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The Alexandrov L-fuzzy nearness is a new addition to the L-fuzzy systems that is the base for intelligent systems and its wide
applications in various fields. This paper represents the connections among L-fuzzy nearness and various L-fuzzy systems such
as: L-fuzzy rough sets, L-fuzzy semi-topogenous orders and L-fuzzy uniformities in complete residuated lattices. Moreover,
we show that there is a Galois correspondence between the categories of those mentioned systems.
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1 Introduction

Intelligent systems with fuzzy, uncertain and incomplete
information are more easy to handle after Zadeh (1965) pro-
posed the fuzzy set theory with the structure of membership
value [0, 1] in 1965. After that, Goguen (1967) replaced
that structure with an arbitrary set and introduced the fuzzy
topology which gave more varieties to study more fuzzy
structures as Bélohlavek (2002b); Bélohldvek and Krupka
(2015); Chang (1968); Fang (2007); Hohle and Klement
(1995); Ramadan (1992); Ramadan and Kim (2018); Rod-
abaugh and Klement (2003); Sostak (1989).

Ward and Dilworth (1939) introduced the complete resid-
uated lattice which is an algebraic structure for many valued
logic. Through it, B€lohlavek (2002a) could give us the
L-fuzzy sets which was capable of modeling vague and
uncertain information systems.

Radzikowska and Kerre (2004) replaced the equivalence
relation in Pawlak’s rough set Pawlak (1982) by arbitrary
relation to handle more uncertainty. Yao and Lin (1996)
showed that upper and lower approximations of a set are
nothing but closure and interior of it. Hence, they could pro-
pose several models of rough sets.

Quasi-uniformities in fuzzy sets have different approaches
as follows: the entourage approach of Lowen (1981) and
Hohle (1982) based on powersets of the form LX*X the
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quasi-uniform covering approach of Kotzé (1999), the unifi-
cation approach of Hutton (1977) based on the powersets of

the form LX L and the Rodabaugh (1988) as a generaliza-
tion of unification of Gutiérrez (2003). Gutiérrez introduced
L-valued Hutton quasi-uniformity where a quadruple (L, <
, ©, %) is defined by a GL-monoid (L, *x) dominated by
®, a cl-quasi-monoid (L, <, ©). They obtained the relation
between Hutton, Lowen and Hohle categories. Lattice-valued
fuzzy quasi-uniformity in entourage approach is studied by
Ramadan et al. (20006).

The concept of topogenous structures was introduced
in 1963 by Hungarian mathematician Csdszdr (1963) that
allowed to develop a unified approach of topologies, prox-
imities and uniformities. In the same monograph, Csaszar
developed the basics of the theory of topogenous struc-
tures and investigated spaces: uniform spaces and proximity
spaces as a particular display of topogenous space. In the
period of 1963-1991, Katsaras has published a series of
papers (some of them in collaboration with Petalas) in which
fuzzy topogenous spaces were defined and studied. In these
papers, fuzziness was interpreted in Chang’s sense (1968),
that is fuzzy topogenous structures were realized as a crisp
on the family [0, 11¥ of fuzzy subsets of a set X.

Lately and as a unified structure and extension of Pawlak’s
rough set (1982; 1991), specifically in 2019,
Ramadan et al. (2019) introduced the concept of Alexan-
drov L-fuzzy nearness and arose a great deal of relationships
among it, L-fuzzy topological spaces and the L-fuzzy pre-
proximities. That took the applications to multi-attribute
decision making to a whole new level.
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Sostak in (2004) proposed the concept of fuzzy category
which is an ordinary category modified in such a way that
“potential” objects and “potential” morphisms are such only
to a certain degree and this degree can be any element of the
corresponding lattice.

The degree approach has been developed extensively in
the theory of fuzzy topology, fuzzy convergence and fuzzy
convex structure (e.g., Yue and Fang (2006), Shi (2011),
Li and Shi (2010), Pang and Shi (2014); Pang (2017)).
Actually, special mappings between structured spaces and
the structured space itself can also be endowed with some
degrees. In (2014), Pang defined degrees of continuous map-
pings and open mappings between L-fuzzifying topological
spaces. Liang and Shi (2014) further defined the degrees of
continuous mappings and open mappings between L-fuzzy
topological spaces and investigated their relationship. Li et al.
(2019) defined the degrees of special mappings in the the-
ory of L-convex spaces and investigated their properties. Xiu
and Li in (2019) defined a degree approach to L-continuity,
L-closedness and L-openness for mappings between L-co-
topological spaces, and their connections were studied.

This paper’s content is organized as follows. In section 2,
we recall some fundamental concepts and related definitions.
In section 3, we introduce Alexandrov L-fuzzy nearness,
L-fuzzy approximation operators and Alexandrov L-fuzzy
uniformities and give relations among them. In section 4, we
show interesting relations also between Alexandrov L-fuzzy
nearness and L-fuzzy semi-topogenous structure. Finally,
in section 5, we define the degree to which a mapping is
L F-continuous and equip it to the previous spaces. Galois
correspondence between their categories is proved besides
the adjunctions between the considered categories.

2 Preliminaries

Definition 1 Bélohldvek (2002b); Blount and Tsinakis (2003);
Turunen (1999) An algebra (L, A, V, ©, —, L, T) is called
a complete residuated lattice if it satisfies the following con-
ditions:

(Cl) (L, <, V, A, L, T)isacomplete lattice with the great-
est element T and the least element L,

(C2) (L, ®, T) is a commutative monoid,

C) xOy<ziffx <y —> zforallx,y,z € L.

In this paper, we assume that (L, <, ®,*) is a complete
residuated lattice with an order reversing involution * which
is defined by

X@y=x*OQyH* x*=x—> L.
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Foreach o € L and f € L¥, we denote (@ — f), (@ ®
MeaxeLl¥as (@ fHlx) =a - f(x), (@O f)x) =
a® fx),axx) =a,

T, ify =x,
1, otherwise,

1, ify=ux,
T, otherwise

T(y) = { Ti() = {

Some basic properties of the binary operation ® and resid-
uated operation — are collected in the following lemma that
can be found in Bélohlavek (2002b); Blount and Tsinakis
(2003); Sostak (2004).

Lemma 1 Bélohldvek (2002b); Blount and Tsinakis (2003);
Hdjek (1998); Rodabaugh and Klement (2003); Turunen
(1999) For each x, y, z, Xi, yi, w € L, we have the following
properties:

(1) Tox=x, LOx=1,

(2) ify <z, thenxQy <xQ0z,x®y <xPz,x > y <
x—>zandz > x <y —x,

3) x<yiffx—>y=T,

(4) (/\, yi)*:\/i yi*’(\/i yi)*:/\i yi*,

(5) x = (N\;yi) = \i(x = »),

6) \/;xi) = y=N\xi—y),

(7) x 0 (V;y) = V;(x ©y),

(8) Nix)®y=/N\;(xi ®y),

9) xOy)—»z=x—>(—>2)=y—> (x—>2),

(10) xOy=x >y xdy=x*—>yandx > y =
y*_)x*’

(1) x > »NOGE—=>w) <x0z2)— (YOw),

(I12) x > y<(x02) = (YOand (x - y) O (y =
=X >z

(13) x> »OEZ=>w)<xd2) = (YSOw),

(I14) xOx —> y) <yandy <x - (xOy)and x —
Y& <(x—> ">z

(15) \/iel“xi - \/ie[‘)’i zAieF(xi - Yi)’/\ief‘xi’
= Nier ¥i = Nier i = i)

(16) xOY)OZ@w) <(xO2)®(yOw),

(17) z > x<(x—>y) > (z—>yandy — z < (x —>
y) = (x = 2).

Definition 2 Bélohlavek (2002b) Let X be a nonempty set,
then the mapping R : X x X — L is called an L-fuzzy
relation on X and for all x, y,z € X the relation R is said
to be

(1) reflexiveif R(x,x) =T,
(2) symmetric if R(x,y) = R(y, x),
(3) transitive if R(x,y) ® R(y,z) < R(x, 2).

An L-fuzzy relation on X is called an L-fuzzy pre-order if it
is reflexive and transitive and called an L-fuzzy equivalence
relation if it is reflexive, symmetric and transitive.
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Definition 3 Bélohlavek (2002b); Fang (2010) Let X be a
nonempty set, define a binary mapping S : LX x LY — L
by

S(f.8) = Niex(f(x) = g(x)).

Then, for each f, g, h,k € LX and o € L, the following
properties hold:

(1) Sis an L-partial order on LX

(2) f=giff S(f,e) =T,

(3) if f < g, then S(h, f) < S(h,g) and S(f,h) <
S(g,h) YhelLX,

4 S(f.8) ©Sk,h) < S(f @ k,g®h) and S(f,g) ©
Sk, h) <S(f Ok, gOh),

) /\ie]" S(fir &) < S(/\ief‘ fis /\ie]" 8i)s

(6) S(f h) =V x(S(f,8) ©S(g, h)).

If  : X — Y is a mapping, then for f, g € LX and h, k €
LY, we have

S(f. h) =S@T(f). ¢~ (h),
S(h,k) = S~ (h), ¢~ (k)),

and the equalities hold if ¢ is bijective.

Definition 4 Pawlak (1982); Zhu (2009) A mapping R :
LX — LXis called an L-fuzzy upper approximation opera-
tor on X if the following holds:

(UO1) R(Ly) = Ly,

(UO2) R(f) > fforall f e LX,

(UO3) R(\V;cr fi) = Vier R(f;) forall f; € L%,
(UO4) R(a@® f)=a O R(f).

An L-fuzzy upper approximation operator is called
(T) topological if R(R(f)) < R(f) forall f € LX,
(UAS) (L, &)-fuzzy upper approximation operator on X
if R(f @ g) < R(f)DR().

Lemma 2 An L-fuzzy upper approximation operator R on X
is topological ifand only if \/..x E(Ty)(z) OR(T)(x) <
R(Ty)(x).

Proof Since f =\/,.x Ty ® f(»), then we have

yeX

RO =R(\/ Ty0rm)®

yeX

= \/ R(T, 0 f)x)

yeX

= \/ R(T)®) o f()

yeX

> (\/ R(Ty)(2) © ﬁ(m(x)) ©f)

zeX

yeX

R(T)(®) © R()(@) = RR(f))(X).

V
yeX
\/ R(THx) o (\/ (R(Ty)(2) © f(y)))
zeX
V
zeX

Conversely, we have E(Tx)(y) > E(ﬁ(Tx))(y) =
Veex R(THO) © R(To)(). O
Definition 5 Pawlak (1982); Zhu (2009) A mapping R :
LX — LXis called an L-fuzzy lower approximation opera-
tor on X if the following holds:

LOD) R(Tx) = Tx,

(LO2) R(f) < f forall f € LX,

(LO3) R(N\ier fi) = Nier R(fi) forall f; € L¥,

(LOA) R(e — f) = — R(f).

An L-fuzzy lower approximation operator is called

(T) topological if R(R(f)) > R(f) forall f € LX,

(LAS) (L, ©)-fuzzy lower approximation operator on X
if R(f©g) =R(f)OR(Q).

Lemma 3 An L-fuzzy lower approximation operator R on X
is topological if and only if /\zEX B(T;)(z) SR(TH(x) >
R(TH().

Proof Since f*(x) = (\/yex Ty @f(y)>*(x) = Nyex

(f(&y) — T;‘,)(x), then we have f(x) = /\yeX(f*(y) —
Ti"v)(x). Hence, by Lemma 1(14), we have

R(H) = N\ (f*) = R(THE)

yeX

<A (f*(y) - /\(R(T;f)(z)eaR<T;f)<x)>>

yeX zeX

= ANFO = RTHE@ &

yeX zeX
R(TH)(x)))

= AN (F0) = RTHE) = RTHM)

yeX zeX

=A ( A0 = RTHE)* — R(Tj)(x))

zeX \yeX

= /\(E*(f)(Z) — R(TH(x) = R(R(f))(x).
zeX
Conversely, by Lemma 1(10), we have

R(TH() = RR(TH()
= Neex R* (T (@) = R(TH(K))
= Neex(R(TH(@) & R(TH().
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Remark 1 Pawlak (1982) Let R and R be L-fuzzy upper and
L-fuzzy lower approximation operators on X, respectively,
then the pair (R(f), R(f)) is called an L-fuzzy rough set for
£

Lemma4 Oh and Kim (2017) For each f,g € L%, define
Iwo mappings u¢ g, u;,lg XXX —> Lby

tpg(r,y) = fX) = g, U7l (x,y) = us (v, ).

Then, the following holds:

(1) Txxx =Uly Ly =UTxTx

(2) if f2 < frand g1 < g2, then uy g < up g,

(3) foranyuy, € LX>*X and h € L, it holds that u s, o
Upg < uy g where

upp(x,y)oupg(y,z)
= \/((f(x) — h(y)) © (h(y) — g(2))),

yeX

(4) uy,_ fig = Nierufig U Neyg = Nier Uf.go

(5) Ugof, g =a > uUfeandf g o =0 —> Uf g,

(6) Uao faeg = UfgaNd Ugs fasg = Uf g,

(7) ufg= /\zex(f(z) —> UT,g) Uf g = /\zex(g*(z) -
upTE),

(8) urg =Ny ex(f V) = (€% = ut,,72),

9) u}’lg = Ugr, [

Definition 6 Ramadan et al. (2015a,b) A mapping U
LX*X _ L is called an Alexandrov L-fuzzy pre-uniformity
on X iff the following conditions hold:

(AU1) there exists u € LX*X such that Y (u) = T,

(AU2)ifv < u,thenU(v) <U(u),

(AU3) for every u; € LX*X, UN;erui) = N\; Ui,

(AU Uu) < Nyex ulx, x),

(AUS) U(ae — u) = a — U(u) foreachx € L.

The pair (X,U) is called an Alexandrov L-fuzzy pre-
uniformity.

An Alexandrov L-fuzzy pre-uniformity is an Alexandrov
L-fuzzy quasi-uniformity if

(AQ U(u) = V{UW) OUW) | vow < u}, where

vow(x,z) = \/yeX v(y,2) O w(x, y).

An Alexandrov L-fuzzy quasi-uniformity is an Alexan-
drov L-fuzzy uniformity if

(U)U@w) =Uu™Y), where u= (x, y) = u(y, x).

An Alexandrov L-fuzzy pre-uniformity is separated if

SBYU(uT, T,) = TorU*(uTs 1¢) = Lforeachx € X.

@ Springer

Remark 2 Oh and Kim (2017); Ramadan et al. (2015a,b) Let
(X, U) be an L-fuzzy pre-uniformity and by (U1),(U2), then

we have U(Txxx) = T because u < Txxx forall u €
LXXX.

Definition 7 El-Dardery etal. (2013); Ramadanetal. (2015a)
A mapping & : LY x LY — L is called an Alexandrov L-
fuzzy semi-topogenous order on X if it satisfies the following
axioms:

(STI) §(Tx, Tx) =6&(Lx, Lx) =T,

(ST2) §(f,8) = S(f. 8

(ST3) if f1 < f, g < g1, then §(f, g) < &(f1.81).

(ST §NVicr fi:8) = Nier §(fi. 8). E(f. Nier 8i) =
/\ierf(fvgi)~

Forevery f, f1, f>. g, g1, & € L%, an Alexandrov L-fuzzy
semi-topogenous order £ on X is called

(1) (L, ®)-fuzzy topogenous orderif £(f1D f2, g1Dg2) >

£(f1,81) ©&(f2, 82),
(2) (L, ®)-fuzzy co-topogenous order if

E(f10 f2,81082) = E(f1,81) ©&(f2, £2),

(3) (L, ®)-fuzzy topogenous (resp. co-topogenous) space
if € < & o0&, where

E108)(f.8) = Vyerx §1(f ) © &a(h, 8),

(4) topological if
E(Tx, T2,

(5) stratifiedif E(@ © f,g) =a — &(f, 9),

(6) co-stratified if £(f, a0 — g) =a — &(f, ),

(7) strongif §(@ O f,a©g) =§(f,8), §la — fia —
8) = &(f.8),

(8) separatedif &(T,, T,) =T, &(TE TH =T.

Nyex§(Tx, TP & §(Ty, TD =

Proposition 1 El-Dardery et al. (2013); Ramadan et al.
(2015a) Let & be an Alexandrov L-fuzzy semi-topogenous
order on X, define a mapping I : LX — LX by

Te(f) = Veerx £(g*. 8 ©S(g, /)Og V f.g e L¥.

Then, the pair (X, I¢) is an Alexandrov L-fuzzy interior
space.

Proposition 2 El-Dardery et al. (2013); Ramadan et al.
(2015a) Let (X,C) be an Alexandrov L-fuzzy closure
space, define a mapping &c LX x LX — L by
Ec(f.8) = Nuex C(f)(x) > g(x)). Then, &

Alexandrov L-fuzzy semi-topogenous order on X.

is an
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Proposition 3 El-Dardery et al. (2013); Ramadan et al.
(2015a) Let (X,I) be an Alexandrov L-fuzzy interior
space, define a mapping &1 LX x LX — L by
ET(f.8) = Nyex (€7 (1) = Z(f))). Then, &1 is an
Alexandrov L-fuzzy semi-topogenous order on X.

3 Alexandrov L-fuzzy nearness, L-fuzzy
approximation operators and Alexandrov
L-fuzzy uniformities

This section is divided into two parts; in the first part, we
investigate the relationship between the L-fuzzy nearness
and L-fuzzy upper (lower) approximation operators, while
the second part addresses the relation between the L-fuzzy
nearness and L-fuzzy uniformities.

Definition 8 Ramadan et al. (2019) A mapping N : LX x
LX — L is called an Alexandrov L-fuzzy nearness on X if
it satisfies the following axioms:

(ND) N(Ly, Ty) =1,

(N2) N(f, To) = fx),

(N3) if f < g,then N(f, To) <N (g. Ty) V f.g e LX,

NH) NV ier fir T) = Vier N(fi. To), N(Tx, V; €
L'fi)=Vier N(Tx, fi),

(N5) forallee € L, f € L* we have

NeO f,T)=aON((f. Ty) =N(f,a © Ty).

The pair (X, N) is called an Alexandrov L-fuzzy near-
ness. An Alexandrov L-fuzzy nearness (X, N) is called

(1) topological if
N(Tx, To),
(2) (L, ®)-fuzzy nearness if for every f1, f» € L, we have

Vyex V(T2 Ty) @ N(Ty. To) <

N1 ® fo. To) SN(fi, To) ®N(f2, To),

(3) (L, ®)-fuzzy co-nearness if for every fi, f» € LX, we
have

N(Tx, i® ) N(Tx, f1)) ®N(Ty, fo),

(4) symmetricif N* = N, where N*(f, T,) = N(T,, f),
(5) separated if N (T%, Ty) =N (T, TE) = L for every
x € X.

Theorem 1 Let R be an Alexandrov L-fuzzy upper approxi-
mation operator on X, define amapping Nz LXxLX — L

by

Ne(f, To) = Vyex R(H() VxeX.

Then, the following holds:

(1) N% is an Alexandrov L-fuzzy nearness on X,

(2) if R is topological, then N is topological,

(3) if (X, R) is an (L, ®)-fuzzy upper approximation space,
then (X, N) is an (L, ®)-fuzzy nearness.

Proof (2)

\/ NK(TM Ty) O] Nﬁ(—rya Tz)

yeX

=V RTom o \/ RTH&)

yeX yeX zeX
=V RTHORTYE)
v,z€X
< \/ R(To) (@) = Ng(Ty, To).
zeX

O

Theorem 2 Let R be an Alexandrov L-fuzzy lower approxi-
mation operatoron X, define amapping Ny : LXxLX — L
by

NR(f, T) = Vyex R*(f*)(x) YxeX.
Then, the following holds:

(1) Ng is an Alexandrov L-fuzzy nearness on X,

(2) if R is topological, then N is topological,

(3) if (X, R) is an (L, ®©)-fuzzy lower approximation space,
then (X, N) is an (L, ®)-fuzzy nearness.

Proof (2)

\/ Ne(Tx. Ty) © N&(Ty. T2)

yeX
=V | VETHMo\ R(THk
yeX \yeX zeX
<V R (THE) = Ne(Te. To).
zeX

O

Theorem 3 Let N be an Alexandrov L-fuzzy nearness on X,
define two mappings R 7, Ry : X xX — Las

RN (@) = V,yex N(Tx, Ty) © f(3), Ryr(f)(x)
= /\yeX(N(TXv Ty) - f(Y))

forallx,y € X, f € LX. Then, the following holds:

@ Springer
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(1) Ry is an L-fuzzy upper approximation operator such
that

R (Ty)(x) = N(Ty, Ty),

(2) Ry is an L-fuzzy lower approximation operator such
that

BN(T;)(X) = N*(TX7 Ty)’

(3) if N is topological, then R zr and R s both are topolog-
ical,

(4) if L is idempotent, then Ry is an (L, ®)-fuzzy upper
approximation operator on X and R s is an (L, ©)-
fuzzy lower approximation operator on X,

(5) R (f) = Ri (). Ry(f) = Ry (5.
Proof (3)(T)

RNy RA (M) = \/ N(Tx, T)) © RAr(H)

yeX
=V NT.Tyo |V NTy.Tooe f(z))
yeX zeX

zeX \yeX

=\ (\/ N(Tx,Ty>®N(Ty,Tz)) © /@

<V N(Te, T) 0 () = Ry (H)x),
zeX

RprRpr(f)x) = /\ WN(Tx, Ty) = Ry (H D)
yeX

= \W(Tx. Ty = (/\(N(Ty,m - f(z))))

yeX zeX

zeX yeX

= A ((\/ N(Te, Ty) ON(Ty, T2) — f(z))

> \WN(Tr, To) > £@) = Ryr())x).

zeX
)
Ry(fH@ =/ NTe. Ty o o)
yeX
= AW, Ty) = f(3) = Ry (),
yeX

*

Ry (fH%) = | ANW(Te Ty = £50))

yeX

= \/ N(Tr, T)) © £(3) = R () ().

yeX
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Theorem 4 Let U be an Alexandrov L-fuzzy pre-uniformity
on X, define a mapping Ny : LX x LX — L by

Ny (f, Ty) = U*(Mf,‘ri) VxelX.
Then, the following holds:

(1) Ny is an Alexandrov L-fuzzy nearness on X,

(2) ifU is an Alexandrov L-fuzzy uniformity on X, then Ny
is symmetric,

(3) ifU is separated, then Ny is separated,

(4) Nu(f, Tx) =V yex U (uT, 1),

(5) U (ur, 5 = Vyex U, 75) OU (T, T3), then
Ny is topological.

Proof (5)(T)
Vyex N(Tx, Ty) ON(Ty, T2)
= Vyex U ur, m5) QU™ (U, T5) |
SURuT, T6) = N(Ty, T2).

Theorem 5 Let N be an Alexandrov L-fuzzy nearness on X,
define a mapping Uy : LX*X — L by

Un @) = Ny yex N (T, Ty) = ulx, ).

Then, the following holds:

(1) Upr is an Alexandrov L-fuzzy pre-uniformity on X,

(2) if N is symmetric, then Ups is an Alexandrov L-fuzzy
uniformity on X,

(3) if N is separated, then Uy is separated,

(4) if N is topological, then
Ut m2) = Vyex Ut T3) QUR (T, 72).

Proof (4) Since

UX/(MTX,T}“,) = \/x,yeX N(T)n Ty) ©} M*TX,T;‘, (x,y)
= Viyex N(Ta. Ty) © (Te(x) = T30
= \/x,yeX N(Tx’ Ty)v

then

Vyex U, 1) OU G, 72)
_ \/yEX (vx,yex N(T)“ Ty) © \/}',zex N(Tyv Tz))
= \/x,ZEX N(Tx, TZ) = u*(uTx,Tif)~
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4 Alexandrov L-fuzzy nearness and
Alexandrov L-fuzzy topogenous space

In this section, we introduce the relationship between
Alexandrov L-fuzzy nearness and Alexandrov L-fuzzy
topogenous space and raise some characteristics among other
previously given systems.

Theorem 6 Let & be a strong Alexandrov L-fuzzy topogenous
order on X, define a mapping N LX x LX — L by

Ne(f, To) =&5(f. TH V¥ felLX.
Then,

(1) (X, j\/g) is an Alexandrov L-fuzzy nearness,

(2) if & is an (L, ®)-fuzzy topogenous order on X, then
(X, J\/g) is an (L, ®)-fuzzy nearness,

(3) if & is topological, then N is topological,

(4) if & is separated, then N is separated.

Proof (2)

Ne(f1 @ f2. Tx)
=EfidfhTH=EN® L TIOTH)
<EATHOE S, TH) =, THE (fr, TH)
=N (f1, T) ® Ne(f2, To).

3)

N(Ta T = 5T TH = (((Te. TH)
> (Aex 6T T ®ET,. TH)

=Vyex §" (Tx, TH OE(Ty, TD)
= \/yex-/\[%'(—l—x: Ty) @A/‘E(Tys Tz)'

O

Theorem 7 Let (X, N) be an Alexandrov L-fuzzy nearness,
define a mapping &€nr 1 L* x LY — L by

EN( 8) = Npex NV (f, Ty) = g(x)) V f,geLX.

Then,

(1) En is a strong Alexandrov L-fuzzy semi-topogenous
order on X,

(2) if (X, N) is an (L, ®)-fuzzy nearness, then &z is an
(L, ®)-fuzzy topogenous order on X,

(3) if N is topological, then &,s is topological,

(4) if N is separated, then & s is separated.

Proof (3)

Nyex EN (T, T @ EN(Ty, TD)
= Avex (AyexW(Tw Ty = T300)
O (N\oex NV (Ty, T2) = TE(2)))
= /\y,zeX N*(Tx, Ty) @ N*(Tyv T2)
= /\ZEX <\/yeX N(TX’ T)’) QN(T)” TZ))*

> Neex V(T T) = Noex NV (T, To) = TEH(R)
=&(T,, D).

[}

Corollary 1 Let (X, N) be an Alexandrov L-fuzzy nearness,
define a mapping &n: LX x LX — L by

EN(F, 8) = Noex (& (x) = N*(Ty, f)) V f,g e LY.

Then,

(1) Enr is a strong Alexandrov L-fuzzy semi-topogenous
order on X,

(2) if (X, N) is an (L, ®)-fuzzy nearness, then &zr is an
(L, ®)-fuzzy topogenous order on X,

(3) if N is topological, then & s is topological,

(4) if N is separated, then & s is separated.

Theorem 8 Let (X, N) be an Alexandrov L-fuzzy nearness
and & be an Alexandrov L-fuzzy co-topogenous order on X.
Define a mapping Iz, : LX — LX by

Ten () = Ve x £(8*, 8908, Hog V[f,gelr

Then, (X, ZLg,,) is an Alexandrov L-fuzzy interior space.
Moreover, if N is symmetric, we have L\, (f) < Iar(f™).

Proof

Zene () (X)) = Ve x N (8% 87 ©S(g, ) © gx)
= Veerx (NeexV (" To) = g*(x)))
0S8(g, ) O gx)
< /\xeX (N(f*’ To) = ff(x)
OS(f, f)© fx)
= Neex W5 To) = £5(0)) © f(x)
= Npex (fG) = N*(f*, T0) © f(x)
= Niex FOO) O (F(x) = N*(f*, T))
< N¥(f*, To) = In(f5) ().

Corollary 2 Let (X, N) be an Alexandrov L-fuzzy near-
ness, define a mapping &c,, LX x LX — L by
o (f28) = Nyex CN(H(x) = g(x) ¥ f,g € LY,
where Cnr(f)(x) = N(f, Tx). Then, (X, &cy) is an
Alexandrov L-fuzzy co-topogenous space.
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Theorem 9 Let (X, N) be an Alexandrov L-fuzzy nearness,
define a mapping &1, LX x LX — L by
E0  (f.8) = Neex (85 (1) = In(fH(X) ¥ f.g € L¥,

where T (f)(x) = N*(Ty, f*). Then, we have the follow-
ing properties:

(1) if (X,N) is an Alexandrov L-fuzzy co-nearness, then
(X, &7,,) is an Alexandrov L-fuzzy co-topogenous space,

(2) if N is symmetric, then §7,, = &7,

(3) if N is separated, then &7, is separated.

Proof (1) If AV is an Alexandrov L-fuzzy co-nearness on X,
then

7 (U1 ® f2,81 @ 82)
= Nrex (g1 ® 82)*(x) = Zx(f1 © f2)* (x))
= Arex ((€F () © g3(x) = N*(Tx, 1 ® f2))

> Avex (650 © g5 > (VT f) 8N (Tx, 1))
= Avex (7)) © g5(0) = WH(T, /1) ON* (T, £2))
> Avex ((87@) = N*(Tx. ) © (85(0)

— N*(Ts. 1))

= Avex (870) = N*¥(Tx, /1)) © Ayex (85 ()
— N*(Tx, f2))
=&7,, (/1. 81) © &7, (f2, 82).

(2) If V is symmetric, then

e (f.9) = N\ (85(0) = v (fH))
xeX

= A\ (g"@) = N*(T+. )
xeX

= N\ W(f. T = g(x) = n.

xeX
(3) Easily proved.

Example1 Let X = {h; | i = {l,...,3}} with h;=house
and ¥ = {e, b, w,c,i} with e=expensive, b=beautiful,
w=wooden, c=creative, i=in the green surroundings. Let
([0, 1], ®, —.,*, 0, 1) be a complete residuated lattice as

x Oy =max{0,x +y — 1},
=min{l —x+y, 1}, x*=1-—x.
Let R € [0, 11¥*Y be a fuzzy information system as fol-
lows:

R e b w ¢ i

h1 0.70.60.50.90.2
h> 0.60.80.40.30.5
h30.40.90.80.60.6
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Define [0, 1]-fuzzy pre-orders RY, R;”w} € [0, 11¥*Y by
R;);(hii hj) = /\yey(R(hh y) = R(hj, y)),

RY™ hiihp) = Nyeipany (R, y) — R(hj.y),

10407 1091
RY=[07108], RV =[08 11
0.60.6 1 0.7 0.6 1

Foreach R € {RY, R%”w}}, we obtain Nz : LX x LX —
L as

Ne(f. T2) =V,yex R O f(y) V felLX

Hence, and by Ramadan et al. (2019), Ng is an Alexan-
drov L-fuzzy nearness on X. Moreover, N is topological.

(1) By Theorem 3, we obtain an L-fuzzy upper approxi-
mation operator Ry : LX — L¥ on X as Ry, (f)(x) =
Viyex RO0 O f(y) YV felLX

(T) Moreover, R Ny 1s topological since

R R (D) = \/ R, x) © R () ()

x,yeX

=V rRo.vo \ Ry O(NHE
x,yeX y,zeX

=V RGEYORYNOUNQ@
x,y.z2€X

<V R@x) 0@ =Ry (f)-
x,zeX

(UAS) Finally, R N is an (L, @)-fuzzy upper approxima-
tion operator on X since

\/ R@.y) 0 @)

x,yeX

=V Rx.»OU» )

x,yeX

Ry (f ® 9)(x)

IA

\/ Rx,»O [ |

x,yeX

\/ R,y ©gk)

x,yeX
= Rn () ® Raq (9)

(2) By Theorem 3, we obtain an L-fuzzy lower approxi-
mation operator R, : LX - L¥ on X as BNR(f)(x) =
Asyex (R, X) = f(y) V felLX
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(T) Moreover, and by Lemma 1(9), R N is topological
since

Ry Rpry (1)) = J\ (R, %) > Ry, (/1))

x,yeX

= A (R(y,xw (/\ R(z,y) — (f)(z)))
x,yeX y,zeX

= A (R ORG,) = (HE)
x,y,z€X

> A Rz x) = (@) =Ry, ().
x,zeX

(LAS) Finally, R », is an (L, ©)-fuzzy lower approxima-
tion operator on X since

Ry (fOo® = /\ (R&x.y) = (fO )

x,yeX

N\ (R@») = (F(0) ©8())

x,yeX

v

N\ (RGx,y) > £)

x,yeX

ol V ®Rx»— 20

x,yeX

=Ry () © Ry (8).

(3) By Theorem 5, we obtain a mapping Uy : LX*X — L
as

UNR (M) = /\x,yeX(R(yv )C) - M()C, }’)) V u e LXXXa
which is easily proved to be an Alexandrov L-fuzzy pre-
uniformity on X.

(4) By Theorem 7, we obtain a strong Alexandrov L-fuzzy
semi-topogenous order &£ : LX x LX — L on X by

ENR(f18) = Niyex Ry, x) = (f(y) — gx))) for
all f,g e LX.But not separated.

5 Degrees of LF-mappings and Galois
correspondences

Now, we will study the degree of continuity Xiu and Li
(2019) for L F-near map and some special maps of spaces
discussed in this paper, like: L-fuzzy lower (upper) approxi-
mation spaces, L-fuzzy uniform space, L-fuzzy topogenous
space and vise versa. we will show the Galois correspon-
dences between their categories.

Definition 9 Let (X, Ry) and (Y, Ry) be two L-fuzzy upper
approximation spaces and ¢ : X — Y be a mapping. Then,

D% (¢) defined by

Dg(@) = Njey S(Rx (9 (), ¢ (Ry(f)))

is the degree to which the mapping ¢ is an L F-upper approx-
imation map.

If Dg(¢) = T, then Rx(¢(f)) < ¢~ (Ry(f)) for
all f € LY which is exactly the definition of L F-upper
approximation map.

Definition 10 Let (X, Ry) and (Y, Ry) be two L-fuzzy
lower approximation spaces and ¢ : X — Y be a mapping.
Then, Dg(¢) defined by

Dr(®) = Njerr S(0 Ry (1)), Ry (¢ (f))

is the degree to which the mapping ¢ is an L F-lower approx-
imation map.

If Dp(¢) = T, then ¢ (Ry(f)) < Ry(¢p< (/) for
all f € LY which is exactly the definition of L F-lower
approximation map.

Definition 11 Let (X, Ux) and (Y, Uy) be two Alexandrov
L-fuzzy pre-uniformities and ¢ : X — Y be a mapping.
Then, Dys(¢) defined by

Dy(@) = N\yeprr Uy (v) = Ux (@ x $) < (v)))

is the degree to which the mapping ¢ is an L F-uniformly
continuous map.

If Dy(¢p) = T, then for every v € LYY Uy(v) <
Ux ((¢ x ¢)(v)) which is exactly the definition of LF-
uniformly continuous map.

Definition 12 Let (X, &£x) and (Y, &y) two Alexandrov L-
fuzzy topogenous spaces and ¢ : X — Y be a mapping.
Then, D¢ (¢) defined by

Ds(@) = Nsgerr (Ev(f.8) = Ex@ (). 6 (2))

is the degree to which the mapping ¢ is an L F-topogenous
map.

If De(¢) = T, then &y(f.g) < &x(¢ (/). 0" (g)
for all f,g € LY which is exactly the definition of L F-
topogenous map.

Definition 13 Let (X, Nx) and (Y, Ny) be two Alexandrov
L-fuzzy nearness and ¢ : X — Y be a mapping. Then,
D s (¢) defined by

Dy = /\fGLY /\xeX
Nx(@ (). ¢ (Topm)) = Ny (f. Tow))
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or equivalently,

Dy = /\feLY Axex
Nx (@ (Tpw). ¢ () = Ny (Tow), 1))

is the degree to which a mapping ¢ is an L F'-near map.

If Dryr(gp) = T, then Nx(9(f), ¢ (Tpn) =<
Ny (f. T(x). or equivalently, Nx (¢ (Ty), ¢ (f)) <
Ny(Tyw), f) forallx € X, f € LY, which is exactly the
definition of L F-near map.

Definition 14 Addmek et al. (1990) A concrete category is
a pair (C, U), where C is a category and U : C — Set is
a faithful functor (or a forgetful functor). For each C-object
X, U(X) is called the underlying set of X. Thus, every object
in a concrete category can be regarded as a structured set.

We write C for (C, U), if the concrete functor is obvious.
All of the categories considered in this paper are concrete
categories.

A concrete functor between two concrete categories
(C,U)and (D, V)isafunctor G : C - DwithU = VoG,
which means that G only changes the structures on the
underlying sets. Hence, in order to define a concrete functor
G : C — D, we only consider the following two require-
ments.

First, we assign to each C-object X, a D-object G (X) such
that V(G (X)) = U(X).

Second, we verify that if a function f : U(X) — U(Y) is
aC-morphism X — Y, thenitis also D-morphism G(X) —
G(Y).

Theorem 10 Addmek et al. (1990) Suppose that F : D —
C,G : C — D are concrete functors. Then, the following
conditions are equivalent

(1) {idy : (F o G)(Y) — Y | Y € C} is a natural trans-
Sformation from the functor (F o G) to the identity functor
onC, and {idy : X — (G o F)(X) | X € D} is a natural
transformation from the identity functor on D to the functor
(GoF),

(2) foreachY € C, idy : (FoG)(Y) - Y |Y €C
is a C-morphism, and for each X € D, idy : X — (G o
F)(X) | X € D is a D-morphism.

In this case, (F, G) is called a Galois correspondence
between C and D. If (F, G) is a Galois correspondence, then
it is easy to check that F is left adjoint to G, or equivalently
that G is a right adjoint to F.

The category of L-fuzzy lower approximation spaces with
L F-lower approximation maps as morphisms is denoted by
LF-LAS.

The category of L-fuzzy upper approximation spaces with
L F-upper approximation maps as morphisms is denoted by
LF-UAS.
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The category of Alexandrov L-fuzzy pre-uniformities
with L F-uniformly continuous maps as morphisms is denoted
by ALF-UNS.

The category of Alexandrov L-fuzzy semi-topogenous
spaces with L F-topogenous maps as morphisms is denoted
by ALF-TGS.

The category of Alexandrov L-fuzzy near spaces with
L F-near maps as morphisms is denoted by ALF-NRS.

Theorem 11 Let (X, Rx) and (Y, Ry) be two L-fuzzy upper
approximation spaces and ¢ : X — Y be a mapping, then

Dx(¢) < Dr-(@).

Proof

D) = /\ N\ Ng, @ (o (Tpw))

fgLY xeX

— N, (f+ To))

= A\ /\(\/E(W(f))(x)

feLY xeX “xeX

-\ ﬁﬂf)(cﬁ(x)))

d(x)eY
- AA(V
feLY xeX \xeX

Rx(@ (N — \/ ¢*<Ey(f>)<x)>

xeX

= /\ S(Rx@ (/). ¢~ Ry(/)) = Dr(@).

feLY

The above theorem shows the correspondence (X, Rx)
(X ’fo) induced a concrete functor I7T : LF-UAS —

ALF-NRS with [T(X, Rx) = (X,Ng ), 1(¢) =¢. O

Theorem 12 Let (X, Ry) and (Y, Ry) be two L-fuzzy lower
approximation spaces and ¢ : X — Y be a mapping, then
Dr($) < Dy ().

Proof

Dy = /\ A\

feLY xeX

Ny @ (). ¢ (Topw) = Nr, (f . Tox)

= AN AV

fELY xeX xeX

Ry (@~ (M) — \/ Ry(fHx))

= AN AV

feLY xeX xeX
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RY@(f* N = \/ ¢~ Ry (f"))W))

xeX
= A\ N\ Ry@~(H@)
felY xeX
— (T Ry (f)* )
= /\ S(6°Ry(f*). Rx($* (") = Dr(¢).

feLY

The above theorem shows the correspondence (X, Ry)
(X, Ng,) induced a concrete functor £ : LF-LAS —
ALF-NRS with 2(X, Ry) = (X,NBX),.Q(@ = ¢. O

Theorem 13 Let (X, Ux) and (Y,Uy) be two L-fuzzy pre-
uniformities and ¢ : X — Y be a mapping, then Dy (¢) <

D, (#).

Proof Forx,y € X, f,g e LY*Y, we have

(@ x ) (upg)x,y) =upg(@dx),d(y))
= f(p(x)) — g@(y)
=0 (Hx) = o= ()
= Up(f).p(9) (X, ¥)-

Thus, forall v e LY*Y v < wy T, We have
? X

Dy = N\ N\

feLY xeX
Ny @ ()¢ (Tp) = Nty (F To))

= N\ N\ Ux@s=cp.o=Toun) = U gy )
feLYxeX

= A\ N\ U@ x )" pry )= Ulus )

feLY xeX

= N\ N\ Urusr ) — U@ x )y )

felY xeX

N Uy @)

velL¥xY

= Ux (¢ x $)" (v))) = Dy(9).

v

The above theorem shows the correspondence (X, Uy) F
(X, Nyy) induced a concrete functor @ : ALF-UNS —
ALF-NRS with @ (X, Ux) = (X, Ny,), ®(¢) = ¢. O

Theorem 14 Let (X, Ex) and (Y, Ey) be two Alexandrov L-
Jfuzzy semi-topogenous spaces and ¢ : X — Y be a mapping.
Then, D (¢) < Dy, (¢).

Proof

D@ = N\ N (Ner(6(H 6 (Toe)

feLYxeX

= Ny (f: Tow))

= A\ A (8070 ¢~ Tow)))

feLYXEX

= & The))

AWAN GErT

feLYxeX

= £x(6 (N 67 (Thi)) = De(@).

The above theorem shows the correspondence (X, £x) F
(X, Ngy) induced a concrete functor ® : ALF-TGS —
ALF-NRS with O (X, &£x) = (X, Ngy), O(¢p) = ¢.

Theorem 15 Let (X, Nx) and (Y, Ny) be two L-fuzzy near
spaces and ¢ : X — Y be a mapping, then

(1) Dx(¢) < Dy, (9),
(2) Dn(@®) < Dr,\ (9,
(3) Dyr(@®) < Dy (),
(4) Dpr(@®) < Dey (9).

Proof (1)

Di @) = /\ S(Rnyx (@ (). 6 (Ruy ()
feLY
= N\ /\ Ray@ (M) = ¢~ Ry (H)())

feLYxeX

= A A/ NVx(Te. T 0o (N

feLYXEX yeX

- ( \V NY(TW»T¢(y>)®f(¢(y))))

P(y)eY

> A A (Wx(Te, T O (HO)

feLY x,yeX
= Ny Ty, Ton) @0 (H()))

= A A\ Wx(Te. Ty

feLY x,yeX
= Ny (Ty)> Tom)) = DN (@),

This shows the correspondence (X, Ny) F (X ,E'/\/'X)
induced a concrete functor I" : ALF-NRS — LF-UAS with
I'(X,Nx) = (X, Rny), T'(¢) =¢.

(2

Dry (@) =\ SR, (), Ry, (@ (1))

feLY
= A\ /\ (7R, (M) = Ry (3 (/) ()
feL¥xeX

= /\ /\ (¢ /\ Ny (T Toe) = FO()

feLY xeX ¢(y)eY
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- ( N\ Nx(Te. Ty) — ¢*<f)<y>))

yeX
> A A (W (Tow Too) = F@O))
felY x,yeX
- WNx(Tx, Ty) = fle(1))
> N\ Wx(T,, Ty)
x,yeX
= Ny (Tgwx), Too)) = Da(9).

This shows the correspondence (X, Ny) + (X, Ryr)
induced a concrete functor 7 : ALF-NRS — LF-LAS with
T(X,Nx) = (X, Rp,), T(9) =¢.

(3) By Theorem 13, we have

Dy @) =\ (Uny @) = Uny (6 x $) (1))

veLYxY

velYxY (¢(X),¢(y)€Y
My (Tows Tom) = v@ (), (1))
- /\ (NX(TX7 Ty)

x,yeX

— ¢ x$) "W, )

> A\ Wx(Toew To=i)
x,yeX
- NY(Tx, Ty)) = DN(¢)

This shows the correspondence (X, Nyx) F (X JUNY)
induced a concrete functor A : ALF-NRS — ALF-UNS
with A(X, Nx) = (X, Upnr,), A(@) = .

“4)

Dey@)= N (Exy(f.9)

f.geL¥

= EN (0T (), 07 (9))

= A (/\ <Ny(f,T¢<x>)—>g(¢(x>))

f.geLY \¢x)eY

- ( N\ WNx@ (), T — ¢*<g)(x)))

xeX

= A\ A\ (W Tom) = 2@ )

f.gel? xeX
— WNx (@~ (f),
P (Ty) — g (x))))

= A AWx@ ()¢ (Ty0)

felY xeX
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— Ny(f, Topw) = Drr(@).

This shows the correspondence (X, Ny) F (X, &ny)
induced a concrete functor ¥ : ALF-NRS — ALF-TGS
with ¥ (X, Nx) = (X, Eny ), P () = ¢. o

Proposition 4 The pair (I1, I') forms a Galois correspon-
dence between the category LF-UAS and the category
ALF-NRS.

Proof Dpr(idyx) = T, where idx : (X, (IT o I')(Ny)) —
(X, Nx). By Theorems 1 and 3, we have

Dlidy) = Dxr(IT o I)
= A\ A\ Way, F: T = Nx(£. )

feLX xeX

= A A (\/ Ry (H(x) = Nx(f, m)

feLX xeX \xeX

= A\ AV Nx(Te. Ty

fELX xeX x,yeX

O f() = Nx(f, Tx)

= A\ AV Nx(Te T

feLX xeX xeX

O f(x) = Nx(f, Tv)

= A\ N\ Wx(\/ T

feLX xeX xeX
© £, T = Nx(f, To)
- /\ /\ (NX(f, Ty) — NX(f,TX)) =T.

feLXXEX

Thus, IT is a left inverse of I" for any (X,Nx) €
ALF-NRS and idy : (X, (T o I')(Ny)) — (X, Ny) is
an L F-near map.

Secondly, we show that Dz(idx) = T, where idx :
(X, Rx) = (X, (I" o IT)(Rx)),

Dy(idx) = Dx(I" o IT)
= A\ Rx(H) = Ragg (H)

feLX xeX

= A N\ Rx(H®

felX xeX

=\ Ng, (Te. Ty) © ()

yeX

= A N\ Rx(H®

feLX xeX

=\ Rx(TH» 0 f()

x,yeX

> A\ Rx(H)

feLX xeX



On Alexandrov L-fuzzy nearness (l1)

- \/ Rx(THx) O f(x))

xeX
= A A (Rx<f)<x) - Rx(\/ T:0 f(x))(x))
feLX xeX xeX
= A\ /\ Rx(H&) > Rx(H(x) =T.
feLX xeX

Thus, IT is a right inverse of I" for any (X, EX) €
LF-UASandidy : (X, Rx) — (X, (I'oIT)(Rx))isan LF-
upper approximation map. The pair (7, I") forms a Galois
correspondence between the category LF-UAS and the cat-
egory ALF-NRS. O

Proposition 5 The pair (2, 7) forms a Galois correspon-
dence between the category LF-LAS and the category
ALF-NRS.

Proof Firstly, we show that Dar(idxy) = T, where idx :
(X, (22 o T)(Ny)) — (X, Nx). By Theorems 2 and 3, we
have

Dp(idx) = Dnv(8207)
A N\ Way, (f. T = Nx(£.T2)

feLX xeX

= A\ A (VR (FH00 = Nx(f, T)

feLX xeX xeX

= A\ AV AW(T Ty

feLX xeX xeX yeX

= [F N = Nx(f, Tx))

= A AV Nx(T.. Ty

feLX xeX x,yeX

O f()) = Nx(f. Tw)

aAWANGL8Y

feLXxeX xeX
Ty O f(x), Tx) = Nx(f, Tx))
= N\ A\WNx(f, T = Nx(f, TN =T.

feLX xeX

Thus, £2 is a left inverse of 7" for any (X,Nx) €
ALF-NRS and idy : (X, (2 o Y)(Ny)) — (X, Nx) is
an L F-near map.

Secondly, we show that Dg(idxy) = T, where idy :
(X, Ry) — (X, (T 0 2)(Ry)).

Dg(idx) = Dg(Y o )
= A\ SRy, (). R (1)

felLX

= A /\ Ry, (D) = Ry ()@))

feLX xeX

= A N (N W,

felLX xeX yeX
(Tx, Ty) = (1)) = Ry(f)H(x))

=N NV

felLXx.yeX yeX
R (TH) = f()) = Ry ()
> A N\ @ = Re(/\ TH@) = Ry ()

felLX xeX xeX

= A N\ Rx(f@ — A\ TH&x) = Rx(H)H(x))

felX xeX xeX

S AWAN VIS

felLX xeX xeX
O TO) = Ry (f)(x))
= A\ A\ Rx(Hx) > Ry(H) =T.

fgLX xeX

Thus, §2 is a right inverse of 1 for any (X, Ry) €
LF-LAS and idy : (X,Ry) — (X, (Y o 2)(Ry)) is an
L F-lower approximation map.

The pair (§2, 7') forms a Galois correspondence between
the category LF-LAS and the category ALF-NRS. O

Proposition 6 The pair (P, A) forms a Galois correspon-
dence between the category ALF-UNS and the category
ALF-NRS.

Proof Firstly, we show that Das(idx) = T, where idy :
(X, (@ o A)(Ny)) — (X, Nx). By Theorems 4 and 5, we
have

Dpr(idx) = Dy (@ 0 A)
= A\ N\ Wi, (s T = Nx (£, T0)

feLX xeX

= N\ N\ @ upr)

feLX xeX

— Nx(f, Tx)

= A ANV V(T Ty

felLX xeX x,yeX
— up T, ) = Nx(f, Ty))

= AN AV Wx(T. Ty

feLX xeX x,yeX

O f(x) O Tx()) = Nx(f, Tx)

= A\ N (x(/

felLX xeX xeX
Tx O f(x), To) = Nx(f, )
= A\ N\ Wx(F, T = Nx(f, To)=T.

feLX xeX

@ Springer
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Thus, @ is a left inverse of A for any (X, Nx) €
ALF-NRS and idy : (X,(® o A)(Ny)) — (X, Ny) is
an L F-near map.

Secondly, we show that Dy(idy) = T, where idy :
(X,Ux) = (X, (Ao ®)Uyx)). Since u = /\x’yex(u*(x, y)
—> UT, T*)s then we have

Dy (idx) = Dy(A o @)
=\ Uny, @ = Uxw)

uelXxX

A (/N N (Te. Ty) = ulx, y))

uelXxX x,yeX

— Ux(u))

= N\ (/\ Us@wr, )

uelXxX x,yeX

— u(x,y)) > Uxw))

= N UxC\ @@y

ueLX*X x,yeX

— ut, T1) = Ux (W)

= N Uxw - Ux@w)=T.

uelXxX

Thus, @ is a right inverse of A for any (X,Uy) €
ALF-UNS and idy : (X,Ux) — (X, (A o ®@)(Ux)) is an
L F-uniformly continuous map.

The pair (@, A) forms a Galois correspondence between
the category ALF-UNS and the category ALF-NRS. O

Proposition 7 The pair (®,¥) forms a Galois correspon-
dence between the category ALF-TGS and the category
ALF-NRS.

Proof Firstly, we show that Das(idx) = T, where idy :
(X, (® o ¥)(Nx)) — (X, Nx). By Theorems 6 and 7, we
have

Dys(idx) = DAr(© o W)
= A\ A\ Way, (- T = Nx(£. )

feLX xeX
feLX xeX

= A\ A AN T = Tin*

feLX xeX xeX

g NX(f,Tx))
= A\ A\ (Wx(f, THOT.(x)

feLX xeX

— Nx(f, To))=T.

@ Springer

Thus, @ is a left inverse of ¥ for any (X,Nx) €
ALF-NRS and idy : (X, (® o ¥)(Ny)) — (X, Ny) is
an L F-near map.

Secondly, we show that Dg(idy) = T, where idx :
(X, &x) = (X, (¥ 0 0)(x)), we have

Dg(idy) = Ds(¥ 0 ©)
= N e, (.9~ &/, 9)

f.geLX

= N\ (A We(f. T

f,ggLX xeX
— g(x)) = &x(f. 8))
= A (NG TH - gw) — & (£ 2)

f.gelX x€X

= A (AE @ = ex(f. T) = £x(f.9)
f.geLX xeX

= N Ex(f. N\ @ > TH) - é&x(f. )
f.geLX xeX

= N\ (Ex(f.9)—&x(f.0)=T.
f.gelX

Thus, ® is a right inverse of ¥ for any (X, &x) €
ALF-TGS and idy : (X,&x) — (X, (¥ o ©)(£x)) is an
L F-topogenous map.

The pair (@, ¥) forms a Galois correspondence between
the category

ALF-TGS and the category ALF-NRS. O

6 Conclusion

As a unified structure of extension of Pawlak’s rough set
Pawlak (1982, 1991), we have the following

(1) we reintroduce the Alexandrov L-fuzzy nearness and
presented its relations with some L-fuzzy systems such
as: L-fuzzy rough sets, L-fuzzy semi-topogenous orders
and L-fuzzy uniformities in complete residuated lattice.
Unlike the late paper Ramadan et al. (2019), we dis-
cussed its relations with different other systems: L-fuzzy
topological spaces (interior, closure, co-topology) and L-
fuzzy pre-proximities.

(2) in this paper, we present the degree of continuity concept
and equip it to prove that property for the mentioned
systems unlike the late paper Ramadan et al. (2019) in
which we discussed the continuity property in the regular
sense.

(3) in this paper, we extend the degree sense to demon-
strate the Galois correspondence among the categories
of Alexandrov L-fuzzy nearness ALF-NRS, L-fuzzy
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lower approximation spaces LF-LAS, L-fuzzy upper
approximation spaces LF-UAS, Alexandrov L-fuzzy
pre-uniformities ALF-UNS and Alexandrov L-fuzzy
semi-topogenous spaces ALF-TGS and prove its exis-
tence unlike the late paper Ramadan et al. (2019) in which
we demonstrated it in the regular sense.

(4) like the late paper Ramadan et al. (2019), we present
example 1 through fuzzy information system which con-
firm the feasibility of using the proposed approaches to
solve daily problems.
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