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Abstract

We derive a hyperelastic shell formulation based on the Kirchhoff-Love shell theory and isogeometric discretization, where
we take into account the out-of-plane deformation mapping. Accounting for that mapping affects the curvature term. It
also affects the accuracy in calculating the deformed-configuration out-of-plane position, and consequently the nonlinear
response of the material. In fluid—structure interaction analysis, when the fluid is inside a shell structure, the shell midsurface
is what it would know. We also propose, as an alternative, shifting the “midsurface” location in the shell analysis to the inner
surface, which is the surface that the fluid should really see. Furthermore, in performing the integrations over the undeformed
configuration, we take into account the curvature effects, and consequently integration volume does not change as we shift the
“midsurface” location. We present test computations with pressurized cylindrical and spherical shells, with Neo-Hookean and
Fung’s models, for the compressible- and incompressible-material cases, and for two different locations of the “midsurface.”
We also present test computation with a pressurized Y-shaped tube, intended to be a simplified artery model and serving as
an example of cases with somewhat more complex geometry.

Keywords Kirchhoff-Love shell theory - Isogeometric discretization - Hyperelastic material - Out-of-plane deformation
mapping - Neo-Hookean material model - Fung’s material model - Artery

1 Introduction

A shell formulation based on the Kirchhoff-Love shell theory
and isogeometric discretization was introduced in [1-3]. It
has the advantage of not requiring rotational degrees of free-
dom. Extension to general hyperelastic material can be found
in [4]. The formulation has been successfully used in compu-
tation of a good number of challenging problems, including
wind-turbine fluid—structure interaction (FSI) [3,5-9], bioin-
spired flapping-wing aerodynamics [10], bioprosthetic heart
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valves [11-15], fatigue and damage [16-21], and design
[22,23].

In this article, we start with the formulation from [4]
and derive, based on the Kirchhoff-Love shell theory and
isogeometric discretization, a hyperelastic shell formulation
that takes into account the out-of-plane deformation map-
ping. Accounting for that mapping affects the curvature term.
It also affects the accuracy in calculating the deformed-
configuration out-of-plane position, and consequently the
nonlinear response of the material. We are extending the
range of applicability of Kirchhoff-Love shell theory to the
situations where the Kirchhoff-Love shell kinematics is still
valid, yet the thickness or the curvature change is significant
enough to make a difference in the response. Fung’s model
has different versions. In the version used in [12], the first
invariant of the Cauchy—Green deformation tensor appears
in a squared form. In the version we use in this article, it
appears without being squared, and this version has been
used in a number of arterial FSI computations [24-31] with
the continuum model.

In FSI analysis, when the fluid is inside a shell structure,
the shell midsurface is what it would know. That would be
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physically wrong, especially when the thickness is signifi-
cant, because the inner surface is the one that the fluid should
really see. In this article we also propose, as an alternative,
shifting the “midsurface” location in the shell analysis to the
inner surface. Furthermore, in performing the integrations
over the undeformed configuration, we take into account the
curvature effects, and consequently integration volume does
not change as we shift the “midsurface” location.

To evaluate the performance of the shell formulation pre-
sented, we do test computations with pressurized cylindrical
and spherical shells, with Neo-Hookean and Fung’s models,
for the compressible- and incompressible-material cases, and
for two different locations of the “midsurface.” We compare
the results to near-analytical reference solutions. We also do
test computation with a pressurized Y-shaped tube, intended
to be a simplified artery model. This serves as an example of
cases with somewhat more complex geometry.

In Sect. 2 we provide the governing equations. The hyper-
elastic shell model is presented in Sect. 3. Test computations
with the cylindrical and spherical geometries and Y-shaped
tube are presented in Sect. 4, and the concluding remarks in
Sect. 5. In the Appendix, we provide some derivations used
in Sect. 3, and the constitutive laws.

2 Governing equations

Let £2;, C R™d be the spatial domain with boundary I} at
timet € (0, T'), where ngq is the number of space dimensions.
The subscript ¢ indicates the time-dependence of the domain.
The equations governing the structural mechanics are then
written, on £2; and Vr € (0, T), as

d2
p<ﬁ—f>—v.a=0, (1)

where p, y, f and o are the density, displacement, body force
and Cauchy stress tensor. The essential and natural boundary
conditions are represented asy = gon (/7);andn-o =h
on (I7)p, where n is the unit normal vector, and g and h are
given functions. The Cauchy stress tensor can be obtained
from

o = J 'FSFT, (2)

where F and J are the deformation gradient tensor and its
determinant, and S is the second Piola—Kirchhoff stress ten-
sor. It is obtained from the strain-energy density function ¢
as follows:

d

S=—, 3

o)
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where E is the the Green—Lagrange strain tensor:
1
E==-(C-1), 4)
2
C is the Cauchy—Green deformation tensor:
C=F".F, 6))
and I is the identity tensor. From Eqgs. (3) and (4),

e
S=2-——. 6
3C (6)

3 Hyperelastic shell model

We split the domain as 2, = T, x (hth),, where T, repre-
sents the midsurface of the domain, which is parametrized
by npa = nsa — 1, where npq is the number of parametric
dimensions. With the position X € T;, we define a natural
coordinate system:

_ 00X
gy = g0 (7
=Xg, 3
where @ = 1, ..., npq, and the third direction is based on
n=g, ©)
_ ExE 10)
|21 x &

The components of the metric tensor are

gaﬂzga'gﬁv (1])
and this is known as the first fundamental form. Similarly,

we define the components of the metric tensor for the con-
travariant basis vectors as

=57, (12)

and obtain the tensor components and contravariant basis
vectors from

(2] = [Zup] (13)
and
g =3"g,. (14)
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We define A position X € £2 is expressed as

Top = X 15 X 3
T pgaeh’ (15 X=X+Ng, GD

and with that, components of the covariant curvature tensor
are

Eaﬂ = F(xﬁ -n (16)
— g n, (7)

and this is known as the second fundamental form.
A position X € §2; is represented as

X =X+ né>, (18)

where —1 < &% < 1 and 53 € (hw),. The basis vectors are
represented as

S =X (19)
=g, +n,& (20)
=8, — ba) 8. 1)

See Appendix A.1 for the lines between Egs. (20) and (21).
Because g, and g, are on parallel planes (from the Kirchhoff—
Love shell theory),

g = g3 (22)

With that, the metric tensor components in 3D space are

— _ — 2
Set = Bup — 2D + Dy 8 °Bps (£7) 23)
83 =0, 24)
g3 =0, (25)
g3 =1 (26)

Remark 1 The quadratic term may be omitted. However, if
the metric tensor is obtained from the basis vectors, the term
will automatically be included.

‘We now provide similar definitions and derivations for the
undeformed configuration. We start with the basis vectors:

Gy = X 27)
o — afg
=X, (28)
and
N=G; (29)
_ GixG (30)
[61xGo]

where —1 < “g‘g‘ < 1and ES € (hw)g- The basis vectors are
represented as

Go =X, (32)
=Gy + N, (33)
=Gy — B, G'&}, (34)

G; = Gs. (35)

The metric tensor components in 3D space are

Gop = Gap — 2Bagky + anaysgﬁa (ES)Z, (36)
Gy =0, 37
Gqa3 =0, (38)
Gi3 =1, 39)

and Eag is the second fundamental form for the midsur-
face of the undeformed configuration. On the midsurface the
parametric coordinates indicate the same material points, and
therefore, £€* = 58‘ . In the third direction, however, because
of the normalization, the coordinates may not be the same.
The relationship is

dg’ =X (40)
dE 3 = A3,
where A3 is the stretch in the third direction.

3.1 Kinematics

We obtain F from the following relationship:
gadtf + 832380 = F- (Gadsf + Gadgg) (1)
This means that

8a = F- Ga» (42)
r3g3 =F - Gs. 43)

Then we can write F as

F = g,G* + A383G>, (44)
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and J as We note that A3 is the stretch at ég = 0, which s ):3 (0). With
that,
1
J=F——F——F -G3) (F-G) x (F-G2)) (45) 1
G3 - (G x G2) Eqp = Eop + ( bagt’ + Baﬂéo) *t5
X (g1 xg)-n (46) 5
©1% Gy N (@ opis” = BB (5) +0((5)')
g1 x gl
3 47) 59
1G1 x Gz (59)
= Fup + (~Bapt’ + Bupty) + O ( ) : (60)
From Egq. (5), we can write C as
3.2 Constitutive equations
C= (6" +13G'm) - (256" +738:G°) (48)
The total differential of the second Piola—Kirchhoff stress
= g45G*GP +13G3G?, 49 hcoris
and the determinant of C gives the square of J: ds = 38 - dE (61)
IE
P 1J
J? =detC (50) = 55 6i1G/GkGL: dEyyGMGY (62)
KL
2
A, (51) =C"XLG,G,dEk/, (63)
A2
A% = det [gaﬂ], (52) where I,J,K,L,M,N = 1,...,nyg. From Eq. (4), the
A% — det [Gaﬁ] ) (53) following expression can be used:
IJKL _ BS”
From Eq. (4 ite E C (64)
rom Eq. (4), we can write E as 3CKL
1 Py 3,3 For shells,
E_E(C—(GaﬁGG +6°GY)) (54)
1 1 1J 1Jy$ 1J33
— 5 (gotﬁ _ Gaﬂ) GC{Gﬂ + E ()\% _ 1) G3G3. (55) ds (C 14 dE IZ) + (C dE33, (65)

The covariant components of the in-plane strain tensor are

1
Eaﬂ = 5 (gaﬂ - Gaﬂ) (56)
| e 7 3. 3
= 3 (8up — Cup) + (~Bapt’ + Bups))
—_—
Eap
1 /— _ S 2
5 (Fo® B () - BT T ()').

(57)

We write &3 (’g‘g) as &3 (58) = X3 (Eg) Eg. From the Taylor
expansion of A3 around Eg = 0, we obtain

((53)3) . (58)

£ = T38) + dso s () +
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because dE3, = dE,3 = 0. From Eq. (65), we can write

ds¥H = CPdE, 5 + CP3dEy;, (66)

and from Eqgs. (4) and (66), we can write

1 1
4s33 — §<C33V‘Sdc,,5 + 5(23333dC33. (67)

From the plane stress condition §3 = 0,ds3 = 0, and
consequently

33yé

dE33 = ——7dEys, (68)

3333

which makes

B33 33y

B _ cobys =
A4S = CU¥PrdE, 5 i 4Eys. (69)
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and therefore we introduce

(Caﬂ33 (C33y8

Capys - -
C C3333

= CePrs _ (70)

In computing C33, we have different methods for incompress-
ible and compressible materials. In the case of incompress-
ible material, from Eq. (49) we can write C33 = X%. Because
J =1,

1

A3 = AJA’ (71)

and therefore

Cyz = —. (72)

In the case of compressible material, as can be found in [32],
C33 can be calculated by Newton—Raphson iterations that
would make $33 = 0. Because C ys does not change during
the iterations, the iteration increment is

33\
L (73)

ACk, = — -
(dS33/dC33)

From Eq. (67) and remembering that dC,s = O during the
iterations,

) (S33)
ACH =2~ (74)
((C3333)l

The update takes place as
Ci' = i3 + ACY, (75)

where superscript i is the iteration counter, and as the initial
guess we have the following three options:

cdy =1, (76)
[42
0 _ 70
C%h =3 (77)
1
= EgaﬂG“ﬂ : (78)

The option given by Eq. (78) comes from the constitutive
law for zero bulk modulus. To preclude C33 being negative,
we introduce an alternative update method based on the log-
arithm of Cs3:

: . dInCy
InCiH =1InCi; + T;AC§3 (79)
=InCl; + ACy (80)

33 C

3.3 Variational formulation

The variation of the in-plane components of the Green—
Lagrange tensor is

8Eup = 8Bap — Sbapt> + bapdE”. (81)

The variation of &3 can be dropped (see Appendix B), and
we obtain

8Eqp = 88ap + (—0bap) £°. (82)
——
SKup
With that,
§Wint = — / SE : Sd (83)
20

A
=- ﬁ / 5545G*GP : 573G, Gy =2dg3dr
To J(hao Ao

A
—/, / £35%6GGP SV‘SGng_—Odé3dF,
To J(hmn)o Aop

(84)
which means
A
dWine = _ﬁ 55@4/_‘3/ Saﬂ_—0d§3d1—‘
Iy (hth)o Ap
— 3 qap Ao .3
— | Okap £°8F —d&°dr. (85)
Ty (hn)o Ao

Remark 2 Evaluation of S requires a material point corre-
spondence in the third direction. We take that into account by
integrating Eq. (40) with the 4th order Runge—Kutta method,
and X3 can be obtained from the constitutive law given in
Sect. 4.1. Figure 1 illustrates the deformation mapping. In
general, stretch at a convex side is less than the stretch at the
concave side, which results in a nonuniform A3.

Now we derive what we need:

88ap = 5 (aga g + 8, - 98p) (86)
1 /06X _ _ 06X

_§<@'gﬁ+ga'a€_ﬂ>v (87)

S = _aa‘sjg n g?ﬂé _sn (88)

=0Ty -n+Top-g (n-5g,) (89)

-~ (afa,g - (Fo,,g : )Sgy) n, (90)
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\

(hsn)o (58)k 0

Fig.1 Deformation mapping from the undeformed configuration to the
current configuration. Mapping of the integration points (5 in this case)
is included in the sketch, and calculation of the kth integration point in
the current configuration is shown
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—v =045 —v =0.49

Incompressible

Fig.2 Pressurized cylinder. Neo-Hookean model. Reference solutions.
Midsurface model (fop) and inner-surface model (bottom)

where
81_-‘043 = 8X 48, on
and the variation of the normal vector (see Appendix A.2) is

sn=-g" (n-5g,). (92)
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Fig. 3 Pressurized cylinder. Fung’s model. Reference solutions. Mid-
surface model (fop) and inner-surface model (bottom). Note that the
pressure scale is logarithmic
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Fig. 4 Pressurized cylinder. Fung’s model. Reference solutions. Mid-
surface model. Two more Poisson’s ratios beyond those in Fig. 3

3.4 Linearization for the Newton-Raphson
iterations

The linearization for the Newton—Raphson iterations is
doneas
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Fig.5 Pressurized cylinder. Neo-Hookean model (v = 0.45). Midsur-
face model (fop), inner-surface model (middle), and continuum model
(bottom). Solid curve is the reference solution
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A
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Ty (hw)o Ao
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. A
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Iy (h)o Ag
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0.30
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A

Fig.6 Pressurized cylinder. Neo-Hookean model (v = 0.49). Midsur-
face model (fop), inner-surface model (middle), and continuum model
(bottom). Solid curve is the reference solution

R A
- ﬁ 8akys / Cprigd Z0ag3s,5, Al
o (hth)o Ag

N 2 A
— ﬁ 5a%ys / Cprs (53) 204g3s,7,5dl. (93)
o (hth)o Ao

The variation with subscript a is associated with the vari-
ational formulation, and the variation with subscript b is
associated with the iteration linearization. Again, the vari-
ation of &3 is dropped.
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Fig. 7 Pressurized cylinder. Neo-Hookean model (incompressible).
Midsurface model (fop), and inner-surface model (bottom). Solid curve
is the reference solution

In this part too, we derive what we need:

ss L (00F 08X 08K 08X 0
Poatel =3 \oge " ogP T age  9gf ) oY
_ — =\ 98
8a8bK(xﬂ = - <5araﬂ - (Potﬂ _gy> 3;V > - 8pm
+8 (Tup 8 ) 88, )

— — 06,X
S (5araﬁ —(Top ) 8;) - 8yn
+ (0 s & +Tap 58 )68, -n (96)
- —  _,\ 08X\ _ _
= <8araﬁ - <Paﬂ : gy> 8;y ) .gy (n : Sbgy)

+ 548, 1 (2 8Tap — Tup - BT - 5555

o7
— — _\ 06,X\  _ _
= <5ar‘o{ﬂ - (Pot/fi : g}/> 9EY ) _g)/ (l’l : Sbgy)
— — 08X
+(5hpaﬂ_<raﬂ'g5> a;;) g’ (n~5a§y).
(98)
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10% p
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10}

Fig. 8 Pressurized cylinder. Fung’s model (v = 0.45). Midsurface
model (top), inner-surface model (middle), and continuum model (bot-
tom). Solid curve is the reference solution

Here, we used
58’ = —g’g" - 885, (99)

and the proof for this can be found in Appendix C.

4 Test problems

We test the formulation given in Sect. 3 by using pressur-
ized cylindrical and spherical shells, with Neo-Hookean and
Fung’s models, for the compressible- and incompressible-
material cases, and for two different locations of the “midsur-
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Fig. 9 Pressurized cylinder. Fung’s model (v = 0.49). Midsurface
model (top), inner-surface model (middle), and continuum model (bot-
tom). Solid curve is the reference solution

face.” For the compressible-material cases, we include tests
with the continuum model. We compare the results to near-
analytical reference solutions. We also do test computation
with a pressurized Y-shaped tube.

4.1 Constitutive models

We test two constitutive models: neo-Hookean and Fung’s.
The elastic-energy density functions are

1
onu (C) = SH (trC — nsa) , (100)

10°
10? *
10 *
10° *

10}

1025 : :

—_
o
—
[\]
=
e
—
(@]

10° ¢
102 |
10t |

10°

—_
o
—
[N}
—
=
—
(@]

A1

Fig. 10 Pressurized cylinder. Fung’s model (incompressible). Midsur-
face model (fop), and inner-surface model (bottom). Solid curve is the
reference solution

10°
102
10!
10°

107!

LN B 111 B A B M1 B B AL
B

—_9 I/ I I
10 1.0 1.2 1.4 1.6

With mapping
----Without mapping
----Without mapping (1-point £2 integration)

Fig. 11 Pressurized cylinder. Fung’s model. Incompressible-material
case. Midsurface model. Solutions from the shell models with and with-
out the out-of-plane deformation mapping

¢r (C) = Dy (e‘Dz‘rC*”sd) — 1) : (101)

where p is the shear modulus, and D; and D; are the coef-
ficients of the Fung’s model.
For incompressible material, we use

oNH (C) =onu (O +p (J = D), (102)
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Fig.12 Pressurized sphere. Neo-Hookean model. Reference solutions.
Midsurface model (fop) and inner-surface model (bottom)

¢r (C) =gr (O +p(J - 1), (103)
where p is the pressure, which can be eliminated by the plane
stress condition.

For compressible material, we use

_2
oNHR (C) = onu <J 1sd C) + @vor (J), (104)
_2
¢rr (C) = ¢F (J s C) + @vol (), (105)
where
J) = (! J2=1)=InJ 106
(pvol()—EK 5( _)_n , ( )

and « is the bulk modulus.
4.2 Test computations

The pressure, applied at r = r), is normalized by the shear
modulus (at the zero-stress state):

*

pr=" (107)
"
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—v =10.49

Fig. 13 Pressurized sphere. Fung’s model. Reference solutions. Mid-
surface model (fop) and inner-surface model (bottom). Note that the
pressure scale is logarithmic

for the neo-Hookean model,

«_ _ P
2D D>

p (108)

for the Fung’s model, and we use D, = 8.365. We determine
the bulk modulus from the Poisson’s ratio v as follows:

2 (1
 — n(l+v) (109)
3(1—=2v)
for the neo-Hookean model, and
4D D> (1
_ 1D2 (1+v) (110)

3(1—2v)

for the Fung’s model.

How to deal with pressure acting on the inner surface
is not easy because the midsurface is the geometry we are
using in the computation. Here we propose two ways. In
the first one, “midsurface model,” the pressure is applied
on the midsurface of the current configuration. In the sec-
ond one,“inner-surface model,” the structure “midsurface” is
moved to the inner surface and the pressure is applied there.
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Fig. 14 Pressurized sphere. Fung’s model. Reference solutions. Mid-
surface model. Two more Poisson’s ratios beyond those in Fig. 13

Remark 3 1In applying the pressure, the midsurface model is
physically wrong, especially when the thickness is signifi-
cant. The inner-surface model will have larger absolute value
for 53, which would lead to larger discretization errors.

In the test cases, we use the inner and outer radii Ry and
Ro, and the thickness H = Ro — R;. The condition used here
is 2£R1 = 0.1, which is slightly thinner than most arteries. To
have a reference solution to compare the results to, we pro-
vide in Appendix D the second Piola—Kirchhoff stress tensor
expressed in terms of the principal stretches. The results are
compared by inspecting pressure as a function of stretch. The
stretch is A = %’ for the midsurface model, where r, =7,

and 1| = %’; for the inner-surface model, where r, = 1.
In the computations, we increase the pressure gradually in
obtaining the solution and calculate the stretch. In obtaining
the reference solutions, we use numerical integrations, which
are explained in the following subsections.

4.2.1 Pressurized cylinder

We use orthogonal basis vectors: the first basis vector is in
the radial direction, the second one is in the cylinder axis
direction, and the third one is normal to the surface. The
force equilibrium gives the following relationship:

ro
p2ry, = 2/ o11dx3 (111)

T
IrO

=2/ J7IA3S11dxs (112)
"
Ro

= 2/R JIA3S1103d X5 (113)
1
Ro Al

= 2/ —S11dX3. (114)
Ry )"2

Fig. 15 Pressurized sphere. Cubic T-spline mesh used in the computa-
tions. Red circles represent the control points

Because the cylinder height does not change, A» = 1, and
we obtain

1 [Ro
p=— A1S11dX3.
Tp JRy

(115)

See Appendix D.1 for Sy;. Figures 2 and 3 show the reference
solutions for the neo-Hookean and Fung’s models.

Remark 4 For the Fung’s model, to show convergence to
incompressible-material response with increasing Poisson’s
ratio, for the midsurface model we add Fig. 4, with two more
Poisson’s ratios beyond those in Fig. 3.

We compute, in 2D, with uniform, periodic cubic B-
splines with 8 elements. For comparison purposes, we also
compute with the continuum model, using 128 uniform, peri-
odic cubic B-spline elements in the circumferential direction,
and 1 element in the radial direction.

Figures 5, 6 and 7 show the solutions for the neo-Hookean
model, and Figs. 8, 9 and 10 for the Fung’s model. Figures 5,
8 and 6, 9 show, for v = 0.45 and 0.49, the solutions from
the midsurface, inner-surface and continuum models. Fig-
ures 7, 10 show, for incompressible material, the solutions
from the midsurface and inner-surface models.

Remark5 To compare the solutions from the shell models
with and without the out-of-plane deformation mapping,
we use near-analytical solutions to represent the shell-
model solutions (see Appendix E). We do this for the
incompressible-material case, with the midsurface model. To
have some sense of scale for the difference between the solu-
tions, we include in the comparison the solution we get when
we use 1-point &3 integration in the model without the out-of-
plane deformation mapping. Figure 11 shows the comparison
for the Fung’s model. For the neo-Hookean model, there is no
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Fig. 16 Pressurized sphere. Neo-Hookean model (v = 0.45). Midsur-

face model (fop), inner-surface model (middle), and continuum model
(bottom). Solid curve is the reference solution

visible difference between the solutions. However, we note
that the curvature changes are very small in this test problem.

4.2.2 Pressurized sphere
We use orthogonal basis vectors: the first two vectors are on

the surface, and the third vector is normal to the surface. The
force equilibrium gives the following relationship:

ro
pm'i =/ 2mx3011dx3 (116)
n

ro
=f 277 A2 x5 81 1dxs (117)
n
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Fig. 17 Pressurized sphere. Neo-Hookean model (v = 0.49). Midsur-
face model (fop), inner-surface model (middle), and continuum model
(bottom). Solid curve is the reference solution

Ro
= / 217712 1 X3 S1123d X3 (118)
R[ \ﬁ,—/
X3
Ro )\’2
=/ 27 L X38,dX3. (119)
R A2

Because of the symmetry between the two basis vector direc-
tions on the surface, A1 = A;, and we obtain

Ro
X3A1811dX3. (120)

==
rp R
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Fig. 18 Pressurized sphere. Neo-Hookean model (incompressible).
Midsurface model (fop), and inner-surface model (bottom). Solid curve
is the reference solution

See Appendix D.2 for S;;. Figures 12 and 13 show the ref-
erence solutions for the neo-Hookean and Fung’s models.

Remark 6 For the Fung’s model, to show convergence to
incompressible-material response with increasing Poisson’s
ratio, for the midsurface model we add Fig. 14, with two
more Poisson’s ratios beyond those in Fig. 13.

We compute, in 3D, with a cubic T-spline mesh, which
consists of 296 control points and 534 Bézier elements (see
Fig. 15). For comparison purposes, we also compute with the
continuum model, which is extruded in the thickness direc-
tion with 1 element.

Remark 7 The number of elements used in the integration is
the number of Bézier elements, which is 534 in this case. The
mesh was generated by a commercial software, Rhinoceros
with the T-splines plug-in. It actually has, in the finite element
sense, 294 elements.

Figures 16, 17 and 18 show the solutions for the neo-
Hookean model, and Figs. 19, 20 and 21 for the Fung’s
model. Figures 16, 19 and 17, 20 show, for v = 0.45 and
0.49, the solutions from the midsurface, inner-surface and
continuum models. Figures 18, 21 show, for incompressible
material, the solutions from the midsurface and inner-surface
models.
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Fig. 19 Pressurized sphere. Fung’s model (v = 0.45). Midsurface
model (top), inner-surface model (middle), and continuum model (bot-
tom). Solid curve is the reference solution

Remark 8 In the same way described in Remark 5 for the
pressurized cylinder, we compare the solutions from the
shell models with and without the out-of-plane deformation
mapping. Figure 22 shows the comparison for the Fung’s
model. For the neo-Hookean model there is no visible differ-
ence between the solutions. We again note that the curvature
changes are very small in the test problem.

4.2.3 Pressurized Y-shaped tube

The undeformed configuration of the tube is shown in Fig. 23.
The end diameters of the tube are 20, 14 and 10 mm. Figure 24
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Fig. 20 Pressurized sphere. Fung’s model (v = 0.49). Midsurface
model (top), inner-surface model (middle), and continuum model (bot-
tom). Solid curve is the reference solution

shows the cubic T-splines mesh used in the computation.
The number of control points and elements are 1,295 and
1,296. Figure 25 shows the maximum principal curvature for
the undeformed configuration. We use the incompressible-
material Fung’s model with D; = 2.6447x10° Pa and
Dy = 8.365. The “midsurface” location in the shell analysis
is the inner surface, and the pressure applied is 12.3x 10 Pa.
The thickness distribution for the undeformed configuration
is shown in Fig. 26. This smooth thickness distribution is
outcome of solving the Laplace’s equation over the inner
surface of the tube, with Dirichlet boundary conditions at
the tube ends, where the value specified is 0.146 times the
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Fig. 21 Pressurized sphere. Fung’s model (incompressible). Midsur-
face model (top), and inner-surface model (bottom). Solid curve is the
reference solution
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Fig. 22 Pressurized sphere. Fung’s model. Incompressible-material
case. Midsurface model. Solutions from the shell models with and with-
out the out-of-plane deformation mapping

end diameter. Figures 27 and 28 show the maximum prin-
cipal curvature and thickness distribution for the deformed
configuration.
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Fig. 23 Pressurized Y-shaped tube. Undeformed configuration. The
end diameters are 20, 14 and 10 mm

J
|1

Fig. 24 Pressurized Y-shaped tube. Cubic T-splines mesh used in the
computation. Red circles represent the control points

5 Concluding remarks

We have presented a hyperelastic shell formulation based on
the Kirchhoff-Love shell theory and isogeometric discretiza-
tion. The formulation takes into account the out-of-plane
deformation mapping. Accounting for that mapping affects
the curvature term. It also affects the accuracy in calculat-
ing the deformed-configuration out-of-plane position, and
consequently the nonlinear response of the material. In FSI
analysis, when the fluid is inside a shell structure, the shell
midsurface is what it would know. That would be physi-
cally wrong, especially when the thickness is significant,
because the inner surface is the one that the fluid should
really see. For that reason, in this article we also proposed,
as an alternative, shifting the “midsurface” location in the
shell analysis to the inner surface. The way we perform the

Curvature (1/mm)
0.0 0.1 0.2

Fig. 25 Pressurized Y-shaped tube. Maximum principal curvature for
the undeformed configuration

Thickness (mm)

[
1.0 2.0 3.0

Fig.26 Pressurized Y-shaped tube. Thickness distribution for the unde-
formed configuration

integrations over the undeformed configuration takes into
account the curvature effects, and consequently integration
volume does not change if we shift the “midsurface” location.
We presented test computations with pressurized cylindri-
cal and spherical shells, with Neo-Hookean and Fung’s
models, for the compressible- and incompressible-material
cases, and for two different locations of the “midsurface.”
We compared the results to near-analytical reference solu-
tions, and in all cases we see a good match. We also
presented test computation with a pressurized Y-shaped tube,
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Curvature (1/mm)

HEES e

0.0 0.1 0.2

Fig. 27 Pressurized Y-shaped tube. Maximum principal curvature for
the deformed configuration

Thickness (mm)

1.0 2.0 3.0

Fig. 28 Pressurized Y-shaped tube. Thickness distribution for the
deformed configuration

intended to be a simplified artery model and serving as
an example of cases with somewhat more complex geom-

etry.
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Appendix A: Derivative and variation of the
normal vector in the shell model

A.1 Derivative of the normal vector

Derivative of the normal vector with respect to £€% can be
obtained as follows:

_ el 2 X8
= — =225 121
e = e ((g] xg2)~n> (20
_ (I . nn) ) gl,a X_g2 tgl X g2,a (122)
(g1 X gz) -
— —1 = 52
— @ —nn). 2o X_l(“ L ) ¥ B x 1XE) )y
(8 xg) n(g xg)-n
= (I —nn)- (g, x (nxg)) (124)
=A-m)- (8o &)n— (o n)g) (129
=— (8o )8 +n(n-g°) (g, -m) (126)
——
=0
= -2’85, n (127)
— —5PDas. (128)

In the derivation, we used the following relationships, which
generally hold:

2 3
g xg
o=t (129)
(gl X g2) . g3
g’ gl (130)
8L =77T "5 3
(gl X g2) . g3
(2" x &) 2 = (&1 x g 2" (131

A.2 Variation of the normal vector

From the steps given by Eqgs. (121)—(127), the variation of
the normal vector can be written as

sn=—g5g; - n. (132)
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Appendix B: Variation of ¢3 is a second-order  Multiplying both sides with g*, we obtain
term
87205 08" = — "% 80 0258 (145)
Taking the variation of both sides of Eq. (58), we obtain _s7 o
]
3 3
5% = 5T38) + 52 i () + ((sé) ) . (133)  Ths,
0 sg’ = —g” .5g5g5 (146)
For arepresentative value of the variation, we take the average =— g‘S g’ . 8g;s. (147)

over the thickness:

53 Lo sg3dg} 134
5= (hm)o /(hm)o/z §7d (59
1 (2.dXs (o)’ s
=0 <§3%( > > +O((hth)o)> (135)
1 d)»3
= 13 g3 (hw)f + O (k) (136)

Thus, the variation of £ is a second-order term.

Appendix C: Variation of the contravariant
basis vector

Here we show that §g” can be expressed as

5g’ = —g’g” - 6gs. (137)

We start with the transformation from the contravariant
basis vectors to the covariant basis vectors:

8o = 8as®’- (138)
We take the variation of both sides:
880 = 88068’ + gasdg’, (139)
and from that obtain
80508’ = 88 — 8gasg’. (140)
From that and Eq. (11), we obtain
8as08’ = 08 — (88u - 85 + 8u - 085) & (141)
=08y — 880 - 258" —gu - S22’ (142)
—
=I
= 08y — 080 — 8o - 3858’ (143)
= —g, - 8gsg’. (144)

Appendix D: Constitutive law: second Piola-
Kirchhoff tensor

3
SnHD 1 = (1 - E , (148)
_2 AL+ A2+ A3
S =nJ 3 1 - — -
(SNHR) 11 = M ( 312 )
1 2
53 (J - 1) , (149)

1

kz
(SeD) 1) = 2D Dye! P> (G122129)73) (1 - 73) . (150)
1

(Dz(J_TZ(M+A2+A3)—3>) 2
(Srr)11 = 2D1Dze J73

A+ Ao+ A 1
1_1+—22+3 +—2K(J2—l).
312 212

(151)
D.1 Cylinder
(SNHD 11 =u<1 —)\1*4), 152)
-2 M FA3+1
(SNHR)U =M ()\1)\3) % (1 — %)
33
2
+2K (’\3 A ) (153)

Sk = 2D, Dye(P((1+7+1)3)) (1 - )J4) :
(154)

(Dz(./%z()u—i-)»}-i—l)—fi)) 2
(SkR)11 = 2D1Dze (A1A3)73

AM+A3+1 1 2 2
l—— A3 —A7). (155
( 2 )+2 (3 -27%). ass)
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D.2 Sphere

I
(SNHD 1 = 1 <1 - F) , (156)
1
-3 201 + A
_ 2 3 _ 1 3
(SNHR) 11 = M (MM) (1 —3/\%
1
+ 5w (/\3 — xl—z) , (157)
-2\ _ 1
(St = 20y Dye P2((1977)3)) (1 = F) . (158)
1

Wi

(1)2((,\%3)‘%(2/\1“3)—3)) 5o \"
(Skr)11 = 2D1D2e (Alkg)

2)\,]‘}‘)&3 1 2 —2
(1—T>+5K(/\3—x1 ) (159)

Appendix E: Representation of the shell-
model solutions with the near-analytical ref-
erence solutions

Consider the following relationship between the stress tensor
and stress vector at a cross-sectional surface:
ho = FS - ng, (160)

where hy and ng are the stress and unit normal vectors on the
reference configuration. Integrating this over (hy,)q, we get

/ hods] = / FS - nod&;.
(h)o (h)o

Combining this with Eq. (44), we obtain

(161)

[ wotd = [ (267 + ram6?) -8 mode
(h)o (Ao
(162)

and because G3 - S = 0 in the Kirchhoff-Love shell theory,
we get

/ hodg; = f 2,G* - S%GsGp - mods;. (163)
(hi)o (hi)o
Using the relationship G* - Gs = 8§, we obtain
3 _ off 3
/ hod§; _/ S§%g,Gg - nod&;. (164)
(hi)o (hi)o
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Combining this with Eq. (21), we obtain
| bt = [ s (g, @) G mods,
(hth)o (hth)o
(165)

and taking the midsurface quantities out of the integration,
we get

f hodg; =g, / S“PGg - nydsg
(hth)o (hth)o

— Doy 8 / £35%PGg -modg;.  (166)
(hth)o

For the model without the out-of-plane deformation map-
ping, the approximation is

/ hodgg ~ go{/ |3z 483 (Gp - mo)
(hm)o (o 0

— bay 8’ f & S| _e2 d&5 (Gp - mo)
0
(hin)o
(167)
When using 1-point &3 integration in the model without

the out-of-plane deformation mapping, the approximation
becomes

/ hods) ~ g, saﬁyg:%;:O (Gg - mo) (hen)o
(hm)o

b (hw)y 3S*P OE,s
T 12 0E,s og)

(Gp - mo).
£3=£5=0
(168)

Substituting Egs. (23) and (36) into Eq. (56), omit the
quadratic terms, and taking derivative with respect to ES, we
obtain

AoE,s _ —
3$§ == (byﬁ - By5)~

(169)
Using Egs. (69) and (70), we obtain

/ hods ~ g, S“ﬂ|é3:§3:0 (Gp - o) (hun)o
(Ao !

gK (hth)é @aﬁyé

+ bk B

(EVS - EVB) (Eﬂ 'nO) ‘
(170)

£3=£7=0
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E.1 Cylinder

For the model without the out-of-plane deformation map-
ping, Eq. (115) is approximated as

1 [Ro
p " 1 " 1y xy7—r 4X3
1 (Ro X35—R
+ = SR dxs. (171)
"p IR x3=X3+7—R

When using 1-point £ integration in the model without
the out-of-plane deformation mapping, the approximation
becomes

1 —
p=—x Stlyy—5, x,=r H
rp 3T A3
1 . A—1H3
+— Ciin T (172)
P x3=r, X3=R R 12
E.2 Sphere

For the model without the out-of-plane deformation map-
ping, Eq. (120) is approximated as

2__ (ko
P = —ZRM/
rp R

2_ (Rox;_R d

1 |x3 =X3+7—R dXxs

(173)

We note that Eq. (173) has been obtained after also neglecting
the volume change in the thickness direction (see [4]). When
using 1-point £3 integration in the model without the out-of-
plane deformation mapping, the approximation becomes

2
p=—=Rrx Suly—5 x,.-r H
rs 3T A
2 /(A n
+=R(Cunn| 4+ Cuxn|
Vp x3=r, X3=R x3=r, X3=R
b 1H (174)
R 127
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