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Abstract This paper introduces a novel multigrid approach
for the geometric non-linear simulation of tension fields on
the basis of a three-node membrane finite element. The ele-
ment possesses, in addition to the nodal displacement degrees
of freedom, an in-plane rotational degree of freedom inside
the element domain that controls the direction of the tension
field. This rotational degree of freedom allows the enforce-
ment of continuity and tension field boundary conditions on
the basis of a coarser mesh with varying size.

Keywords Membrane · Wrinkling · Multigrid ·
Finite element

1 Introduction

Membranes are widely used for deployable structures such
as parachutes and balloons. However, despite their common
use it remains a challenging task to accurately simulate their
deployment. Although membranes can carry large loads in
biaxial tension, they fail to carry any noteworthy compressive
stresses due to the formation of wrinkles. Since the wave-
length of wrinkles decreases with the membrane thickness,
it is generally not possible to simulate large-scale deploy-
able membrane structures by using shell elements. This is
demonstrated in the following.

Simulation results of a sheared membrane for a decreasing
thickness t are shown in Fig. 1. The rectangular membrane
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is discretized by 38,400 rotation free shell elements that
are based on the Laplace–Beltrami operator and the Gauss–
Bonnet theorem, Meyer et al. [10]. It can be seen that the
number of wrinkles increases from t = 1 mm to t = 0.1 mm
but remains constant thereafter since the mesh is too coarse
to model increasingly small wrinkles. Hence it is necessary
to use a mesh density of about 107 degrees of freedom (dof)
per square meter to accurately simulate a membrane with a
thickness between t = 0.01 − 0.1 mm. For example, cur-
rently used scientific balloons with a diameter of 80 m are
made from a 0.04 mm thick membrane and possess a surface
area of 16,000 m2, Pagitz and Pellegrino [15]. The resulting
model would consists of approximately 1011 dof and thus
can not be processed by existing computers in a reasonable
amount of time.

Since the bending energy is generally small compared
to the total strain energy of a membrane, it is possible to
overcome this computational limitation by using an artificial
bending stiffness that prevents mesh dependent buckling pat-
terns and a modified material law or deformation gradient
that removes the remaining compressive stresses. The draw-
back of this approach is that information about the number
of wrinkles and their amplitudes is lost. However, the loss of
some detail information is an acceptable price for reducing
the number of dof by several orders of magnitude. Although
existing thin-shell finite elements are technically mature, the
development of techniques that eliminate compressive mem-
brane stresses is still an active field of research, Jenkins [4].

2 Literature review

Tension field theory, Steigmann [22], provides the theoretical
framework for methods that eliminate compressive stresses
in membranes. The first contribution to tension field theory
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Fig. 1 Simulation results of a sheared rectangular membrane (375 mm × 125 mm ×t). Lower edge is fixed and upper edge is moved horizontally
by �u = 3 mm: a t = 1 mm, b t = 0.1 mm, c t = 0.01 mm

was by Wagner [25] in 1929. He investigated the behavior of
thin metal webs in beams that carry a shear load far beyond
the initial buckling value. Wagner concluded that compres-
sive stresses in these webs are negligible once the initial buck-
ling value is reached and that increasingly large loads are
purely carried by a tension field.

There exists a small number of analytical solutions for
wrinkled membranes. Equations for an initially unstressed,
annular membrane under torsional loading were first derived
by Reissner [17]. The assumption of an initially unstressed
membrane simplifies the derivation since the whole mem-
brane domain is wrinkled so that the direction of the ten-
sion field is the only unknown. Stein and Hedgepeth [23]
extended the work of Reissner by considering an initially
stressed membrane of infinite size. A consequence of the ini-
tial prestress and the infinite dimension is that the membrane
is only partially wrinkled. The wrinkled region was modeled
by using a varying Poisson’s ratio such that the compres-
sive stresses vanish. The work of Stein and Hedgepeth was
generalized by Mikulas [11] for prestressed membranes of
finite size. Li and Steigmann [6] finally derived equations
for finite rotations of the central hub. An analytical solution
for a completely wrinkled rectangular membrane, subject to
various loading conditions, was published by Mansfield [9].

He approached the problem by maximizing the strain energy
of the tension field with the help of variational calculus.1 A
nice property of Mansfield’s solution is that the direction of
the tension field varies over the membrane domain. Further-
more, for pure shear, both the membrane stresses and the
gradient of the tension field have singularities which makes
it a challenging benchmark test. We will use the rectangular
membrane in the following to demonstrate the good perfor-
mance of the proposed method since the simulation of an
annular membrane under torsional loading is trivial.

The availability of increasingly powerful computers in the
1980s sparked the development of algorithms for the simula-
tion of wrinkled membranes. These algorithms can generally
be grouped into two categories:

The first category eliminates compressive stresses by mod-
ifying the material law. For example, Miller [12] developed
an algorithm that uses, like the analytical work by Stein
and Hedgepeth [23], a variable Poisson’s ratio. An imple-
mentation of this algorithm into commercial finite element

1 Although Mansfield’s solution is based on an isotropic membrane, it
can be extended to orthotropic materials since a Young’s modulus that
is a function of the wrinkle direction does not alter the nature of the
underlying functional.
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packages was undertaken by Adler [1]. Liu et al. [7] intro-
duced a penalty parameter to reduce the compressive stresses
by softening the stiffness of the membrane orthogonal to the
wrinkle direction. A similar method that is based on a pseudo-
dynamic solution strategy was subsequently published by
Rossi et al. [20]. Akita et al. [2] used a projection method
to extract the elastic part from the total strains of a wrinkled
finite element. A related algorithm for isotropic and ortho-
tropic membranes was recently published by Jarasjarungkiat
et al. [3].

Unlike the first category, the second group of algorithms
eliminates compressive stresses by modifying the deforma-
tion gradient. For example, Wu and Canfield [26] developed
a method that modifies the deformation gradient for the sim-
ulation of isotropic membranes. A generalized version of
this algorithm for isotropic and anisotropic membranes was
subsequently published by Roddeman et al. [18,19]. Muttin
[14] derived a quadrilateral finite element that is based on
Roddeman’s work and Lu et al. [8] extended Muttin’s work
by deriving explicit equations for the force vector and tan-
gent stiffness matrix. Further publications that emerged from
the paper by Wu and Canfield are, for example, Kang and Im
[5], Schoop et al. [21], Raible et al. [16] and Mosler [13].

This paper introduces a novel multigrid approach for the
geometric non-linear simulation of tension fields on the basis
of a three-node membrane finite element. The element pos-
sesses, in addition to the nodal displacement degrees of
freedom, an in-plane rotational degree of freedom inside the
element domain that controls the direction of the tension field.
This rotational degree of freedom allows the enforcement
of continuity and tension field boundary conditions on the
basis of a coarser mesh with varying size. The outline of the
remaining paper is as follows: Sect. 3 presents the derivation
of the finite element and Sect. 4 shows that alternative equi-
libria are a source for the well known convergence problems
that can occur during the simulation of wrinkled membranes.
Section 5 introduces a multigrid approach that is used to avoid
local optima in wrinkled membranes and Sect. 6 provides
numerical examples that demonstrate the good performance
of the proposed method. Section 7 concludes the paper.

3 Derivation of finite element

This section presents the derivation of a three-node mem-
brane finite element with an in-plane rotational dof inside
the element domain that controls the direction of the tension
field. The chosen node numbering and local coordinate sys-
tem is identical to the standard triangular membrane finite
element by Tabarrok and Qin [24]. The direction of the ten-
sion field is defined by a unit vector that emanates from the
origin of the coordinate system and encloses an angle α with
the x-axis, Fig. 2.

Fig. 2 Local coordinate system and wrinkle direction of finite element

Fig. 3 Additional zero energy modes of finite element: a Wrinkling
zero energy mode; b Shear zero energy mode

The displacements [uiviwi ] of node i can be linearly inter-
polated over the element domain by
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where A = (x2 − x1) y3/2 is the element area. A conse-
quence of the linear shape functions is that the element can
only model constant stress and strain states so that the result-
ing tension field is unidirectional. The Green–Lagrange strain
of a tension ray within the displacement field of the finite
element is

ε = L2 − 1

2
. (2)
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Fig. 4 Sheared and stretched
rectangular membrane with
indicated wrinkles

The undeformed tension ray has a unit length and the
deformed length L results in
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It is important to note that the strain of a tension ray is not
only a function of the nodal displacements but also of the
angle α between the tension field and the x-axis of the finite
element. The corresponding rotational dof is not fixed to a
certain location within the finite element since α can be mea-
sured from any tension ray.

The potential energy � of the finite element is

�(u�, α) = 1

2
E Atε(u�, α)2 (5)

where E is the Young’s modulus and t the thickness of the
membrane. The force vector f is

f =
[
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where

u� = [u1 v1 w1 u2 v2 w2 u3 v3 w3]T (7)

and n′ = ∂n/∂α. The force vector does not only contain
force terms but additionally a moment that is energetically
conjugate to α. Although this moment is coupled to the nodal
forces, it originates from within the finite element domain.
Hence it does not have to be transformed for the element

assembly nor is it merged with any other dof. Finally, the
material stiffness matrix is

Km = E AtrrT (8)

and the geometric stiffness matrix results in
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(9)

where p′ = ∂p/∂α. The corresponding equations for an
anisotropic membrane can be obtained by replacing E with
E(α) in Eq. 5.

The finite element possesses nine nodal dof. Six dof can
be associated with rigid body displacements and rotations.
Another two modes are, in contrast to a standard membrane
finite element, additional zero energy modes. They satisfy
�L = 0 such that

pTu = 0 and pTv = 0 (10)

which results in a coupling of the in-plane nodal displace-
ments

u1 = au2 + bu3 and v1 = av2 + bv3 (11)

where

a = y3 + x1 tan(α)

y3 + x2 tan(α)
and b = (x2 − x1) tan(α)

y3 + x2 tan(α)
. (12)

Table 1 Geometric, material and loading parameters of sheared and
stretched rectangular membrane (units are N and mm)

Geometry Material Displacements

Width Height t E ν �u �v

375 125 0.01 3,500 0 3 [1,2,3]
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Fig. 5 Comparison of
analytical and numerical
wrinkle directions for
�u = 3 mm and different values
of �v: a Triangular mesh (2882
elements); b �v = 1 mm;
c �v = 2 mm; d �v = 3 mm

Figure 3 shows the two additional zero energy modes.
The first mode eliminates stresses orthogonal to the wrinkle
direction and the second mode eliminates shear stresses.

4 Local optima in wrinkled membranes

A rectangular membrane where the lower edge is fixed and
the upper edge is moved parallel to the lower edge is used
in the following as a benchmark test, Fig. 4. Note that the
complete membrane is wrinkled, independent of the vertical
displacement �v for any non-zero horizontal displacement
�u, Mansfield [9]. The considered geometric, material and
loading parameters are summarized in Table 1.

The simulations were carried out with a purpose made
finite element program that utilizes the Newton–Raphson
method. The maximum change of a single wrinkle direction
during every iteration was limited to αmax = 0.4 rad. The
initial tension field for the simulations is based on the direc-
tions of the first principal stresses of an unwrinkled, isotropic
membrane. Note that ν was chosen arbitrarily and does not
need to be zero.

Analytical and numerical wrinkle directions of the sheared
and stretched rectangular membrane are shown in Fig. 5. It
can be seen that the simulation results are in good agreement
with the analytical solution. Nevertheless, there are small
regions at the top-left and bottom-right corners that increase

for decreasing values of �v where the converged wrinkle
directions appear to be random. Figure 6 shows the corre-
sponding convergence plot of the residual nodal force vector
(contains only nodal forces, no moments). Although it takes
only 11 iterations for �v = 3 mm it needs more than 120
iterations for �v = 1 mm due to the increasingly large
regions of disordered wrinkles. The physics of this phenom-
enon is discussed in the following.

Figure 7 shows a square membrane that is discretized
by two finite elements and subjected to two different pre-
scribed displacements. Furthermore, the strain, moment and
rotational stiffness of the first element are shown as a func-
tion of the wrinkle direction α together with the resulting
equilibrium configurations for the dyed regions. An impor-
tant result is that the range of initial wrinkle directions for
which a simulation converges to the desired equilibrium con-
figuration decreases for increasingly wrinkled and decreas-
ingly stretched membranes. Furthermore, besides the desired
equilibrium configuration, there exist up to three undesired
equilibria to which a numerical simulation can converge.
Since standard solution strategies are not capable of “jump-
ing” from one convex region with a local optima to another
region with a global optima, it is obvious that the final result
depends on the initial wrinkle directions.

As the top-left and bottom-right corners of a sheared mem-
brane possess only small tensile and comparatively large
compressive stresses, it is not surprising that these regions
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Fig. 6 Convergence of residual
nodal force vector fr for
isotropic and wrinkled
rectangular membrane

Fig. 7 a Square membrane
subjected to two different
prescribed displacements;
b Strain, moment and rotational
stiffness of first element as a
function of α

(E = 3,500 N/ mm2 and
t = 1 mm)

converge towards alternative equilibria. It is shown in the
next section how local optima can be avoided by using a
multigrid approach.

5 Multigrid for rotations and displacements

It was shown in the last section that there are regions at the
top-left and bottom-right corners of the sheared and stretched
rectangular membrane where the converged wrinkle direc-
tions appear to be random. Furthermore it was shown that
their size has a severe impact on the convergence rate. In the
following we present a multigrid approach that overcomes
the previously observed problems.

The directions of the first principal stresses from an
unwrinkled isotropic membrane are interpolated with a sec-
ond, coarser grid of quadrilateral elements by using the
method of least squares. The triangular and quadrilateral grid
are illustrated in Fig. 8. The interpolation matrix N contains
the values of the quadrilateral shape functions at the centre
of gravities (xc, yc) of the triangular elements. The size of
N is et × nq where et is the number of triangles and nq the
number of nodes of the quadrilateral grid.

N =

⎡
⎢⎢⎢⎢⎣

· · · Nα1
1 Nα1

2 Nα1
3 Nα1

4 · · ·
· · · Nα2

1 Nα2
2 Nα2

3 Nα2
4 · · ·

...

⎤
⎥⎥⎥⎥⎦

(13)
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Fig. 8 a Triangular mesh with
displacement dof at nodes and
rotational dof inside element
domains; b Quadrilateral mesh
with rotational dof at nodes;
c Multigrid, element rotations
are interpolated from
quadrilaterals

Fig. 9 a Least square
interpolation of first principal
stresses σ1 from an unwrinkled
isotropic membrane with three
quadrilaterals; b Enforced
wrinkle boundary conditions
(BC)

The quadrilateral shape functions are

Nαi
1 = 1

4

(
1−ξαi

) (
1−ηαi

); Nαi
2 = 1

4

(
1+ξαi

) (
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(
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) (
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)

(14)

where ξαi , ηαi ∈ [−1, 1] are the local coordinates at the cen-
tre of gravity of the i th triangle. The values of ξ and η for an

orthogonal mesh are

ξ = 4xc − (x1 + x2 + x3 + x4)

−x1 + x2 + x3 − x4

η = −4yc + (y1 + y2 + y3 + y4)

y1 + y2 − y3 − y4

(15)

where (x j , y j ) are the nodal coordinates of the quadrilateral
that encloses the triangle. The vector t of size nq contains the
unknown rotations � at the nodes of the quadrilateral grid

t = [�1 �2 �3 · · · ]T (16)
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Fig. 10 Convergence of residual nodal force vector for different triangular and increasingly refined quadrilateral meshes. Applied displacements
are �u = 3 mm and �v = 0

and the vector a of size eq contains the known rotations α of
the triangular elements

a = [α1 α2 α3 · · · ]T . (17)

The least square approximation of the element rotations
requires that t satisfies
(

aT − tTNT
)

(a − Nt) = min. (18)

so that

NTNt = NTa. (19)

Figure 9 shows the least square interpolation of the first
principal stress directions of an unwrinkled isotropic mem-
brane with three quadrilaterals. Since it is known that the
tension field of a wrinkled membrane at an unstressed free
edge has to be parallel to the latter, it is possible to enforce
this boundary condition by fixing the rotations of the quadri-
laterals at the corresponding nodes, Fig. 9. Another potential
boundary condition is the continuity of the tension field and
the first principal stresses between wrinkled and taut regions.
The starting point for the following simulations is the inter-
polated tension field that enforces the boundary conditions
at the free edges.

The stiffness matrix K = Km + Kg and the force vector f
that were derived in Sect. 3 are modified in the following to
replace the element wrinkle direction α with the nodal rota-
tions � of the surrounding quadrilateral. The multigrid force
vector f� becomes

f� =
[

f1..9 f10

[
N1 N2 N3 N4

] ]T
(20)

where f1..9 are the first nine entries of the force vector f . The
corresponding stiffness matrix K� results in

K� =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

K(1,1)..(9,9) K(1,10)..(9,10)

[
N1 N2 N3 N4

]

K(10,1)..(10,9)

⎡
⎢⎢⎢⎢⎣

N1

N2

N3

N4

⎤
⎥⎥⎥⎥⎦

K(10,10)

⎡
⎢⎢⎢⎢⎣

N 2
1 N1 N2 N1 N3 N1 N4

N2 N1 N 2
2 N2 N3 N2 N4

N3 N1 N3 N2 N 2
3 N3 N4

N4 N1 N4 N2 N4 N3 N 2
4

⎤
⎥⎥⎥⎥⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

(21)

6 Numerical examples

This section demonstrates the good convergence properties
of the multigrid approach by simulating a sheared (�v = 0)
rectangular membrane. A consequence of the pure shear is

123



Comput Mech (2010) 46:747–757 755

Fig. 11 Tension field for increasingly refined quadrilateral meshes (triangular background mesh is T 24 × 72). Applied displacements are
�u = 3 mm and �v = 0

the presence of two kind of singularities. The first one are infi-
nite stresses and the second one are infinite gradients of the
wrinkle directions at the bottom-left and top-right corners.
Besides these singularities, there are regions around the top-
left and bottom-right corners where the tension field stresses
are very small. Therefore it is not surprising that existing
numerical tools have difficulties to converge towards a con-
tinuous tension field throughout the membrane.

The nodal residual force vector from a previous simulation
is unchanged if the tension field is interpolated with a refined
quadrilateral mesh. However, the moments at the quadrilat-
eral nodes are generally different after a mesh refinement.
Since the used convergence criterion is based on the abso-
lute value of the nodal residual force vector, it is necessary to
compute the first iteration with a damped Newton–Raphson
method (15% of step length). Subsequent iterations then use
a line search algorithm that minimizes the absolute value of
the nodal residual force vector.

Figure 10 shows the convergence plots of the residual
nodal force vector for both, isotropic and tension field simula-
tions on the basis of different triangular meshes T m ×n. The
starting point for the tension field simulation is a quadrilat-
eral mesh Q 1 × 3 that interpolates the directions of the first
principal stresses from an unwrinkled isotropic membrane
and enforces the boundary conditions at the free edges. This
mesh is successively refined where the tension field from the
previous step is used to initialize the subsequent simulation.
It can be seen that the proposed method converges nicely to
the desired equilibrium configurations within a few iterations
for each quadrilateral mesh.

Figure 11 shows the tension rays for different angles and
quadrilateral grids on the basis of a triangular background
mesh of T 24 × 72. Note that the solutions of successively
refined quadrilateral meshes converge towards the singular-
ity at the bottom-left and top-right corners where the gradient
of the wrinkle directions is infinite. Furthermore, it becomes

123



756 Comput Mech (2010) 46:747–757

Fig. 12 Comparison of
analytical and numerical wrinkle
directions and stress contours
for �u = 1.5 mm, �v = 0 and
T 24 × 72, Q 23 × 69

apparent that relatively coarse quadrilateral meshes like the
Q 12 × 36 can accurately represent the tension field.

Figure 12 shows a comparison between the analytical
and numerical solution for �u = 1.5 mm. The horizon-
tal displacement was reduced to minimize geometric effects
since the analytical solution is based on infinitesimally small
displacements.2 The geometric effects are reflected by the
slightly different values for the central stress contours. The
central stress from the numerical solution is 21.12 N/ mm2

whereas the corresponding analytical stress is 21.01 N/ mm2.
All other stress contours are plotted for the given values. The
differences at the free edges are due to the finite triangular
and quadrilateral mesh densities that can not represent an
infinite gradient of wrinkle directions at the bottom left and
top right corners. It can be seen that the stress contours from
the numerical and analytical solutions are in good agreement.
Furthermore, the tension field from the numerical solution is
continuous and thus avoids any local optima.

7 Conclusions

This paper introduced a novel multigrid approach for the geo-
metric non-linear simulation of highly wrinkled and stretched
membranes on the basis of a three-node membrane finite
element. The element possesses, in addition to the nodal dis-
placement dof, an in-plane rotational dof inside the element
domain that controls the direction of the tension field. This
additional dof allows the enforcement of continuity and ten-
sion field boundary conditions on the basis of a coarser mesh
with varying size. It was shown that the separate interpolation
of displacements and rotations results in a good convergence
behavior even in the presence of singularities that can exist
in wrinkled membrane.

2 Steigmann [22] showed that small strain theories correspond to a sin-
gular limit of the general tension field theory, at which the underlying
system changes from elliptic to parabolic type.
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