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Abstract
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1 Introduction

We study controllability properties for periodic linear control systems and give an
application to quasi-affine control systems. Periodic linear control systems have the
form

X(@)=A@)x(@t)+ B@u), u@)eU, (1)

where A € L®(R, R¥*?) and B € L®(R, R¥*™) are T-periodic for some T > 0.
We suppose that the controls u = (u1, ..., u,) have values in a bounded convex
neighborhood U of the origin in R™. The set of admissible controls is

U=1{uecL®R,R") |u(t) € U for almost all ¢ }.

We denote the solutions (in the Carathéodory sense) of (1) with initial condition
x(ty) = xo by ¢(¢; 1y, x0, u), t € R. The homogeneous part of (1) is the (uncontrolled)
homogeneous periodic differential equation

(@) = AD)x(@). (2)

Nonautonomous control systems can be autonomized by including time in the state of
the system. This is useful, if recurrence properties can be exploited; cf. Johnson and
Nerurkar [16]. In the T -periodic case, it suffices to add the phases 7 € [0, T') to the
states in R? (cf. Gayer [15] for general periodic nonlinear systems) and we follow this
approach. We give a spectral characterization of the reachable sets generalizing Sontag
[24, Corollary 3.6.7] for autonomous linear control systems; cf. also [24, p. 139] for
some historical remarks. The proof also uses arguments from Colonius, Cossich, and
Santana [9, Theorem 15] for autonomous discrete-time systems. This yields a charac-
terization of the unique control set (i.e., a maximal set of approximate controllability)
with nonvoid interior. The Poincaré sphere from the global theory of nonlinear differ-
ential equations (introduced by Poincaré [23] for polynomial differential equations)
provides a compactification of the state space; cf. the monograph Perko [22, Section
3.10] and, e.g., Valls [26] for a recent contribution. This leads us to a description of
the behavior “near infinity” of the original control system. Since the induced system
on the Poincaré sphere is obtained by projection of a homogeneous system it suffices
to consider its restriction to the upper hemisphere. Alternatively one might consider
the induced system on projective space. In [11], we have used the latter approach for
autonomous affine control systems. We remark that Da Silva [12] has generalized [24,
Corollary 3.6.7] in another direction, for linear control systems on solvable Lie groups.
General background on control of periodic linear systems is contained in Bittanti and
Colaneri [2].

The present paper may also be considered as a contribution to a Floquet theory of
periodic control systems. They involve two T -periodic matrix functions A(-) and B(-)
and a periodic coordinate change can transform only one of them to a constant matrix,
hence periodic linear systems cannot be conjugated to autonomous linear systems.
But the formulation of Floquet theory in the framework of linear skew product flows
can be generalized (cf., e.g., Colonius and Kliemann [8, Chapter 7], and Kloeden and
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Rasmussen [19] for the general theory of skew product flows). The spectral subspaces
(the stable, center, and unstable subspaces) of (2) depending on the phase t € [0, T)
characterize controllability properties.

In the last part of this paper, we introduce quasi-affine control systems which have
the form

x(t) = A(()x (1) + B@)u(r), (€)

with A(v) := Ag + Zle v;A; forv € V. C R?, where Ag, Ay,...,Ap € R%d and
B : V — R4 j5 continuous. The controls (i, v) have values in a compact convex
neighborhood U x V C R™ x R? of (0, 0), and the set of admissible controls is

UxY ={u,v) € L°R,R™) x L°(R,R”) |u(t) € U and v(t) € V fora.a. t}.

Quasi-affine systems look similar to linear control systems, but the coefficient matrices
in front of x and ¥ may depend on the additional controls v. If a periodic v € V is
fixed, one obtains a periodic linear control system with controls «. We use this relation
to prove results for control sets of quasi-affine systems. A special case is affine control
systems with separated additive and multiplicative control terms,

p
£(1) = Agx (1) + Y vi(t) Aix(1) + Bu(t). (4)
i=1

Controllability properties of affine systems are a classical topic in control theory. We
only refer to the monographs Mohler [21], Elliott [14], and Jurdjevic [17]. Our recent
paper [11] proves results on control sets of general affine systems; cf. also [10] for
control sets about equilibria.

The contents of this paper are the following. After preliminaries in Sect.2 on 7'-
periodic linear control systems, Sect.3 introduces the autonomized control system
with state space S! x R?, where the unit circle S' is parametrized by © € [0, T).
In Sect.4, Theorem 11 characterizes the reachable and controllable subsets using the
spectral subbundles of the periodic differential equation (2). Theorem 13 shows that a
unique control set D¢ C S' x R? with nonvoid interior exists. It is unbounded if the
center subbundle is nontrivial. Section 5 projects the control system to the open upper
hemisphere S+ of the Poincaré sphere. Together with the equator S%-°, this constitutes
a compactification where the behavior “near infinity” is mapped onto the behavior near
the equator. The control set D¢ on S' x R? projects onto the control set D% on St x§4-+
and the intersection of intD% with S! x 8§49 is determined by the image of the center
subbundle of (2). These results are also new for autonomous linear control systems.
Section 6 presents some low-dimensional examples, and, finally, Sect.7 introduces
quasi-affine systems. Theorem 17 characterizes their unique control set with nonvoid
interior using the control sets of the periodic linear control systems for fixed periodic
ve.

Notation: For a matrix A € RY*?, the set of eigenvalues is denoted by spec(A) and
for € spec(A) the generalized eigenspace is ker(ul — A)¥, where k is the dimen-
sion of the largest Jordan block for u. By GE(A, i), we denote the real generalized

@ Springer



216 Mathematics of Control, Signals, and Systems (2024) 36:213-246

eigenspace of u, which is the real part of the generalized eigenspace. The interior of
a set M in a metric space is intM and N = {0, 1,2, ...}.

2 Preliminaries

In this section, we introduce some notation and discuss consequences of the T'-
periodicity property. In particular, we recall a result on controllability for periodic
systems without control restrictions.

The principal fundamental solution X (¢, s) € R?*? 5.t € R, of the homogeneous
equation (2) is the matrix solution of

%X(t, §) = A@)X(t,s) with X(s,s) = I,.

Here, X (t,r)X(r,s) = X(¢,s),t,r,s € R,and by T-periodicity X (t +kT, s+kT) =
X (¢, s)forallk € Z. The variation-of-parameters formula for the solutions of (1) yields

t

o(t; to, x,u) = X(t, fo)x + / X(t,s)B(s)u(s)ds. 5

fo

Denote for x € R the reachable set for t > to and the controllable set for r < ¢ of
(1) by
R, (10, x) = {o(t; 1o, x, u) lu €U},

d (6)
Ci(to,x)={yeR|Fueld: oy t,y,u)=x},

resp., and let the reachable set and the controllable set be

R(1. x) == | J , Re(t0, x) and C(t9, x) = , Cilto, ).

= =

Lemmal Letx € RY, ¢t > 1y, and k € N.
(i) The reachable sets are convex and satisfy R;(to, x) = Ryyrr (to + kT, x).
(ii) The reachable sets Ry, (to, 0) are increasing with k € N.

Proof Convexity of R, (#p, x) holds since the control range U is convex. The equality
in (i) follows from

t+kT
ot +kT;t0+kT,x,u) =Xt +kT,to+kT)x + / X(t+ kT, s)B(s)u(s)ds
to+kT
t
= X(t, to)x + / X(t+kT,s +kT)B(s +kT)u(s + kT)ds
fo
t

= X(, th)x —I—/ X(t,s)B(s)u(s + kT)ds

fo

= @(t; 1o, x, u(- + k7)),
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where u(- + kT)(s) :=u(s + kT),s € R.
For assertion (ii), let k > £ and consider x € Ry744,(f9, 0) with

LT 419
x =@UT +ty; 10,0, u) = / XWUT + ty, s)B(s)u(s)ds.

1o
Define

M= 0 fort € [ty, (k — O)T + tg)
VO =N = k= OT) fort € [(k — OT + 10, kT + 0] °

Then, one obtains

kT 4+t
o(kT + ty; 19, 0,v) = / X (kT + tg, s)B(s)v(s)ds
0]
(k—0)T +to kT 19
= / X(kT + tg, s)B(s)v(s)ds + / X(kT + tg, s)B(s)v(s)ds
10 (k—0)T+19

LT +1
=0+ / ' X (T +tg, s + (k —)T)B(s + (k — )T)v(s + (k — £)T)ds
Il

0

LT 1o
=/ XUT + 1o, s)B(s)u(s)ds = x,
1

0
hence Ry7 44, (0, 0) C Rir 44 (20, 0). o

In order to clarify the relationship between the reachable and the controllable sets
of the considered nonautonomous control systems, it is convenient to introduce the
following time-reversed systems (cf. Sontag [24, Definition 2.6.7 and Lemma 2.6.8]).
The reversal of (1) at © € R is

y() = —A(u—0)y@) — B(p —u(t), uel, )
with trajectories denoted by @, (10, x0,u), t € R.

Lemma2 Fort) < to, the controllable set Cy, (19, x) of (1) coincides with the reachable
set Ry (11, x) of the time-reversed system (7) at u = 1y + 1.

Proof Let y € C;,(to, x) with ¢(f9; t1, y, u) = x. Define the control u™ (¢) := u(to +

t; —t),t € R. The function y(¢) := @(to + t; — t; 11, y, u), t € [t1, to], satisfies the
differential equation

y(t) = —A(to+ 11 —t)y(t) — B(to + 11 — Hu(to + 11 — 1),

and y(t9) = y and y(#;) = x. Thus, y(¢) = Protr, (T3 11, x,u7), 1 € [11, 10], and the
assertion follows. O
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Since C_g144 (0, X) = R,E(—kT + 19, x) = Rk_Tth0 (tp, x) Lemma 1 implies that
also the controllable sets are convex and for k > £ in N the inclusion C_¢7 44, (f9, 0) C
C_kT+4(t0, 0) holds.

Proposition3 For t € [0, T] consider x € Ryr4+(7,0) and y € Ryr4. (7, 0) where
k, £ € N. Then, it follows that

X+ X*T +7,7)y =x+X(T + 1,0y € Ragoyr4: (7, 0). (8)

Proof There are u, v € U with
kT+t
x=¢kT +1;7,0,u) = f X (kT + t,s)B(s)u(s)ds,
T
LT+t
y=¢p{T +1;7,0,v) = / X{UT + 7, 5)B(s)v(s)ds.
T

Define

@ fort € [1, LT + 1]
W =1yt = eT) fort € (UT + 1. k+ OT + 7] -

Then, one computes

k+O T+t
o((k+ 0T +1;7,0, w) =/ X((k+ 0T + 1, 5)B(s)w(s)ds
LT+t '
= f X((k+ 0T + 1, 5)B(s)v(s)ds

(k+0)T+1
+/ X((k+0T + t,5)B(s)u(s — £T)ds
T+t

(T+T
=/ X((k+OT 4+ t,T + 1) XUT + 7, 5)B(s)v(s)ds

kT+t
+/ X((k+ 0T + 7,LT + s)BUT + s)u(s)ds
T

LT+t
= X(kT + t, r)/ XUT + 7,5)B(s)v(s)ds

kT+t
+ / XkT + 7, s)B(s)u(s)ds
T
=X&*T +1,7)y +x.

Thus, (8) holds. O

Controllability criteria for periodic linear systems without control constraints are
well known. The following theorem is due to Brunovsky [5], slightly reformulated.
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Theorem 4 For the periodic linear system in (1) without control restrictions, the fol-
lowing properties are equivalent:

(i) For any two points x1, x3 € RY and any ty € R, there are ty > to and u €
L*([to, 111, R™) such that ¢(t; to, X1, u) = x.

(ii) For any two points xi, x> € R? and t € [0, T), there isu € L>®([r,dT +
7], R™) such that o (dT + t; T, x1, u) = x2.

(iii) The rows of the matrix function X (¢, 0)"'B(@),r € [0,dT], are linearly inde-
pendent.

If any of the equivalent conditions above is satisfied, the system in (1) without
control restrictions is called controllable.

Proof Brunovsky [5, Proposition 3] shows that conditions (i) and (iii) are equivalent.
By T -periodicity, condition (ii) implies (i). Conversely, cf. the proof of [5, Proposition
3], condition (i) implies (ii) for T = 0. If (i) holds for the system with matrix functions
A(t) and B(t),t € R, it also holds for the system with A(t +¢) and B(t +1),t € R,
with T € [0, T']. Hence, condition (ii) follows for all T € [0, T]. O

Remark 1 Condition (iii) above generalizes the Kalman criterion for controllability of
autonomous systems. It is equivalent to assignability of the spectrum by 7 -periodic
state feedbacks, [5, Theorem on p. 302]. As shown in Bittanti, Guarbadassi, Mafezzoni,
and Silverman [3] and Bittanti, Colaneri, and Guarbadassi [4], a criterion generalizing
the Hautus—Popov spectral characterization for controllability is only equivalent to
null-controllability.

Theorem 4 implies the following first result on controllability properties of the
system with control restrictions.

Proposition 5 Assume that the periodic linear system in (1) without control restrictions
is controllable, and let T € [0, T]. Then for system (1) with controls u € U, the

reachable set Rqr4+ (7, 0) and the controllable set C_474+.(t,0) of (1) are convex
and contain an e-ball B(0; &) with ¢ > 0 around 0 € R?. The sets

Ry74(7,0) := | Rez 4+ (7, 0) and C_yr 4 (7, 0)
keN

= Cokr i (x.0), T €0, T,
keN

are convex and open. Furthermore also the sets
Rn747(0, 0), intRN747(0, 0), C_n747(0, 0), and intC_nr++(0, 0)
are convex, and

Rnr42(7,0) C intRy74 (0, 0) and C_nr4- (7, 0) C intC_n74(0,0).
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Proof Convexity of Ry74: (7, 0) follows from Lemma 1. Fix a basis yi, ..., yg of
R?. By Theorem 4 for every T € [0, T], there are ui € L*([0, (d + 1)T], R™) with

dT+t
yi=¢dT +1;7,0,u]) =/ X(dT + t,s)B(s)uj (s)ds fori =1,...,d,
T

and ¢(dT + t; 7,0, u) depends continuously on (t,u) € [0,T] x L*®([0, (d +
T], R™). Let g > 0 be small enough such that zj, ..., zg form a basis of R4
for any z; € B(y;; €0). By continuity, there is for every 7o € [0, T] a 8o > 0 such that
odT +1;1,0, uifo) € B(y;; gg) for |t — 19| < §p. Now compactness of [0, T'] shows
that there are finitely many 7; € [0, T] such that ¢(dT + 7; 7, 0, ul.rj), i=1,...,d,
form a basis of RY. By linearity, there is « > 0 such that also ¢ (dT + t; 7,0, ocul.rj)
form a basis of R? and auifj € U for all i, j. This shows that there is a ball B(0; ¢)
contained in Ryr4+,(7,0) C Ry74:(7,0) forall T € [0, T].

Letx = (kT + 7;7,0,u) € Ry74:(7,0) for some k € N and u € U. The set
X (kT + t, t)B(0; ¢) is open and Proposition 3 implies that for each y € B(0; ¢)

X+ X(T +7.7)y € Rieyay7(7, 0) C Rz (7, 0).
This shows that Ry741 (7, 0) is open. The control

0 fortel0,1)

V() = { u(t) for t € [t, kT + 7]

yields x = @*kT + 7;7,0,u) = kT + 7;0,0,v) € Ryr+:(0,0), hence the
inclusion Ry74: (7, 0) C intRy74¢ (0, 0) holds. For convexity of Ry74¢ (0, 0) let for
i=1,2

yi = ¢(7; 0, xi, u;) € Rnr4(0,0) with x; € Ryr(0,0), u; € U.

Then, linearity implies for « € [0, 1] that

ayr + (1 —a)ys = ap(r; 0, x1,u1) + (1 —a)e(z; 0, x2, uz)
=o(1; 0, ax; + (1 —a)xp, auy + (1 — a)uz) € Ryr4:(0,0).

Since Ry747 (0, 0) is convex also intRy7+1 (0, 0) is convex; cf. Dunford and Schwartz
[13, Theorem V.2.1].

The assertions for the controllable sets follow by time reversal from Lemma 2 and
Lemma 1(i). O

3 The autonomized system

First some results from Floquet theory are recalled (cf. Chicone [6], Teschl [25], and
Colonius and Kliemann [8, Section 7.2]). Then, we introduce the autonomized system.
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Consider the unit circle S! parametrized by = € [0, T') and define the shift
6:R xS —>Sl, O(;7)=t+ 1 modT fort e R, te st

Here,  + t mod T denotes the unique element t + ¢t — kT € [0, T) for some k € Z.
Let v (¢; 79, x0) be the solution of (2) with initial condition x(79) = x¢ and define

U=0,9): RxS'xR? > S' x R?, W(z: 10, x0) = (0(t; 70), ¥ (t; 0, x0)). (9)

Then, W is a continuous dynamical system. The first component does not depend on
the second component and W (¢; 7o, xo) is linear in the argument x(, hence W is a linear
skew product flow; cf. Kloeden and Rasmussen [19, Section 2.2].

The Floquet multipliers of equation (2) are the eigenvalues p of

X(T +7,7)=X(T +7, T)X(T,00X(0,7) = X(z, )X (T, 0)X(z,0)"!, 7 € [0, T).

The Floquet exponents are A j := % log || (the Floquet exponents as defined here are
the real parts of the Floquet exponents defined in [6] and [25]). Note that A; < 0 if
and only if || < 1. The following result is [8, Theorem 7.2.9].

Theorem6 Let W = (6, ) : R x S! x RY — S! x R? be the linear skew product
flow associated with the T -periodic linear differential equation (2). For eacht € S',
there exists a decomposition

R'=LO, 1)@ - &L, 7)
into linear subspaces L(Aj, 1), called the Floquet (or Lyapunov) spaces, with the
following properties:
(i) The Floquet spaces have dimension d; := dim L(A;, T) independent of T € St
(ii) They are invariant under multiplication by the principal fundamental matrix in
the following sense:

X(t+1,7)L(Aj,T) = L(Aj,0(t; 7)) forallt € Rand v € S'.

(iii) For every t € S!, the Floquet (or Lyapunov) exponents satisfy
1
Ax,7):= lim —log|l¥(t; T, x)|| = Aj ifand only if 0 # x € L(Aj, 7).
t—to00 t

The Floquet space L(A;, t) is the direct sum of the real generalized eigenspaces
for all Floquet multipliers ;& with % log|u| = Aj,

LA, 7)= GEX(T +1t,71), 10).
4,0 =€P, GEXT +7,0), )
Define for T € [0, T) the stable, the center, and the unstable subspaces, resp., by

T = . 0._ + . '
E; = @Ajd)L()»],t), EQ:= L. 1), ad Ef =P LG, 0.

)‘j>0
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Then, E;t = X(t, O)Ea—L and E? = X(t, 0)E8, and S! x RY splits into the Whitney
sum £~ @ E9 @ £ of the stable, the center, and the unstable subbundles

siz{(r,x)esl de|er;t}, 5°={(r,x)esl de\erg)}, (10)

resp. We also introduce analogous subbundles for the center-stable subspaces and the
center-unstable subspaces given by

-0 ._ 0
E70:= EBMSOL(A.;, t)and EF0 = @x,zow‘f’ 1), T € [0, T), resp.

Similarly as for periodic differential equations, it is convenient for linear periodic
control systems of the form (1) to extend the state space by adding the phase t € [0, T)
to the state in order to get an autonomous system. We obtain the following autonomized
control system on S! x R?,

() = 1mod T, %(t) = A(z(t)x(t) + Bc)u@t), ueld, (1)
with solutions
@ (t; (19, x0), u) = (0 + tmod T, ¢(t9 + £; 10, X0, 1)), t € R.

Observe that (11) is not a linear control system.

Remark 2 1f the matrix functions A(-) and B(-) are merely measurable, the general
existence theory of ordinary differential equations does not apply to equation (11).
Nevertheless, the solutions are well defined.

Denote the reachable and controllable sets for + > 0 of (11) by
R{ (z,x) = {"(t; (r, %), u) lu €U},
C(1,x) = {(0,y) e S! x R? |Fu e U : o (t; (0, y), u) = (t,x)},
R%(z,x) = Uzzo RY(7, x) and C%(z, x) = Utzo C%(z, x),
resp. The time-reversed autonomous system is
t(t)=—1ImodT, y(t)=—A(t(t))y)— B(t(t))u(t), uel. (12)
The reachable sets Rflﬁ (7, x) of the time-reversed autonomized system (12) coincide

with the controllable sets C¢ (7, x) of system (11). Note the following relation to the
reachable and controllable sets defined in (6) for the periodic system (1).

Lemma7 For (t,x) € S!' xR andt >0 the following assertions hold:

Ri(t,x) ={(t +tmod T, y) |y € Reys(1,x)},
Cé(r,x)={(0,y) e S' xR |6 +1=1mod T and y € Co (0 +1,x)},
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R“(0,0) = {(r.x) € S' x R |x € Ryr4-(0,0)},
CY0,0) = {(t,x) € S' x RY |x € C;(kT,0),k > 1}.
Proof By definition one has (o, y) = ¢“(¢; (7, x), u) € Rf(zr, x) if and only if 0 =
T+ tmodT and ¢(t + ¢; T, x, u) = y. This shows that y € R, (7, x) and the first
assertion follows. By definition (o, y) € C{(t, x) means that o + ¢ = tmod T and
¢ +t;0,y,u) = x for some u € U, hence y € C, (0 + t, x). Furthermore, one
finds
a —
R4(0,0) = Utzo {tmod T, x) |x € R;(0,0)}
={(r.x) € S' x R?|x € Rnr(0,0)},
C“(0,0) = Ul>0{(z, x) €S xRt +7r=0mod T and x € C;(z +1,0)}.

O

In particular, Lemma 7 shows that R4(0,0) = S! x X for a subset X c R¥ if
and only if X = Rynr4.(0,0) for all T € S!. The next lemma provides additional
information about the reachable and controllable sets for x = 0 of the autonomized
system.

Lemma 8 If the periodic linear system in (1) without control restrictions is control-
lable, then

S! x {0} c intR%(t, 0) NintC%(z, 0), © € [0, T).
Proof For t € S, Lemma 7 implies

RY(7,0) = JR{(z,0) = [ J{(r +1mod T, x) [x € Rey(z,0)}

>0 >0
={(0.x) €S' xR |0 €1, T),x € Ry 44 (7,0)}
U{(o.x) € S' xRY |0 € [0,7), x € Ryr0(7,0), k > 1},
By Proposition 5, the set Rgr4. (7, 0) contains an ¢-ball B(0; ¢) around 0 for some
e > 0. For y € B(0; ¢), there is some u € U with y = ¢(dT + t; 7, 0, u). Define for
oel0,T]

(1) = u(t) fort € [t,dT + 1)
VWE=010 forteldT +1,d+ DT +0]

With the invertible matrices Y (¢) := X((d + 1)T + 0,dT + 1), it follows that
o(d+ DT +0;7,0,v) =X((d+ DT +0,dT + 1)y =Y(0)Y,

showing that Y (0)B(0; ¢) C Ry+1)7+0 (7, 0). The matrices Y (o) and hence also
their singular values 0 < §1(0) < --- < §4(0) depend continuously on o € [0, T]
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(cf. Sontag [24, Corollary A.4.4]). In particular, the minimal singular values §; (o) are
bounded away from 0, since [0, T'] is compact. Now recall the geometric interpretation
of the singular values of a matrix A (cf., e.g., Arnold [1, p. 118]): §; is the length of
the ith principal axis of the ellipsoid A(S?~!) obtained as the image of the unit sphere
S9=1 under the linear mapping A. It follows that there is a ball B(0; &g) with g9 > 0
contained in every set Y (0)B(0; ¢), o € [0, T]. This proves that B(0; &¢) is contained
in every set | ;- Ri7+40 (7, 0) and it follows that S! x {0} ¢ intR%(z, 0).

The assertion for C%(z, 0) follows by time reversal. O

4 Spectral characterization of reachable and controllable sets

In this section, we characterize the reachable and the controllable sets of the autono-
mized system (11) by the spectral bundles of the homogeneous part (2) introduced in
Theorem 6.

We start with the following technical lemma.

Lemma9 Let§ > 0 and v € C with || > 1. Then, there are ny — oo and a,, € C
with |ank| < 8 such that u"**ay,, € R and |,u”ka,,k| > %for all k.

Proof With 1" = x, + 1y, and a = o + 18, we have
w'a = (xp +1yn) (@ +1B) = x50 — yuf + 1(xn B + ynet).
If x, = 0 choose «;, := 0, B, := % to obtain una, = —y,Bn € Rand
W an| = Il lanl = ol = 3.

If x;,, # 0 the product u"a is real if and only if 8 = —oe)yc—z. According to Colonius,

Cossich, and Santana [9, Lemma 13], there are ny — oo such that % — Oand
hence, with o, 1= %, By = —ankf;’—z, and k large enough,
V| 8 [Im(um)| s

|Bu| =@
ﬁnk ny X

= < —.
2 2

Re (")

nj

It follows for a,, = oy, + 1By, that

1 1
|ank |2 = aflk + ,B,fk < Z(Sz + 4_182’ and hence |ank| < 4.

This choice of a,,, guarantees "*a,, € R and using || > 1

8
n n
|M kank’ = |M| k ’ank| > |ank| > |Olnk| =5

2
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The next lemma relates the reachable sets and the center-unstable subspaces of the
homogeneous part.

Lemma 10 Assume that the periodic linear system in (1) without control restrictions
is controllable. Then for every t € [0, T), the center-unstable subspace E; O of the
homogeneous part (2) and the reachable sets of system (1) with controls u € U satisfy

EF? € Ryr4+ (7, 0) C intRyz1 (0, 0).

Proof The second inclusion follows from Proposition 5. It remains to prove the first
inclusion. Since by Proposition 5 Ry (7, 0) is convex, it suffices to prove that the
real generalized eigenspaces for the eigenvalues (the Floquet multipliers) with absolute
value greater than or equal to 1 are contained in Ryr4 (7, 0). For each eigenvalue u
of X(T +1t,7)and g € N, let J;(u) := ker(ul — X(T + 7, t)9) and denote the set
of real parts by

1) = Re(Jy () = {Rev |v € Jy () }.

Note that J;R(u) cJ ;R 1 (u). Since C¢ splits into the direct sum of the generalized

+
eigenspaces qu{o,l,...,d} ker(ul — X(T + t,t)?) and X(T + t, 1) is real it follows

that R? splits into the direct sum of the subspaces
R
qu{o,l .... " Jq (w) for u € spec(X(T + 7, 1)).

Fix an eigenvalue & = x 4+ 1y of X(T + t, t) with || > 1. It suffices to show that
T () C Ry (7, 0) forall g.

We prove the statement by induction on ¢, the case g = 0 being trivial. So assume
that Jﬁl(,u) C Ry74+¢(7,0) and take any w = wy + 1wy € J, (). We must show

that wi € Ry74¢(7, 0). Note that wy, wy € J;R(M) (cf. Sontag [24, p. 119]).
Fora € C and n > 1, one computes

X(T+zr,0)'aw=XT +1,7)— pul +puh"aw

n
= (n) X(T +1,7) — )" pdaw = p"aw + z(n), (13)
=0 ™
where z(n) := Z?;é (;‘)(X(T +1,7) — ul)" 7 pwiaw. Since aw € J,(w) it follows
that (X(T +7,7) — ul)'aw € J;—1(u) forall i > 1, hence z(n) € J,—1(u),n > 1.
Equality (13) implies
uwraw = X(T + 7, 7)'aw — z(n). (14)
One finds witha = o + 18

Re(aw) = Re((a + 18) (w1 + 1w2)) = aw; — pwy,
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hence
[Re(aw)|l < 2max(|e|, |B]) max(|lwill, lwzll) < 2|al max(lwill, [lwall).

According to Proposition 5, one has 0 € intRgr4. (7, 0). Thus, there is § > 0 such
that Re(aw) € Ryqr4: (7, 0) forall @ € C with |a| < §.

By Lemma 9, there are a sequence (ni)xen With ny — oo and a,, € C with
‘ank’ < & such that u"**a,, € R and |u”kank‘ > % Then, it follows that Re(a,, w) €
Ryr4+(7,0) for all k.

Now choose ¢ € N with £ > 2/6. Taking real parts in (14) and choosing a = ay,,
one obtains

whap, wy = X(T + 7, v)"* Re(a,, w) — Re z(ng), (15)

where Re z(ny) € J(}Rf1 (n) and Re(ay, w) € Rar4: (7, 0). For k = 1 the variation-of-

parameters formula (5) with # = 0 implies

X(T + v, 1) Re(an, w) = X(n1 T + 7, 7) Re(an, w) € Ry +a)7+: (7, 0).
We may assume that ny > n| + d and obtain

X(T +t, v)"" Re(an, w) + X(T + 1, 7)"> Re(ap,w)

= X(T 41, 0" [Re(a,,1 w) + X(T + 1, D)X (T + 7, 1)y~ —4 Re(anzw)] .

With x = Re(a,, w) € Rar4-(7,0) and
y=X(T+17,7)2"" 4 Re(ay,w) € Riy—nr4:(7,0),
Proposition 3 yields
X4+ X(T +7,7)%y € Rginy—n1r42(7, 0).

Hence, using again formula (5) with # = 0 and Lemma 1(ii),

X(T + 7, 7)"' Re(ap, w) + X(T + 7, t)"* Re(ay,w)
€ X(T +7, 7:)nllz(d-&-l’lz—n1)T—i—‘L’(":s 0) - R(d+n2)T+‘L’(Ts 0)

In the next step, we obtain for n3 > ny + d

X(T + 7, v)" Re(an, w) + X(T + 7, 1)"* Re(ay,w) + X(T + 7, 1) Re(ap, w)
C Red+ny)14:(7, 0).
Proceeding in this way, we arrive at

14

D X(T + 1, 7)"™ Re(an,w) € Rie—1ydn7+:(7. 0).
k=1

@ Springer



Mathematics of Control, Signals, and Systems (2024) 36:213-246 227

Summing (15) from k = 1 to £ this yields

14

2
Z whap, wy = Z [X(T + 7, 7)" Re(ay, w) — Re z(nk)]
k=1 k=1

€ Rie—yd4np)1r+:(7,0) + Jc]lR_l(M) C Ryr4 (7, 0) + J;R_l(li)-

By the induction hypothesis, the linear subspace J(]{R_1 () is contained in the convex set
Rn747(7, 0), which is open by Proposition 5. This implies (cf. Sontag [24, Lemma
3.6.4]) that Ryr4.(7,0) + J(]]R_I(M) = Ry74:(7,0). If u"*a,, > 0 forall k €

{1,..., ¢}, then the real number p := Zi:l wa,, > £-8/2 > 1. For the k with
wa,, < 0, replace a,, by —a,, to get the same conclusion. It follows that wy is a
convex combination of the points 0 and pw; in the convex set Ry74. (7, 0):

wy = (1 —p_l) 0+p " puy.
It follows that w; € Ry74¢ (7, 0) completing the induction step. We have shown that

EF? € Ryry. (1, 0) proving the lemma. O

The following result characterizes the reachable and controllable sets of the auton-
omized system (11) by spectral properties of the homogeneous part (2). Recall that
we denote the spectral subbundles of the T -periodic linear differential equation (2) by
E=,ET, €0 and £~0. For subsets K; C R? and matrices Y (), t € S! = [0, T),
we use the following notation:

k= U [(t,x) eS! xRY|x € KT}, YK:= | (@)l € Y(DK).
7€[0,T) t€l0,7)

Theorem 11 Suppose that the periodic system in (1) with unconstrained controls is
controllable and consider the autonomized system (11) with controls u € U.

(i) Then, the reachable set R%(0,0) C S! x R? satisfies S' x {0} C intR4(0, 0)
and

XdT +-, )K" @ &P cintRY(0,0) c K~ @ €79,

with uniformly bounded convex sets K := intRy74:(0,0) N E, T € st
(ii) The controllable set C*(0, 0) satisfies S' x {0} C intC*(0, 0) and

E0® X(—dT + -, )KT Cc intC*(0,0) c E 0 K

with uniformly bounded convex sets K} := intC_nr4+.(0,0) N EF, v € SL.

Proof (i) Lemma 7 and Lemma 8 imply that S! x {0} C intR%(0, 0) and

R‘(0.0) = | J {(r, x) € S' x R? [x € Ry (0, 0) } . (16)

7€(0,7)
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We claim that

intRy74:(0,0) = K, + E0 for every 7 € [0, T). (17)
Recall that by Proposition 5 the set intRy747 (0, 0) is convex. Lemma 10 shows that
E;“O C Ryn7+:(7,0) C intRy747(0, 0). By Sontag [24, Lemma 3.6.4], it follows
that

K- + ES? CintRy74:(0,0) + ES? = intRy7 4. (0, 0).

For the converse inclusion, write x € intRy74:(0,0) asx =y ® z with y € E_ and
Z € E;’“O. Again by [24, Lemma 3.6.4] it follows that

y =x —z € intRy74-(0,0) + E/ = intRy74- (0, 0),

which proves that y € K and therefore x € K, + E ‘0. This proves (17).

By (16), it follows that intR*(0,0) C K~ & & +0 proving the second inclusion in
().

For the first inclusion in (i) consider x = @(kT + 7;0,0, u) € Ry74.(0, 0) and
recall that by Proposition 5 there is a ball B(0; &) C Rqr4-(7,0) forall T € S!. For
y=¢dT + t;1,0,v) € B(0; ¢) define

n = u(t) fort € [0, kT + 1)
W) =\ —kT) fort € kT +7.(d + )T + 7] °

This implies
ok +d)T +71;0,0,w) = o((k +d)T +7; kT + 7, x, w)
(k+d)T+t

= X((k+d)T +1,kT +17)x + f X((k +d)T + 7, 5)B(s)w(s)ds
kT+t

=XdT +r1,7)x + /dT—H XdT + t,s)B(s)v(s)ds = X AT +t,t)x + vy,
T
showing that
XdT +7,7)x +B(0; ¢) C Ry7+:(0,0),7 € [0, 7).

It follows that

[(r, x)eS' xR x € X(dT + 7, T)Ryr 4+ (0, 0) ] C intR%(0,0), 7 € S.
Since X(dT + 7, 1) E}? = E0 equality (17) implies
X(dT + 7, 7)intRy74:(0,0) = X(dT + 7, 1)(K, + ES%) = X(dT + 7, 0)K, + E}°
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and X(dT + t,t)K; C E_. This shows the first inclusion in assertion (i),

_ +,0 _
XdT +t, 0K @™ = Ure[O,T) {
C intR?(0, 0).

(7, x) eS! x R? ’x eX(dT—i—t,T)KT_—{—E;"’O}

In order to prove that K is bounded, letx = ¢ (kT +71;0,0, u) € Ry74:(0,0)NE.
Then using linearity

x=¢@k*&T +1;0,0,u) =@*kT + t;7,90(7,0,0, 1), u)
=X&kT 4+ 7,0)p(1;0,0,u) + @*kT 4+ 7; 7,0, 1). (18)

Define for 7 € S! a bounded linear map by
T
B : L0, T],R™) — R, B, () = f X(T + 1,7+ 5)B(t + 5)u'(s)ds.
0
Using the variation-of-parameters formula (5) and periodicity, one computes

kT+t
okT +1;7,0,u) = / X(T + t,s)B(s)u(s)ds
T

k=1 G+DT+e

= Z/ X (kT + t, 5)B(s)u(s)ds

_oVJiT+t

.

_1 T
= X(T+r,r)k—-i/ X((G+DT +1,jT +1+5)
j=0 0
B(jT +t+s)u(jT + t + s)ds
k—1 T
=ZX(T+t,r)k’j/ X(T+71,74+5)BT+s)u(jT + v+ s)ds
Jj=0 0
k—1
=Y X(T + 1.0 B (T + 7 + ).
j=0

Consider the projection 7, : RY = E; @ ES** — E7 along E}°. By Theorem
6(ii), the subspaces E and E;r 0are X(T 4 7, t)-invariant, hence 7, commutes with
X(T + 7, t). With (18) this yields

X=mx =m0 XkT +7,7)9(7;0,0,u) + m. kT + 7; 7,0, u)
k-1 ‘
= X(T + 1, 1)*1:0(1; 0,0, u) + ZX(T + 1, )" T B (T + T + ).
j=0
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Since X(T + 7, 1)| Er is a linear contraction there exist constants ¢ € (0, 1) and
¢ > 1such that || X(T + 7, 7)"x'|| < ca”||x’|| foralln € Nand x’ € EZ. Due to the
compactness of S! and the continuity of the solutions, these constants may be chosen
independently of T € S!. It follows that

[ X(T + 7. 000 (2:0,0.0) | = ca mep(x: 0,0,

and
k—1 ‘ k—1 ‘

I X+, 0 B (u(T + 7+ DI < Y cd Tl Be (T + 7 + ).
j=0 Jj=0

Since U is compact, there is M > 0 such that |7-¢(z,0,0,u) |, |7:B: ()] < M

forall T € S' and u’ € U. Thus K is bounded by

k—1
; 2cM
bl = lpkT +7:0,0,)|| < ca*M +cM Yy a*7 < :
‘ 1—a
j=0
Assertion (ii) follows by considering the time-reversed systems. O

Next we define subsets of complete approximate controllability.

Definition 1 A nonvoid set D¢ C S! x R¢ is a control set of the autonomized system
(11) on S! x R if it has the following properties: (i) for all (z, x) € D there is a
control u € U such that (¢, (7, x), u) € D% forallt > 0, (ii) for all (z, x) € D? one
has D¢ C R4(z, x), and (iii) D“ is maximal with these properties, that is, if D’ > D“
satisfies conditions (i) and (ii), then D’ = D¢,

The following lemma shows that there is a control set around (0, 0).

Lemma 12 Suppose that the periodic system in (1) with unconstrained controls is
controllable. Then, D* := R4(0, 0) N C%(0, 0) is a control set and S' x {0} C intD®.

Proof Theorem 11 shows that S! x {0} < intR%*(0,0) N C%(0,0). Consider
(t,x), (o,y) € R4(0,0) N C%(0,0) and let ¢ > 0. Then, there are 1, > 0 and
uy, uy € U with

@ (t1; (0, y), ur) = (0,0) and d(¢“(t2; (0, 0), u2), (t, x)) < &.

Define a control v by

ui(t) fort € [0, 1]

Then, it follows that d(¢“(t; + 12, (0, ¥), v), (7, x)) < &. This shows that

R4(0,0) N C*(0,0) C R4(z, x) for all (7, x) € R4(0,0) N C*(0, 0). (19)
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Define D? as the union of all sets D’ with D’ C R¥%(z, x) for all (r,x) € D’ and
R4(0,0) N C%(0,0) Cc D'. Then, any (t,x) € D? is in some set D’ and (0, 0) €
R4(0, 0) NintC*(0, 0) implies that there are t > 0 and u € U with p?(¢; (7, x), u) €
C%(0, 0) and (t, x) € C%(0, 0) follows. This shows that D¢ C C*(0, 0). Since D* C
R4 (0, 0) this also implies D¢ C R4(z, x) proving D¢ = R4(0, 0) N C*(0, 0). It also
follows that D“ is a maximal set with D¢ C R%(t, x) and intD“ # &. Hence, Kawan
[18, Proposition 1.20] yields that D¢ is a control set. O

The following theorem proves the existence of a unique control set with nonvoid
interior of the autonomized system. Recall that the center subbundle £ of the periodic
linear differential equation (2) is nontrivial if and only if O is a Floquet exponent.
This holds if and only if there is a Floquet multiplier of modulus 1, i.e., spec(X (7', 0))N
S!' £ @.

Theorem 13 Suppose that the periodic system in (1) with unconstrained controls is
controllable. Then, there exists a unique control set D* with nonvoid interior of the
autonomized system (11) with controls u € U.

It is given by D* = R%(0, 0) N C%(0, 0) and satisfies S' x {0} C intD* and, with
K= c & and Kt C £ defined in Theorem 11 and Y (v) := X(dT + 1, 1), T € S,

YOK @&ar() 'K cintD c D cY() 'K @& @r(HKT. (20)
In particular, int D® is unbounded if and only if the center subbundle £° is nontrivial.

Proof TheinclusionS!x {0} C intD“ and D* = R4(0, 0)NC* (0, 0) follow by Lemma
12. Furthermore, the inclusions (20) imply the last assertion since X (dT +t,7), T €
S!, as well as KX~ and K are bounded. Theorem 11 implies

XdT +-, )k~ ® T @ £° c intR%(0, 0),
EPE D X(—dT + -, H)K' C intC(0, 0).
Since intD* c intR%(0, 0) NintC4(0, 0) and X (—dT +1,7) = X(v, —dT +71)" ' =
X(dT + t,7v)" ! for t € S! the first inclusion in (20) follows. In order to prove the
third inclusion, let (z, y) € R?%(0, 0) be given by
(t,y) = %(;(0,0),u) = (tmod T, ¢(t; 0,0, u) = (t, (T + 7; 0, u))

withy = (T 4+ 7; 0, u) € Ryr47(0, 0). By Proposition 5, there is a ball B(0; ¢) C
Ry74: (7, 0). Hence, Proposition 3 implies

B(0; &) + X(dT + 7, 1)y C Ru+07+:(7,0) C Ry7+4:(7, 0).

Since ¢ > 0 is independent of ¢ € S! it follows that X(dT + -, -)R%(0,0) C
intR%(0, 0), and hence

XdT + -, -)R4(0, 0) C intR4(0, 0).
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Analogously it follows that
X(—dT + -, )C%(0, 0) C intC“(0, 0).
By Theorem 11 we obtain for x € D¢ = R%(0, 0) N C*(0, 0),

X@dT 4+, )x €eintR¥(0,0) CK- @I =K-a &% ET,
XdT + -, )" 'x = X(=dT + -, )x € intC%0,0) c £~ @ K.

This implies

xe XA+ (K- @@t )nXWT +-) (- @ @ kt).
By Theorem 6, the subbundles £ 0 and £* are invariant under X (dT + -, -) and hence
D' CX@T+-,) 'K~ @@ XdT +-, 9Kt =v() 'K- e arHk.

This proves the third inclusion in (20).

It remains to show uniqueness. Let £ C S! x RY be an arbitrary control set with
nonvoid interior. Then for every o € (0, 1], the set E, = {(r,ax)|(r,x) € E}
satisfies

intE, = {(t,ax)|(r,x) €intE}. 2D

The solutions ¢ (¢; (g, xo), u) of the autonomized control system (11) are linear in
(xg, 1), hence it follows for all « € [0, 1]and ¢ > 0, (z, xg) € S! x RY, u € U that

@ (t; (t, axg), au) = ap®(t; (T, axg), ou).

Here, ou € U since by assumption the control range U is convex and 0 € U. It follows
that the set E,, satisfies conditions (i) and (ii) for control sets in Definition 1 since they
hold for E. Thus, E, is contained in some control set D, and intE, C intD,.

Itis clear that for @ near 1 the control sets D, and E coincide since their intersection
is nonvoid. Now choose any (7, x) € intE and suppose, by way of contradiction, that

o := inf{a € (0, 11|VB € (&, 1]: (7, Bx) € intE} > 0.

Then, (7, 2px) € 0F and (7, apx) € intEy, C intDy, by (21 ). Therefore, E N
intDgy, # &, and it follows that E = Dy, and (7, apx) € intD,, = intE. Thisis a
contradiction and so «p = 0. Choosing o > 0 small enough such that (z, ax) € D¢
we obtain (7, wx) € E N D and it follows that £ = D“. O

Remark 3 A control system is called locally accessible, if the reachable and control-
lable sets up to time ¢ > 0 have nonvoid interior for every ¢ > 0. If this holds for the
autonomized system (11), then Colonius and Kliemann [7, Lemma 3.2.13(i)] implies
that D¢ = intD<. Even if the system in (1) without control restrictions is control-
lable, the autonomized system (11) need not satisfy intR¢ (r, x) # & for small ¢ > 0,
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hence, in general, it is not locally accessible. The example in Bittanti, Guarbadassi,
Mafezzoni, and Silverman [3, p. 38] is a counterexample.

Remark 4 Gayer [15, Theorem 3] relates the control sets of autonomized (general
nonlinear) control systems to control sets of discrete-time systems depending on 7 €
S! defined by Poincaré maps. For system (11), these systems are defined by

P RY - RY, @) = @UT, (1, ), u) = (T + 157, u) ucl.

5 The Poincaré sphere

This section describes the global controllability behavior of periodic linear control
systems of the form (1) with homogeneous part (2) by projection to the Poincaré
sphere. This allows us to determine the behavior “near infinity” by the induced system
near the equator.

The system on the Poincaré sphere is obtained by attaching the state space R? to
the north pole (0, 1) € R? x R of the unit sphere S? in R?*! and then taking the
stereographic projection to S¢. More formally, the extended system with scalar part
z = 0is defined as

i) _(ADO0) (xD . . (0B (x()
(i(t))_< 0 0)(Z(1)>+§u’(t)<0 0 )(Z(I))’ (22)

where b; () denote the columns of B(t). For z = 1, we get a copy of the original
system (1). Abbreviate

Aw = (A(gt) 8) Bir) = (8%”)’ S ui B = (8 B(%”(”).
i=1

The projection of the homogeneous control system (22) on S¢ c R?*! has the form
(omitting the argument #)

§ R .
(s-d+1> =[A =G sarDAG T sar) " L1167 sar) "

m
+ Y wilBi = (5T say)BiGs T sar) T Lapa)s T sas) T
i=1

This is obtained by subtracting the radial components of the linear vector fields A1)

and B; (1).
We compute

Ry _|(AO T A0 s s
<5d+1> B [(0 0) B <0 0) (5d+1> ' Idﬂ} (Sd+1>
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“ 0 b; 0 b; s s
+§ul [( ) (6" 5a4) (0 0) (Sd+1) ' IdH} <5d+1>

1

A— TAs I; 0 s
—sTAs Sd+1

Zm:u -5 bsd+1 1 b; s
! —5 "bisat1 Sd+1

i=1

A—sTAs-1 “ —sTh; b;
(W) o (T )y

—s T As Sd+1 P —sTb,-sdJrl

This is the system equation for the induced control system on the Poincaré sphere. By
adding the phase 7 € S!, this induces an autonomous control system on S' x S¢.

Remark 5 The homogeneous control system (23) also induces a control system on
projective space P? and a corresponding autonomized control system on S' x P<.
Parallel to the following developments on the unit sphere S?, one may also work with
IP?. Here, we prefer to work on the sphere since this allows us to write down everything
explicitly.

On the “equator” of the sphere S¢ given by
S40 = {s = (51, ..., 54, Sa+1) € S [sa1 = 0},
the first d components of (23) reduce to the (uncontrolled) differential equation
§() = (A@) = s(0) T A@)s (1) - La)s (1). (24)

The flow of this differential equation leaves S?~! < R invariant. This coincides
with the periodic differential equation obtained by projecting the homogeneous part
(2) to S~ Furthermore, the equator is invariant, hence also the upper hemisphere
St = {s = (s1, ce s 84, Sd+1) € s4 [sg+1 > 0} is invariant. When the phases
Tt € [0, T) are added to the states, the periodic differential equations (2) and (24)
induce autonomous differential equations on S' x R¢ and S! x S?~!, resp.

A conjugacy of (autonomous) control systems

x(@) = f(x(t),u(t)) on M with u(t) € U,

y(t) = g(y(t), u(t)) on N with u(t) € U,
on manifolds M and N can be defined as a map # : M — N which together
with its inverse A~! is C® such that the trajectories ¢(t; xo, u),t € R, on M and

v (t; yo, u),t € R,on N with initial conditions ¢ (0; xq, #) = x¢ and ¥ (0; yo, u) = yo
(assumed to exist) satisfy

h(p(t; xo,u)) = Y(t; h(xo),u) forallt e Randx € M,u € U.
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Analogously, one can define conjugacies of differential equations. It is clear that
reachable sets, controllable sets, and control sets are preserved under conjugacies.

In the following, we slightly abuse notation by identifying vectors and their trans-
poses when it is clear from the context what is meant.

Proposition 14 (i) The map

ep:S' x RY — S! x §&, (t,x) — (r, x, 1) ) = <r, &>

e, DI V14 x|?

is a conjugacy of the autonomized control system (11) on S x R? and the restriction
to S x S of the autonomized system induced by (23).

(ii) The map es : S' x S971 — S x §49, (1,5) — (1,5,0) € S! xS0 isa
conjugacy of the autonomized differential equation induced by (24) on S x S~ and
the restriction to S x S0 of the autonomized control system corresponding to (23).

Proof (i) The map ep is C* (even analytic) with C* inverse given by

—1 851 Sd
(ep)  (T,81,... 8d,Sa+1) =T, —, ..., —
Sd+1 Sd+1
for (l’, STy« s8d, Sd+1) € Sl X Sd’+.

In fact, one verifies

(“ L ,1)
ep((ep) ' (z,5) = | 7, = 3 - 3 = (1,5).
Si

\/1+ I
Sd+1 Sd+1

The conjugacy property follows from

(x@®), D

(t@),s@t)) = (T(t)’ 1+ 1Gx(0), D

) =ep(t(t),x(1)),t € R.

(ii) This trivially holds since the solutions on S%° are obtained by adding the last
component 0 to the solutions on S~ O

Since the image of the map ep is contained in the (open) upper hemisphere S%,
a converging sequence of points ep (7, xx) in the image converges to an element of
S! x §4.9 if and only if |lx¢|| — oo. Hence, Proposition 14 shows that the behavior
near the equator reflects the behavior near infinity.

Next we discuss the projection of the reachable and controllable sets to the Poincaré
sphere. Note that under the map x +— % the origin x = 0 € RY is mapped to

the north pole (0, 1) € S4t+ c RY x R. The following theorem shows that for the
autonomized system the closure of the reachable set from the north pole intersects
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the equator in the image of the center-unstable subbundle, and the closure of the
controllable set to the north pole intersects the equator in the image of the center-
stable subbundle. Furthermore, the closure of the unique control set with nonvoid
interior on S' x S%* intersects the equator in the image of the center subbundle.

Theorem 15 Suppose that the periodic system in (1) with unconstrained controls is
controllable.

(i) Then, the projections to S' x S+ of the reachable and controllable sets, resp.,
of the autonomized system (11) satisfy

¢p (intR%(0, 0)) N (S‘ x deO) —ep(E0)N (S‘ x S‘“’) :

ep (intCa(0, 0)) N (Sl x Sd*o) —epE-0)N (Sl x Sd’()) .

(ii) The induced system on S' x S*+ has a unique control set with nonvoid interior
given by D%, = ep(D*%) satisfying

intDG N (8" x 50 = ep (0) N (8" x 50).

In particular, int D* is bounded if and only if int D, C St x 4+,

Proof (i) The conjugacy property from Proposition 14(i) shows that e p (R*(0, 0)) and
ep(C%(0, 0)) are the reachable and controllable set, resp., of (0, (0, 1)) = ep (0, 0) in
S! x §4F, where (0, 1) is the north pole, and D% := ep(D?) is the unique control set
with nonvoid interior satisfying int(ep (D?)) = ep (intD?). The inclusion ep (€ +0) ¢
intR“(0, 0) follows from Theorem 11 implying the inclusion “>”. For the converse,
let (7,z,0) € ep(intR4(0,0)) N (Sl X Sd’o). By Theorem 11, there are by € K,
and x; € E;;’O with ep(ti, by + xx) — (7,z,0) and ||xx|| — oo. This implies
llbx + xx|| = oo and

by Xk 1
ep(tk, b + xi) = (Tk, + , ) .
r 1(br + xi, DI (Dx + xx, DI (B + xi, D

Using that the by remain bounded, one finds

by 1 Xk Xk
— 0, — 0, and — — 0
(b + xi, DI (b + x, DIl bk + xk, DI Gk, DI
Then, it follows that
(xx, 1)
EP(Tk, xk) = (Tk’ —> - (Ta 2, O)
I e, DI

This shows that (z, z, 0) € ep(ET:0)N (Sl x §4 ’0). The assertions for the controllable
set follow similarly.
(ii) By Theorem 13, it follows that the unbounded part of int D¢ is £°. O
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Remark 6 Theorem 15(i) shows that for the autonomized system on the Poincaré
sphere bundle S! x S the closure of the reachable set from the north pole ep(0,0) =
(0, (0, 1)) € S' x S? intersects the “equator” S! x S%0 in the image under ep of the
center-stable subbundle £7-°. A closer look at the dynamics on the equator reveals
a finer picture: Consider the Floquet bundles {(z, x) € S! x R4 |x € L(Aj,7)}. The
projected flow on the projective bundle S! x P4~ goes from the projected Floquet
bundle for A; to the projected Floquet bundles with A; > A ;. This can be made pre-
cise by some notions from topological dynamics: the projected Floquet bundles form
the finest Morse decomposition, in particular, they coincide with the chain recurrent
components (cf. Colonius and Kliemann [8, Section 7.2 and Theorem 8.3.3]). For the
relation to the flow on S! x S, one can prove that for every chain recurrent com-
ponent on S! x P?~! there are at most two chain recurrent components on S' x S7-!
projecting to it. By Proposition 14 (ii), this also describes the flow on the “equator”
St x §4.0, Examples 2 and 3 illustrate some of these claims.

6 Examples

First we note the following consequence of Theorem 13. In the scalar case withd = 1,
one obtains from the inclusions in (20) that one of the following cases holds: The set
intD? is contained either in = or in Kt (if the Floquet exponent is negative or
positive, resp.) or D¢ = £9 = S! x R (if 0 is the Floquet exponent). In the first two
cases D? is bounded, and in the third case, it is unbounded.

Example 1 Consider the periodic scalar example

X)) =a@)x(t)+u@), u(l)eU=[-1,1], (25)

witha(t) ;= —1fort € [0, 1] and a(¢) := —2 for ¢t € (1, 2] extended to a 2-periodic
function on R. Note that for r > s, xg € R, and u € U the solution is

t t
o(t; s, xp,u) = X(,8)x0 +/ X(t,0)u(o)do with X(t,s) = elsa@)do
N

The system with unconstrained controls is controllable, and the stable subspace is
E- = Rforall T € [0, 2]. Lemma 12 implies that S' x {0} ¢ intC%(0, 0) for the
autonomized system, and taking u = 0 one sees that S' x R = C¢(0, 0), hence
C%(0,0) = S! x R. By Theorem 13, there is a unique control set D with nonvoid
interior and S! x {0} C intD®. This yields D* = R4(0, 0). Recall from Lemma 7 that

RY(0,0) = {(r,x) € S' x R? |x € Ron4-(0,0) }. (26)
The solutions satisfy, forr > s > 0andu € U,
@ty s, x0, —1) < @55, x0,u) = —@(t; 5, —x0, —u) < (s, x0, 1).
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This implies that ¢ (#; 0,0, u) < ¢(#;0,0, 1) forallz > Oand u € Y. Since U = —U
the equation above with xg = 0 implies that the reachable sets R; (0, 0) are symmetric
around 0. Together with (26), this shows that for the computation of D¢ it suffices to
determine R4 (0, 0) N [0, o0). By Proposition 5 Ryn4 (0, 0) is convex. Using u = 0
and u = 1, one finds that Ryz4, (0, 0) N[0, 0c0) = [0, 92k +7; 0,0, 1)] forallk € N
and 7 € S' =0, 2).

Claim: For fixed k € N, the reachable sets Ry (0, 0) are increasing with Tt €
[0, 1] and decreasing with T € [1, 2). For fixed t € [0, 2), they are increasing with
k € N and they are given by

Rmmam=URm4am=(- 27)

keN

r(t) r(t) )

l—e3 1 —e¢3

where

Nf—

. e 2T e Lot 41 forte(o,1]
r(t) = ‘
Lo (e - s Lo 11

S}

Since in the proof of this claim we always take control u = 1, we suppress this
argument in ¢. Let xo € R and compute for t € [0, 1] using 2-periodicity

02+ T17,x0) =02+ 72,025 T, x0) = ¢(1; 0, 9(2; T, X0))
=0(1;0,0(2; 1, 0(1; 7, x0))) = e x0 + r (7). (28)
For 7 € [1, 2] compute

1 1
mnam=¢unwawﬁ»=5&”“—aﬁﬂ+§,

PR +1:7,%0) = 92+ 1;3,0(3; T, %0)) = ¢(7; 1, 0(3; T, x0)) = ¢ x0 + 1 (7).

Repeated use of these formulas, periodicity, and induction show for k € N and t €
[0, 2]

Rk +1D+17;0,0) =02+ r1;7,02k +1;0,0)) = e_3g0(2k +17;0,0) 4+ r(7)
k )
— ,—3(k+1) . -3
=000+ 3 e Vr(), (29)

O proving (27).

Equation (29) implies limy— o ¢ (2k 4+ 7;0,0) =
The sets R4+ (0, 0) are increasing with k since

.

1—e

PRk +1)+1:0,0) — 2k +1:0,0) = (e 3*FD — 7380 (2;0,0) + e r (1)
e k3T (e +4e—1)>0 fortel0,1]

e Tt e (le—1)+ 1] > 0fort e[1,2] '
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Fig.1 Control set D% in
Example 1

Fig.2 Control set ¢ (D) and
phase portraits for
u =1,u = —1 in Example 2

The sets Ron+¢ (0, 0) are increasing with 7 € [0, 1] sincefor0 <o <7 <1
02k +1;0,0) = ¢(1;0, 0(2k;0,0)) = e " (¢(2k;0,0) — 1) + 1 < 92k + 00, 0).

Here, we use that e 7 < ¢~ ¢ and that forx > 1 one has a(t)x +u < Oforallu € U
implying ¢(2k; 0,0) — 1 < 0.
The sets Ron+ (0, 0) are decreasing with 7 € [1, 2] sincefor | <o <17 <2

T
ek +7;0,0) = @(t; 1, 2k + 1;0,0)) = > T2k + 1;0,0) + / e 27945
1

1 1
=7 (P +150,00 = )+ 5 <9k +050,0).
Here, we use €227 < ¢2720 and 02k +1;0,0) > ¢(1;0,0) =1 — el > %
Figure 1 presents a sketch of the control set D% in S' x R.

The following two examples are autonomous two-dimensional linear control sys-
tems. Hence, it is not necessary to autonomize the system and the results on the
control sets in R? follow from Sontag [24, Corollary 3.6.7]. These examples serve as
illustrations for the projection to the Poincaré sphere.

Example 2 Consider
x(@) =x@) +u®), y@)=—y@) +u®), (30)
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Fig.3 Control set e, (D) and
phase portraits for
u =1,u = —1 in Example 3

with u(t) € U = [—1, 1]. Here, the origin is a saddle for the uncontrolled system. For
the control system induced on the Poincaré sphere S?, a computation based on (23)
yields

S1 = [1 — s% + s% —u(s153 +S2S3)] S|+ us3

§ [—1 — S]Z + s% —u(sys3 + S2S3))] §7 + Uus3

§3 = [—slz + s% —u(sys3 + S2S3):| $3. 31

For u = 0 the north pole (0, 0, 1) is the only equilibrium, and for # # 0 the equilibria
move away from the north pole. Theorem 13 implies that there is a unique control
set D c S' x R? with nonvoid interior and that it is bounded. By Theorem 15(ii),
D% = ep (D) is the unique control set with nonvoid interior on the upper hemisphere
S**. On the equator one has s3 = 0 and the equation reduces to

] = 2s§s1, Sy = —2s12s2.

This coincides with the projection of the homogeneous part of the original equation in
R? onto the unit circle S'. The equilibria are (%1, 0, 0) and (0, 1, 0). Linearization
on the equator §2.0 yields in ¢! = (1,0, 0) and €2 =(0,1,0)

Xy = —2xp and x| = 2x, resp.

If we linearize on the sphere S* we have to linearize (31) in ! and e? with respect to
F2 u

0 —
F1 with eigenvectors given by (x, 0)" and (£u-x,x) ", x # 0, resp.

The orthogonal projection of the system on the upper hemisphere S>* to the unit
disk yields the global phase portrait with control set e p (D) sketched in Fig. 2. Observe
that near the equator s3 is close to 0, hence the control vector field in (31) goes to 0
for s3 — 0.

the second and third arguments only. We obtain < 1 ) with eigenvalues F2 and

Remark 7 Perko [22] considers the differential equation (30) with u = 0. In this case
the formulas derived above coincide with his results. The global phase portrait in Fig. 2
is similar to [22, Figure 5 on p. 275] with the additional feature that around the north
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pole of S? the image of the control set occurs. Perko [22], as well as Lefschetz [20,
pp- 202], actually, does these computations for differential forms, i.e., in the cotangent
bundle of the sphere.

The following example is a slight modification of Example 2. It illustrates Remark 6
since the flow on the intersection of ep (R(0)) with the equator is nontrivial.

Example 3 Consider the autonomous system given by
X(1) = x(1) +u), y@)=2y@)+u),

with u(t) € U = [—1,1]. Note that for constant u the equilibrium given by
(—u, —u/2) is an unstable knot. Since the eigenvalues 1 and 2 are positive, the control
set D* with nonvoid interior is bounded. The reachable set from the origin coincides
with the unstable subspace and satisfies R(0) = ET = R2. For the projection to the
Poincaré sphere one obtains

ep(RO0) NS*? = ep(ET)NSH0 =§20.

On the other hand, Proposition 14(ii) shows that the flow on the equator S* is deter-
mined by the flow on the unit circle S' induced by the homogeneous part (with u = 0).
The Floquet subspaces L(1) = R x {0} and L(2) = {0} x R are given by the
eigenspaces and intersect S! in the equilibria (%1, 0) and (0, £1), resp. All other
points sg € St satisfy lim;,_, _oo s(t, o) = (£1,0) and lim;_, o s(¢, so) = (0, £1).
The orthogonal projection of the system on the upper hemisphere S> to the unit disk
yields the global phase portrait with control set ep (D) sketched in Fig. 3.

7 Controllability properties of quasi-affine systems

In this section, we apply the results above to the study of controllability properties for
quasi-affine control systems of the form (3). Explicitly, system (3) may be written as

p
x(t) = Aox(t) + Z viOAix(@) + Bw@)u(t), (m,v)eld x V. (32)
i=1

We denote the solutions of (32) with initial condition x(0) = xo € R4 by
¥ (t; xo,u, v), t € R. The homogeneous part of (32) is the bilinear control system

X)) =A@)x@), vel, (33)

and we denote the solutions of (33) with x(0) = x¢ by ¥hom (¢; X0, v), t € R. Control
systems (32) and (33) come with associated flows given by

\I’ZRXUXVXRd—)UXVXRd, with
Wt u,v,x) = u+-), v +-), ¥ x,u,v) and
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Whom : R x V xR > V x R, with
“Ilhom(t; v, x) = (v(t + ')a whom(t; X, v)),

resp. Here, u(t 4+ -)(s) := u(t + s) and v(t + -)(s) := v(t + 5), s € R, are the right
shifts and 4 C L*°(R, R™) and V C L (R, R”) are endowed with a metric for the
weak™ topology. Then, U/ and V are compact and the shifts are chain transitive; cf.
Colonius and Kliemann [7, Chapter 4] or Kawan [18, Section 1.4]. The flow Whom
is a continuous linear skew product flow on the vector bundle V x R? since (33) is
control-affine. On the other hand, the affine flow W on the vector bundle (U x V) x R¢
is not continuous, in general, even if we suppose that B(v) := By + Z{;l v; B; with
By, By,...,B, € RZ>™ Tn fact, if products v;u j occur on the right hand side of (32),
the system is not control-affine, and hence continuity does not hold.
For any periodic v € V), one obtains a periodic linear control system

x(@) =AwE)x@®) + Bw)u(), ucl. (34)

Fix a T-periodic control v € V and parametrize the unit circle St byt €[0,Ty). A
corresponding augmented autonomous control system on S! x R? is defined by

Vi (15 (10, X0), u) = (t + tomod Ty, ¥ (t; X, u, v(tg + ), u €U. (35)
The reachable set of (79, xg) € S' x R? is
R (10, x0) = {y (t: (0, x0), u) |t > Oand u € U }.

Analogously, the controllable sets C (g, xo) are defined. If the system in (34) without
control restriction is controllable, Theorem 13 shows that one finds a unique control
set Dy = R2(0, 0) N C4(0, 0) with nonvoid interior of the autonomized system (35)
and S! x {0} C intD¢.

Letm : S'xR? — R?, 75(t, x) = x for (1, x) € S' xR?. The following theorem
establishes the existence of a control set for quasi-affine systems, defined analogously
as in Definition 1, containing all 72 (D{) for the control sets D{ for periodic v € V.

Theorem 16 Suppose that the following assumptions hold:

(i) for every periodic v € V the periodic linear system in (34) with unconstrained
controls u € L (R, R™) is controllable;

(ii) the quasi-affine system (32) is locally accessible, i.e., R<s(x) and C<s(x) have
nonvoid interiors for all § > 0 and all x € R?.

Then, the quasi-affine system (32) has a control set D with nonvoid interior such
that for all periodic v € V the control sets D of the autonomized periodic linear
control system (35) satisfy ma(DS) C D.

Proof Fix a T,-periodic control v € V. The set 2 (D¢) is a neighborhood of 0 € R4
and for all x,y € mo(Dy) there are 7o, 7, € S! with (ty, x), (ty,y) € Dy and
(ty, y) € Ry(zy, x). This means that there are #, > 0 and u,, € U with

Yo (tns (Tx, X), up) = (t + Ty mod Ty, ¥ (1,5 X, up, v(1x + ) = (13, y) forn — oco.
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In particular, this shows that y € R(x), where R(x) is the reachable set from x of the
quasi-affine system (32) given by

Ros(x) = {v(t; x,u’, V) |t €[0,S], W, ,v)elUd xV}and R(x) := US>0 Ros(x).

Define D as the union of all sets D’ satisfying D’ C R(x) for all x’ € D’ and
containing w2 (D). We claim that D C R(x) for all x € D. For the proof of the
claim, let x, y € D. Then, there are sets D’ and D" with mo(D%) C D’ N D" and
x € D',y € D”. We know that 0 € intr(D?). By local accessibility of the quasi-
affine system there is S > 0 with @ # intC<g5(0) C m(D?%) C D’. Then, the
inclusion D’ C R(x) implies 0 € R(x). Since 0, y € D” the claim follows from
y € R(0) C R(x). Thus D is a maximal set with the property that for all x € D one
has D C R(x). Since intD # @& Kawan [18, Proposition 1.20] implies that D is a
control set.

For every periodic control v € V, the projected set 772 (D) contains 0 € R<. Thus,
the maximality property of control sets implies that the control set D is independent
of v and hence contains > (D{) for every periodic v € V. O

Next we show that under some additional assumptions the control set D of the
quasi-affine system coincides (up to closure) with the union of the projected control
sets D¢. Thus, the control set D can be obtained by fixing periodic controls v and
determining the control sets D, of the corresponding autonomized systems (11).

Theorem 17 Suppose that the following assumptions hold:

(i) for every periodic v € V the periodic linear system in (34) with unconstrained
controls u € L (R, R™) is controllable;

(ii) the quasi-affine system (32) is locally accessible;

(iii) for all periodic v € V all Floquet exponents of the periodic homogeneous part
(33) of (32) are different from 0O;

Then, the quasi-affine system (32) has a unique control set D with nonvoid interior,
and it satisfies

D= o (intD?).
UUeVperiodic 2( v)

Proof The control set D from Theorem 16 contains all 7> (int DS ). Let E be an arbitrary
control set with nonvoid interior of (32). By local accessibility, Colonius and Kliemann
[7, Lemma 3.2.13(i)] shows that E = intE. Hence, it suffices to prove that intE C
Uvev periodic 72(intD§), which also implies E = D. Fix a point xo € intE. Denote
by ints (U) the interior of U with respect to the L°°-norm, and note that inteo (If) is
dense in I/ in this norm.

Claim. For every ¢ > 0, there are y € R, T > 0, and (u, v) € inteo (M) x V with
ly = xoll <&and ¥ (dT; y,u,v)=y.

For the proof of the claim note first that by local accessibility [7, Lemma 3.2.13(iii)]
implies intE C R(xg) and hence there are u® € U, v € V, and T > 0 with xg =
@(T'; x0, u®, v). We may suppose that 1° and v are T-periodic functions. Thus, T = T,
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for the T'-periodic control v € V and we obtain xg = ¢(d7y; xo, 1%, v). Since ints o)
is dense in U one finds for all ¢ > 0 a dT,-periodic control u with Hu —ud HLOO <e.
By the hyperbolicity assumption (ii), Colonius, Santana, Setti [11, Proposition 2.9(i)]
implies that the d7,-periodic inhomogeneous differential equation (34) has a unique
dy-periodic solution with initial value y at time 0. With the principal fundamental
solution denoted by X, (¢, s), it is given by

dr,
y =1[ls — X,(dT,, 0)]7" / Xy(dTy, s)B(v(s))u(s)ds.
0

By [11, Proposition 2.9(iv)], the initial values y of these periodic solutions converge
to xo for u converging to u% in L*([0, dT,], R™). This proves the claim.

Itremains to prove that xq isin 7r2 (D¢). This follows if we can show that y € 72 (D$)
since y is arbitrarily close to xg. Assumption (i) and Theorem 4(ii) imply that for all
points z € R? there is u’ € L>([0, dT,], R™) such that

dr,
72=9dT,;0,u',v) = / X, (dTy, s)B(v(s))u'(s)ds.
0

Since u € int(U) it follows that for all z in a neighborhood Nj(y) of y there is
u' € U with

d7,
7 — X,(dT,, 0)y = / X, (dT,, s)B(v(s))u'(s)ds, hence z = ¥ (dTy; y, u’, v).
0

With d7;, = Omod Ty, this means by Lemma 7 that the points (0, z) € S! x Ny )
are contained in the reachable set

RS 47 (0, y) = {(0,y) |y € Ryar, (0, y)}

of the autonomized system (35) for the T, -periodic v. Applying the same arguments to
the time-reversed system, one finds that all (0, z) € S! x R? with z in a neighborhood
N> (y) of y are in the controllable set CZ,dTv (0, y). Every point (0, z) withz € N1 (y)N
N3(y) can be steered to (0, y) and then to any other point in this intersection. This
implies that (0, y) is in the interior of a control set of the autonomized system (35).
The only control set with nonvoid interior of this system is D, hence it follows that
(0, y) eintD] and y € m(intD}) and concludes the proof. O

Similarly as the periodic linear system (4) also the quasi-affine system (32) can
be projected to the upper hemisphere S+ of the Poincaré sphere by a conjugacy
e(;, : R? — S%*. We obtain the following corollary.

Corollary 18 Under the assumptions of Theorem 17, the control set D of the quasi-

affine system (32) projects to the unique control set e(},(D) with nonvoid interior for
the system induced on S%+.
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