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Abstract
A mixed u–p edge-based smoothed particle finite element formulation is proposed for computational simulations of viscous
flow. In order to improve the accuracy of the standard particle finite element method, edge-based and face-based smoothing
operations on the displacement gradient are proposed for 2D and 3D analyses, respectively. Consequently, spatial integration
involving the smoothingoperator is performedon smoothingdomains. The constitutivemodel is basedon an elasto-viscoplastic
formulation allowing for simulations of viscous fluid or fluid-like solid materials. The viscous response is modeled using
an overstress function. The performance of the proposed edge-based smoothed particle finite element method (ES-PFEM) is
demonstrated by several numerical benchmark studies, showing an excellent agreement with analytical and reference solutions
and an improved accuracy and computational efficiency in comparison with results from the standard PFEMmodel. Finally, a
numerical application of the ES-PFEM to the computational simulation of the extrusion process during 3D-concrete-printing
is discussed.

Keywords Smoothed particle finite element method · Edge-based gradient smoothing · 3D-concrete-printing · Elastic–
viscoplastic · Fresh concrete

1 Introduction

Large deformations of solids need to be considered in
numerous engineering applications, including geotechnics,
fluid–structure interaction or manufacturing processes. The
standard finite element method (FEM) often fails to solve
problems characterized by extremely large changes of the
configuration of the analyzed structures mainly due to severe
mesh distortions and associated poor accuracy of the solu-
tion. Over the last decades, numerical methods have been
developed to tackle these problems in a better or more ele-
gant way. The arbitrary Lagrangian Eulerian (ALE) method
[1,2] circumvents large element distortions by a combina-
tion of an Eulerian and Lagrangian description of motion.
Specifically for simulations involving large motions, various
particle methods such as the particle in cell (PIC) or material
point method (MPM) [3], smoothed particle hydrodynamics
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(SPH) [4] or the discrete element method (DEM) [5] have
also been developed.

In one way or another, these methods use a Lagrangian
description of motion with the help of a background mesh,
with kernel approximations or in a complete discrete fash-
ion. The particle finite element method (PFEM) is also a
discretizationmethod, which uses standard Lagrangian finite
elements in conjunction with a continuous re-meshing dur-
ing the analysis. PFEM is a well established method that has
been originally developed to solve problems in fluid dynam-
ics [6,7] and fluid structure interaction problems [8–11]. The
governing equations are solved with standard linear triangu-
lar or tetrahedral finite elements in an updated Lagrangian
formulation. Hence, one advantage of PFEM is that no con-
vective terms need to be treated in the governing equations.
Beside in fluid dynamics problems, PFEM also found appli-
cation in geotechnical applications, e.g. for the simulations
of landslides [12–15] and excavation processes [16,17] and
for solving problems in manufacturing, such as metal form-
ing [18,19] and metal cutting processes [20]. Typically low
order triangular and tetrahedral elements are used in PFEM
algorithms in order to guarantee a fast and robust re-meshing
of the domain. Evidently, the disadvantages of low order ele-
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ments, like poor accuracy and shear and volumetric locking
are inherited.

More recently, the smoothedparticlefinite elementmethod
(SPFEM), adopting formulations underlying the class of
smoothed finite element methods (SFEM) (see [21] for an
overview), has been proposed. With the help of smoothen-
ing techniques, the properties of low order finite elements in
PFEM models can be improved. Furthermore, depending on
the specific smoothed finite element formulation, stresses are
carried on the nodes or edges instead at the elemental Gauss
point locations. Thismay reduce the error associatedwith the
mapping of internal variables during the re-meshing proce-
dure. The smoothed particle finite element method (SPFEM)
was recently proposed by Zhang et al. [22] for geotechnical
applications.

SFEM utilizes strain smoothing techniques, by smooth-
ing the shape function derivatives over certain smoothing
domains [21,23]. These smoothing domains can be defined
in different ways, resulting in different SFEM formulations
with different properties. Themost common formulations are
based on edge-based smoothing (ES-FEM) [24] or on node-
based smoothing (NS-FEM) [25]. The idea behind the SFEM
is to improve the properties and accuracy of the FEMwithout
increasing the number of degrees of freedom. SFEM effec-
tively cures locking phenomena and overly stiff behavior of
low order triangular or tetrahedral elements. Furthermore,
as was shown e.g. in [23,26] SFEM improves the accuracy
and convergence w.r.t. increasing degrees of freedom as well
as the performance in problems with very distorted meshes.
Hence, theoretically a smaller number of re-meshing steps
would be necessary to guarantee a suitable discretization
using an SPFEM formulation. Although the bandwidth of
the stiffnessmatrix is larger than in standard FEM, connected
with a larger computational effort for the generation of the
stiffness matrix and the solution of the system of equations
[26], the SFEM seems to be ideally suited to be used in a
PFEM framework to cure some undesirable properties inher-
ited from low order finite elements.

The SPFEM approach by Zhang et al. [22] for geome-
chanical problems is based on the node-based smoothing
technique, which leads to nodal integration of terms involved
in the smoothing operation and stress points located on
element nodes. This model was improved in [27] by a
GPU-accelerated formulation.More recently, a similar node-
based smoothing PFEM formulation was developed for fluid
dynamic problems by Franci et al. [28] and was further
improved for fluid structure interaction problems in [29]. The
node-based smoothing formulation can effectively treat vol-
umetric locking problems and shows upper bound properties.
However, this formulation suffers from temporal instabilities
in dynamic problems resulting from “zero-energy” spurious
modes (see [21,30,31]). Temporal stabilization procedures
may solve this issue, but may also result in a reduced

accuracy of this formulation. In contrast, the edge-based
smoothing formulation does not tend to be temporally unsta-
ble and stresses are carried on element edges. However,
no upper bound properties are obtained with this formula-
tion and volumetric locking is also not treated. However,
the edge-based smoothing formulation improves the accu-
racy and convergence rates in comparison to a node-based
smoothing formulation and a standard FE formulation [24].
Furthermore, the edge-based smoothing formulation is com-
putationally less expensive compared to the node-based
smoothing formulation [21]. An edge-based smoothing for-
mulation was recently implemented into a PFEM model by
Jin et al. [32].

In this paper, a smoothed finite element approach is
incorporated into a PFEM formulation for solving large
deformation problems. To circumvent issues related to tem-
poral instabilities (as they would appear in node-based
smoothing approaches), an edge-based approach is adopted
to improve the standard PFEM formulation with low order
finite elements. This edge-based smoothed PFEM formula-
tion (ES-PFEM) results in stress points located on element
edges. In order to treat problems associated with volumet-
ric locking, a mixed u–p formulation is used. Since, due to
equal order interpolation functions of the displacement and
pressure field, the Ladyzhenskaya–Babuska–Brezzi (LBB)
condition is violated, a direct pressure stabilization is used
to address this problem. As shown in this paper, compared to
the standard PFEM and the previously developed displace-
ment SPFEMformulation, the proposed stabilizedmixed u–p
ES-PFEM approach considerably improves the accuracy and
computational efficiency.

The adopted constitutivemodel is based on a hyperelastic–
viscoplastic formulation, with the viscoplastic contribution
formulated by an overstress function such as to represent a
Bingham-viscoplastic response. This model is ideally suited
for representing viscous fluids and fluid-like solid materi-
als such as fresh concrete [33–35] or fluidized geomaterials
[12,13]. As compared to regularized Bingham models [36],
elasto-viscoplastic models may trace initiation and stoppage
of theflowmore accurately and also describe residual stresses
in unloading conditions. These advantages are of substantial
interest for more advanced applications, like computational
simulations of additive manufacturing of concrete structures,
where the material shows a rather complex response some-
where between a fluid and a solid state during the printing
processes [37,38].

The structure of the remainder of the paper is as follows:
In Sect. 2 the theoretical framework of the proposed ES-
PFEM model is given. This section provides an overview of
the constitutivemodel for fresh concrete, the governing equa-
tions and the weak form of the numerical model. Section 3
describes the edge-based smoothed particle finite element
formulation, the finite element discretization and the algo-
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rithmic formulation to solve the resulting linearized systemof
equations. In Sect. 4 a number of numerical benchmarks are
discussed to investigate the properties and features of the pro-
posed model. Conducted numerical studies are presented for
elastic benchmarks, including the (almost) incompressible
Cooks membrane and an oscillating elastic beam example
and viscoplastic examples, including the planar Poiseuille
flow benchmark, a channel-flow test and a slump-flow test.
Finally, in Sect. 4.6 a 3D-concrete-printing test is simulated
numerically by means of the proposed ES-PFEM model.

2 Theoretical framework

The modeling strategy of the proposed formulation must
be able to account for large deformations, finite strains and
evolving free surfaces to adequately capture the kinematics
involved. In this section an appropriate material model and
the underlying strong and weak forms of the problem are
introduced, which form the basis for a consistent theoretical
framework at finite strains.

2.1 Constitutive model and kinematic relations

In the proposed model, the constitutive description of the
material is based on a hyperelastic–viscoplastic formulation
with a local multiplicative decomposition of the deformation
gradient Fi j = ∂xi/∂X j into elastic and viscoplastic parts
as

F = FeFvp, (1)

with the elastic and viscoplastic deformation gradients Fe

and Fvp and with X and x denoting the coordinates in the
reference and current configuration, respectively. Hence, an
intermediate unstressed viscoplastic configuration is postu-
lated, which can be obtained by a purely elastic unloading in
the current configuration. Under the assumption of isotropic
elastic behavior and no further internal variables, a hyper-
elastic potential ψ(be) can be defined as a function of the
elastic left Cauchy–Green tensor be,

be = Fe(Fe)T . (2)

Given the multiplicative decomposition of the deformation
gradient according to Eq. (1), the elastic and viscoplastic
velocity gradients are obtained as

le = Ḟ
e
(Fe)−1, (3)

Lvp = Ḟ
vp

(Fvp)−1. (4)

Note that Lvp is defined on the intermediate viscoplastic con-
figuration. However, using Eq. (1), the spatial viscoplastic

velocity gradient can be formulated as

lvp = FeLvp(Fe)−1 = l − le, (5)

with the spatial velocity gradient l . Furthermore, the veloc-
ity gradients can be decomposed into symmetric and skew
symmetric tensors as

de = 1

2

(
le + (le)T

)
, we = 1

2

(
le − (le)T

)
,

dvp = 1

2

(
lvp + (lvp)T

)
, wvp = 1

2

(
lvp − (lvp)T

)
,

Dvp = 1

2

(
Lvp + (Lvp)T

)
, Wvp = 1

2

(
Lvp − (Lvp)T

)
. (6)

Based on the kinematic relations given in Eqs. (1)–(6), the
constitutive model is outlined in more detail in the following
sections using a formulation in termsof theKirchhoff stresses
τ . The Kirchhoff stresses are related to the true (Cauchy)
stresses σ via τ = σ J , with J denoting the determinant of
the deformation gradient.

2.1.1 Viscoplastic model

An elasto-viscoplastic model is proposed to represent the
behavior of Bingham-like fluid models, allowing for sim-
ulations of fluid or fluid-like solid materials with a single
constitutive law. The adopted viscoplastic formulation is
based on a representation of the plastic multiplier using an
overstress function [39]. Hence, the algorithmic scheme of
the visoplastic model is similar to standard rate independent
plasticity models. The material need to satisfy the von Mises
yield function

Φ(τ ) =
√
1

2
dev[τ ] : dev[τ ] − τ0, (7)

with the yield stress τ0 and the equivalent stress τeq =√
1
2dev[τ ] : dev[τ ]. The rate of the left Cauchy–Green tensor

(Eq. (2)) is given as [40]

ḃ
e = lebe + belT + Lvbe, (8)

with the Lie derivative of the left Cauchy–Green tensorLvbe.
Assuming material isotropy, and using Eq. (8), the plastic
dissipation can be written in the following form

D = τ :
(

−1

2
(Lvbe)(be)−1

)
≥ 0. (9)

With the assumption of the plastic spin Wvp = 0, the Lie
derivative is given as

Lvbe = −2 dvp be, (10)
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with dvp specified by the flow rule [41]

dvp = γ̇m, (11)

with γ̇ denoting the plastic multiplier and m the direction of
the plastic flow. Adopting an associative flow rule following
from the principle ofmaximumplastic dissipation,m is given
as

m = ∂Φ(τ )

∂τ
=
√
1

2

dev[τ ]√
dev[τ ] : dev[τ ] . (12)

The plastic multiplier γ̇ needs to satisfy the Kuhn–Tucker
loading/unloading conditions, defined for classical rate-
independent plasticity as [42]

Φ(τ ) ≤ 0, γ̇ ≥ 0, Φ(τ )γ̇ = 0, (13)

along with the consistency condition

γ̇ Φ̇(τ ) = 0. (14)

The viscoplastic flow of the material is defined by expressing
the plastic multiplier using an overstress function as [39]

γ̇ = < f (τ )>

μ
, (15)

with the viscosity parameter μ and the McCauley brackets
“< . >” defined as

< f (τ )> =
{
f (τ ) if f (τ ) ≥ 0,

0 if f (τ ) < 0.
(16)

The viscoplastic Bingham flow model is obtained by setting
the overstress function equal to the yield function Eq. (7),
which yields

f (τ ) = τeq − τ0. (17)

2.1.2 Hyperelastic potential

Considering isotropy of the material, the viscoplastic model
is formulated in principal stretches according to [40]. This
formulation has the advantage that all features of classi-
cal infinitesimal plasticity models are retained and standard
returnmapping algorithms from small strain plasticity can be
used without any modification. To this end, we make use of
the spectral decomposition of the elastic left Cauchy–Green
tensor

be =
3∑

A=1

(
λeA
)2 nA ⊗ nA, (18)

with the eigenstretches λeA and the eigenvectors nA (with
A = 1, 2, 3). The principal logarithmic elastic eigenstretches
are then defined as εeA = ln(λeA). The hyperelastic potential
using principal logarithmic eigenstretches is given as

ψ = G
((

εe1
)2+(εe2

)2+(εe3
)2)+ 1

2

(
K − 2

3
G

)
ln(J e)2,

(19)

with G as the shear modulus, K the bulk modulus and J e

denoting the determinant of the elastic deformation gradient
with ln(J e) = εe1 + εe2 + εe3.

The principal Kirchhoff stresses can be obtained from
τA = ∂ψ

∂εeA
. Since the Kirchhoff stresses share the same eigen-

vectors as the elastic left Cauchy–Green tensor,

τ =
3∑

A=1

τAnA ⊗ nA. (20)

The spatial constitutive tangent moduli are given as

J c =
3∑

A,B=1

∂τA

∂εeB
nAABB −

3∑

A=1

2τAnAAAA

+
3∑

A,B=1

τA
(
λeB

)2 − τB
(
λeA

)2
(
λeA

)2 − (λeB
)2 (nABAB + nABBA) ,

(21)

with nABCD = nA ⊗nB ⊗nC ⊗nD . The constitutive tensor
is obtained from a lengthy derivation using the rate form
Ṡ = C : Ė with the Second Piola Kirchhoff stresses S, the
material constitutive tensorC and theGreen–Lagrange strain
tensor E. The full derivation and a treatment for the case of
equal eigenvalues based on L’Hospital rule can be found in
[43–45].

2.2 Governing equations

The local form of the balance of momentum on the domain
Ω in a time interval [0, T ] is given as

ρai − ∂σi j

∂x j
− ρbi = 0, in Ω × (0, T ), (22)

where ρ denotes the density of the material, ρbi the external
body forces acting on the domain and ai denotes the acceler-
ation. The displacements ui are prescribed on the Dirichlet
boundary Γ u as

ui = u∗
i , on Γ u × (0, T ), (23)
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with the prescribed displacements u∗
i . The tractions t∗i are

prescribed on the Neumann boundary Γ t as

n jσi j = t∗i , on Γ t × (0, T ), (24)

with the normal vector n j .
In case of plastic flow of the material, the flow rule (Eqs.

(11) and (12)) leads to a purely deviatoric flow direction.
Therefore, J = J e and plastic incompressibility arises, when
the yield stress of the material is exceeded. It is well-known
that a standard displacement finite element formulation pro-
duces poor results in case of incompressibility [46]. To avoid
problems associated with incompressible material behav-
ior, a mixed displacement pressure formulation is adopted.
Hence, the Cauchy stresses are split into a deviatoric and a
volumetric part,

σ = dev[σ̄ ] + p I, (25)

where Ii j = δi j , δi j being theKronecker delta. The stresses σ̄

are obtained from the uncoupled hyperelastic potential, Eq.
(19). Hence, the deviatoric portion of σ are directly evaluated
from the elastic left Cauchy–Green tensor be of an integration
point.However, the pressure p is obtained from the additional
relation [14]

1

3
tr(σ̄ ) − p = 0, in Ω × (0, T ), (26)

which can be further re-arranged using the constitutivemodel
Eq. (19) in the form

ln(J )

J
− p

K
= 0, in Ω × (0, T ). (27)

Equations (22) and (27) constitute the balance equations for
the proposed smoothed finite element formulation.

2.3 Weak form

Theweak form of the balance ofmomentum is obtained from
the typical procedure by multiplying Eq. 22 with an arbitrary
test function δu and integration over the current configuration
as [44,47]

∫

Ωt

δuiρaidΩt +
∫

Ωt

δDi jσi j dΩt −
∫

Ωt

δuiρbidΩt

−
∫

Ωt

δui t
∗
i dΓ t

t = 0,
(28)

where δDi j = 1
2

(
∂δui/∂x j + ∂δu j/∂xi

)
are the virtual

deformation rates andΩt is the volume in the current config-
uration. Equation (28) is already reformulated by applying

the divergence theorem to the part involving σi j and by using
the traction boundary conditions Eq. (24).

Using the arbitrary test function δp, the weak form of Eq.
(27) is obtained accordingly as

∫

Ω0

δp
ln(J )

J
dΩ0 −

∫

Ω0

δ p
p

K
dΩ0 = 0, (29)

where Ω0 is the volume in the reference configuration.
The choice of taking an integral over the reference or cur-
rent configuration is arbitrary and should result in the same
approximated pressures. However, integration over the ref-
erence configuration was chosen, since linearization of the
integral as given in Eq. (29) is much simpler. Integrals can be
transformed to another configuration by the standard relation∫
Ω0

JdΩ0 = ∫
Ωt

dΩt .

3 Numerical formulation

In this section, an overview of the numerical formulation
is presented. First, a short introduction in the particle finite
element method is given. Then the edge-based gradient
smoothing technique is outlined and the pressure stabilized
smoothed finite element approximation is described. Finally,
the incremental formulation and the solution algorithm are
briefly summarized.

3.1 The smoothed particle finite elementmethod

In the original particle finite element method (PFEM), the
domain is typically discretized by standard low order tri-
angular or tetrahedral finite elements [6,7] in an updated
Lagrangian description. The finite element discretization is
frequently re-meshed, when the mesh becomes too distorted.
This re-meshing procedure is based on a Delaunay triangula-
tion in conjunction with the alpha shapemethod for detecting
the free surface of the domain [48].However, in the context of
this work, two features of this original method are modified
to improve the method. Firstly, constrained Delaunay trian-
gulations are used and secondly, an edge-based smoothed
finite element formulation is adopted.

The proposed numerical formulation is intended for appli-
cations with free surfaces remaining continuous without
self-contact or excessive motions such as wave splashing.
Considering these assumptions, it is found that altering the
re-meshing procedure by using constrained Delaunay trian-
gulations offers advantages in comparison to the original
method in terms of free surface recognition and mass con-
servation, see for instance [20]. In constrained Delaunay
triangulations, the free surface of the domain must be known
in advance, so that it can be used as an input for the algo-
rithm. Hence, the connectivity of the free surface of the
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domain must remain unaltered over the simulation time, or
it must be adapted manually. Refining, updating or keep-
ing track of the free surface is straightforward in 2D. In 3D
however, due to the higher degree of geometrical freedom,
guaranteeing for a well-shaped surface triangulation is very
difficult. Therefore,when necessary, the free surface is recov-
ered from an additional Delaunay triangulation, improved
by a deletion of all elements that were not located inside
the old discretization. Note that the initial free surface trian-
gulation at the start of the simulation is obtained from the
alpha shape method. Furthermore, by adopting a constrained
Delaunay triangulation in conjunction with a mesh quality
improvement algorithm, sliver and badly shaped elements are
avoided, see [49]. Typically in PFEM algorithms, contact is
modeled by using contact elements that are naturally formed
during the re-meshing procedure. However, for a more accu-
rate representation of the boundaries in this work, contact
with the ground is modeled by means of a standard penalty
method, see [6,9,20] for more details on contact treatment in
PFEMsimulations.However, self-contact or contact between
bodies is not included in the current implementation.

A drawback of Lagrangian particle methods is that
throughout the simulation procedure clogging or separation
of particles might happen, which is circumvented by deletion
or insertion of particles. In case of insertion of new parti-
cles, solution variables are linearly mapped onto the new
particles. Even though, PFEM was developed as a particle
method in the field of fluid dynamics and soon found appli-
cation in problems involving solid mechanics [12,13,16–19].
Therefore, in addition to the solution variables, also internal
variables located on the Gauss points need to be mapped to
the new discretization, due to changes of nodal connectivi-
ties after the re-meshing procedure. The mapping of internal
variables is accomplished by a mesh-to-mesh based nearest
neighbor interpolation, which is commonly used in PFEM
formulations [13,14,19,20]. With this algorithm, diffusion
of internal variables during re-meshing is minimized.

The algorithmic steps involved in the smoothed particle
finite elementmethod (SPFEM) are summarized for one time
step (n → n + 1) as follows:

1. Define the point cloud with the free surface and initialize
the calculation of the current time step tn .

2. Generate a newfinite element discretization using the con-
strained Delaunay triangulations of the point cloud and
project all variables from the old to the new discretiza-
tion.

3. Solve the systemof equations in the updated configuration
at tn+1 = tn + Δt .

4. Update the particle positions based on the calculated dis-
placement increment from the previous step. Go back to
step 1 and repeat this procedure for the next time step, if
tn < tmax .

Fig. 1 Finite element mesh and edge-based smoothing cells

3.2 Edge-based gradient smoothing

In contrast to elemental integration, as employed in standard
FEM, in edge-based smoothing techniques the integration
of terms involving the smoothing operator are performed on
cells associated with each element edge. These smoothing
cells are constructed from the finite element mesh by using
the mid points of the elements and nodes as shown in Fig. 1.

In thiswork an edge-based smoothing approach is adopted
for the 2D case. The adopted 3D extension of this approach
is face-based smoothing. For convenience, in the following
the term “edge-based smoothing” is used in all derivations,
knowingly that the 3D extension is a face-based approach.
However, edge-based smoothing can also be used in 3D [26],
leading to even better properties than the face-based alterna-
tive. The edge-based smoothing operation is applied to the
gradient of the displacement field on each smoothing domain
Ωk of edge k as

ũki, j
(
xk
) =

∫

Ωk
ui, j (x)Wk(x − xk) dΩk, (30)

with the displacement gradient ui, j = ∂ui/∂x j and the
smoothing function Wk . The smoothing function Wk must
satisfy the partition of unity. A widely used smoothing func-
tion is the Heaviside smoothing function defined as

Wk(x − xk) =
{
1/V k if x ∈ Ωk,

0 if x /∈ Ωk,
(31)

with V k denoting the area in 2D or volume in 3D of the
smoothing domainΩk . The smoothed displacement gradient
is reformulated by applying the divergence theorem to Eq.
(30) and using Eq. (31) as

ũki, j = 1

V k

∫

Γ k
ui (x)nkj (x) dΓ k, (32)
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with the normal vector nk on the boundaryΓ k of the smooth-
ing domain Ωk .

3.3 Finite element discretization

The governing equations are discretized by low order trian-
gular (in 2D) and tetrahedral finite elements (in 3D) in an
updated Lagrangian formulation. Hence, the solution vari-
ables and test functions are discretized by finite element
shape functions as [46,50],

u = Nu ū, δu = Nuδū,

p = N p p̄, δp = N pδp̄,
(33)

with the shape functions for the displacement and pressure
fields Nu and N p, the nodal values of the displacements
ū and of the corresponding test function δū, and the nodal
values of the pressure p̄ andof the test functionof the pressure
field δp̄.

Using the finite element discretization introduced in Eq.
(33), the smoothed displacement gradient Eq. (32) can be
formulated as

ũki, j =
∑

I∈Nk

b̃kI j u I ,i , (34)

where Nk refers to all nodes connected to edge k. b̃kI j are the
smoothed derivatives of the shape functions,

b̃kI j = 1

V k

∫

Γ k
NI (x)nkj (x) dΓ k . (35)

The smoothed derivatives of the shape functions Eq. (35)
can be evaluated using Gauss integration over all boundary
segments ofΓ k . Alternatively, when triangular or tetrahedral
elements with linear shape functions are used, the values of
b̃kI j are constant and can be obtained simply by a volume
weighted average of the associated elemental derivatives of
the shape functions, see [21].

The finite element discretization Eq. (33) together with
edge-based smoothing of the displacement gradient Eq. (35)
are applied to the weak form Eqs. (28) and (29) to yield the
discretized system of equations as

Ru = Fu,int − Fu,ext + Muu ā = 0, (36)

R p = F p − K pp,K p̄ = 0, (37)

with the nodal values of acceleration ā. The matrices and
vectors in Eqs. (36) and (37) are obtained from assembling
the element- and edge-based contributions as

Fk
u,int = B̃

kT
σ V k (38)

Fe
u,ext =

∫

Γ e,t
NT

u t
∗ dΓ e,t +

∫

Ωe
NT

u ρb dΩe, (39)

Me
uu =

∫

Ωe
NT

u ρNu dΩe, (40)

Fe
p = NT

p
ln(J )

J 2
V k, (41)

K e
pp,K =

∫

Ωe
NT

p
1

J

1

K
N p dΩe, (42)

with the elemental volume Ωe and the smoothed gradient

operator B̃
k
. The mass matrix Me

uu is used in lumped form.
The term Fe

p is evaluated at the mid point of edge k. Note
that all integrals are evaluated in the updated configuration.

The smoothed gradient operator B̃
k
depends on the number

of nodes Nk connected to edge k and is given as

B̃
k =

[
B̃
k
1, · · · , B̃

k
I , · · · , B̃

k
Nk

]
. (43)

For the 2D case, B̃
k
I is given for a node I connected to edge

k as

B̃
k
I =

⎡

⎣
b̃kI1 0
0 b̃kI2
b̃kI2 b̃kI1.

⎤

⎦ (44)

The size of B̃
k
varies, for internal and free surface edges, and

for 2D and 3D problems, respectively, since the number of
nodes Nk connected to edge k changes.

3.4 Stabilization

Given the residuals Eqs. (36) and (37), using equal order lin-
ear finite element shape functions for both the displacement
and the pressure field, will violate the Ladyzhenskaya–
Babuska–Brezzi (LBB) condition. In this work, a direct
pressure stabilization technique based on the polynomial
pressure projection (PPP) is chosen to stabilize the mixed
formulation [51]. The stabilization technique is based on
a projection of the C0 approximated pressure field onto a
pressure field approximated with a one order lower approx-
imation, which is consistent with the discontinuous stress
field. Hence, the inconsistencies between an equal order
interpolation for the displacement and pressure field are
resolved. This projection operator is added to the balance
of mass, leading to

∫

Ω0

δp
ln(J )

J
dΩ0 −

∫

Ω0

δp
p

K
dΩ0,

−
∫

Ω0

(δp − δp̆)
αstab

G
(p − p̆) dΩ0 = 0,

(45)
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where αstab denotes a parameter for tuning the level of sta-
bilization and p̆ denotes the discontinuous approximation
of p onto a polynomial space of one order lower than the
approximation for p. Using this stabilization technique, no
mesh dependent stabilization parameter needs to be intro-
duced and no higher-order derivatives need to be calculated.
The stabilization can be computed for each element from the
definition of the projection operator as

∫

Ω0

δp̆(p − p̆) dΩ0 = 0. (46)

Therefore, Eq. (37) is modified as

R p = F p − K pp,K p̄ − K pp,stab p̄ = 0, (47)

with the stabilitymatrix K pp,stab in the current configuration
and re-written by using Eq. (46) as

K e
pp,stab =

∫

Ωe

αstab

JG

(
NT

pN p − N̆
T
p N̆ p

)
dΩe (48)

where N̆ p are the discontinuous polynomials given in 2D as
N̆ p = [1/3, 1/3, 1/3]T .

3.5 Algorithmic formulation and stress update
procedure

To solve the constitutive model as outlined in Sect. 2.1, an
incremental kinematic proceduremust be introduced. Let Fn

be the deformation gradient at time tn and let Fn+1 be the
deformation gradient at the updated time tn+1, the incre-
mental deformation gradient is defined by a multiplicative
decomposition of the deformation gradient as

f n+1 = Fn+1 · F−1
n = I + ∇nΔun+1, (49)

with Δun+1 as the incremental displacement and ∇n =
∂/∂xn . The temporal discretization of the viscoplastic part
is based on an exponential integrator using the viscoplastic
velocity gradient Eq. (4) as

Fvp
n+1 = exp

[
Δt Lvp

n+1

]
Fvp
n . (50)

After straightforward manipulations, the updated elastic left
Cauchy–Green tensor is obtained as

ben+1 = exp
[
Δt dvp

n+1

]
be,tr ialn+1 exp

[
Δt dvp

n+1

]T
, (51)

with the trial elastic left Cauchy–Green tensor and its repre-
sentation in principal stretches given as

be,tr ialn+1 = f n+1 b
e
n f Tn+1

=
3∑

A=1

(
λ
e,tr ial
A,n+1

)2
ntr ialA ⊗ ntr ialA .

(52)

Note that ben+1 and b
e,tr ial
n+1 share the same eigenvectors ntr ialA

by definition, see for instance [40]. Furthermore, by applying
the tensor logarithm to Eqs. (51) and (52) the (trial) principal
logarithmic stretches are given as εeA = ln(λeA), which are
updated according to

ln
(
λeA
) = ln

(
λ
e,tr ial
A

)
− Δγn+1mA,n+1, (53)

where mA,n+1 is the direction of the plastic flow (see Eq.
12) in principal axes A = 1 . . . 3. Hence, the combination of
an exponential integrator and a hyperelastic model based on
principal logarithmic stretches leads to an additive decom-
position into elastic and viscoplastic parts of the principal
logarithmic strains and, therefore, a standard small strain
return map algorithm can be used when the yield function
is violated, for details we refer to [40–42].

The updated elastic left Cauchy–Green tensor and Kirch-
hoff stresses are then defined as

ben+1 =
3∑

A=1

(
λeA,n+1

)2 ntr ialA ⊗ ntr ialA , (54)

τ n+1 =
3∑

A=1

τA,n+1ntr ialA ⊗ ntr ialA . (55)

The updated Cauchy stresses are further obtained with
σ̄ n+1 = τ n+1/J . Consequently, the only internal variable
defining the current stress state is the elastic left Cauchy–
Green tensor be, which, as a reminder, is defined on the
element edges in 2D or faces in 3D due to the adopted
smoothed FE formulation.

As outlined inSect. 3.1, the internal variables are projected
by a mesh-to-mesh based nearest neighbor interpolation
during re-meshing. However, it was found that during re-
meshing and after projection of internal variables the new
residual R p in Eq. (47) may be perturbed away from equi-
librium, which would slow down the convergence of the
solution procedure, and more iterations would be neces-
sary. Accordingly, the projection operation is relaxed with
respect to the determinant of the deformation gradient J by
replacing the projection of J by an incremental superconver-
gent patch recovery projection to yield a smoother residual
R p. Therefore, the determinant of the smoothed incremen-
tal deformation gradient j kn+1 = det( f kn+1) of an edge k is
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projected on the node l, using the volume average as follows:

j ln+1 =
∑

k∈Nl j kn+1 V
k/h

∑
k∈Nl V k/h

J ln+1 = J ln j ln+1,

(56)

with j ln+1 being the relative determinant of the deformation
gradient of node l, Nl are all edges connected to node l and
h is 2 or 3 in 2D or 3D, respectively. During re-meshing, the
isochoric elastic left Cauchy–Green tensor is still obtained
from the original projection algorithm, while the volumetric
part of the elastic left Cauchy–Green tensor is recovered from
the nodal determinant of the deformation gradient as given
in Eq. (56). This procedure considerably improves the con-
vergence properties and renders the solution process more
robust, while the introduced diffusion effect remains small.
A numerical example demonstrating the effect of this modi-
fication is discussed in Sect. 4.2.

3.6 Solution algorithm

Equations (36) and (47) define the final system of equations,
which must be solved iteratively. Note that discretization in
time of the kinematic variables is performed by the implicit
α-Bossak scheme [52]. In the following, the solution algo-
rithm is summarized for one time step (n → n+1) to obtain
the results in the updated configuration at tn+1. The iteration
counter is denoted as i defining the i th iteration. The solu-
tion procedure is described here, for simplicity, for the 2D
version. The implementation has been performed in 2D and
3D, with the extension to 3D being straightforward. It can be
partitioned into 7 algorithmic steps:

(1) Initializationof variables: Set x̄in+1 = x̄n ;Δūin+1 = 0;

p̄in+1 = p̄n ; b
e,i
n+1 = ben

(2) Calculate the residuals Ri
u,n+1 and Ri

p,n+1 according
to (36) and (47).

(3) Calculate the tangent matrices as

K =
[
K uu K up

K pu K pp

]
(57)

where the sub-matrices are given as [44]

K uu = (1 − α)/(Δt2β)Muu + K uu,geo + K uu,mat , (58)

K pp = −K pp,K − K pp,stab, (59)

K k
up = B̃

kT
mNk

p V
k, (60)

K k
pu = NkT

p
1 − ln(J )

J 2
mT B̃

k
V k, (61)

with α and β denoting time integration parameters from the
α-Bossak scheme [52], m = [1, 1, 0]T in 2D and the ele-
mental geometrical stiffness matrix K e

uu,geo and the material

stiffness matrix K e
uu,mat are defined as

K k
uu,geo = G̃

kT [σ k]G̃k
V k, (62)

K k
uu,mat = B̃

kT
c̃k B̃

k
V k, (63)

with the algorithmic constitutive modulus of the mixed for-
mulation c̃k = ckdev,evp + p(I ⊗ I − 2I), where Ii jkl =
(δikδ jl + δilδk j )/2 is the fourth order symmetric identity
tensor. The constitutive tensor ckdev,evp is simply the devi-
atoric version of Eq. (21) in conjunction with the consistent
small strain elastic–viscoplastic consitutive tensor [44,45].

The matrix G̃
k
is (in 2D) given for a node I connected to

edge k as

G̃
k
I =

⎡

⎢⎢
⎣

b̃kI1 0
b̃kI2 0
0 b̃kI1
0 b̃kI2

⎤

⎥⎥
⎦ ,

and [σ k] is defined as

[σ k] =
[
σ k 0
0 σ k

]
.

4) Solve the system of equations

K
[
Δū
Δ p̄

]
= −

[
Ri
u,n+1

Ri
p,n+1

]

. (64)

(5) Update the solution variables

Δūi+1
n+1 = Δūin+1 + Δū,

p̄i+1
n+1 = p̄in+1 + Δ p̄,

x̄i+1
n+1 = x̄n + Δūi+1

n+1,

(65)

and update the velocities and accelerations according to the
α-Bossak scheme [52].

(6) Update the elastic left Cauchy–Green tensor and the
stresses according to Sect. 3.5 and perform a return map
algorithm, when the yield condition Eq. (13) is violated.

(7) Calculate the residuals using the updated variables
by repeating step (2) and check for convergence: When∥∥∥Ri+1

u,n+1

∥∥∥ /
∥∥Ru,n

∥∥ < tol and
∥∥∥Ri+1

p,n+1

∥∥∥ /
∥∥Rp,n

∥∥ < tol, the

solution has converged and the time step calculation is fin-
ished. Set n = n + 1 and repeat the calculation for the next
time step by starting at step (1). If the solution has not con-
verged, update the iteration counter by setting i = i + 1
and repeat steps (3)–(7). In this work the value of the error
tolerance tol was set to 10−10.

Due to the adopted edge-based strain smoothing tech-
nique, the bandwidth of the stiffness matrix is a few times
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larger than in standard FEMusing the samediscretization and
therefore the overall solution algorithm is computationally
more expensive, see [21]. Hence, it was found that calculat-
ing the tangent matrices only once at the beginning of each
time step using the values from the previous time step was
the most efficient way to solve the system of equations in the
studied examples in this work. Due to generally small time
steps employed in PFEM simulations, the solution typically
converged within a few iterations. Further improvements and
modifications may be tested in the future, including stag-
gered schemes [10,11,53] or explicit algorithms [54]. Also
note that contributions from the contact definition are omit-
ted here for simplicity. As already pointed out in Sect. 3.1,
a standard penalty method is adopted for contact with the
ground surface.

4 Numerical benchmark studies

In this section different numerical studies are conducted
to evaluate the performance of the proposed edge-based
smoothed PFEM (ES-PFEM) formulation. In the first bench-
mark study the Cook’s membrane is used to demonstrate the
properties of the proposed numerical model in comparison to
other numerical formulations (e.g. a pure displacement FE
formulation) for a quasi-incompressible problem. The sec-
ond study shows the performance of the proposed numerical
model in a dynamic problem, using an elastic dynamic can-
tilever beamexample. Thefirst two studies reveal the superior
properties of the proposed edge-based smoothed FE model
compared to a standard FE formulation. In the third example
the planar Poiseuille flow is used to verify the implemented
constitutive law to simulate the flow of a Bingham fluid. The
next two studies are the channel flow test and the slump flow
test, which are concrete flow related benchmarks. The chan-
nel flow test is studied in 2D, while the numerical simulation
of the slump flow test is carried out in 3D. The final exam-
ple is concerned with the modeling of the extrusion process
of a 3D-concrete-printing scenario. Five different numeri-
cal formulations, including three variants of the Edge-based
smoothed FEM,

– ES-FEM-USP: Edge-based smoothed FEMwith the pro-
posed displacement pressure formulation and pressure
stabilization,

– ES-FEM-UP: Edge-based smoothed FEM with the pro-
posed displacement-pressure formulation,

– ES-FEM-U: Edge-based smoothed FEMwith an equiva-
lent displacement formulation (only displacement as the
prime variable),

and two variants of a standard FE model,

• FEM-UP: Standard FEMwith displacement pressure for-
mulation,

• FEM-U: Standard FEMwith an equivalent displacement
formulation (only displacement as the prime variable).

are investigated and compared in the presented studies. The
standard FEM models are based on the same theoretical
framework as the numerical features outlined in the previ-
ous sections.

4.1 Cook’s membrane

In this numerical study the properties of the proposed
smoothed finite element formulation are analyzed and com-
pared with different finite element formulations. This anal-
ysis shows the superior performance of the proposed model
for solving (quasi-)incompressible problems.

The Cook’s membrane is a well-known benchmark for
testing finite element formulations in 2D [55]. In accordance
with the original benchmark, a 2D plain strain model was
set up in a geometrically linear setting. Therefore, all non-
linear contributions in the balance equations were omitted
and a standard small strain linear elastic material model
was used, considering a quasi-incompressible material with
ν = 0.49999 and E = 250. The geometry and remaining
parameters are presented inFig. 2. The structure is discretized
by three edge-based smoothed finite element formulations
(ES-FEM-USP, ES-FEM-UP, ES-FEM-U) and two standard
FE formulations (FEM-UP, FEM-U) for different levels of
discretization.

In Fig. 3 the displacement at the top right corner of the
investigated membrane is plotted as a function of the num-
ber of degrees of freedom for the different finite element
formulations and discretizations. For comparison, the ref-
erence solution taken from [56] was included as a dashed
red line. As can be observed, the pure edge-based smoothed
displacement formulation (ES-FEM-U) tends to show volu-
metric locking and the results are only slightly better than
the standard FE displacement formulation (FEM-U). This
locking phenomenon can be effectively treated by the incor-
poration of a coupled displacement pressure formulation
(ES-FEM-UP), which increases the accuracy of the results
dramatically. Furthermore, by additionally stabilizing the
pressure (ES-FEM-USP, αstab = 0.5), the accuracy is even
further improved. The final results are also in a good agree-
ment with the reference solution [56] and only vary by less
than 1%. Furthermore, the results obtained with edge-based
smoothing are much more accurate in comparison to the
results obtained with the standard FE formulations.
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Fig. 2 Cook’s membrane: geometry and parameter of the analysis

Fig. 3 Cook’s membrane: displacement at the top right corner over
different finite element discretizations

4.2 Elastic dynamic cantilever beam

This study serves as a benchmark example for solving
dynamic problems. In this analysis the proposed model (ES-
FEM-UP) is also compared with standard FE formulations
without edge-based smoothing.

The study in focus is an undamped oscillating short elastic
cantilever beam subjected to a shear stress on the right edge in
2Dplain strain, seeFig. 4 formore details about the geometry.
The material parameters are E = 4 GPa, ν = 0.32 and ρ =
1450 kg/m3. This problem was studied in [57] and compared
to an analytical solution of a short beam. Furthermore, this
study was already carried out for a PFEM formulation in [8].
The simulation was studied with a time step sizeΔt = 0.001
s and a maximum time of tmax = 1 s. Different finite element
discretizations (5×17, 9×33, 17×65 and 33×129 number
of nodes in height and length direction) were analyzed to
assess convergence of the results.

Fig. 4 Elastic dynamic cantilever beam: setup and geometry of the
analysis

Fig. 5 Elastic dynamic cantilever beam: velocity magnitude at t = 1 s
for the proposed velocity–pressure edge-based smoothed finite element
formulation (ES-FEM-UP)

Fig. 6 Elastic dynamic cantilever beam: displacement at the mid-point
on the right edge over time for the proposed velocity–pressure edge-
based smoothed finite element formulation (ES-FEM-UP) and different
discretizations

Finally, the velocitymagnitude at t = 1 s is shown inFig. 5
for the proposed velocity–pressure edge-based smoothed
finite element formulation (ES-FEM-UP).

Furthermore, the displacement of the mid-point on the
right edge over time is given in Fig. 6 for different dis-
cretizations and the proposed velocity–pressure edge-based
smoothed finite element formulation (ES-FEM-UP). The
results predict a good agreement with the analytical solu-
tion provided in [57], which is also given in Fig. 6. The same
results for an equivalent standard FEM formulation (FEM-
UP) are depicted in Fig. 7. In comparison to Fig. 6 it can be
observed that the proposed edge-based smoothed formula-
tion gives more accurate results, especially for very coarse
discretizations.

In order to analyze the influence of the modified projec-
tion algorithm of J according to Eq. (56), the incremental

123



902 Computational Mechanics (2022) 69:891–910

Fig. 7 Elastic dynamic cantilever beam: displacement at the mid-point
on the right edge over time for the proposed velocity–pressure finite
element formulationwithout edge-based smoothing (FEM-UP) and dif-
ferent discretizations

Fig. 8 Elastic dynamic cantilever beam: displacement at the mid-
point on the right edge over time for the proposed velocity–pressure
edge-based smoothed finite element formulation using the modified
projection of J according to Eq. (56) after each time step (ES-FEM-
UP-J-proj) and different discretizations

superconvergent nodal projection of J followed by a back
projection to the element edges was performed after each
time step to mimic the re-meshing procedure (ES-FEM-UP-
J-proj). The results for the displacement of the mid-point on
the right edge over time are plotted in Fig. 8. Even after mul-
tiple oscillations of the beam, only marginal diffusion due to
this modification can be observed. Surprisingly, more accu-
rate results are obtained using this modification as compared
to the other formulations.

This can also be assessed from Fig. 9, where the maxi-
mum displacement is given for different finite element dis-
cretizations and formulations (including pure displacement
formulations). Results obtained from a coupled velocity–
pressure formulation in comparison to a pure displacement
formulation also give higher accuracy. However, this effect
is stronger for the standard FE formulations (FEM-U and
FEM-UP). This indicates that shear locking problems are

Fig. 9 Elastic dynamic cantilever beam: maximum displacement at the
mid-point on the right edge for different finite element formulations and
discretizations

effectively treated with the edge-based smoothed FE for-
mulation. Furthermore, results from the ES-FEM-UP for-
mulation including the incremental superconvergent patch
recovery projection of J according to Eq. (56) (ES-FEM-
UP-J-proj) performed after each time step are depicted in
Fig. 9. The results show an even higher accuracy than the
original formulation ES-FEM-UP without projection of J ,
indicating that this procedure not only improves convergence
of the solution algorithm, but also improves the accuracy of
the model in general.

Finally, based on computations on a standard personal
computer, the relative error of the maximum displacement at
the mid-point on the right edge is plotted over the accumu-
lated simulation time for different finite element formulations
in Fig. 10. The displacement error was calculated as eu =
(umax − umax, f d)/umax, f d with umax, f d as the maximum
displacement obtained from the finest discretization of the
respective finite element formulation. In accordance with
observations reported in [24], the CPU-time versus error dia-
grams demonstrate the superior computational efficiency of
the edge-based smoothing approaches as compared with the
standard FE formulations.

4.3 Planar Poiseuille flow

The Poiseuille flow is a well-known benchmark problem
in fluid dynamics conducted as a verification test for the
numerical model including the constitutive model presented
in Sect. 2.1. The geometry of the planar Poiseuille flow prob-
lem is depicted in Fig. 11. No-slip boundary conditions are
applied along the walls and the Poiseuille flow of a Bingham
fluid for three values of the yield stress was studied. Accord-
ing to [58] the analytical solution of the planar Poiseuille
flow of a Bingham fluid for the velocity in x-direction over
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Fig. 10 Elastic dynamic cantilever beam: relative error of themaximum
displacement at the mid-point on the right edge over the accumulated
simulation time for different finite element formulations

Fig. 11 Planar Poiseuille flow benchmark problem: geometry

the channel height is given as

vx (z) =
⎧
⎨

⎩

Fx
2μ

[( h
2

)2 − z2t
]

− τ0
μ

( h
2 − zt

)
, for 0 ≤ |z| ≤ zt ,

Fx
2μ

[( h
2

)2 − z2
]

− τ0
μ

( h
2 − |z|) , for zt < |z| ≤ h

2

,

with the dynamic yield stress τ0, the plastic viscosity μ,
the channel height h, the body force Fx and the channel
height zt = τ0/Fx at which the material yields. The model
and material parameters were specified as μ = 10 Pa s,
τ0 = 20, 50, 80 Pa, ρ = 1000 kg/m3, Fx = 20,000 N/m3

and h = 0.2 m. The elastic parameters were chosen large
enough, so that elastic strains became negligible. The simu-
lation was carried out by neglecting inertia effects to reach
the steady state solution in one time step. The computed
velocities in x-direction over the channel height z are plot-
ted together with the analytical solutions for the three levels
of yield stress in Fig. 12. The characteristic plug flow at the
channel center, where the yield stress τ0 of the fluid is not
exceeded, as well as the zero shear flow of the material at
the channel walls are well replicated and an overall perfect
match between analytical and numerical results is observed.

Fig. 12 Planar Poiseuille flow benchmark problem: comparison of the
computed velocity in x-direction along the channel height z and the
analytical solution for a Bingham fluid

It is noted that for this 1D flow problem, the presented vis-
coplastic model and the ideal Bingham fluid model yield
identical results.

4.4 Channel flow test

In the following numerical study a benchmark test related
to the flow of fresh concrete is simulated using the proposed
ES-PFEMmodel. The conducted numerical analysis is based
on the channel flow test, which is a suitable laboratory test
to asses the yield stress of self compacting concrete (SCC).
The experiment is characterized by the following procedure
[34]: Over 30 s 6 l of fresh concrete are carefully poured into
one end of a rectangular channel (l = 1.2 m, w = 0.2 m,
h = 0.15 m). After this pouring phase, a creep flow of the
material develops. When the material finally comes to rest,
the resulting shape of the fresh concrete allows the yield
stress τ0 of the material to be estimated. This laboratory test
is also used as a numerical benchmarkproblem for calibrating
numerical models. In [35] this test was performed in a com-
parative evaluation of different numerical models for a fresh
concrete with the following material properties: μ = 50 Pa
s, τ0 = 50 Pa and ρ = 2300 kg/m3. The same numerical
test was re-analyzed in this example with E = 0.1 MPa and
ν = 0.3. The results obtained for the final shape of the con-
crete were compared with the analytical solution provided in
[34].

The numerical analysis was performed in 2D assuming
plain strain conditions with different mesh discretizations
(1300, 4800 and 7300 elements at the end of the simulation),
a time step size of Δt = 2 × 10−4 s and a maximum time
step of t = 200 s. The stabilization parameter was chosen
as αstab = 200 to yield a stable pressure field. Note that
the effective stabilization is approximately the same as in the
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Fig. 13 Channel flow test: shape of the material at time steps t = 5 s,
t = 15 s, t = 30 s and t = 200 s for the finest mesh discretization

Cook’s membrane problem due to scaling of the stabilization
term in (45) with the shear modulus G. The same stabiliza-
tion parameter was also used in the remaining studies. The
pouring process of the material was simulated by an inlet
flow such that new elements were continuously pushed into
the channel, see Fig. 13.

The simulated shapes at different time steps (t = 5 s,
t = 15 s, t = 30 s and t = 200 s) obtained for the finest
finite element discretization are given in Fig. 13. In Fig. 14
the velocity magnitude is depicted for the time steps t = 5 s,
t = 15 s, t = 30 s and t = 200 s. As can be observed, the
velocity decreases to a very low number in the order of 10−5

m/s at t = 200 s, indicating an extremely slow creep flow at
t = 200 s. However, since the final shape of the material is
only influenced slightly by such a small velocity, we assume
stoppage of the flow at this point. Similar observations can
be made from Fig. 15, which shows the flow distance of the
concrete material over time for different finite element dis-
cretizations. As can be seen, the flow almost stops at around
80 s. Furthermore, it is noted that all three discretizations pre-
dict almost identical results. The final flow distance at 200 s
is 0.70532 m for the finest discretization. This value varies
by 1.02% from the average value found in [35] for differ-
ent numerical methods. Finally, a perfect agreement of the
final shape for the finest discretization in comparison to the
analytical solution, provided by [34], is found, see Fig. 16.

4.5 Slump flow test

Similar to the channel flow test in the previous Sect. 4.4, the
slump flow test is also a practice-oriented test to assess the
workability of fresh concrete. A conical frustum, see Fig. 17
is placed on a flat surface, filled with the fresh concrete and
then lifted up, so that the material can flow in all directions.

Fig. 14 Channel flow test: velocity magnitude at time steps t = 5 s,
t = 15 s, t = 30 s and t = 200 s

Fig. 15 Channel flow test: spread of the material over time for different
discretizations of the proposed ES-PFEM formulation

Fig. 16 Channel flow test: comparison of the shape of the material
at t = 200 s for the finest discretization of the proposed ES-PFEM
formulation with the analytical solution [34]

The final spread of the material gives a measure for the work-
ability of the tested fresh concrete [33]. The slump flow test
was already studied in a PFEM framework in [59,60] and
SPH framework [61]. However, in this analysis the same

123



Computational Mechanics (2022) 69:891–910 905

Fig. 17 Slump flow test:
Abrams cone

Fig. 18 Slump flow test: simulated shape of the fresh concrete after
t = 0.1 s, t = 0.2 s, t = 1 s and t = 60 s obtained for the finest mesh
discretization

concrete specifications as provided by the example in [35]
and used in the previous Sect. 4.4 (μ = 50 Pas, τ0 = 50 Pa,
ρ = 2300 kg/m3, E = 0.1 MPa and ν = 0.3) was analyzed.
The final shape of the slump obtained from the proposed
ES-PFEM model was compared with the analytical solution
given in [33].

This numerical analysis was conducted in a 3D frame-
work by simulating one quarter of the cone, exploiting the
symmetry of the problem. A no slip condition was applied to
the ground surface. The analysis was performed with three
different finite element discretizations (10,000, 24,000 and
79,000 elements at the end of the simulation). The time step
size was Δt = 5 × 10−4 s with a maximum time step of
t = 60 s.

The shape of the slump at four stages of the setting (after
t = 0.1 s, t = 0.2 s, t = 1 s and t = 60 s) is shown in Fig. 18
for the finest mesh discretization.

Figure 19 shows contour plots of the magnitude of the
velocity at three stages after setting (t = 0.2 s, t = 0.5

Fig. 19 Slump flow test: spatial distribution of the magnitude of the
velocity at time steps t = 0.2 s, t = 0.5 s and t = 60 s

s, and t = 60 s). While in the initial stage, the maximum
velocity (in red color) is distributed at the top of the cone-
type shape, the flow distribution changes towards the edges
of the slump as it continues to spread radially. Similar as for
the channel flow test, a very slow creep flow with a velocity
in the order of 10−4 m/s is observed at 60 s. Hence, the final
spread of the material is only influenced slightly after t = 60
s, as is also confirmed by Fig. 20, which contains the radial
spread of the fresh concrete over time for three differentmesh
discretizations. The final shape of the cross section of the
slump at t = 60 s is compared with the analytical solution
[33] inFig. 21.The computeddiameter of the proposedmodel
varies by 6.01% in comparison to the conducted numerical
analyses in [35] and the average value found therein.

4.6 Numerical simulation of 3D-concrete printing

In this section, the ES-PFEM model is applied to 3D com-
putational simulations of the extrusion process of a concrete
printing experiment. In concrete printing, the fresh, flowable
concrete is extruded layer-wise to form structural compo-
nents without any use of additional scaffolding support
during casting [62,63]. It was shown in [63–65] that themate-
rial deformation of fresh concrete during extrusion can be
modeled with sufficient accuracy using viscoplastic consti-
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Fig. 20 Slump flow test: evolution of the slump (diameter) over time

Fig. 21 Slump flow test: final shape of the slump computed with the
finest mesh size at t = 60 s and compared with the analytical solution
[33]

tutive models. The conducted virtual experiment is based on
a one layer test documented in [64]. Thematerial was printed
with a round extrusion nozzle with a diameter of 5.6 cm, a
printing speed of 0.05 m/s, a distance between the extrusion
nozzle and the ground of 2.4 cm and a printed layer length of
50 cm, seeFig. 22. Thematerial flow inside the extrusion noz-
zle was not included in the simulation. Hence, the extrusion
flow of the fresh concrete was applied directly at the outlet of
the extrusion nozzle with a constant inlet velocity of 0.03447
m/s. To retain the full Lagrangian description of the model,
the inlet flow was realized by continuously pushing new ele-
ments into the domain. Furthermore, a no-slip condition was
applied to the interface between the fresh concrete and the
ground surface. Based on a previous numerical-experimental
analysis [64], typical material properties of 3D-printed fresh
concrete were adopted as follows: μ = 5 Pas, τ0 = 306 Pa,
ρ = 2078 kg/m3, E = 0.1 MPa and ν = 0.3. The time
step size was specified as Δt = 2 · 10−4 s. The material at
the extrusion nozzle was approximated with three different
finite element discretizations using a node spacing of approx-
imately 11, 15 and 19 number of nodes along the diameter,
which resulted in approximately 16,000, 80,000 and 184,000
finite elements after t = 10 s.

The printed shapes obtained from the finest mesh dis-
cretization are shown in Fig. 22 for three stages of the
extrusion process (t = 2 s, t = 6 s and t = 10 s). As can

Fig. 22 3D simulation of concrete printing: shape of the extruded fresh
concrete after t = 2 s, t = 6 s and t = 10 s
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Fig. 23 3D simulation of concrete printing: simulated cross section
after t = 10 s for three finite element discretizations

be observed, already after few seconds of printing, a steady
state printed cross section is obtained.

The printed cross sections resulting from analyses using
three mesh discretizations are shown in Fig. 23. The shapes
obtained for the different discretizations almost coincide.
This implies that already a coarse spatial discretization is able
to predict the expected cross section with sufficient accuracy.
The model results obtained for the finest mesh discretiza-
tion are validated by comparing the printed cross-section
with measurements from laboratory tests and with results
from numerical simulations using the regularized Bingham
model, both taken from [64]. Figure 24 shows the shapes
of the printed concrete after 10 s. Almost no difference is
found in comparison with the regularized Bingham model,
and only marginal differences are observed when comparing
the numerical predictions and the experimental data.

In Fig. 25 the spatial distribution of the magnitude of the
velocity (top) and the pressure (bottom) after t = 10 s is
illustrated in Fig. 22 along a longitudinal section and the
cross section, respectively. Evidently, the maximum veloc-
ity appears directly below the extrusion nozzle, while quickly
reducing almost to zerowhen thematerial touches the ground
surface.As alreadymentioned, after a few seconds of printing
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Fig. 24 3D simulation of concrete printing: simulated cross section
after t = 10 s. Comparison between the proposed ES-PFEMmodel and
the regularized Bingham model and experiments [64]

time, a steady state is obtained. The figure also shows that
the extrusion flow causes a pressure distribution, with the
maximum pressure spreading from the rear part of the extru-
sion nozzle to the ground surface. This pressure distribution
along the bottom face of the printed layer may significantly
influence the stability and the deformations of the printed
structure during multilayer printing.

Figure 26 shows the distribution of the equivalent stress
after 10 s obtained from the proposed ES-PFEM formulation
(top) and the standard PFEM formulation (bottom) along
the longitudinal section and the cross section, respectively.
The equivalent stress exceeds the yield stress only directly
below the extrusion nozzle. Hence, immediately after extru-
sion of the material, the material response is governed by
the regime below the yield stress. In contrast to regularized
Bingham models often used for the flow of fresh concrete,
the proposed elastic–viscoplastic model is able to capture the
stresses in this regime. This can be advantageous duringmul-
tilayer printing scenarios, when elastic deformations must be
captured, which may result in residual stress states during
printing. By comparing the equivalent stresses with the stan-
dard PFEMmodel in Fig. 26, a more continuous distribution
of the stresses is observed for the proposed ES-PFEM for-
mulation. However, stresses in the ES-PFEM formulation are
projected from the faces to the elements for amore convenient
post-processing, which may also contribute to some extent
to the slightly smoother stress state. Nevertheless, measuring
the influence of re-meshing and stress projections in PFEM
is not a trivial task. Based on the visual inspection of Fig. 26,
when adopting the smoothed FE formulation, a more smooth
stress state is observed which seems to be less influenced by
the re-meshing and stress projection procedure.

5 Conclusions

A mixed u–p edge-based Smoothed Particle Finite Element
(ES-PFEM) model has been proposed for simulating vis-

Fig. 25 3D simulation of concrete printing: distribution of the magni-
tude of the velocity and the pressure along the longitudinal section and
the cross section at t = 10 s

(a)

(b)

Fig. 26 3D simulation of concrete printing: distribution of the equiva-
lent stress obtained from the proposed ES-PFEM formulation (a) and
from the standard PFEM formulation (b) along the longitudinal section
and the cross section at t = 10 s

cous flow and large deformation problems in a 3D finite
deformation setting aiming to improve the original elemen-
tal integrated Particle Finite Element (PFEM) formulations
with respect to accuracy and convergence. The theoretical
and numerical formulations were outlined and properties of
this implementation were discussed in various benchmark
studies.

The numerical formulation is inspired by Smoothed Finite
Element Methods (SFEM) in order to improve the perfor-
mance of low order finite elements typically employed in
PFEM algorithms. An edge-based smoothing operation was
applied to the displacement gradient. This technique results
in stresses being carried on edges, instead of Gauss points as
in standard PFEM formulations. Hence, a more continuous
stress field over the element edges was enforced resulting in
higher accuracy of the numerical analysis results in compar-
ison to standard low order elements.
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Theadopted constitutivemodelwasbasedonahyperelastic–
viscoplastic consitutive law as it allows for the modeling of
viscous fluids and fluid-like solids. The hyperelastic poten-
tial was defined using principal logarithmic stretches and
the viscoplastic contribution was modeled by a Perzyna-type
overstress function. Due to the purely deviatoric flow rule
and the associated plastic incompressibility, a mixed u–p for-
mulation was used to archive high accuracy with the given
model.

The discussed examples in this work demonstrated the
capabilities of the numerical model and the superior prop-
erties of the proposed ES-PFEM formulation. In the first
study the Cook’s membrane was analyzed for the (quasi-
)incompressible case, by comparing convergence and accu-
racy of different numerical formulations. This example
revealed that the proposed model can efficiently avoid vol-
umetric locking and is therefore suitable for the proposed
viscoplastic formulationwith a purely deviatoric flow rule. In
the second analysis an oscillating elastic cantilever beamwas
taken as an example to compare the original PFEM model
with the proposed ES-PFEM model. This study showed a
higher accuracy and computational efficiencyof the proposed
ES-PFEM model in comparison to standard PFEM models.
Hence, a higher accuracy was obtained with less CPU-time
consumption. Moreover, it was shown that the incremental
superconvergent patch recovery of J according to Eq. (56)
(used as a projection procedure of J during re-meshing in
PFEM) resulted in negligible diffusion and increased accu-
racyof the formulation.Thefirst two studies indicated that the
inherited properties of low order finite elements in PFEMcan
be efficiently improved by the proposed edge-based gradient
smoothing technique. The third study served as a verification
test for the elasto-viscoplastic model to be able to replicate
the behavior of a Bingham fluid model. The analytical solu-
tion of the planar Poiseuille flow test was compared with
the proposed model, and a perfect match was found. Finally,
the fourth and fifth numerical benchmark studies were con-
cerned with simulations of the channel flow test in a 2D
framework and of the slump flow test in a 3D setting. Both
benchmark simulations showed good correlations with the
analytical solutions, which demonstrates the ability of the
proposed numerical model to adequately simulate the flow
behavior of fresh concrete. Interestingly, almost no influ-
ence of the mesh density on the predicted flow behavior was
found. In the final computational study the extrusion process
of a concrete printing experiment was analyzed by means of
the proposed ES-PFEM model in a 3D setting. The calcu-
lated shapes of the extruded concrete layer were compared
to laboratory tests from the literature. A good agreement
was found even for the coarsest discretization. Due to the
elastic–viscoplastic description of fresh concrete, stresses in
the regime below the yield stress can be captured. Hence, this
model has the ability to track elastic deformations and resid-

ual stresses duringmultilayer printing processes. For realistic
simulations of additive manufacturing of concrete at a larger
time scales, however, a more elaborated model is required to
account for structural build-up, plastic shrinkage and creep
which are relevant physical processes in printed concrete in
the deposition scale of 3D-concrete-printing [63].

In conclusion, it was shown that the proposed ES-PFEM
formulation is superior over the standard PFEMwith respect
to accuracy and computational efficiency. The proposed for-
mulation also showed minimal diffusion due to projection
operations of J during re-meshing and is potentially less
sensitive to mesh distortions [21], theoretically leading to a
smaller number of re-meshing steps. In addition, the pro-
posed implementation requires only minor changes in an
existing PFEM code. Despite the superior properties of the
proposed ES-PFEMmodel in comparison to standard PFEM
formulations, smoothed finite element formulations usually
require a larger amount of computational effort due to a
larger bandwidth of the stiffness matrix using the same dis-
cretization. For this purpose it might be desirable to rely on
a fully explicit algorithm in the future, to avoid the calcu-
lation of the stiffness matrix. It is noted that the projection
of internal variables during re-meshing is still necessary for
the proposed formulation. In this context, further investi-
gations are necessary and it might also be advantageous
to further investigate different smoothing techniques, like
imbricate [66,67] or node-based smoothing approaches, to
avoid re-meshing related projections of internal variables
[22,28], which are associated with individual unique proper-
ties. However, node-based SFEMmodels require a temporal
stabilization potentially leading to reduced accuracy. Even
though stresses do not need to be projected during re-
meshing, there still might remain a re-meshing related error
due to new nodal connectivities and, consequently, changes
of the smoothing volumes. Therefore, it is still an open ques-
tion, if such models would lead to an improvement of the
proposed model.
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