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Abstract

This is the first part of a two-part article on a hyperelastic extended Kirchhoff-Love shell model with out-of-plane normal
stress. We present the derivation of the new model, with focus on the mechanics of the out-of-plane deformation. Accounting
for the out-of-plane normal stress distribution in the out-of-plane direction affects the accuracy in calculating the deformed-
configuration out-of-plane position, and consequently the nonlinear response of the shell. The improvement is beyond what
we get from accounting for the out-of-plane deformation mapping. By accounting for the out-of-plane normal stress, the
traction acting on the shell can be specified on the upper and lower surfaces separately. With that, the new model is free from
the “midsurface” location in terms of specifying the traction. We also present derivations related to the variation of the kinetic
energy and the form of specifying the traction and moment acting on the upper and lower surfaces and along the edges. We
present test computations for unidirectional plate bending, plate saddle deformation, and pressurized cylindrical and spherical
shells. We use the neo-Hookean and Fung’s material models, for the compressible- and incompressible-material cases, and
with the out-of-plane normal stress and without, which is the plane-stress case.

Keywords Kirchhoff-Love shell model - Hyperelastic material - Out-of-plane normal stress - Out-of-plane deformation

mapping - Neo-Hookean material model - Fung’s material model

1 Introduction

A shell formulation based on the Kirchhoff-Love shell the-
ory and isogeometric discretization was introduced in [1-3].
It has the advantage of not requiring rotational degrees
of freedom. Extension to general hyperelastic material can
be found in [4,5]. The formulation has been successfully
used in computation of a good number of challenging
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problems, including wind-turbine fluid—structure interac-
tion (FSI) [3,6-10], bioinspired flapping-wing aerodynamics
[11], bioprosthetic heart valves [12—-16], fatigue and damage
[17-22], and design [23,24].

We are introducing a hyperelastic extended Kirchhoff—
Love shell model with out-of-plane normal stress. In the
first part of a two-part article, we present the derivation of
the model, with focus on the mechanics of the out-of-plane
deformation. To determine the out-of-plane stress, we solve
the linear-momentum-balance equation in the out-of-plane
direction. Accounting for the out-of-plane normal stress dis-
tribution in the out-of-plane direction affects the accuracy
in calculating the deformed-configuration out-of-plane posi-
tion, and consequently the nonlinear response of the shell.
The improvement is beyond what was achieved with the
new model’s precursor [5] by accounting for the out-of-plane
deformation mapping.

A good number of shell models were presented earlier in
the finite element context (see, for example, [25-31]), with
significant effort in bending representation. The model in
[28] is based on a mixed formulation. The model in [31]
is based on a discontinuous-Galerkin type approximation
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to weakly enforce C! continuity. The model in [30] is a
TUBA family element, which has displacement derivatives
as unknowns to attain C! continuity in the displacement.
The model we are introducing here is similar to the model
in [25], which uses only one parameter to represent the out-
of-plane deformation. Most of the other shell formulations,
including some based on the Reissner—-Mindlin theory, use
the plane-stress assumption. The models in [26,27], based
on the Reissner—Mindlin theory, are, however, without the
plane-stress assumption, in the finite element context.

Continuing what was started with its precursor, the model
introduced here is extending the range of applicability of
the Kirchhoff-Love shell theory to the situations where the
Kirchhoff-Love shell kinematics is still valid yet the thick-
ness or the curvature change is significant enough to make a
difference in the response. Fung’s material model has differ-
ent versions. In the version used in [13], the first invariant of
the Cauchy—Green deformation tensor appears in a squared
form. In the version used in this article, as in [5], it appears
without being squared, and this version has been used in a
number of arterial FSI computations [32-39] with the con-
tinuum model.

By accounting for the out-of-plane normal stress, the trac-
tion acting on the shell can be specified on the upper and lower
surfaces separately. This enables not only more accuracy in
the linear-momentum balance in the out-of-plane direction,
but also representation of the moment the shear tractions on
the upper and lower surfaces generate around the midsurface.
With separate out-of-plane tractions on the upper and lower
surfaces, for example, we can accurately model cases that
might have nonzero net force even when those out-of-plane
tractions have equal magnitudes and opposite directions. The
net force would be nonzero because the upper and lower sur-
faces would have different areas due to the curvature. To
accurately account for the moment generated by the separate
shear tractions on the upper and lower surfaces, we improve
the rotational kinematics in the model.

We note that accounting for the out-of-plane stress
improves the out-of-plane deformation mapping also in cases
with no traction on the upper or lower surfaces and no body
force. Those would be the cases when the shell deformation
is driven by the displacements and slopes specified along the
edges of the shell.

We also would like to note that the level of accuracy we
are striving for in representing the tractions on the upper
and lower surfaces would be meaningful in an FSI com-
putation only if the flow solution method can deliver those
tractions with a comparable level of accuracy. That level of
flow solution accuracy, especially in representing the shear
stress, requires moving-mesh methods [9], where the high
mesh resolution near solid surfaces follows the fluid—solid
interface as it moves. That is now possible even in flow com-
putations with actual contact between solid surfaces or some
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other topology change. The Space-Time Topology Change
method [40] enabled that. We can both represent the actual
contact and have high-fidelity, moving-mesh flow solution
near the solid surfaces.

Our test computations are based on solving the linear-
momentum-balance equation in the out-of-plane direction
with finite element discretization. The computed problems
are unidirectional plate bending, plate saddle deforma-
tion, and pressurized cylindrical and spherical shells. We
use the neo-Hookean and Fung’s material models, for the
compressible- and incompressible-material cases, and with
the out-of-plane normal stress and without, which is the
plane-stress case.

In Sect. 2, we provide the definitions and concepts
used in the shell model, including the notations and main
assumptions. In Sect. 3, we derive the weak form from the
virtual-work principle and express the corresponding strong
form. In Sect. 4, we describe the solution technique for the
out-of-plane deformation, which is meant to be used only for
the test computations in Sect. 5. The concluding remarks are
given in Sect. 6. In the Appendix, we provide some supple-
mental derivations and the constitutive models.

2 Hyperelastic shell model
2.1 Kinematics

Let £2; C R"sd be the spatial domain with boundary I attime
t € (0,T), where nyg is the number of space dimensions.
Here, we assume ngq = 3. The subscript 7 indicates the time-
dependence of the domain.

We split the domain as 2, = I'; x (hy,),, where T, repre-
sents the midsurface, which is parametrized by npq = nsyq—1,
with npq being the number of parametric dimensions. The
remaining parametric direction is the out-of-plane direction,
which we will explain a little later in this section. The symbol
(hw); will represent both the shell thickness and the domain
in the out-of-plane direction, depending on the context. With
the position X € T';, we define a natural coordinate system:

_ 00X

&y = 85_“ (@))
=X, @)

where « = 1,...,npq and &% represents the parametric

space. Figure 1 shows a schematic shell domain. We note
that this parametric space is only for representing the neigh-
borhood around a point. With a range —1 < &% < 1 and
without loss of generality, it can be seen as a parent finite
element domain. The out-of-plane direction is
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Fig. 1 A schematic shell domain £2; at current configuration and the
midsurface T°;. The black-framed region is for showing the parametric
space used in representing the neighborhood around a point. With a
range —1 < £% < 1, the parametric space can be seen as a parent finite
element domain. The basis vectors of the natural coordinate system are
also shown in the figure

g8 xg
= = @)
|z x|
The components of the metric tensor are
8ap = 8u " 88> &)

and this is known as the first fundamental form. We also work
with the contravariant components of the metric tensor g?
and the contravariant basis vectors g* (see Appendix A for
their relationship to g,z and g, ).

A position x € §2; is represented as
X =X +né>, (6)

where £3 € (hg), = [(£)~, (€3)T]. Along &3, the basis
vectors are represented as

8o =X @)
=gy + N o&° 8)
=g, + K0, 88, ©)

where

_ . _

Kay =3 (8, M, +8, My). (10)

See Appendix B.1 for the lines between Egs. (8) and (9).
With that, the metric tensor components in 3D space are

8ap = 8u " 88 (11)
— — &3, — 3\?
= Fup + Zeapt” + g (£°) (12)
where
Wp =N N g (13)
= Faygyaf(gﬂ. (14)

Remark 1 The symbols kg and @,g are for notational con-
venience.

We note that the curvature tensor is defined by

K =Rupg g’ (15)

g’ (16)

We also use the dual basis system with g®# and g* (see
Appendix A for their relationship to g, and g ).

We now provide similar definitions and derivations for the
undeformed configuration X € T"o. We start with the basis
vectors

_ X
Gu= 2 (17)
&
~ X, (18)
where £ = £%, and
N=G; (19)
G < Gl

We also again work with the contravariant components of
the metric tensor G and the contravariant basis vectors G
(see Appendix A for their relationship to G4 and Gy ).

A position X € £2 is expressed as
X =X+ Ngj, @1
where £ € (hn)o = [(63)~, (§))T1. Similar to what we

had for the current configuration, along 53, the basis vectors
are represented as

Gy =Xy 22)
=G, + N8 (23)
— G + Ka)G'E. 24)

where

_ 1 _ _

Koy = 3 (Go-N,, +Gy -N,). (25)

The lines between Eqs. (23) and (24) are the deformed-
configuration counterpart of the lines between Egs. (8)
and (9). The metric tensor components in 3D space are

Gop =Gy - Gg (26)
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— — _ 2 .
= Gop + 2K optld + Qup (58) ’ (27)  2.1.3 Green-Lagrange strain tensor
The Green—Lagrange strain tensor is defined as
where
1
— = = E=-(C-D, 41
Qaﬁ = N,a ~N,/3 (28) 2 ( ) S
—  —y8—
= Kay G’ 58- (29) where I is the identity tensor, and one of the ways to express

We also again use the dual basis system with G*? and G*
(see Appendix A for their relationship to G4 and G¢).

2.1.1 Deformation gradient tensor

The deformation gradient tensor F is defined from

dx =F - dX, (30)
which implies

g,dE% + Aded = F - (Gadég‘ + ngg) . 31)

Using the relationship £% = & and introducing

Az = %j, (32)

we can write

F = g,G% + A3nN. (33)

2.1.2 Cauchy-Green deformation tensor

The Cauchy—Green deformation tensor is defined as

C=F" F, (34)

which is

C = (G%gy + A3NN) - (g5G” + 130 N) (35)
= g4G*GP +)INN, (36)

and the determinant of C gives the square of J = detF:

J? =detC (37)
AZ

=2 (38)
A}

A? = det [gap] . (39)

AJ = det [Gp]. (40)
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it is

I= GG GP +NN. (42)
We can then write E as

E = - (C - (G44G*G”? +NN)) (43)

| = N =

1 _
(80 — Gup) G*G” + (»-1)NN. (44)

The covariant components of the in-plane strain tensor are

1
Eaﬂ = 5 (ga,B - Gaﬂ) 45)
1 — - _
=3 (8up — Gap) + (Kaﬁ€3 - Kaﬁ€3>

|

Eap
1/_ - a— 3\2
+ 5 (@ (£) -2 () ). (46)
The symbol 44 here represents what is typically identified
as the membrane strain. That is only part of the membrane

strain in our model. The normal component associated with
the out-of-plane direction is

Ex = % (12 -1). @)

Remark 2 The term of Eq. (46) that is quadratic in £3 and
55’ was omitted in [5] as a higher-order term. We retain that
here.

2.2 The strain-energy density function

We express the strain-energy density function as

¢ = p(E). (43)
The second Piola—Kirchhoff stress tensor,

S = 59 G,Gg + SPNN, (49)

is obtained from

S= E (50)
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d(sg3
and from that and Eq. (41), Shs = ( 53 ). (58)
I 4
S=2—. 51
5C (5D

The Cauchy stress tensor, defined in the current configura-
tion, can be obtained from

c=J'F-S-F. (52)

3 Variational formulation

The variations of the internal and kinetic energies are
expressed as

sU :/ SE : Sd$2, (53)
£20
6T = —/ 8x - poXds$2, (54)
£20

where py is the density at the undeformed configuration. The
principle of virtual work can then be written as

8U — 8T — 8Wext = 0, (55)

where § Wey; is the external-force virtual work, explained
more later.

Remark 3 We note that in [9] (Section 1.2.2), —8 Wiy is used
in place of §U.

Remark4 We also note that in [9] (Section 1.2.2), the
variation of the kinetic energy, expressed in terms of the
acceleration, is part of the external-force virtual work. Here
we keep that separate. With this separation, Eq. (55) can be
seen as d’ Alembert’s principle.

Remark 5 With the displacement expressed as y = x — X,
we can do the substitutions X = y and X = ¥.

3.1 Admissible variations

The variation of x is obtained by taking the variation of Eq.

(6):
5X = 6X + SmE> + moE’. (56)

The variation §X represents the virtual displacement of the

midsurface, 5n represents the rotation of the midsurface (see

Appendix B.2), and §&3 represents the virtual displacement

in the out-of-plane direction, relative to the midsurface.
From the variation of Egs. (8) and (32), we obtain

88y = 88, + M o&” + 1 4087, (57)

The variation of E can be obtained by taking the variation
of Egs. (46) and (47):
SEgp = 8Bup + Sk apE>
L g (63 4 883 (R + B 59
3 01/3(& )"+ 8¢ Kaﬁ'i‘waﬁ%- s (59)
§E33 = A36A3. (60)

Remark 6 In [5], only the first two terms of Eq. (59) were
present.

The expressions for the three variations in Eq. (59) can be
written, from Eqgs. (46), (10) and (13), as

. L
88ap = 5 (8o - 98p +8p - 08a) 61)
_ |
8Kaﬁ = E (n,a - ‘Sgﬂ -+ go 5n,,3
—|—ﬁ’/3 ’ (Sgoz + EIB ' Sﬁ,a) > (62)
dWep =M -Mg+MNg-0Ng. (63)

Remark 7 As can be seen from the expressions in Egs. (61),
(62) and (63), the three variations are not independent. The
variation §wypg can be expressed in terms of 82,5 and Sk gp.
That can be done by first taking the variation of Eq. (14):

§Bap = 6K ay 8" Ksp + Koy 8! *SKsp + Kay S8 Ksp.  (64)
Next, §g7% is written as

5g"° = —8""68,,:8, (65)
which can be derived by taking the variation of

T8 = 9L (66)
As the last steps, from Eqgs. (65) and (46), we write

8870 = —2g""8%,, 8, (67)
substitute that into Eq. (64), and obtain

§ap = 6Kay 8" Ksp + Koy 8" 8K sp
— 2y 88 T sp. (68)
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3.2 Variation of the strain energy

In one of the ways to express the variation of the strain energy,
we start with

SE = % (FT -F +FT - 5F) (69)
= % (7 -5F)" + 7 -6F). (70)

Because S is a symmetric tensor, we simply write

SE:S=(5F"-F):S. (71)

Substituting Eq. (33), its variation, and Eq. (49) into this, we
get

SE : S = 5g, - g5 4 513035 (72)
Substituting Eq. (57) into that, we obtain

SE:S =53, - SPgy +on, - S gse>
+ 8§3ﬁ’a . Saﬂgﬁ + 5)»3)»3333. (73)

We perform the integration in Eq. (53) with the integrand
given by Eq. (73):

A
5U=ﬁ 3ga-/ g5 5% Z0dg3dr
Iy (ht)o Ap
A
+ﬂ 5ﬁ,a-/ £gp59 Z0ag3dr
To (hn)o Ao
— 3 af Ao .3
+ | ng- 8&3g5 8 2 agddr
To (o Ao
A
+ ﬁ fn- / 8r3nansP 20de3dr. (74)
o (h)o Ag
We define p* as
A
P’ = gﬁSaﬁZ_O, (75)

0

its integration along (h)g as

p§ = f pede’, (76)
(ht)o

and its first moment as

P = / £pUde’. (77)
(hm)o

With these definitions, we write Eq. (74) in a simpler form:

8U=/ 58, - pedr
To
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+f Sn g, - prdeddr
To
+ﬁ ﬁ,a-/ s&3prdeddr
Iy (ht)o
A
+ ﬁ n- / Sasasns33 20 de3dr. (78)
To (hm)o Ag

We also express U in an alternative form by using Egs.
(59), (60) and (49) in Eq. (53):

sU :/ SEapSePdI
To

+ / SKapSPPdr
To

1 .
+ f —8wapSPPdr
To 2
— 3 qapf Ao .3
+ | Kap 838 —dg dr
Iy (hn)o Ao
— 33 qaf Ao .3
+ | @up SEE3 8P = dg’dr
Iy (hm)o Ap
A
+ ﬂ / Sa3a3 83 20dE3dr, (79)
To J(hm)o Ao

where the zeroth, first, and second moments of the contravari-
ant components of S are given as

. A

Sob — / 598 20 43, (80)
(hn)o Ap

R A

8P = / g359P 22483, (81)
(hw)o Ao

N 2 A

§ep — / (53) seB 20 g3, (82)
(hth)o Ap

Remark 8 In [5], the third integral in Eq. (79) was omitted.

Remark 9 The fourth, fifth, and sixth integrals in Eq. (79)
are the contributions to the virtual work in the out-of-plane
direction, which will be explained more in Sect. 3.5.

3.3 Variation of the kinetic energy

Performing the integration in Eq. (54), we get

.. Ao 3
0T =— | 8X - poy—d&’drI. (83)
o J (hm)o Ag

Substituting Eq. (56) into this, we obtain

8T:—/ 8§~ﬁ10df—/ Sn-mydlr
To Ty

3 — .. Ag 3
o J(hm)o Ag
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where

~ . Ao 3

) = poy =dé§~, (85)
(htn)o Ag

N 3 .. AO 3

m; = §7poy=—d§". (86)
(ht)o Ap

Remark 10 We note that

Sy = 6T (0 x my), (87)
where
5t =g° x 58y, (88)

and m x m; represents the time derivative of the angular
momentum. The derivation of Eq. (87) is given in Appendix
B.3. This rearrangement may make it easier to see the fun-
damental mechanics in the term.

Remark 11 The second integral in Eq. (84) is related to the
time derivative of the angular momentum. It was included in
[41], but we did not see other papers that explicitly mention
the inclusion of the term.

The acceleration is written as

d2 vy 4 n 3
j— % 39)
=¥ +n&3 4+ 2083 +nEd. (90)

Remark 12 We omit the time derivatives of £3:
y~y+ng. oD

Otherwise they need to be stored. We see this approximation
as a quasi-steady-state assumption.

With that, approximated forms of Eqgs. (85) and (86) are writ-
ten as

iy = yrito + Wi, (92)

1y = yrity + Wi, (93)

where

. Ap

o = / po=d&*, (94)
(hmo Ao

A 3 Ao 3

mp = &7 po=d§", (95)
(hh)o Ag

~ 3.2 Ao .3

my = (&7) po=d&". (96)
(hwn)o Ag

In the third term of Eq. (84), the integration along (A )o can
be written, with Eq. (91), as

3 = . Ao 3 — oA =1,
8&7pon - y—d& n-yém;+n-n=8ny 97
(h)o Ao 2

oA Lyp2 .
~y8m1—§||n|| ma,  (98)

Il
=]

where

A
ity = / 8830922 de3, (99)
(h)o Ao

A
Sttty = 2/ 58383 0o 22de3, (100)
(hth)o

Ag

which are the variation of Egs. (95) and (96). From Egs. (97)
to (98), we used

nn=—|a)’, (101)

which can be obtained from i - i = 0.

Remark 13 The second term in Eq. (98) represents the effect
of the centripetal acceleration.

Remark 14 Because we omitted £ in obtaining Eq. (91), the
Coriolis effect is neglected in Eq. (98).

Substituting Eq. (98) into Eq. (84), we obtain

STz—f 3§~ﬁlodf—/ sm-mdl”
Ty To

. 1.
—/ <E-Y6rh1 — ||ﬁ||25m2> dr. (102)
To 2
3.4 The external virtual work
We separate § We; into three parts:
SWext = SWexbody + § Wexsurt + 8Wexedgev (103)
where
Ag 3
SWexbody = [ 8x - pof =—d&°dr, (104)
Io J(hn)o Ao
S Wexsurt = / dx -hdl™ + / ) 5x -hdrl, (105)
r I
8 Wexedge = / / 5x - hdSdeg>. (106)
(hlh)t St

Here S; (see Fig. 2) is the edge line that traverses the edge
surface as &3 varies from ()~ to (£3) . The symbol h repre-
sents the traction, for all surfaces, including the edge surfaces.

@ Springer



254

Computational Mechanics (2022) 70:247-280

Fig.2 A schematic undeformed-shell midsurface Ty with edge So and
how a piece is cut from the shell domain to show the edge surface details
(top). Enlarged view of the cut piece, showing also the upper and lower
surfaces F0+ and Iy (middle). Deformed-configuration cut piece, with
T, S;, I;", and I,” denoting the deformed-configuration counterparts
of Ty, So, 1"0+, and I7;", and the edge line S; that traverses the edge
surface as £° varies from (£3)~ to (£3)1 (bottom)

Substituting Eq. (56) into Eq. (104) and using Eqgs. (94),
(95) and (99), we obtain

3 Wexbody = /; 6x - frodI” +/ on-fmdl’
Iy

Iy

+ ﬁ n- 85 dr. (107)

Iy

Substituting Eq. (56) into Eq. (105), we obtain

§ Wexsurt = ﬁ 6% (hy + ) ar
Iy

+/F on - (hy +h{ ) dr
()

- 53A+) )dF,
(gp EHT

&)

(108)
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ho = (h A ) (109)
o = \ =" )
Ao/ led)-
. A
hi = (h_—) , (110)
Ao/ g+
. 5 A
hy = (£%h=— , (111)
Ao/ &)~
. A
hi = <g3h_—> , (112)
Ao/ g+
and the normal tractions as
p~=hy -m, (113)
pt=-h -n. (114)

We note that we can see p as the pressure brought to the
midsurface by using the area ratios.

Remark 15 In Eq. (108), there are three integrals. In [5], only
the first integral was considered, and even in that, the evalu-
ations were not based on the actual upper and lower surfaces
as how it was done with Egs. (109) and (110). The tractions
acting on the upper and lower surfaces were treated as if
they were acting on the midsurface. Not being able to use
the correct surfaces was a consequence of the plane-stress
assumption.

Remark 16 The terms in the second line of Eq. (108) can be
written as 5ﬁ~ﬁ1_ =4r-(n x ﬁf) and SE-ﬁf =4r-(n x ﬁfr)
(see Appendix B.3). We note that n x ﬁl_ andn x lAli|r represent
the moment. Again these rearrangements may make it easier
to see the fundamental mechanics in the terms. In a typical
shell formulation, the distance between the upper and lower
surfaces is not taken into account. Therefore, the tractions on
those surfaces, even when they have shear components, do
not produce moment.

For the representation at the edges, we introduce a unit
vector T along Sy (see Fig. 3). The contravariant components
are denoted as

T =T-G". (115)

We map T from the midsurface to the Eg surface with edge
So, and make a unit vector from that:

—a

T G
T= —— a— (116)
T G,
Using Eqgs. (24), (26) and (27), T can be expressed as
T e =B
T+T"K.5G g
T T KapG & (117)

S BT
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Fig.3 The cut piece in Fig. 2 (middle) with the unit vectors N, T, and
T

and its contravariant components are denoted as
T =T -G* (118)

—a

T

= = (119)
1+ Ky + 2,580 T'T

We note that the numerator of Eq. (119) is coming from the
numerator Eq. (116). For notational convenience, we define

1

R 120

0 G*GY :TT -

o (121)
(') +(r2)?

- \/ 1+ (2K ap + Laptl) 57T (122)

—_1\2 — 7\ 2
(@) (™)
From Egs. (121) to (122), we used Eq. (119). We use the

symbol L to denote L at the midsurface, obtained by setting
£ =0:

— 1

Lo = = =
y() +(7)

This can be seen as the length counterpart of Ag given in Eq.

(40). Using Eqgs. (119), (122) and (123), we get

(123)

Do

T =
Lo

(124)

Similarly, we introduce unit vectors tandt along S, and
S; (see Fig. 4). The stretch At along Sy is obtained from

ATt =g,GY - T (125)

Fig.4 The cut piece in Fig. 2 (bottom) with the unit vectors 1, t, and t

=g, T°. (126)

Taking the inner product of g* with both sides of Eq. (126),
we obtain

ATt =T, (127)

Because t is a unit vector, gaﬁto‘tﬂ = 1 can be used to cal-
culate A1 as

AT = ,/gaﬂT“Tﬂ.

Similar to what we did for the undeformed configuration, we
define

(128)

1

L= ——
(1) + ()

: (129)

which is the length counterpart of A given in Eq. (39). Using
Egs. (129), (127) and (121), we get

L = ArLo, (130)

and at the midsurface,

L = krLo. (131)
We now define a unit outward normal vector for Sp:

B=TxN, (132)

and for Sp:

B=TxN. (133)

Figure 5 shows the unit vectors B and B and the rest of the
unit vectors in the undeformed configuration.

Then, corresponding to B, we introduce a unit vector b in
the deformed configuration, and the stretch in the direction
of B is obtained from

Agb = g,G" - B. (134)
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B

Fig.5 The cut piece in Fig. 3 with the unit vectors B and B

With Eq. (134) and ||b|| = 1, the stretch can be written as

B = /84pG*G”? : BB.

We use the symbols b and A to denote b and A at midsur-
face:

(135)

b =g,G" B, (136)
and similarly write the stretch Ap as
s =12,5G°G BB (137)

Remark 17 We note that, unlike B, the unit vector b is not
necessarily normal to Et, and therefore t-b does not have to be
zero. To overcome the difficulty with using non-orthogonal
basis vectors, we introduce the dual basis vectors:

po_nxb (138)
C(bxt)-n
N (Exf)‘ﬁ'

We refer to Appendix C.1 for more on these.

Figure 6 shows the vectors t" and B*, the unit vector b, and
some of earlier-defined unit vectors in the deformed config-
uration.

With the ratio of the lengths along S; and S, being L /L,
we change the order of the integration in Eq. (106):

L
8 Wexedge = ﬁ f 8x - h=d&3ds.
St J (han)s L

With the ratio of the lengths along S; and S being L /L and
with Eq. (130), we transform the first integration from the

(140)
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Fig.6 The cut piece in Fig. 4 with the unit vector b and the dual basis
vectors t* and b”

current to undeformed configuration:

5 Lo 4¢3
Wexedge = L 0x - hat—d§&~dS.
So J (s Lo

Using Eq. (32), we transform the second integration from the
current to undeformed configuration:

(141)

L
5 Wexedge = /f / 8% - haphs =2dg3ds. (142)
So Y (hm)o Ly
Substituting Eq. (56) into this, we get
_ Lo 3
IWexedge = | 0X - hiti3—d&°dS
So (ht)o Lo
/ SM - / 3th,\3—dg ds
So (hh)o Ly
+ﬁ ﬁ-/ 83t Ag_odé ds.  (143)
So (hth)o
We define ﬁg as
~ L
e — / hivrhs =2 d&, (144)
(ht)o Lo
and its first moment as
hS = Sz 2de?
1= &"harA3—d§". (145)
(hn)o Lo

With these definitions, we write Eq. (143) in a simpler form:

5Wexedge=f 5% - h§ dS+/ sm - héds
So So

/ / 5g3th,\3dg dS (146)
So (hn)o

We omit the variation of £3:

8 Wexedge = ﬁ 5% - hds + ﬁ &1 - h¢ds. (147)
So So
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Remark 18 The reasons for omitting the variation of £ in
Eq. (146) are, (i) the out-of-plane shear stress is not meant to
be represented in this model, and (ii) we already omitted the
time derivatives of & 3 (see Remark 12).

Remark 19 The second integrand in Eq. (147) can be written
as ém - fl‘I‘ =T - (ﬁ X ﬁ?) We note that n x fl‘I‘ represents
the moment.

3.5 The virtual work in the out-of-plane direction
and the corresponding strong form

We substitute U given by Eq. (79), §T given by Eq. (102),
and § Wex; given by Egs. (103), (107), (108) and (147) into Eq.

(55), exclude the variations associated with the midsurface,
and obtain

. 1 ..
f (ﬁ- (¥ —£) &y — = ||ﬁ||25m2> ar
To 2
A
+ﬁ Eaﬁ/ s£3508 20 qe3ar
o (hth)o Ao
A
+ﬁ aa,g/ se3e359 20 qe3dr
Iy (hwn)o Ao
A
+ﬁ / Sn3 833 20deddr
To J(hm)o Ao
(695 - 65
/F : (( §&°p - &p

We substitute Eq. (58) into this and consider only the out-of-
plane variations at a given midsurface point:

(ES)*) dr. (148)

. R | R
n- (§ — 1) s — 5 0] a1y

A
+Eaﬁ/ s&35%P 2043
(hn)o Ao

A
+waﬂ/ s£383 508 20 g3
(hin)o Ap

des A
+ / (8 4087, 533 Odg
(hm)o dfo

= (88%57) T (8&3;3*)

Applying integration by parts to the last integral on the left-
hand side, we obtain

€ (149)

N
n- (§ — 1) s — 5 8] a1y

A
+ Kap / s&35%P 2043
(h)o A

0

A

+5a,g/ s£3g3 508 20 4¢3
(hm)o A

0

257
A
—f §&° —(x §3 O)dg
(hm)o déo A
3( A— 33 40
(@)
A -
- (553( 1 as83 0)) (150)
A @

We substitute Eqs. (99) and (100) into this, and the equation
holds for all admissible §& 3. From that, we obtain the strong
form:

d A A
= ( A3833 °> = (zaﬁ +5aﬂg3) 5P 20
d§; Ag Ag

(@ G0 - [3)
in(hw)o, (151)
MS”@ =—p on&l = (&), (152)
Ap
and
3340 At 3 3\+
MmSPE = —p on & = ()T (153)

Ap

Integrating Eq. (151) from (53)_ to ($3)+ and using Eqgs.
(152) and (153), we obtain
. . _ _ A
—pt4p = / (Kaﬁ +waﬁg3) 5o 20 4¢3
(hw)o Ao
— ~ =12 A
+1- (y—f)mo — |0 . (154)

We rearrange this equation by substituting for p~ and pt
from Eqgs. (113) and (114), using the expression for Sg and
S op from Egs. (80) and (81), and using Egs. (92) and (101):

i (hy + hi) = FapS2P + @S2 + - (1o — Brig)
(155)

3.6 The virtual work for the midsurface deformation
and the corresponding strong form

We substitute §U given by Eq. (78), §T given by Eq. (102),

and 8§ Wex given by Egs. (103), (107), (108) and (147) into
Eq. (55), exclude the out-of-plane variations, and obtain

ﬁaga-ﬁgdr—ﬁ §x - fodI”
o Iy

+/ (Sﬁ,a.f)‘fdr—f sn-fdr
To To

= 8§~ﬁ8d5+/ sm - h§ds,
S0 S0

(156)
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where +/§ sn-bb" - (ﬁf{ — pGy .E) ds. (162)
0
f()_h —|—h + fimg — my, (157) N N . —
We note that p§ and p; have only in-plane components; 1 -
fi =hy +hf + 1w — . (158) ¢ —0and - p* = 0 (see Eqgs. (75), (76) and (77)). With

Equation (156) is our weak form for the midsurface rep-
resentation. To understand it better, we substitute

(159)
(160)

58, = 8%,G" - Gy,
G -G,

5T, = Ol

into it, apply integration by parts to the first and third inte-
grals, and obtain

- (3 el =V
—/;08x~(f0+(p8‘Ga),y~G )dr
—ﬁ on- (B + (G.) , - G )dr

Iy

zf 5 - (h§ — BGa - B) dS

%

+/ 8i(ﬁ‘f—A
So

We note that, as shown in Fig. 5, the unit outward normal
vector for Sy is B. With 81 involving derivatives, we next
apply integration by parts to the second and fourth lines of
Eq. (161). We do that by using two expressions derived in
Appendix C, given by Egs. (306) and (316). After that, sep-
arating éX into its normal and tangential components, we
obtain

(161)

+f X -k -tt -
So
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that, we get

m(3G.) , G = (1 BG.) , -G~ 3G G

——
=0
(163)
=M, - pg. (164)

Using Eq. (164), we rewrite Eq. (162) as

w\g,\

6% 7 (- fo — e BG) A
ﬁ(@’s : (fl + (Y

& - (fo+ (p5C.) , - G )ar

)

>
5l

—a)’?§y> Eﬂ) ;SESdF

%
»|

)

(PYGa) ,

.EV) ar

>
>
E

—
>
+

[

=2}
51
=]
=]
=
[=Y¢}
o
[95]

o
4]
=]]

(=]
>
o]

+
o
4]
=]]

+
w\gﬂ\,w\
=i

(=]
>
ot

+ | 5x-k-tt - G, -B)ds

0 ( )

+ﬁ s5i-bb" ( G E)ds (165)
So

From that, the strong form in Ty can be written as

_ﬁ'fO'f‘ﬁ,a ﬁg

— (g/’- (fl + (33Ga) 5 EV) Eﬁ) ;SE‘S —0, (166)

~g@ - (b + (5G) , - &)

_,;.(flJr( 2, )=0, (167)

We note that we split the strong form into its parts associated
with the normal and in-plane directions. Along the boundary
Sy, we have

=1l

. | _
B - =" (B + (#56G.) , - ©)
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i <%; . (ﬁ? — p“G, .E))’VEV T =0, (168)
(it +bb") - (5 - ;G - B)

+' -t (Af{ — PGy -E) —0, (169)
b ( ¢ _ p%Gy, -E) —0 (170)

Here Eqs. (168) and (169) are the parts associated with the
normal and in-plane directions.

Remark 20 We can show that the first two terms of Eq. (166)
constitute an alternative form of Eq. (155) and therefore give
zero. For that, we rewrite f)g by using Egs. (76), (75) and (8):

. S A
0= [ (g +mge) s 2ae’ (71
(ht)o A

0

take the inner product of both sides of that with —n ,, , and
obtain

. _ S A
My Pl = M- f (g,3 + n,,gs3) 578 20 qe3.
(htn)o A

0
(172)
We rearrange that by using Eqs. (264) and (13):
_ s = Ao
Ny P = —KasE ~g,g/ 5P —dg?
(hw)o Ao
A
—aaﬂ/ 5% 206343, (173)
(hi)o Ao

Recognizing the terms on the right-hand side from Eqgs. (80)
and (81), we get

—= A — saf  —  Qup
Ny Py = —KepSy — WapS." . (174)

With that and Eq. (157), Eq. (155) can be rewritten as

—ni-fo 41, pg=0. (175)
Combining that with Eq. (166), we obtain

5 (& N AT AN
- (gﬁ- (fl n (p‘f‘Ga)J-/Gy) Gﬂ) .G =0. (176)

The equation above represents the rotational balance around
the midsurface.

Remark 21 Equation (170) represents the rotation boundary
condition along Sy. It is a single-component equation. To
determine which component that is, we start with taking the
cross product of both sides of Eq. (145) with n:

R L
nx he = / 153 X haphs =2de3 (177)
(hth)o Ly

and recognizing the right-hand side as the moment acting
along So. Using Eq. (139), Eq. (170) can be written as

txn e A O
0 (h1 — 994G, -B) —0, (178)
which can be rearranged as
1 . e =\\ -
T <ﬁ x (h‘f — p9G, ~B)) t=0. (179)

This means that Eq. (170) represents the tangential compo-
nent of the rotation boundary condition along Sy. We note
that we cannot have a component in the n direction because

<ﬁ X ﬁ?) -1 = 0, and we cannot have a component in the

b” direction because of the Kirchhoff-Love assumption.

4 Stress and strain distributions in the
out-of-plane direction

We solve for the stress and strain distributions along the out-
of-plane direction at a given midsurface point. We use the
symbol y3 to denote the displacement in the out-of-plane
direction:

y =8 —g. (180)
and write
=1+ dy’ (181)
3= -3
&g

The point on the midsurface is like an integration point
in a typical finite element formulation. For simplicity, we
assume steady state and exclude the body force. In the test
computations, which will be reported in Sect. 5, we found
out that determining in advance the midsurface variables
needed in the equation associated with the out-of-plane direc-
tion is not a good path. Therefore, in this section, we treat
also g4 and kg as unknowns, with total six components.
Then, in addition to Eq. (148), we use the first three inte-
grals of §U given by Eq. (79), which are associated with
the midsurface deformation, with 8,8 and kg generat-
ing six additional equations. We note that other virtual-work
terms in Eq. (55) play no role in the midsurface deforma-
tion. That is because 87 = 0 from assuming steady state,
and in § Wext, 8 Wexbody = O from excluding the body force,
8 Wexsurt = 0 from being for the upper and lower surfaces,
and § Wexedge = 0 from being for the edge surfaces. We also
note that §wyg appearing in the third integral of Eq. (79)
can be represented in terms of 8244 and dk g, as described
in Remark 7. Some of the six additional equations will be
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removed for consistency with the constraints coming from
the boundary conditions or geometry, depending on the prob-
lem setup.

Remark 22 In the actual computations, which will be pre-
sented in the second part of this two-part article, we plan to
use a different way of numerically solving the strong form of
the equations in the out-of-plane direction. That will involve
change of unknown variable. We expect that coupling that
solution process with solving for the midsurface deforma-
tion will not be computationally burdensome.

At this point, we will change the symbol we use for rep-
resenting the variation associated with the virtual work, and
call it “§,.” That is because in solving the nonlinear equa-
tions with the Newton—Raphson method, we will need to
take another variation for the linearization in the iterations,
and that variation will be denoted by the symbol ;. In other
words, the linearization for the Newton—Raphson iterations
will be in terms of §. Using the test functions of 8a$3, 84Eaps
and 8,k o, we form the equation system as

N (848>, 8uBups 8akap, ¥°» Eys, Kys) = F(8,8%),  (182)

where

N(6a§3a Sagaﬂa SaEaﬁv )’3, gy&v Eyﬁ)

A
= Kap / 85,8359 20 4¢3
(ht)o Ag

A
+ Dop / 8,83835%8 20 4¢3
(haw)o Ag

d(s,&3 A
+/ (“i ) p3sB A0 4¢3
(hwm)o d“;‘_o Ao

~ ~ 1 ~
+ 8aFap S + 8aRap S + S 8uap Sy,
— (s, &3 A)
&)~ ( asp

We note that the undeformed shape is represented by 60,,3
and faﬁ, and the current configuration by €45 and Kog.

(183)

Fa8) = (5.67p) (184)

EH+

Remark 23 The idea of representing the undeformed shape
in terms of the metric tensor is from [42], and in that context
the configuration is called the integration-point based zero-
stress state (IPBZSS). In the shell model, full representation
of the IPBZSS requires also the curvature tensor.

Remark 24 The variables @y and §,wqp appear in Eq. (183)
for notational convenience. They are not independent vari-
ables. We can write @qpg as given by Eq. (14), and write

%5@0,5 S‘gﬁ by multiplying §,wep given by Eq. (68) with
1 gop

58w :

2 MW
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1 .4 _ _ oASr—  —
EéawaﬁSgﬂ = —048up (gayKMSi{ngnﬂ)

1 /4 _ A
+ (Safaﬁz (Sgyiyégaﬁ + ?WKyaSg,ﬁ) .

(185)
We also note that
Zap = 28ap + Gap. (186)
which follows from Eq. (45), and
[8*] = (285 + Gup] - (187)

which follows from Eq. (254) in Appendix A.

In describing the linearization for the Newton—Raphson
iterations, we will first derive the variations needed for that.
We start with the variations of S%/ and $33:

8, S9P = aﬂaE aﬁaE 188
b 8by6+833b33» (188)
y
3 33 3533
ST = SpEys + ——3E33, (189)
y6 0E33
where
asep
— = (CePre, (190)
0Ey;s
asp
Py CoP®, (191)
Es;3
as33
— =8, (192)
BE},[;
8533
— =¥, (193)
0E33

The elastic moduli C¥PY8 B33 3378 and C3333 can be
derived from ¢. In Eqgs. (59) and (60), using §, in place of
8, recognizing that &3 and 8y are in interchangeable, and
reordering the terms, we obtain

WwEys = (EyS +5y5<§3) 8py*
= — 3 1o _ 3 2
+ 80Fys + BT yaE” + 585 (&) (194)
=Ry + 8pEys
— 3 = 3 1o 3 2
+ (@ys063* + 857y5) 67 + 3805 (67) (195)
and
SpE33 = A38pA3. (196)

Taking the variation of Eq. (181), we obtain



Computational Mechanics (2022) 70:247-280

261

d(8»y?)
Spr3 = )3) .
dso

(197)

From the variations of Egs. (80), (81) and (82), we obtain

. A
8,52F =/ 8,58 20 4¢3, (198)
(hn)o Ao
. A
8,8 = / (S“ﬂaby3 + 533,,50‘/3) 2043 (199)
(hth)o Ap

A A
=/ Saﬂsby3_—°dg3+/ £35,598 Z0 g3,
(hw)o Ao (hw)o A

0
(200)
dap afe3s 3 3\? af Ao .3
5,8 = 259 E3s,y +(s) 5,5 ) 204
(hn)o Ao
(201)
A
=2/ 359 5,y3 20 dg3
(ht)o Ao
2 Ao .5
+ / £3) 8,59 g3, (202)
(hth)o( ) Ao

Now that we have all the variations we need, we write
dp N by taking the variation of Eq. (183). After taking the
variation, we substitute into it Egs. (198), (200) and (202).
Then we substitute Eqs. (188), (189), (190), (191), (192),
(193) and (196) into that. Also, we recognize the right-hand
sides of Egs. (195) and (197) and §, versions of those. At the
end, we get

5bN(3aé3: 561501/31 511Faﬂv y37 5)/5, Ey&)

A
- / 8 EqgCPYo 5, E 5 =2 d&
(hw)o Ao

A
+ / Sa EapraCFB 5,05 22 g3
(hn)o A

0
33y8 Ao .3
+ Sar3A3C SpEys—=d&
(hn)o A

0
A
+ / Sal3 (533 + )»%((:3333) 51,)»3_—0
(hm)o Ao

dg?
A
n / 5,8357° 22dg35,7, 5
(hw)o Ao

A
+ 84K ap / 5P 8, y3 22 de3
(hth)o Ao

A
+ / 5,86357 204838,
(h)o Ag
A
+ 84@ap / £35%P 5,3 22 g3
(hin)o Ao

1 _ AO(,B
+ 8.0 S (203)

Remark 25 The choices made between using different com-
binations of variable in Eq. (203) were driven by having

visible symmetry in 8, and 8, and reducing the number of
terms.

Remark 26 The term §,0,waps is not zero, because, as
explained in Remark 23, 6,@qp is not an independent varia-
tion. We replace § with §, in Eq. (68), take its &, variation,
multiply that with %S‘gﬁ , and obtain

1 A
Eaaabwaﬁsgﬁ
g 5 _
= auKaﬂE ( Z‘)”g’% +§aVS£8) pKys
— 8,88 (%%, SKyghd 4 gorahre Snd\s =
aaf | & "Knkdy & T8 78 Kindy bKys
- aafaﬂ (SgKEkngnagﬁy + ?Ss‘gnfnf(?{y) 8b§y6-
(204)

Remark 27 When the traction conditions on the upper and
lower surfaces are coming from the pressure on those sur-
faces, with the conditions expressed as

(205)
(206)

hlgs)-=pm,
hig)e = —p'm,

p~ and pT appearing in Eq. (184) can vary because of the
midsurface deformation or the displacement in the out-of-
plane direction. We can derive an expression for that from
Egs. (113) and (114) by using Egs. (109), (110), (205) and
(206):

A

p=p = ; (207)
Ao led)-

. A

pr=pt = . (208)
Ao lgdy+

We note that A depends on both the midsurface deformation
and the displacement in the out-of-plane direction. We derive
the expression for 65 A based on that dependence and use it
in the computations.

5 Test problems

With the method described in Sect. 4, for a set of test prob-
lems, we determine the displacement in the out-of-plane
direction. In all cases, we use a uniform finite element mesh
made of 200 elements with linear functions!. The lower or

I As mentioned in Remark 22, in the actual computations, we will be
using a different way of numerically solving the equations in the out-
of-plane direction, and that process will involve an order of magnitude
less number of points.
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inner surface serves? as the “midsurface.” Together with the
out-of-plane displacement, the midsurface variables £, and
Kqp are solved for, with different boundary or geometry
conditions depending on the problem setup. For compari-
son, we include in the tests a plane-stress shell model from
[5]. The constitutive models, provided in Appendix D, are
neo-Hookean and Fung’s models with compressible and
incompressible materials.

The stress-related variables are scaled by the shear modu-
lus w1 at the undeformed configuration. The Poisson’s ratio v
is defined based on the bulk modulus at the undeformed con-
figuration, with v = 0.50 indicating incompressible material.
We use separate models for compressible and incompressible
materials, but the compressible-material model converges to
the incompressible-material model in the limit v — 0.50
(see [5]). The scaled stress components we report will be
from the Cauchy stress, and the indices will correspond to
the coordinate frame defined separately in each problem, but
the index 3 will always imply the out-of-plane direction:

T (SMgy + 82g5)

of = : (209)
Ho
J—l SZI +S22
ol = ( 812 g22)7 210)
o
J—l S33
o = —. 211)
120

For the length scale, we use the undeformed shell thickness
(hi)o = (§3)T — (£7)~. We note that, with the shell model
and method sections behind us, now we are using the symbol
(h)g for the shell thickness, as we stated in Sect. 2.1 that we
would. We also note that the current thickness is expressed
asha = (D' — ).

We use the principal curvatures at the midsurface to
describe the individual problems. The principal curvatures k'
and k; are obtained from the generalized eigenvalue problem
Kapt? = g,pt", (212)
where 7P represents the contravariant components of the prin-
cipal curvature direction. From Eq. (212), we can get the
principal curvatures as

3R+ (3PFup)” — 4 det [2°] det [Fus]
K1 = s

2

213)

2 We note that, as can be inferred from the overall formulation, in the
shell model proposed here, the location of the midsurface does not mat-
ter. However, it does in the model proposed in [5]. We will be comparing
our results to those obtained with that model. This is the reason why
the lower or inner surface serves as the midsurface.
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Fig.7 Unidirectional plate bending. Problem setup. The lower surface
is serving as the midsurface. The bending moment M is applied along
the midsurface edges. The nondimensional curvature k7 is given by Eq.
(215)

T % — \ (@FFup)’ — 4det [3°F] det [Fup]

Ky = >

(214)
Their nondimensional versions are
K =%1 (hm)g » (215)
k5 =Kk2 (hm)o - (216)

5.1 Unidirectional plate bending

The bending is only in &' direction (see Fig. 7). No traction is
applied on the upper or lower surface. The bending moment
M is applied along the midsurface edges. We select G, to
be unit orthogonal basis vectors, and consequently G| =
Goy = 1, and G > = 0. We note that, with this selection, we
no longer have —1 < &% < 1. In this problem, because it is a
plate, K11 = K2 = K12 = 0. We constrain the midsurface
deformation with €y0 = €15 = 0 and k22 = k12 = 0. With
these conditions, from Eq. (213) we get

=gk, (217)
and its nondimensional version is
©F =3"%1 (hn)o . (218)

For any value of ET, we set k11 based on that relationship,
noting that §1 !'is a function of & 11. We solve for £ together
with the displacement in the out-of-plane direction. After
that, we calculate the required moment around &3 = 0:

L
M= [ (s + 5 m) 2 @19)

(hm)o
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Fig. 8 Unidirectional plate bending. Neo-Hookean material. k7 and
M*
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Fig.9 Unidirectional plate bending. Fung’s material. k} and M*
and scale that as
N M
M = ———. (220)
Mno (hth)o

In this problem, ZA = 1 and g1 = 0, which follow from the
constraints listed earlier.

Figures 8 and 9 show, for the neo-Hookean and Fung’s
materials, M* as a function of ET. For both materials, the
model with the plane-stress assumption (033 = 0) is behav-
ing stiffer than the model with the out-of-plane normal stress
(033 # 0). For the Fung’s material, the difference becomes
smaller at higher v values.

We report, for k] = 0.5and 1, Eg profiles of different
variables. We report A3, J, o}, and 03*3 in Figs. 10, 11, 12
and 13 for the neo-Hookean material, and in Figs. 14, 15, 16
and 17 for the Fung’s material. For the neo-Hookean material,
)3 obtained with the 033 = 0 model is more than it is with the
033 # 0 model. Assuming that the 033 # 0 model is giving
the true solution, 033 < 0. This means that the 033 = 0 model

0 0.25 0.5 0.75 1
3
&/ (hw)o
—— 033#0,v=030 ----033=0,v=0.30
033 #0,v=045 —=-=--033=0,v=045
——033#0,v=049 —=---033=0,v=049
—— 033#0,v=050 ----033=0,v=0.50

Fig. 10 Unidirectional plate bending. Neo-Hookean material. A3 pro-
file. k7 = 0.5 and 1

Table 1 Unidirectional plate bending. Neo-Hookean material. Signifi-
cance of 03;

|Ul*l |max }03*3 |max |0'3*3 }max /O—I:;IAXIZ (%)
K] =05 0.816 0.0839 10.3
k] =1.0 1.43 0.257 18.0

is behaving in a fashion that inhibits the compressive stress
that should be there. The larger A3 makes &, higher, and that
could be the source of the stiffer response mentioned when
Figs. 8 and 9 were discussed. Overall, the Fung’s material
behaves similar to how the neo-Hookean material behaves.
However, because of the strong nonlinearity, the A3 profile is
more complex. For example, there is a local maximum close
to the inner surface. Also, at high values of v, 01| becomes
very high at both the lower and upper surfaces. That is making
o033 higher.

To have a better understanding of the significance of 035,
we scale it by using, in general, |07} | and |02*2| where

max max’
“max” denotes the maximum over both ES and v. To be on

the conservative side in not overrating that significance, we
* : * _ * *
scale 055 with oy, x|, = max (|011 |max , 103, |max). We note
that in this case |02*2|max = (. Tables 1 and 2 show, for the
neo-Hookean and Fung’s materials and for ¥ = 0.5 and I,
% * k
085 e @04 05| /oviax1n - We see that the

*
|all|max’
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Fig. 13 Unidirectional plate bending. Neo-Hookean material. o35 pro-
Fig.11 Unidirectional plate bending. Neo-Hookean material. J profile. file. Tf =05and 1
k1 =0.5and 1
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Fig. 12 Unidirectional plate bending. Neo-Hookean material. o pro- Fig. 14 Unidirectional plate bending. Fung’s material. A3 profile. &7 =
file. k7 = 0.5 and 1 0.5 and 1
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033#0,v=045 —-—---033=0,v=045
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Fig. 15 Unidirectional plate bending. Fung’s material. J profile. k] =
0.5and 1
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’
350 /4
- 0 =
*b.—
-35 -
=70 —
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033#0,v=030 ----033=0,v=0.30
033£0,v=045 ———-033=0,v=045
033 #0,v=049 -—---033=0,v=049
033 #0,v=050 -—---033=0,v=0.50

Fig.16 Unidirectional plate bending. Fung’s material. o} profile. k] =
0.5 and 1

|

0 0.25 0.5 0.75 1
3
&/ (ha)o
——— 033 #0,v=030 ----033=0,v=030
033 #20,v=045 ===-033=0,v=045
——033#0,v=049 —=--033=0,v=049
033 #0,v=050 ----033=0,v=0.50

Fig.17 Unidirectional plate bending. Fung’s material. o35 profile. i} =
0.5and 1

Table 2 Unidirectional plate bending. Fung’s material. Significance of
o3

|L71*1 |max ‘0-3*3 |max |o-3*3 ‘max /JK/IAXIZ (%)
k] =05 3.11 0.184 5.92
K1 =10 65.8 3.89 591

significance, as measured by |<73*3 |max / ‘713[ AX |2 » 18 more than
10 % for the neo-Hookean material and more than 5.9 % for
the Fung’s material.

5.2 Plate saddle deformation

Bending moments are applied along the midsurface edges
both in &' and &2 directions to create a saddle deformation.
No traction is applied on the upper or lower surface. Again,
we select 611 = 622 = 1, 612 = 0, and Ell = fzz =
K12 = 0 to represent a plate. We constrain the midsurface
deformation with €1 = 0 and k12 = 0. With these condi-
tions, from Eqgs. (213) and (214) we get

k1 =xng', (221)
K2 = Kng2, (222)
and their nondimensional versions are

©r=rng' (hmo, (223)
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Table 3 Plate saddle o E* 1.10
deformation. Cases tested ! 2
Case 1 0.5 -0.5 1.05
Case 2 1.0 -0.5
~ 1.00
1.3
0.95
0.90 L L -
0 0.25 0.5 0.75 1
1.10 T T T
1.05 |- -
0.8 | | | ~ 1.00 >\———"_"_____: ________ "/—‘é
0 0.25 0.5 0.75 1
12 ‘ ‘ ‘ 095 |- .
1.1+ — 0.90 | | |
s / 0 0.25 0.5 0.75 1
TN e e £/ (Yo
S s e 033#0,v=030 ———- 033 =0,v=030
033#0,v=045 —-==-033=0,v=045
0.9 - m 033 #0,v=049 - 033 =0,v=049
——— 033 #0,y=050 ----033=0,v=0.50
|
0'80 025 05 0.75 1 Fig. 19 Plate saddle deformation. Neo-Hookean material. J profile.
Case 1 and Case 2
&/ (hin)o
———033#0,v=030 -—--033=0,v=030 0.50 T T T
033#0,v=045 ----033=0,v=045
033#0,v=049 ----033=0,v=049
——— 033 #0,v=050 ----033=0,v=050

Fig. 18 Plate saddle deformation. Neo-Hookean material. 13 profile.
Case 1 and Case 2

13 = k08" (hn)o - (224)
For any values of k¥ and k5, we set k11 and k2> based on
these relationships, noting that g'! is a function of &;; and
§22 is a function of €3;. We solve for €11 and €5, together
with the displacement in the out-of-plane direction.

The saddle deformation is obtained by specifying the two
principal curvatures to be k7 > 0 and k3 < 0. The curvature

at the upper surface can be written as

1
) gae = ———— (225)
€= T
= (226)
1 +K2hn

and this needs to be finite. That requirement brings the restric-
tion Kohy = K (ﬁ?)o > —1. Considering that, we set

K =—3.
We report, for the two test cases given in Table 3, &8 pro-
files of A3, J, 0{}, 05, and 035. Figures 18, 19, 20, 21 and 22
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Fig.20 Plate saddle deformation. Neo-Hookean material. o profile.
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Fig. 21 Plate saddle deformation. Neo-Hookean material. o}, profile.

Case 1 and Case 2
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Fig. 22 Plate saddle deformation. Neo-Hookean material. o35 profile.

Case 1 and Case 2
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Fig. 23 Plate saddle deformation. Fung’s material. A3 profile. Case 1
and Case 2
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Fig. 24 Plate saddle deformation. Fung’s material. J profile. Case 1
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3.0 | | |
_40 | | | 0 0.25 0.5 0.75 1
0.25 0.5 0.75 1 £/ (ha)o
&/ (ko ’
0 ——— 033 #0,v=030 ----033=0,v=030
Gy #0,v=030 ———- o3 =0, v=0.30 — 033#0,v=045 ———=-033=0,v=045
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03 #0,v=049 —— =03 =0,y=049 —— o5 #0y=0350 ----033=0v=050
033 #0,v=050 ----033=0,v=0.50

Fig. 27 Plate saddle deformation. Fung’s material. o35 profile. Case 1
Fig. 25 Plate saddle deformation. Fung’s material. o}; profile. Case 1 and Case 2

and Case 2
Table 4 Unidirectional plate saddle. Neo-Hookean material. Signifi-
20 ' ' ' cance of 035
i |U1*1 |max |02*2 |max |U3*3 |max |U3:k3 ‘max /U&AXIZ (%)
Casel 0.166 1.07 0.180 16.8
*bﬁ = Case2 0.875 0.795 0.248 28.3
N
R
-10 |- R . .
\ show those profiles for the neo-Hookean material, and Figs.
0 | | | 23,24, 25, 26 and 27 for the Fung’s material.
0 0.25 0.5 0.75 1 Case 2 is closer to having x| = —«J at 53/ (hn)o = 0.5.
40 T T T This is the reason behind the near symmetry between the o
30 5 and o3, profiles (see Case 2 of Figs. 20 and 21, and Case 2 of
20 5 Figs. 25 and 26). Looking at the A3 profiles (see Figs. 18 and
10 o 23), there is more difference between what we get from the
*bg 0 n 033 # 0 and 033 = 0 models than between what we get from
-10 - N different v values. In other words, the shell models being dif-
-20 |- \‘ ferent is more significant than the v values being different.
=30 - n Tables 4 and 5 show, for the neo-Hookean and Fung’s mate-
—40 L L L : * * *
0 0.25 05 0.75 1 rials anf for Casi 1and Case 2, oy Lz'nrx 92 Lz'nax’ 933 [max
&/ (hwdo and |03, /3ax1z - This time |‘73_3 max / OMAX12 18 MOT€
than 16 % for the neo-Hookean material and more than 6.2 %
—033#0,v=030 ----033=0,v=0.30 . .
03 #0,v=045 ———- 033 =0,v=045 for the Fung’s material. These numbers are higher compared
T o #0v =049 —mm- 033 =0,y =049 to what we had in the unidirectional plate bending.
———033#0,¥y=050 ----033=0,v=050

Fig.26 Plate saddle deformation. Fung’s material. o, profile. Case 1

T Case 5.3 Pressurized cylindrical and spherical shells

The inner and outer pressures are py and po, and the inner and
outer radii are Ry and Ro in the undeformed configuration
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Table 5 Unidirectional plate saddle. Fung’s material. Significance of ~ 5.3.1 Pressurized cylindrical shell
033
lof e 190l 105l 105 ma /o8iax12 (%) We select the undeformed configuration as
Case 1 4.44 14.3 0.899 6.29 G =1, (227)
Case2 35.1 30.9 2.51 7.15 —
G =1, (228)
G =0, (229)
— 1
Ki=—, (230)
I
K»n =0, (231)
A
K2 =0, (232)
PO and constrain the midsurface deformation with
s (Y 1 (233)
g1 = — — ] — ,
=3 R
g =0, (234)
g1 =0, (235)
1/ m)\?
Fig. 28 Pressurized cylindrical and spherical shells. The symbols p; k1= — 1 , (236)
and po represent the pressures acting on the inner and outer surfaces in r \ Ry
the actual problem. The symbols r| and ro represent the inner and outer o — (237)
radii in the deformed configuration, and Ry and Rg in the undeformed 2=15
configuration K12 = (238)

Table 6 Pressurized cylindrical and spherical shells. Three methods,
characterized by selecting between the 033 # 0 and 033 = 0 models
and whether po is applied at the outer or inner surface

P1 PO 033
Method 1 Inner Inner o33 =0
Method 2 Inner Outer o33 =0
Method 3 Inner Outer 033 #0

and r1 and ro in the deformed configuration (see Fig. 28).
We note that Ro = Ry + (hm)g and ro = 11 + hp. We
set “2“—1‘3)0 = 0.1, the same value used for the undeformed
configurations in [5].

We compute with three different methods, characterized
by selecting between the 033 # 0 and 033 = 0 models and
whether po is applied at the outer or inner surface (see Table
6). In Method 1, by applying both p; and po at the inner sur-
face, which serves as the midsurface, the difference between
the inner and outer surface areas is not taken into account
in calculating the net force acting on the shell. That is taken
into account in Method 2 by applying po at the outer surface.
Method 3 also takes that into account, but with the o33 # 0
model. We measure the deformation by A;. For the cylindri-
cal shell, we set A, = 1. We set p; = 2p and po = p, and

p is scaled as p* = %.

In representing the mutual dependence between k11 and €1
based on the constraints above, we select the form k11 being
a function of £11. We solve for €1 together with the dis-
placement in the out-of-plane direction, with the conditions
py = p* and p{ = 2p* (see Remark 27 for the way the
pressure conditions are specified).

Figures 29 and 30 show, for both the neo-Hookean and
Fung’s materials, p* as a function of 1. We first compare
Method 1 and Method 2. With Method 1, because po acts
on the inner surface, the net force in the inflation direction
is more. Consequently, in all cases, for a given p*, Method
1 has higher A;. Next we compare Method 2 and Method
3. For the neo-Hookean material, in all cases, for a given
A1, Method 2 has higher p*, meaning that it is stiffer than
Method 3. For the Fung’s material, we do not see that in all
cases. When v = 0.5, Method 2 is stiffer for all values of
A1, but at lower v values, beyond a high-enough x| value,
Method 2 switches to being less stiff. We will discuss that
more when we report the ég profiles.

Remark 28 1tis clear from Figs. 29 and 30 that when v = 0.5,
for both the neo-Hookean and Fung’s materials, there is no
21 value that would make Method 2 less stiff. In other words,
if the behavior is incompressible, Method 2, i.e. the 033 = 0
model, is stiffer.

We report, for A = 1.3, 58 profiles of A3, J, o}, and 035.
Figures 31, 32, 33 and 34 show those profiles for the neo-
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Method 2, v = 0.30
.- Method 2, v = 0.45
-+ Method 2, v = 0.49
Method 2, v = 0.50

Fig. 29 Pressurized cylindrical shell

Method 3, v = 0.30
Method 3, v = 0.45
Method 3, v = 0.49
Method 3, v = 0.50

. Neo-Hookean material. A; and

p*. Comparison between Method 1 and Method 2, and Method 2 and
Method 3

Hookean material, and Figs. 35, 36, 37 and 38 for the Fung’s
material. Because the only difference between Method 1 and
Method 2 is how the net force acting on the midsurface is
calculated, when we look at the éé) profiles coming from the
two methods at a given AL meaning at the same midsurface
deformation, we are already beyond how the net force acting
on the midsurface was calculated. The midsurface deforma-
tions are the same, and therefore the g? profiles will be the
same. For that reason, the 53 profiles are reported under the
labels “o33 = 0” and “033 # 0.”

When v = 0.5, the deformation patterns obtained with
the 033 = 0 and 033 # 0 models are the same (see Figs. 31,
32,35, 36). This is expected because when v = 0.5, the con-
straint J = 1 determines the profile for a given midsurface
deformation.

For the Neo-Hookean material, as can be seen in Fig. 33,
the 033 = 0 model yields higher o} values at all v values and
for the full range of Eg. Remembering that these profiles are
for a given value of A1, higher o means that 033 = 0 model
stiffer. This is consistent with the observation we made when
we discussed Fig. 29.
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! and constrain the midsurface deformation with
j E— =t () - (245)
&1 = — — ] - ,
*bm -1 //
Ly 1 (246)
& = — — ] - ,
2 - 22 ) RI
3 | | | 12 =0, (247)
0 0.25 0.5 0.75 1 | 2
r
&/ (hw)o K= — (—I) , (248)
—— 033#0,v=030 ----033=0,v=030 N !
033 20,v=045 —===-033=0,v=045 1 " 2
03 #0,v=049 ———- o33 =0,y =049 Ky = — <—) , (249)
o33 #0,¥=050 ———-033=0,v=0.50 Iy 1
K12=0 (250)

Fig.38 Pressurized cylindrical shell. Fung’s material. o33 profile

For the Fung’s material, we do not see that in Fig. 37 at all
v values. Consistent with the observation we made when we
discussed Fig. 30, when v = 0.5, the 033 = 0 model yields
higher 01*1 values, and therefore is stiffer, for the full range of
range of ég. For this specific value of A we are reporting the
SS profiles, the 033 = 0 model is also stiffer when v = 0.49
and for the full range of SS. At lower v values, however, the
033 = 0 model does not yield higher o values for the full
range of 53 , and at even lower v values, it yields lower o7
values for the full range of 58, and therefore is less stiff than
the 033 # 0 model. This can be explained by the shifting
balance between the bulk and shear moduli as A varies. At
v values not far from 0.5, when A; is not so high, the bulk
modulus is dominant, the material behavior is closer to being
incompressible, and therefore, from Remark 28, the 033 = 0
model is stiffer. However, even at v values not far from 0.5,
due to the exponential form of the constitutive model, when
A1 is high enough, the shear modulus is dominant and not
the bulk modulus, the material behavior is not close enough
to being incompressible, and therefore the 033 = 0 model is
less stiff.

5.3.2 Pressurized spherical shell

We select the undeformed configuration as

G =1, (239)

Gn=1, (240)

Gpn=0, (241)

Ky = R%, (242)

Ko = i, (243)
Ry

K =0, (244)
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In representing the mutual dependence between k11,22, €22,
and £1; based on the constraints above, we select the form
K11, K22, and €2, being functions of €11. We solve for €1
together with the displacement in the out-of-plane direction,
with the conditions p§, = p* and p; = 2p*. Figures 39 and
40 show, for both the neo-Hookean and Fung’s materials,
p* as a function of A1. Our observations are essentially the
same as those we made for the cylindrical shell, except the
differences are more pronounced, because, with the same
radius, the sphere has overall higher curvature effects.

We report, for A; = 1.3, ég profiles of A3, J, al*l, and
03*3. Figures 41, 42, 43 and 44 show those profiles for the
neo-Hookean material, Figs. 45, 46, 47 and 48 for the Fung’s
material. We again note that the Sé) profiles coming from
Method 1 and Method 2 at a given A; will be the same and
therefore the 53 profiles are again reported under the labels
“o33 = 0” and “o33 # 0.” We note in Fig. 47 that, although
it is not all discernible, except for the full range of 503 / (hi)o
when v = 0.5 and for &}/ (hn)o > 0.5 when v = 0.49, the
033 = 0 model yields lower crl*l values and therefore is less
stiff than the 033 7 0 model. The substance of the observa-
tions we made for the cylindrical shell remains applicable.

6 Concluding remarks

This was the first part of a two-part article on a hyperelas-
tic extended Kirchhoff-Love shell model with out-of-plane
normal stress. We have presented the derivation of the new
model, with focus on the mechanics of the out-of-plane
deformation. To determine the out-of-plane stress, we solve
the linear-momentum-balance equation in the out-of-plane
direction. Accounting for the out-of-plane normal stress dis-
tribution in the out-of-plane direction affects the accuracy
in calculating the deformed-configuration out-of-plane posi-
tion, and consequently the nonlinear response of the shell.
The improvement is beyond what was achieved with the
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Fig. 39 Pressurized spherical shell. Neo-Hookean material. % and
p*. Comparison between Method 1 and Method 2, and Method 2 and
Method 3

new model’s precursor [5] by accounting for the out-of-plane
deformation mapping. Continuing what was started with the
precursor, the new model is extending the range of appli-
cability of the Kirchhoff-Love shell theory to the situations
where the Kirchhoff-Love shell kinematics is still valid yet
the thickness or the curvature change is significant enough
to make a difference in the response.

By accounting for the out-of-plane normal stress, the trac-
tion acting on the shell can be specified on the upper and
lower surfaces separately. This enables more accuracy in the
linear-momentum balance in the out-of-plane direction. For
example, we can accurately model cases that might have
nonzero net force even when those out-of-plane tractions
have equal magnitudes and opposite directions. Accounting
for the out-of-plane normal stress also enables more accu-
racy in representation of the moment the shear tractions on
the upper and lower surfaces generate around the midsur-
face. To accurately account for the moment generated by the
separate shear tractions on the upper and lower surfaces, we
have also improved the rotational kinematics in the model.
Accounting for the out-of-plane stress improves the out-of-
plane deformation mapping also in cases with no traction on

Fig.40 Pressurized spherical shell. Fung’s material. x| and p*. Com-
parison between Method 1 and Method 2, and Method 2 and Method 3
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Fig.41 Pressurized spherical shell. Neo-Hookean material. A3 profile
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Fig.42 Pressurized spherical shell. Neo-Hookean material. J profile Fig.45 Pressurized spherical shell. Fung’s material. A3 profile
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Fig.44 Pressurized spherical shell. Neo-Hookean material. o profile
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Fig. 48 Pressurized spherical shell. Fung’s material. o35 profile

the upper or lower surfaces and no body force. Those would
be the cases when the shell deformation is driven by the dis-
placements and slopes specified along the shell edges.

We presented test computations for unidirectional plate
bending, plate saddle deformation, and pressurized cylin-
drical and spherical shells. We tested the neo-Hookean and
Fung’s material models, for the compressible and incom-
pressible materials, and with the out-of-plane normal stress
and without, which is the plane-stress case. The test com-
putations show that the differences between the shell models
with and without the out-of-plane normal stress are more pro-
nounced i) for plate saddle deformation than unidirectional
plate bending, ii) when we have higher curvature effects, and
iii) for cylindrical of spherical shells at high v values. We
leave it to the reader to judge how significant these differ-
ences are.

The level of accuracy we are striving for in representing the
tractions on the upper and lower surfaces would be meaning-
ful in an FSI computation only if the flow solution method can
deliver those tractions with a comparable level of accuracy.
That level of flow solution accuracy, especially in represent-
ing the shear stress, requires moving-mesh methods, where
the high mesh resolution near solid surfaces follows the fluid—
solid interface as it moves. That is now possible even in flow
computations with actual contact between solid surfaces or
some other topology change. The space—time computational
methods introduced in the last decade enable that, as can be
seen, for example, in [43,44].
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A Dual basis system

The description given here for the relationship between a
basis system and its dual is applicable to all the basis systems
we work with, where we use the symbols g, g, G, and G.

For the covariant basis vectors g, the components of the
metric tensor are

8ap = 8a " 8- 251)
We define the contravariant basis vectors as

g% -gg = (Sg. (252)
This implies

g = [2us] ' g5, (253)

where the brackets denote the matrix formed from its compo-
nents, and the contravariant components of the metric tensor
are given as

[¢°"] = [gup] - (254)

We note that, with ngq = 3 and n,q = 2, one of the ways
to express the unit tensor is

I=gyg” +nn, (253)
where
_ 81 x8 . (256)
llgr x gl
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B Derivative and variation of the normal vec-
tor in the shell model

B.1 Derivative of the normal vector

Derivative of the normal vector with respect to £ can be
obtained as follows:

_ 0 g2 X8
Ng=—"—\=—"=— = (257)
dE* ((g1 X &) '“)
— (I —fn) - 8l.a X_g2 _’;gl >igZ,oz (258)
(gl X gz) -
— — =1 —= = 52
—q-mm. B X EXE) T B x (X E)
(8' xg°)-n(g, xg) n
(259)
=@ -nn) - (g, x (Axg")) (260)
=A-nn) (8, &) (8p, -0)) (261
= —(8po 1) +0(0-8°) (85 - D) (262)
——
=0
= —g’g;, 0 (263)
= §'%up (264)
_%.g, (265)

We note that kg is equal to the second fundamental form
with a negative sign. In the derivation, we used the following
relationships, which generally hold:

2 3
g xg
g= (266)
(gl x g2) - &
3 1
g xg
p= 208 (267)
(gl X gZ) . g3
(2" x &) 2 = (& x22) 2" (268)

B.2 Variation of the normal vector

From the steps given by Eqgs. (257)—(263), the variation of
the normal vector can be written as

sn=—g’sgy n. (269)
B.3 Rearrangement of the form én - h

From Eq. (269), we write

sn-h=—g’ hégy m. (270)
We recall the Lagrange’s identity
(axb)-(cxd)=a-cbh-d—a-db-c. (271)
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With that, we obtain

(8” x 585) M xh)=g" nsgs -h—g -higy - n
——

=0
(272)
=—gf -hégg - 1. (273)
For notational convenience, we introduce
5t =g° x 58y, (274)
and
Sn-h=6r-(mxh). (275)

C Integration with variation of the normal
vector

C.1 Dual basis system for the midsurface edges

We have a set of orthonormal basis vectors: B, T, and N.
After the deformation:

*gb=F B, (276)
rt=F-T, 277)
mn=F-N. (278)

Here the unit vectors b and t may not be orthogonal. To
overcome the difficulty of using a set of non-orthogonal basis
vectors, we introduced in Remark 17

o _nxb (279)
(th)~ﬁ

T tx_ﬁ . (280)
(Ext)-ﬁ

We repeat them here from Eqs. (138) and (139) for the
reader’s convenience. The denominator, a triple scalar prod-
uct, represents the volume of the parallelepiped based on the
three vectors. With that, the counterparts of Eq. (252) can be
written as

tt=1, (281)
t-b=0, (282)
b -t=0, (283)
b b=1 (284)
The counterpart of Eq. (255) is
I=bb" +tt +nn. (285)
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With the set of basis vectors and stretches, we can expressthe  and (280) can be expressed as
deformation gradient tensor and its inverse. The deformation
radient tensor can be expressed as — —A3ABAT
g P € =mxpE2 (297)
F=2gbB+ArtT + A;nN (286)  _,  _  aaimn
=t x n2LBAT (298)
The inverse of F can be written as
C.2 Integration over the midsurface
- I —— = 1 —_
F' = —Bb +—Tt +—Nn, (287)
AB AT A3 We first rearrange the variation of the normal vector from Eq.

and we have two alternative ways of verifying that. We can
show that

F-F =I (288)

by remembering that B, T, and N are orthonormal and using
Eq. (285), or show that

—1 =

F ' .F=1I (289)

by using Eqs (281) ,(282), (283) and (284) and remembering
that I = BB + T T + N N. By excluding the normal-
direction terms in Eqgs. (286) and (287), we obtain

(290)

Tt (291)

Depending on the context, we use either the left- or right-
hand side of Egs. (290) and (291).
We can write C at the midsurface as

N ) (BbB—i-)thT—{-)@nN)

(292)
— AzBB + ;T T + 13NN+ 2t (i-D) (BT + TB),
(293)
and its determinant as
T =g (1 —(t- Qz) (294)
= prras (b x 1)), (295)
where J = det F. Because (B x t) -1 > 0, we get
_ T A A/L s
bxt) I=c====—=-= / (296)
ABATA3  ABATAo  Ao/Lo B

We note that, in Eq. (296), the second and third equalities are
based on Egs. (38) and (131), respectively. Thus, Egs. (279)

(269):

sm = —og, - 05,8’ (299)
= —38g, -nG" - Gpg’. (300)
From that, for any vector ¢, we have
f sn-qdl'=— | G" (58, -nGpg’ q)dI" (301
To To
=—|_ G- (5%, -0Ggg’ - q)dr. (302)
Ty

We integrate the right-hand side of Eq. (302) by parts and
obtain

/ (Sﬁ-qu:—/ 8x -nq - g’Gg - BdS
Ty So
+/F 5% - (MGpg” -q) , - G"dI. (303)
0

The lastintegral of the above equation can further be arranged
by using the product rule as

/ 8% - (0Gpg” - q) -Eydrzf 8x-n, g’ -qdl’
To r To
+/ 51 (q- gﬂGﬁ) .G"dr. (304)
Iy
Substituting Eq. (265) into this, we obtain
/ 8% - (nG4g” - q) -EVdFZ/ §X -k -qdl’
To v To
+ﬁ 5x -1 (q-8°Gp) -G dr. (305)
Iy ’

Combining Egs. (303) and (305) and recognizing the left-
hand side of Eq. (291) in the integral over Sy, we obtain

1 —
/ (Sﬁ-qu:—/ 85X -Mi—Db" - qdS
Fo Eo )&B

+/ 8-k - qdl’
To
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+ﬁ 8§~ﬁ(q~§ﬂalg)’y .G"ar.

To
(306)
C.3 Integration over the midsurface edges
From Eq. (300), we get
sn=—og, -nG - (NN+TT +BB) -Gz’ (307)

=I
Because of the orthogonality of ﬁﬂ and N, we obtain
sn = —og, -nG - (TT+BB) - Gz’ (308)
= -o6g, -nG -TT-Gyg’ —og, - nG -BB-Gpg’.
(309)

Taking the inner product of g, with Eq. (269):

50-g, = —88, - I, (310)

recognizing the right-hand side of that in two places in Eq.
(309) and replacing only the second one, we obtain

sn=-T-G'6g, - nT Gug’ +6n-5,G BB Gyg’.
(311)

With that, for any vector q, we have
/ s - qdS = —/ T -G'6g, nT- Ggg’ - qds
So So
+ﬁ sn-g,G" -BB-Ggg’ - qds.
So
(312)
We apply integration by parts to the first integral on the right-
hand side after recognizing from Eq. (2) that T - G’ ég, =
T-G" (8X) ,, and realizing that T-G (6X) ,, is the spatial

derivative along the line of integration. Keeping in mind that
So is a closed curve in the integration by parts, we obtain

[8ﬁ-qu=ﬁ8i~(ﬁT~Eﬁgﬂ~q) G’ - Tds
So So v
+ [ s g,@ BB G’ ads.

So
(313)

Using the product rule in the first integral on the right, we
get

ﬁéi-(ﬁT-Gﬂgﬁ-q)yéy-TdS
So ’
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=ﬁ 8x-n,T-Ggg’ -qG” - TdS
So

+/§ 5% -1 (T Gpg’ - q) G TS, (314)
0
and by substituting for n,, from Eq. (265), we obtain
fg 5X- (AT Gpg’ -q) , G - TdS
0

=/Soag.z.gyay.ﬁ.aﬂgﬁ.qu

+/§ 5% -1 (T Gpg’ - q) G - Tds. (315)

0

Combining Egs. (313) and (315) and recognizing the left-
hand sides of Egs. (290) and (291), we obtain

- .,
f&iqu:/ 8§-ﬁ<—t -q) G” -Tds
§0 §0 )"T Y

+ﬁ8i-i~f?~qd5
So

+ﬁ sn-bb” - qds. (316)

So

D Constitutive models

We test two constitutive models: neo-Hookean and Fung’s
materials. The strain-energy density functions are

1
onn (€)= S (rC —3), €1

o (C) = Dy (P2C) 1), (318)
where @ is the shear modulus, and D; and D, = 8.365
are the coefficients of the Fung’s material model. The shear
modulus at the undeformed configuration is ug = w for
the neo-Hookean material and oy = 2D D, for the Fung’s
material. We determine the bulk modulus from v and g as

20 (1
— M' (319)
3(1—2v)
D.1 Incompressible material
For incompressible material, we use
enu1 (C) = onu (O) +p (1 =), (320)
e (C) = (C) +p (1 = J), (321)
and p can be calculated by using the constraint J = 1

in the equation associated with the out-of-plane direction.
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We use the label “v = 0.5” in reporting the results for the
incompressible-material cases, but we use the forms above
in the tests.

D.2 Compressible material

For compressible material, we use

_2
ontr (€)= it (175€) + pror (), (322)
2
o (©) = ¢r (J75C) + 9w (1), (323)
where
Gvol (J) = kpfg> (BpInJ +J 7P — 1), (324)
and we use fg = —2. This form with g was introduced in
[45].
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