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Abstract

In p-algebras, the concepts of §-ideals and principal §-ideals are presented, and some of their respective properties are
discussed. It is observed that the set I8(L) of all §-ideals of a p-algebra L is a bounded lattice, and the class II‘Z (L) of all
principal 8-ideals forms a bounded sublattice of /(L) and a Boolean algebra on its own. A characterization of a 8-ideal in
terms of principal §-ideals, in p-algebras, is given. Also, the concept of comaximality of §-ideals is discussed in p-algebras.
After that, a number of properties of the homomorphic image of é-ideals are considered.
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1 Introduction

In distributive lattices and semi-lattices, Birkhoff (1948) and
Frink (1962) presented the notion of pseudo-complements.
Many authors later, such as Balbes and Horn (1970); Frink
(1962) and Gritzer (1971), have characterized pseudo-
complements in Stone algebras. In distributive p-algebras,
Sambasiva Rao (2012) introduced and characterized the
notion of §-ideals which was extended by Badawy (2016a)
to the concept of M S-algebras.

In this article, we continue studying §-ideals (principal
8-ideals) in p-algebras and present a number of their main
important properties. The contents of our work are organized
as follows: in Sect. 2, we list some notions and notations that
are needed for this topic. In Sect. 3, we introduce the notion of
8-ideals and establish some of their properties. It is proven
that the set 7°(L) of all 8-ideals of a p-algebra L forms a
bounded lattice. In Sect. 4, we introduce the notion of prin-
cipal §-ideals. It is proven that the set / g(L) of all principal
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8-ideals of a p-algebra L forms a bounded sublattice of 7° (L)
and a Boolean algebra on its own. A characterization of a §-
ideal via principal §-ideals, in p-algebras, is given. Section
5 is devoted to the comaximality of §-ideals in p-algebras
and some related properties. Finally, in Sect. 6, some proper-
ties of the homomorphic images and inverse homomorphic
images of é-ideals are studied.

2 Preliminaries

Here are some definitions and important results that we will
use for the development of the paper.

Definition 2.1 (Davey and Priestley 2002) Let L be a lattice.
Then,

(1) A nonempty subset J of L is called an ideal of L if

(1) z,ye JimplieszVy e J,

2) foraelL, ze€ J, a<zimplya € J. Moreover,
J is called a proper ideal of L if J # L. The set of
all ideals of L is denoted by I(L). Also, (z] = {c €
L : ¢ < z} is called the principal ideal generated by
zZ.

(ii) Dually, a nonempty subset G of L is called a filter of
Lif
(1) z,y e Gimpliesz Ay € G,

(2) foraelL, ze€ G, a>zimplya € G.
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Moreover, G is called a proper filter of L if G # L. F(L)
denotes to the set of all filters of L. Also, [z) ={c € L : ¢ >
z} is called the principal filter generated by z.

For alattice L, (I (L); A, V) is the lattice of all ideals of L
which is called the ideal lattice of L, where J1 A J, = J1NJy
and

Jivih={zeL: z=<j1Vj forsome ji €Ji,jre€ Jo}
VJi,JoeI(L).

Dually, (F(L); A, V) is the filter lattice of L (the lattice of all
filters of L), where G;{ A G» = G1 N G, and

Gi1vGy={zeL: z>g1 Ng forsomeg| €
G1,8 € G2},VGy,Gr € F(L).

Furthermore, (I (L); A, V) and (F(L); A, V) are distributive
(modular) lattices if and only if L is a distributive (modular)
lattice.

Anideal J; of alattice L is called a prime ideal if zAy € J;
implies z € Jior y € Jj.

Definition 2.2 (Blyth 2005; Gritzer 1971) The element a*
is the pseudo-complement of the element a of the lattice L
with 0 if

anx=0iff x<a".

Alattice L with O is called a pseudo-complemented lattice (or
a p-algebra) if each element of L has a pseudo-complement.
A modular (distributive) p-algebra L is a p-algebra, when-
ever L is a modular (distributive) lattice. If L satisfies the
Stone identity, ¢* v ¢** = 1 for all ¢ € L, then L is called
an S-algebra. A Stone algebra L is an S-algebra, whenever
L is a distributive lattice.

Theorem 2.3 (Blyth 2005; Katrindk and Mederly 1974) Let
L1 be a p-algebra. For z1, y1 € L1. We have

) z1=y1=>y <z7 =" <y~

2 7 ="

3) 21 AL AYD =21 A Y],

@ (@1 AyD™ =27 Ay,

(5) (z1 vV yD* =21 Ayj. Also, if Ly is an S-algebra, then
6) (z1 AyD* =2z Vi,

(7) (z1 vV yD™ =z* v yi™

A subset B(L1) = {c € Ly : ¢ = ¢*} of a p-algebra L,
consists of all closed elements of L1, and a subset D(L) =
{z € L : z¥ = 0} consists of all dense elements of L.

Lemma 2.4 (Blyth 2005; Haviar 1995) Let Ly be a p-
algebra. Then,
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(1) (B(Ly1); A, v,*,0,1) is a Boolean algebra, where 7| 7
=1 V)" =A%) Yz1,220 € B(Ly).
(2) D(Ly) is a filter of L.

A minimal prime ideal J; of a distributive p-algebra L is a
prime ideal J; of L such that for z € Jj there exists y ¢ Ji,
zAy =0.

Definition 2.5 (Gritzer 1971) Let L and L be two bounded
lattices. A map h : L —> L is said to be a (0, 1)-lattice
homomorphism if it preserves 0, 1, A and V.

Definition2.6 Let 7 : L —> L be a (0, 1)-lattice homo-
morphism from a bounded lattice L into a bounded lattice L.
The Kernel of & (briefly Ker /) and Cokernel of i (briefly
Coker h) are defined by

Kerh ={z € L : h(z) =0}, and Coker h = {z € L :
h(z) = 1}, respectively.

Definition 2.7 A (0, 1)-lattice homomorphism & : B; —
Bs, between Boolean algebras B; = (By; V, A,”, 0, 1) and
By = (By; VvV, A,,0,1) is said to be a Boolean homomor-
phism if

h(z)=h(z), Yz e By.

For more information about ideals, filters, intervals and p-
algebras, we refer the readers to Badawy (2016a,b, 2017,
2018), Badawy and Atallah (2015, 2019), Badawy and Sam-
basiva Rao (2014), Badawy and Shum (2014), Sambasiva
Rao (2012), Sambasiva Rao and Badawy (2014, 2017);
Badawy and Helmy (2023); Badawy and Shum (2017).

3 O-ideals of p-algebras

Definition 3.1 For any filter G of a p-algebra L, the set §(G)
is defined as follows:

85(G)={zeL:z*eG).

Now, we study the properties of §(G).

Lemma 3.2 Let L be a p-algebra. Then for any filter G of L,
8(G) is an ideal of L.

Proof Since 0* =1 € G, then 0 € §(G). Leta, b € §(G).
Then, a*, b* € G. Hence, (a VvV b)* = a* A b* € G. Thus,
aVvbed(G).Now,letx € L, x <afora e §(G). Then,
a* € G.Hence x* > a* € G. Thus x € §(G). Then, we
conclude that §(G) is an ideal of L. O

Lemma 3.3 For any two filters F, G of a p-algebra L, we
have

(1) (G is a proper filter of L) = G N §(G) = &,
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(2) x € 8(G) = x** € §(G),
(3) x € G = x* € §(G),

(4) G € F = §(G) C 8(F),
(5) 8(D(L)) = {0},

(6) G € D(L) = 4(G) = {0},
(7) G=L & 8(G)=L.

Proof (1) Assume that y € G N §(G). Then, y € G and
y* € G.Thus,0 = y Ay* € G and hence G = L, which
is a contradiction. Therefore, G N §(G) = ¢.

(2) Let y € 8(G). Since y*** = y* € G, then y** € §(G).

(3) Lety € G.Then, y** € G.Thus, y* € §(G) by definition
of §(G).

(4) Let F € G and z € §(F). Then, z* € F C G and hence
z* € G. Thus, z € §(G). Therefore, §(F) C §(G).

5)d(D(L)) ={zeL:z*e D)) ={ze€eL:z"*=
0}={zeL:z"=1}={0}.

(6) Let G < D(L). By (4) and (5), we get §(G) <
8(D(L)) = {0}. Thus, §(G) = {0}.

(7) Let L = G. Then,

L=G&0"=0ecG&1=0"csG) < 8G)=L.

m}

Definition 3.4 Assume that L is a p-algebra. An ideal J of
L is said to be a é-ideal if J = §(G) for some filter G of L.

Lemma3.5 In a p-algebra, every prime ideal without a
dense element is a §-ideal.

Proof Let J be a prime ideal without a dense element. Then,
(L — J)is aprime filter. Let z € J. Clearly,z Az* =0 € J,
and z Vv z* is a dense element. Hence, z VvV z* ¢ J. Since J is
anidealof Landz € J,we getz* ¢ J andhencez* € L—J.
Thus, z € §(L — J). Therefore, J C §(L — J).
Conversely, let z € §(L — J). Then, z* € L — J. Thus,
7% ¢ J.Since 0 = z A z* € J, and J is a prime ideal, we
get z € J. Hence, 6(L — J) € J. Thus, J = §(L — J).
Therefore, J is a 5-ideal. O

Lemma 3.6 A proper §-ideal J of a p-algebra L contains no
dense element.

Proof Assume that J is a proper §-ideal of L and z € J.
Suppose that z € D(L), since z € J = §(G) for some filter
G of L. Hence, 0 = z* € Gy, which is a contradiction.
Thus, J N D(L) = ¢. O

Let 7%(L) denote the set of all §-ideals of L. The following
example shows that / (L) is not a sublattice of I(L).

Example 3.7 Consider a p-algebra L = B4 & M3 in Fig. 1,
where By = {0 < x, y < d} is the four Boolean lattice and
M3 = {z,a, b, c, 1} is the diamond lattice, and & stands for

Fig.1 L=Bs® Msisa
modular p-algebra

the ordinal sum. Let J; = {0, x}, J» = {0, y} be two ideals of
L,and G| = {y,d,z,a,b,c, 1}, G» = {x,d,z,a,b,c, 1}
two filters of L. Clearly, 6(G1) = J; and §(G2) = /.
Therefore, J; and J, are §-ideals of L. Now, we observe
that §(G1) Vv 8(G2) = {0, x, y, d}, which is not a §-ideal of
Lbut5(G1) N§(Gy) = J1NJy ={0} =8(D(L)) is aé-
ideal of L. Consequently, (I%(L): N, V) is not a sublattice of
I(L),but (I°(L); N) is a A-subsemilattice of the semi-lattice
(I(L); N).

Theorem 3.8 For a p-algebra L, (I°(L); N, L) forms a
bounded lattice, where

3(G1NS(Gr) = 8(G1NGr) and §(G1)US(Gp) =
5(G1 Vv Gy).

Proof Let G| and G, be two filters of a p-algebra L. We
prove that the infimum and supremum of both §(G) and
8(G2)in I°(L) are (G1NG7) and §(G1 V G7), respectively,
that is,

8(G1)N§(Gr) =6(G1NGy) and §(G1) US(Gr)
=68(G1V Gy).

Since G1 NGy € G1,Ga, 6(G1 NGr) € 6(Gy), 8(Gr).
Thus, 6(G1 N G») is a lower bound of §(G) and §(G2).
Assume §(H) is another lower bound of §(G1) and §(G»).
Then, §(H) C 6(G1),58(G3). Let z € 8§(H). Then, z €
3(Gy), 8(G») and hence z* € G| N Gy. Thus, z € (G N
G3). S0 8(H) € §(G1 N Gy) and hence (G| N G») is the
greatest lower bound of both §(G1) and §(G>) in I3(L).
Clearly, §(G1 Vv G>) is an ideal. Now, we prove that (G V
G») is the least upper bound of §(G1) and 8(G) in I°(L).
Since G1, Go € G1V G, thend(Gy), §(Gr) C §(G1VG)y).
Thus, §(G1 Vv G») is an upper bound of §(G1) and §(G»).
Let 6 (H) be another upper bound of §(G1) and 6 (G>). Then,
8(G1),8(Gy) € 8(H). Let z € §(Gy Vv Gy). Then, z* €
G| V G and hence z* > g1 A g for some g; € G and
g2 € G,. This implies g} € §(G1) and g5 € §(G2). Since
8(G1),8(G2) € 8(H), then g7, g5 € 8(H). Now,
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g1 €8(H), g5 € 8(H) = gi Vg5 €8(H)
= (87 V £)™ € 8(H)
= (¢ A g3 € 8(H)
=" <(@Ag) = (@1 Ag)™ = (8" Ag")" €8(H)
= 7™ € §(H)
=z €8(H).

Thus, §(G1 v G) € §(H). Therefore, §(G1 VvV G») is the
least upper bound of §(G1) and 8(G) in I°(L). Then, sup
{8(G1),8(G2)} =68(G 1V Gy). Itisclear that §(L) = L and
8([1)) = {0} = (0] are the greatest and smallest members of
1%(L), respectively. Thus, (1 8(L); N, U) is a bounded lattice.

O

4 Principal 6-ideals of a p-algebra

In this section, we introduce and investigate the basic prop-
erties of principal §-ideals of a p-algebra L.

Lemma4.1 Let L be a p-algebra. Then foreachz € L, (z*]
is a 6-ideal of L.

Proof We prove that (z*] = §([z)). To this end, leta € (z*].
Then, a < z* and hence a* > z** > 7 € [7). Soa € §([2)).
Therefore, (z*] € §([z)). On the other hand, let a € §([z)).
Then, a* € [z). Thus,a* > z.Sincea < a™ < z* € (z*],we
geta € (z*]. Thus, §([z)) C (z*]. Therefore, (z*] = §([2))-

O

Definition 4.2 A §-ideal of the form §([2)) = (z*] forz € L
is called a principal é-ideal of L.

Theorem 4.3 Fora p-algebra L, we have the following state-
ments:

(1) 6([z)) =6(z*)), Yz e L.

(2) 3([d)) = {0}, Vd € D(L).

(3) ifz <y, then 5([y)) € 6([z)), but the converse is not
hold.

(4) forafilter G of L, 5([2)) C 6(G) forallz € G.

Proof (1) From Lemma 4.1, §([2)) = (z*] = (] =
8([z")).

(2) foralld € D(L), 5([d)) = (d*] = (0] = {0}.

(3) Letz < y.Then,[y) C [2). By (4) of Lemma 3.3, we get
8([y)) € §([2)). For the converse, consider the p-algebra
in Fig. 2. Clearly, {0} = &([c)) < 8([e)) = {0, a}, but
cfeande £ c.

(4) Forall z € G, suppose that a € §([z)). Now,

acd(z)=a"e€lz)
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Ne=a*

Fig.2 L is a stone algebra

=a*>z7¢€G
=a"eG
= a € 6(G).

Thus, §([2)) C 8(G).

Theorem 4.4 Let L be a p-algebra. Then, the following are
equivalent:

(1) L isan S-algebra.

(2) Foranyzi,z2 € L, (z1 A22)* =2} Vv 25.

(3) Foranytwofilters G1, G2 of L, 5(G1)V§(Ga) = 8(G1V
G»r).

@ I8 (L) is a bounded sublattice of I(L).

Proof (1) = (2):1tis clear from (6) of Theorem2.3. (2) =
(3): Assume (2) holds and G, G, € L. Since G, Gy C
G1V Gy, thend(Gy), 5(G2) C8(GyV Gy). Thus, §(Gy) Vv
3(Ga) S 8(G1 Vv G).

Conversely, let z € §(G1 V G2). Then, z* € G V G, and
hence z* > g1 A g for some g; € G| and g» € G, implies
g € 8(Gy) and g5 € 6(G2). Now,

T g A=< (g1Ag)" =gl Ve €8(G)VEG)
= 7" € 8(G1) VI(Ga)
=z €38(G1) Vi(Gr) (as z < 2*)

Thus, §(G1 Vv G2) € §(G1) V §(G2). Therefore, §(G1) Vv

3(Ga) =68(G1 Vv Gy).

(3) = (4): Assume (3) holds. Itis clear that §(L) and §([1))

are the greatest and smallest members of 1% (L), respectively.

Let 8(G1), 8(Gy) € I8(L). Then, 8(G1) vV 8(Ga) = 8(GyV

G») € I%(L) and §(G1) N 8(G2) = 8(G1 N Gy) € I5(L).

Thus, 7%(L) is a bounded sublattice of 7(L).
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(4) = (1): Assume (4). Since (z*] and (z**] are §-ideals of
L, we have

@V 2] = @]V (@]
=8([2)) v 8([z"))
=4([2) v [z")
=48z Z")
=4([0))
(0]
= (1.

(by (3))

Thus, z* Vv z** = 1. Therefore, L is an S-algebra. O

Now, we characterize the concept of §-ideals in terms of
principal §-ideals.

Theorem 4.5 Let J be a §-ideal of a p-algebra L. Then,

1) jeJe j*el.
@) 8(j*) S J,Vjel.
3) JZU]'GJ (j*)).

Proof (1) Let j € J. Since J is a §-ideal of L, then j € J =
8(G) for some filter G of L. Hence, j** = j* € G.
Thus, j** € §(G) = J. The converse implication follows
from the fact that j < j**.

(2) Let j be an element of J and let x € §([j*)). Then,
x* € [j*) and hence x < x™* < j** € J(by (1)). Thus,
x € J. Therefore, §([j*)) C J.

(3) Since J is a §-ideal, we get J = §(G) for some filter G
of L.Letz € J. Then,

7€ J=86G)=z7*eC
=7 elzCG
= 7" € 8([z") C 8(G)
=z < 7™ e §(z%)

=zes(lz") < 8w (aszel)

jeJ

Then, J € J;c; 8([j* ))

Conversely, let z € [, 8([j*)). Then,

ze s =z e sk, ke

jelJ

= z€8(k") = k™1 CJ (as k** € J)

=zelJ.

Thus, Uj618([j*)) C J. Therefore, J = Ujej 3([j*). O

Now, a characterization of §-ideals is given.

Theorem 4.6 Let L be a p-algebra. Then, for an ideal J of
L, the following statements are equivalent:

(1) J isad-ideal.

(2) Forany a,b € L, §([a*)) = 8([b*)) and a € J imply
bel.

(3) J =Uee, 8.

Proof (1) = (2): Let J be a §-ideal of L. Suppose that
§([a*)) =68([b*)) anda € J.Then,a € J = §(G) for some
filter G of L. Hence, a* € G. (a™*] = §([a*)) = §([b™)) =
(b**] implies a** = b**. Then, b* = a* € G. Therefore,
besG)=J.

(2) = (3): Assume (2) holds and a € J. Since a™* € (a™*],
we get a < a** € (a™] = §([a*)). Thus, a € §([a*)) <
Uees 8([c™) (asa € J ). Therefore, J € (., 8([c)).

Conversely, let a € (.., 8([c*)). Then, a € §([b*)) for
some b € J. Since a € §([b*)) = §([b*™*)) and b € J, then
b** € J by (2). Since a € §([b*)), we get a* € [b*) and
hence a* > b* which implies a < a** < b** € J. Thus,
a € J. Therefore, | J..; 8([c*)) S J.SoJ = [J.c; 8([c™)).
(3) = (1): At first, we need to prove that UCGJ c*)is a
filter of L. Since 1 = 0* € [0*) € J . [c), we get | €
Ueesle®) Leta, b € J,c;[c*). Then, a € [x*),b € [y*)
for some x,y € J andhencea A b > x* A y* = (x V y)*.
Thus,a Ab € [(x VY)*) € J.es[c*) (asxVy € J). Now,
letz>be . [c*). Then, z > b € [x*) for some x € J.
Thus, z € [x*) € [, c,[c*). Therefore, |, .. ;[c*) is a filter
of L.

Secondly, we prove that 8(|J.c;[c*) = U.c; 8([c™).
Since [¢*) € U, s [c*), then 8([c*)) € 8(,c,[c*)). Thus,
Uees 80¢") € 8Ueesle™)).

Conversely, let a € §(|,;[c*)). Then,

aes((Jic) = a* e JIeH

cel cel
=a* e [x¥) (for some x € J)
=aed(x) C U 8([c*)) (asx € J)
celJ

Then, §(U,cs[c*) € U,cy 8([c™). Thus, §(J, . [c*) =
Uees 8([c™)). Now, we prove (3) = (1). Assume that J =
Uees 8([c™). Then, J = U,.c;8(c*) = 8(Uqeslc®).
Hence, J is a §-ideal of L. O

Let I5(L) = {(z*]:z € L} =
all principal §-ideals of L.

{8([2)) : z € L} be the set of

Theorem 4.7 Let L be a p-algebra. Then,

(1) (Ig (L); A, U, (0], L) is a bounded sublattice ofI‘S (L).
2) Il‘i (L) is a Boolean algebra.
3) Ig(L) is a homomorphic image of L.
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(4) B(L) is isomorphic oflg(L).
Proof (1) Let (x*], (y*] € I5(L). Then,

@A G =" Ay T =(x vy Telyl)
and

U (p*] = 8([0)) U s([y)) = 8(1x) V [))
=8(x AY) = ((x Ay e T)(L).

We observe that L, (0] € Ig (L) which are the greatest
and least elements of If, (L), respectively. Thus, 1 ;87 (L) 1is
a bounded sublattice of 1°(L).

(2) Let (x*], (b*], (z*] € Il‘i(L). We observe that

FTu ¥ =8([x) L s((y))
=3(x) vIy)
=3(x A Y)
= ((x A )]
= ((x A y)™]
= (™ A Y™
= (x*vy*].

Now, we prove that / 3(L) is a distributive lattice.

CFIN (" TU D = (1N (y* vz
=" A (y*vZH]
= (" AYHVETAZ]
=((x V)"V Vv
=((x vy lTu(x vl
= (@*AY U™ AZY]

= ("IN "D U ("IN D).

(as x*, y*, 7" € B(L))

Thus, Ig (L) is a bounded distributive sublattice of 1 (L).

We have (Z*]/\(Z**] — (Z*/\Z**] — (O] and (Z*]U(Z**] —

8([2)ud([z*) = 8([2) V")) = 8([zAz")) = 8([0)) =

L. Thus, (z**] is the complement of (z*], and we can

write ((z*])’ = (z**]. Hence, (Ig(L); AL, (0], L)isa

Boolean algebra.

(3) Define @ : L —> I;S,(L) by «(z) = (z**]. Clearly, «
is a well-defined map, and «(0) = (0], «(1) = L. Let
z,y € L. Then,

a(z Ay) =z A )™
=@ Ay
= (1A (™
=a(z) Aa(y)

**]
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and

a(zVvy) =((zVv ™
= ((Z* Ay
=38([z* A YY)
=8([z") vV [y")
=38([z") us(y*)
= (™ Tu (™]
=o(z) Ua(y).

Now, a(z*) = (z"**] = ((z**])’ = («(2))’. Thus, o is a
homomorphism of L into I[‘S7 (L). Now, for every (z**] €
II‘Z(L), there exists z € L such that «(z) = (z**]. Thus,
« is an onto map. Moreover, « is not a one-to-one map,
because of §([a)) = §([b)) implies a* = b* and a # b.

(4) Define h : B(L) — II‘Z(L) by h(z) = (z]. Clearly, & is
a well-defined map. Let z, y € B(L). Then,

h(zAy)=(zAY]
= (A ]
= h(z2) Ah(y)

and

h(zVy) = (zVy]
=((zV )™
= (" AyH"]
=48([ZF A Y™)
=48(z") v Iy
=48([z") us(y™)
= (™ u (y™]
= (z]u (y]
= h(2) Uh(y).

(as z,y € B(L))

We have h(0) = (0], h(1) = L, and h(z*) = (z¥] =
(@] = (@] = ((z])) = (h(2))". For every (z**] €
Ig(L), there exists a € B(L) such that a = z**. Then,
h(a) = (a] = ("] = (z]. Also, let h(z) = h(y). Then,
(z]1 = (y] and hence z = y. Thus, A is one to one. Therefore,
h is an isomorphism from B (L) into 11‘3 (L). O

Corollary 4.8 Assume that L is an S-algebra. Then, (II‘S, (L);
A, V, (0], L) is a bounded sublattice of 1(L).
5 Comaximality of 8-ideals

This section is devoted to introducing the notion of comaxi-
mality of §-ideals and studying some related properties.
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Fig.3 L=Bs4® Nsisa 1
non-modular p-algebra
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Let us recall that two ideals J; and J> of a p-algebra L
are called comaximal if J; vV J, = L.
Now, we introduce the LI-comaximality of §-ideals of a p-
algebra L.

Definition 5.1 Two §-ideals J; and J, of a p-algebra L are
called U-comaximal if J; U J, = L.

Lemma 5.2 Any two comaximal §-ideals of a p-algebra L
are U-comaximal.

Proof Let J; and J, be two comaximal &-ideals of a p-
algebra L. Then, J; v J, = L. Since Ji = §(G) and
Jo = 8(Gy) for some filters G; and G, of L, we get
L =38(G1) Vv 3(Gr). Now,

L =45(G1) V(G2 S8(G1V Gr) =8(G1)US(Ga) = Ji1 U

Thus, J; and J, are LI-comaximal. O

The following example shows that the converse of the above
lemma is not true.

Example 5.3 Consider a p-algebra L = B4 & Ns in Fig. 3,
where By = {0 < a,b < d} is the four Boolean lattice
and N5 = {c, x, y, z, 1} is the Pentagon lattice. We observe
that (a] and (b] are LI-comaximal §-ideals, but they are not
comaximal as (a] U (b] = (b*1U (a*] = §([b)) U d([a)) =
8([b) v [a)) = 8([b Aa)) = 8([0)) = L, and (a] Vv (b] =
(avbl=(d]#L.

The converse of the above lemma holds in the following
special case:

Corollary 5.4 Any two U-comaximal 8-ideals of an S-algebra
L are comaximal.

Lemma5.5 Let L be a p-algebra. If z, y € L such that z A
y =0, then §([2)) and 5([y)) are U-comaximal in L.

Proof Let z, y € L with z A 'y = 0. Then,

§([2)) ud(ly)) =8([z2) v [y) =d(zAy) =48(0) = L.
Therefore, §([z)) and §([y)) are Li-comaximal in L. O

Theorem 5.6 Let L be a distributive p-algebra. Then,

(1) Every prime §-ideal of L is a minimal prime ideal.
(2) Any two distinct prime 8-ideals of L are U-comaximal.

Proof (1) Let Ji be a prime §-ideal of L. Then, J; = §(G)
for some filter G| of L, let z € Ji = 8(Gy). Then,
7* € G1.Wehave 0 = zAz* € Jy. Suppose that z* € J;.
Then, z* € G; N 8(G1) # ¢ which contradicts with (1)
of Lemma 3.3. Hence, z* ¢ Ji, that is, for z € Jj, there
exists y = z* ¢ Jy such that z Ay = 0. Thus, Jy is a
minimal prime ideal.

(2) Let J; and J; be two distinct prime §-ideals of L. Then by
(1), J1 and J> are minimal prime ideals. Leta € J; — J»
and b € J, — Jp. Since J; and J, are two minimal prime
ideals, then there exist x ¢ J; and y ¢ J> such that
anx =0=>bAy Sincex ¢ Jy and b ¢ Jp, then
bAx ¢ Ji(as Jyisaprimeideal ), similarlya Ay ¢ Js.
By definition of pseudo-complement and the fact that J;
is a prime ideal, we get (b A x)* € Ji. Thus, §([b A
x)) = ((bAx)*] C J;. Similarly, §([a A y)) € J>. Now,
bArx)yA(any) =@Arx)yAbAy)=0A0=0.
Then by Lemma 5.5, we get §([a A y)) and §([b A x))
are LI-comaximal. Hence,

L=65§[any)ud(bAx)) < Jiul,.

Thus, J;1 U J, =
comaximal.

L. Therefore, J; and J, are L-

m}

Let J be anideal of a p-algebra L. For any z € L, consider

s;([)={jeJ:j ela}

Lemma 5.7 Let J be an ideal of p-algebra L. Then,

(1) 85([2)) = J N8([2)) is an ideal of J.
(2) 85([2)) is a §-ideal of L, whenever J is a §-ideal of L.

Proof (1) Itis clearthat8;([z)) = {j € J : j € §([2))} =
J Né&([z)), and hence, §;([z)) is an ideal of J.
(2) Sinced;([z)) = JNS([z)) and J, §([z)) are two §-ideals
of L, then 6;([z)) is a §-ideal of L.
O

@ Springer
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Theorem 5.8 (1) Let J be a principal 8-ideal of a p-algebra
L. Then for any z,y € Lwithz ANy =0, 8;([z)) and
87([y)) are U-comaximal in J .

(2) Let J be a 6-ideal of a distributive p-algebra L. Then for
any z,y € Lwithz Ay =0, §;([z)) and §5([y)) are
U-comaximal in J .

Proof (1) Let J = §([a)) be a principal §-ideal of a p-
algebra L and z, y € L with z A’y = 0. Then by Lemma
5.5, we have 6([z)) LU 8([y)) = L. Now,

Sy uédy(y) = (I N([2)) 1 N&y)))
= (8([a)) N4([2))) b (8([a)) NS([¥)))
= (@ 1N E DU @ 1IN ™D
= (@ 1N (ETu oD
=8([a)) N (8([2)) L 8([y))
=d(a))NL (as 8([z)) L 8([y)) = L)
=JNL
= J

(as I)(L) is distributive )

Therefore, §7([z)) and 8, ([y)) are L-comaximal in J.
(2) Using a similar way of (1), one can prove that §;([z))
and 8, ([y)) are LU-comaximal in J.
O

6 Homomorphic images of §-ideals

This section discusses the properties of images and the
inverse images of §-ideals ( principal §-ideals ) with respect
to a homomorphism of two p-algebras. By a homomorphism
on a p-algebra L, we mean a lattice homomorphism / satis-
fying (h(x))* = h(x*) forall x € L.

Theorem 6.1 Assume that h : L1 —> Ly is an onto homo-
morphism of a p-algebra L to a p-algebra L. Then,

(1) The image of a principal 5-ideal is a principal §-ideal,
that is, for any z € Ly, h(8[z)) = §([h(2))).

(2) forany filter G| of L1, h(6(G1)) = §(h(G1)).

(3) for any §-ideal Jy of L1, h(Jy) is a 6-ideal of L.

(4) for any 5-ideal J of L1, h(J) = Ujej S(LhUN™)).

Proof (1) Forall z € L, we get

h(5([2))) = h((z"]) = h{c € L1 : ¢ < 77}
= {h(c) € Ly : h(c) < h(z")}
={h(c) € Ly : h(c) < h(2)*}
= (h(2)"] = 8([h(2))).

(2) For any filter G| of Ly, let z € §(h(G1)). Then,

z€8(h(Gr)) = 7" € h(Gy)

@ Springer

(as J = 8([a)))

=" =h(j1) for j1 € G

=z <" = ()" =h(j]) € h(8(G1))

=z € h(6(Gy)) (as h(6(G1))is an ideal)
= 3§(h(G1)) S h(8(G1)).

Conversely, let z € h(5(G1)). Then,

7z € h(8(G1)) = z=h(y) fory € 6(G1)
= y* € Gy
=" = (h(y)" =h(") € h(G))
=z €8(h(Gr))
= h(8(G1)) € 8(h(G))

Thus, h(6(G1)) = §(h(G1)).
(3) Let J; be a §-ideal of L. Then, J; = §(G) for some
filter G| of L. Now,

h(J1) = h(3(G1))
=hize L :7z" € Gy}
= {h(z) € Ly : h(z*) € h(G1)}
={h(z) € Ly : h(z)* € h(G1)}
=5(h(Gy)).

Thus, 4(Jy) is a §-ideal of L.

(4) For any é§-ideal J of Ly, J = UjEJS([j*)) from (3)
Theorem 4.6. Letz € h(J). Then, z = h(j) for some j €
J. Then, z < z** € (2] = 8([z")) = 3([(h(j)™)) <
Ujes (LR (j)™). Thus, h(J) S U;e; 8(L(R(j)¥)).
Conversely, let z € Uje] S([(h(j))*)). Now,

ze [ JsWm(n®) =z € 8, ceJ

jelJ
=z € (h(c)™]
= 2 < ((h(@)™ = h(c™) € h(J)
=zeh(J)) (as h(J)is an ideal)

(as ™ € J)

Thus, ¢, 8([(h(j)*)) S h(J). Therefore, h(J) =

Ujes 80 GN™).
O

Theorem 6.2 Let h : Ly — Lo be a homomorphism of a
p-algebra Ly into a p-algebra L. Then,

(1) Ker his a §-ideal of L.
(2) For any §-ideal K of L, h=Y(K) is a 8-ideal of L1 con-
taining Ker h.

Proof (1) Since A is ahomomorphism of a p-algebra L into
a p-algebra Ly, then Kerh = {z € L1 : h(z) =0} and
Coker h = {z € L1 : h(z) = 1} are an ideal and a filter



8-ideals of p-algebras

4723

2)

of Ly, respectively. We show that Ker 7 = §(Coker h).
Let z € Ker h. Then,

z€ Kerh < h(z) =0
& h@) =hi@ZH =1
& 7% € Coker h
& z € §(Coker h)

Thus, Ker i = §(Coker h).

Let K be a §-ideal of L,. Then, K = §(G) for some
filter G| of Ly. Since h~! (K) is anideal of L. We prove
that k=1 (K) = 8(h~1(G1)). So let z € h~ 1 (K). Then,

zeh™(K) & h(z) =c,c € K =8(Gy)
& h()*=h(z") =c* € G (as c € 8(Gy) = c* € Gy)
steh ! (h ch (G
& ze8h™(Gy))

Thus, h~'(K) = §(h~'(G,)). Therefore, h~'(K) is a
S-ideal of L. Let z € Ker h. Then, h(z) =0 € K =
8(G1), and hence, h(z*) = h(z)* = 1 € G; implies
z* € h~Y(Gy). Thus, z € 8§(h~'(Gy)). Therefore, Ker
h < 8(h~1(G)).

O

Theorem 6.3 Let h : Ly —> Ly be an onto homomorphism
of a p-algebra L to a p-algebra L;. Then,

(D

2

Proof (1) Define «

a: 5 (L) — I5(L2), a(3([2))) = 8([h(2))), V8([2))
€ Ig (L) is a Boolean homomorphism.

a: I%(Ly) — I’(Ly), a(8(G)) = 8(h(G)), V8(G) €
I%(Ly) is a homomorphism.

D I5(L1) — I5(Ly) by a(8([2)) =
8([h(2))). Clearly, a is well-defined. o (L1) = a(5([0,)))
=8([h(0r)))) = 8([01,)) = 8(L2) = Ly and a{0r,} =
a@([12,)) = 8([h(11,))) = 8([11,)) = {O,}. Let
8(l@)), 8([y)) € Ip(L1). Then,

a(8([2)) AS([y)) = ad([z) A [y))
=a@(zVy)
=38([h(z Vv y)
=8([h(z) vV h(y)))
=8([h(2)) A [R(Y)))
=8([1(2))) A 8([R()))
= a(8([2)) A a(3([y))

and

a(8([2)) ud([y)) = a6([z) V [¥)))

2)

=a(z A )
=38([h(z A y))

= 8([h(z) A h(y)))

= 8([h(2)) Vv [h(¥)))

= 3([h(2))) U ([h(y)))
= a(3([2))) Ua(S([y))).

Since Ig (L1) and I[‘i(Lz) are Boolean algebras, we get

(@(8([2))* = («((z*]D)* = (a((z*]))". Thus,
(B[N =a(((z*D")

= a((z™])

= a(8([z")))

= 8([h(z"))

= 8([(h(2)™))

= ((h(2))™]

= ((h(2)*D*

= (8([h(2))*

= (@(()N*.
Therefore, « is a Boolean homomorphism of Ig (Ly) into
I5(L).
Define o : I°(L;) — I°(L>) by a(J;) = 8(h(G))
where Ji = 4(G). Clearly, o is well-defined and

a{0z,} = {0r,}, a(Ly) = Ly. Let Ji, J, € I°(Ly).
Then, J; = §(G1) and J, = §(G») for some filters G
and G; of L. Then, we get

a(Ji A J2) =a(8(Gr) Ad(G2))
=a(8(G1 A G2))
=38(h(G1 A G2))
=3(h(G 1)) AN3(h(G2))
=a(J1) ANa(h)

and

a(Ji1u ) =a(6(G1) us(G2)
=a((G1V Gr)
=08(h(G1V G2))
=0(h(G1) U (h(G2))
=a(J) Ua(h).

Therefore, o is a homomorphism of I (L1) into 15(L2).
O
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