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Abstract

Consider a finite collection of affine hyperplanes in R?. The hyperplanes dissect R¢
into finitely many polyhedral chambers. For apoint x € R and achamber P the metric
projection of x onto P is the unique point y € P minimizing the Euclidean distance
to x. The metric projection is contained in the relative interior of a uniquely defined
face of P whose dimension is denoted by dim(x, P). We prove that for every given
k € {0, ..., d}, the number of chambers P for which dim(x, P) = k does not depend
on the choice of x, with an exception of some Lebesgue null set. Moreover, this number
is equal to the absolute value of the k-th coefficient of the characteristic polynomial of
the hyperplane arrangement. In a special case of reflection arrangements, this proves
a conjecture of Drton and Klivans [A geometric interpretation of the characteristic
polynomial of reflection arrangements. Proc. Amer. Math. Soc. 138(8), 2873-2887
(2010)].
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1 Introduction and Statement of Results
1.1 Introduction

The starting point of the present paper is the following conjecture of Drton and Kli-
vans [7, Conjecture 6]. Consider a finite reflection group # acting on R¢. The mirror
hyperplanes of the reflecting elements of % dissect R? into isometric cones or cham-
bers. Let C be one of these cones. Take some k € {0, ..., d}. A point x € R is said
to have a k-dimensional projection onto C if the unique element y € C minimizing
the Euclidean distance to x is contained in a k-dimensional face of C but not in a face
of smaller dimension. For example, points in the interior of C have a d-dimensional
projection onto C.

Conjecture 1.1 (Drton and Klivans [7]) For a “generic” point x € R%, the number
of points in the orbit {gx : g € W'} having a k-dimensional projection onto C is
constant, that is independent of x. Moreover, this number equals the absolute value ay,
of the coefficient of t* in the characteristic polynomial of the reflection arrangement.

Drton and Klivans [7] observed that in the case of reflection groups of type A their
conjecture follows from the work of Miles [19], proved it for reflection groups of
types B and D, and gave further partial results on the conjecture including numerical
evidence for its validity in the case of exceptional reflection groups. Somewhat later,
Klivans and Swartz [16] proved that if x is chosen at random according to a rotationally
invariant distribution on R¥, then the conjecture of Drton and Klivans is true on
average, that is the expected number of points in the orbit {gx : g € #'} having a
k-dimensional projection onto C equals ay.

The aim of the present paper is to prove Conjecture 1.1 in a much more general
setting of arbitrary affine hyperplane arrangements. After collecting the necessary
definitions in Sect. 1.2 we shall state our main results in Sect. 1.3.

1.2 Definitions

A polyhedral set in R is an intersection of finitely many closed half-spaces. A bounded
polyhedral set is called a polytope. If the hyperplanes bounding the half-spaces pass
through the origin, the intersection of these half-spaces is called a polyhedral cone,
or just a cone. We denote by . (P) the set of all k-dimensional faces of a polyhedral
set P C RY, forall k € {0, ..., d}. For example, .%y(P) is the set of vertices of P,
while .Z4(P) = {P} provided P has non-empty interior. The set of all faces of P of
whatever dimension is then denoted by .7 (P) = UZ:O Zk(P). The relative interior
of a face F, denoted by relint F, consists of all points belonging to F' but not to a face
of strictly smaller dimension. It is known that any polyhedral set is a disjoint union of
the relative interiors of its faces:

P= U relint F. (1)
FeZ(P)
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For more information on polyhedral sets and their faces we refer to [20, Sections 7.2
and 7.3], [21] and [26, Chapters 1 and 2]. Polyhedral sets form a subclass of the family
of closed convex sets; for the face structure in this more general setting we refer to
[22, §2.1 and §2.4].

Given a polyhedral set P and a point x € R?, there is a uniquely defined point
minimizing the Euclidean distance ||x — y|| among all y € P. This point, denoted
by mp(x), is called the metric projection of x onto P. For example, if x € P, then
mp(x) = x. By (1), the metric projection 7 p (x) is contained in a relative interior of a
uniquely defined face F of P. If the dimension of F is k, we say that the point x has
a k-dimensional metric projection onto P and write dim(x, P) = k.

Next we need to recall some basic facts about hyperplane arrangements referring
to [25] and [3, Section 1.7] for more information. Let .o/ = {Hj, ..., H,} be an
affine hyperplane arrangement in R?, that is a collection of pairwise distinct affine
hyperplanes Hy, ..., H,, in R?. In general, the hyperplanes are not required to pass
through the origin, but if they all do, the arrangement is called linear (or central). The
connected components of the complement R\ U/L, H; are called open chambers,
while their closures are called closed chambers of 7. The closed chambers are poly-
hedral sets which cover R? and have disjoint interiors. The collection of all closed!
chambers will be denoted by Z (7). If not otherwise stated, the word “chamber”
always refers to a closed chamber in the sequel. The characteristic polynomial of the
affine hyperplane arrangement .7 may be defined by the following Whitney formula
[25, Theorem 2.4]:

B dim( N H)
X =Y (=¥ wer ) )
B
N H#9
He#A

Here, #2% denotes the number of elements in %. The empty set Z = &, for which
the corresponding intersection of hyperplanes is defined to be R¢, contributes the
term 1< to the above sum. The notation C is also used in the cases of equality in this
paper. The classical Zaslavsky formulae [25, Theorem 2.5] state that the total number
of chambers is given by #%(</) = (—1)?x/(—1), while the number of bounded
chambers is equal to (—1)mnk o X7 (1), where rank .o is the dimension of the linear
space spanned by the normals to the hyperplanes of 7. For the coefficients of the
characteristic polynomial it will be convenient to use the notation

d
Xor (1) =Y (=) Fartt. 3)

k=0

! This convention deviates from the standard notation [25], where Z (<) is the collection of open chambers,
but will be convenient for the purposes of the present paper.
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1.3 Main Result

We are now ready to state a simplified version of our main result.

Theorem 1.2 Let <7 be an affine hyperplane arrangement in R? whose characteristic
polynomial x .y (t) is written in the form (3). Take some k € {0, ..., d}. Then,

#{P € Z() : dim(x, P) =k} = a;

for every x € R? outside a certain exceptional set which is a finite union of affine
hyperplanes.

Example 1.3 (Zaslavsky’s first formula) Let us show that Theorem 1.2 generalizes
Zaslavsky’s first formula #% (/) = (— 1)? % o7 (—1). Take some point x € R? outside
the exceptional set. On the one hand, for every chamber P € Z(<7) there is a unique
face whose relative interior contains the metric projection 7 p (x), hence interchanging
the order of summation we get

d d
Z#{P € () :dim(x, P) =k} = Z Z Lidim(x, P)=k)
k=0 Pe#(</) k=0
- Z | = #% ().
PR ()

On the other hand, the sum on the left-hand side equals ZZ:O ax by Theorem 1.2.
Altogether, we arrive at #%7 (/) = Zf:o ay, which is Zaslavsky’s first formula.

Example 1.4 (Reflection arrangements) Consider a finite reflection group % acting
on R?. This means that % is a finite group generated by reflections with respect to
linear hyperplanes; see the books [10] and [13] for the necessary background. The
associated reflection arrangement consists of all hyperplanes H with the property that
the reflection with respect to H belongs to # . Let x (¢) be the characteristic polynomial
of this arrangement and C one of its chambers. Drton and Klivans [7, Conjecture 6]
conjectured that for a “generic” point x € R? the number of group elements g € #
with dim(gx, C) = k is equal to the absolute value of the coefficient of t*in x (1), for
all k € {0, ..., d}. This conjecture is an easy consequence of Theorem 1.2. Indeed,
since every g € # is an isometry, dim(gx, C) equals dim(x, g~' C). If g runs through
all elements of 7, then g ~! C runs through all chambers of the reflection arrangement,
and the conjecture follows from Theorem 1.2. Note that the characteristic polynomials
of the reflection arrangements are known explicitly; see, e.g., [3, page 124].

Remark 1.5 Theorem 1.2 has been obtained by [17, Corollary 5.13]. Our proof is quite
different and more elementary.

Let us now restate Theorem 1.2 in a more explicit form involving a concrete descrip-
tion of the exceptional set. First we need to define the notions of tangent and normal
cones. Let
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m
pos A = Zkiai:meN,al,...,ameA,M,...,Asz .
i=1

denote the positive hull of a set A C R?. The tangent cone of a polyhedral set P at its
face F € % (P) is defined by

TF(P):pos{p—fo:peP}:{ueRd:EI§>0:fo+8ueP}, 4

where fp is an arbitrary point in relint F'. It is known that this definition does not
depend on the choice of fj and that 7r(P) is a polyhedral cone. Moreover, Tr(P)
contains the linear subspace aff F — fj, where aff F is the affine hull of F, i.e., the
minimal affine subspace containing F. For a polyhedral cone C C R, its polar cone
is defined by

C°={zeR%:(z,y) <Oforall y € C},

where (-, -) denotes the standard Euclidean scalar product on R?. The normal cone of
a polyhedral set P at its face F € .% (P) is defined as the polar cone of the tangent
cone:

Np(P) = (Tr(P))°.
By definition, Nr(P) is a polyhedral cone contained in (aff F )L, the orthogonal

complement of aff F. Here, the orthogonal complement of an affine subspace A C R?
is the linear subspace

At ={zeR?:(z,y) =0forall y € A}.

Now, the metric projection of a point x € R? onto a polyhedral set P satisfies
wp(x) € F for aface F € % (P) if and only if x € F + Np(P). Here, A+ B =
{a+b:ae A, b e B}isthe Minkowski sum of the sets A, B C R4, which in our
special case is even orthogonal meaning that every vector from N (P) is orthogonal
to every vector from F. Similarly, we have

wp(x) erelint F <= x € (relint F) + Ng(P).

Let int A denote the interior of a set A, and let 9A = A\ int A be the boundary of
A. We are now ready to restate our main result in a more explicit form.

Theorem 1.6 Let o7 be an affine hyperplane arrangement in RY whose characteristic
polynomial x ./ (t) is written in the form (3). Then, for every k € {0, ..., d} we have

or(x) == Z Z Lryng(p)(x) =ax, forallx e Rd\Ek, )
Pe# () FeF(P)
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where the exceptional set Ey. is given by

E= |J | aF+nNeP). (©6)
Pe# () FeFr(P)

Also, we have g (x) > ay for every x € RY.

An equivalent representation of the set E, implying that it is a finite union of affine
hyperplanes, will be given below; see (42) and (43).

Example 1.7 Let us consider a simple example showing that the exceptional set cannot
be removed from the statement of Theorem 1.6. Consider an arrangement .7 consisting
of the coordinate axes {x; = 0} and {x, = 0} in R2. There are four chambers and the
characteristic polynomial is given by x ./ (f) = (t — 1)%. It is easy to check that the
functions ¢ and ¢; defined in (5) are given by

0o(x1, x2) = 1+ Ly =0} + Lix=0) + Lixj=x=0},  @1(x1, x2) = 2¢0(x1, X2).

These functions are strictly larger than @y = 1 and a; = 2 on the exceptional set
Ei =E;={x; =0} U {xp =0}

Remark 1.8 (Similar identities) It is interesting to compare Theorem 1.6 to the follow-
ing identity: For every polyhedral set P C R we have

4 . .
1, if P is bounded
)R =1 ’
Z Z (=D Lr-npp) (%) 0, if P is unbounded and line-free,
k=0 Fe.Z;(P)

for all x € RY, without an exceptional set. Various versions of this formula valid out-
side a certain exceptional sets of Lebesgue measure O have been obtained starting with
the work of McMullen [18, page 249]; see [24, Proof of Theorem 6.5.5], [8, Hilfs-
satz4.3.2], [9], [11, Corollary 2.25 on page 89]. The exceptional set has been removed
independently in [23] (for polyhedral cones) and in [12] (for general polyhedral sets).
Cowan [4] proved another identity for alternating sums of indicator functions of con-
vex hulls. The exceptional set in Cowan’s identity has been subsequently removed in
[14].

2 Implications and Extensions of the Main Result

2.1 Conic Intrinsic Volumes and Characteristic Polynomials

As another consequence of our result we can re-derive a formula due to Klivans
and Swartz [16, Theorem 5] which expresses the coefficients of the characteristic
polynomial of a linear hyperplane arrangement through the conic intrinsic volumes of

its chambers. Let us first define conic intrinsic volumes; see [24, Sect. 6.5] and [1, 2]
for more details. Let £ be a random vector having an arbitrary rotationally invariant
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distribution on RY. As examples, one can think of the uniform distribution on the unit
sphere in R or the standard normal distribution. The k-th conic intrinsic volume v ©)
of a polyhedral cone C C R? is defined as the probability that the metric projection
of & onto C belongs to a relative interior of a k-dimensional face of C, that is

w(C) = Pldim(¢,C) =k, kel0,...,d).

To state the formula of Klivans and Swartz [16, Theorem 5], consider a linear hyper-
plane arrangement, i.e., a finite collection </ = {Hj, ..., H,,} of hyperplanes in R?
passing through the origin. The hyperplanes dissect R into finitely many polyhedral
cones (the chambers of the arrangement). The formula of Klivans and Swartz [16,
Theorem 5] states that for every k € {0, ..., d} the sum of vi(C) over all chambers
is equal to the absolute value of the k-th coefficient of the characteristic polynomial

Z w(C) =ag, forall ke{0,...,d}. (®)
CeZ ()

For proofs and extensions of the Klivans—Swartz formula see [15, Theorem 4.1],
[1, Section 6] and [23, Equation (15) and Theorem 1.2]. To see that (8) is a consequence
of our results, note that by Theorem 1.2 applied with x replaced by &,

Z Ldim(e,c)=k} = ax  with probability 1.
CeR(A)

Taking the expectation and interchanging it with the sum yields (8). Thus, in the setting
of linear arrangements, our result can be seen as an a.s. version of the Klivans—Swartz
formula.

2.2 Extension to j-th Level Characteristic Polynomials

Let us finally mention one simple extension of the above results. Let £ (<) be the set
of all non-empty intersections of hyperplanes from <7 By convention, the whole space
R is also included in .2 (<7) as an intersection of the empty collection. Take some
Jj €1{0,...,d} andlet Z;(/) denote the set of all j-dimensional affine subspaces in
ZL(4f). The restriction of the arrangement <7 to the subspace L € £ (/) is defined
as

dY={HNL:Heo/,HNL#L,HNL # @),

which is an affine hyperplane arrangement in the ambient space L. Note that it may
happen that Hy N L = Hp N L for some different H;, H, € </, in which case the
corresponding hyperplane is listed just once in the arrangement .27/~ .
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Now, the j-th level characteristic polynomial of </ may be defined as

Xt jJO =Y Xer(t). ©)
LeZ; ()

We refer to [1, Section 2.4.1] for this and other equivalent definitions. Note that in the
case j = d we recover the usual characteristic polynomial y . (). For the coefficients
of the j-th level characteristic polynomial we use the notation

J
Xar j () =Y (=1 Fapt*. (10)

k=0

Recall that Z (/') denotes the set of all closed chambers generated by the arrangement
o .Forj € {0,...,d},letZ;(«/)bethesetofall j-dimensional faces of all chambers,
that is

i) = ) Fp.
PeR(A)

The j-th level extension of Theorem 1.6 reads as follows.

Theorem 2.1 Let <7 be an affine hyperplane arrangement in RY whose j-th level
characteristic polynomial ). ;(t) is written in the form (10). Then, for every j €
{0,...,d}and k € {0, ..., j} we have

Z Z 1rynppy(X) = ayj, forallx € Rd\Ekj,
PeR; (/) FEFi(P)

where the exceptional set Ey; is given by

Ej= |J U aF+Ne(Py. (11)

PeZ (o) FeF(P)

Proof of Theorem 2.1 assuming Theorem 1.6 Consider any L € .£;(A) and apply The-
orem 1.6 to the hyperplane arrangement .27 in the ambient space L. This yields

Yoo Y lervemnig@ =arr, forallze L\Exr,  (12)

PeZRj(of): FEF(P)
PCL

where Lo := L — 7 (0) is a shift of the affine subspace L that contains the origin, the
ak,1’s are defined by the formulae

J
Xt (1) =Y (=1)/ ey 1t* (13)
k=0

@ Springer



1484 Discrete & Computational Geometry (2023) 70:1476-1498

and the exceptional sets Ej ; C L are given by

Er= |J U F+©WrP)nL. (14)
PeX;(A): FeF(P)
PCL

Here, d; denotes the boundary operator in the ambient space L. Note that in (12) the
normal cone of F € % (P) inthe ambient space L isrepresented as Ny (P)NLg, where
Nr(P) denotes the normal cone in the ambient space R. Also, we have the orthogonal
sum decomposition Np(P) = (Np(P) N Lg) + L+ Hence, we can rewrite (12) as

Z Z 1rinppy(X) = arp, forallx € RIN\(Ex L + LY. (15)

PE%]‘(JA{): Fe.Z(P)
PcCL

Since each j-dimensional face P € #; (/) is contained in a unique affine subspace
L € Z;(4/), we can take the sum over all such L arriving at

Yo e ®)

PeR; (o) FEFy(P)

= Z Z Z Lrinppy(x) = Z ar.rL

Le () PeRj(A): FeFy(P) Le ()
PCL

for all x € R outside the following exceptional set:

U Ee+th= U U U (@ +wee)nro+r?)
LeZj () Le () PER;(H): F€Fy(P)
PCL

= U U aF+nNeP)=Ey.

PeRj(ol) FeF(P)

Here, we used that 3, (A)+ L+ = 9(A+ L") forevery set A C L. It follows from (9),
(10), (13) that

Z ak,L = aij,

LeZ;(A)

which completes the proof. O

Remark 2.2 Using almost the same argument as in Sect. 2.1, Theorem 2.1 yields the
following j-th level extension of the Klivans—Swartz formula obtained in [1, Theo-
rem 6.1] and [23, Equation (15)]:

S w(P)=ay, forall je{0,....d), ke{0,....j}.  (16)
PGE%’J'(JZV)
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3 Proof of Theorem 1.6

The remaining part of this paper is devoted to the proof of Theorem 1.6 which we
shall subdivide into several steps. In Step 1 we prove Theorem 1.6 for k = 0 and linear
arrangements. In Steps 2, 3, 4 we reduce the general case to this special case. Finally,
in Step 5 we simplify the representation of the exceptional set.

Step 1. We start with a proposition which, as we shall see in Remark 3.3 below, implies
Theorem 1.6 for linear hyperplane arrangements in the special case k = 0. Recall that
the polar cone of a polyhedral cone C C R is defined by

C°={zeR?:(z,y) <Oforally € C}.

It is known that C°° = C; see [1, Proposition 2.3]. The lineality space of a cone
C is the largest linear space contained in C and is explicitly given by C N (—C).
It is known that the linear space spanned by the polar cone C° coincides with the
orthogonal complement of the lineality space of C; see, e.g., [1, Proposition 2.5] for
a more general statement. In particular, the lineality space of C is trivial (i.e., equal
to {0}) if and only if C° has non-empty interior.

Proposition 3.1 Let <7 be a linear hyperplane arrangement in R?. Then,

Z I]_CO (_X) = qao, fO}" all x € Rd\ES, (17)
CeR(A)

where ay is defined by (2) and (3) and the exceptional set Ejj is given by

Eg= |J L= {J aco. (18)
LeZ()\{0} CeR ()

Proof Since for linear arrangements C — —C defines a bijective self-map of Z (%)
and since (—C)° = —(C°), we have

Z leo(x) = Z 1_co(x), forallx e RY.
CeZR(A) CeH ()

Therefore, it suffices to prove that

Z (Lco(x) + 1_co(x)) = 2ap, forall x € RI\E}.
CeR(H)

Since every cone C € Z(</) is full-dimensional, implying that the polar cone has
trivial lineality space C° N (—C°) = {0}, it suffices to prove that

Z leou—co(x) =2ag, forall x € RI\ES.
CeR ()
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Let L(x) := {Xx : 1 € R} be the 1-dimensional line generated by x € R?\{0}. Then,
x € C°U—C°if and only if L N C° # {0}. It therefore suffices to prove that

Z ﬂ{L(x)ﬁCO;é{O}} = 2610, forall x € Rd\ES.
CeZ ()

In aslightly different form, this result is contained in [23, Theorem 1.2, Equation (16)].
For completeness, we provide a proof. By the Farkas lemma [1, Lemma 2.4], L(x) N
C° # {0} is equivalent to L(x)* Nint C = @. Thus, we need to show that

Z ]l{L(X)J-ﬁint C=2} = 2ag, forallx € Rd\ES, (19)
CeR(A)

By Zaslavsky’s first formula, the total number of chambers of .7 is given by #%Z(«7) =
(=% (—=1) = ZZ:O ay. By Zaslavsky’s second formula, x /(1) = O (because
there are no bounded chambers in a linear arrangement). Hence, Zgzo(—l)kak =0
and it follows that #Z (/) = 2 Z,[(d:/g] azk. In view of this, it suffices to show that

[d/2]
Z ﬂ{L(x)iﬂintC;éQ} =2 Z ark, forall x € Rd\EE; (20)
CeR(A) k=1

This identity is known [15, Theorem 3.3] provided that the hyperplane L(x)= is in
general position with respect to the arrangement <7 By definition [15, Section 3.1],
the general position condition means that for every L € £ (<) with L # {0}, we
have dim(L N L(x)Y) = dim L — 1. This is the same as to require that L is not a
subset of L(x)™ or, equivalently, that x ¢ L. So, the above identity holds for all x €
RY\ Ure LANO) (L), which completes the proof of (17). The second representation
of the exceptional set £ in (18) was mentioned just for completeness. We shall prove
it in Lemma 3.8 without using it before. O

Lemma 3.2 Let </ be a linear hyperplane arrangement in R%. Then,

Z lco(x) > ag, forallx € RY.
Ce(<)

Proof The proof of Proposition 3.1 applies with minimal modifications. Indeed, by [15,
Lemma 3.5, Equation (38)] (note that Z (<) denotes the collection of open chambers
there), the equality in (20) has to be replaced by the inequality <, which means that
the equality in (19) should be replaced by >. The rest of the proof applies. O

Remark 3.3 With Proposition 3.1 at hand, we can prove Theorem 1.6 for k = 0
provided the arrangement <7 is linear. Assume first that <7 is essential, i.e., it has
full rank meaning that ()., H = {0}. Then, F = {0} is the only O-dimensional face
of every chamber C € Z(<7). The normal cone of C at this face is Nyy(C) = C°.
Hence, the case k = 0 of Theorem 1.6 follows from Proposition 3.1 and Lemma 3.2.
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In the case of a non-essential linear arrangement, that is if L, := (.., H # {0},
Theorem 1.6 becomes trivial for k = 0 as there are no 0-dimensional faces and the
zeroth coefficient of y ./ (¢) vanishes by its definition (2). Proposition 3.1 also becomes
trivial since the polar cone C° of every chamber C is contained in Li‘, which coincides
with the exceptional set |, . LN} (L1). Since ag = 0, both sides of (17) vanish

forx ¢ L.

Remark 3.4 Inthe special case of reflection arrangements, Proposition 3.1 can be found
in the paper of Denham [6, Theorem 2]; see also [5] for a related work.

Step 2. We are interested in the function

Pr(x) = Z Z Lrongpy(x), xeRY

PeR (/) FeFi(P)

In this step we shall split ¢ (x) into contributions, denoted by ¢y (x), of faces lying
in a common k-dimensional linear space L. First of all note that in the case k = d
we trivially have ¢ (x) = 1 for all x € R?\ | Heg H. In the following, fix some
k € {0,....d — 1}. Recall that Z; (/) = Upcgpar) 7 (P) is the set of all j-
dimensional faces of all chambers of .o/’ (without repetitions). Interchanging the order
of summation, we may write

Yr(x) = Z Z Lryngpy(X).

FeZ (o) PeR(A):
FeZ(P)

Recall also that £ () is the set of all non-empty intersections of hyperplanes from
<7 and that %, (&) is the set of all k-dimensional affine subspaces in £ (7). Since

each k-dimensional face F € %) (/) is contained in a unique k-dimensional affine
subspace L € %} (<), we may split the sum in the above formula for ¢ (x) as follows:

G = Y e, @1)
Le ()

where for each L € % () we define

pr(x) = Z Z Lrngp)(X). (22)

FeZ () PeR():
FCL  FeZ(P)

Step 3. In this step we shall prove that for every k € {0,...,d — 1} and every
L € % (/) the function ¢, (x) defined in (22) is constant outside the exceptional set

E(L) :=E'(L)UE"(L), (23)
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where
E'(L) := U (Li—i + L) and E"(L):= U (Lifyy + L.
Ly—1€ZL—1(H): Lip1€%ir1():
Ly_1CL Liy1DL

(24)

For k = 0 we put E’(L) := &. Note that E(L) is a finite union of affine hyperplanes.
Moreover, we shall identify the value of the constant in terms of the characteristic
polynomial of some hyperplane arrangement in L, the orthogonal complement of L.
The final result will be stated in Proposition 3.5 at the end of this step.

First we need to introduce some notation. Recall that (-, -) denotes the standard
Euclidean scalar product on R?. Let the affine hyperplanes H, ..., H,, constituting
the arrangement o7 be given by the equations

H={zeR: (z,y)=c}, iefl,...,m)

for some vectors yi, ..., y, € ]Rd\{O} and some scalarscy, .. ., ¢, € R.Every closed
chamber of the arrangement <7 can be represented in the form

P={zeR:e;((z,y1) —c1) <0,...,em((z, Ym) — cm) < 0}

with a suitable choice of ¢1, ..., &, € {—1, +1}. Conversely, every set of the above
form defines a closed chamber provided its interior is non-empty. Note in passing that
the interior of this chamber is represented by the corresponding strict inequalities as
follows:

int P = {Z € Rd : 81(<Z7 )’l> _Cl) < 01 ---78m((Z» )’m> _Cm) < 0}

Finally, the chambers determined by two different tuples (e, . .., &,,) and (¢}, ..., €,)
have disjoint interiors. Indeed, if the tuples differ in the i-th component, then any point
z in the relative interior of one chamber satisfies (z, y;) < c;, whereas the points in
the relative interior of the other chamber satisfy the converse inequality.

Fix some k-dimensional affine subspace L € %} (<), where k € {0,...,d — 1}.
It can be written in the form

L={zeR?:(z,y;) =ciforalli € I}
for a suitable subset I C {1, ..., m}. Without restriction of generality we may assume
that L passes through the origin (otherwise we could translate everything). It follows
that ¢; = 0 fori € 1. Moreover, after renumbering (if necessary) the hyperplanes and

their defining equations, we may assume that the linear subspace L is given by the
equations

L={zeR%:(z,y1)=0,...,(z, ye) =0} (25)
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for some £ € {d —k, ..., m}. Finally, without loss of generality we may assume that
H; N L is a strict subset of L for alli € {¢£ + 1, ..., m} since otherwise we could
include the defining equation of H; into the list on the right-hand side of (25).

Take any point x € R4 \E (L), where we recall that £ (L) is defined by (23) and (24).
The orthogonal projection of x onto the linear subspace L, denoted by mp (x), is
contained in the relative interior of some uniquely defined face G € Ulz;:o R p ()
with G C L. In fact, we even have G € % (<) because if the dimension of G would
be strictly smaller than k, we could find some Ly € £ —1(&/) withG C Ly_; C L.
This would contradict the assumption x ¢ E’(L). So, we have

7w (x) € relint G, G € % (o), GCL.

Then, the definition of ¢y (x) given in (22) simplifies as follows:

L) =Y Loingr) (). (26)

PeR(d):
GeZ(P)

Indeed, forevery F € %y (/) and P € Z (/) with F C L, F € F#(P)and F # G
we have x ¢ F + Np(P), which follows from the fact that x € relint G + L+, while
relint G N F = @ and Ng(P) C L. This means that all terms with F # G do not
contribute to the right-hand side of (22).

By changing, if necessary, the signs of some y;’s and the corresponding c;’s, we
may assume that the face G is given as follows:

IA

Cm} Q7)

G={z€eL:(z,ye+1) = cet1s---, (2, Ym)
- Oa <Za ye+1> S C£+17 ceey (Z9 ym> S CW[}'

={zeR?:(z,y1)=0,...,(z, yo)

The relative interior of G is given by the following strict inequalities:

relintG ={z € L : (2, Yo41) < Cot1s---5{2, Ym) < Cm}
={zeR?:(z,y1)=0,...,(z, y¢) =0, (28)
(Z, Yer1) < Cotty-vos {2 Ym) < Cm).

Let now P € Z (<) be a closed chamber such that G € .%;(P). Then, there exist

some €1, ..., & € {—1, 41} such that P is given by
P="Py o ={zeR :e1(z,y1) <0,..., 80z, y) <0,
(z, ye+1) < €15 -+ (2 Ym) =< Cm}- (29)
Conversely, if for some €1, ..., & € {—1, 41} the interior of the set P, ., defined

above is non-empty, then P, ., is a chamber in Z (/) and it contains G as a k-

.....

@ Springer



1490 Discrete & Computational Geometry (2023) 70:1476-1498

dimensional face. Hence, we can rewrite (26) as follows:

pr(x) = Z LG 4+NG(Pyy..ep) X)-

el,..0€{—1,+1}:
int Pey,..c, 79

Write x = 77 (x) + 771 (x) as a sum of its orthogonal projections 7, (x) and 77 1 (x)

onto L and L, respectively. Since 77 (x) € G C L and NG(Pg,..¢,) C L+, we
arrive at

o= Y Ingk, . (T ). 30)

&1,...,&0€{—1,+1}:
int Pey .. e, 79

Let us now characterize first the tangent and then the normal cone of the face G in
the polyhedral set Py, ¢,. Take some z( € relint G. Then, by (28),

(zo, y1) =0, ..., (20, ye) =0, (20, ye+1) < o415 -+, (20, Ym) < cm. (3D
By definition, see (4), the tangent cone is given by
T6(Pey..e) = €R:38>0:20+8u € Pey_g,).
It follows from this definition together with (29) and (31) that

o) ={ueRY: (u,e1y1) <0,..., (u, erye) <O}

,,,,,

Note that the linear span of yy, ..., y¢ is L+ by (25). The tangent cone TG (P, ¢,)
contains the linear space L. Let us now restrict our attention to the space L= and define
the cone

) NLEc Lt
(32)

Teyoeyi={u € LY 2 (u, e1y1) <0, ..., (u, e0ye) < 0y =T (P,

.....

.....

..........

NG(Pey...ep) = LT NTY (33)

Thatis, NG (P, ... ¢,) is just the polar cone of Ty, ., taken with respect to the ambient
space L*. Although we shall not use this fact in the sequel, let us mention that the
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normal cone can be represented as the positive hull
NG(Pg,. ) =pos(e1yt, ..., eye) = {M&1yr + ...+ Aegeye : A, ..., Ag = 0},

In the following, we shall argue that those cones of the form 7y, ., that have non-
empty interior are the chambers of a certain linear hyperplane arrangement .27 (L) in
L. The polar cones of these chambers are the normal cones NG (P, ... ¢,). Itis crucial
that this arrangement is completely determined by yi, ..., y¢ and does not depend on
G C L. Applying Proposition 3.1, we shall prove that ¢, (x) is constant outside some
explicit exceptional Lebesgue null set.

Let us be more precise. First of all, note that the vectors yq, ..., y; are pairwise
different. Indeed, if two of them would be equal, say y; = y;, then (in view of
c1 = c2 = 0) the corresponding hyperplanes H; and H> would be equal, which is
prohibited by the definition of the hyperplane arrangement. Therefore, the orthogonal
complements of the vectors yi, ..., ye (taken with respect to the ambient space L)
are also pairwise different and define a linear hyperplane arrangement in L+ which
we denote by

(L) = (Ltnyi, ... LT nyt). (34)

Since the linear span of yi, ...,y is L~ by (25), this arrangement is essential, that
is the intersection of its hyperplanes is {0}. The chambers of the arrangement <7 (L)
are those of the cones Ty, . ¢, (e1,...,&¢) € {—1, —H}l, defined in (32), that have
non-empty interior in L. Note also that .« (L) is uniquely determined by the choice
of L € £ (&) and does not depend on G.

Now we claim that for (g1, ..., &) € {—1, —l—l}z the relative interior of the cone
Tg,,....s, is non-empty if and only if the interior of the polyhedral set P, ., is non-
empty. If int P, ., is non-empty, then it has dimension d, G € %, (P), and the
tangent cone TG (Py,, .. ¢,) is strictly larger than the linear space L (because the latter
has dimension k < d). It follows from (32) that relint 73, ., # <. Conversely, if
relint Ty, ¢, # O, then Ty, ., has the same dimension as L+, while G has the
same dimension as L. It follows that the dimension of P, ., is d, thus its interior is
non-empty.

From the above it follows that the formula for the function ¢;, stated in (30) can be
written as the following sum over the chambers of the arrangement .7 (L):

,,,,,

o)=Y lee(mp(x). (39)
CeZ (o (L))

We are now going to apply Proposition 3.1 to the hyperplane arrangement .7 (L)
in the ambient space L*. This is possible provided 7, 1 (x) does not belong to the
exceptional set £ defined in Proposition 3.1. In our setting of the ambient space Lt,
the exceptional set is given by

E} = U MtnLh. (36)
Me.Z (o7 (L)\{0}
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Eachlinear subspace M € £ (o7 (L))\{0} has the form M = (), yl.L)ﬂLl for some
set I C {1,...,£}. Then, the corresponding orthogonal complement M-+ N L+ has
the form lin{y; : i € I}, where lin A denotes the linear subspace spanned by the set A.
Moreover, the condition M # {0} is equivalent to the condition lin{y; : i € I} # L.

Since the linear span of the vectors yy, . . ., y is L™ by (25), any linear subspace of the
formlin{y; : i € I} # L is contained in a linear subspace of the form lin{y; : i € I'},
for some I’ C {1, ..., £} satisfying the following condition:

dimlin{y; :i € I'} =#I' =dimLt —1=d —k — 1. (37)

Therefore, we have

E} = U lin{y; :i € I'}.
r'c{l,...e):
(37) holds

Given I’ C {1, ..., £} such that (37) holds, define the linear subspace
Liy1 :={zeR?:(z,y;) =0foralli € I'} c R (38)
Then, Lk is non-empty since L C Lg4+1 and, moreover, the dimension of Ly

equals k + 1, that is Ly4| € Z+1(&) (recall that the case k = d has been excluded
from the very beginning). Conversely, every Liy1 € -Zx+1(%7) containing L can be

represented in the form (38) with some I’ C {1, ..., £} satisfying (37). Taking into
account that lin{y; : i € I'} = LkLH, it follows that
E} = U Léacrt (39)
Liy1€L441(A):
Lyy1DL

Proposition 3.1 applies to all x € R such that 77, 1 (x) ¢ Ej. This is equivalent to the
condition that x is outside the set

U  @ea+D.
Liy1€Lkr1():
Lg+1DL

which coincides with the set E” (L) introduced in (24).
Applying Proposition 3.1 and Lemma 3.2 with the ambient space L to the right-
hand side of (35), we arrive at the following result.

Proposition 3.5 Let <7 be an affine hyperplane arrangement in R. Fix some k €
{0,...,d — 1} and L € £ (). Then, the function ¢y, defined in (22) satisfies

or(x) = ap(L), for every x € ]Rd\E(L),
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where the exceptional set E(L) is given by (23) and (24), and ay(L) is (—1)?~F times
the zeroth coefficient of the characteristic polynomial of the linear arrangement <7 (L)
in Lt defined by (34). Also, for all x € R9 we have or(x) > ag(L).

Step 4. Now we are going to show that g (x) = ai for all x € R4 outside some
exceptional set. Let us first write down a more explicit expression for ag(L) appearing
in Proposition 3.5. Recalling the definition of the characteristic polynomial, see (2),
we can write

X,Q/(L)(t) = Z (—1)#Jtdim LJ-_rank{y_,-;jeJ}’

whererank{y; : j € J}denotes the dimension of the linear span of a system of vectors
{yj : j € J}. Taking the zeroth coefficient of this polynomial and multiplying it with
(—1)47* we can write Proposition 3.5 as follows:

oL (x) = ag(L) = (=)7K Z (—=)*,  forallx e R\E(L).

Jc{l,....):
lin{y;:je}=L"

Recalling the representation of L stated in (25), we see that a set of vectors {y; : j € J}
with J C {1,..., ¢} contributes to the above sum if and only if L = ﬂjej H;.
Moreover,asetJ C {1, ..., m}whichisnotcompletely containedin {1, ..., £} cannot
satisfy L = ﬂjel Hj since Hj N L is a strict subset of L forall j € {£+1,...,m};
see the discussion after (25). Therefore, we can rewrite the above sum as follows:

R D D e e L D DI i
Jc{l,....,m}: B
Lzmjef Hj ﬂHe% H=L

for all x € R?\E(L). Taking the sum over all k-dimensional affine subspaces L &
% (/) generated by the arrangement 7 and recalling (21), we arrive at

= Y e=n"r Y (=t (40)
Le % (o) B

dim(yey H)=k
for all x € R¥ such that
x¢ | Em= |J EWUEW) (41)

Le % (<) Le ()
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with
Ewy= |J @wa+thH, Ew= |J @&f+D.
L€ 1(A): Liy1 €41 (H):
Ly—CL Li+1DL

(42)

By the definition of the characteristic polynomial y ., (¢), see (2) and (3), the right-hand
side of (40) is nothing but ax. So, ¢x(x) = ai for all x € R4 satisfying (41). If (41)
is not satisfied, we can use the inequality ¢, (x) > ag(L) to prove that ¢ (x) > ai.

Step 5. To complete the proof of Theorem 1.6, it remains to check the following
equality of the exceptional sets:

U E@ue'wy= |J | 9G+NaPy. (43)

Le % (o) Pe# () GeF(P)
forall k € {0, ...,d — 1}. We need some preparatory lemmas.
Lemma3.6 Let o/ = {H\,..., H,} be a linear hyperplane arrangement in R4, Sup-

pose that <7 is of full rank meaning that (/L , H; = {0}. Then, Ucez ) (C°) = R4,

Proof By Lemma 3.2 it suffices to show that ag > 0. By Proposition 3.1, the function
po(x) = Zc@%’(w) L1co(x) is Lebesgue-a.e. equal to ag, hence ap > 0. Since the
arrangement is of full rank, the lineality space of each chamber is trivial, that is
C N (—=C) = {0}. This implies that the polar cone C° has non-empty interior, hence
the the function ¢g(x) cannot be a.e. 0 implying that ag # O. O

Lemma3.7 Let C C RY be a polyhedral cone with a trivial lineality space, that
is C N (—=C) = {0}. Let v € RI\{0} be a vector. Then, at least one of the cones
pos(C U {+v}) or pos(C U {—v}) has a trivial lineality space.

Proof 1t follows from C N (—C) = {0} that there exists ¢ € {—1, 41} such that
ev ¢ —C. We claim that pos(C U {ev}) has a trivial lineality space. To prove this, take
some w such that both +w and —w are contained in pos(C U {ev}). We then have

w=27z] +Aev=—20—Mevforsomezi,zo e Cand A;,Ar > 0.If A = A =0,
then z; = —zp implying that z; = zo = 0 and thus w = 0. So, let A1 + A2 > 0. Then,
we have ev = —(z1 + z2)/(A1 + A2) € —C, a contradiction. m|

Lemma3.8 Let o/ = {H\, ..., Hy)}bealinear hyperplane arrangement in R. Then,

U tt= [J aco. (44)

LeZ(</)\{0} CeA ()

Proof If <7 is not essential meaning that L, := [/, H; # {0}, then the left-hand
side of (44) equals L*l. On the other hand, the cones C° are contained in L*L, satisfy
d(C°) = C°, and cover the space L*l by Lemma 3.6 applied to the ambient space L*L,
thus proving that (44) holds.
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In the following let o/ be of full rank meaning that (/_, H; = {0}. Let
H, = yl{ o Hy = ynll for some vectors yi, ..., yu € RY\{0}. The linear span
of yi,...,ym is R? since the arrangement has full rank. Any subspace L € Z (<)
has the form L = (;.; H; = lin{y; : i € I} for some set I C {1,...,m}. The
corresponding orthogonal complement is L+ = lin{y; : i € I}. It follows that

U Lt = U lin{y; :i € I}.
LeZ(2/)\{0} 1c{l,...m}:
lin{y;:iel}#R?

To complete the proof, we need to show that

U linfyi:ien= J ac. (45)
1c{1,....m}: CeH(A)
lin{y;:i eI }#£R4
To prove the inclusion C, let v € lin{y; : i € I} # R? for some I C {1,...,m}.

By first extending / and then excluding the superfluous linearly dependent elements,
we may assume that M := lin{y; : i € I} has dimension d — 1 and that the vectors
{yi : i € I} are linearly independent. We can find ¢; € {—1, 41}, forall i € I, such
that v € pos{e;y; : i € I}. Let My and M_ be the closed half-spaces in which the
hyperplane M dissects RY. Let J1, respectively J,, be the set of all j € {1, ..., m}\/
such that y; € M, respectively y; € R4\ M. The cone pos{e;y; :i € I} C M has a
trivial lineality space because {;y; : i € I} is a basis of M. By inductively applying
Lemma 3.7 in the ambient space M, we can find ¢; € {—1,+1}, for all j € Jy,
such that the cone D := pos{e;y; : i € I U J;} C M has a trivial lineality space.
Furthermore, for every j € J> we can find ¢; € {—1, +1} such that ¢;y; € int M.
With the signs €1, ..., &, € {—1, +1} constructed as above, we consider the cone

Ci={zeR':(ze11) 0,..., (z, emym) <O}, (46)
The polar cone is the positive hull
C° =pos{e1y1, .-, EmYm}- 47)

By construction, C° C M4 and C°N M = D. Also, the cone C° has a trivial lineality
space because +w € C° would imply £w € C° N M = D, which implies w = 0
because D has a trivial lineality space by construction. By polarity, C has non-empty
interior. It follows that C is a chamber of the arrangement % (<7). By construction,
C° C My andv € C°N M, hence v € 9(C®), thus completing the proof of the
inclusion C in (45).

To prove the inclusion D in (45), take any C € # (/) and any v € 9(C®). Then, C
and C° must be of the same form as in (46) and (47). Moreover, since C has non-empty
interior, the lineality space of the cone C° is trivial. If v € d(C®), then v € F for
some face F € .%(C°) of dimension d — 1. Let I be the setof all i € {1,...,m]}
with ¢;y; € F. Then, we have lin{g;y; : i € I} = lin F, which contains v and does
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not coincide with RY. It follows that v belongs to the left-hand side of (45), thus
completing the proof. O

Now we are in position to prove (43). We have

U U 4G +nNep)

PeZ# () GeF(P)

= U U U @6+NaP)UG+iNG(P))

Le () GeXy (A ): PEX(H):
GCL  GeF(P)

= U wwunr'wy)
LeZy ()

with

o= |J (06+ U Ne),

GeZy(A): PeR(A):

GCL GeF(P)
ww= J (6+ U ovep).
GeZy(A): PeR(H):

Gel GeZi(P)

We claim that H'(L) = E'(L). To prove this it suffices to show that for every
G € % (&) such that G C L we have UPE%‘(@{):GE,%(P) Ng(P) = L+.In (33) we
characterized the normal cones Ng (P) as the polar cones of the chambers of some
essential (full rank) linear hyperplane arrangement <7 (L) in L. These polar cones
cover L+ by Lemma 3.6, thus proving the claim.

It remains to show that H”(L) = E”(L). To this end, it suffices to prove that for
every G € %y (<) such that G C L we have

U awery= U L (48)
PeR(A): Liy1€%+1(A):
GeF(P) Liy1DL

Again, recall from (33) that the normal cones Ng(P) are the polar cones of the
chambers of the linear full-rank hyperplane arrangement 7 (L) = { yﬁ nL:, ...,
y; N Lt} in L+, Applying Lemma 3.8 to this arrangement, we obtain

U ING(P) = U M+ LY.
PR (): MeZ (o (L)\[0)
Ge.F(P)

The right-hand side coincides with the set E(’)‘ defined in (36). Thus, the claim (48)
follows from the identity already established in (39). (|
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