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Abstract

In this paper, the convex nonsmooth optimization problem with fuzzy objective function and both inequality and equality con-
straints is considered. The Karush—Kuhn-Tucker necessary optimality conditions are proved for such a nonsmooth extremum
problem. Further, the exact /1 penalty function method is used for solving the considered nonsmooth fuzzy optimization
problem. Therefore, its associated fuzzy penalized optimization problem is constructed in this approach. Then, the exactness
property of the exact /; penalty function method is analyzed if it is used for solving the considered nonsmooth convex fuzzy

optimization problem.

Keywords Nonsmooth optimization problem with fuzzy objective function - Exact /; penalty function method - Fuzzy
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1 Introduction

Fuzzy optimization problems were developed for formu-
lating such real-world problems, which are usually vague,
imprecise, and not well defined. The first who proposed the
basic concept of fuzzy decision making were Bellman and
Zadeh (1970). Since then, fuzzy mathematical programming
problems have been extensively studied by many authors.
Lai and Hwang (1992), Delgado et al. (1994) and Stowinski
(1998) gave the insightful surveys in which they summarized
the main ideas on this topic.

Convexity of fuzzy mappings plays central roles in fuzzy
mathematics and fuzzy optimization. Since Nanda and Kar
(1992) proposed the concept of a convex fuzzy mapping, the
research of convexity for fuzzy mapping and application to
fuzzy optimization have been developed widely and deeply
(see, for example, Ammar 1992; Ammar and Metz 1992;
Chalco-Cano et al. 2016; Gong and Hai 2016; Li and Noor
2013; Panigrahi et al. 2008; Syau and Lee 2006; Wang and
Wu 2003; Yan and Xu 2002; Zhang et al. 2006, and oth-
ers). The nondominated solution of a nonlinear optimization
problem with fuzzy-valued objective function was proposed
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by Wu (2007, 2008). Using the concept of continuous dif-
ferentiability of fuzzy-valued functions and the «-cuts to
describe the fuzzy objective function, he derived the suffi-
cient optimality conditions under (generalized) convexity for
obtaining the nondominated solution of a fuzzy optimization
problem having fuzzy-valued objective function with real-
valued inequality constraints.

In order to solve nonlinear optimization problems in real
life, various methods have been proposed in optimization the-
ory. One of them are exact penalty function methods. Exact
penalty function methods for finding an optimal solution of a
constrained optimization problem are based on the construc-
tion of a (penalty) function whose unconstrained minimizing
points are also a solution of the constrained extremum prob-
lem. One of the most frequently used type of an exact penalty
function for solving a constrained optimization problem is
the /1 exact penalty function, also known as the exact abso-
lute value penalty function (see, for example, Antczak 2009,
2011, 2013, 2018; Bazaraaetal. 1991; Bertsekas 1982; Bert-
sekas and Koksal 2000; Bonnans et al. 2003; Binh 2015;
Charalambous 1978; Han and Mangasarian 1979; Janesch
and Santos 1997; Mangasarian 1985; Peressini et al. 1988;
Rosenberg 1984; Sun and Yuan 2006, Wang and Liu 2010;
and others). Recently, Antczak 2012 used the vector /1 exact
penalty function method for solving convex vector optimiza-
tion problems with inequality constraints, and he investigated
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the main property for such convex nonsmooth multiobjective
programming problems.

Although a lot of interesting explorations have been made
in the study of optimality conditions for fuzzy optimiza-
tion problems from different viewpoints, it seems that not
much progress has been made in the aspect of introducing
methods for solving such extremum problems. Therefore, in
the present paper, the /; exact penalty function method is
applied for solving a nondifferentiable optimization prob-
lem with fuzzy objective function and with both real-valued
inequality and equality constraints. Then, for the considered
fuzzy optimization problem, its associated fuzzy penalized
optimization problem with the fuzzy /; exact penalty func-
tion is constructed. Further, this paper focuses on the main
property of the /; exact penalty function method, which is
exactness of the penalization. Therefore, this property of the
[1 exact penalty function method is extended to the case when
this method is used for finding (weakly) nondominated solu-
tions of the considered fuzzy optimization problem. Thus,
the equivalence between the sets of (weakly) nondominated
solutions of a nondifferentiable optimization problem with
the fuzzy objective function and its associated fuzzy penal-
ized optimization problem with the fuzzy absolute value
penalty function constructed in the used approach is estab-
lished under assumptions that the fuzzy objective function
and the inequality constraints are convex and the equality
constraints are affine. This result is illustrated by the example
of an optimization problem with the fuzzy objective function
which s solved by using the /] exact penalty function method.

2 Notations and preliminaries

We first quote some preliminary notations, definitions, and
results, which will be needed in the sequel. Throughout this
paper, R is the set of all real numbers that is endowed with
the usual topology.

The fuzzy subset u of R is defined by a mapping & : R —
[0, 1], which is called a membership function. For each fuzzy
set i, we denote its a-level set as i, and it is defined by
g = {x € R: &y (x) > a} for each o € (0, 1]. The 0-level
setu( is defined as the closure of the set {x € R : & (x) > 0},
ie., g = cl{x € R: & (x) > 0}. We denote the support
of u by supp (&), where supp () = {x € R : & (x) > 0}.
The closure of supp (u) defines the 0-level of u, i.e., g =
cl (supp ()), where cl (S) means the closure of the subset
S C R" (see, for example, Panigrahi et al. (2008)).

A fuzzy number U is a type of a fuzzy set (see Dubois and
Prade 1978, 1980) defined as follows:

Definition 1 (Wu 2007, 2008) We denote by F (R) the set
of all fuzzy subset & on R, that is, fuzzy numbers, if the
membership function &; satisfies the following requirements:
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(a) u is normal, i.e., there exists x* € R such that & (x*) =
L

(b) &g is an upper semi-continuous function, i.e., {x : & (x)
> «} is a closed subset of R for each o € (0, 1],

(c) &; is quasi-concave, i.e., & (Ax 4+ (1 — 1) y) > min {&;
(x), & (y)} forall x,y € R and any A € [0, 1],

(d) the O-level set iy is a compact subset of R.

If i is a fuzzy number, then, by the condition (b) in Defini-
tion 1, it follows that its a-level set 1y, is a convex subset of R
for each o € [0, 1]. Combining this fact with the conditions
(c) and (d) in Definition 1, %, is a closed interval in R for
each o € [0, 1]. Therefore, the «-levels of a fuzzy number
can be written for each o € [0, 1] as Uy = [ga, ﬁa], U,
Uy € Ryu, <.

Also any a € R can be regarded as a fuzzy number @ with
the membership function defined by

1 ifx =a,

Sa (%) = {o if x # a.

Definition 2 (Wu 2007) Let i be a fuzzy number. We say that
1 is nonnegative if u, > 0 for each « € [0, 1]. We say that i
is positive if u, > 0 for each @ € [0, 1].

Definition 3 (Panigrahi et al. 2008). A fuzzy number ¥ =
[ty U ] is said to be a triangular fuzzy number if u,, (1) =
Uy (1). We denote a triangular fuzzy number by u# =
(g ,u, ﬂ) .

Example 4 Let U = (uy, up, u3) be a triangular fuzzy num-
ber. Its membership function is defined by

X—U| :
s ifu; <x <uy,
'~ — uz—x 3
&i(x) = 5o, fur=x=<us,
0 otherwise.

The a-level set (a closed interval) of a triangular fuzzy
number ¥ is then given as follows:

o = Uy, e =[(1 —a)uy +auy, (1 —a)uz + aus].

ey

Given two fuzzy numbers u#, v € F (R) represented by
Uy = [ga, Ea] and 7, = [ya, Ea], respectively, and a real
number k, then the fuzzy addition & + v and scalar multipli-
cation ku are defined as follows (see Panigrahi et al. 2008;
Rufidn-Lizana et al. 2012; Wang and Wu 2003):

(@ &@+v) (x) = sup min[&y (), & (2)],

y+z=x

7 (%), ifk £0,
(b) sk;<x>={§ (7). if k2

) where 0 € F (R).
0, ifk=0,
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The above operations on fuzzy numbers can be defined in
the equivalent way. Namely, for every o € [0, 1], we have:

[ + Bl = [0 00 | = [ty + v T + T
@

and

ity = [ (k) )] = i . A (. k)]
3)

Definition 5 (Wu 2007) Let i and ¥ be two fuzzy numbers. If
there exists a fuzzy number w € F (R) such that w +u = ¥
(note that addition is commutative) and w is unique, then w
is called the Hukuhara difference of % and v, and it is denoted
by u ©y 7.

In order to compare two fuzzy numbers, in the recent lit-
erature, there are various definitions as a generalization of
the relationship on intervals (see, for example, Guerra and
Stefanini (2012)). In the paper, we shall use the concepts of
partial orderings proposed by Wu (2008) , which are similar
to the similar concepts used for multiobjective programming
problems.

Letu, v € F (R) be given two fuzzy numbers represented
by iy = [ga, Ea] and v, = [ya, io,], respectively.

Definition 6 (Wu 2008) We say that u dominates (is better
than) v if and only if uy < v, for all @ € [0, 1]. In other

words, i dominates (is better than) v if and only if

u, <v u, <v u, <v
¢ Y or ¥ ¥ or =¥ =% foralla €[0,1].
uafva Uy < Vy Uy < Vy

Definition 7 (Wu 2008) We say that u strongly dominates v
if and only if i, < v, for all @ € [0, 1]. In other words, &
dominates (is better than) v if and only if

{%“ =L foralle €0, 1]
Uy = Vg

or { %
Uy

or { da
Uy

forall o € [0, 1]

gk

forall @ € [0, 1].

AN AN ATA

gk

Remark 8 Tt is not difficult to see that if u strongly dominates
v, then # dominates V.

Now, we recall some definitions and results for nondiffer-
entiable and convex functions.

Let X be a nonempty convex subset of R”. We recall that
a crisp function f : X — R is a (strictly) convex function

on X if and only if, the inequality

JOYy+ T =x) <AfM+UA=1fx) (<)

holds for all y,x € X, (y #x) and any A € [0, 1], (A €
0, D).

Definition 9 (Rockafellar 1970) The subdifferential of a
(nondifferentiable) convex crisp function f : X — R at
X € X is defined as follows:

0f® =g e R f0) — F@ 2 €T (v =) forall y € X].

Remark 10 As it follows from the definition of a convex func-
tion f : X — R on X and the definition of its subdifferential
at x, the following inequality

fO) =@z (-9
holds forall y € X.

Lemma 11 (Clarke (1983)) Letf : X — R be a locally
Lipschitz function on a nonempty open set X C R", u is an
arbitrary point of X and A € R. Then,

OAf) () SADSf ().
Proposition 12 (Clarke 1983) Let f; X —- R,i =

1, ..., k, be convex functions on a nonempty open set X C
R™, u is an arbitrary point of X C R". Then

k k
0 (Zﬁ) ) S Y afiw).
i=1 i=1
Equality holds in the above relation if all but at most one of

the functions f; are strictly differentiable at u.

Corollary 13 (Clarke 1983) For any scalars i, one has

k k
9 (Zm) W) S Y M fi ().
i=l i=l
and equality holds if all but at most one of the f; is strictly
differentiable at u.
Remark 14 1f each f; is convex at u, equality holds in Propo-
sition 12. Equality then holds in Corollary 13 as well, if in

addition each A; is nonnegative.

Now, we re-call the definition for a fuzzy function (see,
for example, Panigrahi et al. (2008)).
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Definition 15 (Panigrahi et al. 2008) Let X be a nonempty
subset of R" and fN: X — F (R) be a fuzzy mapping. The
a-cut of f at x € X, which is a closed and bounded interval
for each @ € [0, 1], can be denoted by:

fewr=[r, @ Fa@]. )

where Lx(x) = minfa(x) and 70: x) = maxﬁ;(x).
Thus, f can be understood by two functions f and f,,
which are functions from X x [0, 1] to the set R, ia is a

bounded increasing function of &, f,, is a bounded decreas-
ing function of @ and, moreover, ?a (x) > ia (x) for all
x € X and each @ € [0, 1]. Here, the endpoint functions
Lx ,?a : X x [0, 1] — R are called lower and upper func-

tions of ]70[, respectively.

In the paper, we consider fuzzy functions f . R" —
F (R) such that their endpoint functions Lx and f, are
defined at a given point x of interest for each o € [0, 1].

Proposition 16 (Wu 2007) Let X be a nonempty convex sub-
set of R" and [ : X — F (R) be a fuzzy function defined
on X. Then, f is convex on X if and only if the functions Lx ,

f are convex on X for each a € [0, 1].

Definition 17 The one-sided directional a-derivative of the
fuzzy function f (given by (4)) at X for some a-cut in the
direction d is defined as the one-side directional «-derivatives
of the lower and upper functions ia and f, atX in the direc-
tion d as follows

~, X +td) — =~ =
& d) = (hilgia(xﬂ ) Lx@,umf“ E+1d) - fy (jf))
t

r 110 t

=, @D, Ty @ ).

Definition 18 We say that the fuzzy function f X -
F(R) is (one-sided) directionally differentiable at X if
f; (x; d) exists for each direction d and for all a-cuts, i.e.,
foreach a € [0, 1].

Definition 19 Let the convex fuzzy function f: X — F(R)
admit the directional «-derivative at X in each direction d €
R" for some «-cut. It is said that the subdifferential of this
convex fuzzy function fon the «-cut is defined as a pair of
subdifferentials at X of the functions f, and f,, on this a-cut
as follows

0@ = (00, ®, 07, @),

where 9f (9):={g e R": /' Fid) 2 §"d foralld € R"]
and 3 f, (@::[EER”:L’a(f;d)ggTdforalldeR”].
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In the paper, we consider fuzzy functions f : R" —
F (R) such that their functions ia and f, are locally Lips-
chitz at a given point x of interest for each « € [0, 1].

Proposition 20 Let f: X — F (R) be a (strictly) convex
fuzzy function and X be a given point. Assume that f admits
the directional a-derivative at X in each direction d € R"
for some a-cut. Then, the following inequalities

@ —f, @Oz @«-DHVeedf @, (=) 6

o
Fu) = Fu®2E =% .VEcdfy® (=) (6

hold for all x € R", (x # X).

3 Nondifferentiable convex fuzzy
optimization problem and optimality

In the paper, we consider the constrained optimization
problem with a fuzzy-valued objective function and both
inequality and equality constraints defined by:

minimize f (x)
subjectto g;j(x) <0,jeJ ={1,...m},
hi(x)=0,iel={1,...,r},
xeX,

(FO)

where X is a nonempty convex open subset of R", f: X —
F (R)isafuzzy functionandg; : X — R, j e J,h; : X —
R,i € I, are real-valued functions defined on X. Let D :=
[xeX:gj(x)<0,j€J, hi(x)=0,i €I} be the set of
all feasible solutions of the considered fuzzy optimization
problem (FO). Further, we denote the set of active inequality
constraints at point x € X by J (X) = {j elJ:gi(®¥)= 0}.

In this paper, the a-cuts are used to describe the objective
fuzzy function f, as it was done by Wu (2007). Therefore, it
is assumed that its left- and right-hand side values are given
by the endpoint functions Lx : X x[0,1] - Rand f, :
X x[0, 1] - Rforeacha € [0, 1], respectively. Throughout
the paper, we shall assume that all functions constituting the
fuzzy optimization problem (FO), that is, functions ia and
701 for each o € [0, 1], the constraints g; , j € J, h; : X —
R,i € I, are locally Lipschitz functions on X.

Since “<” and “<” are partial orderings on F (R), we
may follow the similar solution concepts used for multiob-
jective programming problems. Namely, we use the weakly
nondominated and nondominated solutions defined by Wu
(2008).

Definition 21 (Wu 2008) It is said that a feasible solution
x of the considered constrained optimization problem (FO)
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with the fuzzy-valued objective function is its weakly non-
dominated solution if there is no other x € D such that

f) < f@.

In other words (by Definition 7), if ¥ € D is a weakly non-
dominated solution of the problem (FO), then there is no
other x € D such that

{Lx(x) <Lx(f) for all @ € [0, 1]

fa () = fo@®
or{ia(”fia@
fo @) < fu®
or{ia<X><£a@>
fo () < fo @

forall @ € [0, 1]

forall ¢ € [0, 1]. (7)

Definition 22 (Wu 2008) It is said that a feasible solution
X of the considered constrained optimization problem (FO)
with the fuzzy-valued objective function is its nondominated
solution if there is no other x € D such that

fo < f®.

In other words (by Definition 6), if x € D is a nondominated
solution of the problem (FO), then there is no other x € D
such that

{LNRL{@ or{ia(x)iia(ﬂ
fa@) = fo® fa@) < fo®
or{zamqa(f)

?a ) < ?a @ forall ¢ € [0, 1]. (8)

Remark 23 Note that any nondominated solution of the prob-
lem (FO) is its weakly nondominated solution.

Let us consider, for fixed « € [0, 1], the following bi-
objective programming problem

(Ly ), 7 (x)> —min - p

x €D.

For such multicriterion optimization problems, an optimal
solution is defined in terms of a (weak) Pareto solution in the
following sense:

Definition 24 A feasible point X is said to be a weak Pareto

solution of the problem (VP,) for some « € [0, 1] if and
only if there is no other x € D such that

f, ) < f,®and [, (¥) < fo(®.

Definition 25 A feasible pointx is said to be a Pareto solution
of the problem (VP,,) for some « € [0, 1] if and only if there
is no other x € D such that

f, ) < f,@and fi (¥) < fo®)

with at least one strong inequality.

For solving the vector optimization problem (VP,), we
use the weighting method. Therefore, for fixed o € [0, 1], we
define the weighting optimization problem associated with
(VP,) as follows:

Mia (x) + A2 f, (x) — min P.)
xe€D, A >0,>0,A1+A =1
It is well known (see, for example, Miettinen (2004)) that if
X € D is aminimizer of the weighting optimization problem
(Py), thenitis a weakly Pareto solution of the problem (VP ).
If A1 > 0, A» > 0, then it is a Pareto solution of the multi-
objective programming problem (VP,). The converse result
holds under assumption that the problem (VP,) is convex
(see Miettinen 2004).

Now, we give the Karush—Kuhn-Tucker optimality con-
ditions for the weighting optimization problem (P,) under
assumption that the involved functions are convex.

Theorem 26 Let x € D and there exist /):1 € R, ’):2 € R,
€ R™and ¥ € R" such that the following Karush—Kuhn—
Tucker optimality conditions

0ed(iif,®+5fu®)+ _Zlﬁjag,-(f) + 2}5,-3hi(f),
j= i=

©)
jgj® =0.j€l, (10)
>0 >0+ =12>0 (11

hold for fixed o € [0, 1]. Further, assume that the func-
tions LM and ?a are convex on D for any fixed o € [0, 1]
and the functions gj, j = 1,...,m, hj, i € IT(X) :
liel:9; >0}, —hj,i e =@ : |iel:d <0}, are
convex on D. Then X is an optimal solution of the weighting
optimization problem (P, ).

The following results show the connection between a
(weakly) nondominated solution of the considered optimiza-
tion problem (FO) with the fuzzy-valued objective function
and a Pareto solution of its associated multiobjective pro-
gramming problem (VP,).

Proposition 27 If x € D is a Pareto solution of the multi-
objective programming problem (VPz) for some @ € [0, 1],
then X is also a weakly nondominated solution of the consid-
ered fuzzy optimization problem (FO).
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Proof We assume that X € D is a Pareto solution of the
multiobjective programming problem (VPz) for some @ €
[0, 1]. We proceed by contradiction. Suppose, contrary to
the result, that X € D is not a weakly nondominated solution
in (FO). Then, by Definition 21, there exists other X € D
such that £(¥) < f (¥). Hence, by (7), the foregoing relation
implies that

{Lx@ <L ® ol e 0. 1]

Ta® < fu®
m{;@sg@
fa® < fo @
m{&®<;®
fa® < fo@®

forall ¢ € [0, 1]

forall @ € [0, 1].

The above relations imply that, for all « € [0, 1] ( f @ <

[, @ and Ty @) < Fo®) or (f,® < f, @ and
Fu @) < fq (55)) Thus, this is true also for @ € [0, 1].
Hence, by Definition 25, this is a contradiction to the assump-
tion that X € D is a Pareto solution of the multiobjective
programming problem (VPg) for @ € [0, 1]. O

Proposition 28 If x € D is a Pareto solution of the multi-
objective programming problem (VPy) for each o € [0, 1],
then X is also a nondominated solution of the considered
fuzzy optimization problem (FO).

Proof We assume that X € D is a Pareto solution of the
multiobjective programming problem (VPz) for some @ €
[0, 1]. We proceed by contradiction. Suppose, contrary to the
result, that x € D is not a weakly nondominated solution in
(FO). Then, by Definition 21, there exists other X € D such
that f &) < f(@. Hence, by (8), the foregoing relation
implies that

{ym;@ Or{ia@)f;a@
foa () = fo () foa () < fo ()

L@ <[, @
r {7a &) < 70[ @ forall « € [0, 1].

The above relations imply that there exists @ € [0, 1] such
that one of three above systems of inequalities is satisfied.
Hence, by Definition 25, this is a contradiction to the assump-
tion that X € D is a Pareto solution of the multiobjective
programming problem (VP,,) for each « € [0, 1]. O

Now, under convexity hypotheses, we prove the Karush—
Kuhn-Tucker optimality conditions for a (weakly) nondomi-
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nated solution of the considered fuzzy optimization problem
(FO).

Theorem 29 Let X be afeasible solutlon ofthe problem (FO),
and, foreacha e [0, 1], thereexlst)q € R, )»2 € R weR"
and O € R" such that the Karush—Kuhn-Tucker optimality
conditions

0ed(hf,®+7fa®)+ Z R0+ 3 By ®,

i=1

(12)
mjgj®=0,jel, (13)
>0 >0, 4+ m=1,712>0 (14)

hold. Further, assume that the objective function f is a con-
vex fuzzy function on D and the functions gj, j =1,...,m,
hi i€ IT®@ : {iel:0; >0}, —hi, i € "X :
{i el /19\1 < O}, are convex on D. Then, X is a nondomi-
nated solution of the considered fuzzy optimization problem
(FO).

Proof By assumption, x is such a feasible solution of the
problem (FO) at which the Karush—Kuhn—-Tucker optimality
conditions (12)—(14) are fulfilled. We proceed by contra-
diction. Suppose, contrary to the result, that X is not a
nondominated solution of the considered fuzzy optimization
problem (FO). Then, by Definition 22, there exists xo € D
such that f(xo) =< f(f) Since /):1 > 0 and /):2 > 0, this
relation implies by (8) that, for each o € [0, 1],

S, (o) +rafo (ko) <A f, D) +raf, ®). (19

Note that all assumptions of Theorem 26 are fulfilled. Then,
by Theorem 26, it follows that X is a minimizer of the weight-
ing optimization problem (P,). This means that, for each
a € [0, 1], the following inequality

S, ) +rafe ()= f @ +raf @

holds forall x € D, which contradicting (15). This completes
the proof of this theorem. O

In the next theorem, under convexity hypotheses, we
prove the sufficient optimality conditions of a Karush—-Kuhn—
Tucker type for a weakly nondominated solution in the
considered fuzzy optimization problem (FO).

Theorem 30 Let X be a given feasible solution of the problem
(FO) and, for each o € [0, 1], there exist T € R™, © > 0
and ¥ € R’ such that the following Karush-Kuhn-Tucker
optimality conditions
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Oedf @+ Midgi® + Y Bidhi@,

(16)
j=1 i=1
m r

0€df,(®+ Y Mjog;@+ Y Dohi®. (17)
j=1 i=1

Rjgi(x)=0,jelJ (18)

hold. Further, assume that the objective function f is a con-
vex fuzzy function on D and the functions gj, j =1,...,m,
hi,ieIt@ ={iel: 0 >0}, —hi,iel” (x)

{i el: 5,- < O}, are convex on D. Then, X is a weakly
nondominated solution of the considered fuzzy optimization
problem (FO).

Proof By assumption, X is such a feasible solution of the
problem (FO) at which the Karush—-Kuhn—Tucker optimality
conditions (16)—(18) are fulfilled with Lagrange multipliers
n e R" @ > 0and ® € R". We proceed by contradic-
tion. Suppose, contrary to the result, that X is not a weakly
nondominated solution of the considered fuzzy optimization
problem (FO). Then, by Definition 21, there exists xo € D
such that

£ (x0) < f (%) foralla € [0, 1] (19)
or
fa (o) < f5 @) foralla € [0, 1]. (20)

By hypothesis, the objective function f is a convex fuzzy
function on D. Hence, by Proposition 16, the functions ia
and ?a are convex on D. Combining (16), (17), (19) and
(20), respectively, we get

g’ (xo—%) <0,VE€df (¥ foralla €0, 1] (1)
or
E (xog—%) <0,YEedf,® foralla [0,1].  (22)

By convexity hypotheses imposed on the constraint func-
tions, it follows that

gj(x0) —gi® = ¢ (xo—%),V €dg; (X, j=1,om,  (23)
hi(x0) —hi(®) = ¢/ (xo = %),V € 0h; ®),i € IT (@), (24)
—hi(x0) + 1 (®) = =6/ (xo = %),V (=) €0 (—h; (X)), i € I~ (®).

(25)

Multiplying (23)—(25) by the corresponding Lagrange mul-
tiplier, we get

jgj(x0) — g (®) = ¢] (xo—%). Vg €0g; X).j=1,....m,
(26)

Dihi(x0) — 0ihi (@) = Dig] (o — %) . ¥gi € 0h; (3),i € I'T (3,
27

Dihi(xo) — 0:hi (@) = Disl (xo — %) . Vi € dh; X),i e I~ ).
(28)

Using xp, x € D and the Karush-Kuhn-Tucker optimality
condition (18), we obtain, respectively,

ajcl (xo—%) <0,V €dg; (®).jel, (29)
Disi (x0—%) <0,V € 0h; ®).i € 1. (30)

Combining (21), (22), (29) and (30), respectively, we get
that, forany § € 9 f (X),Ecdf,® foralla € [0,1],
gjeog;(x), jel, g,eah x),iel,

M+ el + ) 0l | o—-® <o, (31)
j=1 i=1

or

s+2u,¢,+2m (xo — %) < 0. (32)

Thus, (31) and (32) imply, respectively, that at least one of
the following relations

0¢ f,®+) jdgi®+ ) 0dhi®

j=1 i=1

or

0¢ Fo@® + Y Mjogi® + Y Didhi®

j=1 i=1

is fulfilled for all « € [0, 1], which is a contradiction to
the Karush—Kuhn—Tucker optimality condition (16) or to the
Karush—Kuhn—Tucker optimality condition (17). This means
that X is a weakly nondominated solution of the considered
fuzzy optimization problem (FO) and completes the proof of
this theorem. O

We now give the Karush—-Kuhn-Tucker necessary opti-
mality conditions for a feasible solution X to be a weakly
nondominated solution of the considered fuzzy optimization
problem (FO).
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Theorem 31 Let X € D be a weakly nondominated solution
of the considered fuzzy optimization problem (FOP). Further,
assume that f is a convex fuzzy function on D and the func-
tions gj, j=1,....m hi,i e I"®) :={iel:d >0},
—hi,i e l™ (%) = {i el {}: < O}, are convex on D and,
moreover, the Slater constraint qualification is satisfied at
X for (FO). Then, there exist @ € [0,1], ;; € R, A2 € R,
€ R" and 9 € R” such that the following Karush—Kuhn—
Tucker optimality conditions

0ed (Mify+7272®) + Zu,ag, @ + Z B9 (),

i=1

(33)
Ijgi(¥)=0,j€lJ, (34
MN=0m>0A + =120 (35)

hold.

Now, we introduce two types of a Karush—Kuhn-Tucker
point for the considered fuzzy optimization problem (FO).

Definition 32 The point X € D is said to be Karush—-Kuhn—
Tucker point (a KKT point, for short) if, for each « € [0, 1],
there exist Lagrange multipliers A € R, € R, neER"
and ¥ € R’ such that the Karush-Kuhn-Tucker optimality
conditions (12)—(14) are satisfied.

Definition 33 The pointX € D is said to be a strong Karush—
Kuhn-Tucker point (a weak KKT point, for short) if, for
each o € [0, 1], there exist Lagrange multipliers z € R™
and 9 € R’ such that the Karush—-Kuhn-Tucker optimality
conditions (16)—(18) are satisfied.

4 The exactness of the /1 exact penalty
function method for fuzzy optimization
problem

Methods using an exact penalty function transform a con-
strained extremum problem into a single unconstrained
optimization problem. The constraints are placed into the
objective function via a penalty parameter ¢ in a way that
penalizes any violation of the constraints. The basic idea in
any exact penalty function method is to choose a penalty
function p and a penalty parameter ¢ so that the optimal
solution X in the penalized optimization problem is also an
optimal solution in the given extremum problem.

Now, we use an exact penalty method for solving the con-
sidered nonlinear fuzzy optimization problem (FO) with the
fuzzy objective function. Therefore, for the given nonlinear
fuzzy extremum problem (FO), we define an unconstrained
fuzzy penalized optimization problem as follows:

min P (x, ¢) = f(x) + Tepce) (FP(c)) (36)
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where f : X — F(R) is a fuzzy function, p is a suit-
able penalty function, c is a penalty parameter and T{Cp(x)}
is a crisp number with the value cp(x). As it follows from
the definition of (FP(c)), the considered constrained fuzzy
optimization problem (FP) is replaced by an unconstrained
fuzzy optimization problem, whose fuzzy objective function
is the sum of a certain fuzzy “merit” function (which reflects
the fuzzy objective function of the given fuzzy optimization
problem) and the penalty term which reflects the constraint
set. The fuzzy merit function is chosen as the original fuzzy
objective function, while the penalty term is obtained by mul-
tiplying a suitable function, which represents the constraints,
by a positive parameter c, called the penalty parameter.
Note that the penalized objective function in the uncon-
strained fuzzy penalized optimization problem is a fuzzy
function. Then, as it follows from (4), for any fixed o €
[0, 1], we associate with P interval-valued functlons P
X x [0, 1]xR+—>]-'(R) o € [0,1], glvenbyP (x,c) =
[P, (x.0), Po (x,c)] forany x € X, where P, Py : X x
[0, 1] x Ry — R are real-valued functions. Thus, an uncon-
strained fuzzy penalized optimization problem (FPy(c)) is
defined by

min Py (x, ¢) = [ £, (0) +cp() Ty () + ep(x) | (FPo(e)

Now, in a natural way, we extend the definition of the
property of exactness of the penalization for a classical exact
penalty function method to the fuzzy case.

Definition 34 Let o be any fixed number from the interval
[0, 1]. If a threshold value ¢ > 0 exists such that, for every
c>c,

arg (weakly) nondominated {f(x) ix € D}
= arg (weakly) nondominated {F (x,c):x € R”} ,

then the function P is termed a fuzzy exact penalty function
and, therefore, we call (FP(c)), defined by (36), the fuzzy
penalized optimization problem or the penalized optimiza-
tion problem with the fuzzy objective function.

It is clear that, conceptually, if Pisa fuzzy exact penalty
function, we can find the constrained (weak) nondominated
solution of the considered fuzzy optimization problem (FO),
by looking for unconstrained (weakly) nondominated solu-
tions of the function P (x, c), for sufficiently large values of
the penalty parameter c.

The most popular nondifferentiable exact penalty function
method for solving nonlinear optimization problems is the /;
exact penalty function method also called the absolute value
penalty function. We now give the definition of the /; exact
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penalty function if it is used for solving the given nonlinear
fuzzy optimization problem (FO) as follows

min P (x, ¢) = f~(x) +TC( (FP(c))

Sy max{0.g (0}+ X Ihi ()1
We call (FP(c)) defined above the fuzzy penalized optimiza-
tion problem with the fuzzy /; exact penalty function. Hence,
for any fixed « € [0, 1], we define the fuzzy /; exact penalty
function for the given nonlinear fuzzy optimization problem
(FO) as follows

Iga(x, c) = [Ly(x) +c (Z;ﬂ:' max {0, gj(x)} + Z;:| |h; (x)l)
T+ (X max {0, g0} + Xiy i 1),
(37)

where P, (x,c) = f (x) + C(Z?:l max {0, g; (x) }

+ Yy |k (x)|) and Py (x,¢) = f, (x) +¢ (Z'}':l max
{0, ¢g; (x)L+ >y |hi (x)]) are left- and right-hand side
values of P,.

Thus, for fixed ¢« € [0, 1], the unconstrained fuzzy
optimization problem with the fuzzy /1 exact penalty func-
tion defined by (37), constructed for the considered fuzzy
optimization problem (FP) in the /; exact penalty function
method, can be written in the following form

min F[,,(x,c)
= [, + e (X max {0, g0} + Xzt 1hi 9I) (Bpy(c)
Fo () +c ( " max {0, g;(0)] + Y0y Ih; (x)l)]

It is well known that, for a given constraint g;(x) < 0,
J € J, the function g}L defined by

0 ifgj(x) <0

gj(x)if gj(x) >0 (38)

g/ () = {
is zero for all x that satisfy the constraint and that it has a
positive value whenever this constraint is violated. Moreover,
large violations in the inequality constraint g ; result in large
values for the function g;’ (x). Thus, the function g;r has the
penalty features relative to the single inequality constraint
gj- However, observe that at points, where g;(x) = 0, the
foregoing objective function might not be differentiable, even
though g; is differentiable. Therefore, using (38), the fuzzy
penalized optimization problem (FP,(c)) with the fuzzy [
exact penalty function can be re-written for any fixed o €
[0, 1] as

min ﬁa(x,c) =
[£.00+e(X0migf 0+ Xy i 1) Py ()
Tu @) +e(Zhirgf @+ Xy i 1))

(39)

In the paper, the /1 exact penalty function method is used
for solving the considered nonlinear fuzzy optimization prob-
lem (FO). Then, we prove the equivalence between the sets
of (weak) nondominated solutions of the problem (FO) and
the fuzzy penalized optimization problem (FP(c)) for suffi-
ciently large penalty parameter c.

First, we prove that a Karush—Kuhn-Tucker point of the
considered fuzzy optimization problem with convex func-
tions is a nondominated solution of the associated fuzzy
penalized optimization problem (FP,(c)) with the fuzzy [,
exact penalty function for any « € [0, 1] and for sufficiently
large penalty parameters ¢ greater than the threshold equal to
the largest absolute value of Lagrange multiplier associated
with some of the constraints.

Theorem 35 Let X € D be a Karush—Kuhn—Tucker point of
the considered nonsmooth fuzzy optimization problem (FO),
that is, for each a € [0, 1], there exist Lagrange multipliers
M>0A >0 +r=17j€J 0iclsuch
that the Karush—Kuhn—-Tucker optimality conditions (12)—
(14) are satisfied at x. Further, assume that the objective
function f is a convex fuzzy function on X, each inequality
constraint function g, j € J, each equality constraint func-
tionhi, i € IT®) :={iel: 9 > 0}, and each function
—hi,iel” (X):= {i el:9; < O}, are convex on X. If the
penalty parameter c is assumed to be sufficiently large (it is
sufficient to set ¢ > max {ﬁj jelJ, %|.ie I} ), then X

¥
is a nondominated solution of the fuzzy penalized optimiza-
tion problem (FP(c)) with the 1| exact penalty function.

Proof We are going to prove this result by contradiction.
Suppose, contrary to the result, that X is not a nondominated
solution of the fuzzy penalized optimization problem (FP(c))
with the fuzzy /1 exact penalty function. Therefore, by Defi-
nition 22, there exists xg € X such that

Py (x0,¢) < Py (%, ¢) foralla € [0, 1].
Hence, by Definition 6, the above relation implies
{EQ(XO,C)<£O[(Y,C) IEQ(XO,C)SE‘X(?,C)
or

Py (x0,¢) < Py (R, €) Py (x0,¢) < Py (X, 0)

P, (xp,c) < P, (x,¢)
or | - forall & € [0, 1].
Pa(XOvC)<Pa(3C\aC)

By the definition of (FP(c)) (see (39)), we have that, for all
o € [0, 1],
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Using the Karush—Kuhn-Tucker condition (13) together with
X € D, we obtain

f, )+ [0y g (o) + X i o)l

Lo

m + r . ]
<L, @ +e|Thgf ®+ Xt (f)': TS, (x0) + Ao (x0) + X0y g7 (x0) + Y4y Dihi (x0)

<Mf, D+ Mfa @+ Big @ + i ihi (8.
(42)

Tu o) + e[Sy g o) + X7y s o)l

= Fu® 4| L8 @+ X0 i D]

m o+ r _ By assumption, the fuzzy objective function fis convex on
L, o)+ [Zf —18; (o) + izt lhi (x0)|_ X . Then, by Proposition 20, the inequalities
< - m et @+ Y, i )]
o] SLDT DAL F) —f,® = D). Vi @, @3)
So (x0) +c [ZT:I g}L (x0) 4+ X iy |hi (xo)|] T (x0) — fu, ) = £ (xo—3),VE € of (@ (44)
<Ta®+c[Thigf @+ X i @]
Lo o)+ e[ S0 8F (o) + iy hi (o)l |
<L, @®+e[Ti gl D+ X i @]
T o)+ [ & (o) + X0y i (o)

<Fu® +e|[TIrgf O+ i i DI

hold for each o € [0, 1]. Further, each inequality constraint
function g;, j € J, each equality constraint function h;,
i € IT (%), and each function —h;, i € I~ (X), are also
convex on X. Then, by Remark 10, the inequalities
or
gj(x0) —gi® =] (xo—%), V¢ €dg; (X),j=1,.om,  (45)
hi(xo) = hi(®) = ¢ (xo — %), Vs € 9 (), i € IT (@), (46)
—hi(x0) +hi(®) = —¢] (x0 = %), ¥ (=) € 3 (=h; (X)), i € I” (%)
47)

Multiplying the above inequalities by the corresponding
Lagrange multipliers A1 > 0,2 > 0 associated with the
fuzzy objective function, then adding the resulting inequali-
ties and using that A+ =1, we get

Rt o)+ 72y o)+ ¢ [y & (o) + X7y s (ro)l] 0)
<Tf, @D+ Rl @ + e[ X)L gf @+ Xz i @]

Since ¥ € D, by (38), it follows that 3.7 g/ () +
Zle |h; ()| = 0. Hence, by (38) and the definition of the
absolute function, (40) gives

xS, (x0) + A2 fo (o) +c | D g (xo)+ ) hi (x0)

j=1 i=1
<hf,®+2f,®. (41)

By assumption, ¢ > max {ﬁj,j eJ, |;§1
(41) implies

,1 € 1}. Thus,

3»\1[& (x0) + 22 f o (x0) + Zﬁjgj (x0) + Z{’:’hi (x0)
=1 i=1

<hf, @+l @,
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hold. Multiplying each inequality (43)—(47) by the corre-
sponding Lagrange multiplier and then adding both sides of
the resulting inequalities, we get that the inequality

(x0) + A2 fy (x0) + g (x0) + i Dihi (x0)

o, +00f, @+ X Rjg @ + iy Dihi (@) (48)
5 o e T

> (g + T+ XL ¢+ X Bisi) o =D

nf,
—(x

(

holds. Then, by the Karush—Kuhn—Tucker condition (12) and
Corollary 13, (48) implies that the inequality

Xli\a (x0) +Xzza7(xo) + Z'}L] migi(xo)+ > i ?\ihi (x0)
Zhf, ) +raf @)+ 2T g )+ Xiy Dihi ()
holds, contradicting (42). Hence, the proof of this theorem is
completed. O

The following result follows directly from Theorem 35. It
says that, under appropriate convexity hypotheses, a non-
dominated solution of the considered fuzzy optimization
problem (FO) is also a nondominated solution of the associ-
ated penalized fuzzy optimization problem (FP(c)) with the
fuzzy /| exact penalty function if the penalty parameter c is
assumed to be sufficiently large.

Theorem 36 Let x be a nondominated solution of the con-
sidered fuzzy optimization problem (FO) and all hypotheses
of Theorem 35 be fulfilled. If the penalty parameter c is
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assumed to be sufficiently large (it is sufficient to set ¢ >
max {L;, j € J, i €1} ), then X is also a nondomi-

Ui
nated solution of the associated fuzzy penalized optimization
problem (FP(c)) with the fuzzy l1 exact penalty function.

Now, under appropriate convexity hypotheses, we prove
that a strong Karush—-Kuhn—Tucker point of the considered
nonsmooth fuzzy optimization problem (FO) is also a weakly
nondominated solution of the fuzzy penalized optimization
problem (FP(c)) with the fuzzy /1 exact penalty function.

Theorem 37 Let x € D be a strong Karush—Kuhn—Tucker
point of the considered nonsmooth fuzzy optimization prob-
lem (FO) and the conditions (16)—(18) be satisfied at X
with Lagrange multipliers [ij, j € J, {??i, i € I. Fur-
thermore, assume that the objective function fis a convex
fuzzy function on X and the constraints of the problem (FO),
that is, the functions gj, j = 1,...,m , hj, i € IT(X),
—h;, i € I~ (X), are convex on X. If the penalty param-
eter c is assumed to be sufficiently large (it is sufficient to
set ¢ > max {1, j € J, }5, .i €1}), then X is a weakly
nondominated solution of the fuzzy penalized optimization
problem (FP(c)) with the fuzzy 11 exact penalty function.

Proof We proceed by contradiction. Suppose, contrary to the
result, that X is not a weakly nondominated solution of the
fuzzy penalized optimization problem (FP(c)) with the fuzzy
[1 exact penalty function. Then, by Definition 21, there exists
Xxo € X such that

ﬁ(xo, c) < 13(55, ).
In particular, one has for all @ € [0, 1] that
P, (x0.¢) < P, (.¢) or Py (x0.¢) < Py (X, ).

By (39), the above inequalities yield forall ¢ € [0, 1], respec-
tively,

f, (xo)+c i g} (xo) + Z |hi (xo)l)
j=1 i=1
<f,@®+c ig} (f)+2rj|hi <f)|) (49)
j=1 i=1
or
fa(xo0) +c ig,-* (x0) + Z |hi (xo)l)
j=1 i=1
<fa@+c ng®+i|hi (f)|). (50)
j=1 i=1

Byx € D, (49)and (50) imply foralla € [0, 1], respectively,

fo @+ Y gl o)+ ) lhixo)l | < £, @ 6D

j=1 i=1

or

Ta o)+ D gl o)+ D lhi (xo)l | < Fou (B). (52)

j=1 i=1

o~

By assumption, ¢ > max {jz;, j € J, |%|,i € I}. Thus,
(51) and (52) imply for all @ € [0, 1], respectively,

£, 0)+ Y Iigl (o) + ) [Pihi (xo)| < £, &) (53)

j=1 i=1

or

Fo o)+ Y gl (o) + Y [Bihi (x0)| < Fo (B). (54)

j=1 i=1

Using again the feasibility of X in (FO) together with (18)
and (38), we get, for all ¢ € [0, 1],

£, o)+ Y [jgj (x0) + Y Bihi (x0) <

j=1 i=1

L, ®+D g ®+ ) 0ihi (%) (55)
i=1

j=1

or

Fo o)+ Y 1jgj (x0) + Y Dihi (x0) <

j=1 i=1

Fa®+> Mg @+ 0ihi (3. (56)

j=1 i=1

Now, assume that X is a feasible solution of the considered
nonsmooth fuzzy optimization problem (FO) and the weak
Karush—Kuhn—Tucker optimality conditions (16)—(18) are
satisfied at X with Lagrange multipliers A > 0,4 > 0,
/’Zj, jeld, ;}3, i € I . Using convexity hypotheses, we have,
by Proposition 20 and Definition 9, that the inequalities (43)—
(47) are satisfied. Multiplying each inequality (43)—(47) by
the corresponding Lagrange multiplier and then combining
the resulting inequalities, we get for all « € [0, 1] that the
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following inequalities

£ o)+ 20 g7 (x0) + Yoy Dihi (x0)
(f O+ 1jgi D+ 30 1 Oih (A)) (57)

> (e+ X014+ X0 §i) (X0 — )

o x0) + 21 g (o) + Xoiy Dihi (x0)
~(Fe @+ T g @+ T 0 @) (s

— m R T
> (E+ XL G+ Y s) (o-D)

hold forany & € 9 f (x), & € Af (0,55 €dg; (), j=
I,...,m, ¢ € 0h; (x),i € I. Then, by the Karush-Kuhn—
Tucker optimality conditions (16) and (17), (57) and (58)
yield that the inequalities

£, x0) + Y Mjg; (xo) + Y Bihi (x0)

j=1 i=1

> f, D+ Big D+ Y vk (), (59)

j=1 i=1

Fo (x0) + Zu,gj (x0) + Zﬁ hi (xo)
i=1

m

Z jgj X+ Zfi-h,- @ (60)

j=1 i=1

> fo () +

hold for all & € [0, 1], contradicting (55) or (56). Hence, the
proof of this theorem is completed. O

The following result follows directly from Theorem 37.
It shows that, under appropriate convexity hypotheses, a
weakly nondominated solution of the considered fuzzy opti-
mization problem (FO) is also a weakly nondominated
solution of the associated penalized fuzzy optimization prob-
lem (FP(c)) with the fuzzy /1 exact penalty function if the
penalty parameter ¢ is assumed to be sufficiently large.

Theorem 38 Let X be a weakly nondominated solution of the
considered fuzzy optimization problem (FO) and all hypothe-
ses of Theorem 37 be fulfilled. If the penalty parameter
c is assumed to be sufficiently large (it is sufficient to set
¢ > max {ﬁ.,', jeld, }), then X is also a weakly
nondominated solution of the associated penalized fuzzy opti-
mization problem (FP(c)) with the fuzzy |1 exact penalty
function.

Now, we prove the converse results to those formulated in
Theorems 36 and 38. First, we establish some useful results
which we use in proving them.

Proposition 39 Let x be a nondominated solution of the fuzzy
penalized optimization problem (FP(c)) with the fuzzy I
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exact penalty function associated with the considered fuzzy
optimization problem (FO). Then, there does not exist x € D
such that

Fo=7@®. 61)

Proof By assumption, x is a nondominated solution of the
fuzzy exact /1 penalized optimization problem (FP(c)). We
proceed by contradiction. Suppose, contrary to the result,
that there exists xo € D such that f (x0) =< f(SD. Hence,
for each € [0, 1], it follows that

f,x0) < f D {f (xo) < f, () {f (x0) < [, )
f¢X (x0) = fo( @ ° (x0) < f ® " Fu x0) < Fu .

Since xo € D, by (38), we have for each « € [0, 1],

o G0+ [T g o) + iy I )l < £, B
o ) + ¢ [0 g (o) + X4 1y (o)l = T B
o G0) e [T g (o) + Xy Ihi o)l = £, B
or
T c0) + ¢ [ X0 g7 ) + X4y i ()l < T B
o G e[ X0 8f o)+ i i o)l | < £, ®
or
fa(xo)-l-C[ "1 g) o)+ iy Iy ()l | < Fo

Again using (38), we obtain for each « € [0, 1],

£ o)+ e[Sy 8F (o) + iy hi (o)l |
<L, ®+c[Tigf &+ X I @]

Fu o) + e[S gf o) + X7y I o)l ] =

Ta ® +c[Lhir g @ + Xy i D]

£ Go) + e[y &f o)+ iy I o)l =

Lo ® 4|8 @+ X i D]

T T+ [0 8 o) + X0y 1hi o)
<T@+ XTrg) O+ X0 I @]
o Go) e [0 g (o) + X0y 1hi (o)
MREACEY: [Z0i8f @+ X 1 ]

T o)+ [ 87 (o) + iy i o)l |-
<Tu®+c[Thigf @+ X i @),
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Thus, by the definition of the fuzzy /; exact penalty function
P (see (37)), it follows that

Py (x0.0) < Py (8.0) [Py (x0,0) < Py (R.0)
Py (x0,¢) < Py (X, 0) Py (x0,¢) < Py (X, 0)

P_(x0,c) < P, (X, c)
{%‘: (o, €) < %Z &0 for all @ € [0, 1].
Hence, there exists xo € D C X such that P (xp,c) =X
P (%, ¢). This means that ¥ is not a nondominated solution
of the fuzzy penalized optimization problem (FP(c)) with
the fuzzy /; exact penalty function, which is a contradiction.
Hence, the proof of this proposition is completed. O

Proposition 40 Let X be a weakly nondominated solution of
the fuzzy penalized optimization problem (FP(c)) with the
fuzzy 1y exact penalty function associated with the considered
fuzzy optimization problem (FO). Then, there does not exist
x € D such that
)< f&. (62)
Proof Suppose, contrary to the result, that there exists xo €
D such that

fxo) < F@). (63)

In particular, there exists xo € D such that, for each o €
[0, 1],

£, 0) < £, @) or Fo@o) < Fo @

Using xo € D together with (38), we get

L o) +e| Y gl o)+ ) lhi (xo)l
i=1

j=1 .

<[, ®+c| D e @+ 1@

j=1 i=1

or

Foa o) +c| D g o)+ Y 1hi (xo)l

j=I i=I ]

<Ta@®+c| Y e @+ 1@
j=1 i=1

Thus, by (37), it follows that, for each « € [0, 1],

P, (x,c) < P, (X, c)or Py (x0,¢) < Py (X, ).

This means that there exists xo € D such that the relation
P(x,c) <P X 0

holds, contradicting the assumption that X is a weakly
nondominated solution of the fuzzy penalized optimization
problem (FP(c)) with the fuzzy [; exact penalty function.
Hence, the proof of this proposition is completed. O

Theorem 41 Let D be a compact subset of R" and X be a
(weakly) nondominated solution of the fuzzy penalized opti-
mization problem (FP(c)) with the fuzzy 11 exact penalty
function. Further, assume that the objective fuzzy function
f is convex on X, each inequality constraint function g; ,
j € J, is convex on X, each equality function h;, i € I, is
affine. If the penalty parameter T is sufficiently large, then X
is also a (weakly) nondominated solution of the considered
fuzzy optimization problem (FO).

Proof Assume that X is a nondominated solution of the fuzzy
penalized optimization problem (FP,(c)) with the fuzzy /;
exact penalty function.

We consider two cases. First, we assume that X € D.
Then, by Proposition 40, there is no other x € D such that
f(x) < f(X). Hence, by Definition 22, the feasibility of
X in (FO) implies that X is a nondominated solution of the
considered fuzzy optimization problem (FO). We have, by
Definition 34, that, for any ¢ > ¢, x a nondominated solution
of any fuzzy penalized optimization problem (FP(c)) with the
fuzzy [y exact penalty function. Moreover, we have shown
that X is also a nondominated solution of the considered fuzzy
optimization problem (FO).

Now, we prove that, under the assumptions of this theo-
rem, the case X ¢ D is impossible. Suppose, contrary to the
result, that X ¢ D. Since X is a nondominated solution of the
fuzzy penalized optimization problem (FP(c)), there exists
/):1 S R,/):l > 0,’):2 S R,/)\\z > 0,/):1 +/):2 =1, such that

0 €X0P,(X.C) + 0Py (X, T). (64)

By definition of the fuzzy /| exact penalty function, it follows
that

0ehd| s, @+e Zgj@mei(fn}
j=1 i=1

00 [ Fa D +E| Y gl @+ i ) (65)

j=1 i=l1
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Since the weights ’):1 and ’):2 are nonnegative, by Remark 14,
equality holds in Corollary 13. Thus, (65) yields

0eMdf, () +hrdfy @

+Ri+r)d e D gl @+ Ihi @
j=1 i=1

Hence, by ’):1 +/):2 = 1, it follows that
0erdf @ +rdf, @

(T D gl @+ 1hi @)
j=1 i=1

Then, by Lemma 11, it follows that
0€ndf, @ +i20fu @)

+ed [ Dogf @+ I @I (66)

j=1 i=1
Thus, by Proposition 12, we have

0€hdf, @ +i2df, @

m r

+e | Y dgf ®+ Y (@D |- (67)
j=1 i=1

By assumption, the objective fuzzy function f is a convex

fuzzy mapping. Then, by Proposition 16, the functions Lx

and Ta are convex on X for each « € [0, 1]. Then, for each
a € [0, 1]. by Proposition 20, the following inequalities

W -f @z @-D.VEeaf @, (68)

Ly
J— J— _T — J—
fa@) = fo()2E (x=%),VE€df, X) (69)
hold for all x € X. Further, by assumption, each constraint
function g;, j € J, is convex on X. Therefore, also the
functions g;’ , J € J, are convex on X. Since each function
hi, i € I,is an affine function, therefore, each function |%;|,
i € I, is convex. Then, the inequalities

T
s -g®z () «-D,

vgj* € agj+ @®,j=1,...m, (70)
il (x) = |hi] @) > ¢ (x =),
Veied(lhi) @) ,i=1,..r (71)

@ Springer

hold for all x € X. Multiplying (70) and (71) by ¢ > 0 and
then adding the resulting inequalities, we get

o[ gf 0+ iy il 0]
—c [Z?’zl gl @+ X0 Il (f)] 2
e[ (o) + o] @D

Combining (68), (69) and (72), we have that the inequalities

S0 +¢ [Z’}Ll gl o)+ X0 1hil (x)]
- (Lx(f) +5[Z’}L1 g @+ Xy lhil (f)]) 73)
= (§+E[ZT:1 <§]+> + 2 s‘i])T (x—2%),
Jox)+e [Z;’Ll gh )+ Il (x)]
- (7“@) +E[Z71=1 g+ Al (f)]) (74)
= T
= (§ te [Z?ﬂ <§J+) + i §i]> x =%

hold for all x € X and forany § € 9f (X)), &Eedf, @,
;j € agj (f),i' € J, ¢ €9 (lhi]) ). Multiplying (73) and
(74) by A1 and X, and then adding both sides of the resulting
inequalities, we get

R 0+ T2 T () +E (hr +72) [ 8 @
+ X il @] = (R £, @ + 32 Fu @)
+2 ( + %) [T f @ + T Il ®)) =
(Xlg +70E +¢ (1 +72) [Z’;’:l (cf) +30, gi]) (x—7%).
Since 1 + A2 = 1, the above inequality gives, forall x € X

andforany§ € 3f (¥),5 € 3fo (0,5 €8s (D, j € J,
si €d(lhih(®),iel,

1S, 0+ 72 Tu @ + [0 g 0+ X il @]
~ (ML, ®+Tafu® +2 [T g © + s Il ®]) (75)
(o~ ~ — T
> (Mg +RE+e[ X (6) +Zinis]) «-®.

Hence, by (67), (75) implies that the inequality

R0+ P2 T o) +E [ Xy 87 0+ iy [l ()]
=TS, O+ fu® +2 [ L1y g @ + X7y il )]
(76)

holds for all x € X. By (38), for each x € D, it follows that

D el =0, Ihil(x)=0. (77)
j=1 i=1
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Combining (76) and (77), we get that the inequality

R0+ fu@ = (R f,® + 12T, @)

Y el ®+ ) Il ®
j=1 i=1

(78)

holds for all x € D. By assumption, X is not feasible in
the considered fuzzy optimization problem (FO). Hence, by
(38), we have that

Yoef @+ Y Il ® > 0.

j=1 i=1

(79)

Then, by (79), (78) gives

cfmaxl

By assumption, ¢ is sufficiently large. Let us suppose that ¢
is assumed to satisfy for each o € [0, 1] the condition

Al
¢ > max

We now show that, by (81), ¢ is a finite nonnegative real
number. Indeed, by assumption, X is a nondominated solution
of the fuzzy penalized optimization problem (FP,(c)) with
the fuzzy /| exact penalty function. Then, by Definition 22,
it follows that there does not exist x € D such that, for each
ae[0,1],

R0+ R Fu 0 = (Rif, @ + 72T, ®)
YIigr O+ s (k) @ '

xeD}.

(80)

L@+ TFu0 = (Rif,® +TFu®)
Yigl @+ X (ki) @)

(81)

BL @ 40T = (R f, 0 + 32 Fa®) <0.

Hence, by (81), we have that ¢ > 0. Further, since D is
a compact subset of R”, ¢ is a finite real number. But the
inequality (81) contradicts the inequality (80). This means
that the case X ¢ D is impossible. Hence, X is feasible in
the considered fuzzy optimization problem (FO). Thus, the
conclusion of this theorem follows directly from Proposition
39 (or Proposition 40). Hence, the proof of this theorem is
completed. O

‘We now formulate the main result of this work.

Theorem 42 Let all assumptions of Theorems 36 and 41 be
fulfilled. Then, X is a (weakly) nondominated of the consid-
ered fuzzy optimization problem (FO) with the fuzzy objective
function if and only if X is a (weakly) nondominated of the

xeD}.

fuzzy penalized optimization problem (FP(c)) with the fuzzy
11 exact penalty function.

Now, we illustrate the results established in the paper by
an example of a nonlinear convex nondifferentiable fuzzy
optimization problem which we solve using the fuzzy /; exact
penalty method.

Example 43 Consider the following nondifferentiable con-

vex fuzzy optimization problem defined by:

f(x) = max{fl (x) , fg (x)} — min
1) =x>—x <0, (FOb

where

Tx —1 if x <O,

fl(x)={(f+2)x_1ifxzo,
Hhx)=-2xou3

and, moreover, 1, 2 and 3 are continuous triangular fuzzy
numbers which are defined as triples 1= 0, 1,2), 7 =
(1,2,4) and 3= (1, 3, 5). Hence, by using (1), their a-cuts
are as follows 1a =[a,2—a], 2 =[1+a«a,4—2a]and

3¢ = [1 4+ 2,5 — 2], respectively. Note that the set D of
all feasible solutions of (FO1)is D = {x € R : x> — x < 0}
and that X = 0 is a feasible solution of (FO1). Moreover,
by (2), (3) and Deﬁnmon 5 the a-level cuts of the fuzzy
objective functions f1 and fz are defined for any o € [0, 1]
as follows:

- [(Q—a)x—1, Qa—4)x —2a—1]if x <0,
(f1)g &) = .

[ax—1, Q—a)x —1] if x >0,
[ —4)x —Ra—1),— (1 +a)x +2a — 5]
if 0,

(f2)g () = e
[-I+a)x —2a—1, Qa—4)x+2a —15]
ifx <0,

Hence, the «-level cut of the fuzzy objective function f is
defined for any « € [0, 1] as follows

[max {2 —a)x—1, Qa—4)x — QRa—1)},

max {2a —4)x — 20— 1, — (1 +a)x +2a — 5}]

]’F(X)— ifx<0,
o =
—1+4+a)x —2a—1},

Qo —4)x + 20 — 5}]
ifx >0,

[max {ax — 1,

max{(2—a)x — 1,
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where
max {2 —a)x —1, Qa—4)x— Qa— 1)}
ifx <0,
fo ) = max {ax — 1, — (1 +a)x —2a — 1}
if x >0,
max {2e —4)x —2a—1, —(1+a)x +2a — 5}
_ if x <0,
fa )= max {2 —a)x — 1, Qa —4)x+2a — 5}
if x > 0.

Note that the lower function f  and the upper function foof
f are convex for each o € [0, 1] and the constraint function
g1 is also convex. Hence, by Proposition 16, the objective
function f is a convex fuzzy function. Moreover, the lower
and upper functions LX and f, of fa are not differentiable at

X forany o € [0, 1). Then, f is not level-wise differentiable
at this point (see Definition 4.2 Wu 2007). Thus, the Karush—
Kuhn-Tucker optimality conditions existing in the literature
for fuzzy optimization problems are not applicable in the
considered case (see, for example, Panigrahi et al. (2008),
Wu (2007)). However, the Karush—Kuhn—Tucker optimality
conditions (12)—(14) are fulfilled at x with Lagrange mul-
tipliers %1 (@) = %, %2 (@) = 1 and 711 (@) = 0 for each
a € [0, 1]. Now, we use the /1 exact penalty function method
for solving the considered nondifferentiable fuzzy optimiza-
tion problem (FO1). Then, we construct the fuzzy penalized
optimization problem (FP(c)) with the fuzzy / exact penalty
function. Hence, the «-cut of the fuzzy penalized optimiza-
tion problem (FP,(¢)) is defined for any « € [0, 1] as follows:

min Py(x,c) = Lx(x) + ¢ max {O, x2 - x} s fo (@) (FP,(c))
+c max {0, x2— x}] .

Note that all hypotheses of Theorem 35 are fulfilled. This
means that X = 0 is a nondominated solution of the penalized
fuzzy optimization problem (FP(c)) for any penalty param-
eter ¢ > 0. Further, also all hypotheses Theorem 41 are
fulfilled. Hence, if we assume that X is a nondominated solu-
tion of the fuzzy penalized optimization problem (FP1(c))
with the fuzzy [; exact penalty function for some penalty
parameter ¢ greater than 0, then it is also a nondominated
solution of (FO1).

5 Conclusions

In the paper, the nonsmooth optimization problem with the
fuzzy objective function and both inequality and equality
constraints has been considered. The optimality conditions
of a Karush-Kuhn-Tucker type have been established for
a (weakly) nondominated solution in such nondifferentiable

@ Springer

optimization problems under appropriate convexity hypothe-
ses. Further, the [ exact penalty function method has been
used for solving the considered nonsmooth convex optimiza-
tion problem with the fuzzy objective function and with both
inequality and equality constraints. Namely, the most fre-
quently used /1 exact penalty function method has been used
for finding (weakly) nondominated solutions of the con-
sidered nondifferentiable convex extremum problem with
a fuzzy objective function. Therefore, its associated penal-
ized fuzzy optimization problem has been constructed in this
approach. Then, one of the most important property of this
method, so-called exactness of the penalization, has been
defined if the method is used for finding such optimal solu-
tions. Further, this property has been analyzed under suitable
convexity hypotheses imposed on the functions constituting
the original nondifferentiable fuzzy optimization problem.
Hence, conditions guarantying the equivalence of (weakly)
nondominated optimal solutions of the original nonsmooth
minimization problem with a fuzzy objective function and
its penalized fuzzy optimization problem have been derived
under convexity hypotheses. Then, the results established in
the paper have been shown that the /1 exact penalty func-
tion method can be used for solving a class of nonsmooth
extremum problems, that is, convex nondifferentiable opti-
mization problems with fuzzy objective functions.

However, some interesting topics for further research
remain. It would be of interest to investigate whether is
possible to prove similar results for other classes of fuzzy
optimization problems. We shall investigate these questions
in the subsequent papers.
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