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Abstract

The fact that the adjacency matrix of every finite graph is diagonalizable plays a
fundamental role in spectral graph theory. Since this fact does not hold in general
for digraphs, it is natural to ask whether it holds for digraphs with certain level of
symmetry. Interest in this question dates back to the early 1980s, when P. J. Cameron
asked for the existence of arc-transitive digraphs with non-diagonalizable adjacency
matrix. This was answered in the affirmative by Babai (J Graph Theory 9:363-370,
1985). Then Babai posed the open problems of constructing a 2-arc-transitive digraph
and a vertex-primitive digraph whose adjacency matrices are not diagonalizable. In this
paper, we solve Babai’s problems by constructing an infinite family of s-arc-transitive
digraphs for each integer s > 2, and an infinite family of vertex-primitive digraphs,
both of whose adjacency matrices are non-diagonalizable.
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1 Introduction

In this paper, a digraph I' is a pair (V(I'), —) with V(I") a set of vertices and — an
irreflexive binary relation on V (I"), and all digraphs are assumed to be finite. Suppose
that I" has n vertices vy, v, ..., v,. The adjacency matrix of T', denoted by A(I"), is
the square matrix of order n whose (i, j)-entry is 1 if v; — v; and O otherwise. Note
that the adjacency matrices of I" under different labellings of its vertex set are similar
and hence have the same eigenvalues with multiplicities. The eigenvalues of A(I") are
called the eigenvalues of I". The digraph I' is said to be diagonalizable if its adjacency
matrix is diagonalizable.

We say that I' is an undirected digraph or a graph if the binary relation — is
symmetric. For a graph, its adjacency matrix is symmetric, which makes it always
diagonalizable. Due to this essential property, the famous Courant-Fischer-Weyl Min-
Max Theorem and Cauchy Interlacing Theorem, as powerful tools, are used frequently
to deal with eigenvalues of graphs; refer to [6, 11]. Compared with those of graphs,
results about eigenvalues of digraphs are sparse due to the obvious fact that their adja-
cency matrices are not necessarily diagonalizable. It is natural to ask whether digraphs
with certain prescribed properties are diagonalizable. For example, some digraph prop-
erties in terms of association schemes guarantee that the digraph is diagonalizable;
see [16, 17] for instance.

For a non-negative integer s, an s-arc of I is a sequence vy, vy, ..., vs of s 4+ 1
vertices with v; — wv;4| foreachi € {0,1,...,s — 1}. In particular, a O-arc is a
vertex of I'. We say that I is s-arc-transitive if the automorphism group Aut(I") of
I' acts transitively on the set of s-arcs of I'. The 0-arc-transitive and 1-arc-transitive
digraphs are simply said to be vertex-transitive and arc-transitive, respectively. For
a finite group G and a nonempty subset S of G \ {1}, the Cayley digraph on G with
connection set S, denoted by Cay(G, S), is defined to be the digraph with vertex set
G such that x — y if and only if yx~! € §.

It is clear that every Cayley digraph is vertex-transitive as its automorphism group
has a regular subgroup. The first result exploring the relationship between symmetry
and diagonalizability of digraphs was given by Godsil [10]. He proved that for each
digraph ¥ with maximum degree greater than one, there exists a Cayley digraph I"
such that the minimal polynomial of A(X) divides that of A(I"). This implies the
existence of non-diagonalizable Cayley digraphs, and thus non-diagonalizable vertex-
transitive digraphs. On the other hand, a sufficient condition for a Cayley digraph to
be diagonalizable is given by Babai in [2], that is, if the connection set S is closed
under conjugation then Cay (G, S) is diagonalizable.

The digraph I is said to be regular if there exists a positive integer d, called the
valency of I' and denoted by Val(I"), such that every vertex of I" has d out-neighbours
and d in-neighbours. Note that a regular (s 4 1)-arc-transitive digraph is also s-arc-
transitive. In particular, a regular arc-transitive digraph is necessarily vertex-transitive.
In 1983 Cameron [5] asked about the existence of non-diagonalizable arc-transitive
digraphs. This was answered in the affirmative by Babai [1] in 1985. In fact, Babai [1]
proved a stronger result that for each integral matrix A, there exists an arc-transitive
digraph I" such that the minimal polynomial of A divides that of A(I"). In the same
paper, he further posed the following open problems. Recall that a permutation group
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G on a set 2 is said to be primitive if G does not preserve any nontrivial and proper
partition of Q2. We say that I is vertex-primitive if Aut(I") acts primitively on V (I").

Problem 1.1 [1, Problem 1.4] Construct a non-diagonalizable 2-arc-transitive digraph
and a non-diagonalizable vertex-primitive digraph.

We remark that, for every positive integer s, the existence of non-diagonalizable
s-arc-transitive digraphs can be deduced from the combination of some known results.
In Hoffman [12] showed that for each integral matrix A, there exists a digraph I" such
that the minimal polynomial of A divides that of A(I"). For each digraph I', Godsil
[10] proved the existence of a regular digraph £ with the property that the minimal
polynomial of A(I") divides that of A(X). Moreover, for every regular digraph X, a
result from Mansilla and Serra [15] in 2001 shows that there exists an s-arc-transitive
covering digraph X of X for each positive integer s. Since the minimal polynomial
of a digraph divides those of its covering digraphs (see [1, Corollary 3.3]), we derive
the existence of an s-arc-transitive digraph X, for each integral matrix A and positive
integer s such that the minimal polynomial of A divides that of . This proves the
existence of non-diagonalizable s-arc-transitive digraphs for each s > 1. However,
such a proof is not constructive.

In this paper, we solve Problem 1.1 by constructing infinite families of digraphs
with the required properties. To build an infinite family of digraphs from an existing
one, we use the fensor product I' x X of digraphs I and ¥, where I" x ¥ is the digraph
with vertex set V(I') x V(X) such that (11, vi) — (uz, v2) if and only if u; — us
in " and vy — vy in ¥. For an integer n > 1, denote by I'*” the tensor product of
n copies of digraph I'. Our main result gives infinite families of non-diagonalizable
s-arc-transitive digraphs and non-diagonalizable vertex-primitive digraphs. The basic
digraphs in these two families are as follows.

Construction 1.2 Foreachintegers > 2,leta; = (2s —1, 25)(4s — 1, 4s) € Sym(4s),
let by = (1,3,5,...,4s — 1,2,4,6,...,4s) € Sym(4s), let Ry = (ay, by) be the
group generated by as and by, and let 'y = Cay(Ry, {asbs, bs}).

Construction1.3 Let R = (a,b |a’ =b> =1, b 'ab=a?) x (c,d | ¢! =d° =
1, d 'ed = ¢?), let y be the automorphism of R interchanging a with ¢ and b with
d, let

S=(STUSTHS3USTH US3US;H(S1USTH USISY USsT usisy usasy Y,
where

S| = {a, @, a®b, a®b?}, S, = {ab, (ab)™'},
S3 =1{a’, b, ab®, a*b?}, S4 = {a’b, (a’b)7"},
and let ¥ = Cay(R, S).

Remark We will see in Lemmas 3.1 and 4.1 that the group R; in Construction 1.2 is
an extension of the elementary abelian group C3 by the cyclic group Cag, while R and
S in Construction 1.3 satisfy R = (C7 x C3)? and |S| = 160.
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Our main result is as follows.

Theorem 1.4 For all positive integers n and s > 2, with Ty and X defined in Con-
structions 1.2 and 1.3, the digraphs T ;" and =" satisfy the following:

(a) T')" is s-arc-transitive;
(b) X" is vertex-primitive;
(c) T} and " are non-diagonalizable.

The remainder of this paper is structured as follows. In the next section, we will
give some basic definitions and lemmas that will play an important role in the proofs
of our main results. After these preparations, we will prove in Sect. 3 that the digraph
I's defined in Construction 1.2 is a non-diagonalizable s-arc-transitive digraph for
each integer s > 2 (see Theorem 3.3), and prove in Sect.4 that the digraph X in
Construction 1.3 is a non-diagonalizable vertex-primitive digraph (see Theorem 4.6).
Finally, Theorem 1.4 follows from Lemma 2.6 and Theorems 3.3 and 4.6 immediately,

as summarized in Sect. 5 along with some open questions and a conjecture.

2 Preliminaries

Throughout the paper, LI denotes the disjoint union. For a positive integer n, denote
the cyclic group of order n by C,, and the dihedral group of order 2n by D»,. Let G be
a finite group. For elements ¢ and b in G denote a” = b~'ab. For a subgroup H and a
subset D of G\ H such that D is a union of double cosets of H in G, the coset digraph
Cos(G, H, D) is the digraph with vertex set [G: H], the set of right cosets of H in G,
and Hx — Hy if and only if yx~! € D. Clearly, the right multiplication action of G
on [G:H] induces a group of automorphisms of Cos(G, H, D), and Cos(G, H, D) is
arc-transitive if D is a single double coset of H in G.

For matrices A and B, denote by A ® B their Kronecker product (tensor product),
that is, the matrix obtained by replacing each entry a; ; of A with the block a; ;B.
Let C be the complex field, and denote by M, ,,(C) the set of n x m matrices with
entries in C. Some basic properties of the Kronecker product are given in the following
lemma, which follows from [13, Egs. 4.2.7, 4.2.8, Lemma 4.2.10, Corollaries 4.2.11
and 4.3.10].

Lemma2.1l Let A € My, (C), B € My»y(C), C € Myxi(C) and D € My, (C).
The following hold:

(@ (A® B)(C® D) =(AC) ® (BD);

(b) if both A and B are invertible, then A @ B is invertible and (A ® B)™' =
AT'® B~

() ifm=pandn=gq,then(A+B)QU =AQU +BQRU andU ® (A+ B)
UR®A+UQBforallU € Myy;(C);

(d) ifm=nandp =q, then A® B and B ® A are similar.

The constructions of I'y and X in Sects.3 and 4 are via Cayley digraphs. The
following two lemmas enable us to prove the non-diagonalizability of Cayley digraphs
on a group G by analyzing irreducible representations (over C) of G. For a subset
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S € G and two representations p and ¢ of a group G, denote p(S) =) ¢ p(s) and

_(p(S) 0O

Lemma 2.2 [14, Proposition 7.1] Let G be a finite group, let S be a nonempty subset
of G\ {1}, and let {py, ..., pr} be a complete set of irreducible representations of G
over C. Then A(Cay(G, S)) is similar to

d1p1(S) ® d202(S) @ - - - ® drpr(S),

where d; is the dimension of p; and d; p; (S) := pi(S) D --- @ p;i(S) fori € {1, ..., k}.
d;

Lemma 2.3 Let G be a finite group and let S be a nonempty subset of G \ {1}. The
digraph Cay(G, S) is non-diagonalizable if and only if there exists a representation
p of G over C such that p(S) is non-diagonalizable.

Proof For each representation p of G over C, by Maschke’s theorem (see [8,
Corollary 1.6]), there exist irreducible representations pi1, p2, ..., pr of G satisfy-
ing p=p®p2®--- D p;. This implies that p(S) is non-diagonalizable if and only
if p; (S) is non-diagonalizable for some i € {1, 2, ..., t}. According to Lemma 2.2,
the latter holds if and only if A(Cay(G, S)) is non-diagonalizable. Thus the lemma
follows. m]

Denote by J (¢, s) the s x s Jordan block with eigenvalue «.
Lemma24 Ifs > lort > 1, then J(«, s) @ J(B, t) is non-diagonalizable.
Proof According to [13, Theorem 4.3.17], J (e, s) @ J(B, 1) is similar to

min{s,?}—1
J (0, min{s, t)SUs—11+D g J(O,0)%? ifa=0=§
k=1
J(0, 5)®" ifa=0+#p
J(, 1)®s ifa £#0=2
min{s,?}
P J@B,s+t+1-2k) if af # 0.
k=1

This shows that the Jordan canonical form of J(«, s) ® J(B, t) contains one of the
Jordan blocks J(0, s), J(0,¢) and J(«xB,s +¢t — 1). Sinces > 1 ort > 1, we have
s+t —1>1.Hence J(a,s) ® J(B, t) is non-diagonalizable. O

Lemma 2.5 IfeitherT" or X is non-diagonalizable, then I" x X is non-diagonalizable.

Proof Let A and B be the adjacency matrices of I and X, respectively. Then A ® B
is the adjacency matrix of I' x X. Suppose that either I" or ¥ is non-diagonalizable,
that is, either A or B is non-diagonalizable. This implies that there exist Jordan blocks
J(ct,s) of Aand J(B,t) of B withs > 1or¢ > 1. By Lemma 2.1, each Jordan block
of J(«, s) ® J(B, t) is a Jordan block of A ® B. Thus we conclude from Lemma 2.4
that A ® B is non-diagonalizable, which means that I’ ® ¥ is non-diagonalizable. O
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For a digraph I, recall the digraph I"*" defined in the paragraph before Construc-
tion 1.2. We give some properties for I'*” in the following lemma.

Lemma 2.6 For positive integers n and s, the digraph T'*" satisfies the following:

(a) T*" is s-arc-transitive if T is s-arc-transitive;
(b) T*" is vertex-primitive if I is vertex-primitive and |V (I')| is not prime;
(¢c) T*" is non-diagonalizable if T is non-diagonalizable.

Proof Parts (a) and (c) are obtained directly from [9, Lemma 2.7] and Lemma 2.5,
respectively. For part (b), the conditions that Aut(I") is primitive on V (I") and that
|V(I')] is not prime imply that Aut(I") : Sym(n) is primitive on V (I")" (see [4, Propo-
sition 3.2 and the paragraph thereafter]), and so Aut(I"*") > Aut(I") : Sym(n) is
primitive on V (I')" = V(I"*"). O

For each prime power ¢, we label the 1-dimensional subspaces of IF; by the ratio of
the coordinates, thatis ((x, 1)) is labelled by x and ((1, 0)) is labelled by co. The set of
1-spaces is then identified with the set F, U {oo}, called the projective line over F,, and

denoted by PG(1, ¢). For each matrix A = (Ccl Z) € GL(2, q), the transformation
$a: PG(1, q) — PG(1, q), x > X1 °
bx +d

is called a linear fractional transformation on PG(1, g). Here we set ¢4 (c0) = a/b
and ¢4 (—d/b) = oo if b # 0, and set ¢p4(c0) = oo if b = 0. Note that

¢: GL(2,q) = Sym(PG(1,q)), A ¢a

is a group homomorphism, and we have PGL(2, ¢) = ¢ (GL(2, ¢)) and PSL(2, q) =
¢(SL(2, g)). Moreover, ¢4 € PSL(2, q) if and only if det(A) is a square in IF,.

3 The Non-diagonalizable s-arc-Transitive Digraphs I's

Fix aninteger s > 2. For simplicity of notation, leta = a; = (2s—1, 25)(4ds—1, 4s) €

Sym(4s), let b = by = (1,3,5,...,4s — 1,2,4,6,...,4s) € Sym(4s), and let

R = Ry = (a, b). Then I'y = Cay(R, {ab, b}) is as defined in Construction 1.2.
Throughout this section, let N = (a, a®, abz, e a””! ), let G = (h, g) with

h=(,2) e Sym(4s) and g = (1,3,5,...,45s — 1)(2,4,6,...,4s) € Sym(4s),

and let H = (h, h8, h&", ... h¢""'). Observe that

s—1

(h) x (h8) x (h&) x - x (B¢ ")
((1,2)) x ((3.4)) x ((5.6)) x -+ x (25 — 1,25)) = C3, )

H

a=h®"h¢" and b = gh. In particular, R < G.
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Lemma 3.1 The subgroup N = (a) x (a®) x (a®’) x --- x (a®" ") = C; is normal in
R with R/N = (bN) = C»y. In particular, |R| = 2°F1s.

Proof Note that a has order |a| = 2 and at* = 2¢—1,2002s +2¢— 1,25 +20)
foreach £ € {1, 2, ..., s}. We see that

N = (a) x (@) x (@) x -~ x (@ "y =3
is normalized by a and b, and so N < (a, b) = R. This together witha € N and
b2 = (1,2)(3,4)- - (4s — 1, 4s) = aaa” . ..a¥" " e N
leads to R/N = (bN) = Cp;. As a consequence, |R| = 2° - 2s. O
In order to prove that ' is s-arc-transitive, we need the following lemma.

Lemma 3.2 Forthe digraph Ty in Construction 1.2, we have I'y = Cos(G, H, HgH).
Proof Since ghg™! = (45 —1,4s) ¢ H, wehave H # Hghg ™' andso Hg # Hgh.
Hence HgH 2 Hg Ll Hgh. Moreover, since
HOHE = ((h) x (h8) % - x (B ) N (h8) x () x -+ x (h"))
— (hS) x (hS) x - x (B8 )
=cy!

we see that |HgH|/|H| = |H|/|H N H8| = 2. Therefore, HgH = Hg L Hgh. As
a=h%"ht" andb = gh, we have ab = h®’ 'g € Hg, and so

HgH = HgUHgh = Hab U Hb. 2)

Now we prove that |G| = 22 - 25. Let M = (h, h%, h&", ... h&"""). Since h8' =
Qi+1,2i +2)fori €{0,1,...,2s — 1}, we see that

2s—1

M = (h) x (h8) x (h&") x - x (b8 ') = 2.

Therefore, M is normalized by both 4 and g as g2 = 1, and so M < (h, g) = G.
Together with the facts that g has order 2s, that elements in M have order dividing 2
and that

g =01,2s+1)2,254+2)---2s — 1,45 — 1)(2s,4s) ¢ M,
this gives G/M = (gM) = Cy, and so |G| = 225 - 2s.

Let ¥ : r — Hr be the mapping from the vertex set R of I'y to [G:H]. Next we
prove that v is a graph isomorphism from I'y to Cos(G, H, HgH). Note from
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N ={((1,2)2s + 1,25 +2)) x ((3,4)(2s +3,25 +4)) x ---
x (25 — 1,25)(4s — 1, 4s))

and H = ((1,2)) x ((3,4)) x---x{2s—1,2s))that NN H = 1.Since RNH < H
is an elementary abelian 2-group, the only possible non-identity elements of R N H
are involutions. Moreover, we deduce from R/N = (bN) = C»; that the involutions
of R are contained in N Ub*N. Thus RN H C (N Ub*N) N H. Note from

b= (1,25 +1,2,25 +2)(3,25 +3,4,25 +4) --- (25 — 1, 4ds — 1, 25, 4s)

that N N H = 1.Hence RN H € (NULN)YNH =1as NN H = 1. From
Lemma 3.1 we have |R| = 215, Since R < G and

|G| = 2% - 2s =215 .25 = |R||H]|,

we conclude that R forms a right transversal of H in G, and so the mapping v is
bijective. Hence for ri and r» in R, we have rzrl_1 € {ab, b} if and only if Hrzr]_1 -
Hab U Hb. By (2), the latter condition holds if and only if Hrzrf1 C HgH, or
equivalently, rzrfl € HgH.Thus we conclude that7; — rp isan arcin I'y if and only
if Hry — Hr is an arc of Cos(G, H, HgH). This shows that v is an isomorphism
from 'y to Cos(G, H, HgH). O

Now we give the main result of this section.

Theorem 3.3 For the digraph T in Construction 1.2, the following hold:

@) V(I =2 s

(b) Val(T'y) =2;

(c) [y is strongly connected;
(d) Ty is s-arc-transitive;
(e) 'y is non-diagonalizable.

Proof Parts (a) and (b) follow directly from I'y = Cay(R, {ab, b}) and |R| = 2° - 2s.
Since (ab, b) = (a, b) = R, we see that Iy is a connected digraph, which implies that
Iy is strongly connected (see [11, Lemma 2.6.1]), as part (c) states. Note that

H—>Hg—>-~-—>Hgs_l—>Hgs

is an s-arc of the coset digraph Cos(G, H, HgH) and the stabilizer in G of this s-arc
is HNH8N---N HE . Itis clear from (1) that

i+1

HENHE N nHE = 18y x 8y x - x (h8),
HOHSN - N HS = () x (h8 ) x - x (&),
= (h®

i+1 i+2

) x (h87) x -+ x (hS),

i+1

Hgﬂngﬂ~-ﬂHg
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and so

HENHS N .NHS =(HNHEN---NHSYHSNHE N--.nHET
for each i € {0,1,...,s — 1}. Recall that G < Aut(Cos(G,H,HgH)) and
Cos(G, H, HgH) is arc-transitive. Thus, by [9, Lemma 2.2] and Lemma 3.2, we
conclude that T’y is s-arc-transitive, as part (d) asserts.

. . k .
Now it remains to prove part (e). Denote a;y = a? fork e {1,2,...,s}. According
to Lemma 3.1, any elements x and y in R can be written as

) € 01 62 Os pn
x=aj'ay ---ab" and y =aj'ay’ ---a;'b 3)

for some &1, &,...,85,01,62,...,0, € {0,1} and m,n € {1,2,...,2s}. Since
14 k1t k+¢
(@)’ = @)’ =a"" = aryy, we have

—m
xy =aj'ay’ - ay (aflag2 cea®Ht " pmpn 4)
_ &1, g5 01 02 05 pm+n
=ayay ---agtaj_,a,”,, ---ag,b
— afl+gl+ma§2+92+m . a§s+95+mbm+n,

where subscripts are counted modulo s.

First assume that s > 3 is odd. In this case, let V be the vector space over C with
basiseq, ez, ..., 5, and for x as in (3), let p (x) be the linear transformation on V such
that

W = (—1)"2t iy foralli € (1,2, ..., s}, 5)

where subscripts are counted modulo s. It follows that

(ef )P0 = (=173 Rkt sy )P
= (DT
= (—1)~e2-2+ Xk & (1) ~O-2+mis—1/2+ L 0k€i+m(s—1)/2+n(s—1)/2
= (=)ol o (=) "2t e Oy o

= (-1 )*(82—2i+92—2i+m)+2‘k=1 (8k+9k+m)ei+(m+n)(s—l)/2

- elp(xy)
fori € {1,2,...,s}. Hence p is a representation of R on V. Fori, j € {1,2,...,s},
let E; ; be the s x s matrix with (i, j)-entry 1 and other entries 0. With respect to the
basis eq, e, ..., e; we deduce from (5) that
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—1,
p(ab) = p(ash) = (_ ; <”‘>/2) +2E1 (5412 and p(b)
(s—1)/2

_ Iis+1))2
Iis—1)/2 '

which yields

p(ab) + p(b) = 2E1 (541)/2-

Since 2E1,(s+1y,2 is non-diagonalizable, we conclude from Lemma 2.3 that I'; is
non-diagonalizable.
Next assume that s > 2 is even. For each integer ¢, denote

tmod 2 — 0, ?ft%seven,
1, ifrisodd.

In this case, let V be the vector space over C with basis ej, e, and for x as in (3), let
p(x) be the linear transformation on V such that

Y = (1% (m et + (=1)% (m +i + Dey foralli € (1,2},

where §; = Zifo_l &2k4i fori € {1, 2}. Thus by (3) and (4), with respect to the basis
e, ep we have

(=Dm+ 1T (=D%m
,O(X) - < (_1)52’1—1 _1)52m + 1>

_ (D7t ( H'n

IWmLtnxt1 Y1
(xy)=<( D"m+n+1 (=D""m+n >

(—D72mFn (—)’m+n+l1
where 0; = k/ o Ou+iand y; = Zi/j 0 ! (82k+i + 02k+i+m) with the subscripts

of 6 counted modulo s for i € {1, 2}. Since y; = 6; + (m +i)o; + (m +i+ 1)or, a
straightforward calculation shows that p(xy) = p(x)p(y). Hence p is arepresentation

of R on V. Since
01 01 02

is non-diagonalizable, we conclude from Lemma 2.3 that Iy is non-diagonalizable.
This completes the proof of part (e). O
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4 The Non-diagonalizable Vertex-Primitive Digraph 2
Recall from Construction 1.3 that ¥ = Cay(R, §) with

R=(@bld =b>=1,b"lab=d*) x(c,d |’ =d*=1,d "ed = ?),
S=(SUSTHS3USsyH U USsyhHs usH ussy
U S STusisy usasyhy,

where y is the automorphism of R interchanging a with ¢ and b with d, and

Si1 = f{a, a’, a®b, a®b*}, S, = {ab. (ab)™'},
Sy = {d’, b, ab*, a*b*}, S4 = {a’b, (a*b)"'}.

The following lemma gives basic properties on R and S.

Lemma 4.1 The following hold:

(@) R = (Cr % C3)%

() S= (ST uSTH(S ST U(SsuSyHSIuSTY LSSy uSsT usysy U
Sa(STY;

(©) IS| = 160.

Proof Part (a) is obvious. Next we prove parts (b) and (c). Observe that §; N S; = ¢
forall i, j € {1,2, 3,4} withi # j. Moreover, since

ST =1{a® a?, a®b?, a*b) and S7' = {a*, b?, @®b, @b},
we observe that the sets S| U Sy U S3 U Sy, Sl_l and S5 U are pairwise disjoint. Thus
S=(StusyHSsusyhH” u(SsusyHSusyH” usisy
USH ST L STISY L sy(sTYY,
proving part (b). As a consequence,

ISI = 1(S1 LSO uSTH 1+ 1S3 u ST HIS LS|
+SUHISY L+ 1S211ST 14 187 1SY 1+ 1841187
=@+4 - G+H+(@E+49 @G+H+4-2+4.2+4.244.2
= 160,

as part (c) states. O

Recall the group homomorphism ¢: GL(2,g) — PGL(2, q) < Sym(PG(l, ¢))
defined at the end of Sect. 2. For our convenience, we identify R with a permutation
group on PG(1,7) x PG(1, 7) by letting
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a: (x,y)— x+1,y), b: (x,y) — (2x, y),
c:(x,M=>@x, y+1),d: (x,y) — (x, 2y).

We also fix the following notation throughout this section. Let

2x + 1 —1
s (x,y) — V.t ()= | —, v ),
x+1 X
: Ty
Ot-(x,y)'—><x+], y+1)

be elements of PGL(2, 7) x PGL(2, 7), and let

B:(x,y) — (y,x)

be a permutation on PG(1, 7) x PG(1, 7). Then R is normalized by 8, and the auto-
morphism of R induced by S is equal to y (recall that y is the automorphism of R
interchanging a with ¢ and b with d). Let

u= sﬂ, v = tﬂ, g1 = a4c5, g = azc3d2, (6)
and let
G={a,b,c,d,t,v,a,B), H={_s,t,u,v,«,p).
Under the above notation, we have the following lemma.

Lemma4.2 We have |s?| = [u?| = |t| = |v| = |a| = |B] = 2, s = (at)? and

u = (av).

Proof From the definitions of 8, u and v we see that |8| = 2, |u| = |s| and |v| = |¢].

Note that
s=@xo((F1) 1) =wxo((5o)1):
a3 (2)
It follows from
21\\" 53\ (=10 0 1\’ —11\*_ (10
((11)) :(32> :(o —1):<—10> and(o 1) :<01)

that |s2| = |t] = |a| = 2. As a consequence, lu?| = |v| = 2. Moreover,
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This together with the observation o = « yields u = s# = ((a)H)f = (@PrP)? =
(av)?. 0

From the definition of G and the previous lemma, we see that H and R are both
subgroups of G. The following lemma reveals the relation between G, H and R.

Lemma4.3 The group H = ({(s,t) x (u,v)) ¥ ({a) x (B)) = (Dg x Dg) x C% is
maximal in G = (PSL(2,7) x PSL(2,7)) x C% with right transversal R.

Proof 1t is straightforward to verify that s* = s~!, u¥ = u~!, and

H = ({s,1) x {u, v)) x ({&r) x (B)).

Since s = s~ and u” = u~', we derive from Lemma 4.2 that (s, t) = (u, v) = Dg,
and so

H = (Dg x Dg) x C3.

In particular, |H| = 28, From Lemma 4.2 we see that s = (a7)? and u = (av)2.
Hence H < G. Observe that

=i ((19) ). =0 () o= (%) )

Since (a, b) = C7 x C3 has index 8 in PSL(2, 7) and its order is coprime to |¢| = 2,
it follows that the index of (a, b, t) in PSL(2, 7) is at most 4. Since PSL(2,7) is a
simple group of order 168, we then obtain (a, b, t) = PSL(2, 7). Moreover,

o= (¢ X ) <(_01 i) , <_01 i)) with det <_01 i) =—1,

and —1 is not a square in [F;. We conclude that (a, b, t, «) = (¢, d, v, ) = PGL(2,7)
and

G = ((a,b,1) x (¢, d,v)) x ((a) x (B)),
which implies that

G = (PSL(2,7) x PSL(2,7)) x C3.
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In particular, |G| = 28.32.72,

By Lemma 4.2, we have s = (ar)?, |t| = |a|] = 2 and |s|] = 4,
it follows that (s,7,a) = (t,a) = Djs. Let M be a maximal subgroup
of {(a,b,t,a) = PGL(2,7) containing (s,?,«). Then |PGL(2,7)|/|M| divides
IPGL(2, DI/|(s,t,a)] = 336/16 = 21. If |PGL(2,7)|/|M| = 3, then M would
contain PSL(2, 7), not possible. Moreover, [7, Table 2.1] shows that (a, b, t, )
PGL(2, 7) has no subgroup of index 7. Thus [PGL(2, 7)|/|M| = 21, and so Dig
(s, t,a) = M.Since M is maximal in {(a, b, t, ), it follows that (i, v, @) = (s, 1, &
is maximal in (a, b, t, a)ﬂ = (c,d, v, o). As a consequence, H is maximal in G.

Finally, the fact that |R| = 3% - 72 is prime to |H| = 28 yields R N H = 1. This
together with |G| = 28.32.72 = |H||R| implies that R forms a right transversal of
Hin G. O

=R R

For a subset S of the group G, let I2(S) be the set of involutions of S. Recall the
elements g and g, of R defined in (6).

Lemma 4.4 We have |HS' N H| =2 and |H® N H| = 8.

Proof Recall that

a:(x,y) > (x+1y), b:(x,y) > 2x,y), c:(x,y) = (x, y+ 1),
d: (x,y) = (x, 2y),

2x + 1 -1
e A )

x+1°
- X, = sy |
@ (x.y) <x+1 y+1>
B:(x,y) = (y,x), u :sﬂ, v =t’3, g1 =a4c5, 2 = a*3d>.
It is straightforward to verify that
lal=lc| =7, |b|=1|d| =3, s*=s>, t“=st, u*=u’, v* =uv,

gri(x, )= (x+4, y+5), g: &,y (x+2,4y+5).
According to Lemmas 4.2 and 4.3, any elements x and y of H can be written as
x = skbymym e g3 and y = skt M2y g2 g2 @)

for some ki, ko, my,my € {0, 1,2,3} and £1, £», ny, ny, €1, €2, 61, 82 € {0, 1}. Since

u=sP v=rF s =51 s =53 u® = ud 1% = 51,0 = uv, (s1)?2 = s2¢%2 and
(uv)"? = u"2v"2, we have

xy = skl tll w1 ™ g€l ﬂS] X Skztfzumzvnzaezﬂ(h
— ghglimigm (@€ ’351skzl€2umz U"2’351a€1 )/352*510(62*61

_ Sk] tll M (33‘1 k2+e|lztlzu3€l my+einy Unz)ﬂ‘sl ﬂsz—élaez—el
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KD G Thater £2) p L1462y +(= D" (39 mateina) ynitnz gi per—ei if8, =0

®)

= Sk1+(*l)el(361mz+€1"2)t51+nzum1+(*l)”1(3‘1kz+€1€2)vn1+lzﬂ82*1a62*61 if§; = 1.

First consider elements x of order 2 in H. Since x> = 1, taking x = y in (8) gives

ki + (=D @Bmy +€en) =0 (mod 4)
mi+ (=) 3% +€1£1) =0 (mod 4)
ni+4£¢, =0 (mod 2)

51 = 1.

ki + (=D 3%k +€1£1) =0 (mod 4)
mi+ (—D"3"m; +€n;)=0 (mod4) or
51 =0

Let N = (s, t) x (u, v). It follows that

L((s, 1)) = {s%,t,st,5°t, 571}, L(Na)={s/uFa | j ke{0,1,2, 3}
L(NB) = {s/tu/vB, s'u*B | j.k €{0,1,2,3}, j+k=0 (mod 4)},
L(NaB) = {s'uaf | j € {0,1,2,3)} U ((stvap)?", s2tudvaf)?’ | k € (0, 1}).

Note that I, ((u, v)) = L((s, 1)?). It is straightforward to verify that

L{((s, )8 = {a’bs’t, a*b>s?, b*t, a’b’s, abs’t),

L{u,v)8") = {cdu, cduzv, cd2u3v, uv, c3u3},

12((Na)g1) = {a3bc4d253tua,a3bc6ds3tu2(x,a3bcs3tva, abctsPtula,
a6bc4d2stmx, c4d2uot, a6c4d2s3uoz, a6bc6dstu2(x,
cﬁduzot, a6c6ds3u2a, aébcstva, cva, a60s3va,
a6bc4stu3a, c4u3a, a6c4s3u3a},

L(INP®) = {a*bPd*s*tu* B, a*b*cCd*s tvB, ac*d*stup,
a4ds3u2v,3,ac6,3, a4csdtuv,8,
a2bczdsu3v,3, a2b2c5s2u3,8},

12((Nozﬂ)g‘) = {a’b>PdsuvaB, b ds?uvap,

a2c6t(x,3, a565s3u3(x,3, azczdzmxﬁ, a566d253tva,3,
bdsztu2va,3, a5b2c3d2stu2aﬁ},

L((s,1)8) = {a’bs>, a*s, s°t, b*t, a’bst},

L((u, v)82) = {v, u?v, d*uv, u?, Ad*u),

Iz((Noe)gz) = {a%Sd*stuva, alestva,
a6c(’d2stoz, a6cstu3a, a4bc6d2uva, a4b2c6d2suva,
a3c6d2s3uva, a4bcva, a4bzcsva, a3cs3va,
a4bc6d2a, a4b2c6d2sa, a3c6d2s3cx,
a4bcu3a, a4b2csu3a, a3cs3u3a},

L((NB®) = {ab*Adstup, b dstu’vB, ab*c s> vp,
bc4d2suvﬂ, ab2c3dﬂ, bcsds3u3v,3,
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ab2c4d2tu3,3, bc3s3tu2,3},
L((Nap)®?) = {abcldstuvap, a*b>cd*tap,
a6bc5ua,3, a3b2cds3u3a,3, a6bc6ds2u2a,3,
a3b26dsu2v(x,3, a3b265d252tu3vaﬂ, a6bcss3tva,3}. &)

By Lemma 4.3, we have H N R = 1 and
L(H) = L({s,1)) U L{u, v) U L((s, 1) 2((u, v)) U L(Na) U L(NB) U L (Nap).
Then we observe from (9) that

HN L(HS) = {uvyand H N L(H®) = {s%t, v, uv, u?, s*tv, s*tu’v, s*tu?}.
Therefore,

uv if xe HN HS!

. (10)
20, u?, s, s?tu?v or s2ru?  if x € HN HS.

X =
Szl, v, u

Next suppose that x € H N HS/ and |x| = 4 for some j € {1, 2}. Then x2 e
HNIL(HS ). Let

x: sktu™ e B (=1 (11)

be the mapping from H to the group {—1, 1}, where k, m € {0, 1,2,3}and ¢, n,€,8 €
{0, 1}. Then for all y, z € H we derive from (8) that

x(z) = xx (), (12)
that is, x is a group homomorphism. In particular, we have x (z%) = x(z)x(z) = 1

forall z € H.If x € H N HS', then by (10) we see that x2 = uv, but by (12) we
obtain

1= x(%) = x@v) = x@x@) =1-(=1) = -1,

a contradiction. Now x € H N H$2, and since x2 € H N [,(H#?), (10) shows that

¥ e {s2t, v, uzv, uz, sztv, sztuzv,sztuz}.
Since X(szt) = xWw) = X(uzv) = X(sztuz) = —1, we have x?2 ¢
{szt, v, uzv,sztuz}. Since x € H N H#$2, there exists y € H such that x = y32,

and so x> = (y%)%2. Note from (9) that u> = (u%v)$2 and (s’tv) = (stu?)s2.
If x2 € {u?, s*tv}, then y> € {u?v, stu*}. However, by (12) we have x (u?v) =
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x(stu®) = —1. Hence x2 ¢ {u?, s?tv}, and so x? = s2ru?v. This together with (7)
and (8) leads to

ki + (=D @%my +eny) =2 (mod 4)
{€1+€1El (mod2)  fmy+ (=" @3k +ert) =2 (mod 4)
61=0 ni+4£4 =1 (mod?2)

81 = 1.

It is easy to see that the former system of equations has no solutions, and the latter has
solutions precisely when (k, £1, m1, n, €1, 81) is one of

(2,0,0,1,0,1), (2,1,0,0,0, 1), (0,1,2,0,0,1) and (0,0,2,1,0,1).
Thus x € {s>vB, s2tB, tu>B, u*vB}. For each y € H such that y&2 = x, we have

(y*)& = x? = s%tu’v, and so y> = stv by (9). Combining this with (8) we derive
that

y € {stap, vaﬁ,s3tu2a,3,s2u2va,8}.
However, it is straightforward to verify that
v e {a6bcéds2uvaﬁ, aﬁbc6dstu2a,8, a6bcss3tua,3, a6bc5va,3},

which contradicts the fact y&2 = x € {s>vf, s*t8, tu’f, u>vp}. Therefore, all non-
identity elements of H N H$2 are involutions. As a consequence,

|HNHE'| = |(uv)| =2,
|H N H®| = [(s*) x (u®,v)] =2-4=8.

m}

Lemma4.5 The digraph ¥ in Construction 1.3 is isomorphic to Cos(G, H,
H{g1, g2} H).

Proof Let S;, S», S3, S4 and S be as in Construction 1.3. For each x € S, as listed
in Tables 1, 2, 3 and 4, a straightforward calculation verifies that x = hg;k with A,
k and j given in the corresponding row. Therefore, S is a subset of Hg1H U Hgo H,
and hence

{Hx|xeS}c{Hy|ye HgtHUHgH). 13)
According to Lemma 4.4, we have

\HgiHI/|H| = |H|/|H® N H| = 256/2 = 128,
|HgoH|/|H| = |H|/|H® N H| = 256/8 = 32.
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Table1 x € 5155 and j = 1

Table2 x € 51(5;")# and
j=1

@ Springer

h k

ac3 sup svpB
ad suzﬁ s3tv/f3
acd? svpB szvﬁ
ac*d? suvp tvB
adc3 up sB
add uzﬂ s3t/3
adcd? v 32/3

Sc4q? uvf tB
a%bc3 tup suzvﬂ
a%bd tuzﬁ s3tu2vf3
a%bed? tvf s2u2v,3
a%bc*d? tuvf tuzvﬁ
abp?e3 s3u/3 suz,B
a%b%d 3u2,3 s3tu2ﬁ
a%b?cd? s3v,3 s2u2,6
ap2ctd? s3uvﬁ tuzﬁ
X h k
ac* sp vp
ad? suzv,B 5311,3
a(cd2)71 su3ﬁ stvp
11(04412)71 su3v,3 sztvﬂ
act B B
add? uzvﬁ s3/3
ad(cd*)~! u3B stB
ad(c*d?)~1 u3vﬂ vztﬂ
a%bct tB uzv,B
a%bd? tuzvﬂ s3u2vﬁ
a%b(cd?)~! tu3ﬁ stuzvﬁ
a%b(c*d?)~! tudvp s2tuvp
a2t s3/3 uzﬂ
a%b?d? s3uzv/3 s3u2/3
¢16172(cdz)_1 s3u3ﬂ stuzﬂ
a6b2(04d2)_1 s3u3vf3 sztuzﬂ
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Table3 x € §;SF and j =2

h k
acd ula ta
a(cd)71 wa tula
acd s3ula sa
as(ca’)_l s3ula s3ula
a%bed sula o
aﬁh(cd)_l sula o
a%b%cd s2ula sa
a"bz(cd)_1 s2ula sula
Table4 x e §;'sP and j =2 . .
a®c%d tu s3u
(16(c2d)71 t $3
a’ctd u u
a?(ctd)~! 1 1
(aéb)flczd su s2u
(41617)71(1?251)71 K 52
(a6b2)7lczd s2u su
@)~ 1(c?d)~! 52 s

Consequently,

(Hy|y e HgiHU HgyH)| = [Hgi H|/|H| + |[Hg: H|/|H| = 128 + 32 = 160.
(14)

Recall from Lemma 4.3 that R forms a right transversal of H in G. We then conclude
from S € R and Lemma 4.1 that |[{Hx | x € S}| = |S| = 160, which combined
with (13) and (14) yields

{Hx |x e S}={Hy|ye Hg1HU Hg, H}. (15)

Let ¢ : r — Hr be the mapping from the vertex set R of ¥ to [G:H]. Next we
prove that ¥ is a digraph isomorphism from X to Cos(G, H, H{g1, g2} H). Since
R forms a right transversal of H in G, we derive that i is bijective. Hence for r|
and r in R, we have rzrfl € § if and only if Hrzrf1 € {Hx | x € §}. By (19),
the latter condition holds if and only if Hrzrl_1 e {Hy|ye Hg1tHU Hg>,H}, or
equivalently, rr|” leH g1H U Hgo H. Thus we conclude that r; — r; is an arc of X
if and only if Hr; — Hry is an arc of Cos(G, H, H{g1, g2} H). This shows that ¥ is
an isomorphism from X to Cos(G, H, H{g1, g2} H). m]

Now we give the main result of this section.
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Theorem 4.6 For the digraph X in Construction 1.3, the following hold:

(@) V()] =441

(b) Val(X) = 160;

(c) X is strongly connected;
(d) X is vertex-primitive;
(e) X is non-diagonalizable.

Proof Since ¥ = Cay(R, S), parts (a) and (b) follow directly from Lemma 4.1. It is
straightforward to verify thata = (a’cd)>,b = (cb)?,c = (cb)b~ ' andd = a~'(ad).
Since

a’cd € 5188 €S, chbeS'S;C S and ad € 5,S% C S,

we see that R = (a,b,c,d) < (S) < R, and so R = (S). This implies that ¥ =
Cay(R, S) is connected, and so X is strongly connected (see [11, Lemma 2.6.1]). This
proves part (c). Part (d) follows from Lemmas 4.3, 4.5 and [11, Lemma 2.5.1].

It remains to prove part (e). Let w be an element of F with order 3, let { € Cbe a
primitive 7-th root of unity, let V be the underlying vector space of the group algebra
C[{w)], and let ¢ (a*b?) be the linear transformation on V such that

(@))P@ D) — k2 (i~ forall j, 0 € {0,1,2) and k € {0,1,...,6}.  (16)

—1
It follows from a® = a* that
14
(a)j)(p(akl h@] akzblz) _ (wj)(p(ak|+4 lkzbl|+22)
— k4T j- (i)
_ §k12f+2f+2@1k2wj—el—zz
— é-kl 2/ 42/+261 =301 wl it
ki2d (20 0k (j—t)—t
=ch (é‘ 2,(—t0) 2)
— (w)Pla" 1D De(@2b2)
Hence ¢ is arepresentation of (a, b) on V. Moreover, since § swaps a with ¢ and swaps

b with d, it follows that ¢ o § is a representation of (¢, d) on V. Thus p := ¢ ® (p o B)
is a representation of (a, b) x (c,d) = Ron V.For X, Y C (a, b), we have

P(XYP) = 9(X) ® (9o BY(YF) = p(X) @ (V).
Then Lemma 4.1(b) implies that

p(S) = p(S1usyHssusyH? ussusyHsiusH?
U S1S5 USSP usTisy usysyh?)
= p(S1uSTHS3uSTHP) +p((S3u sy HsiusH)
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+0(S180) + p($287) + p(ST 'S + p(Sa(STHP)

=S USTH®eSuSH +eSus;H®esiush
+0(S1) ® 9($2) + ¢(52) ® p(S1) + @(S7H) ® P(Sa) + 9(52) ® 9(S7 1)

= (@(S) + 057 H) ® (9(S3) + 053 H) + (9(S3) + @(57 ) ® (9(S1) + @(S7 )
+ (1) ® 9($2) + ¢(82) ® p(S1) + ¢(S7H) ® ¢(S4) + ¢(S1) ® (S H.

Thus for all invertible matrices 7', Q € M33(C), we conclude from Lemma 2.1 that

(T®0) " (p(HNT ® Q)
=T"'® 0 (PN ® Q)
- ((T‘l(w(sn +e(sTH)T) @ (27 (959 + (55 ) Q))

an
o) + s H)T) @ (07 (es0) + oS! )Q))

(T o(SNT) ® (07'9(500)) + ((T7'e(s1)T) ® (09 (51) Q) )
+ (17" HT) @ (070 (590)) + ((T7'esnT) ® (07w (57 1) Q) ).

Moreover, for all i € {0, 1, 2}, we derive from (16) that

(@)PS) = ()?@ J ()P 4 ()PE@°D) L ()o@
_ Cziwi + §5~2fwi + 46.21'0)1'71 + ;62"0)1’72’
(@H)?68T) = ()@ L ()@ 4 (1) ?@P) 4 (of)eah)
_ gm-z"wi + gz.ziwi + ;2'2iwi_2 + §4~2iwi—1’
(@)D = ()@ 4 ()P@)™) — (i ye@ab) L (4)i)e(@h?)
_ CZ"wi—l + gbs-ziwi—z
(@)*S) = ()?@ L (PO 4 (0)Pab) L (o yea'h?)
_ {3-2"601' +oi 4 éhz"wifz + C4~2"a)i72’
(wi)w(S§‘> — (wi)go(a“) + (wi)w(bz) + (wi)w(a3b) + (wi)w(asb)
— é.4-2’wi +wi—2 + (§3-2’ + é.5-2’)(1)1'—1
(@)D = ()@ 4 (4 )w((a n) _ (@)?@D) 4 (g )P@h?)

.l —_ . p—
:§22w1 l+§32w
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Hence with respect to the basis 1, , ? of V we conclude that

o+c ¢° ¢6 O+ 2 ¢4
oSN +oesTH = & 22+ o |+ ¢ S+t ot ],
3 3 S+t ¢ 2 P+
¢ tvr 1 ¢4 1 5+
9(S3) + (S5 = 1 ¢S 2|+ 0+ ¢ 1 ,
SR S ¢ 1 o+ ¢
0¢ ¢ 0 ¢3¢?
(S =[¢>0¢| and o(Sp)=[¢* 0 ¢°
5S¢t o ¢3¢0

(18)

Letxi =44+ +¢+Lx=04—203—202—2c+ 1, and x3 = 05+ 204 +
473 4202+ ¢, and let

! 0 -
Ti=— |0+ 2Qu-7%)  —Gu =709,

2 204+ 7242
X1 200 +2¢4+¢2+2) x2 (19
1 -2 -2 2
L= —2(¢% +¢) —2(3x3 —7¢3) —x3 :
—2x; 2% —2¢* +3(3 + 2+ 0 +2)

It is straightforward to verify that

—¢*+ 3 +3) o+ o4t
4G+ 342 20—t + - - 2@ -+t - -
1 (§4+§3—2 —<<;6—c5—c3+§2)—(§6+§4—52—;))
T{ =

1 (—2(¢4+z3—2) 20553 +¢% 200+t =2 =0 )
T = .

(20)

43+ 4+ O+ +1
204 +¢3 +3) -2t +¢?) -2t +¢h

Moreover, let

yi = —93506(¢° + ¢2) — 152738(¢* + ¢3) — 147903,
Yo = —9177(¢° + ¢2) — 13557(¢* + ¢3) — 58289,

y3 = 56798(¢° + £2) 4+ 98510(¢* + ¢3) — 85253,

y4 = 75152(2° 4 £2) 4+ 125624(¢c* + ¢3) + 31325,
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0 4 00 4 -1
0 4 2 0 0 1

T — 0455836 y; 02y + 455836 y; + 113959
; 0 8» —-y0 2y3 V4
1 0 00 0 0
1 0 01 0 0

By a straightforward calculation, we deduce from (17)—(20) that
(0 T) (T & T2) " (p(H)(T1 ® T»)

— <€; g) (((Tll(w(&) + w(Sfl))Tl) ® (T{l((p(Sg) + (p(S31))T2))
+ (( Ho(s) + s )T @ (157! (e(s) +¢<S;1))Tz))
+ ((Tfl‘P(Sl)Tl) ® (Ty '¢(S2)T2) ) ( “lo(S)T1) ® ( {190(51)T2))
n ((Tl_ltp(Sl_l)Tl) T3 o(S)T) ) ( (T (S0 T1) ® (Tz_lgo(Sl_l)Tz)>>

0

0 I3 0
0 0T3)°
D

—-16 0 0
where A = ( 10 5 ,B:(go),C:<_l6 24) and D =

| =

A
0
0
0

S oo
oNhoo

0 40 10 08 0 —16
<_10 20) Since C isnon-diagonalizable, we conclude that (71 ®72) ™ 1(p(S))(T1®

T») is non-diagonalizable as 73 is invertible, and hence p(S) is non-diagonalizable.
By Lemma 2.3, this implies that ¥ is non-diagonalizable, which completes the proof
of part (e). O

5 Concluding Remarks

Let I'y and X be as in Constructions 1.2 and 1.3, respectively. According to Theo-
rem 3.3, the digraph I'y is non-diagonalizable and s-arc-transitive for each positive
integer s > 2. Moreover, Theorem 4.6 asserts that X is non-diagonalizable and vertex-
primitive. Combining these with Lemma 2.6, we obtain Theorem 1.4 immediately.
Besides the properties listed in Theorem 1.4, we remark that " is connected since
it is vertex-primitive (for otherwise its connected components would form an invariant
partition). Moreover, since the out-valency of [y is 2, it follows that the out-valency
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of ')} is 2". Hence I')" is not a disjoint union of digraphs isomorphic to I' " for
any m < n. This means that I';" with n > 1 is a genuine infinite family of digraphs.

We also remark that the digraph ¥ in Construction 1.3 was first discovered by
computer search in MAGMA [3]. Although the proof of all the properties of X in
this paper is computer-free, the arguments therein (mostly calculations) have been
confirmed by computation in MAGMA [3]. Further computation in MAGMA [3] shows
that I'> has the smallest order among non-diagonalizable 2-arc-transitive digraphs
(note that I'> has order 16), while the smallest order among non-diagonalizable 3-arc-
transitive digraphs is 20 (note that I'; has order 48). Thus a natural question to ask is
as follows.

Question 5.1 For s > 4, what is the smallest order of a non-diagonalizable s-arc-
transitive digraph?

In a similar fashion, one may ask:

Question 5.2 What is the smallest order of a non-diagonalizable vertex-primitive
digraph?

Recall that the digraph X has 441 vertices (see Lemma 4.1(a)). By a non-exhaustive
search in MAGMA [3] for non-diagonalizable vertex-primitive digraphs I" of order
smaller than 441, we obtain the following examples I' = Cos(G, H, D):

(a) |V(I')| =153, G = PSL(2,17), H = Digand D = H{gy, g2} H with g1, g2 €
G, where exactly one of Hg| H and Hg> H is inverse-closed;

() |[V(I)| = 165, G = My, H = GL(2,3) and D = H{g, g2, g3}H with
g1, 82, 83 € G, where exactly one of Hg1 H, Hgy H and H g3 H is inverse-closed;

(c) |[V(I")| =234,G =PSL(3,3),H = Sym(4)and D = H{gy, g2} H with g, g2 €
G, where neither Hg H nor Hg, H is inverse-closed;

(d) |V(I')| =325,G = PSL(2,25), H = Dysand D = H{gy, g2} H with g, g» €
G, where exactly one of Hg|H and Hg» H is inverse-closed.

It is worth remarking that none of the digraphs in (a)—(d) is Cayley or arc-transitive,
and we do not know any computer-free proof of the non-diagonalizability of them.
Moreover, computation in MAGMA [3] shows that there is no non-diagonalizable
vertex-primitive arc-transitive digraph with no more than 1000 vertices. In light of
this, we would like to propose the following conjecture.

Conjecture 5.3 Every vertex-primitive arc-transitive digraph is diagonalizable.
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