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Abstract The 9-node quadrilateral shell element MITC9i
is developed for the Reissner-Mindlin shell kinematics, the
extended potential energy and Green strain. The following
features of its formulation ensure an improved behavior:
1. The MITC technique is used to avoid locking, and we
propose improved transformations for bending and trans-
verse shear strains, which render that all patch tests are
passed for the regular mesh, i.e. with straight element sides
and middle positions of midside nodes and a central node.
2. To reduce shape distortion effects, the so-called corrected
shape functions of Celia and Gray (Int J Numer Meth Eng
20:1447-1459, 1984) are extended to shells and used instead
of the standard ones. In effect, all patch tests are passed
additionally for shifts of the midside nodes along straight
element sides and for arbitrary shifts of the central node.
3. Several extensions of the corrected shape functions
are proposed to enable computations of non-flat shells.
In particular, a criterion is put forward to determine the
shift parameters associated with the central node for non-
flat elements. Additionally, the method is presented to
construct a parabolic side for a shifted midside node,
which improves accuracy for symmetric curved edges.
Drilling rotations are included by using the drilling Rota-
tion Constraint equation, in a way consistent with the
additive/multiplicative rotation update scheme for large
rotations. We show that the corrected shape functions
reduce the sensitivity of the solution to the regularization
parameter y of the penalty method for this constraint.
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The MITC9i shell element is subjected to a range of lin-
ear and non-linear tests to show passing the patch tests, the
absence of locking, very good accuracy and insensitivity to
node shifts. It favorably compares to several other tested 9-
node elements.
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1 Introduction

It has been clear since the earliest implementations of a basic
9-node element, that it has several limitations, i.e. it iS exces-
sively stiff (locks) and its accuracy is diminished by shape
distortions.

To alleviate the problem of an excessive stiffness, five
types of modifications to the standard formulation of the 9-
node element have been proposed:

1. Uniform Reduced Integration (URI) in [53], with the
2 x 2 instead of the 3 x 3 Gauss integration scheme.
This yields a rank-deficient stiffness matrix and requires
a stabilization, which was developed e.g., in [4,5,31] and
for shells in [50].

2. Selective Reduced Integration (SRI) in [32], with dif-
ferent integration schemes for various parts of the strain
energy. This method yields the correct rank of the stiff-
ness matrix but strain components are computed at
different integration points, which limits the range of
application of the element.

3. Two-level approximations of strains, which are devel-
oped as either the Assumed Strain (AS) method or the
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Mixed Interpolation of Tensorial Components (MITC)
method, see, e.g., two books [11,17]. These were
invented to overcome the above mentioned limitation of
the SRI. (Note that in the 4-node element, this technique
is applied to transverse shear strains and designated the
Assumed Natural Strain (ANS) method.) We will show
in the current paper that the MITC method still has the
potential for improvement.

4. The enhanced element based on the Enhanced Assumed
Strain (EAS) technique, which uses a set of 11 modes for
membrane behavior [7]. They are incorporated using an
identical formula to that used for 4-node elements, see
[39,40,42,51]. We use these modes in our version of the
9-EAS11 shell element.

5. Partly hybrid formulations based on the Hellinger—
Reissner functional, e.g., [34,35]. Hybrid stress, hybrid
strain and enhanced strain 9-node shell elements are
developed and assessed in [36]. We are not aware of
any 9-node shell element based on the Hu—Washizu func-
tional, which was a basis of several 4-node shell elements
of very good accuracy and exceptional robustness in non-
linear applications, see e.g. [16,41,45,47,48].

The technique of two-level approximations of strains is
applied either to Cartesian strain components (the AS
method) or to covariant strain components (the MITC
method); in the current paper we focus on the latter
one. The strain components are sampled at the points
where they are of good accuracy, and, next, extrapo-
lated over the element. In effect, all strain components
are available at each of the 3 x 3 Gauss integration
points.

For sampling of the shell strain components (11, 13)
and (22, 23), the 2 x 3 and 3 x 2-point schemes are
used in the literature respectively. Several sets of sampling
points and interpolation functions were proposed for the (12)
strain components, i.e. the in-plane shear strain €12 and the
twisting strain k12,

1. The 2 x 3 and the 3 x 2-point schemes in [19,21,
31]. Note that the last paper uses different approximation
functions from the first two.

2. The 2 x 2-point scheme in [8,28]. This scheme uses
exactly the same points for the shear component as the
SRI of [32] (Table 1, p. 580).

In our tests, the 2 x 2-point scheme for the (12) strain com-
ponents provided the correct rank of the tangent matrix and
was the most accurate.

Another problem with the 9-node elements is the sen-
sitivity of solutions to shifts of the midside nodes and the
central node from the middle positions, which causes loss
of accuracy for all the element formulations listed above.
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Some earlier studies, e.g., [26] suggest that only regular
meshes, i.e. with straight element boundaries and evenly
spaced nodes, give satisfactory results, while the accuracy is
poor for curved boundaries or unevenly spaced nodes. Since
then, however, research has been conducted to reduce this
sensitivity.

The best remedy found so far, are the Corrected Shape
Functions (CSF) of [9] used instead of the standard shape
functions based on isoparametric transformations of [15].
In [9], the CSF are tested for an 8-node (serendipity) ele-
ment for the Laplace equation (heat conduction) and the
4 x 4 integration rule. In [30], we examine several 9-node
2D elements for plane stress elasticity and the 3 x 3 Gauss
integration: QUAD9** [19], MITCO [2] and ours: 9-AS
[28] and MITC9i [43]. Summarizing the performed tests,
because of the CSF, the midside nodes can be shifted along
straight element sides without rendering errors while for
perpendicular shifts of these nodes errors are smaller and neg-
ative values of the Jacobian determinant are often avoided.
Also the central node can be shifted in an arbitrary direc-
tion without causing errors. All of the tested 2D elements
benefited from using the CSF, hence, in the current paper,
we further develop this technique to make it applicable to
shells.

Objectives and scope of the paper The objective of the cur-
rent paper is to develop an improved 9-node MITCOi shell
element with drilling rotations.

1. The original 9-node MITC9 element has good accuracy

but does not pass the patch test. In [43], we have scruti-
nized its formulation to find the source of this problem.
By an alternative but equivalent formalism, the formu-
lation of the MITC9 element was seen from a different
perspective, and the modified transformations were pro-
posed. As aresult of this change, the membrane MITC9i
element passed the patch test for a regular mesh, i.e. with
straight element sides and middle positions of the mid-
side nodes and the central node.
In the current paper this technique is extended to the
bending and transverse shear strains of a shell ele-
ment MITCOi, for which proper transformations between
Cartesian and covariant components are devised. In par-
ticular, we verify whether this change suffices to pass the
patch tests for middle positions of the midside nodes and
the central node.

2. The problem of sensitivity to node shifts is particularly
important for 9-node elements as it affects a parametriza-
tion of the element domain and element accuracy. In the
current paper, we improve the shell element robustness
to node shifts extending the corrected shape functions of
[9]. In[30], we tested several membrane 9-node elements
integrated by the 3 x 3 Gauss rule, and these functions
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have proven beneficial to all of them. In the current paper,
we further develop this technique to make it applicable
to shells.

For a 9-node shell element located in 3D space, we
have to extend the method of computing the node shift
parameters due to a presence of the third coordinate.
Additionally, a new criterion is needed to determine the
shift parameters associated with the central node for non-
flat elements. Next, we have to verify whether the shell
element MITC9i using the corrected shape functions
passes patch tests for the midside nodes shifted along
straight element sides and for the central node in an arbi-
trary position.

Additionally, we noticed that the original method to deter-
minate the shift parameters of [9] yields a non-symmetric
side curve when the midside node is shifted. Therefore,
we propose an alternative method, which does not rely
on the proportion of arc-lengths, but uses a parametric
equation of a parabola to construct a symmetric curve
also when the midside node is shifted. We describe this
method and evaluate its accuracy for an example with
curved and symmetric shell edges.

3. The drilling rotation is incorporated into the formulation
of the 9-node shell element via the drilling Rotation Con-
straint (RC) and the penalty method. We implemented
it consistently with the additive/multiplicative rotation
update scheme for large rotations, which combines a 3-
parameter canonical rotation vector and a quaternion.
Regarding the drilling RC, we analyze its form for equal-
order bi-quadratic interpolations of displacements and
the drilling rotation to check whether it contains a faulty
term, analogous to the &n-term in 4-node elements, see
[48], and to evaluate how it affects the solution. Besides,
we verify how the corrected shape functions change the
sensitivity of a solution to the regularization parameter y
of the penalty method, in particular in the case of curved
or distorted elements.

Finally, the 9-node MITCYi shell element with drilling
rotations is tested on a range of linear and non-linear numer-
ical examples, which are performed to check passing the
patch tests, an absence of locking, accuracy, an insensitiv-
ity to node shifts, and correctness of implementation of the
drilling rotation; a selection of these tests is presented in
Sect. 6.

Performance of the MITCO9i element is mostly com-
pared to other 9-node elements, some of them with similar
improvements implemented as in the tested element. Besides,
reference results obtained by our 4-node shell elements are
provided; the corresponding ones for triangular elements can
be found e.g., in [10].

2 Shell element characteristic

Reissner—Mindlin shell kinematics The position vector of
an arbitrary point of a shell in the initial configuration is
expressed as

X(¢) =Xo + ¢ ts, (1

where X is a position of the reference surface and t3 is the
shell director, a unit vector normal to the reference surface.
Besides, ¢ € [—h/2, +h /2] is the coordinate in the direction
normal to the reference surface, where & denotes the initial
shell thickness.

In a deformed configuration, the position vector is
expressed by the Reissner—Mindlin kinematical assumption,

x(¢) = xo + ¢ Qots, (2)

where X( is a position of the reference surface and Qg €
SO(3) is arotation tensor.

Green strain for shell The deformation function x : x =
x(X) maps the initial (non-deformed) configuration of a
shell onto the current (deformed) one. Let us write the defor-
mation gradient as follows:

. 0X X __,4
= —=—J
X  0¢

3

where & = {£,n,¢}, &, n € [—1,+1], and the Jacobian
matrix J = 0X/0&. The right Cauchy—Green deformation
tensor is

et e (3X\Tax
C-FF—] (8§> o @)

and the Green strain is
1
E=§(C—Co), ©)

where Cp = Cly_x = L. The Green strain can be expressed
as a series of the ¢ coordinate,

E(¢)~Eo+C{Ei +---, (6)

where the higher order terms are neglected. The Oth order
strain Ep includes the membrane components & and the
transverse shear components y /2 while the /st order strain
E; includes the bending/twisting components k. We assume
that the transverse shear part of E| is negligible, i.e. k43 ~ 0
(¢ = 1, 2). Note that the normal strains e33 and k33 are
equal to zero because of Eq. (2) and must be either recovered
from an auxiliary condition, such as the plane stress condition
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or the incompressibility condition, or be introduced by the
EAS method. In the current paper, we use the plane stress
condition for this purpose.

Incremental form of rotation Qo To enable computation of
large rotations of a shell, we use an incremental approach
and an update scheme involving a rotation vector Ay and
a quaternion ", where n is the increment (step) index.
Consistently with this scheme, the rotation Qg € SO(3) of
Eq. (2) is assumed in the following form

Qo = AQo(AY) QG(a™), (N

where

L SnIAY I 1 —cos AV
AQu(AY) =1 A
WA= Ty Y Ay

AV, (8)

which is the Rodrigues’s formula for the canonical
parametrization of a rotation tensor. Besides, [A¢¥| =
VAY - AYy >0, /A\%i AY x I is the skew-symmetric
tensor and I is the second-rank identity tensor. Within an
increment, we use the Newton method and additively update
the rotation vector after each iteration, Ay’ = Ay’ +5y,
where 8y is the rotation vector increment for an iteration
and i is the index of iterations. When the Newton method
have converged, Ay*! is converted to a quaternion for an
increment Aq, and the total quaternion is multiplicatively
updated q"*T! = Aq o q". This scheme works very well
for statical computations in the range of large rotations.

Rotations in mechanics In mechanics, the rotations can be
treated in two ways: either as independent variables, e.g.
in Cosserat continuum, or as dependent variables, e.g. in
Cauchy continuum; the latter case is of interest in the cur-
rent paper. In the Cosserat shells, see e.g. [12,34] and [35],
the drilling rotation is naturally present but the constitutive
equations are complicated.

For Cauchy continuum and the known deformation gra-
dient F, the rotations can be obtained by the polar
decomposition F = RU = VR, where the rotation
R € SO(3) and U, V is the right and left stretching tensor,
respectively. But this is merely a post-processing which is
not a subject of the current paper; our goal is to include the
rotations into the formulation.

To include rotations as additional variables into 3D equa-
tions, first, we define the extended configuration space

Cext ={(x, Q) : B— R*xS0@3) | xeC, )

where C = {x: B — R3} is the classical configuration
space, and, next, we impose the Rotation Constraint (RC)
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Fig. 1 Drilling rotation for an
increment: the axis of rotation is

A(D(\

defined as the forward-rotated an
director 3
skew(Q'F) = 0, (10)

to obtain the Cauchy continuum, see [37]. Here Q € SO(3)
is the rotation, which at a solution of the extended system
of equations (equilibrium equations plus the RC) is equal to
R yielded by the polar decomposition of F; this issue is
considered in detail in [44].

For shells, we can use an analogous approach to that for
the 3D Cauchy continuum, but with the following alterations:
(a) the rotation tensor is constant in ¢, i.e. Q & Qp, where
Qo is defined in Eq. (7), and (b) only the drilling component
of Ay isconsidered because the tangent ones are introduced
by the term Qpt3 in Eq. (2).

Drilling rotation constraint The drilling rotation for an
increment is defined as an elementary rotation about the
forward-rotated director a5, ie. Aw = Ay -aj, where
a; = Qgt3, see Fig. 1. Note that Qopt3 = AQpaj in
Eg. (2), so the tangent components of Ay in the {a}}
basis are present in shell equations while the normal one, i.e.
the drilling rotation, must be included in a different way.

Letus define the drilling Rotation Constraint (drilling RC)
as the (1,2) component of the RC of Eq. (10) in the local
basis {t;} (k=1,2,3),

=t [skew(Qf ) 2] = 0. (11)

It can be written in the incremental form consistent with the
form of Qg of Eq. (7) and the multiplicative decompositions
F = AFF",

c= % [a’} (AAE) — - (AATag)] -0, (12)

where AA = AQg AF, the convected vectors are t! = F"t,
and the forward-rotated vectors are aj, = Qjty (o = 1,2);
a derivation of the above formula is given in Sect. 5. To
obtain the shell equations with drilling rotations, we construct
an extended potential energy functional including the above

scalar equation.

Physical interpretation of drilling rotation For simplicity,
consider the planar (2D) deformation, so only the drilling
rotation w matters in the definition of Qg while the tangent
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rotation components are equal to zero. To obtain an interpre-
tation of @, we consider a pair of orthogonal unit vectors t;
and tp, associated with the initial configuration, which are
rotated and stretched by F, so we can write

Ft; =21 QB t, Fty =21Q(B2) 12, (13)
where A1, A» > 0 are stretches and S, B are rotation

angles. Using these formulas in the drilling RC in the standard
(non-incremental) form (see the derivation in Eq. (59)),

o1
c=3 [(Ft2) -a; — (Fty) -a2] =0, (14)
we obtain
1
w%E(ﬂ1+ﬂ2)+kn, k=0,...,K, (15)

for cosw # 0, Ajci + Azcp # 0 and XA, =~ 1, where
c1 =cos B and ¢y = cos . Hence, the drilling angle @
is an average of rotations of vectors t; and ty; for details
see [46] “Appendix”.

Extended potential energy functional for shells with drilling
rotation 'To obtain the shell equations with drilling rotations,
we define the extended shell potential energy,

Fpp = WR(E) — F3%, + Filue (16)
This functional includes the shell strain energy,

+

WRE) = / W(E) nd¢ dA, (17)

al-
the work of external forces F37, and an additional term for
the drilling RC, F 5121. ;- Besides p = detZ, where Z is
the shifter tensor, and A is the shell reference surface. We
discuss below the first and third term.

(A) The strain energy W(E) = W"(E¢, E|) by using the
shell form of Green strain E(¢) ~ Eq+¢E1, see Eq. (6). For
instance, for a linear material and symmetry of its properties
w.r.t. the reference surface, upon integration over thickness,
we obtain the well-known: WN(Eg, E|) = h W(Ey) +
(h*/12) W(E).

(B) The drilling rotation term F (j}r‘i” is assumed in the
penalty form,

_yh
Fota = T/ACZ dA, (18)

where c¢ is defined by Eq. (11) and y € (0,00) is the
regularization parameter. The upper bound on y equal to
the shear modulus G was found for an isotropic elastic

material in [20], but a reduced value can be beneficial for
non-planar shell elements; in the current paper we test also
y = G/1000. Note the thickness % in this formula.

Another question is how to select y for non-isotropic
and/or inelastic materials for which theoretical results are not
available. For an orthotropic elastic material the shear modu-
lus for the in-plane shear G should be used instead of G.
For multilayer shells composed of orthotropic elastic layers
of different orientation, the effective material is anisotropic.
We treat this problem approximately, expressing Gi2 of a
substitute orthotropic material in terms of the effective in-
plane stiffness matrix Dg. The elasto-plastic tangent matrix
C®P can be used similarly.

Remark on PL method We have also tested the Perturbed
Lagrange (PL) form of the drilling rotation term,

1
o th [T*c — Z(T*)Z] dA, (19)

where T* is the Lagrange multiplier. The second term under
the integral provides a regularization in 7*, and a small per-
turbation of the tangent matrix which is needed when it is
singular, i.e. for the drilling rotation @ = 0. Note that for 9-
node elements, we have to use 9 parameters for 7* to avoid
singularity of the tangent matrix. They can be either values
at nodes or coefficients of interpolation functions, and can
be eliminated (condensed out) on the element level. For 4-
node mixed/enhanced shell elements, the PL form implies a
reduced sensitivity to distortions and a larger radius of con-
vergence in non-linear problems, see [48,49]. For 9-node
elements, the PL form also works well but is slightly less
beneficial, hence the penalty form of Eq. (18), for which the
element is faster, is tested in Sect. 6.

Taking a variation of the governing functional of Eq. (16)
and performing a consistent linearization of it, we obtain the
tangent stiffness matrix K for the Newton method; this
procedure is standard and, therefore, not described here. The
standard procedure is also used to compute the stress and
couple resultants.

Basic definitions for 9-node shell element We consider a 9-
node isoparametric element with the nodes numbered and
named as in Fig. 2, where 1, 2, 3,4 are the corner nodes,
5,6,7,8 are the midside nodes, and 9 is the central node.
For a shell element, we use a Cartesian basis associated with
it as a reference basis.

Consider the following vectors associated with the refer-
ence surface of a shell: the initial position X, the current
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n
4 7 3
8 9 6 1,2,3,4 - corner nodes
g 5,6,7,8 - midside nodes
9 - central node
1 5 2

Fig. 2 Numbering and naming of nodes of 9-node element

position x, the displacement u and the rotation vector Ay.
The above vectors are interpolated as follows:

9 9
XEn) =Y NiEmX;, xE =Y NiEnx,
=1 =1
9 9 (20)
u@,m =Yy NiEnu, AYE =Y NiEn Ay,

=1 I1=1

where the natural coordinates &, n € [—1, +1] and [ isthe
node number. Note that the rotation vectors Ayr; are used
in a step, and converted to quaternions at the end of the step.
The shape functions Nj (&€, n) are presented in Sect. 4.

The tangent vectors of the natural basis on the reference
surface are defined as

. 0X(&,m)

IX (&,
e = wE =l

N ==, 1)
The vectors g€ of the co-basis {g!, g?} are defined in the
standard way by g% -gg = 6%, «, 8 = 1,2. In general,
g and g aswellas g' and g2 are neither unit nor
mutually orthogonal. The director t3 is defined as a unit
vector perpendicular to vectors g; and g,

g1 X 2

= = 9% (22)
llg1 x gl

Tangent vectors of the Cartesian basis {ix} can be defined
as

1 - - 1 - -
i = —=(; — 1), — (i +1i2), (23)

ih =
V2 V2
where the auxiliary vectors are

=28 p i (24)
g1 + gl

The normalized natural vectors are denoted by a tilde, i.e.
8 = gx/llgk|l. Note that i; and i, are equally distant from
g1 and gp, see Fig. 2 in [48]. The above vectors for the
element center are designated by the letter “c”.
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3 MITCi method for bending/twisting and
transverse shear strains

Standard and improved 2D MITC9 element A lot of research
has been devoted to various aspects of the Mixed Inter-
polation of Tensorial Components (MITC) method; for a
comprehensive review see [11], [8]. Here we focus on the
transformations used in this method.

The MITC9 is a 9-node element formulated using the
MITC method and fully integrated (3 x 3 Gauss rule). This
element uses the covariant components of the Green strain,
which e.g. for 2D are as follows

265 =Xg-Xg — 8181, 28 =Xy Xy—8 -8,
2een =X X — 81 82 (25)

For X and x interpolated as in Eq. (20) and g, of Eq. (21),
the above components can be directly computed. Then, in the
MITC method, these strains are sampled at selected points,
interpolated, and transformed to the local Cartesian basis at
each Gauss point.

Generally, the MITC9 element performs quite well but it
does not pass the patch test even for a regular mesh shown in
Fig.7, i.e. with straight elements’ sides and middle positions
of the midside nodes and the central node. This motivated
our work on the formulation of this element in [43] and [30],
and below we shortly describe the improvement which we
proposed.

First, we note that the matrix e¢ of covariant components
of Eq. (25) can be obtained from the Cartesian components
€™/ by the transformation
er =jl "], (26)
where j = [Jyg] (@, = 1,2)is a 2 x 2 sub-matrix
of J defined below Eq. (3). We noticed that j varies
over the element, and, in consequence, the covariant &g is
associated with a different co-basis at each sampling point.
We put forward the hypothesis that this was the cause of
failing the patch test by the classical MITC9 element, and
proposed an improvement described below.

Because the Jacobian j varies over the element, it can be
decomposed j = j.Aj, where Aj designates the relative
Jacobian between the element center and a Gauss point. Then,

er = j e j = AT Gl e jo) Aj (27)

_sé

Hence, we proposed to neglect Aj and use the Jacobian at the
element center j. instead of j. Note that the components sg
yielded by such a transformation are not exactly the covariant
components of Eq. (25); for clarity, we designate them by
“COVvc”.
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Fig. 3 Sampling points: a for €11, k11, 31, b for 22, k22, y32, ¢ for g2, k12

Remark The Jacobian at center was used in [40] to improve
the method of incompatible modes for a 4-node element.
However, no such an improvement was proposed for the
MITC method until our paper [43], where the MITCYi ele-
ment was developed. The main difficulty was to notice that
the covariant components of Eq. (25) can be obtained from
the Cartesian ones by Eq. (26), and apply this formula in the
context of sampling/interpolation.

MITCi method for bending/twisting and transverse shear
strains For the membrane strains e of the shell element
MITC9i, we apply the transformations which we developed
in [43]. In the present paper, we propose and test analo-
gous transformations for the bending/twisting strains « and
the transverse shear strains y. Note that the transformation
formulas between Cartesian and covariant components are
different for the in-plane strains, i.e. € and k, and for the
transverse shear strain y, see “Appendix”.

Steps defining the improved shell element MITCO9i are
as follows:

1. The representations in the reference Cartesian basis are
transformed to the co-basis at the element center, to
obtain the COVc components,

T . T :
ke =jl ke, ye =iy, (28)

The two-level approximations of the COVc components

are performed,

MITC ~
—> ICg,

MITC ~
K Ye —> Ve (29)
This involves sampling and interpolation, which are
described in detail in the next paragraph. Results are des-

ignated by the tilde “~”.

. The approximated COVc components in the co-basis at
the element center are transformed back from the co-basis
at the element center to the reference Cartesian basis,

el =i Ty (30)

'Eref :j;T ké j;l,
The transformations of the first and third steps are reciprocal
and without the second step we would simply obtain ¥"¢/ =
Kref and 7ref — yref"

Sampling points and interpolation functions The two-level
approximations are applied to the COVc components of shell
strains, as symbolically given by Eq. (29). The COVc strain
components are sampled at points shown in Fig. 3, where
a=+/1/3 and b = /3/5. Let us group the sampled shell
strain components,

Ese € {e11, k11, a1}, Eyy € {€22, k22, v32},

Egy € {e12, K12} (31)

Then the particular strain groups are interpolated, using the
sampled values, as follows:

Eee6.m) =Y Ri6.n) (Eeelr,
1

Ep&m =Y R Ep,
l

Egp&.m) =Y Ri(E.n) (Egy, 32)
1

where R; are the interpolation functions defined below, and
[ is the index of sampling points: [ = A, B, C, D, E, F for
the 6-point schemes and [ = A, B, C, D for the 4-point
scheme. The sets of interpolation functions are defined as
follows:
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1. for e11, k11, y31, the points of Fig. 3a are used (2 points
in the & direction),

RaE.m=20-5[H2 -1,  ReEm=30+5H[D>-1]
ReGEm=10+5 [+, RoGE.n=10-5[D*+1]. (33)
ReGE.m=30+5[1-D.  ReEm=40-5H[1- 7]
2. for €77, k22, v32, the points of Fig. 3b are used (2 points
in the n direction),
Raem=10-D[G2 -5 Reew=ia+H[E?-5].
Re€m=40+D[G2+5]  Roew=30-D[GP+§] (34)
Re@m=10+D[1-?].  Re@m=30-DH[1-G?]
3. For €12, k12, the points of Fig. 3¢ are used (2 points in &
and n directions),
RaE.m=20-50-10), R m=3101+5H0-D, )

ReE m=10+5Ha+D,

RpE,m =11 -501+1).

Remark The sampling points of Fig. 3 correspond to the inte-
gration points proposed for the Selective Reduced Integration
(SRI) of strain energy terms in [32]. Several attempts were
made to apply the 6-point schemes of Fig. 3aandbto €1, and
k12 but without a significant improvement, see [19,21,31].

Improved sampling strategy Note that the schemes of Fig. 3a
and b involve 6 sampling points each, which implies a con-

Fig. 4 Sampling points and
lines for Egg. a2 x 3 points, b 2 (@)
sampling lines
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siderable number of evaluations. To reduce it, we use the
so-called sampling lines instead of points, which yields a
more efficient implementation. This method is not fully
equivalent to the 6-point scheme due to the transformations
of Egs. (28) and (30) but works very well.

To explain the method, we consider only one strain com-
ponent E¢,, for which sampling points and integration

3%
points are shown in Fig. 4a. Let us, for a moment, neglect
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the effect of transformations of Egs. (28) and (30). Then
we see that both these types of points are located at the
same n € {—b,0,+b}, where b = /3/5. Hence, the
3 x 3 integration does evaluate E g £ at correct n-coordinates,
and, therefore, no separate sampling and interpolation in the
n-direction is needed. In consequence, we sample and inter-
polate E§§ only in the &-direction,
Eee(€.1) = Rp1(8) ESe(—a. ) + Rpa(§) Ee(+a, ),
(36)

where

1
Rui(8) = 5(—%), Ria(®) = <1+§),

=J/1/3. (37)

This formula involves two sampling lines shown in Fig. 4b,
where L1 is located at £ = —a and L2 at £ = a. Besides,
note that the interpolation functions Ry and R, of Eq. (37)
replace six much more complicated functions R; of Eq. (33).
The sampling lines are transformed back by Eq. (30).

N =

4 Corrected shape functions for shell element

In this section, we present several modifications to the
method of calculation the shift parameters for the corrected
shape functions, which: (a) are necessary for 9-node shell
elements located in 3D space, and (b) improve accuracy of
a solution for non-flat shell elements and (c) enable to con-
struct a symmetric side curve for a shifted midside node. The
last modification is also applicable to 2D problems.

The standard isoparametric shape functions are obtained
by the assumption that the midside nodes (5,6,7,8) are located
at the middle positions between the respective corner nodes
and the central node 9 is located at the element center. When
these nodes are shifted from the middle positions then the
physical space parameterized by the standard shape functions
is distorted, see e.g. Figs. 13a and 20 in [30].

To alleviate this problem, the corrected shape functions
(CSF) were proposed in [9], with six additional parameters
introduced in the local coordinates space, «, B, y,€,6,k €
[—1,4+1], see Fig. 5. The distance of these nodes from the
middle positions in the local coordinates space is computed
as proportional to their distance in the physical space. To
determine these 6 parameters, nonlinear equations must be
solved: 4 equations with 1 unknown each and 2 equations
with 2 unknowns. This is done only once, so the time over-
head is insignificant.

The corrected shape functions for the 9-node element are
defined in two steps. First, the shape functions of the 8-node
(serendipity) element are defined,
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Fig. 5 Shift parameters of 9-node element
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(38)

and they account for shifts of the midside nodes from the mid-
dle positions. Next, the basis function for the central node 9
is added hierarchically to the shape functions for the 8-node
element. The obtained shape functions for the 9-node ele-
ment are

Ni(0,k) No(€,7m), i=1,...,8,

39)

Ni(E, ) =N;(E, 1) —

- E-D@*-D
No = ©2-1)(k2-1)"

where N;(0,k) = N;(§ = 60,7 = «), see [9], Eq. (20).
These functions account for shifts of the midside nodes from
the middle positions and the central node from the central
position. When the shift parameters are equal to zero, then the
CSF of Eq. (39) are reduced to the standard shape functions.

4.1 Computation of shift parameters in 3D for midside
nodes

For the midside nodes (5,6,7,8), the procedure to determine
the shift parameters «, 8, y, € can be extended from 2D to
3D space as follows. For instance, let us determine the shift
parameter « of node 5 in local coordinates. Consider the
parametric form of the side 1-5-2, which, in general, can be
curved. For 2D problems, it is

X (&)
Y ()

= N3, (§) - [X1, X5, X2] and
= N3, (&) - [Y1, Y5, Y2, (40)
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where the vector of corrected shape functions for a 3-node
element is

L[1E-DE-o 1-8 1E+DE-—w
N3n(§)_|:§ 4+ o " 1-a2’ 2 l -« j|

(41)

For shells in 3D space, we have to write additionally a similar
expression for the third coordinate,

Z(§) =Nz, () - [Z1, Zs, Z2]. (42)

In the method proposed in [9], the shift parameter o is
obtained from the proportion of arc-lengths, i.e. the fractional
distance of node 5 along the curved side relative to nodes 1
and 2 is required to be identical in a physical space and in a
local space,

LY *d
B L @)
L—l f,1 dé

where the arc-length of the side in a physical space from
E=—-1ltoé&=ais

LY = / \/ (dX/dE)* + (dY [dE)? + (dZ/dE)? d&. (44)
—1

In the above form, we included the term (dZ/d& )2, i.e.
the contribution of the third coordinate, which is needed
for shells. The definition of Li’} is analogous; we have
to replace o by +1. Besides, for the right-hand-side, we
obtain [* d& =1+a, and fil dé =2, and Eq. (43) can
be transformed to a single non-linear equation in o,

[% Va&? + bE + c d¢ B
I VaET +bE + c dk 2

where a, b, ¢ depend on differences in node positions and
on «. We solve this equation using the Newton method,
and the term added for shells, (dZ/d& )2, contributes to the
tangent matrix and the residual vector.

An initial value of «, denoted as «g, is obtained by a
proportion and a change of variables as follows:

1
a1 _ (45)

F(o) =

Lis

a=——"——¢€[0,1], ¢p =2a —1€[—1,+1], (46)
Lis+ Lsp

where L;; is the distance between nodes i and j in
3D space, computed as a length of a vector connecting these
points. When the side 1-5-2 is straight then, Ljs+Ls> = L2
and the so-defined « is a solution of the nonlinear Eq. (43).
The parameters for the other midside nodes, i.e. 8, y and e,
are obtained in an analogous way.
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4.2 Computation of shift parameters in 3D for central
node

For the central node 9 and the (0, k) parameters, the gener-
alization to 3D space is more complicated. For 2D space, we
use an assumption that the Jacobian of transformation from
physical to local coordinates should not be affected by the
central node 9. For shells, we have additionally the third
coordinate Z, and we can consider two methods of treating
1t:

MI1. Neglect a contribution of the Z-coordinate, and solve
a system of 2 equations identical to that used for 2D

space,
Xo = Y5y Ni(0, ) X; =0 )
Y9 - Zig:l N[(Q,K) Yi = O

This method is an option when the elemental reference
basis is used, e.g. the tangent basis attached at node 9,
as then Z describes elevation or warping of an element.
M2. Account for a contribution of the Z-coordinate. We
propose to incorporate it using a definition of the square

error
e=r'r, (48)
where
Xo— Y% Ni6, 1) Xi
r@,0)=| Yo—Y" N, Y |. (49)

Zo— Y% N0, k) Zi

The error e is a scalar, and minimization of it w.r.t. 6
and « yields 2 equations
2r7 (dr/do) =0
[ZrT(dr/d/c) =0 (50)

This method can be applied when either the elemental
or global reference basis is used for an element. For a
flat shell element, M2 yields exactly the same results as
M1, so the proposed generalization is correct indeed.

In both methods, the set of nonlinear equations is solved
for 6 and « using the Newton method. Initial values can be
calculated, e.g., as follows:

2L79
Ko = ———
L79 + Los

2L
B = 89

- =7 -1, (5D
Lgg + Log

)

where L;; is the distance between nodes i and j in 3D
space. When nodes 8, 9 and 6 lie on one straight line then



Comput Mech (2018) 62:499-523

509

0 = 0y. Similarly, when nodes 5, 9 and 7 lie on one straight
line then « = kp. The proposed method M2 is tested in
Sect. 6.4.

4.3 Alternative computation of shift parameters for
curved sides

When the element side is straight, then the shift o« = «o,
where «g is given by Eq. (46). Computations are more
complicated when the side is curved; e.g. in the method of
[9], the proportion of arc-lengths yields a nonlinear Eq. (45)
from which « is calculated. We have noticed two features
of that procedure:

1. when the midside node is shifted from the middle position
then the so-computed « yields a non-symmetrical side
curve,

2. any particular shape of the side curve is not assumed in
this method so we cannot control it. It is a drawback,
e.g., for domain boundaries, the shape of which we try to
represent as exactly as possible.

We propose an alternative method by which a parabola is
constructed in such a way that a symmetric shape of the side
is obtained even for a shifted midside node. The steps of the
proposed method for the given nodes P;, P, and Ps are
as follows:

1. Check the position of Ps relativeto P; and P,

d =ps —pill — llps — p2ll < tol, (52)

where p;, p2 and ps are position vectors of Pj, P, and
Ps, respectively, and ol is a prescribed tolerance. If
d < tol then Ps isonthe axis of symmetryso o = 0 and
this ends the calculations; otherwise we proceed further.

2. Construct vectors of a local Cartesian basis in 3D using
Py, P, and Ps

s: = (P2 —pv)/llP2 —pDI,

v=(p1—ps) x(P2—ps5), s =V/|vl, (53)

Sy =S, X S,

Note that s; and s, belong to the plane defined by P,
P, and Ps.

3. Calculate coordinates of P;, P> and Ps in the local
basis {s;, s, S:},

ri =07 (p; —po), 1r2=07(p2—po),
rs = O” (ps — po), (54)

where po = (p1+p2)/2 and O = [s; [s, [s,] € SOQ3).
The applied transformation involves a shift by po and
a rotation by O. Associate the local coordinates x, y
with the vectors s; and s,, respectively, so let them have
zero at po. The local coordinates of nodes are designated:
r;y = [x1, y1l, r2 = [x2, y2] and rs = [xs, ys], where
yi=y=0.

4. Calculate coefficients of a parabola in the local basis,
assuming that it passes through P; and P, and is
symmetrical w.rt. x = 0. Writing y = ax? + ¢ for
P1 and Ps5, we obtain a system of two equations, from
which we can calculate

a= yg_ylz, c=y5—ax52. (55)
X5 — X1

5. The parametric equation of parabola y = ax? + ¢ is

15
y=—+e, (56)
4a

where ¢ is a parameter. The value of ¢ for P; can be
obtained using the condition x = x;, and the value of ¢
for Ps using the condition x = xs,

tp = —2axq, tps = — 2axs. 57

Then, the shift parameter o € [—1, 1] can be defined as

a ratio
. Ip X5
o= — =" (58)
ltp | |l

The new method is simpler than that of [9] and its accuracy is
better when the shell edge is curved and symmetric indeed,
see Sect. 6.5. Note that the midside shift parameters, such
as «, affect also the (0, k) parameters for the central node,
see Eq. (50). Finally, we note that e.g. a semi-circle can be
implemented in a similar manner, but a parabola is simpler.

Example Consider three points P;(0,0), P>(4,0) and Ps(1,2)
shown in Fig. 6, where the side curves are obtained for
the standard shape functions (“‘standard”) and the corrected
shape functions. For the latter, « is obtained in two ways:
the method of [9] yields o« = —0.264405 and the non-
symmetric curve “CSF,CG”, while the proposed method
yields o = — 0.5 and the symmetric curve “CSEnew”.

5 Treatment of drilling RC

The purpose of using the drilling Rotation Constraint
(drilling RC) is to provide an additional equation for the
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Fig. 6 Shape of curved side for shifted node 5 obtained for the CSF
with coefficients computed either as in [9] (“CSE,CG”) or by the pro-
posed method (“CSFEnew”)

drilling rotation Aw = Ay - a5, which is not present in
the shell kinematical assumption (2) and in strains.

We define the drilling RC as the (1,2) component of the
RC equation of Eq. (10), which is taken with Q =~ Qq in
the local basis {t;} (k =1, 2, 3). Applying the t; - [(-) t2]
operation to the L.h.s. of Eq. (10), we obtain the scalar

c=t- [skew(Qg ¥) tz] = % [tl (0} th) —t <FTQ()t2)]

1
5 [(Qot1) - (Ft2) — (Ft1) - (Qot2)]

1
3 [a; - (Ft) — (Fty) - a2], (59)

where a; = Qot; and ap = Qqt, are the forward-rotated
tangent vectors t; and t;.

The drilling RC can also be obtained in the forward-rotated
basis {ai}, where ay = Qg t;, which is associated with the
current (deformed) configuration. Let us denote A = Qg F
and its forward-rotated form A* = QOAQg = FQg . We
see that

t; - (skewAty) =t - (QgskewA*Q()tz) = a; - (skewA* ay),
(60)

where the last form uses the forward-rotated basis vectors.
When we approach the solution, i.e. Qo — R, then A =
Q)F - R'F = U and A* = FQ} — FR” =V, where
the rotation R € SO(3) and the right and left stretching
tensors, U and V, respectively, are obtained by the polar
decomposition of F.

Incremental form of the drilling RC An incremental form of
the drilling RC can be obtained from the last form of Eq. (59)
using the multiplicative decompositions F = AFF" and
Qo = AQpQy, where the superscript “n” designates the last
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converged configuration. Introducing the convected vectors
t, = F"t, and the forward-rotated vectors aj, = Qtq
(¢ = 1, 2), after straightforward transformations, we obtain

c= % a1 (24g) — ¢ - (aaTay) ], 61)

where AA = AQg AF. This form of ¢ complies with
the additive/multiplicative rotation update scheme, in which,
we use AQq parametrized by Ay for the increment, see
Eq. (8). This scheme works correctly for |Aw| < /2, and,
when combined with a quaternion, allows for arbitrarily large
drilling rotations. For the initial configuration, F” =1 and
Qj = I, so we have t), =t,, aj, = t,, and the above
formula reduces to

= % [Aa; - (AFty) — (AFt)) - Aay], (62)

where Aa, = AQpt,, of an apparent similarity to the last
form of Eq. (59).

Discussion of approximation of drilling RC Below we show
that for the equal-order bi-quadratic interpolations of dis-
placements and the drilling rotation, the drilling RC is
incorrectly approximated.

For simplicity, consider a planar bi-unit square element
with drilling rotations and a linearized form of the drilling
RC: 2¢ =20+ (u, —vg) = 0, where u, = ui>
and v g = up 1. Let us write the interpolation formulas as
follows:

9 9
=y ¢l v=y) ¢V
i=1 i=1

where [¢i] = [1, &, n, &n, £2, 0%, 0%, £%n, %9 ]| and
&,n e [—1,+1]. Besides, U;, V;, ; are coefficients for
displacement components and the drilling rotation depending
on the nodal values uy, vg, wr (k = 1,...,9). For the
above interpolations, the linearized drilling RC yields

9
0= ¢, (63)

i=1

20 =2+ Uz — Vo) + 2 +Ug —2Vs5) &
+ 292 4+2Us—Va)n+ 2(Q4+Ug— V7)én
+ Qs+ UDE + 29— Vo) n® + 2(Q — Vo)
En + 2(Q7 — Uo) 2 + 2Q &%, (64)

Note that the last £ 25?-term contains only the rotational coef-
ficient 9 but no displacement coefficients U;, V;, which
is incorrect, because both these types of coefficients should
be linked in each term of the drilling RC. This problem is
caused by equal-order approximations of displacements and
the drilling rotation; a similar one appears for 4-node (bi-
linear) elements, but then the &n-term is faulty, see [48].
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Let us designate the faulty term as c9 = Qg £29%. For
a bi-unit square element and the linearized drilling RC, we
can express cg in terms of nodal drilling rotations wy (k =
1,...,9) as follows:

1
C9=[Z(w1+w2+w3+ w4)
1 2.2
—§(w5+ we + w7 + wg) +wy |, (65)

Note that for the rigid element rotation .., all nodal
wr = wyr and the term in brackets vanishes, so the faulty
term does not cause any problem then. However, in general,
fil fil csdedn = %Qg # 0, which means that the penalty
form involving ¢y is non-zero and affects the solution.

To establish a magnitude of the effect caused by cg, we:
(1) removed c¢9 from ¢, which implied 1 additional zero
eigenvalue of the tangent matrix, and (2) stabilized this matrix
by the scaled-down cg. Then, Eq. (18) valid for an arbitrary
element (not only for the bi-unit one), has the following mod-
ified form

h 1
Fsh, = %/A[(c—a)f + ch}dA, (66)

where 1/103 is the scaling factor. This form was tested on
the Cook’s membrane example of Sect. 6.3, and the effect
of c9 term was not strong. Hence, in further tests, we use
the form of F;Em given by Eq. (18), which is simpler.

6 Numerical tests

In this section, we present numerical tests of the developed
9-node shell element MITC9i. The element uses the modified
transformations of Sect. 3 and the corrected shape functions
(CSF) in the extended version for shells of Sect. 4, which
enables calculation of shift parameters for non-flat element
geometry and generation of a symmetric side curve for a non-
symmetric position of a midside node. An implementation
of the drilling rotation is described in Sects. 2 and 5. The
element is integrated using the 3 x 3 Gauss rule.

The tested and reference shell elements are listed in
Table 1. All “ours” shell elements are of the Reissner—
Mindlin type and with drilling rotations (6 dofs/node).

The elements were derived using the automatic differenti-
ation program AceGen described in [23,24], and were tested
within the finite element program FEAP developed by R.L.
Taylor [52]. The use of these programs is gratefully acknowl-
edged. Our parallel multithreaded (OMP) version of FEAP
is described in [22].

We tacitly assume that any consistent set of units is used
for the data defined in numerical examples.

Table 1 Tested and reference 9-node shell element

Element Characteristics
Tested
MITC9i Two-level approximations of covariant strains

in co-basis at element center (COVc¢), CSF
Reference, ours
9 Standard (not modified)
9-AS 28], Assumed Strain, two-level
approximations of strains in Cartesian basis
at element center

9-SRIO [32] Selective Reduced Integration scheme of
Table 1, CSF

9-SRI [28] Selective Reduced Integration scheme of
Table 2, CSF

9-EAS11 Enhanced Assumed Strain for membrane

strains of [7] Eq. (30), bending strain
unmodified, transverse shear strain treated
as in MITC9i, CSF

Reference, of [29]

MITC9 ADINA [2], 5 dofs/node, two-level
approximations of covariant strains in local
co-basis

S9R5 ABAQUS [1], 5 dofs/node (small strain/finite

rotation, Kirchhoff), 2 x 2
URI+stabilization (1 spurious eigenvalue,
not suppressed)

4-node shells, ours [48]

HW47, HW29 Mixed/enhanced elements based on
Hu—Washizu functional with 47 or 29 p.
Drilling RC by Perturbed Lagrange method

EADGSA Enhanced Assumed Displacement Gradient

element with 5 p drilling RC by Perturbed
Lagrange method

6.1 Eigenvalues of single element

The eigenvalues of a tangent matrix are computed for a single
unsupported element. First, a single bi-unit square element
with regularly placed mid-side and central nodes is checked.
Then, several other flat and non-flat (h-p, one- and two-
curvature) element shapes with shifted mid-side and central
nodes are examined. This test is performed for the standard
as well as corrected shape functions, which implies different
element shapes. For all these cases, the tested shell element
MITCOi has a correct number of zero eigenvalues (6).

6.2 Patch tests

The patch tests are crucial to demonstrate the benefits of
using the new MITC9i shell element. The five-element patch
of elements proposed in [33] of Fig. 7 and its distorted form
of Fig. 8 are used. The data E = 10°, v = 0.25 and a
thickness 7 = 0.001.
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Fig. 7 Five-elements patch 8 11 7
test. Regular mesh o
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Fig. 8 Five-elements patch test. Shifted nodes (circles not to scale)
The stretching/shearing (membrane) and bending/twisting 2. For the bending/twisting patch test, the displacement and
patch tests are performed as described in [27]; displacements rotation fields are
and rotations are prescribed at external nodes and the com-
puted values are checked at internal nodes. The transverse uy =0, Yy = 0.0005 (x +2y),
shear test is performed for the load case defined for a 9-node uy =0, 5 5 vy = _0~OOO§ 2x +y),
plate in [18], see “Shearing case” in Fig. 2b therein. The iz = 0.0005 (" +xy+y%), ¥ - unconstrained.
particular types of constant strains are verified as follows: (68)
This test verifies that the bending strains kyx = kyy, =
1. For the stretching/shearing (membrane) patch test, the 0.001 and the twisting strain ky, = —0.0005 while
displacement and rotation fields are the membrane strains and the transverse shear strains are
equal to zero. Note that passing this test is not required
for consistency; it is merely a test of ability to model
u, = 0.001(x + % y), Yy =0, constant bending/twisting strains.
Uy = 0.00l(%x + ), Yy =0, (67) 3. For transverse shear patch, the uniform transverse force
u; =0, ¥, - unconstrained. P, =1 is applied at the right boundary, the left boundary

This test verifies that &,y = ¢y, = 0.001 and &y =
0.0005 while the bending/twisting strains and the trans-
verse shear strains are equal to zero.

The drilling rotation, v, is unconstrained, and we should

obtain the solution i, = 0, where zero results from the
linearized drilling RC, ¥, = o = %(ux,y —Uyx).
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is clamped. Rotations 1, and 1, are set to zero at
all nodes of the mesh to prevent the bending moments
developing. The analytical solution is

u, = 0.025 x, (69)

and at the right boundary u, = 0.006. This test verifies
that the transverse shear strains are: ¢,; = 0.0125 and
gy =0.
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Table 2 Patch tests of MITC9i
shell element

Cases of node shifts log e
Stretch/shear Bend/twist Transverse shear
(A) Zero shifts (regular mesh) —15.7 —15.7 —15.8
(B) Arbitrary shifts of n. 25 —54 —-52 —54
(C) Parallel shifts of n. 21-24 —-54 —-52 —-53
(D) Perpendicular shifts of n. 21-24 -3.0 —1.1 —44

Logarithm of relative error of Eq. (70)

The standard patch tests are performed using the regular
mesh of Fig. 7, which has straight element sides, the side
nodes are placed at the middle positions and the central node
of each element is located at the intersection of lines con-
necting opposite midside nodes.

We additionally perform the patch tests using the dis-
torted meshes obtained from the regular mesh by shifts of
the selected five nodes indicated in Fig. 8. The shifts are
kept within the radius r = 0.00673145, which is a half of
the minimal distance of nodes in the entire mesh. Pseudo-
random real numbers are generated 100 times in the range
[—r, r], and the relative error is computed over all nodes,

Abs(Uang — u)
x —

e, =ma , (70)

Uana

where u is a selected component and the analytical solution
Ugnq 1S computed using either Eq. (67) or (68) or (69). The
rounded logarithms of these errors are shown in Table 2,
and we see that for the regular mesh (Case A), the errors
are of order 1071°, which means that the MITC9i element
passes all the standard patch tests. For the distorted meshes,
additionally the corrected shape functions are activated, and
the results can be summarized as follows:

1. For the shifted central node 25 (Case B) and for parallel
shifts of nodes 21, 22, 23, 24 (Case C), the errors are
of order 1073, so the element passes all the patch tests
for these cases. Note that to obtain such a performance
the standard shape functions are not sufficient and the
corrected shape functions are required.

2. For perpendicular shifts of nodes 21, 22, 23 and 24 (Case
D), we observe a drop of accuracy in all three patch tests.

The biggest error occurs for bending/twisting, and this
patch testis not passed. We checked bending and twisting
separately, and they both contribute to the error. (To shed
additional light on this case, we replaced the transverse
shear part of the 9-node element by an assembly of the
transverse shear parts of four 4-node elements, in which
the ANS method of [3] was applied to eliminate locking.
Then the error dropped to logge, = —3.1.)

Because the bending/twisting patch test is not necessary
for consistency, the convergence of the FE solution is
possible despite failing this test.

Finally, note that the classical MITC9 element does not pass
these patch tests even for the regular mesh (Case A), so the
MITC9i element provides an improvement.

6.3 Cook’s membrane

In this test, we demonstrate that the use of corrected shape
functions reduces sensitivity of a solution to the value of
regularization parameter y in the drilling RC term. The
implementation of F 5};[. ; of Eq. (18) is tested.

The membrane is clamped at one end (all degrees of free-
dom are restrained, including drilling rotations), while at the
other end, the uniformly distributed shear load P = 1 is
applied, see Fig. 9. The datais as follows: E =1, v =1/3
and a thickness h = 1.

Two meshes are used, the skew one of Fig. 9a, and the
irregular one, where the central node 9 and three midside
nodes (5, 7, 8) are shifted by d, see Fig. 9b. We use two
mesh densities: 1 x 1 and 16 x 16 elements.

We test the MITCOi element using: (a) two values of the
regularization parameter: ¥y = G and y = G/1000, and
(b) two types of shape functions, standard and corrected.
The results are given in Table 3, and we summarize them as
follows:

1. Solutions for the coarse 1 x 1-element mesh are more
sensitive to the value of y than those for the dense
16 x 16-element mesh. For both tested types of shape
functions, the reduced value y = G /1000 improves the
accuracy.

2. For the irregular mesh of Fig. 9b and both mesh densi-
ties, the use of the corrected shape functions is beneficial
and the solution is almost insensitive to the node shifts.
The MITC9i element is more accurate than the other ele-
ments.

We see that for the corrected shape functions, the solution
is less sensitive to the value of regularization parameter y,
which is another positive effect of using these functions.

@ Springer



514

Comput Mech (2018) 62:499-523

Fig. 9 Cook’s membrane.
Mesh of single element: a skew,
b irregular ford =5

)

o
16

(a)
3 3
y
VX
—— 48
Table 3 Cook’s membrane
Element Regularization parameter y Skew mesh Irregular mesh
1x1 16 x 16 1x1 16 x 16

MITCOi, Standard shape f.

2D, no drill RC - 22.265 23.955 19.347 23.961

with drill RC G 22.256 23.946 19.025 23.955

with drill RC G /1000 22.256 23.955 19.346 23.961
MITC9Yi, Corrected shape f.

2D, no drill RC - 22.265 23.955 22.265 23.960

with drill RC G 22.256 23.946 22.256 23.955

with drill RC G /1000 22.265 23.955 22.265 23.960
9 G /1000 19.644 23.949 12.736 23.949
9-AS G /1000 21.799 23.953 19.462 23.958
MITC9 - 22.209 23.955 16.570 23.958
S9R5 - 26.540 23.96 19.46 -
4-node elements
4n HW14-S [47] G 21.353 23.940 - -
Ref. [14] 23.810

Vertical displacement at node A

6.4 Shift parameters for parabolic cylindrical element

In this test, we evaluate the method M2 of calculation the
shift parameters 6 and x of the corrected shape functions
for shells, which was proposed in Sect. 4.

The parabolic cylindrical element shown in Fig. 10a is
obtained from a bi-unit square X, ¥ € [—1, 41] by shifting
nodes 5, 7 and 9 by the vector [dy, 0, d;]. (In the notation
of Sect. 4, Zs = Z7 = Z9 = d,.) The remaining nodes are
at Z =0 and the standard X, Y positions.

For this element, we first calculate the shift parameters
o, B,y,€ andnext 6 and « using methods M1 and M2 of
Sect. 4. For the initial values given by Eq. (51), the Newton
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method always converged in less than 5 iterations. The values
of 6 obtained for the horizontal shift d, € [0, 0.5] and the
elevation d, € [0, 0.7] are plotted in Fig. 10b, and we see
that:

1. M1 yields always the value 6 = d,, which is correct for
flat elements and acceptable for shallow elements, when
0 <d,; <0.1, butis incorrect beyond this range.

2. For M2, the value of 6 varies with d, and the bigger
d, the 6 differs more from d,, which is correct as the
arc-length changes then. Note that, e.g., for d, = 0.7
and d, = 0.5, the error of M1 relative to M2 is about
17.7%.
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M1,d,=0.5 —+—
0.7 LM2, =05 —s— |
M1, d=0.3
M2, d=0.3
0.6 M1, d=0.1 , |
O I'M2 dj=01 —o—
0.5
©
5 041
£
0.3 ‘ ‘ : ‘ : ‘ d,=0.3
0.2
0.1¢ & o o = o & d,=0.1
0 1 1 1 1 1

1
0 0.1 0.2 03 04 0.5 0.6 0.7
Elevation d,

Fig. 10 Parabolic cylinder. a Shift [dy, 0, d.] of nodes 5, 7 and 9 of
square element. b Values of 6 for varying elevation d,

Concluding, the method M2 is appropriate for flat, shallow
and non-flat elements, and can be used as a general method
of calculation 6 and « for 9-node shell elements.

6.5 Single curved element

In this test, we evaluate the method of computation of the
shift parameters for curved sides proposed in Sect. 4, which
constructs a symmetrical side curve when the midside node
is shifted from the middle position.

The curved cantilever is clamped at one end and at the
other end is loaded by either “Load 1” causing in-plane bend-
ing by a pair of in-plane forces, or “Load 2” causing twisting
by a pair of transverse forces, see Fig. 11. The material data
and geometry are: E = 1.0 x 105, v = 0.0, h = 0.025,
inner radius = 0.095, outer radius = 0.105, force P = 0.1, as
in [25]. One 9-node element is used and it’s nodes are shifted
as follows: (1) the midside nodes 6 and 8 by d = n *x 0.001
along straight boundaries, (2) the midside nodes 5 and 7 by
¢ = n * 1° in the circumferential direction along curved
boundaries, and (2) the central node 9 in the radial direction
by d =n%0.001, see Fig. 11.

P® Pe

P ® p—>!
Load2  Load1 |

Fig. 11 Single curved element. Load cases and shifts of nodes

The element shape for n = 3 in shown in Fig. 12, and we
see that the standard shape functions very poorly approximate
the geometry while the corrected ones much better.

The displacements at node 1 obtained for the increasing
distortion parameter n are shown in Figs. 13 and 14. The
curves are designated as follows: “standard” for the stan-
dard shape functions, while for the corrected shape functions:
“CSF,CG” for the method of calculation of the shift param-
eter of [9], and “CSF,new” for the method of calculation of
the shift parameter proposed in Sect. 4.

Next, we can calculate errors of the displacement at node
1 for the distortion parameter n = 4 relative to the displace-
ment for n = 0, see Table 4. We see that the corrected
shape functions are beneficial for both tested elements and
significantly reduce errors. The proposed method of calcula-
tion of the shift parameter “CSF,new” is more accurate than
the original method of [9] “CSE,CG”. It renders that the ele-
ment MITCYi is practically insensitive to nodes’ shifts for
both load cases.

6.6 Curved cantilever

In this test, we assess the effects of elements’ curvature, skew
shape and a varying shell thickness 7 on the accuracy of a
solution.

The curved cantilever is fixed at one end and loaded by a
moment M, at the other, see Fig. 15. The data is as follows:
E =2 x10°, v = 0, width » = 0.025 and radius of
curvature R = 0.1. The FE mesh consists of 6 nine-node
elements, which have either rectangular or skew shape, see
[25]. The analytical solution for a curved beam is

M_R?

M.R
Uy = = 0.024, =1
El

Ve = 2E1

= 0.377, (71)

where [ is the moment of inertia.
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Fig. 12 Single curved element.
Parameterizations of domain for
shifted nodes (n = 3) using: a
standard shape functions, b
CSF [9], c) CSF with new shift
parameters

MITC9i,CSF,new =—s— 9-AS,CSF,new
MITC9i,CSF,CG —&— 9-AS,CSF,CG —
MITC9i,standard 9-AS,standard —_—

0.02

0.015

N——
N

0.01

-v displacement at node 1

0.005 \\
0 ;
0 1 2 3 4

distortion parameter n

Fig. 13 Single curved element. Displacement for “Load 1”

The shell thickness is varied in 7 € [1072,107°], and
the external moment is assumed as M, = (R/h)™>, soa
solution of the linear problem should remain constant. For
this range of &, we obtain the range of R/h € [10, 10%]
and L/h € 2.6 x [1, 104], where L is a circumferential
length of a single rectangular element.

Note that for the rectangular mesh, coefficients of the cor-
rected shape functions are equal to zero while for the skew
mesh non-zero values are obtained; the values for the *mid-
dle’ elements (6 and « are obtained by M2 of Sect. 4) are
given in Table 5.

The displacement u, at point A obtained by the linear
analysis are shown in Fig. 16. The plots of the rotation i, are
similar and for this reason not shown here. We can conclude
this test as follows:

1. For the rectangular mesh, the solutions for all elements
are are close to the analytical value, and we provide for
reference the curve designated “MITCYi,rectang”. The
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distortion parameter n

Fig. 14 Single curved element. Displacement for “Load 2

only exception is the element ‘9’, which severely locks;
then the curve is similar to the one shown for this element
and the skew mesh.

2. For the skew mesh,

a. all the tested elements, except ‘9’, yield accurate
solution for R/h < 100. Beyond this range, the
accuracy of all elements worsens. The most accu-
rate is SORS, second is MITC9i but the difference
between it and the next 9-EAS11, 9-AS and 9-SRI is
not big. The solution for MITC9 was obtained only
for log(R/h) = 1,2, see [29] p. 93.

b. MITCYi behaves slightly better than the elements 9-
AS and 9-SRI of [29]; this can be attributed to the
corrected shape functions implemented in MITCOi.
MITC9i performs also slightly better than 9-EAS11
when both use the corrected shape functions.
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Table 4 Single curved element Shape functions Load 1 Load 2
MITC9i 9-AS MITCOi 9-AS
CSFEnew 0.04 0.04 0.06 44
CSE,CG 8.3 12.5 4.8 15.0
Standard 98.4 93.8 251.0 275.0

Errors of displacement at node 1 (in %)

Fig. 15 Curved cantilever.
Rectangular and skew mesh

Table 5 Coefficients of

. Parameter o
corrected shape functions for

y € 0 K

skew mesh (x 10%) Value 0.35484

0.0 —0.24975

0.10912 0.15873 0.05455

MITCO9i rectang —+— 9-AS,9-SRI
MITCOi —=— 9-EAS11 —o—
9 MITC9 —eo—
S9R5 —x—
T T T g T T T
0.025 ‘
0.02
0.015
>
7
0.01
0008 [ b
e e . .
i i i i i i i

log(R/h)

Fig. 16 Curved cantilever. Displacement u, at point A for skew mesh
and diminishing thickness

6.7 Pinched hemispherical shell with hole

In this test, the shell undergoes an almost in-extensional
deformation and membrane locking can strongly manifest
itself, see [4]. The elements are curved and we test two val-
ues of the regularization parameter y for the drilling rotation
term.

Fig. 17 Pinched hemispherical shell with hole

A hemispherical shell with an 18° hole is loaded by two
pairs of equal but opposite external forces, applied in the
plane z = 0, along the 0X and 0Y axes, see Fig. 17. The
data is as follows: E = 6.825 x 107, v = 0.3, R = 10 and
thickness 7 = 0.04 or & = 0.01. Note that for the smaller
thickness, #/R = 0.001. Because of the double symmetry,
only a quarter of the hemisphere is modeled.

Linear analyses Two values of the regularization parameter
y for the drilling RC term are tested, y = G and y =
G /1000, and the results for the 8 x 8 element mesh are
given in Tables 6 and 7. A displacement at the point where
a force is applied and in a direction of this force is reported.
The conclusions are as follows:
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Table 6 Pinched hemispherical shell with a hole. # = 0.04. Linear
analysis

Element —uy x 10?
y=G y = G/1000

MITCYi 9.3582 9.3733
9 3.1370 3.1554
9-AS, 9-SRI - 9.3473
9-SRI0O 9.3352 9.3503
9-EASI1 9.3505 9.3776
MITC9 8.5687

S9R5 9.3513

4n HW47 64 x 64 9.3714

Ref. [27] 9.4000

Table 7 Pinched hemispherical shell with a hole. # = 0.01. Linear
analysis

Element —Uy

y=G y = G/1000
MITCOi 5.7834 5.8875
9 0.1677 0.1727
9-SRIO 5.7687 5.8722
9-EASI11 5.6916 5.8899

4n HW47 64 x 64 5.8924

1. For both thicknesses, the reduced value y = G/1000
yields more accurate results for all tested elements.

2. For h = 0.04 and both tested values of y, MITC9i
performes similarly to 9-EAS11.

We see that the solution for the basic element 9 is very locked,
and such techniques as EAS, MITC, AS or SRI improve
accuracy about threefold for 7 = 0.04 and over 30 times for
h =0.01.

Non-linear analyses The non-linear analyses are performed
using the Newton method and AP = (0.2. We use the mesh
of 8 x 8 elements, unless differently indicated. The solution
curves for the inward displacement under the force are shown
in Fig. 18.

1. The curves MITC9i1, 9-SRIO and 9-EAS11 are obtained
for y = G/1000. We see that they almost coincide with
the solution for the 4-node element HW47.

2. For MITCYi, we additionally provide the solution for
y = G (“MITC91,G”) and it is locked compared to
the one for y = G/1000. The solution for a 16 x 16-
element mesh (“MITC9i, 16x16”) is softer than that for
the 8 x 8-element mesh.
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Inward displacement at force P

Fig. 18 Pinched hemispherical shell. # = 0.01. Inward displacement
at force

Concluding the linear and non-linear analyses, we see that
the accuracy of the MITCOi shell element is very good com-
pared to the 9-SRIO element and that the reduced value
y = G/1000 for the drilling rotation term is beneficial in
the case of curved elements.

6.8 Short C-beam

Drilling rotations are mainly introduced to allow for analyses
of intersecting shells and in this example we have two 90-
degree intersections.

A short C-beam is fully clamped at one end and loaded by
a vertical force P at the other, see Fig. 19a. At the clamped
end, displacements and rotations are constrained to zero,
as proposed in [12]. The data is as follows: E = 107,
v = 0.333, the thickness & = 0.05. The web is modeled
by 18 x 3 elements and each flange by 18 x 1 elements,
so the total number of elements is 90. The vertical dis-
placement u, at the point where the force P is applied
is monitored.

The mesh is regular so coefficients of the corrected shape
functions (CSF) are equal to zero in this example.

The linear solutions for P =1 and y = G/1000 are
given in Table 8. The reference value is computed in [13],
using the (2+3+2) x 9-element mesh of the 16-node CAM
elements and o, = 0.01. For comparison, we also provide
a solution by 4-node HW47 and (2 + 6 + 2) x 36-element
mesh obtained in [48].

We see that the solutions for MITC9i, 9-AS, 9-SRI and
9-EAS11 are similar and slightly above the reference value.
Besides, MITC9i is insensitive to the value of y, and yields
almost the same results for y = G/1000 and y = G.
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Fig. 19 Short C-beam. a Initial
geometry and load. b Deformed
configuration at force P = 112

Tablf: 8 Shor't C-b§am. Linear Element —u. x 103

solution. Vertical displacement Z
MITC9i 1.1551
9 1.1902
9-AS, 9-SRI 1.1556
9-SRIO 1.1557
9-EAS11 1.1559
MITC9i, G 1.1550
MITC9 1.2839
S9RS 1.1628
4n HW47 1.1537
Ref. [13] 1.1544
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Fig. 20 Short C-beam. Non-linear solutions for AP = 20

The solution by MITC9 is slightly excessive. Surprisingly,
the solution for a basic element 9 does not show much lock-
ing.

The non-linear solution computed using the arc-length
method with the initial AP = 20 is shown in Fig. 20. All
elements are tested for y = G/1000. The curves for 9-AS
and 9-SRI coincide with that for MITC9i and the solution for
MITC?9 is quite close to them. The 4-node HW47 element is

ettt i
B e s ii:
N
AN W\ 1
S SN ““““‘“‘“‘gg‘“ T

AANNN
Il
D

Fig. 21 L-shaped plate. Initial geometry and load

slightly softer than MITC9i. Additionally, MITC9i is tested
for y = G, and the solution curves for both values of y
almost coincide.

Note that the reference elements 9 and S9RS behave erro-
neously; the solution for 9 is too stiff while for S9RS is too
flexible, compared also to the solutions from, e.g., [6,12].
Note that S9RS lost convergence at about u, ~ —2.7.

6.9 L-shaped plate

In this test we compare the convergence properties of
the MITCOi element to the 9-node element 9-EAS11 and
two 4-node elements, including the mixed/enhanced HW29
element of [48]. This example was also analyzed using
quadrilateral and triangular shell elements in [38] and [10].

The L-shaped plate is clamped at one end and the in-plane
force P is applied at the other end, see Fig. 21. The data is
as follows: £ = 71,240, v =0.31, w = 30, L = 240, and
thickness 4 = 0.6. The value of the regularization parameter
for the drilling RC term y = G. A mesh of 17 nine-node
elements (102 nodes) is used.

The solution of this problem has a bifurcation point at
which an out-of-plane deformation occurs. We add a small
out-of-plane load and solve the equilibrium problem using
the arc-length method. The in-plane force P and the out-
of-plane load P; = P /1000 are applied at point B, at which
the out-of-plane displacement u3 is monitored.

In this test, 10 steps are performed by the arc-length
method for the initial load increment AP = 0.5 and the
requested number of iterations per step I, = 20. The
non-linear solutions are presented in Fig. 22. The reference
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10 steps: dP=0.5, I,¢4=20
3.5 T T T T
Ref. — 1
3 MITCOi ——
"9-EAS11 ‘
4n HW29 A

4n HW29

2.5|-4n EADG5A v

Load

Fig. 22 L-shaped plate. Non-linear solution. Indicated are the last
points for particular elements after 10 steps

curve was obtained in [48] using 64 4-node elements and
AP =0.1.

We see in Fig. 22, that the longest steps were made by the
4-node HW29 element, next by the 9-node MITC9i and 9-
EASI11, and the shortest ones by the 4-node EADG5A. The
total number of Newton iterations used in 10 steps was as
follows:

(a) 4-node elements: HW29 - 67, EADGS5A - 90,

(b) 9-node elements: MITC9i - 91, 9-EASI11 - 91.

We see that the 4-node HW29 outperforms the other 4-
and 9-node elements in this test. We recall that a treatment of
the drilling RC was pivotal to improve convergence proper-
ties of this element, see [48]. In this element, we applied the
Perturbed Lagrange method and the 3-parameter Lagrange
multiplier, which yielded one spurious mode, for which we
developed the y -stabilization. Finally, we note that this anal-
ysis can be continued further without any problem, and, e.g.,
for MITC9i and 20 steps, we end up at the load level of about
130.

7 Final remarks

The improved nine-node shell element MITC9i with drilling
rotations was developed and tested in this paper. The element
is based on the Reissner—Mindlin kinematics, Green strain
and the extended potential energy functional for the plane
stress condition. Its formulation includes several improve-
ments, which we summarize as follows:

1. We propose to formulate the MITC method for the bend-
ing/twisting strains & and the transverse shear strains
y using the ‘COVc’ components of Green strain, see

@ Springer

Sect. 3, which is different from in the classical MITC9
element. This modification renders that the patch tests
are passed by the MITC9i element for the regular mesh
of Fig. 7.

2. The corrected shape functions are applied instead of the
standard shape functions, see Sect. 4. They eliminate
distortions of a local coordinate space caused by shifted
nodes, which results in a better interpolation accuracy.
These functions enable the MITCYi element to pass the
patch tests for meshes distorted by parallel shifts of mid-
side nodes and arbitrary shifts of the central node, see
Fig. 8.

The method of computation of the shift parameters of [9]
was generalized from 2D to shells located in 3D space in
Sect. 4. To compute the shift parameters of a central node,
we propose the method based on the minimization of a
square error, Eq. (50), which is suitable for flat, shallow
and non-flat elements, see Sect. 6.4.

Additionally, we propose an alternative method to cal-
culate the shift parameters for midside nodes, Eq. (58),
different from the one of [9]. It does not rely on the pro-
portion of arc-lengths but uses a parametric equation of a
parabola. In effect, a symmetric curved side is generated
even for a shifted midside node, which improves accu-
racy when the shell boundary is curved and symmetric,
see Sect. 6.5.

3. Thedrilling rotation is incorporated using the drilling part
of the Rotation Constraint equation, Egs. (10) and (11).
‘We found that the corrected shape functions reduce sensi-
tivity of solutions to the value of regularization parameter
y of the penalty method. Besides, we confirmed that
the reduced value y = G/1000 improves accuracy for
curved or distorted element shapes, see Sects. 6.3 and
6.7.

Finally, the shell element MITC9i with drilling rotations not
only passes the patch tests described above, but its accuracy
is very good in linear tests for coarse distorted meshes. In
non-linear tests, see Sects. 6.7, 6.8 and 6.9 (we have also
run several other tests, not reported in this paper), it is very
robust and its convergence properties are good. Nonetheless,
its radius of convergence is smaller than of our best 4-node
element HW29, see Sect. 6.9. Therefore, further studies are
needed to fully compare its performance to other existing
very good quadrilateral and triangular elements.
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Appendix

Transformations between Cartesian and covariant
components

For shell, we usually assume that the director t3 is perpendic-
ular to the reference surface and define the so-called normal
basis, such that t3 is one of its vectors and two other vectors
are tangent to the reference surface. Various tangent vectors
can be used: Cartesian ty, natural g, and the co-vectors
to the natural ones, g* («¢ = 1,2), which implies various
transformation rules for components of vectors and tensors.
Below we derive the transformation rules for the 2nd rank
tensors and their covariant and Cartesian components.

Relation between tangent vectors g, and t,. The natural
basis vectors g, can be decomposed in the Cartesian basis
{t,} as follows:

8 = (8u - t1) ] + (8o - t2) o, (72)

in which (g, - tg) are components of the Jacobian matrix

o[98 _[etige-t
J_[asﬂ}_[gl } 7

‘gt
Hence, we can rewrite Eq. (72) as

g1 |t . t ] T |:gl:|
= and obtain = .
[gz] J [tz} [tz J 22

(74)

The second relation is used below in the form

t=J'e+'e w=Js+'e. (75
where JO;; designates components of the inverse Jacobian
matrix

1 1
1 g -t1g b
= 5 76
! |:g2‘tl gz'tz] (76)

and g are the co-basis vectors.

Transformation of in-plane and transverse components
Transformation formulas for covariant and Cartesian com-
ponents of the second-rank tensor A can be obtained in the
following way.

In-plane (af) components First, we calculate the Cartesian
components Agﬁ = ty - (Atg) and, next, transform them
using Eq. (75). Finally, we identify the covariant components
Ayp = 8o (A gp) of the tensor representation A = Ayg g*®
g?. The transformations are performed as follows:

AG=t-At) =" e+ @117 (Ag)

+ 75" (Agy)]
=D A+ 5D A+ I 0 A
+ 755" Ag
A =t (At) =175 g+ 7y &1 175 (Ag)
+75' (Agy)]
= (UpH? An+ UpH? Ap + I35 15" A
+ U5 05" A,
AG =t -At) =1 &+ 75, w1175 Ag)
+75' (Agy)]
=I5 A+ 050 05 A+ T A
+ U5 5" Ag,
AS =t (At) =15 g+ 7y gl 1 (Ag)
+ 75" (Agy)]
_ 11—11 11—21 A11+12_11 12—21 A22+J1_21 Jz_ll A
+J1_11 J2—21 Ay

‘We can rewrite the above formulas in the vector-matrix form
AS =T* Agy, (77)
where
JH? ush? gt ustus

1—11 2 2—11 2 1—11 2—11 “ 21
(J12) (Jzz ) J12 J22 J12 J22

—1 5= 17-1
11_11]1_21 ‘]2_11‘]2_21 J]_lljz_21 J]_2112_11
Sz o S o i In

T =

Af) A
AS A

AC = | T2 | A, =
! AICZ 5 A1
AZCI Ary

Alternatively, in terms of 2 x 2 matrices of components A€
and Ag, we have

AC =GO Ae§ (78)
and the covariant components in terms of Cartesian ones,

As =jTACj. (79)
Transverse (a3 and 3«) components The derivation is analo-
gous to that for the in-plane components. First, we calculate
the Cartesian components AO% = t, - (At3) and, next, trans-
form them using Eq. (75). Finally, we identify the covariant

components Ay3 = g, - (A g3) of the tensor representa-
tion A = Ay3 g% ® g°. (Note that for the normal basis,
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g3 = g3 = t3.) The transformations are performed as fol- 18. Huang HC, Hinton E (1984) A nine node Lagrangian Mindlin plate
lows: element with enhanced shear interpolation. Eng Comput 1:369-379
19. Huang HC, Hinton E (1986) A new nine node degenerated shell
. _ _ element with enhanced membrane and shear interpolation. Int J
A% =t - (At3) = (‘Ill1 g1t J211 g2) - (A gs) Numer Meth Eng 22:73-92 "’
— Jﬁl Az + Jil An3, 20. Hughes TJR, Brezzi F (1989) On drilling degrees of freedom. Com-
put Methods Appl Mech Eng 72:105-121
A2C3 =t -(At3) = (.]1_21 g1 + J2—21 2) (A g) 21. Jang J, Pinsky PM (1987) An assumed covariant strain based 9-
1 -1 node shell element. Int ] Numer Meth Eng 24:2389-2411
= ]12 A+ J 22 Ans. 22. Jarzebski P, Wisniewski K, Taylor RL (2015) On parallelization of
the loop over elements in FEAP. Comput Mech 56(1):77-86
We can rewrite the above formula in the vector-matrix form 23. Korelc J (2002) Multi-language and multi-environment generation
of nonlinear finite element codes. Eng Comput 18:312-327
A% 7| Az 24. KoreleJ, Wriggers P (2016) Automation of finite element methods.
|: AC i| =1 [ A :| . (80) Springer, Berlin
23 23 25. Koschnick F, Bischoff GA, Camprubi N, Bletziger KU (2005) The
discrete strain gap method and membrane locking. Comput Meth-
The formulas for A3Ca components are analogous. ods Appl Mech Eng 194:2444-2463
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