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Abstract
Extreme learning machine (ELM) as a type of feedforward neural network has been widely used to obtain beneficial insights
from various disciplines and real-world applications. Despite the advantages like speed and highly adaptability, instability
drawbacks arise in case of multicollinearity, and to overcome this, additional improvements were needed. Regularization is
one of the best choices to overcome these drawbacks. Although ridge and Liu regressions have been considered and seemed
effective regularization methods on ELM algorithm, each one has own characteristic features such as the form of tuning
parameter, the level of shrinkage or the norm of coefficients. Instead of focusing on one of these regularization methods, we
propose a combination of ridge and Liu regressions in a unified form for the context of ELM as a remedy to aforementioned
drawbacks. To investigate the performance of the proposed algorithm, comprehensive comparisons have been carried out by
using various real-world data sets. Based on the results, it is obtained that the proposed algorithm is more effective than the
ELM and its variants based on ridge and Liu regressions, RR-ELM and Liu-ELM, in terms of the capability of generalization.
Generalization performance of proposed algorithm on ELM is remarkable when compared to RR-ELM and Liu-ELM, and
the generalization performance of the proposed algorithm on ELM increases as the number of nodes increases. The proposed
algorithm outperforms ELM in all data sets and all node numbers in that it has a smaller norm and standard deviation of
the norm. Additionally, it should be noted that the proposed algorithm can be applied for both regression and classification
problems.

Keywords Extreme learning machine · Regularization · Liu regression · Tikhonov regularization · Multicollinearity

1 Introduction

The feed-forward neural networks (FNNs) have been seen as
powerful tools in machine learning fields due to the adapt-
ability on complex learning problems. However, difficulties
arise in choosing parameters such as learning rate, momen-
tum, period, stopping criteria, input weights, biases, and so
on in FNNS. Therefore, Huang et al. (2006) proposed a learn-
ing algorithm called extreme learningmachine (ELM)which
overcomes slow learning speed and overfitting. The logic
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behind ELM is to generate the main networks parameters
like input weights and biases randomly and to train a single
layer feed-forward network (SLFN)with a solution of classic
linear systems. This main logic brings extra speed and per-
formance improvement on the learning and generalization
aspects to the ELM.

In recent years, ELM has been attracting considerable
attention from the researchers and is widely used in real-
world applications. There are many studies published on
ELM in different research areas to demonstrate the per-
formance of ELM or to improve ELM according to the
applied area to get accurate results. Some of them are as fol-
lows: telecommunication for developing a robust and precise
indoor positioning system (IPS) (Zou et al. 2016) and for the
evaluation of intrusion detection mechanisms (Ahmad et al.
2018), neuroscience for concept drift learning (Mirza andLin
2016), for discriminating preictal and interictal brain states
in intracranial EEG (Song and Zhang 2016), for pathologi-
cal brain detection (Lu et al. 2017), robotics for building an
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effective prediction model of input displacement of gripper
(Petković et al. 2016), for determination the inverse kine-
matics solutions of a robotic manipulator (Zhou et al. 2018),
astronomy for contour detection using Cassini ISS images
(Yang et al. 2020), for developing a prediction model for
the ionospheric propagation factor M(3000)F2 (Bai et al.
2020), psychology for attention deficit hyperactivity disorder
using functional brain MRI (Qureshi et al. 2017), geology
for mapping mineral prospectivity (Chen and Wu 2017),
education for designing English classroom teaching quality
evaluation model (Wang et al. 2017), biology for hepatocel-
lular carcinoma nuclei grading (Li et al. 2017), chemistry for
short-term wind speed prediction (Chen et al. 2019), mathe-
matics for solving ordinary differential equations (Yang et al.
2018), physics for the short-term photovoltaic power genera-
tion forecasting (Tang et al. 2016), economics for gold price
prediction (Weng et al. 2020) and credit score classification
(Kuppili et al. 2020), energy for prediction of photovoltaic
power (Zhou et al. 2020) and for resource optimizationmodel
(Han et al. 2021), environmental engineering for model-
ing qualitative and quantitative parameters of groundwater
(Poursaeid et al. 2021), computer science for intrusion detec-
tion system (Al-Yaseen et al. 2017), for dimension reduction
(Kasun et al. 2016), for short-term load forecasting (Zeng
et al. 2017), automation such as for traffic sign recognition
(Huang et al. 2017) and for malware hunting (Jahromi et al.
2020). Also, ELM is also used in healthcare for the clas-
sification of COVID-19 pneumonia infection from normal
chest CT scans (Khan et al. 2021; Turkoglu 2021; Muru-
gan and Goel 2021), for developing cloud computing-based
framework for breast cancer diagnosis (Lahoura et al. 2021),
for brain tumor detection (Özyurt et al. 2020), engineering
for prediction compressive strength of concrete with partial
replacements for cement (Shariati et al. 2020), for predicting
the thermal conductivity of soil (Kardani et al. 2021) and for
wheat yield prediction (Liu et al. 2022).

Although it has many applications in real life, ELM is also
inadequate or has fields that need improvement. There are
many studies done to eliminate these shortcomings; some of
the improvement fields are as follows: the structure of hidden
layer output matrix (Huynh et al. 2008; Ding et al. 2017),
heteroscedasticity (Deng et al. 2009), outliers (Chen et al.
2017; Deng et al. 2009; Xu et al. 2016), over-fitting (Chen
et al. 2017; Deng et al. 2009; Zhang et al. 2017), feature
selection (Miche et al. 2010, 2011; Martínez-Martínez et al.
2011; Fakhr et al. 2015; He et al. 2017) and multicollinearity
(Miche et al. 2011; Martínez-Martínez et al. 2011; Toh 2008;
Li and Niu 2013; Su et al. 2018; Nóbrega and Oliveira 2019;
Yıldırım and Özkale 2019, 2020; Cancelliere et al. 2015). In
this study,wewill focus onmulticollinearity inELMand seek
to answer the question of howELMshows better stability and
generalization performance when there is multicollinearity.

Multicollinearity which is defined as the linear dependen-
cies among the predictors in linear regression has serious
effects on the ordinary least squares (OLS) estimator in
linear regression resulting in large variance and far away
from the true parameters. Although the classical linear mod-
els related with OLS estimators like the linear discriminant
analysis or linear regression model have been widely used
in practical applications such as dimension reduction on
big data (Reddy et al. 2020) and engineering (Kaluri et al.
2021), these estimates are unstable and show worse gener-
alization performance in the presence of multicollinearity.
Biased estimation, which is also known as shrinkage estima-
tion, methods have been proposed to overcome the negative
effects of multicollinearity on the OLS estimator. One of the
most well-established biased estimator for dealing with mul-
ticollinearity in linear regression is the ridge estimator (a.k.a.
Tikhonov regularization, L2-norm regularization) proposed
by Hoerl and Kennard (1970). In ridge estimation, Hoerl and
Kennard (1970) were interested in the estimation of param-
eters that provide a smaller mean square error by adding an
L2-norm penalty along with a constant term to the objective
function of the OLS. This additional constant term, known
as the tuning parameter, affects the performance of the ridge
estimator. Although the ridge estimator is the best known
method in multicollinearity, its biggest problem is the lack
of precision in tuning parameter selection. In addition, since
the ridge estimator is not linear in terms of this tuning param-
eter, tuning parameter is difficult to choose. Therefore, Liu
estimator was proposed by Liu (1993) as an alternative to
ridge estimator which also has a tuning parameter affect-
ing the performance of the model. Liu estimator can deal
with multicollinearity and provides easier and solid ways
on the selection of tuning parameters. Subsequently, many
biased estimators have been proposed. One of them is the
two parameter estimator proposed by Özkale and Kaçıranlar
(2007) which was later called as OK estimator by Gruber
(2012) and Özkale et al. (2022). In proposing this estimator,
Özkale and Kaçıranlar (2007) have taken advantage of the
idea that combining the two estimators will inherently make
a new estimator with the advantages of both estimators.

1.1 Problem and some of the existing solutions

As in linear regression, in the context of ELM,multicollinear-
ity also arises between the columns of the hidden layer output
matrix (i.e., nodes) and causes instability and poor general-
ization performance of the ELM (Li and Niu 2013). Studies
have been made and continue to be done to eliminate the
negative effects ofmulticollinearity onELM.Toh (2008) pro-
posed a newapproach based on ridge regressionwith sigmoid
activation function to obtain minimum error for SLFNs in
classificationfield.Deng et al. (2009) developed a novel algo-
rithm called regularized ELM to deal with heteroscedasticity,
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outliers and multicollinearity and to obtain better general-
ization performance. Miche et al. (2010, 2011) proposed
optimally pruned ELM (OP-ELM) and Tikhonov regular-
ized optimally prunedELM(TROP-ELM)based on L1-norm
for sparsity and both L1 and L2 norms for both sparsity and
stability, respectively. Martínez-Martínez et al. (2011) devel-
oped a unified solution via ridge (L2-norm), elastic net and
lasso (L1-norm) methods. Li and Niu (2013) proposed ELM
based on ridge and almost unbiased ridge estimators (RR-
ELM and AUR-ELM) with an appropriate selection method
of ridge tuning parameter. Yu et al. (2013) proposed a new
approach based on TROP-ELM and pairwise distance cal-
culation to deal with the missing data problem in ELM.
Shao et al. (2015) proposed “automatic regularized ELM
with leave-one-out cross-validation” based on ridge regres-
sion to investigate the randomness performance of ELM.Cao
et al. (2016) presented a novel approach based on stacked
sparse denoising autoencoder—ridge regression to achieve
more stable performance with comparable processing time
in classification and regression applications. Luo et al. (2016)
developed a unified framework of ELM using both L1-norm
and L2-norm for regression and multi-class classification
problems. Yu et al. (2018) proposed dual adaptive regu-
larized online sequential extreme learning machine called
as DA-ROS-ELM to improve the performance on detect-
ing network intrusion. Wang and Li (2019) developed an
ELM algorithm based regularization via an L0-based bro-
ken adaptive ridge (BAR) penalization on Cox-type model
with advantages like avoiding some assumptions of classi-
cal survival models and achieving reasonable computation
time. Yan et al. (2020) proposed a kernel ridge ELM algo-
rithm by using artificial bee colony algorithm to determine
the appropriate parameter for the insurance fraud problems.
Guo (2020) is proposed a regularized ELM algorithm based
on elastic net to keep a balance between system stability and
solution’s sparsity. Jiao et al. (2021) presented an optimized
regularized extreme learningmachine algorithm based on the
conjugate gradient (called as CG-RELM) for estimating the
state of charge.

Although Ridge-ELM is frequently used in the litera-
ture, there is no general rule regarding the selection of the
ridge tuning parameter. On the other hand, the selection
of ridge tuning parameter plays critical role on the perfor-
mance of ridge-type ELM algorithms which affects both
training & testing performance and speed of the algorithm.
Also, there is no single selection method providing reason-
able performance. That’s why, Yıldırım and Özkale (2019)
proposed some alternative approaches for the selection of
the ridge tuning parameter for RR-ELM (a.k.a Ridge-ELM)
which are based on Akaike information criterion (AIC),
Bayesian information criterion (BIC) and cross-validation
(CV) method and presented a comprehensive comparison.
Furthermore, selection of the ridge tuning parameter is not

easy because of the ridge estimator being nonlinear func-
tion of the ridge tuning parameter. Therefore, Yıldırım and
Özkale (2020) proposed a novel algorithm called L-ELM
(a.k.a. Liu-ELM) as an alternative to RR-ELM algorithm
and provided more stable and generalizable results than its
competitors like ELM, RR-ELM and AUR-ELM and OP-
ELM.

1.2 Contribution

Both ridge and Liu estimators have individual characteris-
tic properties at the point of dealing with multicollinearity.
Depending on the problem and data structure, these estima-
tors can overperform each other. Even if the ridge and Liu
estimation methods are adapted to ELM to improve the mul-
ticollinearity problem in ELM studies, estimator adaptations
that can outperform RR-ELM and Liu-ELM under multi-
collinearity can further be made. Utilizing from the idea of
using both estimators in a unified form, we consider a new
method alternative to RR-ELM and Liu-ELM that provides
more insightful and better results in terms of learning capa-
bility, stability and generalization performance. Our novel
method in ELM is based on two-parameter (a.k.a OK) esti-
mator originally proposed by Özkale and Kaçıranlar (2007)
in linear regression field. The key features of the proposed
algorithm are summarized as follows:

• The proposed algorithm presents a unified form of RR-
ELM and Liu-ELM which improves the ELM and its
variants RR-ELM and Liu-ELM at the point of obtaining
more stable and generalizable results due to the existence
of the effects of both k and d tuning parameters in the
model.

• The proposed algorithm gives a regularization method
which can be easily adjustable to any other model for
dealing with multicollinearity and irrelevant features.

• The proposed algorithm depends on two tuning parame-
ters so that one of the tuning parameters provides better
generalization performance while the other provides bet-
ter shrinkage.

• The proposed algorithm can be easily integrated to any
system & algorithm to provide solutions for both classi-
fication and regression studies in the context of ELM.

1.3 Organization

The rest of the paper is structured as follows. We present the
review of related studies including the preliminary ELM and
its variants in Sect. 2. In Sect. 3, the details of our proposed
method are described. Experimental results and findings are
given in Sect. 4. The conclusions are summarized in Sect. 5.
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2 Review of related studies

The ELM introduced byHuang et al. (2006) tomake possible
a network training without tuning any parameter was pro-
posed as an alternative to gradient-descent based algorithms
like back-propagation for SLFNs. The idea was notewor-
thy because of speed capability. ELM algorithm is based
on searching best weights providing minimum training error
andminimumnormedweights via randomly assign networks
parameters including input weights and biases. As a results
of random assignment, the output weights can be obtained
by solving a classic linear system in the output layer. The
usage of some approaches like least squares, Moore-Penrose
inverse for solution stage brings ELM some advantages like
faster learning, less need for human intervention, less pos-
sibility for reaching local optima and mostly reasonable
generalization performance. Table 1 summarizes the fea-
tures/key findings and challenges of ELM in the context of
regularized ELM. In this section, we summarize the prelim-
inary ELM and RR-ELM and Liu-ELM.

2.1 The preliminary ELM

A classic SLFN can be expressed as

θ∑

i=1

β i f
(
i .x j + bi

) = t j , j = 1, 2, . . . , N , (1)

where
(
xTj , t

T
j

)
is the set of N distinct patterns with x j ∈ Rp

and t j ∈ Rm is the m-dimensional network output, i are the
input weights, bi are the biases, θ is the number of hidden
neurons, f (.) is the activation function and β i are the output
weights (Huang et al. 2004, 2006). The basic SLFN structure
is given by Fig. 1.

The matrix form of Eq. (1) can be written as:

Hβ = T (2)

where

H =
⎡

⎢⎣
f (1.x1 + b1) . . . f (θ .x1 + bθ )

... . . .
...

f (1.xN + b1) . . . f (θ .xN + bθ )

⎤

⎥⎦

N×θ

is the outputmatrix of hidden layer,β(θ×m) = (β1, . . . , βθ )
T

and T (N×m) = (t1, . . . , tN )T are the output weights vector
and output values vector, respectively. Here, m corresponds
to the number of output layer neurons which is commonly
equal to the number of target variable and fixed as 1 in most
practical applications.

In order to get the solution of Eq. (2), the following objec-
tive function is minimized:

(H β− T)T (H β− T) . (3)

The minimizer of the objective function in Eq. (3) (i.e.,
the estimator of β) can be found analytically as

β̂ELM = H+T (4)

whereH+ is theMoore–Penrose inverse of matrixH (Huang
et al. 2006). Some popular ways to calculate the Moore-
Penrose inverse are the orthogonal projection method, iter-
ative methods and singular value decomposition (Rao et al.
1971; Schott 2005). According to the orthogonal projection

method, H+ is calculated via HT
(
HHT

)−1
if H is full row

rank, else H+ = (
HTH

)−1
HT if H is full column rank.

2.2 ELM based on ridge and Liu regression

Although the solution given by Eq. (4) provides faster
solutions, it has some drawbacks in some situations like mul-
ticollinearity. Due to the multicollinearity, the stability and
generalization performance may weaken. Ridge-based ELM
is defined by Li and Niu (2013) and optimizes the objective
function

(H β− T)T (H β− T) + k

2
βTβ. (5)

The closed form solution of Eq. (5) by using simple algebra
can be found as

β̂
(k)
RR-ELM =

(
HTH+k I

)−1
HTT, k ≥ 0

where k is the ridge tuning parameter (Yıldırım and Özkale
2020).

Yıldırım and Özkale (2020) by minimizing the objective
function

(H β− T)T (H β− T) + (
dβ̂ELM − β

)T (
dβ̂ELM − β

)
,

introduced Liu-ELM as

β̂
d
Liu−ELM =

(
HTH + I

)−1 (
HTT + dβ̂ELM

)
, 0 < d < 1

where 0 < d < 1 is called as Liu tuning parameter. The prop-
erties of Liu-ELM are considered by Yıldırım and Özkale
(2020).
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Table 1 Literature survey on regularized ELM

Paper cited Method Features/key findings Limitations

Deng et al. (2009) Regularized-ELM Focuses overfitting, weak control
capacity, outliers and
heteroskedasticity

Ridge parameter selection is limited

Based on ridge regression (weighted
least squares)

Does not include ridge alternatives

Miche et al. (2010, 2011) OP-ELM Focuses irrelavant and correlated
features

Just based on multiresponse sparse
regression

Carries a neuron selection process Lacks of the advantages of ridge
regression

Does not include ridge regression

Li and Niu (2013) Ridge-ELM Overcomes multicollinearity on ELM There is no controversy on the
selection of tuning parameter

Non-linear function of tuning
parameter

Yu et al. (2013) TROP-ELM Includes both L1 and L2 norms Does conduct a simultaneous training
process

Improves OP-ELM to deal with
correlated features

Shao et al. (2015) AR-ELM-LOO Focuses on the randomness property
of the ELM training

Does not include a node selection
process

Naik et al. (2020) L-curve/U-curve techniques Time efficient automatic estimation of
ridge tuning parameter

Takes time in large data

Cao et al. (2016) SSDAE-RR-ELM Focuses the sparsity and denoising
properties of ELM

Does not include L1 norm process for
node pruning

Luo et al. (2016) L1-L2-ELM Combines both L1 and L2 norms Costly in terms of computation time

Improves the compactness and
stability properties of ELM

Yu et al. (2018) DA-ROS-ELM Absorbs the merits of RR-ELM and
overcomes the overfitting

No benchmark results on
regression-based studies.

Overcomes the overfitting and
singularity problems in online
sequential ELM

The computational cost of the method
is high

Wang and Li (2019) ELMCoxBAR Easy implementation for survival
analysis

Limited types of kernel function

High training efficiency Lack of benchmark results except
survival data sets.

Yıldırım and Özkale (2020) Liu-ELM Overcomes multicollinearity on ELM Cannot do node selection

Linear function of tuning parameter

Guo (2020) ELM-EN Overcomes multicollinearity on ELM
and selects node

Depending on two tuning parameters

Time consuming of two tuning
parameter selection

Yıldırım and Revan Özkale (2021) Liu-Lasso-ELM Does node selection and solves
multicollinearity

Cannot work in high-dimensional data

Jiao et al. (2021) CG-RELM Faster convergence speed Does not include node selection
process

Robust to the noisy data sets

This study OK-ELM Shows a superior generalization
performance than ELM, Ridge-ELM
and Liu-ELM

Takes time to calculate due to the two
tuning parameters

Shows smaller norm and standard
deviation of the norm than ELM
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Fig. 1 The basic ELM structure

3 A new type of ELM based on unified ridge
and Liu idea

RR-ELM and Liu-ELM have individual advantages in terms
of capabilities for improving the stability and generalization
performance. Starting from the idea of combining both esti-
mators, we propose a new estimator named OK-ELM. For
this, we utilize the objective function

(H β− T)T (H β− T) + k

2

(
dβ̂ELM − β

)T (
dβ̂ELM − β

)
(6)

which was originally the idea of Özkale and Kaçıranlar
(2007) in linear regression and the resulted estimator was
then called as OK estimator by Gruber (2012). The objec-
tive function in Eq. (6) looks for an estimator of β which
minimizes (H β− T)T (H β− T) in an equivalence class of
estimators of β which are equal distance from dβ̂ELM and its
general form of Liu-ELM by k constant. By minimizing the
objective function in Eq. (6), we get

β̂OK−ELM =
(
HTH + kI

)−1 (
HTT + kdβ̂ELM

)

where 0 < d < 1 and k > 0 are the tuning parameters.
β̂OK−ELM has some statistical properties:

• The OK-ELM enjoys the computational advantages of
ELM.For this purpose,we define the augmentedmatrices

H̃ =
(

H√
kIθ

)
, T̃ =

(
T√

kdβ̂ELM

)

where Iθ is the identity matrix with dimension θ . This
implies that the OK-ELM is obtained by using the prior
information on β in the form of linear stochastic restric-
tions

√
kdβ̂ELM = √

kβ+ε∗ where ε∗ is a randomvector

Fig. 2 The flowchart of the OK-ELM algorithm

with mean 0 and variance–covariance matrix same with
the output weight vector. The optimal solution β̂OK-ELM
based on augmented form of the linear system corre-
sponds to the minimizer of the objective function

(H̃ β− T̃ )T (H̃ β− T̃ ).

• It is a convex combination of RR-ELMand ELM (Özkale
2013; Gruber 2012):

β̂OK-ELM = dβ̂ELM + (1 − d) β̂
(k)
RR-ELM

This convex combination shows that the tuning parameter,
d, controls the respective contributions of the ELM and RR-
ELM. As d goes to 1, the contribution of ELM is more and
RR-ELM is less; however, as d goes to 0 RR-ELM has more
contribution than ELM. Thus the parameter d plays a role
as proportion of contribution between ELM and RR-ELM.
As a common choice in experimental settings, we consider a
grid search of the related parameters for OK-ELM. The main
goal is to obtain the optimal parameters combination yield-
ing the minimum testing error. The details of the computing
algorithm for OK-ELM are as explained in Fig. 2.

4 Experimental procedure and results

In this section, a comparative analysis is presented to mea-
sure the performance of the proposed algorithm (OK-ELM)
with its competitors including ELM (Huang et al. 2006), RR-
ELM (Li and Niu 2013) and Liu-ELM (Yıldırım and Özkale
2020) on twelve different regression benchmark data sets
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Table 2 The properties of data sets used in this study

Data sets Sample size Attributes

Abalone 4177 8

Auto Mpg 392 9

Auto Price 159 13

Body Fat 252 15

Boston Housing 506 14

Energy 768 9

Fish 908 7

Forest 517 11

Machine CPU 209 7

Servo 167 5

Strikes 625 5

Yacht 308 7

which have been collected from UCI repository (Asuncion
and Newman 2007). The description details of these data
sets are summarized in Table 2 . Sigmoidal activation func-
tion described as f (δ, b, X) = 1/

(
1 + e−(δX+b)

)
is used for

all data sets. The number of hidden layers neuron (θ) is set
equally as 50, 100, 150 for all algorithms. The experiments
have been conducted in R Software platform and all codes
related with the algorithms have been written from scratch.
In order to eliminate the effect of data scale, each attribute
of data sets has been standardized as zero mean and unit
variance by using the formula:

x =
(
xi − x

sd (x)

)
.

To calculate the generalization performance effectively,
we used fivefold CV approach. For each fold, forty trials
have been carried out and the mean of all metrics for all
trials has been reported with its standard deviation. As the
performancemetric, we used rootmean square error (RMSE)
which is defined as

RMSE =
√√√√ 1

N

N∑

j=1

(
o j − t j

)2 (7)

where
(
o j − t j

)
corresponds to the error between the actual

and output values of the network. The values of tuning param-
eters have significant effects on the performances of the
algorithm based ridge and Liu estimators. In order to observe
the effects of tuning parameter, the selection process of ridge
and Liu tuning parameters for all data sets has been carried
out in the same way and range. The ridge tuning parameter
(k) and Liu tuning parameter (d) are, respectively, selected
via CV within the following ranges:

k ∈
[
10−5, 10−4, . . . , 10−2, 0.02, . . . ,

0.1, 0.2, . . . , 1, 1.5, 2, . . . , 5]

d ∈
[
10−5, 10−4, . . . , 10−2, 0.02, 0.03 . . . ,

0.1, 0.15, 0.2, . . . , 1] .

In each fold, the k and d parametersminimizing the testing
CV error are determined as optimal for corresponding fold.
This process is repeated for all trials and the mean values
of d and k parameters calculated as overall for all folds are
given in Table 3. Table 3 summarizes the performance of
each algorithm against its RMSE and standard deviation in
the optimum tuning parameter for all data sets. Besides, the
norm values with standard deviations are presented in Table
to investigate the effect of the proposed algorithm in terms of
shrinkage performance. Based on the results in Table 3, we
also show the reduction rate (RR) to obtain the performance
percentage of OK-ELM over the other methods and give in
Figs. 2 and 3. The RR is calculated for both testing RMSE
and standard deviation of RMSE as

RR = (any algorithm) − (OK-ELM)

(any algorithm)
× 100

We obtain the following conclusions:

• What stands out in Table 3 and Fig. 3 is that is that there
is a clear trend of decreasing test RMSE value for the
proposed algorithm (OK-ELM) compared to ELM, RR-
ELM and Liu-ELM regardless of the node number. Only
for Forests data set, OK-ELM is worse than others in
terms of testing RMSE. As the node number increases,
the RR of OK-ELM over ELM, RR-ELM and Liu-ELM
increases that its superiority over ELM is remarkable. It
can therefore be assumed that the proposed algorithm is
more generalizable than its competitors.

• Table 3 and Fig. 3 present that the changes on the stan-
dard deviation of testing RMSE vary depending on the
node numbers. When the node number is 50, OK-ELM
is the best except Auto Price, Body Fat, Machine CPU
and Forest data sets while RR-ELM is the best on these
4 data sets. There is no single biased ELM method that
is best when the number of node is 100 or 150 in terms
of the standard deviation of testing RMSE. According
to the data, one biased ELM method may be better than
the other. There are data where RR-ELM or Liu-ELM
is better than OK-ELM, while OK-ELM, RR-ELM and
Liu-ELM all are always better than ELM in all data and
all node numbers in the sense of the standard deviation
of testing RMSE.

• In Table 4, it is shown that OK-ELMoutperforms ELM in
the sense of having smaller norm and the standard devi-
ation of the norm in all data sets and all node numbers.
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Table 3 The RMSE performance comparison of algorithms

Data set Node d k Algorithm Train SD Test SD

Abalone 50 – – ELM 0.64449 0.00289 0.66408 0.00767

– 0.312 RR-ELM 0.64747 0.00265 0.65976 0.00451

0.42 – Liu-ELM 0.64727 0.00261 0.65952 0.00436

0.3702 1.44 OK-ELM 0.64767 0.00262 0.65933 0.00429

100 – – ELM 0.62854 0.00218 0.67403 0.01782

– 0.64 RR-ELM 0.63840 0.00146 0.65465 0.00343

0.218 – Liu-ELM 0.63696 0.00148 0.65451 0.00355

0.2202 1.46 OK-ELM 0.63691 0.00151 0.65417 0.00361

150 – – ELM 0.61814 0.00199 0.69115 0.02969

– 0.88 RR-ELM 0.63511 0.00131 0.65408 0.00357

0.188 – Liu-ELM 0.63203 0.00130 0.65369 0.00359

0.216 2.1 OK-ELM 0.63265 0.00133 0.65314 0.00337

Auto Mpg 50 – – ELM 0.82354 0.01131 0.98820 0.03829

– 1.72 RR-ELM 0.87702 0.00650 0.92813 0.01335

0.158 – Liu-ELM 0.86482 0.00710 0.92935 0.01286

0.14004 2.92 OK-ELM 0.86624 0.00688 0.92528 0.01241

100 – – ELM 0.72079 0.01369 1.18674 0.11251

– 2.42 RR-ELM 0.86361 0.00463 0.92561 0.00861

0.086 – Liu-ELM 0.83822 0.00485 0.92610 0.01053

0.08802 2.64 OK-ELM 0.84456 0.00459 0.92177 0.01031

150 – – ELM 0.62424 0.01519 1.62286 0.26017

– 1.66 RR-ELM 0.84636 0.00391 0.92630 0.00879

0.04022 – Liu-ELM 0.83152 0.00404 0.92726 0.01044

0.04206 2.78 OK-ELM 0.84457 0.00376 0.92318 0.01038

Auto price 50 – – ELM 0.22140 0.02261 0.61558 0.15754

– 1.48 RR-ELM 0.34679 0.01775 0.47383 0.03893

0.154 – Liu-ELM 0.32773 0.01571 0.47920 0.04413

0.10202 1.58 OK-ELM 0.32349 0.01696 0.46977 0.04521

100 – – ELM 0.06827 0.00889 1.70832 0.58053

– 1.9 RR-ELM 0.29518 0.01155 0.46357 0.03800

0.03 – Liu-ELM 0.29349 0.01283 0.47567 0.03777

0.024 2.02 OK-ELM 0.29089 0.01127 0.46164 0.03457

150 – – ELM 0.04202 0.00192 1.37002 0.39113

– 1.14 RR-ELM 0.22176 0.00915 0.44595 0.04250

0.03402 – Liu-ELM 0.25337 0.01043 0.45687 0.03405

0.01242 1.24 OK-ELM 0.21979 0.00899 0.44524 0.04318

Body fat 50 – – ELM 0.14830 0.01519 0.23705 0.04002

– 0.56 RR-ELM 0.16591 0.01408 0.21648 0.02796

0.226 – Liu-ELM 0.16635 0.01415 0.21736 0.02852

0.15404 1.4 OK-ELM 0.16504 0.01415 0.21588 0.02810

100 – – ELM 0.09169 0.00660 0.24613 0.04575

– 1.14 RR-ELM 0.13209 0.00707 0.19621 0.01950

0.08402 – Liu-ELM 0.12794 0.00664 0.19738 0.02051

0.07402 1.58 OK-ELM 0.12961 0.00691 0.19593 0.01993

150 – – ELM 0.05684 0.00463 0.31716 0.06199

– 1.38 RR-ELM 0.11532 0.00517 0.18635 0.01842
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Table 3 continued

Data set Node d k Algorithm Train SD Test SD

0.03404 – Liu-ELM 0.11149 0.00496 0.18751 0.01821

0.02804 1.42 OK-ELM 0.11398 0.00507 0.18615 0.01854

Boston housing 50 – – ELM 0.38831 0.02035 0.47541 0.04058

– 0.36 RR-ELM 0.40053 0.01976 0.46402 0.03472

0.49 – Liu-ELM 0.39844 0.01965 0.46354 0.03388

0.40002 2.28 OK-ELM 0.40030 0.01936 0.46164 0.03364

100 – – ELM 0.28758 0.01140 0.44968 0.04775

– 0.26 RR-ELM 0.31595 0.01136 0.41339 0.02992

0.39 – Liu-ELM 0.31533 0.01059 0.41277 0.02792

0.242 1.44 OK-ELM 0.31684 0.01064 0.40997 0.02821

150 – – ELM 0.22793 0.00877 0.48506 0.06656

– 0.24 RR-ELM 0.27254 0.00957 0.39028 0.03194

0.27 – Liu-ELM 0.28013 0.00875 0.39286 0.02813

0.156 0.9 OK-ELM 0.27772 0.00893 0.38816 0.03142

Energy 50 – – ELM 0.29194 0.00876 0.31226 0.01185

– 0.042002 RR-ELM 0.29560 0.00804 0.30990 0.01039

0.7 – Liu-ELM 0.29515 0.00792 0.30882 0.01009

0.7 1.520002 OK-ELM 0.29549 0.00791 0.30860 0.01005

100 – – ELM 0.22796 0.01299 0.27316 0.01891

– 0.00462 RR-ELM 0.23371 0.01197 0.26879 0.01674

0.76 – Liu-ELM 0.23554 0.01164 0.26466 0.01582

0.69 1.9802 OK-ELM 0.23622 0.01154 0.26433 0.01562

150 – – ELM 0.17799 0.00900 0.24010 0.01604

– 0.00064 RR-ELM 0.18037 0.00894 0.23558 0.01448

0.77 – Liu-ELM 0.18853 0.00807 0.23087 0.01270

0.58 1.2124 OK-ELM 0.18850 0.00809 0.22977 0.01295

Fish 50 – – ELM 0.56769 0.00644 0.64268 0.01837

– 1.42 RR-ELM 0.59123 0.00574 0.62027 0.00991

0.17402 – Liu-ELM 0.58451 0.00568 0.62111 0.01014

0.112 2.32 OK-ELM 0.58760 0.00537 0.61935 0.00962

100 – – ELM 0.51285 0.00758 0.69240 0.05136

– 2.02 RR-ELM 0.57454 0.00399 0.61376 0.00801

0.112 – Liu-ELM 0.55748 0.00428 0.61479 0.01019

0.14 2.82 OK-ELM 0.56377 0.00392 0.61196 0.00903

150 – – ELM 0.46602 0.00741 0.80054 0.08028

– 2.66 RR-ELM 0.56833 0.00375 0.61184 0.00648

0.092 – Liu-ELM 0.54226 0.00379 0.61310 0.00899

0.108 3.36 OK-ELM 0.55421 0.00347 0.60887 0.00794

Machine CPU 50 – – ELM 0.13799 0.00661 0.50759 0.18756

– 0.052 RR-ELM 0.18551 0.00913 0.34435 0.05034

0.37 – Liu-ELM 0.23502 0.01526 0.38620 0.08131

0.112 0.062 OK-ELM 0.18158 0.00864 0.34102 0.06063

100 – – ELM 0.10198 0.00306 0.75877 0.25901

– 0.1042 RR-ELM 0.15691 0.00509 0.32653 0.05242

0.144 – Liu-ELM 0.22638 0.00980 0.35342 0.05345

0.08602 0.146 OK-ELM 0.16345 0.00563 0.31602 0.05230
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Table 3 continued

Data set Node d k Algorithm Train SD Test SD

150 – – ELM 0.09628 0.00211 0.69046 0.22914

– 0.1442 RR-ELM 0.14810 0.00345 0.31019 0.04723

0.15002 – Liu-ELM 0.20118 0.00603 0.32833 0.04544

0.08404 0.364 OK-ELM 0.16146 0.00408 0.29805 0.04536

Forests 50 – – ELM 0.93080 0.00965 1.07260 0.03833

– 4.7 RR-ELM 0.96393 0.00463 1.01113 0.00778

0.0001 – Liu-ELM 0.94658 0.00708 1.02439 0.01664

0.0001 4.7 OK-ELM 0.96392 0.00463 1.01113 0.00779

100 – – ELM 0.86231 0.01097 1.18002 0.06567

– 4.9 RR-ELM 0.94606 0.00373 1.01314 0.00879

0.0001 – Liu-ELM 0.91107 0.00611 1.03192 0.01855

0.0001 4.9 OK-ELM 0.94605 0.00373 1.01314 0.00879

150 – – ELM 0.79491 0.01332 1.41809 0.17652

– 5 RR-ELM 0.93296 0.00402 1.01589 0.00989

0.0001 – Liu-ELM 0.88761 0.00618 1.04078 0.01950

0.0001 5 OK-ELM 0.93293 0.00402 1.01590 0.00989

Servo 50 – – ELM 0.22586 0.01328 0.39108 0.05038

– 0.0086 RR-ELM 0.27427 0.01280 0.34804 0.02382

0.69 – Liu-ELM 0.26109 0.00992 0.35692 0.03446

0.338 0.0402 OK-ELM 0.26384 0.01109 0.33693 0.02278

100 – – ELM 0.17754 0.00792 0.42398 0.05893

– 0.0204 RR-ELM 0.24640 0.00621 0.33089 0.01930

0.54 – Liu-ELM 0.24684 0.00589 0.35106 0.02814

0.266 0.1002 OK-ELM 0.23749 0.00529 0.32122 0.01797

150 – – ELM 0.16603 0.00712 0.45613 0.06851

– 0.0244 RR-ELM 0.23051 0.00484 0.31975 0.01284

0.47 – Liu-ELM 0.24892 0.00516 0.34841 0.02267

0.18004 0.1042 OK-ELM 0.22639 0.00461 0.31374 0.01358

Strikes 50 – – ELM 0.86666 0.00720 0.98173 0.11702

– 0.05 RR-ELM 0.88774 0.00601 0.91365 0.01261

0.41 – Liu-ELM 0.89288 0.00525 0.91750 0.01555

0.264 0.876 OK-ELM 0.88603 0.00576 0.91116 0.01174

100 – – ELM 0.82722 0.00441 1.16204 0.27920

– 0.11 RR-ELM 0.86353 0.00397 0.89663 0.00944

0.25 – Liu-ELM 0.87940 0.00328 0.90761 0.00858

0.14402 0.148 OK-ELM 0.85936 0.00366 0.89334 0.00989

150 – – ELM 0.81434 0.00473 1.18507 0.26429

– 0.1522 RR-ELM 0.85134 0.00375 0.89277 0.01119

0.25 – Liu-ELM 0.86894 0.00323 0.90158 0.00790

0.174 0.178 OK-ELM 0.85194 0.00369 0.88914 0.01072

Yacht 50 – – ELM 0.24753 0.04549 0.33972 0.07475

– 0.000262 RR-ELM 0.25063 0.04542 0.33713 0.07264

0.91 – Liu-ELM 0.25430 0.04420 0.33292 0.07010

0.81 3.0004 OK-ELM 0.25657 0.04368 0.33218 0.06869

100 – – ELM 0.10390 0.01069 0.19609 0.03539

– 0.0001 RR-ELM 0.09478 0.00975 0.17465 0.02840
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Table 3 continued

Data set Node d k Algorithm Train SD Test SD

0.97 – Liu-ELM 0.10629 0.01044 0.19462 0.03389

0.28602 0.0001 OK-ELM 0.09345 0.00985 0.17393 0.02850

150 – – ELM 0.08931 0.00863 0.18392 0.02985

– 0.00028 RR-ELM 0.08354 0.00879 0.16037 0.02406

0.98 – Liu-ELM 0.09118 0.00848 0.18310 0.02937

0.12404 0.00028 OK-ELM 0.08253 0.00882 0.16012 0.02418

The bold values represent the minimum value for each corresponding criterion

The OK-ELM algorithm provides smaller norm and the
standard deviation of the norm than all other algorithms
for Abalone, Auto Mpg, Fish and Yacht data sets regard-
less of the node numbers. For the rest of data sets, the
performance of OK-ELM over RR-ELM or Liu-ELM
depends on the node number in terms of norm and stan-
dard deviation of norm. In all data except Auto Price
and Servo data, as the number of nodes increases, the
norm value of OK-ELM becomes better than RR-ELM
and Liu-ELM, that is, OK-ELM is better than RR-ELM
and Liu-ELM while the number of nodes is large under
the fixed number of nodes. The results validate that the
OK-ELM algorithm gives smaller norm of coefficients
(i.e., satisfying shrinkage performance) than the ELM,
RR-ELM and Liu-ELM algorithms especially when the
node number is large. Except for Auto Price and Servo
data, with 150 nodes in all other data, OK-ELM outper-
forms RR-ELM and Liu-ELM in terms of the standard
deviation of the norm.

• Figures 5, 6 and 7 show the change of errors of all
four algorithms for Abalone, Servo and Strikes data sets,
respectively. The errors have been retrieved from the test-
ing results of a random cross validation process at the
optimal parameter values which are approximately equal
to the mean values given in Table 3. Figures 5, 6 and 7
present the stability performance, the spread around zero
values will be more homogeneous. When the range of
errors is examined in Figs. 5, 6 and 7, it is observed that
RR-ELM and Liu-ELM have almost same stability per-
formance while ELM is the worst and the OK-ELM is
the best. At the point of stability, the OK-ELM algorithm
is more stable around zero than its competitors.

As mentioned before, the tuning parameters for all algo-
rithms including RR-ELM, Liu-ELM and OK-ELM have
effect on the performance of each algorithm. In this study, we
have been carried out a comprehensive grid search on experi-
ments. To investigate the effect of each parameter,we give the
performance change of RR-ELM, Liu-ELM and OK-ELM
based on their own tuning parameter. By using an optimum
value of each tuning parameter, the changes of testing perfor-

Fig. 3 Comparison of testing RMSE in terms of RR

Fig. 4 Comparison of standard deviation of testing RMSE in terms of
RR

mance depending on the other tuning parameter are given in
Figs. 8 and 9 for Abalone and Fish data sets for 150 and 50
node number, respectively. To investigate the performance
change of OK-ELM and RR-ELM, the Liu tuning parameter
is taken as fixed as the optimumvaluewhich is approximately
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Table 4 The comparison of algorithms in terms of coefficients norm values

Data set Abalone Auto Mpg Auto price Body fat Boston housing Energy
Node Algorithm Norm NormSD Norm NormSD Norm NormSD Norm NormSD Norm NormSD Norm NormSD

50 ELM 15,781 2,994 30,056 7,380 14,253 2,484 3,592 0,407 7,645 0,645 12,976 3,115

RR-ELM 9,071 1,194 6857 1,150 3,738 0,283 2,288 0,167 5,177 0,346 8,204 1,478

Liu-ELM 9,250 1,217 6256 1,012 3,570 0,310 2,233 0,165 5,334 0,353 9,323 2,130

OK-ELM 8,500 0,811 3,789 0,266 2,851 0,148 2,218 0,176 5,297 0,365 9,323 2,136

100 ELM 34,753 5,042 96,063 17,006 57,380 11,238 4,590 0,520 12,889 1,389 48,513 12,273

RR-ELM 10,749 1,123 10,105 1,412 3,221 0,226 1,680 0,069 6,642 0,437 34,165 6,553

Liu-ELM 10,355 1,027 9,347 1,264 2,930 0,232 1,729 s 0,073 6,722 0,496 36,714 9,266

OK-ELM 7,459 0,444 3,293 0,141 2,660 0,098 1,752 0,075 6,107 0,318 35,562 8,760

150 ELM 64,467 7,978 213,436 28,704 39,331 4,178 7,258 0,904 18,361 1,608 80,407 9,350

RR-ELM 15,417 1,507 10,545 1,183 3213 0,104 1,518 0,054 6,471 0,273 61,779 5,969

Liu-ELM 14,140 1,271 10,260 1,075 2,772 0,106 1,509 0,053 6,740 0,351 61,874 7,163

OK-ELM 7,750 0,268 3,672 0,122 3,383 0,113 1,479 0,053 6,120 0,206 57,341 5,637

Data set Fish Machine CPU Forests Servo Strikes Yacht

Node Algorithm Norm NormSD Norm NormSD Norm NormSD Norm NormSD Norm NormSD Norm NormSD

50 ELM 14,197 2,802 38,050 7,984 8,360 1,426 133,267 31,634 106,037 27,416 86,691 29,212

RR-ELM 4,583 0,439 10,261 1,094 1,217 0,113 25,871 2,623 22,450 2,070 74,346 24,066

Liu-ELM 4,934 0,524 14,762 2,979 2,883 0,246 91,922 21,896 43,912 11,007 78,791 26,563

OK-ELM 3,788 0,273 8,728 0,828 1,217 0,113 52,221 10,838 35,724 6,698 70,791 20,273

100 ELM 42,128 7,286 56,217 7,538 18,571 2,005 115,715 17,486 170,434 23,947 98,828 20,723

RR-ELM 7,152 0,884 9,306 0,495 1,556 0,066 20,518 1,207 24,848 1,109 98,091 14,486

Liu-ELM 6,812 0,636 9,340 1,063 3,988 0,183 62,324 9,336 43,442 5,854 95,818 20,130

OK-ELM 3,385 0,119 8,924 0,629 1,555 0,066 36,797 4,011 39,081 3,524 93,497 12,780

150 ELM 90,576 12,724 44,725 5,549 35,392 4,769 94,906 13,645 154,186 18,709 72,911 9,530

RR-ELM 10,465 1,296 8,467 0,591 1,727 0,058 19,411 0,797 35,848 2,664 69,416 7,166

Liu-ELM 9,851 1,019 8,030 0,829 4,486 0,176 43,995 6,201 40,064 4,392 71,418 9,330

OK-ELM 3,067 0,115 8,030 0,328 1,726 0,058 26,381 2,378 34,439 1,459 67,907 7,069

The bold values represent the minimum value for each corresponding criterion

equal the mean value given in Tables 2 and 3. Similar process
is repeated for OK-ELM and Liu-ELM by taking the ridge
tuning parameter as fixed. It can be seen in Figs. 8 and 9 that
the tuning parameters significantly affect the performance of
the algorithms in training process. The performance of OK-
ELM can outperform both RR-ELM and Liu-ELM if the
tuning parameters are properly tuned. For a particular data
set, the breaking points can give useful insights to determine
the optimal range of each tuning parameter.

5 Conclusions

In this paper, we proposed a novel algorithm based on the
combination of ridge and Liu algorithms in order to deal
with the multicollinearity problem in the context of ELM.
The main advantage of the proposed algorithm is to enjoy
the properties of both ridge and Liu algorithms and to present

an alternative and easily adaptable to any other system and
algorithm for obtaining the solutions of both regression and
classification problems. Based on the experimental results,
the proposed algorithm can outperform its competitors in
terms of testing RMSE and stability performances for the
appropriate selection of the (k, d) parameters.

The OK-ELM method that we newly propose has three
main limitations:

• Because of depending on two tuning parameters, it takes
time in terms of computation

• It cannot be used in high-dimensional ELM settings
• It does not select nodes

In the future research direction, an effective estimation
method on ELM can be proposed on high-dimensional data
which can do variable selection.
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Fig. 5 Testing errors for Abalone data for 150 nodes

Fig. 6 Testing errors for Servo data for 100 nodes

Fig. 7 Testing errors for Strikes data for 50 nodes

Fig. 8 The change of tuning parameter for Abalone data

Fig. 9 The change of tuning parameter for Fish data

6 Future studies

The main shortcomings of this study are to integrate some
deterministic selection methods of the tuning parameters for
the proposed method and not to be able to use in high-
dimensional settings. In the future works, we focus on the
high-dimensional issues to providemore effective algorithms
to the field of machine learning, especially ELM.
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