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Abstract
This paper presents a novel approach to coupling beam and solid elements. Connecting standard beam elements with solid
elements results in a situation where the solid part of the model covers the cross-sectional deformation, while at the beam part
assumptions only consider the rigid body movement of the cross-section. Therefore, kinematic assumptions do not include
cross-section deformations such as warping and contraction. Due to this restriction, spurious stresses occur at the transition
zone. To circumvent this problem, this contribution introduces a mixed hybrid transition element based on an extended Hu–
Washizu functional. The extension allows the cross-section to contract andwarp. Comparedwith other approaches that include
these phenomena, precomputation of the warping function is unnecessary. The present approach considers the cross-sectional
deformation using local variables. On the solid interface, there are only displacement degrees of freedom (depending on the
solid discretization), whereas on the beam interface, there are two displacement degrees of freedom and one rotation. This
allows beam-like parts of the solid model to be replaced with standard beam elements without affecting the overall accuracy of
the model. Besides solid–beam coupling, the proposed formulation can also be used to apply beam-like boundary conditions
as well as stress resultants to the solid interface. For the sake of simplicity and without restricting generality, the underlying
element formulation is introduced for the 2D linear elastic case. Numerical examples demonstrate that the transition element
causes no spurious stress distributions on the solid part. The results of full solid models are compared with mixed beam–solid
models.

Keywords Transition element · Beam–Solid coupling · Cross-sectional deformation · Coupled models · No spurious stresses

1 Introduction

In many cases, transitioning from a continuum theory to a
beam theory is useful for reducing the number of degrees
of freedom of a model. Furthermore, in applications such
as homogenization considering macroscopic beam or shell
kinematics [5,7] and multiscale modelling considering solid
and structural elements [19], questions arise on how to
apply the boundary conditions without introducing spurious
stresses at the boundary of the solid model. This transition is
difficult because of the different kinematic assumptions of a
beam and a solid element.
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Over the past decades, different approaches have been
proposed for achieving the transition between solids and
structural elements have been proposed. These approaches
can be categorized into multipoint constraints (MPC) and
transition elements; see for example [6,12]. The present con-
tribution proposes a transition element; therefore, a brief
overview of the existing relevant works is provided. The
first transition element for 2D solids and beams was pro-
posed in [13], which modified the element geometry and
associated shape functions. This approach was extended to
shell–solid coupling in [14] and to non-linear deformation in
[15]. In [4], a transition element was introduced to couple 3D
solid elements with beam elements, again using a special ele-
ment geometry to describe the displacement field. To avoid
locking inside the element, the authors in [3] introduced a
formulation based on a Hellinger–Reissner functional. The
kinematic assumption did not include warping or contrac-
tion of the cross-section. Later, the authors in [18] proposed
a transition element for coupling shell structures with beam

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s00466-022-02221-7&domain=pdf
http://orcid.org/0000-0002-3851-8599


1146 Computational Mechanics (2022) 70:1145–1166

elements. The element considered contraction of the cross-
section, by allowing the movement of each cross-sectional
point on a straight line toward the center of gravity of the
cross-section. This formulation was extended in [1] to ther-
moelastic analysis. Furthermore, the authors introduced a
warping function that needed to be evaluated a priori. In [2],
a mesh-geometry-based solution was introduced by adapt-
ing the mesh to cross-sections’ geometry and using beam
elements to achieve the coupling. A transition element based
on asymptotic beam theory was proposed in [12]. The afore-
mentioned approaches either do not include warping, require
an a priori calculation of a warping function or require the
assumption of linear elastic material behavior.

Another approach is multipoint constraint coupling. Here,
constraint equations are formulated to connect the solid nodes
to either beam or shell kinematics. The method requires
assumptions on how the load is distributed over the solid
face. The coupling 3D solids and 1D beams was presented in
[10], which was extended to more general 1D, 2D, and 3D
coupling in [9,11]. To find the correct stress distribution on
the solid side, [8,19] have analyzed the force distribution in
separate numerical analyses. With the first contributions in
1979 and the newest ones in 2022, the topic is already quite
old but not entirely solved. Summing up, there are two limit
cases to achieve the coupling between solids and beams. One
assumes continuity in the displacement field, allowing the
cross-section only to perform a rigid body translation; the
second assumes continuity of the stresses but is limited to
constant and linear stress distribution over the cross-section.

All papers discussed before either do not contain cross-
sectional deformation at the interface; their resulting stress
distributions do not fulfill the stress boundary conditions;
require a separate calculation of the stress distribution, or
require an additional warping function. In contrast, our
element allows for a general cross-section deformation with-
out needing other precalculated cross-section parameters or
functions. This is one of the key features of the method pre-
sented in this paper.

This contribution aims to couple a continuum displace-
ment field with the displacement field of a 2D beam by
reducing the continuum displacement field to two displace-
ments and one rotation. The proposed element does not evoke
spurious stresses, and the resulting stress state is equivalent
to the one of a long and slender solid model.

As two displacements and one rotation are the general
degrees of freedom of a beam element, either a Timoshenko
or a Bernoulli beam can be connected to the 2D solid model.
The assumptions made, lead to a formulation that is closer to
a solid element than a beam element. The novel aspects and
key features of the proposed formulation are as follows:

• No a priori calculation of the stress distribution or
cross-section deformation is required, e. g. cross-section
warping;

• General cross-section deformations are determined by
the numerical analysis method and are essential to avoid
spurious stresses at the interface;

• Although the model considers arbitrary cross-section
deformations represented by local variables, no addi-
tional global degrees of freedom are necessary for the
resulting finite element.

The resulting finite element formulation has only displace-
ment and rotational degrees of freedom, has a symmetric
stiffness matrix, and requires only the input parameters of a
classical 2D solid element.

To focus on the main idea of the formulation, which is
introduced in Sect. 3, this paper addresses the 2D, homoge-
neous, linear elastic case and thoroughly investigates it.

The remainder of this paper is structured as follows. Sec-
tion 2 presents the kinematic assumptions and motivates the
modification of theweak form. Section 3 introduces theweak
from of equilibrium based on an extendedHu–Washizu func-
tional to allow cross-sectional deformations. The weak form
contains additional correction strains. Section 4 deals with
the derivation of their specific shape functions. Section 5
presents details on the implementation of the proposed ele-
ment formulation. Finally, Sect. 6 thoroughly investigates
the performance of the proposed element formulation using
various numerical examples.

2 Kinematic assumptions

In this section, kinematic assumptions for the transition ele-
ment are derived. The goal is to connect the displacement
field uS ∈ R

2 of a 2D solid at the face �S with those of a
2D beam consisting of displacements uB0 ∈ R

2 and rota-
tion β ∈ R. It is assumed that the structure has a constant
width b in the out-off-plane direction. This constant part b is
omitted hereinafter. This approach deals with a 2D geometry
described by the position vectorsXS ,XB ,XB0, andX ∈ R

2;
the local basis Ai ∈ R

2; the global basis ei ∈ R
2; and the

displacement vectors uS , uB , uB0, and uG ∈ R
2. Index S rep-

resents the 2D solid quantities, index B the beam quantities,
and index B0 quantities on the beam reference axis. Vector
X is the position vector inside the element and uG is the dis-
placement vector inside the element in the global coordinate
system ei (see Fig. 1). The kinematic assumptions allow a
deformation of the 2D solid face �S while the beam assump-
tions state that the beam face �B stays plane and does not
contract. Furthermore, small displacements and rotations are
assumed as well as that the faces �S and �B being initially
parallel. The impact of the restriction on the solution, namely
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Fig. 1 System for deriving the
kinematic assumptions. Gray:
2D solid; Yellow: transition
zone; XB0: position vector of
the beam connection point

that the facesmust be initially parallel, is investigated in Sect.
6.3.

To connect the beam with the 2D solid kinematics, Fig.
1 presents the initial structure. Establishing the connection
between the 2D solid part (gray:�S) and the beam (line:�B)
is achieved using a transition zone (yellow part:�I ) of length
� which consists of the 2D solid kinematic assumptions on
the left face �S and the beam assumptions on the right face
�B . The beam node does not have to coincide with the center
of gravity of the cross-section. The center of gravity is not
required to be known. Furthermore, each point of the 2D solid
face �S is described by position vectorXS , on the beam face
�B with position vector XB and inside the transition zone
with position vector X. The connection point to the beam
has the position vector XB0. Like in classical beam theories,
a local orthonormal coordinate systemAi (i = 1, 2) with the
coordinates ξi ∈ R is attached to the beam node. The vector
A1 is the normal of the faces�S and�B ,A2 is parallel to these
faces. The faces are assumed to be plane and represent the
cross-section of the beam with a height of h. Furthermore,
in the undeformed configuration the faces �S and �B are
the same except that �B is shifted by the distance � in the
A1-direction.

The position vectors XS(ξ2) on �S are explicitly given,
while those on �B are described by

XB(ξ2) = XB0 + ξ2 A2. (1)

The beam parametrization in Eq. (1) means that each point
on the face �B is described by the distance ξ2 in direction
A2 from the reference point XB0. Compared with Fig. 1, it
is clear that ξ2 ranges over the height h of �B . Using XS

and XB , a position X inside the transition zone is given by a
linear interpolation over the length � of the element:

X (ξ1, ξ2) = −ξ1

�
XS +
(
1 + ξ1

�

)
XB, ξ1 ∈ [−�, 0] . (2)

On the 2D solid face�S , the global displacement vector of
a point PS is uS(ξ2) and on the beam face �B of a point PB it
is uB(ξ2). With respect to beam kinematics and considering
small rotations, uB(ξ2) reads as follows:

uB(ξ2) = uB0 − ξ2 β A1. (3)

In Eq. (3), uB0 and β are the displacement vector and the
rotation at XB0, respectively. Assuming a linear interpola-
tion using the displacements uS and uB leads to the global
displacements at X:

uG = −ξ1

�
uS +
(
1 + ξ1

�

)
(uB0 − β ξ2 A1) , in �I . (4)

Using the orthogonal transformation R = ei ⊗ Ai to
project global displacements given in Eq. (4) into the local
coordinate system leads to

u = RuG =
[
u1
u2

]

= − ξ1

�

[
A1 · uS
A2 · uS

]
+
(
1 + ξ1

�

)[
A1 · (uB0 − β ξ2 A1)

A2 · uB0
]

. (5)
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Equation (5) finally represents the displacement field in the
local coordinate system Ai . With the assumption of small
deformation, the strain field is given using

⎡
⎣ ε1

ε2
2ε12

⎤
⎦ =
⎡
⎣ u1,1

u2,2
u1,2 + u2,1

⎤
⎦

=

⎡
⎢⎢⎢⎢⎣

1

�
(uB0 − β ξ2A1 − uS) · A1

− ξ1

�
A2 · uS,2

− ξ1

�
A1 · uS,2 −

(
1 + ξ1

�

)
β + 1

�

[
uB0 − uS

] · A2

⎤
⎥⎥⎥⎥⎦ .

(6)

Equation (6) describes continuum strains in the local coor-
dinate system Ai of the element. Herein (. . .),i , i = 1, 2
represents the derivatives w.r.t. local coordinates ξi . It is
important to note that the derived strains contain the assump-
tion of a plane and an inextensible cross-section at the face
�B .

As the kinematics are composed of 2D solid and beam
kinematics, it is essential to make a connection to pure beam
kinematics. This motivates the extension of the weak form in
Eq. (17) and in later Sect. 4. To achieve this goal, the 2D solid
displacements uS are compared with averaged displacement
uC and a rotation βC of the face �S . They are defined as
follows:

∫
h
uC d� =

∫
h
uS (ξ2) d�

⇒ uC =
∫
h uS (ξ2) d�∫

h d�
, (7)

∫
h
ξ22 βC d� = −

∫
h
ξ2 uS (ξ2) · A1 d�

⇒ βC =
∫
h ξ2 uS (ξ2) · A1 d�∫

h ξ22 d�
. (8)

In Eqs. (7) and (8) the displacements uS (ξ2) are functions
of ξ2, whileuC andβC are constant through the face�S . They
describe the movement of �S in terms of beam kinematics.
With these assumptions, the displacements uS can be written
as follows:

uS (ξ2) = uC − βC ξ2 A1 + ωC (ξ2) . (9)

Equation (9) means that the movement of a point on �S can
be described by using the beam kinematics enriched by a
general deformation of the cross-section ωC (ξ2). Inserting
Eqs. (9) into (5) leads to the following equation

u = −ξ1

�

[
A1 · (uC − βC ξ2 A1)

A2 · uC
]

+
(
1 + ξ1

�

)[
A1 · (uB0 − β ξ2 A1)

A2 · uB0

]

− ξ1

�

[
A1 · ωC

A2 · ωC

]

=
[
A1 · (u (ξ1) − β (ξ1) ξ2 A1

)
A2 · u (ξ1)

]
− ξ1

�

[
A1 · ωC

A2 · ωC

]
.

(10)

Here, the quantities ū and β̄ are given as follows:

u (ξ1) = −ξ1

�
uC +
(
1 + ξ1

�

)
uB0,

β (ξ1) = −ξ1

�
βC +
(
1 + ξ1

�

)
β. (11)

Using Eqs. (10) with (11) and inserting it into Eq. (6) leads
to the following strains:

ε =
⎡
⎣ ε1

ε2
2ε12

⎤
⎦ =
⎡
⎣u1,1 − β,1 ξ2

0
u2,1 − β

⎤
⎦

−

⎡
⎢⎢⎢⎢⎣

1

�
A1 · (ξ1ωC,1 + ωC

)
ξ1

�
A2 · ωC,2

ξ1

�
A1 · ωC,2 + 1

�
A2 · (ξ1ωC,1 + ωC

)

⎤
⎥⎥⎥⎥⎦ . (12)

With Eq. (12), it is clear that within the kinematic assump-
tions, the classical Timoshenko beam strains (stretch ε,
curvature κ , and shearing γ ) are included:

⎡
⎣ ε1

ε2
2ε12

⎤
⎦ =
⎡
⎣ 1 −ξ2 0
0 0 0
0 0 1

⎤
⎦
⎡
⎣ ε

κ

γ

⎤
⎦+ ε̃ = E1 εB + ε̃,

with

⎡
⎣ ε

κ

γ

⎤
⎦ =
⎡
⎣ u1,1

β,1
u2,1 − β

⎤
⎦ . (13)

The matrix E1 in Eq. (13) represents the relation between
the beam strains and continuum strains. The additional strain
parts due to the deformable 2D solid surface �S are collected
in ε̃. It is important to note that ε̃ contains the assumption
of the inextensible and plane beam cross-section of face �B .
Precisely this part is relaxed in Eq. (17) and motivates the
construction of the correction strains in Eq. (19). Based on
these kinematical considerations, the weak form of equilib-
rium can be derived.
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3 Weak form of equilibrium—Mixed
formulation

In this section, the weak form of equilibrium is introduced.
To derive the weak form of equilibrium for the transition
element, the weak form of the whole structure is split into
three parts first:

g = gS + gB + gI = 0. (14)

In Eq. (14), the three parts are given by gS , gB ,and gI ,
namely the 2D solid part, beam part, and transition zone,
respectively. Regarding gS and gB , it is assumed that only
continuity in displacements is required; note that for gB , the
displacements are composed of displacements of the refer-
ence line and rotations. Therefore, classical beam and 2D
solid formulation can be used for these two parts. As men-
tioned in Sect. 2, the kinematics assume that the cross-section
is inextensible and plane at the beam side �B . To remove this
constraint, a mixed formulation is used. The starting point is
the standard Hu–Washizu functional for the transition zone
of the model:

ḡI
(
u, σ p, ε p, δu, δσ p, δε p

)
=
∫

�I

{
δεT σ p + δσ T

p

(
ε − ε p

)
︸ ︷︷ ︸

∗
+δεTp
(
C ε p − σ p

) }
d�. (15)

The initial weak form of equilibrium ḡI of the transition
element in Eq. (15) depends on the displacements u or geo-
metric strains ε according to Eq. (6); the physical strains ε p

and physical stresses σ p; as well as their virtual counterparts
δu, δε p, and δσ p. The constitutive relation between the phys-
ical strains and stresses is expressed by using the matrix C,
which in case of plane-stress assumptions is as follows:

⎡
⎣ σ1

σ2
σ12

⎤
⎦ = E b

1 − ν2

⎡
⎢⎣
1 ν 0
ν 1 0

0 0
1 − ν

2

⎤
⎥⎦
⎡
⎣ ε1

ε2
2 ε12

⎤
⎦ , σ = C ε p. (16)

In Eq. (16), E is the Young’s modulus, ν is Poisson’s ratio,
and b is the width of the structure (perpendicular to the e1,
e2-plane).

Furthermore, the term δεT σ p in Eq. (15) is responsible
for transferring the forces from the beam node to the 2D solid
surface. To obtain the correct distribution of stresses on the
2D solid surface, σ p must have the correct shape. As σ p

is related by the constitutive model to ε p through the term
C ε p−σ p, this can only be achieved if the physical strains ε p

have the correct shape over the height of the transition zone.
This leads to the important part ∗ of Eq. (15), which enforces
the balance between the physical strains ε p and geometric
strains ε. For the geometric strains ε, the relation according to

Eq. (6) is used. Therefore, the assumption of an inextensible
and plane cross-section on �B is still included. The idea to
solve this problem is the enrichment of the geometric strains
ε with additional correction strains εc in a manner that the
physical strains ε p have the correct shape. This leads to the
following modified version of Eq. (15):

gI
(
u, σ p, ε p, εc, δu, δσ p, δε p, δεc

)
=
∫

�I

{
(δε + δεc)

T σ p + δσ T
p

(
(ε + εc) − ε p

)

+δεTp
(
C ε p − σ p

)}
d�. (17)

Performing an integration by parts of Eq. (17) results in
the strong form:

∇ · σ = 0 in �I ,

ε + εc − ε p = 0 in �I ,

C ε p − σ p = 0 in �I ,∫
�B

E2 σ p d� = 0 in ξ1 ∈ [−�, 0] . (18)

The strong form [Eq. (18)] consists of the equilibrium
neglecting the body forces, the relaxed kinematics, and
the constitutive relations inside the domain �I . The last
statement says that all higher-order stresses related to the cor-
rection strains εc should be zero in the domain ξ ∈ [−�, 0].

In the modified weak form in Eq. (17), special care needs
to be taken for the correction strains εc which is discussed in
the next section.

4 Design of correction strains

Due to the extension of the weak form of equilibrium from
Eqs. (15) to (17), special care must be taken regarding εc.
If εc is assumed to be an arbitrary function, then it would
accumulate all of the strains, which would result in ε p = 0
and σ p = 0. As a result, the beam node can move indepen-
dently of the solid surface. To determine how to reduce the
solution space of εc, it is crucial to examine the relation of
the kinematic assumption; see Eqs. (8) to (13). The assump-
tion of an inextensible and plane cross-section is included
with an additional deviation of ωC from �S . The face �B can
only perform a rigid translation and rotation according to Eq.
(3). To achieve the correct deformation state inside the ele-
ment, the correction strains εC must remove the constraint of
an inextensible and plane cross-section on �B . To construct
these strains, the same approach is used as that in [16,17].
Following this approach with some slight modifications, the
continuum strains are represented using the following equa-
tion:
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ε + εc = E1 εB + ε̃ + E2 εcω. (19)

In Eq. (19), the term εc = E2 εcω is used to remove the
constraint of an inextensible and plane cross-section on the
beam side �B . Like the expression for the classical beam
strains, E2 εcω is composed of functions over the cross-
section arranged in E2, which are scaled by scalar values in
εcω that represent higher-order beam strains. The functions
inE2 are constructed using the general deformation functions
ω1 and ω2, where ω1 represents cross-sectional warping in
the local A1-direction and ω2 represents the contraction of
the cross-section in the local A2-direction:

E2 =
⎡
⎣ω1 0 0

0 ω2,2 0
0 0 ω1,2.

⎤
⎦ . (20)

In the definition of E2 in Eq. (20), it is clear that the
strains εc are introduced as independent strains and are not
defined through additional displacements on the beam sur-
face, despite the fact that ω1 and ω2 can be interpreted as
superposed displacements on �B . For εc to not accumulate
all of the strains, the general displacement functions ω1 and
ω2 must fulfill the following orthogonality conditions:

∫
h
ωT
1 d�B = 0,

∫
h
ξ2 ωT

1 d�B = 0,
∫
h
ωT
2 d�B = 0. (21)

The constraints in Eq. (21) result from the interpretation of
ω1 andω2 as superposed displacements on�B and compared
with Eq. (9). Within the reformulated 2D solid displace-
ments [Eq. (9)], the rigid body translation and rotation are
described using the beamkinematics, and therefore theymust
be removed from ω1 and ω2. As demonstrated in [16,17], the
representation of εc = E2 εcω with the constraints in Eq. (21)
allow the enriching of classical beam strains to represent a
complete continuum strain state.

5 Finite element formulation

This section derives the matrices of the transition element.
Due to the orthogonality conditions [Eq. (21)] of the gen-
eral displacement functions ω1 and ω2, their shape functions
consist of a local and a non-local part. This will result in
a non-standard finite element; the composition of the finite
element is depicted in Fig. 2. In the addressed 2D case, the
element is subdivided into regular sub-elements eSi based on

Fig. 2 Transition element: geometry consisting of nelS edge elements
on the solid surface and the beam vertex nB . Therefore, the element
has nelS quadrilateral sub-elements eSi for representing the geometry.
The yellow part highlights the element volume. With element vertices
indicated by •

the number nelS of edge elements ei on the surface �h
S with

i = 1 . . . nelS .

5.1 Approximation of the geometry

Due to the different kinematic assumptions of 2D solid and
beam kinematics as well as the regular geometry, separat-
ing the interpolation of geometry and solution is reasonable.
To achieve this, a distinction is made between vertices and
nodes. Vertices represent points with specific coordinates,
whereas nodes represent the degrees of freedom associated
with either a vertex or an edge. It is sufficient to interpolate
the geometry with linear edge elements on the solid surface
by employing the shape functions:

N1 (ηi ) = 1

2
(1 − ηi ) , N2 (ηi ) = 1

2
(1 + ηi ) . (22)

Using the locally attached parametric coordinate system η1,
η2 and the shape functions in Eq. (22), a coordinate on the
surface �S is described as follows:

Xh
S = N1 (η2) Xei

1 + N2 (η2) Xei
2 (23)

According to Eq. (23), Xh
S is the surface coordinate approx-

imated by interpolating the two coordinates Xei
j , j = 1, 2

of the associated edge element ei . If the nS element vertex
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coordinates are arranged in X̂ ∈ R
2(ns+1), vertex coordinates

of an edge Xei
j can be extracted using

Xei = aeiX X̂, Xei =
[
Xei
1

Xei
2

]
. (24)

The matrices aeiX in Eq. (24) are comparable to the assembly
matrix, which here is used to extract the vertex coordinates.
With the approximated surface coordinateXh

S on the 2D solid
surface, the corresponding coordinate on the beam side can
be evaluated using

Xh
B = Xh

S + � A1. (25)

In Eq. (25) � is the length of the transition element and A1

is equivalent to the normal vector on the 2D solid surface
�S . As each sub-element is assumed to have the shape of a
rectangle, the normal vector A1 in Eq. (25) can be computed
using the vertex coordinates Xei of an arbitrary edge ei in
Eq. (24):

A2 = Xei
2 − Xei

1∣∣Xei
2 − Xei

1

∣∣ =
[
A1

A2

]
, A1 =

[
A2

−A1

]
. (26)

With Eqs. (23) and (25), a general point of sub-element eSi
is given as follows:

Xh = N1 (η1) Xh
S + N2 (η1) Xh

B . (27)

Furthermore, with Eqs. (25) and (26), the local coordinate ξ2
reads as follows:

ξ2 =
(
Xh

S − XB0

)
· A2. (28)

In Eq. (28) XB0 is the coordinate of the beam vertex nB .
Finally, based on Eq. (27), the Jacobean with respect to ξi
evaluates to

J =
[

�
2 0

0
lei
2

]
, lei = (Xei

2 − Xei
1

) · A2. (29)

Here, lei is the length of the edge ei in Eq. (29). Using Eq.
(29), the derivatives of the shape functions with respect to
the local coordinates ξ1, ξ2 can be computed as follows:

Ni (η1),ξ1 = Ni (η1),η1
2

�
,

Ni (η2),ξ2 = Ni (η2),η2
2

le j
. (30)

As the local and parametric coordinate axes coincide, only
the derivatives specified in Eq. (30) exist, and the remaining
derivatives are zero. Furthermore, the parameter i specifies
the shape function number.

5.2 Approximation of the displacement field

Next, the approximation of the displacement field is
addressed. Nodes with degrees of freedom vi = [ux , uy

]T
i

are assigned to the geometric objects (vertices and edges)
and interpolated inside the sub-elements. Vertex nodes on the
solid surface are associatedwith the linear shape functions, as
in Eq. (22). The higher-order shape functions are achieved by
hierarchically extending the approximation order by assign-
ing nodes to the edges and associating them with Lobatto
shape functions:

N3 (η) = 1

2

√
3

2

(
η2 − 1
)

,

N4 (η) = 1

2

√
5

2

(
η2 − 1
)

η, N5 (η) = . . . . (31)

Using this hierarchical extension, a sub-parametric con-
cept for the element formulation is employed. On the beam
vertex nB , two nodes are defined - one with degrees of free-
dom vB1 = [ux , uy

]T
B1 representing the displacements and

one with vB2 = [β, 0]TB2 representing the rotation. Dis-
tributing nN nodes on the surface �S results in a vector

V = [vT1 vT2 . . . vTnN vTB1 vTB2
]T ∈ R

2(nN+2). Herein, vi ,
i = 1, . . . , nN are the nodes on the surface �h

S , vB1 and
vB2 are the beam nodes with the displacement and rotational
degrees of freedom, respectively. Defining the polynomial
order of the shape functions of the displacement field on �h

S
as n p leads to nN = n p · nelS + 1 surface nodes. The n p + 1
nodes of an edge and the two beam nodes are extracted as
follows:

Vei
S = aeiS V, Vei

S =
[
vei T1 vei T2 . . . vei Tn p+1 vTB1 vTB2

]T
.

(32)

Like aeiX , the matrix aeiS extracts the relevant degrees of free-
dom fromV. With Eq. (32) and the shape functions Eqs. (22)
and (31), the approximation of the displacement field at the
surface �h

S is as follows:

uh,ei
S =

n p+1∑
I=1

NI (η2) v
ei
I . (33)

On the beam side, the displacement approximation, using
Eq. (28) to evaluate ξ2, is as follows:

uhB = vB1 + ξ2 (vB2 · e1) A1, with e1 = [1 0
]T

. (34)

Finally, with Eqs. (33) and (34), the displacement approxi-
mation inside one sub-element eSi is derived using

uh,eSi (η1, η2) = N1 (η1) u
h,ei
S (η2) + N2 (η1) uhB (η2) .(35)
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With Eq. (35), the approximation of the displacement field
is complete.

5.3 Approximation of the geometric strains

With the representation of the displacement field in Eq. (35),
the geometric strains in Eq. (6) can be written as follows:

εh = BV = [B1 B2 . . . Bn p+1 BB1 BB2
]
aeiS V (36)

The positions of the entries in B in Eq. (36) depend on
the order of the nodes in V as well as the position in the
cross-section, for example the current sub-element during
the numerical integration. Only the entries BB1 and BB2 are
always present in the same position. Considering Eq. (6), BI

evaluates to

BI =
⎡
⎣ N1,ξ1 (η1) NI (η2)AT

1
N1 (η1) NI ,ξ2 (η2)AT

2
N1 (η1) NI ,ξ2 (η2)AT

1 + N1,ξ1 (η1) NI (η2)AT
2

⎤
⎦ (37)

and BB1 and BB2 evaluate to

BB1 =
⎡
⎣ N2,ξ1 (η1) AT

1
0

N2,ξ1 (η1) AT
2

⎤
⎦ ,

BB2 =
⎡
⎣−N2,ξ1 (η1) ξ2 0

0 0
−N2 (η1) 0

⎤
⎦ . (38)

With Eqs. (37) and (38), the representation of εh in Eq.
(36) is complete.

5.4 Approximation of the correction strain field

To derive the shape functions for the correction strain field
εc, the functions ω1 and ω2 are interpreted as displacement
fields. Thus, the same distribution of degrees of freedom as
for the 2D solid displacement field on �S is assumed. Fur-
thermore, rigid body translations and rotation are already
included in the kinematic assumptions and must be restricted
for ω1 and ω2. This leads to the following non-local warping
shape functions:

ωh
1 = [ H1 H2 . . . HnN−1 HnN

]
. (39)

To fulfill the orthogonality condition in Eq. (21), the shape
functions in Eq. (39) are composed of the local shape func-
tions Ni in Eqs. (22) and (31), which are associated with
the corresponding vertex or edge and extended with a global
constant part c1i and a global linear part c2i ξ2:

Hi = Ni + c1i + c2i ξ2. (40)

It is necessary to highlight that the index i in Eq. (40) asso-
ciates the functions Hi with a specific node and does not
indicate the shape function order. The order of the local shape
functions Ni are the same as those of the displacement field.
Additionally, the shape functions only vary over the thickness
of the cross-section and are constant in the length-direction
ξ1 of the transition element. To evaluate the unknowns c1i
and c2i , the system of equations

∫
h

[
1 ξ2
ξ2 ξ22

] [
c1i
c2i

]
d�B = −

∫
h

[
Ni

ξ2 Ni

]
d�B (41)

must be solved for each shape function. It is important to
note that the integration of the left-hand side in Eq. (41) is
performed over the whole cross-section and not only locally
inside one sub-element eSj . The vector of contraction func-
tions ω2 is approximated with

ωh
2 =
[
Ĥ1 Ĥ2 . . . ĤnN−1 ĤnN

]
. (42)

As there is only one constraint equation for shape functions
ω2 in Eq. (39), they are extended with a single constant
parameter. Therefore, these functions are given by Ĥi =
Ni + ĉi . Looking at Eq. (20), only the derivatives w.r.t. ξ2
are required, causing the constant extension to drop out. As
a result, local shape functions in each sub-element can be
used to represent the functions ωh

2 and Ĥi = Ni is chosen.
By inserting Eqs. (39) and (42) into (20), the matrix E2 is
defined as follows:

Eh
2

=
⎡
⎣ H1 . . . HnN−2 0 0 0 0 0 0

0 0 0 Ĥ1,ξ2 . . . ĤnN−1,ξ2 0 0 0
0 0 0 0 0 0 H1,ξ2 . . . HnN−2,ξ2

⎤
⎦ .(43)

Noteworthily, the first and third rows ofEh
2 in Eq. (43) always

have nN −2 entries, while the second row has nN −1 entries,
because the linear dependent equations must be removed due
to constraints in Eq. (41). With the matrix Eh

2 , the correction
strain field reads as follows:

εhc = Eh
2 ε̂c. (44)

With Eq. (44), the approximation of the correction strains
is completed and only the approximations of the physical
strains and stresses are missing.

5.5 Approximation of the physical strains and
stresses

As the displacement field is approximated linearly in the
length direction of the transition element, the physical strains
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εhp and stresses σ h
p are approximated constant in this direc-

tion. In the thickness direction, the components εhx and σ h
x

are interpolated using the same shape function order n p as
for the displacement field on the 2D solid surface �S , while
the remaining parts are interpolated with order n p − 1. The
approximation reads as follows:

εhp = AeSi
ε ε̂ p, σ h

p = AeSi
σ σ̂ p, with AeSi

ε = AeSi
σ . (45)

In Eq. (45), ε̂ p and σ̂ p are the degrees of freedom of the
physical stresses and strains, while AeSi

ε and AeSi
σ include

the associated shape functions with respect to the current
sub-element eSi . If the degrees of freedom of the current
sub-element are extracted with ε̂

eSi
p = aeSiε ε̂ p and σ̂

eSi
p =

aeSiε σ̂ p, the matrices read as follows:

AeSi
ε = AeSi

σ

=
⎡
⎣ L0 . . . Lnp 0 0 0 0 0 0

0 0 0 L0 . . . Lnp−1 0 0 0
0 0 0 0 0 0 L0 . . . Lnp−1

⎤
⎦ aeSiε . (46)

It is advantageous to use Legendre shape functions Li , i =
0, . . . , n p for Eq. (46). These shape functions are as follows:

L0 (η) = 1, L1 (η) = η, L2 (η) = 3

2
η2 − 1

2
, . . . . (47)

The reason for this can be found in Eq. (49) as the integration
of the term AT

ε Aσ leads to a diagonal matrix if Legendre
functions are employed.

5.6 Discretized weak form of equilibrium

To evaluate the weak form of equilibrium of the element Eq.
(17), the same shape functions are chosen for the associated
virtual quantities. Therefore, they read as follows:

δεh = B δV, δεhc = E2 δε̂c,

δεhp = Aε δε̂ p, δσ h
p = Aσ δσ̂ p. (48)

With these at hand, the element stiffness matrix resulting
from Eq. (17) reads as follows:

ghI = δV̂T K V̂

=

⎡
⎢⎢⎣

δV
δσ̂ p

δε̂ p

δε̂c

⎤
⎥⎥⎦
T ∫

�I

⎡
⎢⎢⎣

0 BT Aσ 0 0
AT

σ B 0 AT
σ Aε AT

σ E2

0 AT
ε AT

σ AT
ε CAε 0

0 ET
2 Aσ 0 0

⎤
⎥⎥⎦ d�

⎡
⎢⎢⎣

V
σ̂ p

ε̂ p

ε̂c

⎤
⎥⎥⎦ . (49)

The integration of Eq. (49) is performed using the sum over
each sub-element and a local Gauss quadrature. After the
integration over the transition zone�I , the full element stiff-
ness matrix reads as follows:

K =

⎡
⎢⎢⎣

0 G 0 0
GT 0 H L
0 HT M 0
0 LT 0 0

⎤
⎥⎥⎦ . (50)

ThematricesG,H,L,M result from the integrals in Eq. (49).
As only continuity in displacements and rotations is required,
the local variables can be condensed in Eq. (49). Considering
the system of equations

G σ̂ p = 0, (51)

GT V + H ε̂ p + L ε̂c = 0, (52)

HT σ̂ p + M ε̂ p = 0, (53)

LT σ̂ p = 0, (54)

static condensation can be performed. In the first step, Eq.
(53) is solved for ε̂ p and inserted into Eq. (52). Solving this
equation for σ̂ p results in

σ̂ p =
(
HM−1HT

)−1
GT V +

(
HM−1HT

)−1
L ε̂c. (55)

As the matricesM andH are both invertible, andH is also a
diagonal matrix due to the properties of the Legendre poly-
nomials, Eq. (55) can be reformulated to

σ̂ p = QGT V + QL ε̂c, with Q = H−T MH−1. (56)

Inserting Eq. (56) into (54) and solving it for ε̂c leads to

ε̂c = −
(
LT QL

)−1
LT QGT V. (57)

Finally, inserting Eqs. (56) and (57) into (51) leads to the
condensed element stiffness matrix:

ke = GQGT − GQL
(
LT QL

)−1
LT QGT (58)

Notably, the resulting element stiffness matrix ke according
to Eq. (58) has exactly three non-zero eigenvalues, indepen-
dent of the number of degrees of freedom of the transition
element. One can think of these three non-zero eigenvalues
as the transfer of the normal force, shear force, and moment
from the beam point to the 2D solid surface. A numerical
investigation is performed in Sect. 5.7.
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5.7 Stiffness entries at the beam point and
eigenvalues of the element

To obtain insight into the possible performance of the pro-
posed element, this section investigates entries of the stiffness
matrixwith a focus on the part that represents the beamnodes.
At first, the entries of the stiffness matrix ke of the proposed
transition element [Eq. (58)] are compared with the stiff-
ness matrix keTimo of a Timoshenko beam element. Using a
reduced integrationwith linear shape functions, said stiffness
matrix has the following entries for the comparable degrees
of freedom:

keTimo =

⎡
⎢⎢⎢⎢⎢⎣

E A

Le
0

sy E A

Le

0
GAS

Le
−GAS

2
sy E A

Le
−GAS

2

GAS L2
e + 4 E I

4 Le

⎤
⎥⎥⎥⎥⎥⎦

. (59)

Entries in Eq. (59) consist of the element length Le, which
is equivalent to the transition element length �, tension stiff-
ness E A, shear stiffness GAS considering a suitable shear
correction factor, bending stiffness E I , and the distance of
the center of gravity of the cross-section to the beam reference
line sy . To compare the results, a height of h = 1, width of
b = 1, Young’s modulus E = 100, Poisson’s ratio ν = 0.3,
a shear correction factor of κq = 5/6, and sy = −2 are
assumed.Assuming a transition element length of � = 0.001,
which is equivalent to the element length Le = 0.001, the
relative error, considering 40 sub-elements over the height,
evaluates to

∣∣∣∣∣
keTimo i j − kei j

keTimo i j

∣∣∣∣∣ =
⎡
⎣1.0 · 10−13 0.0 1.1 · 10−13

0.0 6.5 · 10−08 6.5 · 10−08

1.1 · 10−13 6.5 · 10−08 1.1 · 10−13

⎤
⎦ .

(60)

Except for the terms containing the shear stiffness, the
error is only affected by numerical inaccuracy.

As already mentioned, the element only has three non-
zero eigenvalues. It is clear that rigid body modes cannot be
related to the zero eigenvalues as in a classical finite element;
instead, the three non-zero eigenvalues represent the number
of forces transferred from thebeam to the 2Dsolid surface.As
a result, it is possible to relate the eigenvalues to the stiffness
properties E A/�, E I/�, and GAS/� as depicted in Fig. 3.
The eigenvalues are first multiplied with the element length �

and then normalized by the associated cross-sectional param-
eter. All eigenvalues converge against their related value of
Timoshenko’s theory.

Fig. 3 Convergence of the eigenvalues to the stiffness parameters of a
Timoshenko beam theory

6 Numerical examples

In this section, some numerical examples are discussed. For
all examples, the geometry of the transition elements is inter-
polated with linear shape functions, while the displacements
are approximated with bi-quadratic shape functions. The 2D
solid part is modeledwith a displacement-based formulation.
For the beam part, a Timoshenko beam element with linear
shape functions is chosen. Like the 2D solid element, the
beam element is based on a pure displacement formulation,
but reduced integration is employed to avoid shear locking.

For a brief overview, the examples and their purposes are
listed in Table 1. The first and third examples consist of two
pure 2D solid models (Tension, shear, and bending test—
Benchmark test; and Arc). Their aim is to demonstrate the
quality of the resulting stress distribution over the cross-
section where the proposed transition element is applied.
In these examples, the transition element is used to impose
boundary conditions on the 2D solid models as well as to
connect two 2D solid models with only three degrees of free-
dom. To demonstrate the suitability of the proposed element
in mixed models, consisting of 2D beam and 2D solid ele-
ments, the second example is a simple frame structure. The
2D solid parts are meshed with regular meshes. To describe
themeshes, an element size of e is chosen. An element size of
e = 0.1means that the solid elements have a height andwidth
of 0.1. The Young’s modulus E in the examples is chosen in
such a way that the deformation of the systems is scaled to
a suitable size for the plots of the deformed structures. For
the linear theory to remain valid, the resulting deformations
in some examples are of course too high.
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Table 1 Overview and purpose
of the numerical examples

Example Purpose

Benchmark test Check of solution quality compared to well-known analytical solutions.

Simple frame Application of the proposed element to sub-structure modelling.

Arc Testing the limits due to the assumptions of an initially straight transition zone.

Remark 1 (Plot) It is important to note that in plots of
deformed meshes, the proposed transition element is rep-
resented assuming the kinematic assumptions introduced in
Sect. 2. This means, warping, and contraction on the beam
side �h

B of the transition element are not considered. In
addition, the stresses are not calculated for representation
inside the transition element. This allows an easier distinction
between 2D solids and the transition element in the figures
as the latter is depicted in gray.

6.1 Tension, shear, and bending test - Benchmark
test

In this example a simple cantilever beam is chosen. The aim is
to test the different beamdeformationmodes, such as tension,
bending, and shearing of the beam. The focus is on the area
where the transition element connects the beam with the 2D
solid model.

The systems are depicted in Fig. 4. To distinguish between
the solid part and the transition zone, they are identified by�S

and �I , respectively. The length LS and transition element
length � together lead to the total length of the structure L ,
resulting in a total length of LS +� in the classically clamped
structures sys. a and sys. b. Applying the supports as well as
the loading using two transition elements results in sys. c
with length LS + 2 �. The structure has a height of h and
the beam node has a distance of sy to the center of gravity.
If not otherwise specified, meshes of the solid part consist of
elements with a width and height of e. Examples are chosen
to demonstrate the performance of the transition element in
achieving the connection between solid kinematics and beam
kinematics without introducing spurious stress distributions
over the cross-section. The material parameters for all of the
examples are Young’s modulus E = 100 and Poisson’s ratio
ν = 0.3. The same applies to the geometry parameters, for
which the total length L is chosen as 10, which means either
L = LS+� = 10 if the left side is fully clamped or L = LS+
2 � = 10 if the transition element is applied to both sides.
Furthermore, the height and width of the structure are set as
h = 1 and b = 1. If not specified otherwise, the distance

Fig. 4 Tension, shear, and
bending test - Cantilever beam
with one (sys. a and sys. b) or
two (sys. c) transition elements.
On the left side, rotation and
translations of the cross-section
are constrained. The right side is
loaded by Fx and Fy

(a)

(b)

(c)
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to the center of gravity is sy = 0. In case of sys. a and sys.
b, the displacement boundary conditions are directly applied
on the 2D solid elements. In case of sys. a, the cross-section
can contract on the left side, but vertical displacements are
only supported through a single node, which introduces a
stress concentration at that node. Using sys. b, the left side
can no longer contract, but vertical forces of the support are
distributed over the height of the cross-section.

6.1.1 Tension test - Load Fx = 1, sy = 0

First, a tension rod is investigated. This means that the geom-
etry is chosen according to Fig. 4, the beam node is at the
center of gravity (sy = 0), and the structure is loaded in the
x-direction. The load Fx = 1 is applied to the beam node on
the right side of the structure.

In Fig. 5, the numerical result is compared with the ana-
lytical result. The analytical solution can be evaluated with
uana. = Fx L/E/b/h according to the beam theory. To
observe the impact of the proposed element formulation, a
numerical investigation is performed with the three different
boundary conditions. The first diagram (Fig. 5) depicts the
relative displacement error of the beam node with varying
lengths � of the proposed transition element. As expected for
case ν �= 0, the fully clamped version sys. b has a much
higher error, whereas in case of sys. a and sys. c only numer-
ical errors are visible. The reason for this is that in sys. b,
the cross-section cannot contract on the left side due to the
boundary conditions. Furthermore, the length � of the tran-
sition element has no impact on the solution.

Next, the mesh refinement is investigated, and the result-
ing relative error is depicted in Fig. 6. It is important to note
that the error is depicted over the element size e. Conse-
quently, the horizontal axis ranges from fine (left) to coarse

Fig. 5 Tension test. - Dependency of the horizontal displacement on the
selected length of the transition element (2D solid element size e = 0.1)

meshes (right). For sys b. a slight convergent behavior can be
observed, when reducing the element size e. However, com-
pared with the analytical solution the error remains high due
to the boundary effects with ν = 0.3. When using the transi-
tion element on both sides (sys. c) or allowing the contraction
of the cross-section on the left side (sys. a), the error is in
the range of the numerical accuracy. This is due to the fact
that with a reduced element size e, the number of degrees of
freedom increases, resulting in a large equation system and
thus a larger numerical error.

To highlight the properties of the proposed transition ele-
ment, the structure is reduced to a length of � = h = 1 and a
load of Fx = 1, and the deformed geometries with all stress
components inside the 2D solid elements are depicted in Fig.
7. To create the plots, the transition element length is set as
� = 0.1 and the element size is set as e = 0.05. To enable
directly distinguishing between the transition element and
the 2D solid elements, the stresses are only plotted inside
the solid part and the transition zone is presented in gray.
As is clearly visible, the stress state inside the solid part is
not affected by the boundary conditions nor by the proposed
transition element. As expected, the normal stress σx = 1
and the other two stress components are σy = σxy = 0.

By contrast, Fig. 8 depicts the stress and deformation state
if sys. b is used.On the clamped side, the cross-section cannot
contract, leading to distortions in the normal stress σx and the
non-zero stresses σy and σxy .

To investigate the impact of the length L of the system,
it is varied from L = 1 to L = 15 in Fig. 9. Therefore, an
L/h-ratio ranging from 1 to 15 is investigated. In case of sys.
a and sys. c the resulting displacement error compared with
the analytical beam solution is numerically zero. In case the
structure is fully clamped on the left side (sys. b) the error
remains high but is reduced with increasing length L .

Fig. 6 Tension test. - Dependency of the horizontal displacements on
the selected element size of the 2D solid elements (transition element
length � = 0.1)
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Fig. 7 Tension test - Short beam � = h under tension: deformed mesh (sys. c) with E = 100, ν = 0.3, � = 0.1, e = 0.05, and Fx = 1; see Remark
1

Fig. 8 Tension test. - Short beam � = h under tension fully clamped on left side (sys. b) - deformed mesh. E = 100, ν = 0.3, � = 0.1, e = 0.05,
and Fx = 1; see Remark 1

Fig. 9 Tension test - Comparison between the relative error with the
analytical solution when using transition elements on both sides (sys.
c) and on one side clamping the other side (sys. a and sys. b), with a
transition element length of � = 0.1 and element size of e = 0.1

6.1.2 Tension test, off-centered - Load Fx = 1, sy = h

As mentioned in the theory part, the distance of the beam
vertex to the center of gravity must not be known. To deter-
mine whether the effects of an off-centered load are covered
correctly, the system is modified such that sy = h (see Fig.
4). Here, only sys. c is considered as the impact of bound-
ary conditions on the numerical solution has already been
investigated for a comparable load case. The material param-
eters are the same as before and the length of the transition
element is � = 0.1. As the deformation involves only ten-

sion and bending, the analytical solution of the Bernoulli
and Timoshenko beam theories is the same in this example.
The reference solution uana. for the horizontal displacement
ux , vertical displacement uy , and rotation β according to the
beam theory is as follows:

ux = Fx L

E b h
+ 12 Fx s2y L

E b h3
,

uy = 6 Fx sy L2

E b h3
,

β = 12 Fx sy L

E b h3
. (61)

As expected with sys. c, the results in Fig. 10 indicate
that the error is only affected by numerical accuracy. All
three results, namely the tip deflections ux and uy and tip
rotation β, are evaluated accurately compared with the ana-
lytical solution. Errors grow due to reduced element sizes
and therefore an increasing number of degrees of freedom.
This indicates that only numerical accuracy has an impact on
the solution.

In Fig. 11, the solution is comparedwith the analytical one
when the distance to the center of gravity is modified. For
this investigation an element size of e = 0.25 and a transition
element length of � = 0.01 are chosen. Again, the error is in
the range of 10−12 and 10−10 due to numerical accuracy.

The deformed structure with normal stresses σx is dis-
played in Fig. 12. For the plot, the structure has a total length
of L = 10, height of h = 1, and distance of beam vertices
to the center of gravity of sy = 2.5 h. In the figure, the
beam vertices are depicted as black points. The lower-left
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Fig. 10 Tension test off-centered - Relative error with fixed distance to
the center of gravity (sy = h) and varying element sizes for sys. c

Fig. 11 Tension test off-centered - Relative error between the FE solu-
tion and analytical solution with varying sy for sys. c

Fig. 12 Tension test off-centered - Deformed structure with normal
load and sy = 2.5 h. The contour plot depicts normal stresses σx

Fig. 13 Tension test off-centered - Stresses over the cross-section

one is completely clamped, whereas the lower-right one is
loaded by a single load Fx = 1. In the deformed configura-
tion, the lower right vertex is moved to the right due to the
stretch of the structure and rotation of the cross-section. As
the off-center normal load introduces an additional moment,
the vertex moves upwards. The resulting normal stresses are
not affected by the boundary conditions.

Finally, Fig. 13 presents the stress distribution over the
height ranging from the bottom −0.5 to the top 0.5. The cut
is performed at the connection line between the 2D solids
and the transition element on the loaded side. As expected,
the stresses σy and σxy are zero, while the distribution of σx
is linear over the cross-section. Note: Kinks in the σx stresses
result from the stress projection on a linear geometry element
at the boundary.

6.1.3 Shear and bending test - Load Fy = 1

After investigating the tension load case, the load direction is
changed to a load Fy = 1 perpendicular to the beam axis. The
material and geometric properties are maintained as before.
Unless otherwise specified, the transition element length is
set as � = 0.1. The analytical solution for the vertical dis-
placement uy using Timoshenko’s beam theory evaluates to:

uy = uana. = 4 Fy L3

E b h3
+ 6 Fy L

5G b h
. (62)

To compare the results, the analytical solution is evaluated
using Timoshenko’s beam assumptions with a shear correc-
tion factor of κ = 5/6.

As in the tension case, the solutions of sys. a and sys. c
are the same with respect to numerical accuracy; at first, the
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Fig. 14 Shear and bending test - Vertical displacement error over ele-
ment size e for the different boundary conditions with � = 0.01

Fig. 15 Shear and bending test - Vertical displacement error over ele-
ment size e in case of different transition element lengths �

Fig. 16 Shear abd bending test - Vertical displacement error over tran-
sition element length � with varying 2D solid element sizes e

Fig. 17 Shear and bending test - Vertical displacement error in case of
varying Young’s modulus for different element sizes e. The transition
element length equals the element size; � = e

three different types of boundary conditions are compared in
amesh convergence study. In later examples, it becomes clear
that the length of the transition element � can be interpreted
as a mesh parameter. Therefore, for the comparison of the
different boundary conditions, it is set as � = 0.01 to reduce
its influence on the solution quality.

In Fig. 14 the relative error of the vertical displacement
is plotted over the element size e. Compared with the pure
tension test, in which the results of sys. a and sys. c were
the same, here the solution of sys. a no longer converges
against the analytical solution. The reason is that the support
of sys. a introduces a singularity. As a result, the solution
starts to converge against the analytical solution at first, but
ends up overestimating it as soon as the mesh is too fine.
Only sys. c converges against the analytical solution. This
demonstrates that neither sys. a nor sys. b can represent the
boundary conditions according to the beam theory. There-
fore, in the following, only sys. c is considered.

Next, the convergence behavior due to mesh refinement
in the solid domain—and therefore a refinement over the
height of the cross-section—is investigated. The results are
presented in Fig. 15. It can be observed that the convergence
behavior is of an order of 4 over the elements’ edge length.
This behavior was expected as the displacements are approx-
imated with quadratic shape functions. Furthermore, using a
relatively long transition element with � = 0.1, the error
stays above 10−7. Lowering the transition element length �

leads to lower overall errors in the solution when using fine
meshes in the solid domain.

To investigate the influence of the transition element
length � on the solution, Fig. 16 depicts the resulting error due
to varying the length � with different solid element sizes. As
is clearly visible, the solution converges when the transition
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Fig. 18 Shear and bending test, clamped - Vertical displacement error
over 2D solid element size e, with different transition element lengths
�

element length � is reduced. While the error remains above
10−7 when a 2D solid element size of e = 0.1 is used, it can
be reduced further if an element size of e = 0.01 is chosen.
The optimal convergence behavior is achieved when � = e is
used. In this case, the rate of convergence is approximately
3, or more precisely 3.35. Due to the linear interpolation
over the transition element length �, a convergence order of
4 cannot be achieved. As a result, the length � of the transi-
tion element can be considered a mesh parameter and should
be set as � = e.

Thus far, we have fixed the geometric andmaterial param-
eters to demonstrate that the results converge against the
analytical solution. In Fig. 17, the impact on the solution
is investigated when different Young’s moduli E are chosen.
The analysis is conducted for different element sizes e and
a transition element length of � = e. When the element size
is reduced from e = 0.1 to e = 0.02, the displacement error
of course is reduced. From the diagram, it is more crucial to
note that material properties do not affect the quality of the
solution. Only for the finest mesh with e = 0.02, slightly dif-
ferent results are observed as numerical accuracy is reached.

6.1.4 Shear and bending test, clamped - Load Fy andˇ = 0
on the right side

In this example, the focus is on themixed loading case, which
consists of a load perpendicular to the beam and a moment
due to the constraint β = 0 on the right side. The left side of
the beam remains fully clamped. Only sys. c is investigated.

Amesh convergence study is performed and the results are
presented in Fig. 18. The study is performed for transition
element lengths � = 0.1, 0.01, , 0.001. The results are
comparable to those in Fig. 15. This indicates that mixed

Fig. 19 Shear and bending test, clamped - Vertical displacement error
over transition element length �, with different 2D solid element sizes
e

Fig. 20 Shear and bending test, clamped - Deformed mesh with shear
stresses. Only the 2D solid elements are depicted; L/h = 2

Fig. 21 Shear and bending test, clamped. - Stresses over the cross-
section in a cut on the right side at the transition element with L/h = 2

loads with the proposed element formulation are possible
and do not affect the quality of the solution.
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Fig. 22 Shear and bending test, clamped.- Vertical displacement error
when L is varied from 0.5 to 10 with a beam height of h = 1

As presented in Fig. 19, a convergence study for the tran-
sition element length � is performed with different 2D solid
element sizes e. The results converge as expected with a
decreasing transition element length �. As the interpolation
order in the length direction of the transition element is lin-
ear, a convergence order of 4 cannot be achieved. The highest
convergence order is reached when using � = e. Again, this
demonstrates that the transition element length � can be inter-
preted a mesh parameter and should be set as � = e.

Figure 20 depicts the resulting shear stresses on a
deformed mesh for a short beam with L/h = 2. As the
transition element is applied to both sides of the structure,
the resulting shear stresses exhibit no distortions and are in
perfect agreement with Timoshenko’s beam assumptions.

The resulting shear stresses over height are depicted inFig.
21. The cut is performed in the 2D solid domain at the right
solid face�S . Normal stresses σx are linearly distributed over

the height, shears stresses σxy are distributedwith a quadratic
parabola, and normal thickness stresses σy are zero.

Figure 22 depicts the relative error of the vertical tip-
displacement over the beam length L . The ratio L/h is varied
from0.5 to 10. Even for very thick beams, the error compared
with Timoshenko’s beam theory is very small and becomes
even smaller for thinner beams. This is expected as for thick
beams shear deformation becomes increasingly important
(see Sect. 5.7).

6.2 Simple frame

In this example, a simple frame structure is considered.
To demonstrate the performance of the proposed transition
element, a full model consisting of 2D solid elements is com-
pared with a mixed model consisting of 2D solid and beam
elements as well as a pure beam model. In case of the mixed
model, only areas in which beam theory is no longer valid
are represented by 2D solid elements.

The geometry of the system with dimensions and loads
is depicted in Fig. 23 for the full and mixed models. Beams
are represented by lines ending at the distance � (transition
element length) of the 2D solid parts. The thickness perpen-
dicular to the drawing is set as b = 1. A homogeneous,
isotropic material with Young’s modulus E = 100 and Pois-
son ratio ν = 0.3 is chosen. For the beam elements based on
Timoshenko’s theory, a shear correction factor of κ = 5/6 is
employed. The loads on the structure are qx = 1 and qy = 1
as specified in Fig. 23. The 2D solid part is modeled with per-
fect square elements. In the case of the pure beammodel, the
2D solid parts are removed and only the lengths of already
presented beams are adjusted to connect the beams and reach
the supports.

A mesh convergence study is depicted in Fig. 24. The full
model (full) and mixed model (mixed) converge against the
same solution. Using the mixed model, the same solution

Fig. 23 Geometry and loading of the frame Structure - left: reference 2D solid model; right: coupled model using the transition element
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Fig. 24 Simple frame - Displacement u over degrees of freedom of
the model; the mixed and full models show good agreement, whereas
the pure beam model is too soft because of areas in which the beam
kinematic is no longer valid, compare to Fig. 25

quality can be achieved with approximately half the number
of degrees of freedom compared with the full model. By con-
trast, the pure beam model exhibits behavior that is overly
soft. Its corner displacement is computed by adding the ver-
tical distance to the corner multiplied by the rotations to the
corner displacement of the beam model. Even if the rota-
tional part is neglected, the displacement value evaluated by
the beam model is approximately 3% too high. The reason
for this deviation in the results of the beam model is that the

beam theory is neither valid in the corners nor at the supports
compared with the following stress contour plots in Fig. 25.

In Fig. 25, the resulting stress contour plots in the mixed
model are presented on the deformed structure. To compare
the deformation state, the deformed mesh of the full model
is also depicted. The deformation behavior of the full and
mixed models is the same. Furthermore, no spurious stresses
due to the transition element can be observed. The boundary
conditions are applied using the proposed transition element.

In Fig. 26, the stresses over the thickness at the cut A–A
are depicted (see Fig. 23). Even though the cut is performed
directly at the transition element, the results of the mixed
model agree with those of the 2D solid model.

6.3 Arc

In this example, a circular arc is investigated. The aim is
to investigate the impact of the proposed transition element
when applied to curved structures. It is important to note that
in this case, the assumption made in Sect. 2 of the faces �S

and �B being initially parallel is violated.
The structure’s geometry and load are illustrated in Fig.

27. It is loaded by a single load F in the horizontal direction
at the outer position of the arc under 45◦ to the negative x-
axis. To compare the solution, the displacement u of a node
in the x-direction at the outer position under 45◦ to the x-
axis is observed. The radius is r = 100 and the thickness
is t = 5. The material properties are a Young’s modulus
E = 100 and a Poisson’s ratio ν = 0.3. Boundary con-
ditions are applied using the proposed transition element,

Fig. 25 Simple frame - Stress
contour plots (σx , σy , and σxy)
of the coupled model with the
proposed transition element on a
deformed structure underneath
the deformed mesh of the full
model. The transition element
length for these plots is set as
� = 0.01
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Fig. 26 Simple frame - Stresses over thickness in a cut A–A

Fig. 27 Arc - Geometry and loads; the transition elements are indicated
as dots

such that both ends of the arc are clamped. To determine the
impact on solution quality, the arc is subdivided into several
smaller sections. Each segment–segment connection is mod-
eled with two transition elements. The parameter s specifies
the number of sections that the model is built of. In Fig. 27,
the model is depicted for s = 5 subdivisions. The transition
element length is set as � = 0.01.

In Fig. 28, the relative error between the full and sub-
divided models for different numbers of subdivisions is
presented. To compute the relative error, the displacements
uS of the subdivided model and u f of the full model are cal-
culated using regular meshes with the same element size e.
Thus, it can be expected that the error due to the discretiza-
tion with 2D solid elements is the same in both solutions
and only the impact of the transition element is extracted.
Even though the curvature of the structure is not considered
in the transition element formulation, the resulting deviation
from the full model is very small but increases when more
subdivisions are used.Only for very coarsemeshes can a con-
vergence of the coupledmodel toward the full model be seen.

Fig. 28 Arc - Relative error over element size, comparing the resulting
displacement uS of subdivided models with the displacement u f of the
full model using the same element sizes with a regular mesh; t = 5

For finer meshes, the deviation of the solution of the subdi-
vided model from that of the full model converges against a
certain value depending on the number of subdivisions.

In Fig. 29, stress contour plots on a deformed mesh are
presented. The thickness of the depicted structure is t = 5
with a total of 18 sub-structures connected by the proposed
transition element. The transition element nodes are depicted
with black dots. In the plots, no deterioration of the stresses
can be observed due to the transition element.

Next, the same investigation is performed for a thicker
arc. The results in Fig. 30 indicate that the relative error in
displacements compared with a pure solid model became
higher, even though it is still small with amagnitude of 10−5–
10−3.

A detailed insight into the stress state at the transition zone
is illustrated in Fig. 31. The top row presents the subdivided
structure while the bottom row presents the results of the
full model. The transition element can be identified by the
vertical black line with the dot. While the normal stresses
σx and shear stresses σxy are in very good agreement, the
stresses in the thickness direction σy (depicted in the center)
exhibit some distortion in the transition zone.

These spurious stresses are two to three orders of magni-
tude smaller compared with the stresses illustrated in Fig. 32.
Nevertheless, it is important to note that two solid surfaces
with 64 quadratic elements over the thickness are coupled
by only three degrees of freedom in this example or, in other
words, 258 degrees of freedom on the left side are coupled
with 258 degrees of freedom on the right side by only two
translations and one rotation. Furthermore, the transition ele-
ment itself is assumed to be straight and does not consider
the curvature of the structure.

123



1164 Computational Mechanics (2022) 70:1145–1166

Fig. 29 Arc - Stress distribution
of the subdivided model with 18
subdivisions; s = 18, t = 5

Fig. 30 Arc - Relative error over element size, comparing the resulting
displacement uS of the subdivided models with the displacement u f of
the full model using the same element sizes with a regular mesh; t = 10

In Fig. 33, the impact of the ratio r/t is depicted. For large
ratios r/t , the relative deviation of the resulting displacement
of the subdividedmodel from the fullmodel is very smallwith
a value of 10−7.With a decreasing ratio (increasing thickness
t), the relative deviation increases. Furthermore, this example
indicates that with a ratio r/t ≥ 10, the proposed element can
be used in curved areas despite the geometrical assumption
of initially parallel faces �S and �B .

7 Conclusions

The element formulation proposed in this paper allows for
the coupling of 2D solid elements with beam elements. The
numerical investigations demonstrated that there were no
spurious stresses on the solid part even when the length �

of the transition zone was close to zero. The resulting stress
distributions in a section of the solid, located directly in the
transition zone, were in very good agreement with the ana-
lytical solution. An interpretation of the proposed element
as a solid element is possible. Therefore, the length � can be
interpreted as a mesh parameter with converging results for
� → 0. The element contains general deformations of the
cross-section without the necessity of a precomputed warp-
ing function. Even though the element assumes a straight
transition zone, with initially plane and parallel faces at the
solid and beam parts, applying it to moderate curved, slen-
der structures is possible. The element possesses only one
rotational degree of freedom and displacement degrees of
freedom. The resulting stiffness matrix is symmetric and,
most crucially, it leads to stress distributions on the solid
face of the transition element that are in accordance with
the results of a full 2D solid model. This makes it perfectly
applicable in situations where it is critical that the stress
distribution on the solid surface is not affected by spurious
stresses. A further application field of the presented approach
is homogenization, inwhich the beamkinematics are coupled
to a representative volume element.
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Fig. 31 Arc - Detailed stress contour plots at the center of the arc. Top: subdivided model; Bottom: full model; s = 18, t = 10

Fig. 32 Arc - Stress distribution
of the subdivided model with 18
subdivisions; s = 18, t = 10
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Fig. 33 Arc - Relative error relation r/t ; comparing the resulting dis-
placement uS of the subdivided models with the displacement u f of the
full model using the same element sizes with a regular mesh (� = 0.01,
r = 100, and e = 0.25)
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