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Abstract
The k-nearest neighbor (kNN) rule is one of the best-known distance-based classifiers, and is usually associated with high
performance and versatility as it requires only the definition of a dissimilarity measure. Nevertheless, kNN is also coupled
with low-efficiency levels since, for each new query, the algorithm must carry out an exhaustive search of the training data,
and this drawback is much more relevant when considering complex structural representations, such as graphs, trees or
strings, owing to the cost of the dissimilarity metrics. This issue has generally been tackled through the use of data reduction
(DR) techniques, which reduce the size of the reference set, but the complexity of structural data has historically limited
their application in the aforementioned scenarios. A DR algorithm denominated as reduction through homogeneous clusters
(RHC) has recently been adapted to string representations but as obtaining the exact median value of a set of string data is
known to be computationally difficult, its authors resorted to computing the set-median value. Under the premise that a more
exact median value may be beneficial in this context, we, therefore, present a new adaptation of the RHC algorithm for string
data, in which an approximate median computation is carried out. The results obtained show significant improvements when
compared to those of the set-median version of the algorithm, in terms of both classification performance and reduction rates.

Keywords String Space · Data Reduction · k-Nearest Neighbor · Prototype Generation

1 Introduction

In the pattern recognition (PR) field, the objective of super-
vised classification algorithms is to label unknown proto-
types1 according to a finite set of categories by considering
the knowledge automatically gathered from a reference cor-
pus of labeled data. These algorithms have been extensively
used in a wide variety of tasks, such as image classifica-

1 We have followed the example of previous works in this field as
regards the terminology employed, and have used the term prototype
as a synonym of sample or instance; i.e., an input element from the
classification domain.
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tion (Ciregan et al. 2012), speech recognition (Abdel-Hamid
et al. 2012), written text or music recognition (Plamondon
and Srihari 2000; Calvo-Zaragoza et al. 2018), or audio anal-
ysis (McVicar et al. 2014), among many others.

One of the main elements in the learning process involved
in these algorithms is the type of data representation con-
sidered, and two main families are typically distinguished
in PR literature (Duda et al. 2012): statistical representa-
tions, for which data is encoded as a collection of numerical
features, and structural codifications, for which data is rep-
resented as symbolic structures such as graphs, trees, or
strings. Although the superior representation capabilities of
structural codifications generally achieve higher classifica-
tion rates than statistical codifications, their applicability is
considerably limited owing to the reduced range of algo-
rithms capable of dealing with them (Bunke and Riesen
2012).

Distance-based classifiers constitute one of the rare PR
families of algorithms that are capable of processing struc-
tural data, since they require only the definition of a dissimi-
larity measure in order to deal with the actual data (Mitchell
1997). There are, in this respect, some algorithms that are
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able to compute the dissimilarity among structural represen-
tations such as graphs (Gao et al. 2010), trees (Bille 2005)
or strings (Levenshtein 1966), thus enabling the applica-
tion of these classifiers. One of the best-known classifiers
of this nature is the k-nearest neighbor (kNN) rule (Cover
and Hart 1967), which is based on the computation of the
distance between the element to be classified and a set of
annotated elements, with the k closest elements being those
that determine the category to which it is assigned. Neverthe-
less, despite its high performance, as reported in literature,
kNN is also considered a low-efficiency algorithm, since all
the elements in the reference corpus must be queried each
time a new element needs to be classified (Yang et al. 2019).
This issue is of particular importance in the context of struc-
tural data owing to the large amount of time consumed in the
computation of dissimilarities.

One potential solution associatedwith the aforementioned
issue is the data reduction (DR) paradigm (García et al. 2015).
The objective of this family of methods is to reduce the size
of the reference corpus so as to improve the time efficiency
of the process without, as far as is possible, compromising
the performance of the classification.Note that, given its rele-
vance, toolkits such as theKEEL toolkit have been developed
in order to allow the direct application of this type of prepro-
cessing stages (Alcalá-Fdez et al. 2009).

DR techniques are generally grouped in two main strate-
gies (Nanni and Lumini 2011): (i) Prototype Selection (PS),
which includes methods that replace sets of same-class ele-
ments with a single representative prototype belonging to
the same set, and (ii) Prototype Generation (PG), which
simplifies groups of same-class elements by deriving a new
artificial prototype from the elements in the set. In general,
PG achieves higher performance rates with respect to PS,
but its application is severely restricted by the data rep-
resentation considered; while the necessary operations are
relatively straightforward for statistical representations, this
task is considerably more challenging as regards structural
representations, in which these operations may not even be
mathematically defined.

One possible solution by which to tackle this limitation is
shown in the work by Calvo-Zaragoza et al. (2017b). In this
case, the initial structural data is mapped onto a statistical
representation by means of the so-called dissimilarity space
(DS) (Duin and Pekalska 2012) in order to then apply PG
in the new representation space. While the results obtained
showed the competitiveness of PG together with DS, the
mapping process itself entails a loss of the representation
capabilities and, eventually, of the classification rate. Avoid-
ing this mapping and addressing DR methods directly in the
original data would, therefore, maintain the advantages of
the structural representation and consequently enhance the
classification scores.

In this line, a recent work by Valero-Mas and Castel-
lanos (2020) proposed the implementation of the well-
known PG method reduction through homogeneous clusters
(RHC) (Ougiaroglou and Evangelidis 2016) for kNN-based
classification, in which data is represented as strings. This
approach is based on recursively dividing the initial corpus
into homogeneous clusters in order to then replace each of
themwith a representative prototype generated as themedian
element of the cluster. However, as the computation of the
exact median element from a set of string data is known in
the literature as an NP-complete problem (Calvo-Zaragoza
et al. 2017a), the work resorted to the use of the set-median
value of each cluster, i.e., selecting that median string which
minimizes the sum of the distances to the remaining elements
in the set.

Despite the simplification of the complexity of data pro-
vided by DR techniques such as RHC, it should be noted
that they are usually aligned with lower-performance fig-
ures. However, it is of crucial importance to maintain the
performance at the same time as the reduction process is
carried out. In this work, we, therefore, further explore the
capabilities of PG when applied to string data. More pre-
cisely, and taking the work of Valero-Mas and Castellanos
(2020) as a starting point, we expand the capabilities of RHC
as regards string data by introducing the computation of the
approximate median value, rather than resorting to the set-
median strategy. An approximation to the exact median value
should, intuitively speaking, improve the performance of the
reduction process. Please note that as mentioned above, the
computation of the exact median value from a set of string
data continues to be an open question in the PR community
and, we, therefore, address an approximated version of it.

The remainder of thiswork is structured as follows: Sect. 2
presents the data reduction field for efficient kNN search,
while Sect. 3 contextualizes the issue of the median string
calculation. Section 4 presents the adaptation of the RHC
algorithm to the string space on the basis of the approximate
median, and Sect. 5 explains the evaluation methodology
proposed. Section 6 shows and analyzes the results obtained,
and finally, Sect. 7 provides the conclusions to this work and
shows future work to be addressed.

2 Background in data reduction

As a representative example of lazy learning, kNN is usu-
ally associated with low-efficiency performances, since each
new element to be classified implies exhaustively consult-
ing the entire reference corpus. Three main approaches with
which to deal with this issue can be found in the relevant
literature (Rico-Juan et al. 2019):
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– Fast similarity search this mainly considers the use of
indexes and pivot elements in order to speed up the search
process.

– Approximate search rather than performing exhaustive
searches in order to find the exact element, this strategy
accelerates the process through approximate searches.

– Data reduction (DR) this uses simplification techniques
to reduce the size of the reference corpus, obtaining a
reduced version of it, ideally without impacting on the
performance of the scheme.

This work focuses on the DR family of methods, which
tackles the aforementioned performance issue in kNN by
proposing policies with which to reduce the size of the ref-
erence corpus in order to compute fewer distances. This
reduction is typically carried out as a preprocessing stage,
and the additional computation it implies that does not, there-
fore, increase the actual temporal cost of the classification
task. As stated above, two particular strategies can be found
in DR literature (Nanni and Lumini 2011): PS, which finds
groups of similar same-class elements and replaces themwith
an existent element belonging to the same group, and PG,
which replaces sets of same-class samples with new artifi-
cial elements with approximate features to the elements to
be replaced. PG approaches generally achieve sharper reduc-
tion rates than the PS approaches, but their applicability is
considerably limited owing to the difficulty of dealing with
structural domains.

With regard to the PG challenge, four main categories
of the mechanism used for data generation purposes can be
found in the relevant literature (Triguero et al. 2012):

– Class relabeling considering the premise that there may
be errors as regards labeling, those elements whose class
does not match their respective nearest elements are rela-
beled.

– Centroid-based when there are similar elements in terms
of proximity, these mechanisms find same-class groups
and compute their centroids, which are the artificial
elements generated that will replace the entire groups.
The result is a reduced dataset whose elements are the
centroids of the similar-element groups in the original
dataset.

– Positioning adjustment those elements whose label does
not match with their nearest elements are considered
noise, and are, therefore, reallocated by modifying their
features in order to make them close to their same-class
elements.

– Space splitting or Space partitioning following the
premise that same-class elements are usually close
together in the feature space, these techniques subdivide
the space into different regions so as to enclose same-
class original elements in order to then replace them by

generating new artificial elements. Note that the elements
generated may not be derived from the original ones,
since they represent regions and not groups of elements.

Note that class-relabeling and positioning-adjustment
strategies are not purely reduction methods, but rather proto-
typegenerationmethods, signifying that,withinDRcontexts,
they are usually combined with other methods that effec-
tively reduce the reference set. Moreover, the use of certain
methods implies the alteration of certain elements. While
approaches that work with statistical data can be com-
puted in an almost straightforward manner, the operations
involved become an important issue in structural spaces,
thus affecting the applicability of several methods. How-
ever, this problem must be solved, given that structural
spaces are suitable representations in classification tasks, as
proven in several works (Calvo-Zaragoza et al. 2016; Riesen
and Schmidt 2019). Reduction processes in this domain
would make it possible to improve the efficiency of the
classification methods while barely sacrificing performance,
and are consequently of significant interest in this research
field.

With regard to space partitioning, one of the most recent
methods is the so-called reduction through homogeneous
clusters (RHC) proposed by Ougiaroglou and Evange-
lidis (Ougiaroglou and Evangelidis 2016) for statistical
representations. RHC tackles the reduction process in a two-
stage fashion: space partitioning, which splits the space into
homogeneous-class regions—typically by using the k-means
algorithm (Duda et al. 2012)—and prototype generation, in
which a new element is created through the use of a feature-
wise median operation.

This RHC method was recently adapted to string-based
representations of Valero-Mas and Castellanos (2020). In
this adaptation, the prototype generation stage of the RHC
algorithm required the computation of the median value of
a set of strings. Given that this computation is an NP-hard
problem (Calvo-Zaragoza et al. 2017a), the median com-
putation was tackled by considering a set-median strategy
instead.

In this paper, we present an extension to the aforemen-
tioned work, which replaces the set-median strategy with an
iterative method that can be used to approximate the median
value of the string data set. This signifies that new artificial
elements are now created rather than simply being selected
in the prototype generation stage of the RHC algorithm.
Our hypothesis is that the computation of the (approxi-
mate) median string should improve the performance of the
reduction process with respect to the use of the set median,
given that the former is more representative of a set of
strings.
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3 Median string computation

Let (X , d) represent a metric space, where X constitutes a
set of prototypes codified as strings and d : X × X → R

+
0

is a dissimilarity measure. For a subset of data S ⊆ X , the
median string p constitutes the element that minimizes the
sumof distances to all the prototypes inS (Nicolas andRivals
2005). This can be mathematically formulated as:

arg min
p∈X

∑

s∈S
d (p, s) (1)

Note that no restriction is imposed on element p but that
of belonging to setX . Nevertheless, in some cases, p is addi-
tionally constrained to being one of the elements of the subset
S, and is, therefore, known as the set-median string (Kohonen
1985).

In spite of its conceptual simplicity, the computation of the
median value in the string domain still constitutes an open
research question owing to the fact that it is an NP-complete
problem (Calvo-Zaragoza et al. 2017a). This signifies that
whileworks such as that of Kruskal (1983) propose strategies
for the exact median calculation of this median value in the
string domain, its applicability is severely conditioned by its
extremely low efficiency.

As a consequence of the high time requirements of the
string median computation, some works have addressed the
calculation of an approximate version of the median string
so as to consider its use in practical applications in which
time efficiency is a crucial aspect. One of the strategies most
frequently addressed in this context is that of building the
approximate median from an initial string to which succes-
sive modifications are applied. For example, the work of
Fischer and Zell (2000) or that of Hinarejos (2003) addressed
themedian computation in the string space through the use of
the aforementioned strategy, but in spite of the high quality
of the calculated median, the high temporal cost makes them
unsuitable for practical scenarios.

In order to reduce the computational efforts of the strate-
gies commented on previously, Abreu and Rico-Juan (2014)
proposed an algorithm with which to obtain the median ele-
ment of a set of string prototypes more efficiently than its
predecessors had done, while maintaining the performance
to a great extent. The objective of this algorithm is to obtain he
string that minimizes the dissimilarity between the computed
median and all the prototypes belonging to the original set of
data strings. It begins with an approximation of it by means
of the set-median string. Themethod then successivelymodi-
fies the approximate median sample using the most repeated
transformations that have been computed for all the initial
set. These transformations are typically modeled by means
of the edit distance (Levenshtein 1966), a metric that indi-
cates the different transformations that should be applied to

a string that is to be converted into another string. These
transformations can be only three possible operations: inser-
tion, deletion, and substitution. Using a similar principle as
a basis, the work by Mirabal et al. (2019) also considers the
different transformations reported by the edit distance and
proposes an innovative ranking strategy with which to estab-
lish the correct order in which they must be applied. Other
research efforts can be found in Kaysar and Khan (2020), in
which an approximate version of the median string is com-
puted using Markov chains for DNA motif classification, or
in Chakraborty et al. (2021), which performs this approxi-
mation by resorting to a probabilistic framework based on
the so-called Ulam metric.

In this work, we decided to use the algorithm of Abreu
and Rico-Juan (2014) owing to its reported efficiency. Note
that while this algorithm may not achieve the most adequate
approximation of the exact median string, it stands out as an
ideal strategy for real-world scenarios thanks to its remark-
able efficiency.

Finally, for the sake of clarity, Table 1 shows a represen-
tative summary of the aforementioned literature survey.

4 Method

Of all the different space partitioning techniques for DR, the
reduction through homogeneous clusters (RHC) algorithm
proposed by Ougiaroglou and Evangelidis (2016) stands out
as one of the most recent state-of-the-art PG methods with
which to optimize the efficiency of the kNN classifier. Please
recall that RHC consists of two stages: (i) that concerning
space splitting for the creation of class-homogeneous sets of
data, and (ii) that concerning prototype generation for the
derivation of a new element from the elements in each set.

In spite of its good performance, the original conception
of the RHC algorithm is restricted to statistical data represen-
tations; while calculations such as themean ormedian values
can be straightforwardly computed for statistical data, these
operations are not easily applicable to structural codifica-
tions. In this respect, thework of Valero-Mas andCastellanos
(2020) is the first attempt to adapt the RHC algorithm to the
case of string data by considering a set-median strategy. The
method presented in this paper extends the aforementioned
work to a new point at which new prototypes may be gener-
ated through the calculation of an approximation of the exact
median string by means of a state-of-the-art approximation
algorithm. This extension is introduced as follows.

Let T be the initial training set with annotated elements,
with T = {(xi , yi )}|T |

i=1, where xi stands for the i-th element
within a structural space X , and yi is the class to which it
belongs, and Y is the set of possible categories. Let ζ (·) also
be a function that retrieves the class of a given element from
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Table 1 Summary of approaches found in the literature related to the median string computation

References Principle described or proposed

Kohonen (1985) Set-median algorithm with which to select the element within the set of data that minimizes the distance to
the rest of elements

Fischer and Zell (2000) Algorithmwith which to obtain an approximate version of themedian string bymeans of an iterative process
in which multiple operations on the candidate element are performed simultaneously in each step

Hinarejos (2003) Perturbation-based algorithm with which to obtain an approximate median value of a set of strings by
performing successive modifications from a given initial one

Nicolas and Rivals (2005) This describes the median string computation as a minimization problem of the sum of distances.

Abreu and Rico-Juan (2014) Method that initially computes the set-median string and then performs successive transformations (based
on the edit distance) among the candidate and the elements within the set of data with the aim of minimizing
a global cumulative dissimilarity score

Mirabal et al. (2019) Proposal based on the use of the edit distance in order to estimate the transformation required and a new
ranking proposal that establishes their order

Kaysar and Khan (2020) Approximate median string computation based on Markov chains for DNA motif classification

Chakraborty et al. (2021) Median string approximation algorithm based on the use of the Ulam median probabilistic model

X , i.e., ζ (xi ) = yi ∈ Y . Moreover, let d : X × X → R
+
0

denote a dissimilarity function in space X , which, in the
case of string data, we assume to be the well-known edit dis-
tance (Levenshtein 1966). With all of the above, Algorithm 1
shows the algorithm employed to reduce T through the use
of the RHC approach.

Note that Algorithm 1 lacks the definition of two oper-
ators, and more precisely, the initial-median(·) and cluster-
median(·) operators in lines 5 and 12, respectively. These
operators, which are responsible for the retrieval of the
median value of a set of strings, constitute themain difference
with respect to the proposal of Valero-Mas and Castel-
lanos (2020); while in the referenced work both operators
were constrained to a set-median calculus, in this proposal
these operators may retrieve either the approximate or the
set-median values. Note also that these operators are now
independent from each other, which provides the possibil-
ity of selecting different median estimations for each of
the processes. This yields four possible variations of the
RHC algorithm—considering either the set median or the
approximate median of each of the initial-median(·) and
cluster-median(·) processes. This will be commented on and
examined later in Sect. 5.

In order to approximate themedian value of a set of strings,
we consider the strategy proposed by Abreu and Rico-Juan
(2014) . In conceptual terms, this algorithm starts from the
calculation of the set-median value of the set of strings in
question in order to then apply a series of transformations
with which to obtain the approximated median strings. With
regard to the previous notation, it is possible to define set-
median(·) as the function that retrieves the set-median value
of a set of strings using Eq. (2).

set-median (P) = arg min
p∈P

∑

p′∈P
d

(
p, p′) (2)

Some additional definitions are required in order to even-
tually introduce the strategy of Abreu and Rico-Juan (2014)
so as to calculate the approximate median. Let P be a
set of same-class prototypes. Moreover, let dissimilarity-
transformations

(
p, p′) be used to denote the function that

retrieves the list of transformations, considering the afore-
mentioned edit distance required to convert the string p ∈ P
into another string p′ ∈ P . Let histogram(·) be the func-
tion employed to obtain the histogram from a given list of
elements and transform(p, h) be the function that applies a
given transformation h to string prototype p. With all of the
above, the approximate median algorithm can be described
as shown in Algorithm 2.

Note that the algorithm uses a preliminary approxima-
tion by employing the set-median strategy. As it progresses,
this initial median is adjusted in order to minimize the dis-
similarity between the median string and all the prototypes
involved in this operation—those belonging to a particular
cluster. These adjustments are performed according to the
most representative transformations that should be applied
in all the prototypes involved so as to convert them into the
current median. In those cases in which it is not necessary to
perform any transformations, the algorithm returns directly
the current valuewithoutmaking anymore adjustments. This
usually occurs when a cluster contains either one element or
repeated ones. However, if there are any transformations to
be carried out, the algorithm first obtains a global histogram
for the transformations of all prototypes and then retrieves
only the most frequently repeated transformation from them.
If the application of this selected transformation to the cur-
rent median achieves improvements in terms of reducing the
sum of distances to the other prototypes in the group, the
median string is then replaced with the new candidate and
the algorithm is repeated. In this case, the algorithm will fin-
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Algorithm 1 Reduction through use of Homogeneous Clusters, extracted and adapted from Valero-Mas and Castellanos
(2020).
1: function RHC(T ) � Initial set T = t1 . . . t|T |
2: R, C ← ∅
3: for each y ∈ Y do � Clustering
4: V ← {ti ∈ T : ζ(ti ) = y}
5: C ← C ∪ initial-median (V)

6: end for
7: for each c ∈ C do
8: S ← {

ti ∈ T : c = argminc′∈C d
(
ti , c′)}

9: if | {ζ (ti ) : ti ∈ S} |> 1 then
10: R ← R ∪ RHC (S) � Non-homogeneous
11: else
12: R ← R ∪ cluster-median (S) � Homogeneous
13: end if
14: end for
15: return R � Reduced version of T
16: end function

Algorithm 2 Approximate-median of Abreu and Rico-Juan (2014).
1: function transformations(s,Z)
2: E ← ∅ � Transformations
3: for each z ∈ Z do
4: E ← E ‖ dissimilarity-transformations (z, s)
5: end for
6: return E
7: end function
8:
9: function approx-median(P) � P = p1 . . . p|P|
10: m ← set-median (P) � Initial set-median computation
11: loop forever
12: D ← transformations (m,P) � Edit Distance transformations
13: if | D | = 0 then
14: return m
15: end if
16: H ← histogram (D)

17: h ← argmax (H) � Most repeated transformation
18: m′ ← transform (m, h) � Median candidate
19: dm ← ∑

∀p∈P d (m, p)

20: dm′ ← ∑
∀p∈P d

(
m′, p

)

21: if dm′ < dm then
22: m ← m′ � Median has been improved
23: else
24: return m � Median has not been improved
25: end if
26: end loop forever
27: end function

ish when no improvements to the overall distance value are
possible.

5 Experimental setup

In this section, we present the experimental setup consid-
ered for the assessment of our proposal, which is shown
graphically in Fig. 1. We should remind the reader that the
experiments must evaluate the efficiency of the kNN clas-
sifier after the RHC has been applied directly to the string

domain. Note that in these experiments, we have fixed a value
of k = 1 for the classifier.

As stated in Sect. 4, the RHC requires the configura-
tion of two stand-alone processes in order to estimate the
median value from a set of strings. Given that we are consid-
ering two different methods with which to estimate this value
(the approximate and the set-median approaches), we shall
analyze the four resulting combinations, henceforth denomi-
nated as Set, Set- Approx,Approx- Set and Approx. The
relation between these four situationswith the type ofmedian
calculation is shown in Table 2. Finally, note that Set stands
for the baseline with a pure set-median strategy inherited
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Fig. 1 Graphical description of the experimental scheme proposed. The
initial training data is reduced using the RHC algorithm for DR, after
which a given query is classified using the kNN rule with k = 1

from Valero-Mas and Castellanos (2020), while the rest cor-
respond to our different proposals.

5.1 Corpora

For the experimentation, we have considered three differ-
ent datasets with isolated handwritten digits and characters,
details of which are provided in Table 3:

– Nist: Special database of National Institute of Standards
and Technology with images of 28 × 28 pixels of hand-
written characters (Wilkinson 1992).

– Mnist: Modified National Institute of Standards and
Technology with a collection of handwritten digits pro-
vided by LeCun et al. (1998) as images of 28×28 pixels.

– Usps: The United States Postal Service dataset with a
collection of handwritten digits images of 16× 16 pixels
(Hull 1994).

Table 2 Set of combinations resulting from the two aforementioned
potential operations in Algorithm 1: initial-median(·) and cluster-
median(·)
Denotation Operation

initial-median(·) cluster-median(·)
State of the art

Set set-median(·) set-median(·)
Our method

Set- Approx set-median(·) approx-median(·)
Approx- Set approx-median(·) set-median(·)
Approx approx-median(·) approx-median(·)

Table 3 Description of the datasets considered in this work. The table
shows the total number of instances, the number of categories or classes
and the size of the images with isolated handwritten elements

Dataset Instances Classes Image size (px)

Nist 5,200 26 28 × 28

Mnist 10,000 10 28 × 28

Usps 8,684 10 16 × 16

Since the corpora considered contain data as images
depicting isolated symbols, for the purpose of our research,
we have considered the algorithmproposed byRico-Juan and
Micó (2003), inwhich the contour of the symbols is extracted
and later encoded as Freeman Chain Code (Freeman 1961).
Note that we acknowledge that this classification scheme is
not the optimum, as more recent developments such as those
based on convolutional neural networks achieve better results
in terms of classification performance. Nevertheless, the data
in this work constitutes a showcase with which to prove our
hypothesis of applying PG to a string-based collection of
data, and we do not claim that the classification performance
constitutes any state-of-the-art result.

5.2 Metrics

Since this work tackles the efficiency issue typically associ-
ated with the kNN rule, the evaluation requires the use of two
different aspects: on the one hand, it is necessary to assess
the efficiency figures achieved after the reduction process
and, on the other, it is necessary to verify the classification
performance achieved by the scheme.

As occurred with the performance, in order to avoid any
bias toward any particular class in the case of a certain data
imbalance,we have considered the use of theF-measure (F1).
In a two-class classification problem, F1 is described as

F1 = 2 · TP
2 · TP + FP + FN

, (3)

where TP represents True Positives or the correctly classified
elements, FP stands for False Positives or type I errors and
FN indicates False Negatives or type II errors.

As given in Table 3, the corpora considered contain
non-binary class distributions. We, therefore, considered the
macro-averaged F1 score, a multi-class metric computed as
the average of the F1 score of each class, and formulated as

FM
1 = 1

|Y| ·
|Y |∑

i=1

F(i)
1 , (4)

where Y is the set of possible categories and F(i)
1 is the F1

score for the class yi ∈ Y .
In order to carry out a further analysis of the results, we

also examined the Precision (P) and Recall (R) figures of
merit, whose harmonic mean is the F1 and which are defined
as

P = TP

TP + FP
R = TP

TP + FN
(5)

Analogously to the F1 case, since the corpora used for the
experiments depict a non-binary class distribution, we con-
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sidered the use of macro-averaged Precision (PM ) and Recall
(RM )metrics,which are computed as the as the average class-
wise Precision and Recall figures, respectively.

In order to evaluate the reduction capabilities of the pro-
posals, we have studied the resulting set sizes of the training
data in each case. Note that computation time was discarded
owing to its variability depending on the load of the comput-
ing system.

Given that the objective of DR methods is to simulta-
neously optimize two contradictory goals—set size reduc-
tion and classification performance—some approaches will
retrieve sharper reduction figures at the expense of a decrease
in the classification rate, while others will simple have the
opposite behavior. It is not, therefore, possible to retrieve a
global optimum.

DR can consequently be addressed as a multi-objective
optimization problem (MOP), in which the two objectives
to be optimized are the aforementioned reduction capabili-
ties and classification performance. The possible solutions
in this framework are usually retrieved by employing the
concept of non-dominance: one solution is said to dominate
another if it is better or equal in each goal function, and at
least strictly better in one of them. The resulting elements,
which are typically known as non-dominated elements, con-
stitute the so-called Pareto frontier in which all elements are
optimal solutions of the problem and there is no hierarchy
among them. In Sect. 6, we shall, therefore study the afore-
mentioned frontier so as to determine themost representative
case studies in terms of efficiency and performance within
the cases considered in this work.

Finally, we decided to use an additional metric that relates
the performance and degree of reduction: the so-called esti-
mated profit per prototype (Valero-Mas et al. 2016). This
measure is defined as the ratio between the classification rate
and the number of distances computed or, in this context, the
number of elements in the training set. Keeping this in mind,
in this case, we are not relying on the classification accuracy
as the efficiency figure, but have instead adapted the original
definition of this metric in order to use the F1 score rather
than the classification accuracy.

6 Results

This section presents the results of the experimentation and
analyzes the figures obtained with the proposed extensions
of the RHC algorithm to the baseline model considered.

Table 4 shows the results obtained for each corpus in terms
of F1 and training-set size for all the configurations consid-
ered, along with the case in which no reduction method is
applied. The figures obtained after averaging out the indi-
vidual corpus results are also provided, and are additionally
shown graphically in Fig. 2.

An initial remark that can be made is that, as expected,
the classification performance achieves its maximum when
no data reduction is applied. However, since the corpora are
composed of string elements, the distance-based algorithms
have an extremely poor efficiency owing to the fact that they
are a type of structural representation. This highlights the
importance of designing a data reduction strategywith which
to reduce the complexity of that computation.

Of all the reduction strategies considered, the Set strat-
egy corresponds to the baseline whose figures are, in terms
of performance and size, the principal ones to be compared
to our approach. In this respect, please note that, while the
approximate median versions—Approx, Set- Approx, and
Approx- Set—have slight losses in performance, they are
compensated by the degree of reduction achieved by theRHC
algorithm. With regard to the size of the reduced dataset, it
should be noted that Approx and Approx- Set monopolize
the best results, attaining an average of 18.6% of size with
respect to the non-reduced case, while the Set baseline case
reduces it to only 19.4%. Note that Set- Approx also sur-
passes the Set case as regards reduction, but the margin is
simply too small to be relevant with 19.3%.

In addition to themetrics analyzed above,we also show the
results in terms of PM andRM in Table 5. As can be observed,
both the Precision and the Recall metrics are highly corre-
lated with the FM

1 figures. As expected, the case without any
reduction process, labeled as All, attained the highest per-
formance values for all the corpora considered, given that the
entire reference partitions are used for each data collection.
However, as noted previously, the reader should recall that
this situation is the least efficient owing to the high complex-
ity of the dissimilarity computation among string data.

Focusing on the reduction processes, the state-of-the-art
process—Set—underwent a drop in the results, as occurred
with those obtainedwith theFM

1 metric.However, ourmethod
Set- Approx clearly surpasses these results for all corpora
and figures of merit, thus representing an improvement when
compared to the Set method. The following is of particular
note: for the different corpora, it achieves an average of PM

= 88.4% and RM = 87.8%, which is approximately 1%
higher than the reference Set strategy. The other proposed
methods—Approx- Set and Approx—also obtain compet-
itive figures, but very similar to those obtained by the Set
process in terms of PM and RM . However, note that, although
these strategies do not attain the best performance results, the
degree of reduction is higher than that of the Set approach,
thus reducing the complexity of the search and classification
process. All of the above makes it possible to conclude that
there is a very similar pattern to that shown in Table 4.

In terms of non-dominance, it is important to mention
that the Pareto frontier is defined by the Set- Approx and
Approx approaches, which are two of the proposals of this
work, together with the All case. In this respect, the Set
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Table 4 Results in terms of F1
and training-set size with
standard deviation σ with
respect to the original corpus
size. Each row indicates the
results for all the situations
considered, as defined in Table 2

Case study Metric (%) Corpora

Nist Mnist Usps Avg.

State of the art

All FM
1 89.2± 1.4 94.1± 0.6 90.2± 0.4 91.2± 0.8

Size 100 100 100 100

Set FM
1 84.2 ± 2.0 90.7 ± 0.6 85.1 ± 1.0 86.7 ± 1.2

Size 22.6 ± 0.3 15.0 ± 0.1 20.6 ± 0.4 19.4 ± 0.3

Our method

Set- Approx FM
1 85.5± 1.3 91.8± 0.7 86.3± 1.1 87.9± 0.9

Size 22.6± 0.3 14.5± 1.0 20.6± 0.4 19.3± 0.6

Approx- Set FM
1 83.7 ± 1.4 90.1 ± 0.4 84.0± 0.7 85.9 ± 0.8

Size 22.2 ± 0.3 14.1 ± 0.1 19.5± 0.3 18.6 ± 0.2

Approx FM
1 84.0± 1.6 90.6± 0.5 84.6± 0.9 86.4± 1.0

Size 22.1± 0.4 14.1± 0.4 19.6± 0.5 18.6± 0.4

The values in bold type show the non-dominated elements for each corpus

Fig. 2 Average results in terms
of resulting set size and FM

1
represented as a graph. The blue
dashed line represents the Pareto
frontier, while the circle points
represent the non-dominated
elements of the curve

approach, which constitutes the baseline of this work, is
improved by these proposals. This can be clearly observed
in Fig. 2, in which the Set case is located behind the Pareto
frontier.

The loss of performance in the approximate median ver-
sions appears to be related to the high degree of reduction
achieved in the corpora. Nevertheless, the advantages in
terms of reduction could be representative in terms of effi-
ciency. In order to complement the results above it is,
therefore, necessary to compare the performance-size ratio,
i.e., the contributionmade by each element in the final dataset
to the performance computation or estimated profit per pro-
totype, which is depicted in Table 6.

The analysis of the results obtained in terms of the
estimated profit per prototype shows that precisely the
approximate-based methods increase this ratio, thus con-

firming the positive overall performance of the proposals in
this work when compared to both the set-median and non-
reduction cases.

In short, Approx and Set- Approx have proven to be
particularly relevant as non-dominated approaches, achiev-
ing great reduction levels without notably compromising
the performance with respect to the baseline considered,
i.e., the set-median RHC method. Although Set- Approx
does not attain such a high reduction coefficient as the other
approximate methods, note that it still improves the degree
of reduction in Set, in addition to achieving a better perfor-
mance with all corpora. Although Table 6 shows that this
method obtains slightly lower efficiency figures within the
approximate-based versions, we can observe that it sacrifices
the reduction factor for an improvement in performance, sur-
passing the baseline results in all cases. Approx- Set also
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Table 5 Results in terms of PM

and RM with standard deviation
σ with respect to the original
corpus size

Case study Metric (%) Corpora

Nist Mnist Usps Avg.

State of the art

All PM 90.0 ± 1.1 94.2 ± 0.6 90.7 ± 0.5 91.6 ± 0.7

RM 89.2 ± 1.4 94.1 ± 0.6 90.0 ± 0.3 91.1 ± 0.8

Set PM 85.2 ± 1.2 90.7 ± 0.6 85.6 ± 1.1 87.2 ± 0.7

RM 84.2 ± 2.0 90.7 ± 0.6 84.9 ± 0.9 86.6 ± 1.1

Our method

Set- Approx PM 86.4 ± 1.1 91.9 ± 0.7 86.8 ± 1.2 88.4 ± 1.0

RM 85.4 ± 1.3 91.9 ± 0.7 86.1 ± 1.1 87.8 ± 1.0

Approx- Set PM 84.8 ± 1.0 90.2 ± 0.4 84.6 ± 0.6 86.5 ± 0.7

RM 83.6 ± 1.2 90.2 ± 0.4 84.0 ± 0.8 85.9 ± 0.8

Approx PM 84.8 ± 1.5 90.7 ± 0.5 85.0 ± 1.0 86.9 ± 1.0

RM 83.9 ± 1.6 90.6 ± 0.5 84.3 ± 0.7 86.3 ± 0.9

Each row indicates the results for all the situations considered, as defined in Table 2

Table 6 Average results in terms of the estimated profit per prototype metric and standard deviation σ

Case study Nist Mnist Usps Avg.

State of the art

All 0.021 ± 0.000 0.012 ± 0.000 0.013 ± 0.000 0.015 ± 0.000

Set 0.089 ± 0.002 0.076 ± 0.001 0.059 ± 0.001 0.075 ± 0.001

Our method

Set- Approx 0.091± 0.001 0.079 ± 0.006 0.060 ± 0.001 0.077 ± 0.003

Approx- Set 0.091± 0.002 0.080± 0.001 0.062± 0.001 0.077 ± 0.001

Approx 0.091± 0.002 0.080± 0.003 0.062± 0.002 0.078± 0.002

The figures have been augmented by two orders of magnitude in order to facilitate the analysis of the results
The values in bold type show the best results for each corpus and the average results

Fig. 3 Examples of elements
generated for each class of the
corpora considered
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makes it possible to obtain great efficiency and performance,
but its results are masked by the other approaches consid-
ered when focusing on reduction capabilities. Nevertheless,
it improves the baseline method in terms of efficiency and
the reduction factor.

All of the above allowsus to conclude that the approximate-
basedmethods—Set- Approx,Approx- Set andApprox—
make it possible to surpass the efficiency of the set-median
RHC adaptation, with Set- Approx being the best as regards
performance andApproxbeing the best as regards efficiency.

Tocomplement the results, Fig. 3 provides a graphic exam-
ple of the strings generated with the approximated-median
approach considered for each class of the corpora used in the
experimentation. It can be appreciated that the elements gen-
erated are visually similar to the class to which they belong.
Furthermore, an example of the retrieval of an approximated
element from a class-homogeneous set of data using the
algorithm considered is shown in Fig. 4. Note that the ele-
ment generated has been slightly modified with respect to
the set-median element, thus minimizing the dissimilarity
value between the new artificial element and all the elements
involved. Note also that if this algorithm is used in RHC, the
four elements in the example would be replaced with the new
element generated in order to reduce the size of the corpus
considered.

To conclude this analysis, a statistical significance test has
been performed on these results. More precisely, we have
considered the Wilcoxon rank-sum test (Demšar 2006) in
order to exhaustively compare all the situations considered
in a pair-wise fashion, i.e., the results obtained with all the
reduction cases, along with the case in which no reduction is
performed. We also considered the estimated profit per pro-
totype to be a figure of merit for this analysis, as it correctly
summarizes both the classification rate and the set size reduc-
tion in a single value. Since the idea is to obtain a general
remark, this analysis is not of any of the particular corpora
considered. The individual results obtained for each fold, cor-

Fig. 4 Example of approximate generation from a cluster of elements
belonging to the ‘F’ class in the Nist corpus. In the example, the algo-
rithm begins with the set-median element—shown in red—and the
string sequence is slightly modified in order to minimize the dissim-
ilarity with all the elements involved

pus, and reduction scenario, therefore, constitute each of the
samples of the distributions to be compared. Table 7 presents
the results obtained when considering a significance level of
p-value < 0.01.

The results of this statistical analysis show that all the solu-
tions proposed in this work—Set- Approx, Approx- Set
and Approx—achieve significantly better results than both
baselines considered—the Set strategy. However, note that
for the p-value considered, these proposed methods are not
significantly different from each other. Finally, as expected,
all reduction scenarios significantly improve the All case,
as no type of size optimization is carried out in this scenario.

As a final note, the different experiments carried out sup-
port the initial premise that an approximate median string
value is better suited to the RHC reduction strategy than
the reference set-median proposed in the literature. In this
regard, and as commented on throughout the manuscript,
while the retrieval of the exact median in the string space
might further improve the results in terms of the reduction in
and representativeness of the data, this process constitutes an

Table 7 Results according to
the Wilcoxon rank-sum test
when comparing the different
scenarios considered under the
average estimated profit per
prototype figure of merit

Case study State-of-the-art Our method

All Set Set- Approx Approx- Set Approx

State of the art

All – ✗ ✗ ✗ ✗

Set ✓ – ✗ ✗ ✗

Our method

Set- Approx ✓ ✓ – = =

Approx- Set ✓ ✓ = – =

Approx ✓ ✓ = = –

Symbol ✓ shows that the rowmethod is a significant improvement over the column case. Symbol ✗ highlights
that the result achieved by the approach in the row is significantly lower than that in the column. Finally, = is
used to highlight that results obtained by the row and the columnmethods are relatively similar. A significance
level of p < 0.01 has been considered for the analysis
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NP-complete problem (Calvo-Zaragoza et al. 2017a), and it
is not, therefore possible to consider it in a practical scenario.

7 Conclusion

While the kNN rule constitutes one of the best-known
distance-based classifiers, it is generally associated with low
efficiency figures when tackling scenarios in which there
are large amounts of data and computationally expensive
dissimilarity metrics. This work addresses this issue when
considering structural data representations and, more pre-
cisely, string codifications. Taking the work by Valero-Mas
and Castellanos (2020) as a reference, since it proposes an
adaptation to the string domain of the data reduction (DR)
algorithm reduction through homogeneous clusters (RHC)
originally devised for feature-based representations, we fur-
ther explore several strategies in an attempt to further improve
the results reported. More precisely, our hypothesis is that
replacing clusters of same-class elements with the exact
median would be more appropriate that using the set-median
strategy proposed in the reference work.

Nevertheless, since the calculation of the exact median
of a collection of string data is deemed an NP-hard prob-
lem (Calvo-Zaragoza et al. 2017a), it would appear necessary
to consider alternativemechanisms that represent an interme-
diate solution between the existing set-median computation
and the unfeasible exact computation. With that premise in
mind, in this paper, we present a new adaptation of the RHC
algorithm for DR when considering string data, which relies
on the computation of an approximated version of themedian
string of the distribution as a possible solution to the con-
straints mentioned.

This proposal has been assessed by carrying out a set of
experiments comprising several string data corpora, figures
of merit, and RHC configurations. The results obtained cor-
roborate the hypothesis that the use of an approximatemedian
strategymakes it possible to obtain amore representative and
reduced set of data, which leads to an improvement in terms
of both size reduction and classification performance when
compared to the baseline case. On average, we observed
that our proposal achieves a maximum F-measure of 87.9%,
whereas that attained by the state-of-the-artmethod is 86.7%.
Although this figure could be considered as a slight improve-
ment as regards performance, it must be pointed out that there
is a narrow margin of improvement given that the exhaustive
kNN approach achieves a base classification rate of 91.2%.
An important reduction in the original corpora will also be
noted, given that, in the best-case scenario, 18.6%of the orig-
inal set size is used, whereas the reference set-median RHC
method obtains a figure of 19.4%.Again, while this improve-
ment may be considered as reduced, it must be noted that the

high complexity of the Euclidean distance used by the kNN
classifier for string data justifies the use of our proposal.

All of the above reasons allowus to conclude that the use of
the approximate median operator rather than the set-median
algorithm is beneficial for problems involving the kNN clas-
sifier in string data scenarios. As mentioned previously, our
proposal not only provides an improvement regarding the
scheme efficiency (a greater reduction capacity), but also pro-
vides superior effectiveness figures (a higher performance)
when compared to those of the state of the art.

Future work will consider the adaptation of other DR
feature-based algorithms to the string space. Moreover, a
study of other alternative methods with which to retrieve an
approximatemedian value from a set of string data could pro-
vide relevant insights into the relevance of this stage. Finally,
we consider that this work could also be extended in order to
consider other structural codifications such as trees or graphs.
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