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Abstract

In accordance with Rodabaugh’s approach to L-quasi-topology, the aim of this paper is to use the concept of semi-quantales as a
theoretical basis to construct and study the notion of quantale-valued quasi-neighborhood systems as a generalized form of the
resent Hohle—Sostak’s L-neighborhood systems. Some properties of such notion and relationships with L-quasi-topologies,
L-quasi-fuzzy topologies, L-quasi-uniform structures and L-fuzzy rough approximation operators are established.
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1 Introduction

In 1986, a non-commutative extension of the concept of
frames (locale) is proposed by Mulvey (1986) under the
name quantale which is an algebraic structure with a strong
connection to Mathematical logic, and so with the purpose
of studying the foundations of quantum mechanics and the
spectrum of non-commutative C*-algebras. In 2007, Rod-
abaugh (2007) introduced the concept semi-quantale as a
generalization of Mulvey’s quantale and used it as a lattice-
theoretic and algebraic basis for studying the lattice-valued
topological spaces and powerset theories from the view-point
of algebraic theories. The notion of semi-quantale provides a
useful tool to gather various lattice-theoretic notions, which
have been extensively studied in non-commutative struc-
tures; it has a wide application, especially in studying the
non-commutative lattice-valued quasi-topology (Rodabaugh
2007; Hohle 2015; El-Saady 2016a,b; Zhang 2018).
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The problem of characterizing lattice-valued topologies
and fuzzy topologies by means of suitable local structures
has been investigated by many authors since the end of the
seventies. It is easily observed that Pu-Liu’s quasi-coincident
neighborhood system (Liu and Luo 1997) and its generaliza-
tion by Fang (2004, 2006), Wang’s remote-neighborhood
system (Wang 1988) and its generalization (Yang and Li
2012; Yao 2012), Shi’s neighborhood system (Pang and Shi
2014; Shi 2009) and Hohle—Sostak’s L-neighborhood sys-
tem and L-fuzzy neighborhood system (Hohle and Sostak
1999) are important tools to study lattice-valued topologies
and fuzzy topologies. Recently, the notion of quantale-valued
generalized neighborhood systems is proposed and used to
define a theory of rough set, called rough approximation oper-
ators based on L-generalized neighborhood systems (Zhao
et al. 2019, 2018). Such quantale-valued generalized neigh-
borhood system-based on approximation operators include
the generalized neighborhood system-based approximation
operators (Syau and Lin 2014; Zhang et al. 2015; Zhao and
Li 2018), the L-fuzzy relation-based approximation opera-
tors (Hao and Huang 2017; She and Wang 2009) and some
of L-fuzzy covering-based approximation operators (Li et al.
2017, 2008) as their special case.

In this paper, we aim to introduce the concept quantale-
valued quasi-neighborhood systems as a generalization of
the well-known Hohle-Sostak’s L-neighborhood systems
and providing a common framework for the equivalent
notions: L-interior operators and L-neighborhood systems.
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The induced notion can be considered as another way for
obtaining L-quasi-topologies (Rodabaugh 2007). Some of
their properties will be studied as well as their relation-
ships with L-quasi-topologies, L-quasi-fuzzy topologies,
L-quasi-uniform structures, and L-fuzzy rough approxima-
tion operators will be studied.

The remaining part of this paper is organized as fol-
lows. In Sect.2, we recall some basic needed concepts. In
Sect. 3, the concepts of L-quasi-interior operators and L-
quasi-neighborhood systems are introduced as well as their
relationships with L-quasi-topologies and L-quasi-fuzzy
topologies are established. In Sect.4, in accordance with
Rodabaugh’s L-quasi-topology, the concept quantic L-quasi-
uniformity is introduced as a generalized form of the well
known L-quasi-uniformity (Gutiérrez Garcia et al. 2003). A
relationship between such notion and L-quasi-neighborhood
systems is established. In Sect.5, the concept of rough
approximation operators based on L-quasi-neighborhood
systems is introduced.

2 Preliminaries

Definition 2.1 (Rodabaugh 2007) A semi-quantale (L, <,
\/, ®) defined to be a complete lattice (L, <) equipped
with a binary operation ® : L x L — L, with no addi-
tional assumptions. As convention, we denote the join, meet,
top and bottom elements in the complete lattice (L, <) by
V., /\» T and L, respectively.

Definition 2.2 A semi-quantale L = (L, <, ®) is called:

(1) a unital semi-quantale (Rodabaugh 2007, 2008) if the
binary operation ® has an identity element e € L called
the unit. If the unit e of the groupoid (L, ®) coincides
with the top element T of L, then a unital semi-quantale
is called a strictly two-sided semi-quantale.

(2) acommutative semi-quantale (Rodabaugh 2007) if ® is
commutative, i.e.,a @ b = b @ a forevery a, b € L.

(3) aquantale (Rosenthal 1990) if the binary operation ® is
associative and satisfies

a® (\/h‘) = \/(@a®b;) and (\/b,») Qa
iel iel iel
= \/®i ®a), foralla € L, {bi}ies < L.

iel

A preserving tensor product mapping #k M —
L, between semi-quantales (L, <,®) and (M, <, ®), is
said to be a semi-quantale morphism (Rodabaugh 2007) if
h(\/ a;) = \/ h(a;); for {a;}ier < L.

iel iel
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If a semi-quantale morphism % : L —> M additionally
preserves the top (resp., unit) element, i.e., A(Tr) = Ty
(resp., h(er) = ep), thenitis said to be strong (resp., unital).

The category SQuant comprises all semi-quantales
together with semi-quantale morphisms. The non-full sub-
category UnSQuant of SQuant comprises all unital semi-
quantales and all unital semi-quantale morphisms. Quant
is the full subcategory of SQuant, which has as objects all
quantales.

StQuant is the full subcategory of Quant, which has as
objects all strictly two-sided ( or integral) quantales, i.e., uni-
tal quantales withe = T.

Every quantale L is left- and right-residuated—i.e., there
exist binary operations \ and /" on L satisfying the follow-
ing axioms:

a®@b<ceb<aNc,andbQ®a <c&b<c,/a

In particular, N\, and  are determined by a \( b = \/{c :
a®c <bland b ' a = \/{c: c®a < b}, respectively,
providing a single residuum — in case of a commutative
multiplication (resulting complete residuated lattices of Den-
niston et al. 2013).

Lemma 2.3 (Bélohldvek and Vychodil 2005; Blount and
Tsinakis 2003; Fang 2010; Georgescu and Popescu 2003;
Rosenthal 1990; Solovyov 2013, 2016) Let (L, <,®) €
|Quant|. For each a, b, c,d, a;, b; € L, the following prop-
erties hold:

(1) a® (a\(b) <b,

2 @a\b)®(c\Nd) =@®c) \\(b®d)and (d v/
ARBya)=dRDb) v/ (cQa).

B) b<cimpliesa\(b<aN\ c;andc\ya<b\ a;

@DHaNc<b®a)\bQ®c)andc /b <(c®a) )/
b®a),

(5) Vierai \\b) < Njgyai \\band \/;.;(a \ bi) <
a™ (\/iel bi)’.

6) (Vierai) b= \;cilai \(b);

@) a®/\ie] b < /\iel(a ® b;).

A commutative (L, <, ®) € |Quant]| is said to satisfy the
double negation law if foranya € L,(a — 1;) —
17 = a. In the following, we use —a to denote a —> L.
Furthermore, for any a, b € L, we definea ® b = —(—a ®
—b).

Let X be a non-empty setand L € |[SQuant|. An L-fuzzy
subset (or L-subset) of X is a mapping A : X —> L. The
family of all L-fuzzy subsets on X will be denoted by LX . The
smallest element and the largest element in L* are denoted by
L and T, respectively. By o, we mean the constant function
o : X — L such that ¢(x) = «. If L € |UnSQuant|with a
unit e € L, by ¢, we mean the constant functione : X — L
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with value e. The algebraic and lattice-theoretic structures
can be extended from the semi-quantale (L, <, ®) to LX
pointwisely:

e A<B & A(x) < B(x),
e (A® B)(x) = A(x) ® B(x),

forall x € X.

Obviously, (LX ,<,®) is again a semi-quantale with
respect to the multiplication ® and the joins of a subset
{A;}ies of L¥X is given by

(\/ A,») (x) = \/A,-(x) Vx e X.

iel iel

In the case L is unital with unit e, then LX becomes a unital
semi-quantale with the unit e.

For acommutative quantale (L, <, ®) andany A, B € LX
the subsethood degree (Bé&lohldvek 2002; Georgescu and
Popescu 2003) S : LX x LX — L, of A in B ( and the
intersection degree (Chen and Li2007) T : LX x LX — L,
of A and B) given, for any A, B € LX, by S(A, B) =
Nyex(A(x) — B(x)) and T(A,B) = \/,cx(A(x) ®
B(x)).

The following lemma collects some properties of subset-
hood degree. They can be founded in many literatures such as
Bélohlavek (2002), Bélohlavek and Vychodil (2005), Chen
and Li (2007), Fang (2010).

Lemma 2.4 Let (L, <, ®) be a commutative unital quantale.
Forall A, B, C € LX the following properties hold:

(S1) A< B & S(A,B) > ¢;

(S2) S(A, B) < S(C, A) —> S(C, B);

(S3) If A < B, then S(C, A) < S(C, B) and S(B,C) <
S(A, C);

(S4) S(A,B)® S(C, D) < S(A® C, B® D);

(S5) S(A, B)® S(B,C) < S(A, C);

(S6) S(A,a ® B) > a ® S(A, B).

For an ordinary mapping f : X —> Y, one can define
the mappings f;~ : LX — LY and i LY — LX
by £ (A)(y) = VIA®) : x € X, f(x) = y} for every
A e L¥andeveryy €Y, f;(B) = Bof forevery B € LY,
respectively. For more details, we refer to Rodabaugh (1983,
2007).

Lemma 2.5 (Fang 2010) Let (L, <, ®) be a commutative
quantale, and let h : X —> Y be an ordinary mapping.
Then, for A,B € LX,C,D e L”,

S(A,B) < S(h~(A),h~ (B)) and
S(C,D) < Sh(C),h(D)).

Definition 2.6 (Zhao et al. 2019, 2018) Let (L, <, ®) be a
commutative quantale. A function N : X —> L s called
an L-generalized neighborhood system operator on X, where
Vx € X, N(x) = N,isnon-empty,ie., \/ N (K)=Ty.

KeLX
Usually, N, is called an L-generalized neighborhood system

of x, and N, (K) is interpreted as the degree of K being a
neighborhood of x.

An L-generalized neighborhood system operator N : X —>
L is said to be:

(1) serial, if for any x € X and A € LX N,(A) <
\V A();

yveX
(2) reflexive, if foranyx € X and A € LX, N, (A) < A(x);
(3) unary, if forany x € X and A, B € LX,

N (A) @ Nu(B) < \/ {N:(G)® S(G, A® B)};
GelX

(3) transitive, if forany x € X and A € L¥,

Ne(a) < \/
BelLX
{M(B) ® /N ((B(y)) — \/ (N, (B)) ® 5(B,, A)))}.
yex ByeLX

Definition 2.7 (Zhao et al. 2019, 2018) Let (L, <, ®) be
a commutative quantale. Let N : X —> LL" be an L-
generalized neighborhood system operator on X. Then, for
each A C L, the upper and lower approximation operators
N(A) and N(A) are defined as follows: for any x € X,

N ) = N\ {N«(K) — T(K, A));

KelLX

N ) = \/ {No(K)® S(K, A)},
KelLX

respectively.

Theorem 2.8 (Zhao et al. 2019) Let N : X —> LL" be an
L-generalized neighborhood system operator on X and the
quantale (L, <, ®) satisfies the double negative law, then

N(A) = =N(=A) and N(A) = =N(=A).
Definition 2.9 (Demirci 2010; Rodabaugh 2007) For L €

[SQuant|, an L-quasi-topology on a non-empty set X, is a
subfamily T C LX satisfying the following axioms:

@ Springer
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(QT)) AR Ber,forall A,B e t.
(OT2) Vi Ai € T, forall {A;}ies C T

An L-quasi-topology T on X is called strong if and only if it
satisfies the following axiom:

(QT3) T erx.

If L is a unital semi-quantale with unit e, a subunital semi-
quantale 7 of LX is called an L-topology on X (Rodabaugh
2008); i.e., T satisfies (QT1),(QT») and the following:

(QTy) e .

If t ¢ L% is an L-quasi-topology (resp., L-topology),
then the pair (X, t) is said to be an L-quasi-topological
(resp., L-topological) space. A mapping f : (X, 7)) —
(Y, 1), between L-quasi-topological spaces, is said to be
L-continuous if {xo f: u € o} C 17.

Definition 2.10 (Rodabaugh 2007) Let
[SQuant|, and X be a non-empty set.

(L,<,®) €

(i) Amaprt : LY — Liscalled an L-quasi-fuzzy topology
on X iff the next conditions are satisfied forall A, B € LX
and {A;}ie; € L*:

(OT1) 1(A)®1(B) <1(A® B),
(0T2) Nje;t(A) < t(\/ier AD)-

(i) An L-quasi-fuzzy topology is said to be strong iff
(@M =T.

(iii) If L is a unital semi-quantale with unit e. An L-quasi-
fuzzy topology is then called an L-fuzzy topology iff
T(e) =e.

(iv) The pair (X, 7) is called an L-quasi-fuzzy (resp., strong
L-quasi-fuzzy, L-fuzzy) topological space if 7 is an
L-quasi-fuzzy (resp., strong L-quasi-fuzzy, L-fuzzy)
topology on X.

(iv) An L-quasi-fuzzy (resp., strong L-quasi-fuzzy, L-
fuzzy) topology v on X (Hohle and Sostak 1999) is
called enriched iff 7 satisfies the subsequent axiom:

T(A) <1(@®A),Va e L, A e LX.
3 Quantale-valued quasi-neighborhood
systems
In accordance with Rodabaugh’s approach to L-quasi-
topology, we aim to present the concept of L-quasi-

neighborhood systems as a generalization of the Hohle—
Sostak’s L-neighborhood systems (Hohle and Sostak 1999)
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and consider it as another way for obtaining L-quasi-
topologies (Rodabaugh 2007).

Before going ahead to consider this concept, we aim to
present the notion of L-quasi-interior operator as general-
ization of the well-known L-interior operator (Hohle and
Sostak 1999) and as an equivalence concept of the L-quasi-
neighborhood systems.

For the rest of this section and furthers, if not otherwise
specified, L = (L, <, ®) is always assumed to be a quantale.

Definition 3.1 For a non-empty set X, the mapping Z :
LX — LX is called:

(i) An L-quasi-interior operator on X iff 7 satisfies the

following conditions:
forall A, B € LX.
(I1) Z(A) <Z(B) whenever A < B;
(1) Z(A) = A;
(13) Z(A) ®Z(B) =1(A® B);
(I4) Z(A) = Z(Z(A)).

(i1) A strong L-quasi-interior operator if it satisfy the fol-
lowing condition:
(I5)Z(1) =T.

(iii) An L-interior operator if L € |UnQuant| with unit e
and the following condition is satisfied:
(Is) Z(e) = e.
In case where L is a strictly two-sided semi-quantale
(i.e.,e = T), the above strong L-quasi-interior operator
coincided with the Hohle’s L-interior operator (Hohle
and Sostak 1999).

In the following, we shall characterize the relationship
between L-quasi-topologies and L-quasi-interior operators
as in classical topology.

Proposition 3.2 Every L-quasi-interior operatorT : LX —
LX induces an L-quasi-topology t7 on X given by

7 ={A e LY : I(A) = A}.

Conversely, every L-quasi-topology t on X induces an L-
quasi-interior operator I, : LX — LX defined by

I,(A):\/{B €1:B <A}

Proof Straightforward and, therefore, omitted. O

Remark 3.3 (1) A strong L-quasi-interior operator 7
LX — LX induces a strong L-quasi-topology t7 on X
since Z(T) = T implies T € t7.In addition, a strong L-
quasi-topology t7 on X induces a strong L-quasi-interior
operator 7 : LX — LX,
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(2) For L € |UnSQuant|. An L-interior operator Z :
LX — LX induces an L-topology t7 on X since
I(e) = e implies e € 17.

As a consequence of the above, for L € [UnSQuant| with

e = T, we have that the relations Z;; = 7 and 77, =

T hold - i.e. L-quasi-interior (resp., strong L-quasi-interior,

L-interior) operators and L-quasi-topologies (resp., strong

L-quasi-topologies, L-topologies) are equivalent concepts.

To give another example of the relationship between L-
quasi-interior operators and L-quasi-topologies, let us, at first
consider an arbitrary class T C LX and define

T, (A) = \/{B ® S(B, A)}, VA € LX (1)

Bert

(In particular, Z; (A) = L if no B € t satisfies S(B, A) =
.

Lemma 3.4 For (L, <, ®) be a commutative unital quantale,
the operator I, : LX — LX satisfies, forall A, B € LX:

(1) S(A, B) = S(Z:(A), Z:(B));
() Z.(A) = A;
(3) Z:(A) = Z: (Z. (A)).

Proof (1)

S(Z:(A),Z+(B))
= /\ (Z: (A)(x) —> Z:(B)(x))

xeX

= /\ \/ (A1(x) ® S(A1, A))

xeX \Ajer

— \/ Bi1(x) ® S(B1. B))

Biet

= /\ /\ (A1(x) ® S(A1, A)

xeX Ajet

— \/ (Bi(x) ® S(B1. B))) (Lemma 2.3(6))
Biet

> A\ /\ (A1, 4) @ A1(x)

xeX Ajet

—> S(A1, B) ® A1(x))

> A\ /\ S A)

xeX Ajert

—> S(A1, B)) (by Lemma 2.3(4))
> S(A, B) (by Lemma 2.4(S2))

(2) Note that B ® S(B, A) < A hold for all A, B € L¥.
Therefore,
Z.(A) = \/ (BQS(B,A)) < Aistrueforall A € LX.

Ber

(3) I:(Z:(A) = V(B ® S(B,I:(A) = I:(A) ®

Bert
S(Z:(A), 1 (A)) g . (A).
O

Proposition 3.5 For (L, <, ®) be a commutative quantale.
An L-quasi-topology © C L% induces an L-quasi-interior
operator I, : LX — LX defined by

Z.(A) = \/{B ® S(B, A)}, VA € LX. )

Bert

Proof According to the above lemma, we have to verify only
that the operator Z; : LX — LX satisfies the item (/3) as
follows:

(13) T (A) ® T (B)
=V (A @5@A, 10 \/ (BioSB, B), VA, B e L¥

Ajet Biet

= \/ (41®B1 ®S(A1,4)®S(B1, B))

Al,Biet

< \V A ®@B®SAI®BI,ARB))
A1®Bet
(by Lemma 2.4(54))

=7, (A®B).

Remark 3.6 For L € |UnQuant| and any A € t, we observe
that

Z.(A) = \/{B®S(B.A)} = A® S(A, A)

Bert

S1
> A or equivalently, 7, (A) = A.
So that

(1) An L-topology 77 on X induces an L-interior operator
since e € T implies Z(e) = e.

(2) A strong L-quasi-topology T C LX induces a strong
L-quasi-interior operator.

Now, we are in a position to present the concept of
L-quasi-neighborhood systems as a generalization of the
Hohle—Sostak’s L-neighborhood systems (Hohle and Sostak
1999).

Definition 3.7 Let X be a non-empty set.
() Amap N : X — LLY is called an L-quasi-
neighborhood system on X with N(x) = N, for each

x € X, if N, satisfies the following conditions: for all
A, BelLX

(N1) Ny(A) < N.(B) whenever A < B;
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(N2) Ny(A) < A(x) forall A € LX;
(N3) (Nx(A)) ® (Nx(B)) < Nx(A® B);
(N4) Nx(A) < \/ {Nx(B)® S(B,N_(A))}forall A €
BelLX
LX,

where N_(A) € L¥ is defined by [N_(A)](x) = N, (A) for
eachx € X.

(iii) An L-quasi-neighborhood system N : X —> LL" is
said to be a strong if

A&(I} =T.

Gv) If (L,<,®) € |UnQuant| with unit e. An L-
quasi-neighborhood system on X is then called an
L-neighborhood system iff N, (e) = e.

(v) Incase L is an strictly two-sided quantale (i.e.,e = T),
the above strong L-quasi-neighborhood system coin-
cided with the Hohle’s L-neighborhood system (Hohle
and Sostak 1999).

The pair (X, N) is called an L-quasi (resp., strong L-quasi,
L)-neighborhood space if N is an L-quasi (resp., strong L-
quasi, L)-neighborhood system on X.

An L-quasi (resp., strong L-quasi, L)-neighborhood sys-
tem on X is called stratified if

(vi) Ny(@ ® A) > a ® N,(A) forall A e LX and € L.

Now, we give the following easily proven proposition con-
cerning the equivalence between L-quasi-interior (resp., a
strong L-quasi-interior, L-interior) operators and L-quasi-
neighborhood (resp., a strong L-quasi-neighborhood, L-
neighborhood) systems.

Proposition 3.8 (see Hohle and Sostak 1999) An L-quasi-
interior (resp., strong L-quasi-interior, L-interior) operator
T :LX > LX ona non-empty set X, induces an L-
quasi-neighborhood (resp., strong L-quasi-neighborhood,
L-neighborhood) system Nt : X — LL* defined by

NI(A) = [Z(A)](x): VAe LX, Vxe X

Conversely, an L-quasi-neighborhood (resp., strong L-
quasi-neighborhood, L-neighborhood) system on X induces

an L-quasi-interior (resp., strong L-quasi-interior, L-interior)

operators Iy : LX — LX defined by
[Zn(A)](x) = Ny(A); VA e LY, Vx € X.
Remark 3.9 Axiom (N4) can obviously be reformulated in

the following form:
(N,) Ny(A) < Ny(N_(A)) forall A € LX.
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Since
N.(A) < \/ {N+(B) ® S(B, N_(A))} forall A € LX
BelX
< \/ (N:(B) ® S(N_(B), N_(N_(A))}
BelX

\V {vB e A\ W (B) — NX(N_(A»)}

BelX xeX
< \/ {Ne(B) ® (No(B) — Ni(N-(A)))}
BelX

{Nx(B) ® (Nx(B) — Nx(N-(A)))}
< Ni(N_(A)) (by Lemma 2.3(1)).

Remark 3.10 In the case (L, <, ®) € |UnQuant| with e =
T, it is known that, foralla,b € L, a <b < S(a,b) =T
anda® T = a, soaxiom (N4) can obviously be reformulated
in the following form:

(Ny) Nx(A) < \/ (Ne(B) : B(y) < Ny(A),¥y € X}
BelX
forall A e L.

Definition 3.11 Let (X, N) and (Y, N*) be two L-quasi-
neighborhood spaces. A function 4 : (X, N) — (Y, N*)
is called N-continuous at x € X iff N;;(X)(A) < N, (h*(A))
for all A € LY. A function & is N-continuous if it is N-
continuous at every x € X.

Example 3.12 Every L-quasi-neighborhood system N : X —
LY with V kerx Nx(K) = T,is areflexive, unary and tran-
sitive L-generalized neighborhood system (Zhao et al. 2019,
2018).

Proof From items (N;) and (N3), we have that N : X —
LY" is a reflexive and unary L-generalized neighborhood
system.

The transitivity given as follows: For A € LX and from
item (N4), we have that

Ny (A)

<\ {N«(B)® S(B, N_(A)}
BeLX

= \/ {NB® A\ (BG) — Ny(4)

BeLX yeX

Ny

<V {nB e A\ Bo)
BeLX yeX

— \/ (Ny(B)) ® S(By, N_(A))))
ByeLX
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2V {nme Ao

BeLX yex
— \/ (Ny(By) ® S(By, A)))
ByeLX O

In the sequel, we will introduce the relationship between
L-quasi-neighborhood systems and L-quasi-topologies.

Proposition3.13 Let N : X — LY be an L-quasi (resp.,
stratified L-quasi) neighborhood system. A subfamily Ty C
LX defined by

v ={A € LY : A(x) = N(A), Vx € X}.

is an L-quasi (resp., stratified L-quasi) topology on X

Proof (1) Let N : X —> L“" be an L-quasi-neighborhood
system. Then,

(QTy) Let A, A) € Ty, then

(A1 ® A2)(x) = A1(x) ® A2(x)
= N (A1) ® Nx(A2)
< N:(A1 ® A2)

In addition, from (N3), we have
N (A1 ® Az) < (A1 @ A)(x).

Then, N, (A1 ® Ay) = (A] ® Ap)(x), which means that
Al ® Ay € Ty.

(QT,) Let A; € Ty foralli € I, then A;(x) = Ny(A;).
Therefore,

\ Aix) =\/ Ne(4) < N, (\/ Al-) :
iel iel iel

In addition, from (N;), we have

N, <i\e/1Ai) < (l\e/[ Ai) (x),

and therefore,

)=y

Then, \/iel A,‘ € TN.
Therefore, ty is an L-quasi-topology on X and thus
(X, ty) is an L-quasi-topological space.

(2) For the case N : X —> LY is a stratified L-quasi-
neighborhood system, let A € 7. Since Ny(a ® A) >
o ® Ny(A) = o ® A(x) = (¢ ® A)(x) and by the
condition (N3), we have ¢ ® A € 1y. O

Remark3.14 (1) If N : X — LY isa strong L-quasi-
neighborhood system on X, then foreachx € X, ry isa
strong L-quasi-topology, since N, (T) = T, implies that
T e 1n.

(2) If L e |UnQuant| with unit ¢ and if N : X — LL*
is an L-neighborhood system, then N, (e) = e, for each
x € X, and this implies that e € Ty which means that ty
is an L-topology.

As a consequence of the above Propositions 3.5 and 3.8,
we have the following result:

Proposition 3.15 Let (X, t) be an L-quasi-(resp., enriched

X
L-quasi-) topological space. A mapping N* : X — Lt
defined by

NI(A) = \/(B(x)® S(B, A)}.

Bet

is an L-quasi (resp., stratified L-quasi) neighborhood system
on X.

In the following proposition, we will study the relationship
between L-quasi-neighborhood systems and L-quasi-fuzzy
topologies.

Proposition3.16 Let N : X —> LY be an L-quasi-
neighborhood system. A mapping ty : LX — L, defined
by

™w(A) = S(A, N_(A)).

is an L-quasi-fuzzy topology on X. Moreover, if N is strati-
fied, then Ty is enriched.

Proof For the case of L-quasi-neighborhood system:
€

(A ® B)
= S(A® B),N-(A® B)),
= A\ (A® B)x) — N:(A® B)).
xeX
= /\ (A®) ® B(x)) — (N:(A) ® Nx(B))).
xeX

> /\((A(X) —> Nyx(A)) ® (B(x) —> N«(B)))
xeX

(Lemma 2.3(2)).
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> A\ (A — Ne(4) ® /\ (BGx) — Ni(B)).
xeX xeX

= S(A, N_(A)) ® S(B, N_(B)).
> N (A) ® Tv(B).

(ii) For {A; :i € I} € LX, since A; < \/ A;, we have

o
() y))
Ay {y))

> A (\/A,(x) — \/Nx(Ai)).

xeX i i
> A\ \Aix) — No(A)

xeX i

=\ N\ @@ — Nea) = /\ v (A)).

i xeX i

For the case of stratified L-quasi-neighborhood system:

IN(@® A)
= S(@ ® A), N_(a ® A))
= A\ (@® A)(x) — Ne(@® A)).
xeX
> /\ (@ ®A(x) — (@ ® Ni(A))
xeX

> /\ (A(x) —> Ny(A)) (by Lemma 2.3(4)).
xeX

=S(A,N_(A)),

= n(A).
O

As consequences of the above proposition, we have the
following special cases:

(1) In the case where L € |UnSQuant| with a unit e and if
N is an L-neighborhood system on X, then it is clear that

Tn(e) = S(e, N-(e)) = S(e, ) > e.
which means that 7y is an L-fuzzy topology on X.
(2) In the case (L, <,®) € |UnQuant| with ¢ = T and

ifN: X — Lt bea strong L-quasi-neighborhood
system, then

(@ =S N-(D)=8T, =T,

@ Springer

which means that the corresponding L-quasi-fuzzy topol-
ogy Ty on X is strong.

Proposition 3.17 Let (X, N) and (Y, N*) be two L-quasi-
neighborhood spaces. Ifamappingh : (X, N) — (Y, N*)is
N-continuous, thenh : (X, tny) — (Y, ty+) is L-continuous

Proof Since N;z“(x)(A) < Ny(h(A)) forall A € LY, by
Proposition 3.16, we have

v+ (A) = S(A, N* (A))
= /\(A() — N} (A)

yey
< N\ (A)(x) — N (A)

xeX

< N\ G (A)(x) — Ne(h*(A)))

xeX
S(h=(A), N-(h (A)))
v (R (A)).

4 L-quasi-uniformities and
L-quasi-neighborhood systems

In this section, we will present a concept of a fuzzy
(quasi-)uniformity which is in accordance with Rodabaugh’s
L-quasi-topology and study the relationship between it and
L-quasi-neighborhood systems.

Definition 4.1 Let X be a non-empty set.

(i) A mapping U : LX*X — L is called a quantic L-

quasi-uniformity on X x X if it satisfies the following
conditions, for d, d, d» € LX*X:

(U) Ifdy = dy, thenU(dy) = U(d);

(U2) U(d1 ® dr) = U(dr) @ U(d2);

U3) Ud) < Nyex(d(x, x));

U Ud) = \V{Ud) ®U(d2) ® S((d2 0 dy), d)},
(where (dy 0 d)(x, y) = \/ {di(x, 2) ® da(z, y)}).

zeX
(i) A quantic L-quasi-uniformity on X x X is said to be a

strong if it satisfies the additional axiom:
WUs) U(Txxx)=T.

(iii)) If L € |UnSQuant| with unit ¢, a quantic L-quasi-
uniformity on X x X is called L-quasi-uniformity if it
satisfies the following condition:

(Us) U(exxx) > e.

Incase (L, <, ®) isan strictly two-sided semi-quantale,
strong quantic L-quasi-uniformity coincides with L-
quasi-uniformity in the sense of Gutiérrez Garcia et al.
(2003).
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(iii)) A quantic L-quasi-uniformity (resp., a strong quantic
L-quasi-uniformity, an L-quasi-uniformity) ¢/ on X is
called a quantic L-uniformity (resp., a strong quantic
L-uniformity, L-uniformity) if

UWd) <Ud™") for each d € LX*X,
where d~!(x, y) = d(y, x).

In this case, the pair (X,U) is called a quantic L-
uniform (resp., a strong quantic L-uniform, L-uniform)
space.

Remark 4.2 (see Gutiérrez Garcia (2000)) Not that for any
quantic L-quasi-uniformity &/ : LX*X — L, item (Uy)
can be rewritten in the following form for any d € LX*X:

W) Ud) < \TUE)®Ud)®a : dy.dy € LXX, o €
Land (dyod)) @ a@ < d},

Proof For any « € L satisfying (d o d1) ® a < d, we have

a < N(drod)(x,y) — d(x,y) = S(dr 0 dy), d)
x7y

and so
Ud) QU(dr) @ a <U(d) @U(d2) @ S((d2 o dy), d).

which means that (U, :1) implies (Uy).
On the other hand, since (d> o d;) ® S((d2 o dy),d) < d,
then (Us) implies (U‘;). m]

In the following theorem, we shall see in which way a
quantic L-quasi-uniformity / : LX*X — L induces an L-
quasi-topology. In order to do it, we consider the collection
{./\/xz”} cex defined for each an L-set A € LX as follows:

N (A) =\/ ) ® S@d(x, -), A)}, d e LX*¥,

(where d(x, —)(y) = d(x,y) foreach y € X).

Theorem 4.3 Let U : LX*X — L be a quantic L-quasi-
X
uniformity on X, the mapping NY : X — LY defined by

NY (@A) = \/UWd) @ Sd(x.—). A)}, d e LXX

for each x € X and A € LX is an L-quasi-neighborhood
system on X.

Proof

(N1)

SINY(A), NY(B))

= \ W) — N ()

xeX

- A {\/(L{(d) ® S(d(x, —), A))

xeX

— \/ U@ & Sd(x, ). B}
=\ \ W@ ® Sd(x, -), A))

xeX
— \/ U@ & S, -), By}
(by Lemma 2.3(6))

> A\ N\ U@ @ 5dx, -), A)

xeX
— U() ® Sd(x,—), B))}
(by Lemma 2.3(5))

> A\ ASWx, ), 4) — S@(x, -), B))

xeX

(by Lemma 2.3(4))
> S(A, B)} (by Lemma 2.4(S2)).

(N2)
NY(A) @ NY4(B)

= \/ W) ® S (x. -). A)}
®\/ U(d) ® S(da(x, -), B))

= \/ Ud) @U(d) ® S(d (x, ), A)
®S(da(x, —). B))

< \{Ud) @U(dy) ® Sdi (x, —)
Qdr(x, —), A ® B)}(by Lemma 2.4(S4))

<\ U ®dr) ® S(d @ da(x, —), A® B)}
=N (A B)

(N3)
N (A)
=\ U@ @ 5d(x. -). A))
< \/{d(x, x) ® SW(x, ), A))

=\/ @0 ® )\ dex — A(x»}

xeX

<\ A\ ldE, 0@ @x,x) — A)
xeX

< A(x) (by Lemma 2.3(1)).

(N4) According to Remark 3.9, we will prove the that
NU(A) < NUWNY(A)) forall A e LX:

NY WY (A))
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=\ {u@nesae ) Ay
dyeLXxX

=V {L{(dl)@) A (4169 — NZ“(A))}
dyeLXxX

zeX
=V {u(do@/\
dyeLXxX zeX

(di(x,2) —

\/ {Ud) ® Sz, -). A))

deLXXX

(526) \/

dy,dreLX*X

{Ud)) @ U(d)

® /\ (di(x,z) — S(da(z, —), A))

zeX
=V {mdo QU ® /\
dy,dre LXxX zeX

(d1<x, 2 — N (@ y) — A

yeX

=V

Ud) @Udr) ® /\

dy,dye LX*X yeX
(/\[d1 (x,2) @ da(z, )] —> A(y))}
zeX

>/ jUd)euUd) e )\
dy,dre LX*X yeX
(\/[d1 (x,2) @ da(z, )] — A(y))}
zeX

(by Lemma 2.3(3))
= \/ W) eUd)

dy,dre LX*X

® N (d2odil(x,y) — A))
yeX

dy,dreLX*X

®S ((d2 o dl)(x’ _)7 A))}

(525) \/
dy,dr,de LX*X
{Ud)) ® U(d)

®S((d20d))(x, ), d(x, —)) ® S(d(x, —), A)}

{Ud) @ U(d)

@ Springer

>/ U@D®SUx,-), A)} = N (A).

deLX*xX 0

As a consequence of the above theorem and by Proposi-
tion 3.16, for a quantic L-quasi-uniformity ¢/ on a non-empty
set X a mapping 17 : LY — L, defined by

w(A) = S(A, NY(A))

is an L-quasi-fuzzy topology on X.

Definition 4.4 Let (X,U) and (Y, V) be quantic L-quasi-
uniform spaces. Amap & : (X,U) — (Y, V) is called quasi-
uniformly continuous if for v € LY*Y Vyw) < U((h x

h)= ().

Proposition 4.5 Let (X,U) and (Y,U) be two quantic L-
quasi-uniform spaces. If a map h : (X, U) — (Y,U) is
quasi-uniformly continuous, then the mapping h : (X, N,Z;{)
— (Y, Nf};(x)) is N-continuous.

Proof

NY (&) =\ (V@) ® S@(h(x), -), A)}

<\ U (h x hy=(@)
®S((h x )< (d)(x, =),k (A))
< N (= (A)).

5 Rough approximation operators based on
L-quasi-neighborhood systems

In this section, we conclude this paper by introducing an
application of L-quasi-neighborhood systems in the area of
rough sets and approximation operators.

Proposition5.1 Letr N : X —> LY be an L-quasi-
neighborhood system on X. Then, for any A, B € L%, the
lower approximation operator

NAY@) = \/ (N(K)® S(K, A)}
KelLX

satisfies the following properties:

(1) If A < B, then N(A) < N(B);

) N(A) < A;

(3) N(A) < N(N(A));

(4) N(A® B) = N(A) ® N(B);

) N(T) = T, where (L, <, ®) be a commutative unital
quantal withe = T.
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Proof We prove only item (4) and the proof of items (1),
(2), (3) and (5) is the same as given in Propositions 3.8, 4.5

and 4.11 (Ref. Zhao et al. 2019). Let N : X —> LY be an
L-quasi-neighborhood system. For any A, B € LX and any
x € X.

(N(A) ® N(B))(x)
= \/ (K@ SKK, )}® \/ (IN«(V)®S(V, B))

KeLX velLX

=/ {N«(K)®S(K, A) ® Ne(V) ® S(V, B))
K. veLX

= \/ {Nx(K) ® Nx (V) ® S(K, A) @ S(V, B)}
K,velLX

<V IME@V)®SK®V,A® B))
K®VelX

= N(AQ® B)(x).

O

Proposition5.2 Let N : X —> L. be an L-quasi-
neighborhood system on X. Then, the upper approximation
operator

N ) =\ {N(K) — T(K, A)},
KelLX

satisfies the following properties:for any A, B € LX

(1) If A < B, then N(A) < N(B);

(2) A < N(A);
If the quantale (L, <, ®) satisfies the double negative
law, then

(3) N = NN@),

(4) N(A® B) < N(A) & N(B).

Proof The proof of items (1) and (2) is the same as the proof
of Propositions 3.8 and 4.6 (Ref. Zhao et al. 2019). The proof
of items (3) and (4) follows by Theorem 2.8 and Proposi-
tions 5.1. O

Theorem 5.3 For an operator g : LX — LX, there exists
X

an L-quasi-neighborhood system N : X —> LX" such that

g = N ifand only if g satisfies the following properties:

(L1) g(A) < g(B) whenever A < B;

(L) g(A) < A;

(L3) g(A) < g(g(A));

(Ly) g(A® B) > g(A) ® g(B);

(Ls) g(T) = T, where (L, <, ®) be a commutative unital
quantal withe = T.

Proof (=) Let g = N, it follows immediately from Zhao
et al. (2018) Theorem 3.1, we can get that g : LX — LX
satisfies the condition (L) and from Proposition 5.1 we can
get that g : LX — LX satisfies the conditions (Ly)—(Ls).

(<) Let g : LX — LX be an operator satisfies the
conditions (L)—(Ls) and let the operator N¢ : X —> Lt
as defined in Zhao et al. (2018) as follows:

Nf(A) = \/ {g(B)(x) ® S(B,A)}, Vxe X, Ae LX.
BelLX

As given in Theorem 3.1 of Zhao et al. (2018), we know that
N8 = g holds. To complete the proof, we need to show that
N¢: X — LY isan L-quasi-neighborhood system. To
this end:

(N1) Let A < B, then

Ni) = \/ (g(K) @ S(K, A))
KelLX

L

< \/ 8K ®S(K. B)
KeLX

= N{(B)

(N2)

NE(K) ® NE(V)
= \/ {g(B)(x) ® S(B, K)}

BelLX

® \/ {2 O@ @S, V)
CelLX
=V B ®SB.K)
B,CeLX
®g(C)x) ® S(C. V)
=V (B0 g0k
B,CeLX
® S(B, K) ® S(C. V)

2V B 0w
B,CeLX
®S(B®C.K®V))

2V Beow
BRCelLX
®SBQRC,K®V))
<N{(K®V).

(N3) The proof of the condition N $(K) < K (x) is the same
as presented in the second part of Theorem 3.4 in Zhao
et al. (2018).

(N4) The proof of this item is the same as presented in the
second part of Theorem 3.6 in Zhao et al. (2018). O

Theorem 5.4 For a commutative (L, <, ®) € |Quant| with
the law of double negative and an operator g : LX —
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LX, then th;re exists an L-quasi-neighborhood system N :
X — LY such that g = N if and only if g satisfies the
following properties:

(Uy1) g(A) < g(B) whenever A < B;
(Uz) A <g(A);

(U3) g(g(A)) = g(A);

(Us) g(A® B) < g(A) © g(B).

Proof (=) Let g = N, it follows immediately from Zhao
et al. (2018) Theorem 3.7 we can get that g : LX — X
satisfies the condition (U1) and from Proposition 5.2 we can
get that g : LX — L¥ satisfies the conditions (Us)—(Us).

(<) Let g : LX — LX be an operator satisfies the
conditions (U1)—(U4) and let the operator N8 : X —> L
as defined in Zhao et al. (2018) as follows:

Ni(a) = \/ {~g(=K)(x)® S(K. A)}, ¥xe X, AeL¥

KelLX

As given in Theorem 3.7 of Zhao et al. (2018) we know that
N = g holds. To complete the proof, we need to show that
N¢: X — LY isan L-quasi-neighborhood system. To
this end:

(N1) Let A < B, then

NiA) = \/ {~g(=K) ® S(K, A)}
KelLX

L

< \/ (~¢-K)® S(K. B))
KeLX

= N{(B)

(N2)

NE(K) ® NE(V)
= \/ {=¢(=B)(x) ® S(B, K)}
BelX
® \/ (-g(=0)x) ® S(C, V)}
CelX

= V (=B ® (B, K)
B,CeLX
®-g(—C)(x) ® S(C., V)

= \/ {=g(=B)(x) ® =g(=C)(x)
B,CelLX
®S(B,K)® S(C,V)}

4
£\ (B ®—g(—=O)x)
B,CeLX

RS(BR®C,KQV)}
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=V (=B @ g(=0)w)

B,CeLX

RS(BR®C,KQV)}

2\ =B e -0)x)
B,CeLX

®SBOC,K®V))
=\ (=B 0)x)

B.,CeLX
RSBRC,KQV))
< NS(K ® V).

(N3) The proof of the condition N§ (K) < K (x) is the same
as presented in the second part of Theorem 3.9 in Zhao

et al. (2018).
(N4) The proof of this item is the same as presented in the
second part of of Theorem 3.11 in Zhao et al. (2018).
]

6 Conclusion

In this paper, based on the concept of semi-quantales as a the-
oretical basis, we proposed a theory of quantale-valued quasi-
neighborhood systems as a generalized form of the resent
Hohle—Sostak’s L-neighborhood systems and investigate its
basic properties. Then, the relation between quantale-valued
quasi-neighborhood systems and other many valued topo-
logical notions such as L-quasi-topologies, L-quasi-interior
operators, L-generalized neighborhood operator systems and
L-quasi-uniform structures. In addition, the relationship
between quantale-valued quasi-neighborhood systems and
L-fuzzy rough approximation operators is investigated. In
future work, we plan to combine the ideas of quantale-valued
quasi-neighborhood systems, multigranulation rough set,
variable precision rough set and fuzzy rough set. In addition,
we plan to introduce optimistic, pessimistic, and compro-
mise models for multigranulation variable precision fuzzy
rough set based on quantale-valued quasi-neighborhood sys-
tems.

Acknowledgements The authors would like to thank the editor and the
reviewers for their valuable comments and helpful suggestions which
lead to a significant improvement on the manuscript.

Funding Open access funding provided by The Science, Technology &;
Innovation Funding Authority (STDF) in cooperation with The Egyp-
tian Knowledge Bank (EKB). This work was supported by the Academy
of Scientific Research and Technology (ASRT), Egypt (ScienceUP Fac-
ulties of Science, Grant No. 6664).



Quantale-valued quasi-neighborhood systems: fundamentals and application to L-quasi-topologies... 189

Data Availability Enquiries about data availability should be directed
to the authors.

Declarations

Conflict of interest The author declare that he have no conflict of inter-
est.

Ethical approval This article does not contain any studies with human
participants or animals performed.

Open Access This article is licensed under a Creative Commons
Attribution 4.0 International License, which permits use, sharing, adap-
tation, distribution and reproduction in any medium or format, as
long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons licence, and indi-
cate if changes were made. The images or other third party material
in this article are included in the article’s Creative Commons licence,
unless indicated otherwise in a credit line to the material. If material
is not included in the article’s Creative Commons licence and your
intended use is not permitted by statutory regulation or exceeds the
permitted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

References

Bélohlavek R (2002) Fuzzy closure operators II: induced relations, rep-
resentation, and examples. Soft Comput 7(1):53-64

Bélohldvek R, Vychodil V (2005) Fuzzy equational logic. Springer,
Berlin

Blount K, Tsinakis C (2003) The structure of residuated lattices. Int J
Algebra Comput 13:437-461

Chen XY, Li QG (2007) Construction of rough approximations in fuzzy
setting. Fuzzy Sets Syst 158:2641-2653

Demirci M (2010) Pointed semi-quantales and lattice-valued topologi-
cal spaces. Fuzzy Sets Syst 161:1224-1241

Denniston JT, Melton A, Rodabaugh SE (2013) Formal concept analysis
and lattice-valued Chu systems. Fuzzy Sets Syst 216:52-90

El-Saady K (2016a) Topological representation and quantic separation
axioms of semi-quantales. J Egypt Math Soc 24:568-573

El-Saady K (2016b) A non-commutative approach to uniform struc-
tures. J Intell Fuzzy Syst 31:217-225

Fang JM (2004) I- FTOP is isomorphic to /- FQN and /- AITOP. Fuzzy
Sets Syst 147:317-325

Fang JM (2006) Categories isomorphic to L- FTOP. Fuzzy Sets Syst
157:820-831

Fang JM (2010) The relationship between L-ordered convergence struc-
tures and strong L-topologies. Fuzzy Sets Syst 161:2923-2944

Georgescu G, Popescu A (2003) Non-commutative fuzzy Galois con-
nections. Soft Comput 7:458-467

Gutiérrez Garcia J (2000) A unified approach to the concept of fuzzy L-
uniform space, Thesis, Universidad del Pais Vasco, Bilbao, Spain

Gutiérrez Garcia J, de Vicente Prada MA, Sostak AP (2003) A unified
approach to the concept of fuzzy L-uniform space. In: Rodabaugh
SE, Klement EP (eds) Topological and algebraic structures in fuzzy
sets. Kluwer, Dordrecht, pp 81-114

Hao J, Huang SS (2017) Topological similarity of L-relations. Iran J
Fuzzy Syst 14(4):99-115

Hohle U (2015) Prime elements of non-integral quantales and their
applications. Order 32:329-346

Hohle U, Sostak AP (1999) Axiomatic foundations of fixed-basis fuzzy
topology. In: Hohle U, Rodabaugh SE (eds) Mathematics of fuzzy
sets: logic, topology and measure theory. Kluwer, Boston, pp 123—
272

Li TJ, Leung Y, Zhang WX (2008) Generalized fuzzy rough approxi-
mation operators based on fuzzy coverings. Int J] Approx Reason
48:836-856

LiLQ, Jin Q, Hu K, Zhao FF (2017) The axiomatic characterizations on
L-fuzzy covering-based approximation operators. Int J Gen Syst
46(4):332-353

Liu Y-M, Luo M-K (1997) Fuzzy topology. World Scientific Publishing
Co., Singapore

Mulvey CJ (1986) Supplementai Rendiconti del Circolo Matematico di
Palermo II (12), pp 99-104

Pang B, Shi FG (2014) Degrees of compactness in (L, M)-fuzzy con-
vergence spaces. Fuzzy Sets Syst 251:1-22

Rodabaugh SE (1983) A categorical accommodation of various notions
of fuzzy topology. Fuzzy Sets Syst 9:241-265

Rodabaugh SE (2007) Relationship of algebraic theories to powerset
theories and fuzzy topological theories for lattice-valued mathe-
matics. Int ] Math Math Sci. https://doi.org/10.1155/2007/43645

Rodabaugh SE (2008) Functorial comparisons of bitopology with topol-
ogy and the case for redundancy of bitopology in lattice-valued
mathematics. Appl Gen Topol 9:77-108

Rosenthal KI (1990) Quantales and their applications. Longman Scien-
tific and Technical, New York

She YH, Wang GJ (2009) An axiomatic approach of fuzzy rough sets
based on residuated lattices. Comput Math Appl 58:189-201

Shi FG (2009) L-fuzzy interiors and L-fuzzy closures. Fuzzy Sets Syst
160:1218-1232

Solovyov S (2013) Lattice-valued topological systems as a framework
for lattice-valued formal concept analysis. J] Math 2013:506275.
https://doi.org/10.1155/2013/506275

Solovyov S (2016) Quantale algebras as a generalization of lattice-
valued frames. Hacet J Math Stat 45(3):781-809

Syau YR, Lin EB (2014) Neighborhood systems and covering approx-
imation spaces. Knowl Based Syst 66:61-67

Wang GJ (1988) Theory of L-fuzzy topological spaces. Shanxi Normal
University Press, Xi’an

Yang XF, Li SG (2012) Net-theoretical convergence in (L, M)-fuzzy
cotopological spaces. Fuzzy Sets Syst 204:53-65

Yao W (2012) Moore-Smith convergence in (L, M)-fuzzy topology.
Fuzzy Sets Syst 190:47-62

Zhang D (2018) Sobriety of quantale-valued cotopological spaces.
Fuzzy Sets Syst 350:1-19

Zhang YL, Li CQ, Lin ML, Lin YJ (2015) Relationships between gen-
eralized rough sets based on covering and reflexive neighborhood
system. Inf Sci 319:56-67

Zhao FF, Li LQ (2018) Axiomatization on generalized neighborhood
system-based rough sets. Soft Comput 22(18):6099-6110

Zhao FF, Jin Q, Li LQ (2018) The axiomatic characterizations on
L-generalized fuzzy neighborhood system-based approximation
operators. Int J Gen Syst 47:155-173

Zhao FF, Li LQ, Sun SB, Jin Q (2019) Rough approximation oper-
ators based on quantale-valued fuzzy generalized neighborhood
systems. Iran J Fuzzy Syst 16(6):53-63

Publisher’s Note Springer Nature remains neutral with regard to juris-
dictional claims in published maps and institutional affiliations.

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2007/43645
https://doi.org/10.1155/2013/506275

	Quantale-valued quasi-neighborhood systems: fundamentals and application to L-quasi-topologies, L-quasi-uniformities, and rough approximation operators
	Abstract
	1 Introduction
	2 Preliminaries
	3 Quantale-valued quasi-neighborhood systems
	4 L-quasi-uniformities and L-quasi-neighborhood systems
	5 Rough approximation operators based on L-quasi-neighborhood systems
	6 Conclusion
	Acknowledgements
	References




