dx >/[aun+b wy, dx—)/ adu+0b - dv]
Q Un Q

Thus, the hypothesis of Lemma 3.4 is satisfied and § d Li (£2) follows.
Moreover, choosing a pair (a, b) in (3.16) that approx1mates the left-hand side in (3.17),
we also obtain the desired estimate (3.17). ]
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4 Lower bound

Theorem 4.1 (Lower bound) Under the same conditions as in Theorems 3.1 or 3.2 let us

assume, without loss of generality, that p.(t) X po(t) for everyt € [0, T]. Then
Jo(po) < lim i(I)lf Te(pe) and Eo(po(t)) < lim i(I)lf Ee(pe(t)) foreveryt € [0,T]. (4.1)
E—> E—>

Proof The lower semicontinuity of the entropy functionals under weak convergence is well
known, see e.g. [3, Lemma 9.4.3] or [4, Lemma 6.2].
Turning to J,, we can suppose by Theorem 3.2 (which contains Theorem 3.1) that

A * A A~ ~ * ~ ~
Ue — Lo = moA, Oslle — So = Qo A\, and W, — Vg = ngA.

Setting itg = mof as in the proof of Theorem 3.2, we also have gof = diig. By (3.17) we

then have
diy. d&\*| ..
/ / 0 )| djig < liminf 7. (o).
d,u() dito £—0

We now discard the singular part g A+ of iy and again write g := g€, by which we find

A N2
// dsdr < f// (dvo) (difo) iig dsdt < liminf 7, (p.).
dl‘LO dio e—0

Recalling that the traces of itg at s = =+« coincide with uoi, and that wq (¢, s) = wo(?) is
constant with respect to s with wg = %I:t-"_, we see that for a.e. ¢ the integrand in the left-hand
side of the previous inequality satisfies

1 0 2 3; ~ , 2
i< [ (S5 - 7)o

This implies the lower bound on 7. and concludes the proof of Theorem 4.1. O

5 The minimization problem defining M and interpolation

The minimization problem defining M is

/ 2
M(w, u®) = 1nf[ I/L(S) AC) ]ds cueCl(S) udx) =ut } (5.1)

u(s)
This minimization problem gives rise to a natural inferpolation of the boundary values u™,
which we study in the following theorem.
Theorem 5.1 Letu [w, ui] () be the solution of the minimization problem M (w, ui). Then
the mapping
(w, ui) = u [w, ui]
is well-defined and continuous from R x (0, 00)2 into C%(S). The Sfunction (w, ui) —

M (w, ui) is convex, smooth away from u* = 0, minimal at w = 0 and ut = u~, and
satisfies M (w, ui) =M (w, u”F).
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IfujE e C%([0, T1; [8, 00)) for some § > 0, then the function
(t,s) > u Biﬁ(r), ui(t)] (5) (5.2)
is an element ofC1 ([0, T] x S).

Proof By the transformation z = \/u we can rewrite the minimization problem (1.30) as

w2
inf/[ +27/(s) ] © 2(dk) = VuE.

2z(s)?

The corresponding stationarity equation is

2
w
-7'—— =0, 2(£K) = Vu*, (5.3)
4z
which implies that any solution z is concave and therefore z > min ~/u¥, or u > min u®.
Since u® > 0, the existence and uniqueness of the solution u of (5.1), or equivalently

of the solution z of (5.3), are classical, and the continuity follows from classical results
for the continuous dependence of the solutions of elliptic problems on parameters. Simi-
larly, if uT is a function u* € C%([0, T])? and bounded away from zero, then the solution
u [12"'(-) /2, ui(~)] is C! on its domain (note that one degree of differentiation in time is lost
since 12T appears as a parameter in the equation for z).

The symmetry and minimality properties of M are immediate. To prove the convexity of
M, take (wy, uli) and (w2, uéc) with M (w1, uf), M (ws, uéc) < 00, A € [0, 1], and let u;
and u, be the corresponding minimizers. Since (1, w) > w? /u is convex, it follows that

Gwy + (1 =Pw)? wi o, -2 wi ’
8(huz(s) + (I — ur(9)) ~ Bua(s) 8141 (5)

with a similar inequality for the second term in (5.1). Since Auy + (1 — A)u; is admissible
for M (Aws + (1 — Mywi, Ay + (1 — )ui), we then have

M (wz + (1 = Dwy, i + (1= Vui)

</ Owz + (1 — Hwy)? (udy + (1 = uh)?
8(huz(s) + (1 = Mui(s)  2uz(s) + (1 — Vuy(s)

1
<x/ w5 L a6 il +a —k)/ ”/1(5)2 ds
- " Buo (s) 2u2() 8u1(S) 2u1(S)

=M (wz, uf) + 1 -MM (wl, uT—L) .

This concludes the proof of Theorem 5.1. O

As indicated at the end of the introduction, we can find good lower and upper bounds on
the integrand M, which are given in the following theorem.

Theorem 5.2 For all u® > 0 and all w € R we have the estimate

+ _ —
i) - logu log u

+_ —
w(logu logu ) < M(w u prp—

(4cw? + @ —u)?), (5.4)
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where both inequalities are equalities if and only if w = (u+ — u’) /2k. In this case
the minimizer u in the definition (5.1) of M (w; ui) is the affine interpolation u(s)
= (kK +S)ut/2k + (kK — s)u" /2.

Remark 5.3 Note that the left-hand side of (5.4) can be interpreted as 2 (€' (u™), w) (see
Section 1.7), implying that M (w; u®) > 2(€'(u*), w) and therefore Ao (u™*) > 0 for all

u*.

Proof We define the functional J(w; u) = % fs %(w2 + u’z) ds such that M is obtained by
minimizing J (w; u) over all u satisfying the boundary conditions u(£«) = u*.

The lower estimate follows by neglecting the nonnegative term in

1 N2 u’
J(w;u) = —(w—u) +w [ — > w(logu(k) —logu(—«))
S 2u s u

and using the boundary conditions. We also see that equality holds if and only if ' = v/2,
which implies v = 4(m—a).

The upper estimate is obtained by testing with the affine function u(s) = (k +s)u™/2k +
(k — s)u~ /2k. Obviously, the lower estimate and the upper estimate coincide for w =
(ut — u~)/2k. Hence, the result is proved. ]

The fact that optimality occurs at affine functions also gives a characterization of the limit
iio of a sequence of solutions ii:

Theorem 5.4 Let p. be a sequence of solutions of (1.1) such that £;(p:(0)) converges as
& — 0. Then the assertions of Theorem 3.2 hold, and in addition uy is affine in s:

+ 5 . K—3S
uo(t, k) + - uo(t, —x).

. K
for almost all t, s, uo(t,s) =

Proof The transformed solutions i, satisfy the equation
ésatﬁa = avsﬁa-

The density g. concentrates on to the boundary points s = +«, implying that in the interior
of the interval S the equation formally reduces to 0 = dy,i1.. Using classical methods for
partial differential equations one can convert this observation into a proof that the limit i is
affine for each ¢.

Instead we prefer to stay within the realm of the gradient-flow structure. Since the p, are
solutions, A¢(p:) = 0; by Theorem 4.1 and the assumption of convergence of the initial
energies & (p:(0)), we have Ag(pg) < 0. Since Ap satisfies condition (1.16), Ag(po) = 0.
This implies that it( is a minimizer of M for almost all ¢, and by Theorem 5.2 it is therefore
affine for almost all 7. O

6 Recovery sequence

Theorem 6.1 (Recovery sequence) Let ut € AC(0, T;R) be such that Jo(u®) < oo.
Then there exists a sequence i, € CL([0, T] x S) such that 0o (-, £x) — ur in L10, T),
Ee(1:(0)) — Eo(u™(0)), & (i1e(T)) — Eow™(T)), and T (ite) — Jo(u™).

Remark 6.2 By this result the sequence i, and its other forms u,, p., and p, converge in the
different senses provided by Theorem 3.1.
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Proof By a diagonal argument, and using the lower bound (4.1), it is sufficient to prove the
following approximation result: given § > 0, there exists a sequence (i)~ with 2%7. €
C'([0, T] x S) and

lim sup max{ 142, 1) — uF |l 1o,y |E@T)) —

e—=0
Ee@op — &= 0| | <5 @61
and

lim sup J: (@%) — Jou™®) < 8. 6.2)

e—0

We now prove this approximation result in several steps. First note that u™ € W1-1(0, T),
and that the finiteness of Jo(u™*) implies that ut + u~ is constant in time (say 2m) and
therefore 0 < u™ < 2m and 4t = —i~. To simplify we only specify the value u~ at —
and consider the corresponding value u™ at +« as defined by the condition of constant mass.

We first approximate u~ by a function that is bounded away from zero and from 2m. We
do this by setting y,” :=m + (1 — n)(u™ — m), for some small n; asn — 0, y,” — u™ in
W10, T). The function ¥, is bounded away from 0 and 2m; the convexity of M and the
fact that it Vanishes when w = 0 and u™ = u~ (Theorem 5.1) imply that for almost all 7,
M(y,‘]"(t)/2 > (1)) is decreasing in 7, and that M(y,7 (1)/2; Ya (t)) A M@Et()/2; ut (@)
asn | 0. This 1mp11es that

T

/ ( AOM (t)) t—>/ ( ut () u (r)) asn — 0.

0

Similarly £(y;(T)) — €™ (T)) and & (v (0)) — Eo(u™(0)), implying that for given
8 > 0 we may choose n > 0 such that

max| 13F = w0 [E00F(T) -

|€0(y; (0)) —

(6.3)

P

5 - 20w | =

We fix this number 7.

The next step is to smoothen y,. We approximate y, in wb1(0, T) by convolution to give
ay e C*([0, T]), while preserving the pointwise upper and lower bounds. Because M is
convex, it follows that

7 ) = 7 (vF) (6.4)

and we can choose y such that

FEO0) — &GO | <
(

We now interpolate y by Theorem 5.1 without changing notation; note that then y €
C'([0, T] x S). Since ¥ is fixed and C', it follows that as ¢ — 0, the corresponding function
We, defined by 9;(¥y.) + 95w = 0, is uniformly bounded and satisfies

max |15 = &l Lio.ryes [E0GE(T) = &0

5)

Bl >
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A

Vs el k) etss) = / 5,0 72(d0) — 330, %) = 33 (0).

—K

T T
. w? w? . 1.
lim — dsdt = —dsdr  withw(®) ==y (?),
e—0 sy sy 2
0 0

and we have for sufficiently small ¢ > 0 that

Therefore

A ~ 3
7:() = HoGH)I = . (6.6)
Similarly, since y, A 70, we have for sufficiently small ¢ > 0 that

A ~ 8
max | [€ (1) — £ G=(T)], e 6.7)

EGO) - &GO | =

The final step is to approximate ¥ by a function of the right mass. Since 3 € C2([0, T']xS),
the mass discrepancy

i) = [ 509709 - [ 565 o)
S S
converges to zero uniformly on [0, T']. Setting

A, s) = y(t,s) —m(t),

we find that for sufficiently small ¢

’

max | 22, £6) = 7 10,0 [T = & GT)

| (22(0)) — €. (3(0))

’

R o )
J@) =gl =5 ©8)

The claims (6.1) and (6.2) then follow from combining the estimates (6.3), (6.4), (6.5),
(6.6), (6.7), and (6.8). O

7 Connections with stochastic particle systems

The mathematical results of this paper make important use of Definition 1.1 of a gradient-
flow solution. This formulation is more than a mathematical convenience: it arises naturally
when considering equation (1.1) as the deterministic limit of a stochastic system of particles.
We now explain this connection and its consequences.

Fix ¢ for the moment. Consider a collection of n independent particles, each of which
performs a Brownian motion in a potential landscape given by the energy function H/e.
Equation (1.1) is the continuum or hydrodynamic limit of this system of particles, as the
number n of particles tends to infinity. One way of describing this limit is by considering the
empirical measure

| &
L, :[0,T] - M([—1, 1)), Ly(t) .= ; Zafl‘(?)’

i=1

@ Springer



Passing to the limit in a Wasserstein gradient flow 449

where &; (¢) is the position in [—1, 1] of particle i at time 7. As n — oo, with probability 1
this empirical measure converges weakly to a limit measure p(#) at every time ¢, and this
limit measure solves the equation (1.1).2

Given this connection, a large-deviation result characterizes the probability of finding the
empirical measure L, (t) far from the solution p of (1.1). Such a result roughly takes the
form

Py(Ln = p) ~ exp(—=nl(p)), (7.1)

in terms of a rate functional I. A rigorous version of this statement can be found, for instance,
in [14, Th. 13.37].

The surprising feature, however, is that for this system of particles, the rate functional /
above is exactly equal to the functional A4, in (1.25) (see e.g. [23] or [14, Th. 13.37]). This
feature has several consequences.

(1) Since A, = I, the large-deviation result (7.1) gives an alternative explanation why
A > 0 and why A, = 0 implies a solution of the deterministic system. The positivity
of I, and therefore of A, arises directly from the property (7.1) and the fact that proba-
bilities are bounded by 1; and since the hydrodynamic limit is assumed with probability
1, the solution p of the limit equation (1.1) necessarily satisfies A (p) = I (p) = 03

(2) 1In Sect. 1.2 we mentioned that there exist at least two different gradient-flow structures
for equation (1.1). The fact that one of these structures arises in the large-deviation
description of this stochastic system, may be interpreted to signify that this gradient-
flow structure is more ‘natural’—at least when we view (1.1) as arising from this specific
stochastic particle system. Of course, there may well be a different stochastic system
whose large-deviation behaviour is related to the structure (1.18), and there may be
other arguments that favour other structures.

(3) This connection provides an answer to the question, often heard, ‘why does the Was-
serstein metric figure in this gradient-flow structure?’, since the Wasserstein dissipation
arises directly from the large-deviation behaviour. However, a complete answer requires
describing the large-deviation result in some detail, which would take us too far; see [1]
for a detailed discussion.

(4) In the context of a large-deviation result, it is natural to consider sets of the form
{p : I(p) < 8} for$ > 0; these correspond to collections of ‘least unlikely’ states, in
the sense that their probability vanishes no faster than e ™% Again, this ties in with the
results proved above, in which we do not assume .4, = 0, but only boundedness of
Ee(p:(0)) and T (o).

The connection with large-deviation principles also explains the structure of M in (1.30).
The well-known contraction principle describes how rate functions transform under projec-
tion, i.e. under loss of information. Suppose that / is a rate function describing the behaviour
of a sequence of probability measures P, on a space X, in the sense of (7.1).Letp : X — Y
be a continuous map, and Q,, := p# P, the corresponding probability measures describing the
behaviour of the system after projection under p onto Y. Then Q,, satisfies the large-deviation
principle [13, Th. II1.20]

On(y) ~exp(—nlp(y))  with  I,(y) = Xinf I(x).

xeX:p(x)=y

2 We deliberately disregard the role of initial conditions for the moment; one could, for instance, choose a
single delta function 8, as the initial datum for (1.1), and have all particles start at § = a.

3 A careful treatment of this argument actually requires a more precise definition of (7.1) and a discussion of
topology; we omit both.
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The form of the function M can be understood in terms of this contraction principle. In the
limit e = 0, the only information about u, or i, that survives are the boundary values. Conse-
quently the large-deviation behaviour of the system in the limit follows from the contraction
principle by interpolating between the boundary values, in such a way as to minimize the
functional over all missing information. The function M is the direct consequence of this.

8 Discussion

Passing to the limit in gradient flows. The aim of this work is to explore the potential of
the Wasserstein gradient-flow structure of (1.1) for rigorous passing to the limit. For this
specific system, we have succeeded to a large degree, and we comment below on the specific
assumptions that we have made.

The property A = 0 is a reformulation of the concept of a curve of maximal slope, which
was introduced by DeGiorgi and co-authors (see e.g. [12]) as a metric-space generalization
of a gradient flow. Sandier et al. [38,40] appear to be the first to explore in detail the use of
this structure for passing to the limit. Serfaty [39] discusses the case of metric spaces, with
obvious applications for the case of the Wasserstein metric. She leaves aside the question
of compactness, however, and one of the main contributions of this paper is to show that
appropriate compactness ‘in time’ can also be obtained from the Wasserstein structure.

A related result is that of Ambrosio et al. [4], who study entropy-Wasserstein gradient
flows in a Hilbert space with respect to a weakly converging sequence of reference measures.
Their approach first proves convergence of time-discrete approximations for fixed time, and
then uses error bounds to prove convergence of the time-continuous solutions.

Assumptions. The assumptions in the main theorems are the boundedness of the initial
energy and of the dissipation function 7, both of which are natural objects in the Wasserstein
gradient flow. The relaxation of the condition A, = 0 to the condition sup, A, < oo is a
broadening of scope: it implies that the compactness result holds not only for solutions, with
their accompanying higher-regularity properties, but for a much wider class of sequences.
In addition, this class arises naturally in the context of large deviations for an underlying
stochastic particle system (see Sect. 7).

However, a central tool is the mapping & > s, which desingularizes the diffusion term and
allows for a more detailed study of the limit behaviour. This mapping is very specific for this
problem, and it is an interesting question how to generalize it to singular systems described
by different PDEs (e.g. higher-order [16,18,33] or nonlocal parabolic equations [10,11]) or
more complicated geometric spatial structure.

Weak formulations and compactness. A related question arose during the work presented
here: can our definition of a gradient-flow solution, Definition 1.1, be viewed as a weak form
of the gradient-flow equation (1.8),

z=—-Vg&€(2)? (1.8)

The straightforward answer to this question seems to be negative, since traditionally weak
formulations serve to reduce regularity requirements, and in both cases the function z is nec-
essarily differentiable. Therefore shifting from (1.8) to Definition 1.1 brings no advantage
on that front.

However, we argue here that a different aspect is just as important: the compactness and
convergence properties of the formulation. As we have shown, solutions of a sequence of
problems are compact in an appropriate way, and a subsequence converges to a limiting object

@ Springer



Passing to the limit in a Wasserstein gradient flow 451

that can be considered an appropriate generalization of a gradient flow (see Definition 1.1,
and also the discussion in Sect. 7).

This ties in with the strongly related work of Herrmann and Niethammer [20], that we
discuss separately below. One aspect that this study and [20] have in common is the refor-
mulation of a nonlinear, singular differential equation as a parameter-dependent variational
problem, thereby opening the door to methods of variational calculus.

Choice of convergence. We prove Gamma-convergence of the sequence of functionals
Je. If one is only interested in convergence of solutions, then this is actually too strong: it
suffices to prove the lower bound inequality, Theorem 4.1. We prove the recovery sequence,
Theorem 6.1 nonetheless, especially since it completes the picture of the convergence on 7.

Incidentally, the fact that Gamma-convergence is a natural form of convergence for
large-deviation rate functionals (see Sect. 7) has also been recognized in the probabilistic
literature [25].

The micro-problem. The transformation to the new spatial variable s has the effect of
blowing up the region in which the derivative of u, is large. The resulting function i, is
more regular, as reflected by the H I_bound on J/lie (see Fig. 4 and Remark 2.1). This blow-
up argument is reminiscent of the ‘cell problem’ in homogenization [21] or the ‘inner’ and
‘outer layers’ in singular perturbation theory [41]. Similarly, the parallel convergence results
of those two theorems reflect these separate behaviours at two different scales.

It is interesting to note, however, that for the lower-bound inequality one does not need to
know much about the function M; actually, only its definition. Some additional information
(the inequalities of Theorem 5.2) is necessary to identify solutions of Ay = 0 as solutions of a
corresponding differential equation. Other additional information (Theorem 5.1) is necessary
for the recovery sequence, Theorem 6.1.

9 Comparison with a paper by Herrmann and Niethammer

This is not the first paper to give an answer to the question that was raised in [35], Can we
prove convergence using the Wasserstein gradient flow ? In [20], Herrmann and Niethammer
give a different (but again affirmative) answer. Here we briefly describe their approach and
comment on the differences.

The authors of [20] build upon a solution concept for gradient flows based on an integrated
form of the Rayleigh principle. This concept has been used before in nearly-finite-dimen-
sional situations [31,32], but its application in a truly parabolic context appears to be new. We
describe it here in the case of a linear space Z; the generalization to a manifold is straightfor-
ward. Given an energy functional £ on Z and a Riemannian metric G (see the introduction),
it is a straightforward observation that if z is a solution of the gradient-flow equation (1.8),
then its time derivative z(¢) at time 7 is a minimizer of

V> %(v, G(z(t)v) + (DE(z(1)), v). 9.1
Inspired by this, the authors of [20] define an integrated Rayleigh principle as follows: an
absolutely continuous function z : [0, T] — Z satisfies this principle if its time derivative z
minimizes the functional

T
1
/ (§<v(t), G(z())v(1)) + (DE((1)), v(t))> dr, 9.2)
0
amongallv : [0,T] — Z.
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In [20], the authors first remark that at finite £ >0, the solution u, of (1.7) is a minimizer of
this integrated Rayleigh principle. In addition, the a priori estimates of [35] provide appro-
priate compactness of the sequence u.. The central result is then that the integrated Rayleigh
principle for the limiting function u( can be derived from the same principle for the solutions
Ug.

The work by Herrmann and Niethammer is interesting for various reasons. First, this
solution concept merits to be considered more closely, and we make some comments on
this below. Next, the authors themselves state as a drawback that the compactness that they
use does not derive from the Wasserstein gradient-flow structure, but from the linear semi-
group structure used in [35]. They pose in turn the question whether the compactness can be
derived from the Wasserstein structure. And finally, what is exactly the relationship between
the solution concepts of [20] and of this study, and similarly of the convergence theorems of
the two papers?

There is a problem with the definition of the ‘integrated Rayleigh principle’ for a general
function z. Take the example of a Hilbert space H and a continuous semigroup generated by
a non-negative self-adjoint operator A, which solves the equation z = —Az in H. This is a
gradient flow with (z, Gy) = (z, y)g and £(z) = %(z, A)g. If z(t) € D(A) att > 0 then
DE(z(1)) is not well defined. Another way of stating this is that the right-hand side of (9.1) is
not bounded from below, and its infimum equals —oo. This in turn implies that even though z
might minimize (9.2) for fixed z(-), in the neighbourhood of that z there exist perturbations
Z, arbitrary close to z, for which the infimum equals —oo. Therefore the formulation (9.2) is
very unstable under perturbations of z.

It is no coincidence that the expression (9.2) is closely related to the functional .A. We can
write

T
A(z) = €@(T)) — £(z(0)) + /(%(z', G()z) + %<—D5(z), G(Z)_l(—DS(Z))>) dr
0

T T
/ ( z,G(2)2) (Ds(z),z)) dr + % / <—D€(z), G(z)_l(—DS(z))>dt. 9.3)
0 0

This form shows that Definition 1.1 with the structure (1.11) is different from the integrated
Rayleigh principle above in two ways: first, the integral fOT(DE (z(1)), (1)) dr has been con-
verted into the end point values £(z(7T')) — £(z(0)), and secondly, the addition of the dual
dissipation potential ¥ *(—DE(z)) (the second term in (9.3)) penalizes ‘non-regular’ values
of z(1).

Both of these changes appear to improve the robustness of the formulation. The addition
of the dual potential has the effect of penalizing ‘unfavorable’ choices for the function z;
and the conversion of the cross term into end point values mitigates the effect of fast oscilla-
tions. The compactness results of Theorems 3.1 and 3.2 certainly suggest that Definition 1.1
and (1.11) provide a useful basis for the analysis of these more general gradient flows.
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