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Abstract
We present an experimental study aiming at the identification of the hydraulic conductivity in an aquifer which was packed

according to four different configurations. The conductivity was estimated by means of slug tests, whereas the other

parameters were determined by the grain size analysis. Prior to the fractal we considered the dependence of the con-

ductivity upon the porosity through a power (scaling) law which was found in a very good agreement within the range from

the laboratory to the meso-scale. The dependence of the conductivity through the porosity was investigated by identifying

the proper fractal model. Results obtained provide valuable indications about the behavior, among the others, of the

tortuosity, a parameter playing a crucial role in the dispersion phenomena taking place in the aquifers.
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1 Introduction

The study of flow and transport in groundwater is affected

by uncertainty, mainly addressed to the impossibility to get

a direct and timely access to the porous medium. As a

consequence, the aquifers’ characterization is commonly

faced by considering average values of the various

parameters, determined by laboratory and/or field mea-

surements. Such an uncertainty is then propagated in the

models of flow and transport processes (Severino et al.

2009; Fallico et al. 2010). A way to copy with this

increasing lack of knowledge in the field and regional scale

models is related to the representative elementary volume

that increases with the characteristic length of the medium

(Winter and Tartakovsky 2001; Fallico et al. 2012; Sev-

erino and Coppola 2012). This led to the development of

correlation models between aquifer volumes and related

characteristic parameters (Hyun et al. 2002; Severino et al.

2006). There are several studies (see, e.g. Severino et al.

2019, Fallico et al. 2018) about scaling laws with more

general validity, but as the level of generalization increases

there is inevitably an increase of the uncertainty affecting

the result obtained (Severino 2011a; Severino et al. 2011).

In any case, the development of studies on scaling laws has

stimulated investigations on some aspects of huge impor-

tance, such as the identification of the mechanisms influ-

encing the scaling behavior, and the identification of the

particular scale of investigation (see, e.g. Di Federico et al.

1999; Severino and Santini 2005). Some of this crucial

topics are addressed in detail, later on in the present study.

Among the parameters characterizing the aquifers,

hydraulic conductivity is certainly the most important for

the description of water flow and mass transport phenom-

ena in porous media. Studies showing a scaling behavior of

hydraulic conductivity are numerous (Clauser 1992; Gui-

merà et al. 1995; Rovey and Cherkauer 1994; Schulze-

Makuch and Cherkauer 1997, 1998; Schulze-Makuch et al.

1999; Fallico et al. 2010, 2012, 2016; Fallico 2014). Most

of these studies show that hydraulic conductivity tends to

increase when the scale increases and the causes of this

behavior are commonly attributed to the medium hetero-

geneity. At the smaller scales, traditionally defined of

laboratory, with the characteristic dimensions of the soil
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samples (between few centimeters up to 40–50 cm),

heterogeneity manifests its influence mainly through the

shape and size of the pores and canaliculi, while on the

major scales, traditionally defined of field, the influence of

heterogeneity is mainly due to the tortuosity and the

interconnection of the flow paths and canaliculi (Bouma

1982; Yanuka et al. 1986; Giménez et al. 1999; Knudby

and Carrera 2006; Severino 2011b; Ghanbarian et al.

2012). However, the study of the intermediate scale

between laboratory and field, characterized by dimensions

ranging from a few tens of centimeters to a few meters, is

becoming increasingly important. In fact, at this scale it is

easier to study particular local phenomena, which often

influence the flow and mass transport at larger scales with

not negligible uncertainty (Comegna et al. 2010; Severino

et al. 2010, 2012; Fallico et al. 2018). At this intermediate

scale, the structural characteristics of the porous medium

assume substantial importance, determining the hetero-

geneity that underlies the scaling behavior in question,

namely porosity and tortuosity. Specifically, tortuosity,

which characterizes the microstructure of the porous

medium and through which it is possible to characterize the

passage from laboratory to field scale, assumes great

importance.

Therefore, this intermediate scale acts as a link between

the laboratory scale and the field one, coexisting in it both

ways in which the influence of heterogeneity occurs in the

aforementioned two extreme scales and the passage from

one to other. These concepts continue to be valid even for

porosity, despite its scalar behavior presents still uncer-

tainties, this is often taken as scale parameter to which

correlate the hydraulic conductivity (Ahuja et al. 1989;

Franzmeier 1991; Ewing et al. 2010; Fallico 2014; Agboola

et al. 2017; Chen et al. 2020).

Numerous models have been developed to describe

these behaviors using fractal geometry, starting from the

studies of Jacquin and Adler (1987) and Muller and

McCauley (1992), up to those of Xu and Yu (2008), De

Bartolo et al. (2013), Chen and Yao (2017) and Chen et al.

(2020).

The knowledge of the uncertainty with which the vari-

ous models used in this context describe the phenomena in

question is of fundamental importance. This is also and

above all true from the practical and applicative point of

view, taking into account, for example, that many situa-

tions concerning contaminated aquifers fall precisely into

the intermediate scale considered here.

The main aim of this study is to provide useful infor-

mation about the reliability of the main models used for the

description of the phenomena in question, determining the

uncertainty of the related parameters. Furthermore, among

the aims of this study, it is necessary to include the veri-

fication of the scaling behavior of the hydraulic

conductivity at the particular mesoscale taken into con-

sideration, assuming porosity as scale parameter, verifying

the influence that tortuosity, as heterogeneity manifestation

of the porous medium, exerts on the phenomenon, bearing

in mind that the latter parameter depends both on the

measurement scale and on the fractal size of the tortuous

capillaries (Wheatcraft and Tyler 1988; Vidales and Mir-

anda 1996; Ewing et al. 2010).

Moreover, the results obtained by applying the fractal

analysis to the experimental data considered here allow to

characterize the behavior of the parameters under exami-

nation in the investigated mesoscale and for the porous

media investigated, namely coarse grained aquifers, con-

sisting mainly of sand, which are a type widely affected by

application purposes. Therefore, the validity of the results

obtained relates exclusively to the aforementioned areas of

investigation.

Recalled the main topics debated in this study, the

device built in laboratory to simulate a confined aquifer, on

which the experimental part of the present study was car-

ried out, is described. Afterwards, the methodologies con-

sidered for the measurement of parameters under

examination and for the determination of the scaling laws,

experimentally and by fractal geometry, are briefly recal-

led. Later, the results obtained are adequately shown and

discussed. Finally, the main results obtained here are

summarized.

2 Materials

2.1 Experimental set-up

The experimental device used in the present study was built

in the Laboratory of Hydraulics of the Department of Civil

Engineering of the University of Calabria (Italy). An

accurate description of the device in question is reported in

numerous studies in the literature (Fallico et al. 2018, 2020;

Aristodemo et al. 2018), therefore only the main con-

struction features of the device are mentioned here. The

artificial aquifer was realized inside a steel box, with

square base, a side equal to 2 m and 1 m height, with

suitable lateral stiffeners. Inside the box, at distance of

5 cm from the walls of the box and along the whole

perimeter, some vertical metallic supports were fixed, to

which a metal mesh was anchored, on which a geotextile

layer was disposed. Within the metal mesh the porous

medium constituting the aquifer was placed, and between

the metal mesh and the box wall a perimetric chamber was

built in which the water can to flow, allowing to verify the

hydraulic heads, fixed by two external loading reservoirs

connected with the perimetric chamber, and compliance

with the boundary conditions. Fixed the aquifer thickness,
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for the roof of this PVC panels of 2 mm of thickness were

used, flexing them upwardly at the walls, so as to create a

lateral coating, high about 25 cm. To ensure stability of

PVC panels, a second layer of porous medium was placed

above. Inside the metal box, No. 10 fully penetrating wells

were placed, spirally arranged, with a distance (d) from the

central well No. 1 gradually increasing of 10 cm away

from the previous, along directions increased of 45� from

the previous one. Only the well No. 10 was placed along a

direction increased by further 45� so as not to place it too

close to the metallic mesh. Each well shows a screened part

corresponding to the entire thickness of the confined

aquifer and an inner radius of 1.4 cm. Figure 1 shows a

planimetric and sectional representation of the metal box

and the aquifer, with the layout of the wellsand the

experimental device with the pressure transducers inserted

in the wells.

The measurement of the hydraulic conductivity was

carried out by slug test, injecting a fixed volume of water

into the central well (No. 1) and acquiring the hydraulic

head values by particular pressure transducers both in the

injection well and in the other wells. To perform the slug

tests, the following injection volumes were used: 0.30 L,

0.40 L, 0.60 L, 0.70 L, 0.80 L, 0.90 L. The slug tests were

repeated in successive stages, for four different configura-

tions of the porous medium making up the aquifer, using

the same injection volumes. The aquifer thickness and the

value of the undisturbed hydraulic head, characterizing the

initial condition for each test, are shown in Table 1 for

each of the four configurations considered.

2.2 Characterization of the porous media

The porous media used to build the confined aquifer in

question were subjected to a careful particle size analysis,

determining their main granulometric and textural charac-

teristics. Furthermore, porosity and effective porosity were

measured in laboratory for each configuration, using the

densimetric method. Specifically the porosity was deter-

mined by the following relationship (Lambe 1951;

Danielson and Sutherland 1986):

/ ¼ 1� qbulk
qgrain

ð1Þ

where qbulk is the bulk mass density (ML-3) and qgrain the
particle mass density (ML-3), while the effective one,

considering the saturated medium, was obtained based on

the following relationship:

/eff ¼ 1� qbulk
qgrain

þ Vw

V

 !
ð2Þ

where V (L3) is the total volume and Vw (L3) the portion of

the water volume which cannot be drained by gravity

(Staub et al. 2009). The values of main representative

parameters for each configuration are shown in Table 2.

For further details, see the study of Fallico et al. (2020).The

porous media in question can be defined as coarse grained,

with a prevalent content of sand and a not negligible

amount of gravel. Furthermore, it should be specified that

the porous media used here can be considered homoge-

neous as regards the composition, meaning that the

Fig. 1 a Planimetric scheme of

the metal box, with the layout of

the wells. b Stratigraphic

scheme. c Experimental device

Table 1 Formation thickness and undisturbed hydraulic heads for

each configuration

Configurations type I II III IV

Formation thickness ts (m) 0.25 0.25 0.25 0.22

Undisturbed hydraulic heads (m) 0.38 0.32 0.32 0.35
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percentages of sand and gravel highlighted above are kept

constant in the entire volume of the aquifer considered,

while it can certainly be considered heterogeneous in

relation to the size, shape and arrangement of the grains.

3 Methods

3.1 Data analysis

The hydraulic head variations detected during the slug tests

were analyzed by the method of Cooper et al. (1967). This

is a curve matching method, valid for homogeneous aqui-

fer, unsteady state flow, instantaneous injection and neg-

ligible well losses; therefore, careful verification is

necessary regarding assumptions on which it is based

(Cooper et al. 1967; Butler 1997). For this method the

analytical solution can be represented by the following

relationship:

h tð Þ
H0

¼ f b; að Þ ð3Þ

in which b represents a dimensionless time parameter:

b ¼ KBt

r2c
ð4Þ

and a represents a dimensionless storage parameter given

by:

a ¼ r2wSsB

r2c
ð5Þ

where B is the aquifer thickness (L), t the time (T), K the

radial component of the hydraulic conductivity (LT-1), Ss
the specific storage (L-1), h(t) the variation, at time t, of

the hydraulic head in the well from the initial undisturbed

conditions (L), H0 the initial value of the hydraulic head in

the well (L), rw the effective radius of well screen (L) and

rc the effective radius of well casing (L). The radial com-

ponent of K can be estimated, via curve matching, for

b = 1, by the following equation:

K ¼ r2c
Bt1:0

ð6Þ

where t1,0 is the real time corresponding to b = 1 (T) and

the meaning of the other symbols were already specified

(Cooper et al. 1967; Butler 1997).

Before determining the K values, the hydraulic head

data series detected in the wells by slug tests were sub-

jected to a careful smoothing analysis, using wavelet

transform, specifically the Mexican hat method, to obtain

representative data sets and to facilitate data interpretation

(Aristodemo et al. 2018).

3.2 Scaling behavior

To describe the scaling behavior of some parameters

characterizing the aquifer, such as hydraulic conductivity, a

power type law is generally used, represented by the fol-

lowing relationship:

P ¼ a � xb ð7Þ

where P is the parameter examined (for example the

hydraulic conductivity (LT-1)), x is the scale parameter (as

distances (L), or corresponding aquifer volume (L3)), a is a

parameter linked to the structure and heterogeneity of the

medium, with congruence dimensions, and b (-) is the

scaling index (or crowding index), which takes into

account the type of flow in the porous medium and the

actual dimensions of the measurement scale (Schulze-

Makuch and Cherkauer 1998). To justify the use of a power

law for the description of the scaling behavior, the so-

called lacunarity condition must be satisfied, namely it is

necessary to identify the variability range of the parameter

considered in which the hydrological phenomenon is cor-

rectly defined, with the related minimum and maximum

cut-off limits (Meakin 1998). Considering the medium in

question as a scale-invariant, it is possible to identify the

above range and the related cut-off limits with the one that

has the maximum value of the determination coefficient

(R2) (De Bartolo et al. 2013; Fallico et al. 2016, 2018). As

regards hydraulic conductivity, the scaling behavior,

Table 2 Main granulometric and textural parameters of aquifer configurations

Porous media

configurations

Textural parameters and porosity

Gravel

(%)

Sand

(%)

Silt

(%)

Clay

(%)

Effective diameter

d10 (mm)

Uniformity coefficient

U = d60/d10

Total porosity

/(%)

Effective

porosity /e(%)

Type I 12.01 87.39 0.60 – 0.19 5.21 37.60 5.60

Type II 27.70 71.00 1.30 – 0.16 8.125 27.30 8.60

Type III 23.90 61.00 15.10 – 0.02 51.5 29.30 13.00

Type IV 22.50 56.10 16.40 5.00 0.0055 163.63 27.50 19.00
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consisting substantially in an increase of K as the scale

increases, has been widely investigated (Guimerà et al.

1995; Schulze-Makuch and Cherkauer 1998; Giménez

et al. 1999; Schulze-Makuch et al. 1999; Fallico et al.

2012, 2018). Also for porosity, albeit to a lesser extent, the

existence of any scaling behavior has been investigated,

obtaining, however, results that are not always in agree-

ment (Ewing et al. 2010; Fallico et al. 2010, 2016; Fallico

2014). For other parameters, such as tortuosity, which

exerts great influence on the hydraulic conductivity of a

porous medium, despite the relevant interest in describing

the phenomena of flow and mass transport, aspects related

to scaling behavior are poorly investigated. Furthermore,

since the radius of influence (R) is often taken as scale

parameter, it should be clarified that this represents the

characteristic size of the aquifer volume involved in the

measurement, of which the value of the measured param-

eter is representative. In other words, assuming this volume

of cylindrical aquifer, as it can be assumed in a homoge-

neous porous medium in the case of field tests, such as

pumping test and slug test, the radius of influence can be

assumed equal to the radius of the aforementioned cylin-

drical volume. By this, it is meant that R is the maximum

distance from the pumping or injection well, that is, from

the axis of the cylinder, to which it is possible to detect still

the stress to which the aquifer is subjected during the test.

3.3 Description of scaling behavior by fractal
analysis

The models describing the scalar behavior of the above

mentioned parameters, in particular of the hydraulic con-

ductivity, are numerous and, obviously, are based on the

mutual influences exerted by each of these parameters

during the water flow inside the porous medium, described

by relationships produced in the various theoretical areas

considered.

In all experiments, it resulted

Re\10 ð8Þ

thus authorizing to regard the flow as laminar. Therefore,

the description of the water flow can be performed by the

Hagen-Poiseuille law, appropriately applied to the porous

media, which, in terms of specific flow rate, assumes the

following expression:

q ¼ Q

A
¼ qg/ �R2

8lsav

dH

dx
ð9Þ

where q is the specific discharge (L/T), A the cross-sec-

tional area of the porous medium (L2), q the water density

(ML-3), g the gravity acceleration (LT-2), / the porosity

(–), l the dynamic viscosity (ML-1T-1), �R the average

pore radius (L), sav the average tortuosity (L), H the

hydraulic head (L), x the distance (L) measured in the

opposite direction to that of water flow. The definition of

tortuosity is not univocal. Here it is assumed for tortuosity

the ratio of the effective length of tortuous streamtubes (la)

and the straight path length (l) in the direction of flow,

namely:

s ¼ la
l

ð10Þ

which, therefore, is always greater than or equal to 1. In the

Eq. (9) the constant of proportionality represents the

hydraulic conductivity of the porous medium:

K ¼ qg/ �R2

8lsav
ð11Þ

from which it is possible to obtain:

sav ¼
qg
l
/ �R2

8K
ð12Þ

The generalized Hagen-Poiseuille law relates hydraulic

conductivity, identifiable for laminar flow with perme-

ability (k), porosity and tortuosity. The porosity, describes

the porous medium structure macroscopically, while the

tortuosity describes the microstructure of the medium in

which water flow occurs (Dullien 1992; Majumdar 1992;

Koponen et al. 1997). Therefore, as evidenced by the

relationships (11) and (12), the parameters K and s have an
evident dependence on porosity. To highlight the func-

tional relationships between the two parameters considered

and porosity, as well as experimentally, the fractal

approach is increasingly used, which developed from the

studies of Jacquin and Adler (1987) and Muller and

McCauley (1992) on the representation of the Kozeny

(1927) and Carman (1937) equation by the fractal geom-

etry. The model of Muller and McCauley (1992) is base-

d on the following relationship:

K ¼ /l ð13Þ

where is called scale crowing index and / depends on the

measurement scale (s) as well as on the pore size k. In this

model is taken as a function of the fractal dimension of

pores (Df) and placed equal to:

l ¼
4� Df

� �
Df

ð14Þ

The results provided by this model are very close to those

obtainable by Jacquin and Adler’s model (1987), which for

this reason was not taken into consideration. In this sense,

numerous models have been developed (Katz and

Thompson 1985; Perrier et al. 1999; Bird and Perrier 2003;

Yu and Cheng 2002). This study is mainly based on the

models proposed by Xu and Yu (2008) and Yu and Li

(2004), as well as on the results of a similar experimental
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investigation carried out by De Bartolo et al. (2013) on the

scaling behavior of hydraulic conductivity at global scale

(laboratory and field).

Established hypotheses of scale invariance and self

similarity are valid for the porous medium in question

(Korvin 1992; Meakin 1998), in the analytical method used

here, porosity and scale were taken as variables to define

the parameters in question, by calculating the fractal

dimension (Df) for capillary areas and the fractal dimension

(DT) for tortuous streamtubes in porous media. Given the

validity of Eq. (7), this can be determined empirically,

assuming the following expression:

K ¼ a/b ð15Þ

In terms of fractal dimension, the porosity is defined by

the following expression (Yu and Li 2001):

/ ¼ kmin

kmax

� �dE�Df

ð16Þ

where kmin and kmax are, respectively, the minimum and

maximum diameters of the pores, with kmin � kmax, dE is

the Euclidean dimension (2 or 3) and Df the fractal

dimension of the specific soil type, that is of the specific

grain size distribution. According to the model of Xu and

Yu (2008), the fractal dimension can be explained by the

following relationship:

Df ¼ dE � ln/

ln kmin

kmax

� � ð17Þ

and also:

kmax ¼ d

ffiffiffiffiffiffiffiffiffiffiffiffi
/

1� /

s
ð18Þ

where d is the representative size of the particle, com-

monly placed equal to d10.

Furthermore, again according to the model of Xu and

Yu (2008), it is possible to define the tortuosity dimension,

Ds, by the following relationship:

Ds ¼ 1þ lnsav
ln la

kav

ð19Þ

where the average tortuosity can be described by the fol-

lowing relation:

sav ¼
1

2
1þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffi
1� /

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1� /

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1ffiffiffiffiffiffiffi
1�/

p � 1

� �2

þ 1
4

s

1�
ffiffiffiffiffiffiffiffiffiffiffiffi
1� /

p

2
66664

3
77775
ð20Þ

while the ratio la
kav
, on the base of geometrical considera-

tions, can be described by the following relationship:

la
kav

¼ Df � 1

D
1=2
f

1� /
/

p

4 2� Df

� �
" #1=2

kmax
kmin

ð21Þ

where according to Yu and Li (2001), it is possible to

assume:

kav ¼
Df

Df � 1
kmin ð22Þ

Therefore, the model of Xu and Yu (2008) describes the

relationship between hydraulic conductivity and porosity

by the following relationship:

K ¼ Cf
/

1� /

� � 1þDsð Þ=2
k2max ð23Þ

where Cf is equal to:

Cf ¼
pDf

� � 1�Dsð Þ=2
4 2� Df

� �	 
 1�Dsð Þ=2

128 3þ Ds � Df

� � ð24Þ

The fundamental role of pore size (k) is evident in the

above relationships, due to the implicit dependence of the

porosity from k, but the measurement scale considered is

also of great importance, namely the following functional

link exists:

/ ¼ / scale; kð Þ ð25Þ

However, the determination of kmin and kmax is not easy.

Yu (2005) proposes a method for their determination,

which, however, remains quite complex and not without

uncertainties.

4 Results and discussion

The hydraulic conductivity (K) values were determined for

each injection volume and for each configuration taken into

consideration. Moreover, for each slug test the corre-

sponding value of the radius of influence (R) was identified

and, taking this as scale parameter, the scaling behavior of

K was verified, identifying for each configuration the cor-

responding scaling law, according to the model of power

type expressed by the relation (7). The values of K, R and

parameters a and b of the scaling laws, obtained according
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to the relation (15), are reported in a previous study of

Fallico et al. (2020), to which reference is made for brevity.

The scaling behavior of the actual porosity was also veri-

fied for each injection volume, taking the radius of influ-

ence as scale parameter and identifying the corresponding

scaling laws. Afterwards, taking the actual porosity as scale

parameter, the scaling laws of K relating to each input

volume were identified. The values of the parameters a and

b of these scaling laws were obtained, on the basis of

relation (15), according to what is set out in the study of

Fallico et al. (2020), to which reference is made for further

information, and the corresponding values are as follows:

a ¼ 0:0000246; b ¼ 1:29 ð26Þ

This experimental scaling law is valid for the entire

investigation range, relating to all four porous medium

configurations considered and, therefore, representative of

all coarse grained porous media. This relation, the only one

that defines the scalar behavior of K in the whole investi-

gation range in the absence of cut-off limits, defines a

simple-scaling behavior of K towards /. This allows to

extend to the whole aquifer in question the self-similarity

properties, making possible the use of fractal models for

testing.

To describe the variability of K with / using the model

of Xu and Yu (2008) according to the relation (23), it is

necessary to keep in mind that K varies also with the fractal

dimension of pores (Df) and with that of tortuosity (Ds),

respectively according to the relationships (17), (19), (20)

and (24). Furthermore, it must be considered that porosity

and fractal dimension are highly dependent on the mini-

mum and maximum values of the pore diameters charac-

terizing the saturated porous medium, which are not easy to

determine (Yu and Li 2001).

However, as highlighted in the relationships (16), (17),

(19) (21), kmin and kmax are always considered in constant

ratio for the porous medium under examination, so in the

present study the values of the ratio kmin/kmax equal to 0.01,
0.03 and 0.05 were taken into account. Therefore, the

method of Xu and Yu (2008) allows to determine on the

basis of geometric considerations both kmax, by means of

the relation (18), and the ratio la
kav
, according to the relation

(21), bearing in mind that both relations (18) and (21) are

functions only of the fractal dimension. In other words, this

method allows to assign the upper and lower limits of self-

similarity in the considered scale, which are of funda-

mental importance, considering that porosity is a function

only of the scale (s) and the size of the pores (k), namely /
= /(s, k).

This consideration highlights the importance of the

relationship (18) which provides the value of kmax on which
the method of Xu and Yu (2008) is substantially based.

Therefore, it emerges that the value of kmax depends

strongly on the porosity range taken into consideration

from time to time. The trends of kmax vs /, for the porous

media used in the four configurations under consideration,

were shown in Fig. 2, after checking that the values of d10,

assumed for each configuration of porous medium con-

sidered, are acceptable according to (18) and the following

relationship, as reported in De Bartolo et al. (2013):

Z1
0

kd/ ¼ d10p
2

ð27Þ

The same graph shows the trend observed by De Bartolo

et al. (2013), for a porous medium consisting of sandy-

loam. Figure 2 highlights that the law kmax = kmax(/) of

the study by De Bartolo et al. (2013), relating to a global

scale (laboratory and field), is included between the curves

that represent the trend of the law in question for the coarse

grained porous media considered here.

Assuming the Euclidean dimension (dE) equal to 2,

determining the values of Df on the basis of the relationship

(17), the trend of the fractal dimension of the pores (Df) as

the porosity (/) changes, for the above values of the ratio

kmin/kmax.
Figure 3 highlights that as porosity increases, the

influence of the ratio kmin/kmax, namely the size of the

pores, tends to decrease. The relation (21) allows to

determine the ratio la
kav

as a function of /, Df and of the ratio

kmin/kmax. Therefore, Fig. 4 shows the curves that describe

the trend of la
kav

as the porosity changes / for the assigned

values of the ratio kmin/kmax, taking into account the rela-

tionship between porosity and fractal size Df. Similarly,

Fig. 5 shows the trend of la
kav

as Df varies, taking into

account the relationship Df = Df (/).
Since the fractal dimension of the tortuosity (Ds) is a

function of both the average tortuosity sav and the ratio la
kav
,

it is also necessary to determine the value of sav by means

of the relation (20), which expresses the exclusive depen-

dence of sav with porosity (/). Figure 6 highlights the trend

of average tortuosity (sav) with porosity (/). Once the

parameters sav and la
kav

were defined, it is possible to

determine the fractal dimension of the tortuosity (Ds), by

means of the relation (19).

Since both parameters sav and
la
kav

are functions of porosity,

consequently also Ds will result as a function of /. Figure 7

highlights the trend of Ds as the porosity changes for the

values of the ratio kmin/kmax equal to 0.01, 0.03 and 0.05

respectively.

From the graphs in Figs. 3 and 7, it is possible to note

that the trend of the fractal dimension of the pores is

opposite to that of the fractal dimension of the tortuosity,
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Fig. 2 Trend of kmax with
variations of / for the four

configurations of porous

medium considered and for the

porous medium considered in

the field investigation by De

Bartolo et al. (2013)

Fig. 3 Relationship between

fractal dimensions and porosity

for different ratios kmin/kmax

Fig. 4 Trend of la
kav

to vary of /
taking into account the variation

of / with Df, for the fixed values

of the ratio kmin/kmax equal to
0.01, 0.03, 0.05
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Fig. 5 Trend of la
kav

to vary of Df

taking into account the variation

of Df with /, for the fixed values
of the ratio kmin/kmax equal to
0.01, 0.03, 0.05

Fig. 6 Trend of average

tortuosity (sav) with porosity (/)

Fig. 7 Trend of Ds with

variation of /, for values of the
ratio kmin/kmax equal to 0.01,

0.03, 0.05
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that is an increase in porosity corresponds to an increase in

the fractal size Df and a corresponding decrease in the

fractal dimension Ds.

This circumstance is better highlighted, for example, by

Fig. 8, for the value of the ratio kmin/kmax equal to 0.01.

Finally, to define the variability of the hydraulic conduc-

tivity as the porosity changes according to the relationship

(23), it is necessary that the parameters Ds, kmax and the

coefficient Cf are known.

The first two parameters Ds and kmax also depend on /
and this functional dependence was already highlighted.

The coefficient Cf, defined by the relation (24), is a func-

tion of the fractal dimensions Df and Ds, and, since these

are functions of /, the coefficient Cf can be also considered

dependent on porosity. Therefore the variation modalities

of Cf with variation of / were investigated and the corre-

sponding trend is shown in Fig. 9, for values of kmin/kmax
equal to 0.01, 0.03, 0.05. The graph in Fig. 9 shows that as

/ increases, the influence of the variation of the ratio kmin/
kmax on the value of Cf decreases, so that this coefficient

tends to a unique constant value. From Eq. (23) it is pos-

sible to determine the value of the hydraulic conductivity

as the porosity changes, knowing Cf, Ds and kmax.
Figure 10 highlights the trend of K with the variation of

/, relative to the fractal model of Xu and Yu (2008), for

values of kmin/kmax equal to 0.01, 0.03, 0.05.

The graph of this figure shows also the experimental law

obtained from Fallico et al. (2020), described by the rela-

tionship (26), and the law described by the relationship

(13), according to the model of Muller and McCauley

(1992), for values of kmin/kmax equal to 0.01, 0.03, 0.05.

The trends described show a clear increase of K with an

increase of /. The model of Xu and Yu (2008) provides

almost coincident trends, as the ratio kmin/kmax changes,

and this proximity tends to increase with an increase of /.

Furthermore, the performance of K relating to this model is

almost coincident with that of the experimental law of the

relationship (13). Only in the final part, for values of /
greater than 35–40%, the trend of the experimental law

differs from that of the Xu and Yu model (2008), providing

lower values of K than those obtainable with this fractal

model. The fractal model of Muller and McCauley (1992)

gives significantly higher values of K than those obtained

both with the experimental law (13) and with the fractal

model of Xu and Yu (2008). Furthermore, with this fractal

model, as the kmin/kmax ratio changes, the K values diverge

for low values of /, while they tend to coincide for

increasing porosity values. The graph of Fig. 10 shows also

that as regards the relationship (13) of Muller and

McCauley (1992) in a first range, for / between 0.056 and

about 0.21, it can clearly foresee a multi-scaling behavior

of K, as the ratio kmin/kmax varies. On the contrary, as

regards the relationship (23) of Xu and Yu (2008), the same

graph of Fig. 10 shows that there is a first range with

evident simple-scaling behavior, which runs from values of

/ equal to 0.056 up to about 0.28, and then a second range

with a different trend, showing an increase of K for the

remaining part. This latter behavior is in accordance with

what was found by Severino and De Bartolo (2019) in a

recent study concerning the water retention curves.

Table 3 shows the parameters that characterize mostly

the models taken into consideration here and that highlight

the proximity of the model of Xu and Yu (2008), repre-

sented by the relation (23), to the experimental law rep-

resented by the relation (26) and the scarce

representativeness of the Muller and McCauley model

(1992), represented by the relationships (13) and (14).

The data in Table 3, in particular the RMSE values,

confirms what is highlighted in Fig. 10, namely that the Xu

and Yu (2008) model approximates the experimental law

Fig. 8 Opposite trends of the

pore area fractal dimension and

tortuosity fractal dimension

with porosity, for kmin/kmax
equal to 0.01
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well, certainly in a much better way than the Muller and

McCauley model (1992). Also in the study of De Bartolo

et al. (2013) the Muller and McCauley model (1992)

interprets the experimental model less well than the Xu and

Yu model (2008), with higher RMSE values. However, the

difference was not as sharp as in the case examined here.

Since the values of the porosity and the dimensions of the

voids, for the porous media considered in the two investi-

gations, can be considered comparable, a probable

hypothesis to explain the clear difference between the

interpretation of the experimental law provided by the

Muller and McCauley model (1992) in the study of De

Bartolo et al. (2013) and that relating to this investigation

could be found in the different investigation scale consid-

ered in the two studies. In fact, in the study by De Bartolo

et al. (2013) was considered a global scale, in particular

laboratory and open field, while in the present study an

intermediate scale between the laboratory and the field was

considered.

Furthermore, it should be noted that the comparison

between the graph of Fig. 6 and that of Fig. 10 shows

opposite trends of K and sav, with variation of /. These
trends agree with what was stated in the relationships (11)

and (12) and an increase in K corresponds to a decrease in

sav.
In fact, when sav decreases, the resistance to water flow

within the canaliculi, namely the pressure drop, decreases,

and consequently K increases, as the porous medium

becomes more conductive. The opposite happens when sav
increases.

Fig. 9 Trend of the coefficient

Cf with variation of /, for
values of the ratio kmin/kmax
equal to 0.01, 0.03, 0.05

Fig. 10 Trend of K with

variations of / according to the

fractal models of Xu and Yu

(2008) and Muller and

McCauley (1992), for values of

kmin/kmax equal to 0.01, 0.03,

0.05, and according to the

experimental law given from the

relationship (13) (Fallico et al.

2020)
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5 Conclusions

The present study shows the results of an investigation

carried out on confined aquifers, built in a special labora-

tory device using four different configurations of porous

media, which can be assumed to be sufficiently represen-

tative of the coarse grained media and which, as explained

above, can be considered homogeneous. For each of these

configurations a careful analysis of direct scaling for both

hydraulic conductivity and porosity was performed, taking

into account that all the measurements carried out refer to

the particular investigation scale, which is intermediate

between the proper laboratory scale (samples of porous

media) and that characteristic of field. This analysis was

carried out considering only simple-scaling behavior for

the parameters taken into consideration, excluding for the

sake of simplicity any multi-scaling behaviors. The scaling

analysis was carried out on the basis of a power type law,

which allowed the use of fractal models. In fact, in this way

it was possible to express the scale index of the power law

as a function of the fractal dimension and, therefore, to

determine the value of this parameter. Therefore, it was

possible to make comparisons between the law K = K(/),
obtained experimentally, and those expressed through the

use of known fractal models, in particular that of Xu and

Yu (2008) and that of Muller and McCauley (1992).

The analysis of the results obtained made it possible to

estimate the level of uncertainty of the different models

used in terms of RMSE, and to carry out the appropriate

comparisons. The results obtained showed that the model

of Xu and Yu (2008) is more reliable than that of Muller

and McCauley (1992), managing to interpret the law (26),

obtained experimentally, with high degree of reliability.

This result is confirmed by the values of the root mean

square error obtained for the models taken into consider-

ation (see Table 3). In fact, the RMSE values relating to the

model of Xu and Yu (2008) are the lowest and of the same

order of magnitude as those of the experimental law, while

that relating to the model of Muller and McCauley (1992)

is considerably higher. From the comparison with a

Table 3 Values of the main

characteristic parameters of the

fractal models considered and of

the experimental one, relative to

the four configurations of

porous medium considered and

for values of kmin/kmax equal to
0.01, 0.03 and 0.05

Models Configuration type l Df RMSE

Experimental law I 1.29 – 4.33 9 10-5

II 1.60 9 10-4

III 7.29 9 10-5

IV 1.78 9 10-4

Muller and McCauley (1992) kmin/kmax 0.01 I 1.911 1.374 3.43 9 10-1

II 1.726 1.467

III 1.569 1.557

IV 1.440 1.639

0.03 I 2.396 1.178 3.33 9 10-1

II 2.076 1.300

III 1.820 1.418

IV 1.620 1.526

0.05 I 2.854 1.038 3.27 9 10-1

II 2.387 1.181

III 2.033 1.319

IV 1.767 1.446

Xu and Yu (2008) kmin/kmax 0.01 I – 1.374 7.59 9 10-5

II 1.467

III 1.557

IV 1.639

0.03 I 1.178 7.60 9 10-5

II 1.300

III 1.418

IV 1.526

0.05 I 1.038 7.61 9 10-5

II 1.181

III 1.319

IV 1.446
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previous study (De Bartolo et al. 2013), in which the

Muller and McCauley model (1992) provided a represen-

tation of the scaling law closer to the experimental one,

albeit with less reliability than the Xu and Yu (2008), the

influence of the particular mesoscale taken into consider-

ation emerges. This represents only a limited part, inter-

mediate between the laboratory and field scale, of the

general scale (laboratory and field) considered in the study

by De Bartolo et al. (2013). This seems to confirm the

peculiarities of this mesoscale, already highlighted in pre-

vious studies (Fallico et al. 2018, 2020).

Uncertainty quantification attached to the use of single

models allows a more reliable description of flow and

transport phenomena. The present study goes along such an

avenue, and in particular it provides insights on important

environmental topics, such as protection and management

of water resources.
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