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Abstract

Forming of tires during production is a challenging process for Lagrangian solid mechanics due to large changes in the geometry
and material properties of the rubber layers. This paper extends the Arbitrary Lagrangian—Eulerian (ALE) formulation to
thermomechanical inelastic material models with special consideration of rubber. The ALE approach based on tracking the
material and spatial meshes is used, and an operator-split is employed which splits up the solution within a time step into a mesh
smoothing step, a history remapping step and a Lagrangian step. Mesh distortion is reduced in the smoothing step by solving
a boundary value problem. History variables are subsequently remapped to the new mesh with a particle tracking scheme.
Within the Lagrangian steps, a fully coupled thermomechanical problem is solved. An advanced two-phase rubber model
is incorporated into the ALE approach, which can describe green rubber, cured rubber and the transition process. Several
numerical examples demonstrate the superior behavior of the developed formulation in comparison to purely Lagrangian

finite elements.
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1 Introduction

Numerical simulation of the tire production process involves
the irreversible change in material properties due to its trans-
formation from the green state to the cured state. This process
requires molding the green rubber under pressure loading and
the application of high temperature to induce the vulcaniza-
tion reaction. Molding typically leads to large geometrical
changes of the tire profile to achieve the desired final shape.
The description of rubber in its green and cured phases as
well as the transition between the two phases as a single
material model has been recently proposed in [1,10]. In these
works, material models are formulated using finite strain the-
ory and utilizing the multiplicative split of the deformation
gradient, which allows the use of advanced inelastic rubber
models. However, the potential of these models in finite ele-
ment tire manufacturing simulations cannot be fully realized
due to the large distortions encountered during molding of
rubber using standard Lagrangian finite element codes. It is,
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thus, beneficial to enhance the standard Lagrangian formula-
tion with a remeshing technique. In this context, one can use
general adaptive remeshing methods, which change the data
structure and require remapping the whole description and
its solutions. A special kind of adaptive remeshing can alter-
natively be achieved by the Arbitrary Lagrangian—Eulerian
(ALE) formulation, which does not change the number of
finite elements or their connectivity, but only the location of
the nodes.

The conventional approach to solve finite element equa-
tions in solid mechanics is to attach the material points to
the spatial mesh. This pure Lagrangian description remark-
ably simplifies the solution algorithms as well as enables
a direct tracking of material boundaries. Moreover, history
variables required for inelastic materials can be assigned to
a unique reference point, which does not change through-
out the incremental solution. An obvious limitation of this
method is, however, that severe mesh distortion and entangle-
ment can occur in case of large strains and localized inelastic
deformations. In contrast, material in the Eulerian descrip-
tion is free to move with respect to a fixed spatial mesh.
This means that no distortion in the mesh can occur, but
tracking the boundaries and the material history becomes
complex. The weaknesses of the two aforementioned meth-
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ods in large deformation analysis motivated the development
of the ALE description, which seeks to combine the best of
both approaches. In this formulation, the finite element mesh
is not attached to the material or kept fixed in space. Rather,
it partially follows the material while at the same time it is
continuously moved relative to the material in order to reduce
element distortions. Thus, the ALE description has the poten-
tial for solving a variety of complex problems dealing with
large deformation, especially in forming and molding simu-
lations [14,15].

Though originally developed for fluid mechanics [16],
ALE formulations have quickly found their way into solid
mechanics [9,17,29]. However, early developments have
avoided the use of material laws based on hyperelasticity
and the multiplicative split of deformation gradient, opting
for rate models and hypoelastic relations. The reason for this
restriction is the absence of the material configuration in these
formulations, where they are usually described by velocity
based variables. Thus, it becomes difficult to obtain a total
deformation gradient, which is crucial for the analysis of
hyperelastic materials such as rubber. Two approaches have
been proposed to solve this limitation. The first, introduced
in [26], is similar to the conventional ALE formulations,
where it introduces an incremental deformation gradient and
requires the transportation of the elastic strains in addition to
the plastic history variables. The second method, proposed
in [30] for hyperelasticity and developed in [2,21] for multi-
plicative plasticity, introduces the material configuration as
a part of the formulation. This fact enables the evaluation of
the total deformation gradient, without the need of remap-
ping any of the elastic variables. Moreover, it allows the use
of a material particle tracking scheme for the inelastic history
variables.

An essential part in the ALE approach is the mesh
improvement scheme. To this end, several remeshing tech-
niques can be found such as, arbitrary user-defined motion,
volume-weighted smoothing, Laplacian smoothing and
equipotential smoothing [5]. More advanced approaches
such as adaptive rezoning for fluid-structure interaction [22]
and optimization-based mesh motion [4] have also been pro-
posed. In this work, the smoothing follows the approach in
[2,30] by solving a boundary value problem based on a fic-
titious elastic model to optimize the material and the spatial
meshes at the same time.

ALE equations can be solved as a monolithic fully coupled
problem as proposed by [3,30] for elasticity and [8,12] for
inelasticity. However, the staggered stepwise solution is more
common, because it minimizes the computational time for
ALE calculations and enables the use of the already available
Lagrangian formulation as a substep of the new approach.

In order to account for the relative velocity between the
material particles and the spatial mesh, a proper history
remapping algorithm is also required. The most widely used
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approaches in this context are explicit methods [25], such as
the Lax—Wendroff scheme, which requires the computation
of a smooth gradient of the advected variables. Alternatively,
Godunov’s scheme avoids the need for averaging to obtain
smooth spatial gradients. However, in both cases, the advec-
tion needs to be performed for each component of the history
variable, which make them expensive for material models
with a high number of history variables. Moreover, these
advection methods can lead to inadmissible values of the
history such as a negative equivalent plastic strain. The ALE
approach used in this work, by the incorporation of the mate-
rial mesh in the calculations, offers an alternative way for the
remapping of history through tracking of the material par-
ticles. This means that the location of a particle before and
after the smoothing step is exactly known, and can be used to
reassign the history variables regardless their number. Thus,
this method is well-suited for the large number of history
variables as involved in rubber curing models.

In this paper, an ALE finite element formulation for the
analysis of the general case of thermomechanical finite strain
models will be presented. It starts with the description of the
ALE kinematics and the staggered solution approach. Next,
a mesh smoothing approach is introduced and the history
remapping algorithm is explained. In Sect. 3, the thermome-
chanically coupled rubber vulcanization model is described.
Finally, numerical examples to demonstrate the capabilities
of the developed approach as well as rubber molding and
curing simulations are carried out.

2 Arbitrary Lagrangian-Eulerian formulation
2.1 ALE kinematics

The deformation mapping in the Lagrangian description is
constructed by defining the motion with respect to the mate-
rial configuration, which is fixed at the initial configuration.
The material and the initial configuration are in this case
equivalent and are used as the reference configuration. The
ALE description, on the other hand, introduces a reference
configuration, which is independent of both the material and
spatial configuration. If the reference configuration is fixed
at the initial configuration, see Fig. 1, a special formulation
is achieved, where the position of the material and the spatial
coordinates for a reference point m at a time ¢ can be defined
in terms of the material mapping X and the spatial mapping
Y as follows

X=Xm, 1), x,=v¢m,1). (1)

The physical deformation can then be calculated by the com-
posite mapping ¢ as
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Fig. 1 ALE kinematics with the initial configuration as the reference
configuration

p=voXx . @)

The deformation gradients corresponding to the above map-
pings, then, can be calculated as follows

ox
F=VnYy=_—, 3)
om
0X
Fy=VnX =, “)
om

where Vi, = Grady, is the gradient operator with respect to
the reference configuration. The physical deformation gradi-
ent is then calculated from the previous expressions as

F=F,F". )

The material and the spatial displacements can also be
defined as

uy =X, t)—m, uy, =1y @m,1)—m. (6)
Furthermore, the boundary conditions on the material con-
figuration B should be imposed in such a way (to preserve
the material character), that the material motion should not

cause any in- or outflow of material through the boundary,
which implies the condition

V¥ -N=0 on aB=0.%, @)

where Vy = 0X/dt is the material velocity and N is the
unit vector normal to the boundaries 8 = 9.4 . This con-
dition simply enforces zero material motion normal to the
boundary, while the tangential motion is still permitted. It
is worth noting that for a straight segment of the boundary,
the normal vector N is same for the whole segment, and,

thus, N corresponding to a material point moving along this
segment will not change over time, which allows the integra-
tion of the boundary condition over time as fz (Vy -N)dt =
ft Vydt-N =uy - N. This allows the above boundary con-
dition to be simplified for straight segments of the boundary
as follows

uy -N=0 on 8./, 3)

which may not always be possible to apply if the external
boundary of the initial problem is complex. This can be
circumvented by defining the ALE domain in uniform seg-
ments of the geometry, because, in most cases, high distortion
occurs in specific locations.

2.2 Staggered ALE algorithm

The material degrees of freedom introduced in the previous
section can be solved in a fully coupled simultaneous manner
along with the spatial degrees of freedom. Such a solution,
however, will be computationally inefficient. The alternative,
more common strategy to solve ALE formulations is the use
of staggered schemes. The global solution in this case can
be outlined in the following three steps. First, a smoothing
step is performed to calculate uy holding uy fixed in order
to minimize a certain mesh distortion measure. In the second
step, the history is remapped for the modified mesh. Finally,
a Lagrangian step to calculate uy while holding uy fixed is
performed to solve the governing balance equations of the
problem at hand. In this way, the ALE calculation reduces to
solving the same size of the problem as the Lagrangian case,
but with the addition of several iterations for the smoothing
phase. As suggested in [2], the Lagrangian step is solved at
the end of the time step and not at the beginning in order to
ensure that the governing equations are satisfied. Moreover, it
is in general not required to perform smoothing at every time
step, rather it can be performed after several pure Lagrangian
steps. Each phase will be described in detail in the following
sections. An example of how the staggered ALE algorithm
can be executed with ns as the total number of time incre-
ments and na the number of ALE smoothing steps is outlined
in Algorithm 1.

2.3 Mesh smoothing

The main aim of ALE formulations is to limit the distortion of
the spatial mesh. The method proposed in [2] achieves this
goal by choosing a material displacement field u 3, which
minimizes both the spatial mesh distortion as well as the
material mesh distortion based on the following minimization
problem
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Algorithm 1 Staggered ALE algorithm with ns time incre-
ments and na ALE smoothing steps.

1. Loop over the number of ALE smoothing steps na

(a) Advance time t,,41 = 1, + At
(b) Solve for material degrees of freedom X’ (smoothing step)
(c) Remap history variables, see Algorithm 2
(d) Solve for spatial degrees of freedom v (Lagrangian step)
(e) Loop over the remaining number of Lagrangian steps
(ns/na) — 1
i. Advance time t,,1] =1, + At
ii. Solve for spatial degrees of freedom  (Lagrangian step)

2. End of ALE loop

W = arg min [T, (ig)]. (C))

Ux

for a fixed physical deformation F,, where the functional
I, defines the distortion of the meshes by the scalar poten-
tial function Wy, as

= / W (FaF 5, F 2) d4 (10)
M

where definitions for W;,, will be discussed later in the sec-
tion and the function

F, = f(F,) Y

is used to allow the consideration of certain components of
the deformation for smoothing. If it is simply taken as F,, =
F,,, then, the smoothing is applied to the three displacement
components. The variation of the functional in Eq. (10) with
respect to the material deformations provides the boundary
value problem to solve the minimization problem as follows

3, = Gy

— //{ [FeS; +F Sz Gradm GX)d.tt,  (12)

where S ; and S j are second Piola Kirchhoff pseudo-stresses
given as

Wy
d S; =2
an 7 3C1/;

v Fe

W

S 13
#=25e, | (13)

The fixed physical deformation gradientis calculated as F,, =
FWF;{L , using deformation gradients F y, and Fy, of the
previous time step, considering that n + 1 is the current time
step. This leads to the spatial deformation gradient in terms
of the material mapping as follows

F;, =F,F;. (14)

v
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Distortion measures for FE meshes have been studied in the
context of automatic mesh generation [13,20,23]. In [23], a
distortion metric for isoparametric elements has been pro-
posed drawing the analogy between element distortion and
strain, where the deviation of an element from an ideal shape
is considered similar to bodies experiencing strains. Thus,
any invariant scalar energy function may be used to measure
mesh distortion, where the only condition is that it should be
purely deviatoric, since volumetric changes do not indicate
distortion. The following function is used

1 - 1 =
Wem = EMW (IC (FnF/?) — 3) + EIJ/X (IC (F/{’) - 3) >
(15)

where I_C is the first invariant of the isochoric part of C,
defined as

fc (F) = J73w(C), with  J = det (F) (16)

and C = FTF is the right Cauchy—Green deformation tensor.
As can be seen, the utilized smoothing potential is simi-
lar to energy functions used in hyperelasticity. Furthermore,
the parameters py and wy control the smoothing process
through the ratio yty/uy, while their absolute value is not
relevant. It is worth noting that reducing the distortion in
the two meshes are competing objectives, when solving Eq.
(12), where /4y, = oo retrieves the Lagrangian formula-
tion while 1ty /iy = 0 means maximum smoothing of the
spatial mesh on the expense of the material mesh. A value of
nx/my = 0is, however, not the optimum choice, because it
causes excessive distortion and entanglement in the material
mesh, what may lead to failure in history remapping algo-
rithms.

The solution of Eq. (12) follows the same procedures used
in the linearization of finite strain equations in the reference
configuration, see “Appendix A”. The potential function def-
inition in Eq. (15) leads to the following pseudo stresses

_2 1 -1
Sg = pady (1 - lwcpc ) , (a7)
_2 1
o 3 (1= Ztr(C-H)C=!
Sy = nyJ; (1 S(CyC; > (18)

Pseudo tangents C 3 and (CJ/ can then be obtained in a stan-
dard way as

aS 2 2
=2— =—ZpJ i |CcC'®1+1 -1
C=255=—3n/ z[c ®14+1®C
1 1ol ac!
— —t t 1
3 r(C)C' ® C' +tr(C) ac | (19)
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Fig.2 History remapping by material particle tracking

where the derivative of the inverse of the symmetric tensor
C reads

8Cl._.1 1
y AR N i P R (S
e =3 (ci'ci! +¢'cy). (20)

2.4 History remapping

The ALE approach discussed in the previous sections already
includes the material configuration. This means that the dis-
placement field uy represents the motion of the material
particle X with respect to the fixed reference mesh coordinate
m. Thus, and as shown in Fig. 2, it is possible to backtrack
location m (m) after a smoothing step by solving the follow-
ing equation

X (m) = X (), (1)

which can be rewritten in terms of the reference coordinates
and material displacements as

m+uy(m) =m+uy (m). (22)
This equation, if written in the following residual form,
r(m) = [l +uy (@)] — [m+ i m)] (23)

can be solved by the Newton Raphson iteration as follows

ar 17!
~ k41 ~ k ) ~ k
m =m _|:_8~k] r(m), (24)

The point m is inside
the element, if all the
following conditions
are true:

ﬁxﬁ~?n>0

5 6
_ %xﬁ-ﬁl>0
Il.l 37 % 34-3m > 0
K 4 3 Z@><H~Z?n>0
ﬁ\\ %x%ﬁ?n>0
ﬁxﬁ~?n>0
1 2

Fig. 3 Algorithm to determine if a node lies inside or outside a given
hexahedral element

which requires evaluating the derivative at every iteration as

O W g, (5)
om om

where Fy (m) is the material deformation gradient before
the last smoothing step, and not F ¢ (m). The above particle
tracking equation may require looking for m and its corre-
sponding displacement u y (m) outside of the element, which
needs an element search algorithm to determine the location
of the iterative values m¥. Such an algorithm entails looping
over all elements and checking if the point m* is inside the
element. An algorithm for hexahedral elements based on the
normal to element faces is shown in Fig. 3. Moreover, it is
more efficient to check closer elements first, rather than to
loop over the whole list of elements with no specific order.
In most cases, the motion of the material is not very far from
the original element.

After the element is located, it is then necessary to find the
natural coordinates £ of the point i, using an inverse isopara-
metric mapping [31] solved again by the Newton method as
follows

EH = E g - (8)] =0, (26)
=3 83% (&) m". @7)
A

It is, however, unlikely that the determined coordinates §
will coincide with any integration point. Thus, one has to
approximate where to assign the projected values. One possi-
bility is to interpolate for the history variables at the element
level. Alternatively, it is possible to use a simple discon-
tinuous approximation, where every point £ is assigned to
one quadrature point by dividing each element into domains
where the history is considered constant. A hexahedral ele-
ment with eight integration points can be divided into eight
domains, where the quadrature point &1, for example, cor-
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responds to the domain [—1, 0],[—1, 0],[—1, O] in terms of
the natural coordinates. If £ is then located in domain 1, the
history is assigned to the quadrature point &;. This piecewise
transfer ensures with no extra constraints the physical nature
of the history variables. Finally, the projection follows by
reassigning the history in the computer memory

¢projected (m) = (bunprojected (ﬁl) . (28)

A summary of the history projection process by particle
tracking is outlined in Algorithm 2.

Algorithm 2 Summary of the history remapping process.
1. Loop over quadrature points, given coordinates m and displace-
ments U 5 (m)
2. Perform Newton iteration to find the backtracked location m

(a) Locate the element in which the iterative value m* lies, see

Fig. 3

(b) Calculate the unsmoothed displacement of the iterative point
Uy (Iflk)

(c) Calculate the residual and update the solution m**t! = m* —

[ ] e ()

(d) Check convergence ||r| < tol

3. Perform Newton iteration to determine the isoparametric coordi-
nates of m: & (m), see Eq. (26)

4. Determine the element integration point corresponding to the value
& (m)

5. Reallocate history ¢ (m) = ¢ (m)

2.5 Lagrangian step

After the smoothing and the remapping steps, a Lagrangian
step is carried out to solve the physical problem. In this step,
the spatial map v is calculated, for a fixed material deforma-
tion gradient F j, which is calculated by the smoothing step.
In a thermomechanically coupled problem, it is then required
to solve the balance of linear momentum

7 div (;) 4 pob=0 (29)

for the mechanical part along with the balance of energy

Jdiv(q) — 7 4 cp0 — Wexr — Winr =0 (30)

for the thermal part, where 7 is the Kirchhoff stress calculated
from the deformation gradient F = F, F:{/l, J = det (F) and
pob is the material volumetric body force, with pg as the den-
sity in the material configuration. In the balance of energy
equation, q is the heat flux in the spatial configuration, r
represents a heat source, ¢, is the heat capacity, € is the tem-
perature, w,y; is the external power due to the rate of change

@ Springer

of the displacement field and wy,,; is the internal power stem-
ming from the evolution of internal variables. The heat flux
is defined as

1

where the constant £ is the heat conductivity coefficient. The
weak forms of the above balance laws could be expressed
with the help of the test functions §y and 6 as

Gsz TV, (8Y) Jpd M
M
—/ pobf)gd//z—f T-8yJpdAy, — (32)
M M
GTZf Jq - Vy (80) J pd M
M
+ / (Wexr + Wins + 1 — cu6) 86 pd. A
M

— ///[Q-NSQJ);dA//, (33)

where V;;j by) = 1/2 (VI/, by) + Vy (81//)) is the sym-
metric spatial gradient of the test function §¢ and T is the
surface traction. The heat flux in the material configuration
Q is related to its current value as Q = J F q, and N is the
unit normal to the reference surface.

Finally, the determinant J 3 = det (F ;) is necessary to
provide the right volume for integration associated to the
material configuration such that dB = Jyd.Z . As can be
seen, the Lagrangian step is almost standard, where the only
difference is the use of the modified F = Fy, F_! to calculate
the stresses and changing the integration volume with the
factor J 3. Therefore, any Lagrangian element formulation
or material model can be used in this step. In this work, a
QI1PO element is adopted, where the details of the FE imple-
mentation and the linearization of the weak forms can be
found in [6].

3 Thermomechanical material model for
rubber curing

The rubber forming and vulcanization model introduced
in [1] is summarized in this section, which is formulated
within a non-isothermal thermomechanical framework. The
idea of this model, see Fig. 4, is to represent the degree
of vulcanization with a plasticity-like formulation, where a
temperature-dependent evolution law causes the material to
transform from the uncured to the cured state.
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U EQ and the functions C () and T (9) are defined as

Tiso = . Tiso C®) = /0 Cy(£)dE and T () = /9 Co (S)dé (41)

< —4 \IINEQ ,7 (a) o —> % v % g )

AWW——L]
| with ¢, as the heat capacity of a stress free body, which
I F | P | is assumed to have a linear dependency on temperature as
e %

Fig.4 1D representation of the isochoric part of the model

3.1 Thermomechanical formulation

A non-isothermal formulation is required to account for the
high temperature changes during the curing process. The
temperature-dependent Helmholtz free energy function, see
[7,24], is given as

W =Wgg (C.0) +¥neo (Ce.0). (34)
where C, is the elastic part of the isochoric right Cauchy—
Green strain tensor. The deformation gradient in this setting
is decomposed into volumetric F,,; and isochoric F parts,
F = FFy,, (35)
with F = J~5F and F,,; = J31, where J = detF. The
isochoric deformation gradient is also split into elastic and
inelastic parts as
F = F.F;, (36)

which enables the definition of the isochoric left and right
Cauchy—Green strain tensors, respectively, as follows

(37

The equilibrium part (time-independent) of the free energy
is given as

WEo (C.0) =1(0)erg.o+ feo (0) YEgo+ 2 (F). (38)
while the non-equilibrium part takes the form

Ungo (Ce0) =1 (0) eneo.o + fneo 0) Unego.  (39)
where () = 1 — 0/6) , and the term £2 (#) represents the
sum of purely thermal effects on the free energy due to the
heat capacity,

RO =CO -CB)+0[T () —T )], (40)

follows

¢y (0) = c16 + co, (42)
where ¢ and ¢ are material parameters and 6 is the refer-
ence temperature. Moreover, the internal energy components
are given as

egpp,0 = koayboIn (J), engp,0 =0, (43)
considering the material bulk modulus k¢ and the thermal
expansion coefficient o, at reference temperature 6y. The
temperature dependency of the mechanical part of the free
energy reads

B _ 6 Bltanh (b (0 — 6p)]
fEQ (8) = fnEQ () = % %01

. (44

which accounts for the glass transition temperature of the
rubber, where a and b are material constants. The equilibrium
part of the free energy at reference temperature reads

WEgo = Uo(J) + ¥EQ.o, (45)
where the volumetric energy Uy is given as
Up(J)=ko(J —In(J) = 1), (46)

and the isochoric energy W g o is defined using the cross-
linking part of the extended tube model strain energy function
(18],

Wgo.0 =% (b)
. 1-8%)(I; -3 )
%: [%+ln<l—8 (1,]—3))]

(47)

defined in terms of the first invariant of the isochoric left
Cauchy—Green strain tensor /; = tr (b) = tr (C). The non-
equilibrium branch has a similar form
Wnego = ¥y (be)
2

cr [(=) (1 -3)

e _ ! +1n(1—53 (156—3))
2 =82 (15, -3)

(43)
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Table 1 Parameters used in the thermal functions

K0 (MPa) 100

o (kgm™3) 1120

fo (X) 253

Oref X) 293

k (Wm™'K™") 0.16

co (MPaK™1) 0.92624

el (MPaK~2%) 0.00112
ay (K1 0.0001854
a X) 69.84

b (X 0.196

but it is defined in terms of the elastic isochoric Cauchy—
Green strain tensor / h, = U (I_)e) =tr ((_Ie) The material
parameters in the previous equations are G, §, G? and §,.
The thermal material parameters required in the previous
equations are taken from [1] and are given in Table 1. These
parameters will not be changed in the upcoming examples.

3.2 Stress response and inelastic evolution law
The material stress response is the sum of volumetric and

isochoric Kirchhoff stresses resulting from the free energy
functions defined in the previous sections,

T = fEQ @) (7501,0 + rfso,O)

+ 1O Teo+ e @) Tl (49)
where
o0 =JUG (D1, Teo=Jepo0 (N1, (50)
o0 =PiTh 76 =205 (b)b. (51)
oo =Pty ©h =205 9 (be)b.. (52)

The fourth order deviatoric projection tensor Pgpeq =
1/2[84c6bd + 8addpe] — 1/3 [8apdea] is calculated with the
help of the Kronecker delta §.

The inelastic response of the material stemming from vis-
coelasticity and the vulcanization process is defined, similar
to the concept of finite viscoplasticity [28], by the flow rule
Ly (be) = be — lisobe — bel], = =2y N pb,, (53)
where £, is the Lie derivative, and I;5, = FF~! is the iso-
choric velocity gradient. Using this definition, the inelastic
deformation rate is prescribed by the direction of the driving

stress N p and the effective strain rate y. The driving stress
is given in terms of the isochoric inelastic Kirchhoff stress as
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¥
Np= H:—O,O" ”szso,()” = \/m’ (54)

iso,0

and the effective strain rate y, in analogy to [11], is defined
as

Y = fnEQWO <r0> (1—a)”, (55)

T
where r(;’ is an effective stress measure

) =—/t%, T} (56)

and yy/7 is a material constant.

Finally, the term (1 — «)” in Eq. (55) introduces the effect
of rubber vulcanization, where p is a material constant. A
value of « = Okeeps the inelastic branch of the rheology fully
viscoelastic to represent the uncured state. A value of o = 1,
on the other hand, deactivates the evolution law to convert
the inelastic branch to fully hyperelastic. The evolution of
the variable « is described in the next section.

3.3 Degree of vulcanization

Itis assumed that the volumetric part of the model is the same
for both cured and uncured rubber. The isochoric part, on the
other hand, is different, where the uncured rubber exhibits a
viscoelastic response, while cured rubber shows hyperelastic
behavior. Uncured rubber is modeled with a rate indepen-
dent part of the isochoric free energy W, as well as a rate
dependent part ¥y £o. However, the vulcanization process
causes the rate dependent branch to gradually become elastic
by deactivating the viscoelastic evolution law y («). In this
way, the final result of vulcanization yields the cured rubber
model as the sum of the two parts J/EQ and lI_/N EQ-

If the properties of uncured and cured rubber are defined,
one can introduce a variable «, which represents the degree of
vulcanization depending on temperature 6 and time ¢, where
« can have a value of O for the fully uncured state and 1 for the
fully cured state. In between these limit values, and based on
experimental observations, the degree of vulcanization can be
described for a constant temperature by the logistic function

1
L+ (L= 1)exp (k@O 1)

a(t,0) = (57)

where « is an initial value of vulcanization that is assumed
to exist before the curing starts. Furthermore, k is a parameter
that controls the speed of vulcanization and can be expressed
in terms of temperature as
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Table 2 Parameters for the vulcanization law Aprilijd fijplfc‘fment
kmax (s 6.571 x 1073 s { gl e
K (K) 148.5798 EERREEEENET® £ 9 e
ko =) 26.17816 9 = T i
¢ C) 0.03 29999409 2999998
'80 (_) — 1964.519 L 100 mm -L 100 mm J
Bi (K1 44.59459 Spatial B.C. Material B.C.
B (K2 —0.332826 . _ N
By (K_3) 2.1975 x 10~4 Fig.5 Indentation problem, geometry and boundary conditions

50 mm are applied at the top and the reaction force is mea-

kmax (C - 1)

k (0) = kimax + 6 >273.15K,  (58)

ky’
1+ (0—233151()

where k4, 1S @ material constant that represents the maxi-
mum value of k (6), while the parameter ¢ gives the initial
value of k (@) atlow temperature as ¢ k4. The function k (6)
is also corrected by a polynomial function g as follows

B () = Po+ B1 (6 —273.15K)
+ By (6 —273.15K)?
+ B3 (6 —273.15K)°, 6 = 273.15K, (59)

The expression in Eq. (57) is a closed form which enables
the calculation of the state of cure at a constant temperature.
In order to adapt it for variable temperatures during finite
element simulations, the rate equation

@) =k©@)B @) a®)d—a®) (60)

is used. Based on experimental data in [27], Table 2 summa-
rizes the identified material parameters in [1] for the curing
law, which will be used in the upcoming examples. The his-
tory variables, which need to be remapped in this model, are
the degree of vulcanization « and the inverse of the inelastic

isochoric right Cauchy—Green tensor C; ' = (F Fi)_l.

4 Numerical examples
4.1 Indentation problem

An indentation problem similar to the one analyzed in [30]
is studied to clarify the behavior of the ALE formulation.
The specimen is considered in plane strain conditions and
the geometry can be seen in Fig. 5, where the boundary
conditions for the spatial and the material displacements are
also shown. The rubber material used is defined by the con-
stants G, = 0.2 MPa, § = 0.1, G = 2 MPa, §, = 0.25,
Y0/t = 0.02 s7! MPa~!, and p = 1. Displacements of

sured. The concentration of stresses at the tip of the loading
area leads to large element distortion in the Lagrangian sim-
ulation, see Fig. 6. The ALE simulation is performed with
smoothing steps carried out at regular intervals every five
Lagrangian steps, where the total number of 100 time incre-
ments is used and the total simulation time is 60 s. Different
values of the smoothing parameters 1y /iy are used as can
be seen in Figs. 6 and 7. A superior spatial mesh smooth-
ing is achieved by smaller values of /iy, where the
rearrangement of the spatial mesh is accompanied by the
movement in the material mesh. Furthermore, Fig. 7 shows
the stiff response of the Lagrangian method at higher dis-
placements, whereas the ALE approach preserves a softer
material response.

4.2 Rubber molding problem

Molding of a green rubber sample [19] is studied in this
example to compare the performance of the ALE formula-
tion to the Lagrangian solution. The geometry of the problem
is shown in Fig. 8, where the mold is simulated with fixed
degrees of freedom, and contact between rubber and mold
is solved with a node to surface algorithm using the penalty
method with a contact penalty parameter of 100 MPa. A total
displacement of u = 12 mm is prescribed at the top surface
of the rubber specimen with a loading rate of 0.5 mm/s. The
material constants for the rubber are taken as G, = 0.2 MPa,
8§ =0.1,GY = 4MPa, §, = 0.1, yp/t = 0.08 s~ MPa~!,
and p = 1. For the ALE simulation, a smoothing parameter
of ux/my = 2 is used and smoothing steps are carried
out at regular intervals every four Lagrangian steps. The
number of time increments used is 800 steps for both ALE
and Lagrangian simulations. It can clearly be observed in
Figs. 9 and 10 that the Lagrangian approach is inapplicable
of solving the problem up to full displacement. Large ele-
ment distortions leads to the termination of the solution at u
= 9.9 mm. On the other hand, the ALE approach keeps the
mesh with minimal distortion and enables the continuation of
the simulation. Figure 11 shows the evolution of the material
and spatial mesh at different loading stages.
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Fig. 6 Indentation problem, material and spatial meshes for different
values of ux /1y
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Fig. 7 Indentation problem, force displacement response for different
values of px /1y

4.3 Forming and curing of a tire cross-section

The simulation of the forming and curing process of a tire
cross-section is addressed in this example. This involves
the molding of the tire under inflation pressure and the
application of heat for an appropriate period of time until vul-
canization of the rubber is complete and the tire has achieved
its final desired shape. The geometry of the tire cross-section,
its layers and the mold are shown in Fig. 12. For the purpose

@ Springer
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Fig.10 Rubber molding, force displacement response obtained by ALE
and Lagrangian simulations

of this work, the rubber layers (tread, inner liner, sidewall,
bead filler) are all modeled using the rubber curing material
model explained in the previous section, with the material
constants G, = 0.2 MPa, § = 0.1, G! = 4 MPa, §, = 0.1,
70/t =0.2s'MPa~! and p = 1. The carcass and the belt
layers are simulated using solid elements and Neo-Hookean
material with increased stiffness. The material parameters
for the carcass are k = 100 MPa, G = 50 MPa, and the
parameters for the belt are k = 100 MPa, G = 200 MPa.
Likewise, the bead is simulated using Neo-Hookean mate-
rial with « = 8 x 10° MPa, G = 6 x 10° MPa. The bead
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Fig. 11 Rubber molding,
evolution of the spatial and
material meshes

means|

IEF

1
T
T

ID0NDEEE!

TITITTTTTT

T
ISR

spatial mesh

vertical movement is fixed and plane strain conditions are
applied to the cross-section.

ALE remeshing is activated only around the grooves
where high distortion is expected, in the domain specified in
Fig. 12. The ALE and the Lagrangian elements are connected
through shared nodes on the boundary of the ALE domain.
ALE smoothing steps are performed every four Lagrangian
steps with a smoothing parameter of iy /pty, = 3.5. Smooth-
ing steps continue until time = 260 s, where the tire is fully
formed and no further re-meshing is needed. Regarding the
contact, the mold degrees of freedom are fully restrained and
node to surface contact between tire and mold is defined,
where the mold surface is taken as master. Moreover, a stan-
dard contact penalty method is used with a contact penalty
parameter of 500 MPa.

Pressure loading of 0.25 MPa is applied to the inner sur-
face of the tire according to the loading pattern shown in
Fig. 13. Furthermore, the inner and the outer surfaces of the
tire are heated by temperature increase of A6 = 130 K, also
according to the loading pattern shown in Fig. 13. The results
are given in Fig. 14, where the heating of the molded tire leads
to the evolution of the degree of vulcanization. This is an irre-
versible process, where the new cured tire has its new shape
and new properties and does not spring back to the initial
state after cooling and removal of the pressure.

The advantage of the ALE approach can clearly be seen
in this example, as the Lagrangian simulation of the same
problem causes extreme distortion of the mesh and cannot
resolve the shape of the grooves as can be seen in Fig. 15.
This example also shows the possibility of combining ALE
finite elements with Lagrangian finite elements in the same
simulation.

An increase of about 5-15% in computational time
depending on the problem is observed in case of ALE sim-
ulations when compared to the corresponding Lagrangian
solution. Smoothing and remapping steps are performed after
several pure Lagrangian steps, which contribute to the reduc-

applied fixed mold T
temperature

7.5

2.8
5.4

tread ALE domain symmetry

belt

applied pressure
and temperature

sidewall

inner liner

carcass

Fig. 12 Tire cross-section, details of the tire layers and FE discretiza-
tion, dimensions in (mm)

tion of the solution time. It is also observed that the main
contribution to the increase in computing time comes from
the smoothing, rather than the remapping step. The two New-
ton iterations and the element search algorithm are only
executed if required, which is limited to elements where large
material mesh displacements occur. Moreover, the Newton
iterations performed during history remapping are just solv-
ing three-component equations, while the element search
algorithm checks closer elements first, and, thus, does not
need to loop over the entire list of elements.
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Fig. 13 Loading pattern for the applied pressure and temperature on
the tire cross-section

5 Conclusions

A robust Arbitrary Lagrangian—Eulerian framework for ther-
momechanical simulations of viscoplastic problems with
special focus on rubber curing and tire manufacturing has
been implemented. An advanced phase transition rubber
curing model, which predicts the thermomechanical vulcan-
ization process, is incorporated into the staggered ALE finite
element method. To date, ALE formulations have mostly
been applied to basic finite strain plasticity models for the
simulation of metals. In most of these cases, Lagrangian
simulations are still largely acceptable, see the examples in
[2,26]. In contrast, the ALE formulation for soft rubber mate-
rial seems critical for successful molding simulations as it
has been demonstrated by the examples in this paper. The
examples presented show the advantage of the ALE formu-

(a)

(b)

t=300s

t=0s

lation in reducing mesh distortion and allowing full molding
of rubber material during tire manufacturing. The capability
of the constitutive model to represent the vulcanization and
the transformation of rubber from green to cured state is also
demonstrated in the last example.

The ALE approach based on tracking both, the material
and the spatial configurations, as proposed in [2,30] has been
used, which proved to provide a more suitable way to incor-
porate rubber hyperelasticity and multiplicative finite strain
inelasticity, with no projection required for the elastic vari-
ables. Furthermore, operator split of the ALE solution into
smoothing, remapping and Lagrangian steps leads to a very
efficient simulation with minimal increase in computational
time, as well as it allows the straightforward incorporation of
already available Lagrangian finite elements. The smoothing
step is based on solving a fictitious hyperelasticity problem
to optimize both material and spatial meshes. This avoids
the need of geometric rezoning procedures, which become
complex in 3D applications. Another advantage of tracking
the material mesh is that it can be used to remap the history
variables by an implicit particle tracking scheme. Unlike the
explicit Lax—Wendroff and Godunov schemes, the particle
tracking does not depend on the number of history variables
or require the evaluation of spatial gradients of these vari-
ables.

The main focus of this paper was to investigate if the
ALE approach has an advantage over pure Lagrangian sim-
ulations. However, the validation of the approach for real

A [K]
130

04[:]

t=1800s

t=2800s

Fig. 14 Tire cross-section, evolution of a the temperature field and b the degree of vulcanization
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Fig.15 Tire cross-section,
comparison of the final results
obtained by the ALE and
Lagrangian approach

tire molding experiments requires specific experimental data
with complex geometries and multiple materials characteri-
zation, which will be the subject of future work.
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A Linearization and discretization of the
mesh smoothing equations

The solution of the nonlinear boundary value problem in
Eq. (12) for the unknown smoothed material deformation
field by the iterative Newton Raphson method requires the
linearization of this equation. The linearization is achieved
by the directional derivative of Eq. (12) with respect to the
material displacement increment Au 3,

DGy - Aug = /;/{ [GradmAu)gSl; +F; (DS,/} : Au/\?)]
: Grady, (8X)d.#
+ / [GradmAu;S; +F 4 (DS - Auy)]
M

: Grady, (§X) d. A . (61)

ALE

Lagrangian

In the above equation, the derivatives of the second Piola
Kirchhoff stresses are given as

DS&'Au)ZZCz]/:AEJJ’ DSX'AUXZCXIAEX,
(62)
where the tangent tensors C " and C  are
aS; S &
v X
C;=2—| , Cp=2—" 63
voTac X TCy ()
F F;

and E& as well as E ; are the Green-Lagrange strain tensors

7= % (FQCFX - 1), E; = % (F;FX - 1), (64)

considering that the right Cauchy Green strain tensors are
C; = FgFJI = F/,T\?CnF)e and C, = FT'F,. Eq. (61) could
be simplified as

E

DGy - Aug = / [GradmAu S : Gradm (3X)
M
+8Eg:Cy 1 ARy |d.at
X / [Gradm Au S ; : Grady (8X)
M
+0E4 :Cy: AE ;| da (65)
with the increment of the Green-Lagrange strain tensors
AE; = L [F”. Gradmu ; + Grad%u o F ; 66
%= 5 |FpCradmug + GradyupF g | (66)
1
AE; = > [FL ;Gradnu g + GradfugFez | (67)
where the following deformation gradient is defined F . 3 =
C,.F - Itis worth noting that the only difference to the stan-
dard linearization in the above equations is in the term AEI;.
Space discretization for the finite element method is

obtained by dividing the reference domain .# into sub-
domains, and utilizing linear shape functions N with the
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isoparametric concept, the coordinates of a node in the ref-
erence domain can be interpolated as

e
Mhode

m=) Ny@Em’ (68)

A=1

and the material and spatial displacements are interpolated
in the same manner

e e

nnude nnnde
uy =Y Na()dy and uy = > Ny()dj.  (69)
A=1 A=1

This enables the evaluation of Egs. (66) and (67) for an ele-
ment e as follows

= L [EE (o0 ) 4 (s ) ]
I=1
(70)

1
AE;, =5

n
S [FL . (Auk @ V) + (Vs © Aul ) Feg, .

I=1
(71)

or in a more compact form as

n n
1 1
AEy , = ZBXUAuX, AE; , = ZBJI’LIAuX. (72)
I=1 =1

Furthermore, Eq. (12) can be rewritten as
Gom = ///[ [S; +8¢] : oEgd. . (73)

where the linearization of the Green-Lagrange strain tensor
is

A
SE, = EZ I:Fe (X1 @ VmN1) + (Vi Ny ®5X1)F€]
=1

n
= ZBLI(SX,. (74)

=1
This enables the expression of the residual force
R,, = /% B, [s]/; +S )3] da, (75)
the geometric stiffness
K¢, = //, BL[S; +S¢|Byda, (76)
and the material stiffness

— Tr.Rp- T .Rp .
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