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Abstract

The convex hull of N independent random points chosen on the boundary of a simple
polytope in R” is investigated. Asymptotic formulas for the expected number of ver-
tices and facets, and for the expectation of the volume difference are derived. This is
one of the first investigations leading to rigorous results for random polytopes which
are neither simple nor simplicial. The results contrast existing results when points are
chosen in the interior of a convex set.

1 Introduction and Statement of Results

Let K C IR” be a convex set of dimensionn,n > 2.Let N € N and choose N random
points X1, ..., Xy uniformly distributed either in the interior of K or on the boundary
0K of K. Write [A] for the convex hull of a set A, and denote by Py = [X1, ..., Xn]
the convex hull of the random points. The expected number of vertices IE fo( Py ), the
expected number of (n — 1)-dimensional faces IE f;,_1(Py), and the expectation of
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the volume difference V,(K) — IEV, (Py) of K and Py are of interest. Since explicit
results for fixed N cannot be expected one investigates the asymptotics as N — oo.

If the vertices of the random polytopes are chosen from the interior of a convex set,
there is a vast amount of literature. Investigations started with two famous articles by
Rényi and Sulanke [26, 27] who obtained in the planar case the asymptotic behavior
of the expected area IEV,(Py) when the boundary of K is sufficiently smooth and
when K is a polygon. In a series of papers these formulae were generalized to higher
dimensions. In the case when the boundary of K is sufficiently smooth, we know by
work of Wieacker [34], Schneider and Wieacker [30], Bardny [2], Schiitt [32], and
Boroczky et al. [8] that the volume difference behaves like

Vi(K) — EV,(Py) = ca QK) Vy (K)Y TN D (1 4 0(1)),  (1.1)

where Py is the convex hull of uniform iid random points in the interior of K, Q(K)
denotes the affine surface area of K and ¢, is a constant that depends only on n. The
generalization to all intrinsic volumes is due to Bardny [2, 3] and Reitzner [23]. The
corresponding results for random points chosen in a polytope P are much more diffi-
cult. In a long and intricate proof Bardny and Buchta [4] settled the case of polytopes
P CR",

flag(P)
(n+1D)=1m—1)

Vu(P) — EV,(Py) = N~ In N1+ o(1)),

where flag(P) is the number of flags of the polytope P. A flag is a sequence of i-
dimensional faces F; of P,i =0, ...,n — 1, such that F; C F;1|. The phenomenon
that the expression should only depend on this combinatorial structure of the polytope
had been discovered in connection with floating bodies by Schiitt [31].

Due to Efron’s identity [11] the results on IEV,,(Py) can be used to determine the
expected number of vertices of Py . The general results for the number of £-dimensional
faces f;(Py) are due to Wieacker [34], Barany and Buchta [4], and Reitzner [24]: if
K is a smooth convex body and £ € {0, ..., n — 1}, then

Efo(Py) = cn e QUE)N"DFD A+ 0(1)), (1.2)
and if P is a polytope, then, with a different constant, but still denoted ¢, ¢,
Efe(Py) = cp ¢ flag(P)(In N)"~' (1 4 o(1)). (1.3)

Choosing random points from the interior of a convex body always produces a sim-
plicial polytope with probability one. Yet often applications of the above mentioned
results in computational geometry, the analysis of the average complexity of algo-
rithms and optimization necessarily deal with non-simplicial polytopes and it became
crucial to have analogous results for random polytopes without this very specific com-
binatorial structure. The only classical results for this question concern 0/ 1-polytopes
in high dimensions [6, 10, 13, 14, 20], which have a highly interesting combinatorial
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structure, yet in a very specific setting. And very recently Newman [21] used a some-
what dual approach to construct general random polytopes from random polyhedra.

In view of the applications it is also of high interest to show that the face numbers
of most realizations of random polytopes are close to the expected ones, and thus
to prove variance estimates, central limit theorems and deviation inequalities. There
has been serious progress in this direction in recent years, and we refer to the survey
articles [18, 19, 25].

In all these results there is a general scheme: if the underlying convex sets are
smooth then the number of faces and the volume difference behave asymptotically
like powers of N, if the underlying sets are convex polytopes then logarithmic factors
show up. Metric and combinatorial quantities only differ by a factor N.

In this paper we are discussing the case that the random points are chosen from
the boundary of a polytope P. In dimensions n > 3, this produces random polytopes
which are neither simple nor simplicial with high probability as N — oo, although
still most of the facets are simplices. Thus our results are a decisive step in taking into
account the point mentioned above. The applications in computational geometry, the
analysis of the average complexity of algorithms and optimization need formulae for
the combinatorial structure of the involved random polytopes and thus the question
on the number of facets and vertices are of interest.

From (1.3) it follows immediately that for random polytopes whose points are
chosen from the boundary of a polytope the expected number of vertices is

Efo(Px) = cn—1,0 flag(P)(In N)" (1 + o(1))

with ¢,—1,0 from (1.3), independent of P. Indeed, a chosen point is a vertex of a
random polytope if and only if it is a vertex of the convex hull of all the random points
chosen in the same facet of P. We define Iny x = max {0, Inx}. By (1.3) we get that
the expected number of vertices equals

cn-1,0 y_ flag(F)Edny N)" (1 + o(1)),
F;

where we sum over all facets F; of P and N; is a binomial distributed random vari-
able with parameters N and p; = )\n—l(Fi)/(ZFj An_l(E/)). Here A,,_; is the
(n — 1)-dimensional Lebesgue measure. It is left to observe that E(Iny N2 =
(In N)"~2(1 + o(1)) and ZF,- flag(F;) = flag(P).

For our first main results we restrict our investigations to simple polytopes. We
recall that a polytope in R” is called simple if each of its vertices is contained in
exactly n facets.

Theorem 1.1 Let n > 2 and choose N uniform random points on the boundary of a
simple polytope P in R", n > 2. For the expected number of facets of the random
polytope Py, we have

Efy—1(Py) = ¢ fo(P)(In N)"72(1 + O((In N)™")),
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with some ¢, > 0 independent of P.

The case n = 2 is particularly simple. It f1 (Py) is asymptotically, as N — oo, equal
to 2 fo(P) = 2 f1(P). Note that for a simplicial polytope flag(P) = n! fo(P) and
therefore Theorem 1.1 can also be written as

Ef,—1(Py) = % flag(P)(In N)"2(1 + O((In N)~1).

We conjecture this formula to hold for general polytopes. Yet this seems to be much
more involved. We are showing here that forn > 3 andfor 1 <£ <n —2

Efi(Py) > cp—1,¢ flag(P)(In N)"2(1 + o(1))

with ¢,—1 ¢ defined in (1.3). For this we count those £-dimensional faces which are
contained in the facets F; of P. Analogous to the case £ = 0 we have

Efi(Py) = Y Efe(Py N F)
Fi

= co-1.e ) flag(F)E(Ing N)" (1 + o(1))
F'[

= cu—1.¢ flag(P)(In N)""2(1 + o(1)).

For the case £ = n — 1 and n > 3, we observe that each (n — 2)-dimensional face of a
polytope is contained in precisely two (n — 1)-dimensional facets. Assume that not all
random points are contained in the same facet of P which happens with probability
tending to one as N — oo. Then, each (n — 2)-dimensional face of Py in a facet F
of P is contained in at least one facet of Py not contained in F', and thus gives rise to
a facet of Py which is the convex hull of this face and one additional point in another
facet of P. This shows

Ef,1(Py) > ZEfn—Q(PN N F)(1 —o(1)) +o(1)
Fi

= Cp1.0-2 flag(P)(In N)" 7> (1 + o(1))

for general polytopes P in dimension n > 3.

This sheds some light on the geometry of Py if P is a simple polytope. The number
of those facets of the random polytope that are not contained in the boundary of P are
already of the same order as all facets that have one vertex in one facet of P and all
the others in another one. In fact it follows from our proof that for simple polytopes
the main contribution comes from those facets of Py whose vertices are on precisely
two facets of P. We refer to the end of Sect. 3.5 for the details.

Surprisingly this is no longer true for the expectation of the volume difference.
Here the main contribution comes from all facets of Py. And—to our big surprise—
the volume difference contains no logarithmic factor. This is in sharp contrast to the
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results for random points inside convex sets and shows that the phenomenon mentioned
above does not hold for more general random polytopes.

Theorem 1.2 For the expected volume difference between a simple polytope P C R”
and the random polytope Py with vertices chosen from the boundary of P, we have

E(Va(P) — Va(P)) = cn, pN D (1 4 0 (N~ 1/(n=Din=2)y)

with some ¢, p > 0 depending on n and P.

Intuitively, the difference volume for a random polytope whose vertices are chosen
from the boundary should be smaller than the one whose vertices are chosen from the
body. Our result confirms this for N sufficiently large. The first one is of the order
N="/@=D compared to N~!(In N)"~!. It is well known that for uniform random
polytopes in the interior of a convex set the expected missed volume is minimized
for the ball for N large [7, 16, 17], a smooth convex set, and—in the planar case—
maximized by a triangle [7, 9, 15] or more generally by polytopes [5]. Hence one
should also compare the result of Theorem 1.2 to the result of choosing random points
on the boundary of a smooth convex set. This clearly leads to a random polytope
with N vertices. And by results of Schiitt and Werner [33], see also Reitzner [22],
the expected volume difference is of order N ~2/"=1 which is smaller as the order in
(1.1) as is to be expected, but also surprisingly much bigger than the order N ~"/*—D
occurring in Theorem 1.2.

We give a simple argument that shows that the volume difference between the cube
and a random polytope is at least of the order N ~"/*=1) We denote by ey, . . ., e, the
unit vectors of the standard orthonormal basis in R”. We consider the cube C"* = [0, 1]"*
and the subset of the boundary

e
8C"ﬂH+<<(n Nl)!> ,(1,...,1))
n

" 1/(n—1)
| (n—1D!
= ( N [0,61,...,ei71,6i+1,...,en],
i=1

(1.4)

where Hy (h,u) = {x : (x,u) > h}. These sets are the union of small simplices in
the facets of the cube close to the vertices. Then

1 & (n—pn\/e-b
NZZ)‘H—1<< }’lN ) [Ovelv-"sei—19el‘+17-~~sen])’
i=1

where 1,1 denotes the (n — 1)-dimensional Lebesgue measure, and the probability
that none of the points xp, ..., xy is chosen from this set equals
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Therefore, with probability approximately 1/e the union of the simplices in (1.4) is
not contained in the random polytope and the difference volume is greater than

)

1 ((I’l _ 1)3)"/(”1) N1/ (=1

n! nN n

which is in accordance with Theorem 1.2.

The paper is organized in the following way. The next section contains a tool
from integral geometry and two asymptotic expansions. The proof of the asymptotic
expansions is rather technical and shifted to the end of the paper, Appendix A, B,
and C. The third section is devoted to the proofs of Theorems 1.1 and 1.2. There, first
we evaluate two formulas for the quantities appearing in Theorems 1.1 and 1.2 and
combine them with the necessary asymptotic results. These results are proven in in
Sects. 3.5-3.7, using computations for the moments of the volume of involved random
simplices in Sect. 3.3.

Throughout this paper ¢,, ¢ p.n...., - - - are generic constants depending on m, P,
n, etc. whose precise values may differ from occurrence to occurrence.

2 Tools

We work in the Euclidean space R” with inner product (-, -) and norm || - ||. We write
H = H (h, u) for the hyperplane with unit normal vector u € §"~! and signed distance
h to the origin, H(h,u) = {x : (x,u) = h}. We denote by H_ = H_(h,u) = {x :
(x,u) <h}and by Hy = Hy(h,u) = {x : (x,u) > h} the the two closed halfspaces
bounded by the hyperplane H. For a set A C R" we write [A] for the convex hull
of A.

In this paper we need a formula for n points distributed on the boundary of a
given convex body. A theorem of Blaschke—Petkantschin type which deals with such
a situation is a special case of Theorem 1 in Zdhle [35]. We state it here only for a
(n — 1)-dimensional set X, which is what we need in the following. Denote by H,,_;
the (n — 1)-dimensional Hausdorff measure. A set X is H,,_-rectifiable if it is the
countable union of images of bounded subsets of R”~! under some Lipschitz maps,
up to a set of H,,_-measure zero. Then, for H,,_;-almost all points x € X there exists
a (generalized) tangent hyperplane T at x to X consisting of all approximate tangent
vectors v at x. Essentially, v is an approximate tangent vector at x if for each ¢ > 0
there exists x’ € X with ||x — x’|| < ¢ and @ > O such that ||a(x — x') —v| < e.
For the precise definition we refer to the book by Schneider and Weil [29, p. 634], and
for a general introduction to Hausdorff measure, the existence of tangent hyperplanes
and facts on geometric measure theory we refer to Federer [12].

For two hyperplanes H;, H» let J(H;, H>) be the length of the projection of a unit
interval in H; N (H; N HZ)J- onto HQJ-, or J(Hy, Hy) = 0if Hy || H>. Observe that
J(H(hy,uy), H(ha, up)) is just the length of the projection of u, onto Hj, which
equals sin <t(u1, u2).

Note that theorem of Zihle is stated for H,_;-rectifiable sets, although Zihle
remarks that the result is true under the weaker assumption of H,,_;-measurability.
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Theorem 2.1 (Zihle [35]) Suppose X C R" is an H,_-rectifiable set and let
g: R = [0, 00) be a measurable function. Then there is a constant B such that

/ / / .. / 1(x1, ..., x, in general position) g(x1, ..., Xp)dx1 ...dx,dhdu
si-1 R XNH XNH

B
(n—1)!

/- . / 1(xy, ..., x, in general position) g(x1, ..., Xp)
X X

n
X )"I’l*l([xlv .. '7xn])_l 1_[ J(T)ij H(-xlv s 7x)’l))dx1 . "d-x}’h
j=1

with dx, du, dh denoting integration with respect to the Hausdorff measure on the
respective range of integration, and where the hyperplane H(x1, ..., x,) is the affine
hull of x1, ..., x,.

In our case X is the boundary of a polytope P, and almost all x € dP are in the
relative interior of a facet of P where Ty is simply the supporting hyperplane. Thus
J (ij , H(x1, ..., x,)) = Oifall points are on the same facet of P. To exclude this from
the range of integration, we write (3 P)", for the set of all n-tuples x1,...,x, € 0P
which are not all contained in the same facet. Also, ignoring sets of H,_|-measure
zero, we may assume that xp, ..., x, are in general position when integrating on
(0 P)’;é. And, again ignoring sets of measure zero, a hyperplane H (h, u) meets d P at
least in d facets, or 9 P N H (h, u) = (. Thus Zihle’s result takes the following form
useful in our context.

Lemma2.2 Let g(x1,...,x,) be a continuous function. Then there is a constant f8
such that

/ g(x1, ..., xp)dxy...dx,
@P)L

=ﬂ“<n—1)!// / g1t i (X1 xa) (25)

s™=1R (9PNH),

n
< [T, B) ™' dxy ... dx,dhdu
j=1

with dx, du, dh denoting integration with respect to the Hausdorff measure on the
respective range of integration.
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One of the essential ingredients of our proof are two asymptotic expansions of the
function

i=1 j#i

1 1 n N—n "
J) = // L=aY [l []d 7 "an...dn 2.6)
0 0 i=l

ofl = (l1,...,l,) as N — oo.Here,l; e R,[; > Oforalli and v € R, o > 0.
We need it for the computation of the expectations of the number of facets and of the
expected volume difference. The proof of these results is rather technical and lengthy,
and will be found in Sects. A—C of the appendix.

Lemma 2.3 Assume thatn > 2,0 < o < 1/n, andthatl = (Iy,...,1,;), L = er‘l:l l;,
withn —1>1; > L/(n—1)—=1foralli =1,...,n. Then

T = o "D )~ 1]‘[ (l ——+1>

><]\,—n—i-L/(n—l)( +0(N (ming ly—L/(n— l)+l)/(n—2)))

as N — oo, where the implicit constant in O( -) may depend on «.

Lemma 2.4 Assume thatn > 2,0 <o < 1/(2n),andl = (4, ...,1;), L = Z?:l l;,
withn —1>1; > L/(n—1)—1foralli =1,...,n. If for at least three different
indices i, j, k we have the strict inequality that l;, 1, [y > L/(n — 1) — 1, then

j(l) — 0 (N—H+L/(n—l) (ln N)n—3)
as N — oo, where the implicit constant in O (-) may depend on «. If for exactly two

different indices i, j we have the strict inequality that l;,1; > L/(n — 1) — 1 and
equality ly = L/(n — 1) — 1 for all other Iy, then

L L
J(l) = cpa " TH D] — +1)r(———+1
n—1 n—1
x N~"HL/=Dan Ny"=2(1 + 0((In N)™h)

as N — oo with ¢, > 0, where the implicit constant in O(-) may depend on «.

3 Proof of Theorems 1.1 and 1.2
3.1 The Number of Facets
Let P C R” be a simple polytope, and assume w.l.o.g. that the surface area satisfies

An—1(0 P) = 1. Asusual denote by F (P) the set of k-dimensional faces of P. Choose
random points X1, ..., Xy on the boundary of P with respect to Lebesgue measure,
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and denote by Py = [X1, ..., Xy] their convex hull. In general F,,_;(Py) consists
of facets contained in facets of P and facets which are formed by random points
on different facets of P. The latter facets are simplices, almost surely. The number of
facets contained in d P is bounded by the number of facets of P and thus by a constant.
Hence we assume in the following that (X1,..., X,) € (0 P);'é. The convex hull of
such points X;,i € I = {iy, ..., i,}, forms a facet [X;,, ..., X;,] of Py if their affine
hull does not intersect the convex hull of the remaining points [{X;}¢/].

IEfn—l(PN)
=E Y 1(aff[{Xilic ] N [{X;}jerl =0,
Icl{lll,: ,N}

{(Xilier € OP)L) +O(1)

N
( )E]l(aff[Xl,...,Xn] N X1y os Xn1 =0,
n

{Xi}i<n € OP)Y) + O(1).

To simplify notation we set H = aff[Xy, ..., X,]. If the points X1, ..., X, form a
facet then their affine hull is a supporting hyperplane H = H (h, u) of the random
polytope Py. The unit vector u is the unit outer normal vector of this facet. Then the
halfspace H_ = H_(h, u) = {x : (x, u) < h} bounded by the hyperplane H contains
the random polytope Py. The probability that X,,4+1, ..., Xy are contained in H_
equals

At @P N H )N ™ = (1 — Ay (3P N Hy )N,

thus
N
Efi—1(Py) = <n>E((1 — 21 @P N H NN L({Xiizn € (31’)';)) +O0().

Denote by H (P, u) a support hyperplane with normal u, supporting P in v € Fo(P).
Then the normal cone N (v, P) is defined as (see e.g., [28]),

N@, P)={ueR"\{0}:ve H(P,u)U/{0}.

With probability one the vector u is contained in the interior of one of the normal
cones N (v, P) of the vertices v € Fy(P) of P because the boundaries of the normal
cones have measure 0. Hence
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Efn—l(PN)

-y <N>]E((l ~ 1 @P OV HO))YV "L € N (v, P), (Xi)izn € DPYL))
veFo(P) n

+0()

N
= > /---/(1 — 1PN H)Y 1w € N(v, P))dx; ...dx,
n
veFo(P) ® P)';
+ O(1).
Now we fix a vertex v. Since P is simple, v is contained in precisely n facets
Fi, ..., F,. There is an affine transformation A, which maps v to the origin and
the n edges [v, v;] containing v onto segments [0, s;e;] on the coordinate axis. Here

we have a free choice for the n parameters s; > 0 which we will fix soon. We assume
si >n,i =1,...,n, which implies

[0,1]" C A, P.
The image measure 1,1 4, of the Lebesgue measure 4,1 on the facets of P under
the affine transformation A, is—up to a constant—again Lebesgue measure, where the

constant may differ for different facets. We choose the n parameters s; > n in such a
way that the constant equals the same a,, > 0 for the n facets Fy, ..., F}, containing v,

An—1(Fy) = ayin—1(Ay Fy).

Note that the last condition means that for all such facets F; and all measurable
B C AyF;,

An—1.4,(B) = tn_1(A; ' B) = ayr,—1(B). (3.7)

Note also that [0, 17"~! € A F;,i = 1,...,n, and thus by (3.7),

. e 1 « sy 1
n=;Xn1<[O,l] 1>§Z§xn1(mg = (3.8)

v v

Such a uniform bound on a, is needed in Sect. 3.5 so that = a,,/(n — 1)! < 1/(2n).

To keep the notation short, we write da,x = dX,_1,4,(x) for integration with
respect to this image measure of the Lebesgue measure on d P under the map A,.
Equation (3.7) shows that for x € A, Fj,

da,x = aydx (3.9

fori =1, ..., n, where dx is again shorthand for Lebesgue measure (or equivalently
Hausdorff measure) on the respective facet F;. This yields
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N
Efyi(Py)= Y <n>/f<1 e, (DA, P O H )N

veFo(P) (@A, PY,

x L(u € N, AyP))dp,xi ...da,xn + O(1).

We use Zihle’s formula (2.5) which transforms the integral over the points x; € 9P
into an integral over all the hyperplanes H = H (h, u),u € S"!, h € R, and integrals
over P N H:

N
Ef, (Py)= Y (n>ﬁ"(n—l)!// /mf(l—Anfl,Av(aAUPmHmN*"

veFo(P) sn—1R (aAuPnH);

n
X Ap_1([x1, - - ., ) [] /(T H) ™M € N0, Ay P)) da,x1 ... da, xndhdu + O(1).
j=1
We have (0, A, P) = —S’}r_l, where we denote Sfl =s"1n R’} . The condition
1(u € N(0, A, P)) will be taken into account in the range of integration in the form
u € —Sf’:l. Now we fix u and split the integral into two parts. In the first one H_
contains all the unit vectors e;. We write this condition in the form

max u; <h <0.
i=l1,..., n

Note that &7 < 0, since u € —Sﬁ’r_l. The second part is over 7 < max;—y,.._, u;. Thus
the expected number of facets is
Efn—l(PN)
0
N -1 n N—n
= Z ) B (n—1) (1 = An—1,4, QR N Hy))
veFo(P) _gn—1maxu;
+

n
X// hnet (U1 o) [ (T B 31 - a3 dhdu

@GR NHY. j=1
max u;
+ f / (1= hno1.a, (DA, P N H )N
_Szlr—l —00

n
x f~--/An_qul,...,xn])]"[J(Tx_,,H)‘ldAvxl---dAuxndhdu

(A, PNH), j=1

+ 0(1),

where we have used that in the first case dA, P N H, = 0R’} N H,. The substitution
u +— —u and h — —h yields the more convenient formula

Efy1(Py) = ) (N)ﬁ—l(n—1>!<l,}+E$>+0(1>
veFo(P) "
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with

1,}:/

n—1
S+

min u;

/ (1 = Ap—1,4, @R N H_ )N "
0

n
“ f.../,\,,_l([xl,_,.,xn])]_[J(ij,H)—ldAvxl ..dp,xndhdu,
j=1

ORNH)"

o0
E},:/ /(1—,\,,,1,AU(aAvaH,))N—"

S_r*l_*l min u;

n
x // D (xtsoxa) [ [ I(Ty )™ g - da,xadhdu.

(@A, PNH)Y j=1

The asymptotically dominating term will be Ivl. Using (3.7) and (3.9) for [1} we have

min u;
IUl:al’f/ /(1—av,\,,,1(ammH,))N—”
gt 0

(3.10)
n
X/.../A”_l([xl,...,xn])HJ(TXJ.,H)_ldxl...dx,,dhdu.
j=1

ORI NH)Y

In Sect. 3.5 we will determine the precise asymptotics. Equation (3.28) will tell us
that

1M =c,N7"(InN)""2(1 + O((In N)" 1))

with some constant ¢, > 0 as N — oc. The error term E, can be estimated by using
the fact that there are constants a, a such that

arp—1(B) < Ap—1,4,(B) <akr,—1(B) (3.11)

for all v € Fo(P) and all B C 9 P. This shows

E;§(25)”/ /(l—c_lkn_l(BAvPﬂH_))N (3.12)

S'f' min u;

n
" f...fAn_l([xl,...,xn])]_[J(ij,H)—ldxl...dx,,dhdu.
j=1

(A, PNH)"
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In Sect. 3.6 we will show that this is of order O (N " (In N)"~3), see (3.35). This
implies

Efi1(Py) =Y (1;])/3‘(n—l)!an”(1nN)"2(1+0((1nN)'))
veFo(P)

= ¢ fo(P)(In N)" (1 4+ O((In N)™1) (3.13)

with some ¢, > 0 which is Theorem 1.1.

3.2 The Volume Difference
We are interested in the expected volume difference
EV,(P) = Va(PN)).

With probability one the random polytope Py has the following property: For each
facet F € F,_1(Py) that is not contained in a facet of P there exists a unique
vertex v € Fo(P), such that the outer unit normal vector u y of F is contained in the
normal cone N (v, P), or equivalently the hyperplane H containing F is parallel to a
supporting hyperplane to P at v. Clearly all the sets [ F', v] are contained in P \ Py and
they have pairwise disjoint interiors. This is immediate in dimension two, and holds
in arbitrary dimensions because it holds for all two-dimensional sections through P
and Py containing two vertices of P. We set

av=U U M Dy=P\(PyUCy). (3.14)
veFo(P) FeF,—1(Py)
upeN (v, P)
FZoP

where Dy is the subset of P \ Py not covered by one of the simplices [F, v] with
ur € N(v, P). We have

E(V,(P) = Va(Py)) = BV, (Cy) + EV,(Dy)
=E Y Y ValF,o)lur € N(v, P) + EV,(Dy).

veFo(P) FeF,_1(Pyn)

For the first summand we follow the approach already worked out in detail in the last
section. The convex hull [X;,, ..., X;,] forms a facet of Py if their affine hull does
not intersect the convex hull of the remaining point, and to simplify notation we set
u=urand H(h,u) = H = aff[ Xy, ..., X,]. The halfspace H_ contains the random
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polytope Py, and the probability that X, 41, ..., X are contained in H_ equals

Mt @P N H_ )N = (1 = 21 P N HL)N

Thus
EV,.(Cn)
N N

= Z . E((1 = xp—1 (0P N H))Y "
veFo(P)
x 1w € N, P), (Xi}i<n € OP)L) ValX1, ..., Xp, v])

= 2 <N>/~~/<1 — =1 @P O H )N
veFo(P) n (8P)';S

x L(u e N, P)Vulx1, ..., xn, vldx; ...dx,.

We fix v and use the affine transformation A, defined in the last section which maps
v to the origin and the edges onto the coordinate axes. The transformation rule yields

EVn(CN)
N
= > n)/.../(l_xn_l,Au(aAvaHg)N”n(u e N0, A, P))
UE]:()(P) (BA,,P)';
X VAT xy, oo AT x,, 01da, x1 . . dayxn.

The volume of the simplex [{A;]x,-},-zl,__,,,,, 0] is a constant d, = det A;] times the
volume of [{x;};=1,....», 0] which equals n~! times the height || times the volume of
the base [{x;};=1,.. »]. By Zihle’s formula (2.5) we obtain

EV,(Cy) = dv<];]>ﬁ]u

n
veFo(P)

% / / /.../(1_xn_l’Au(aAvPﬂHjL))N’”

sn=1 R (94, PNH)Y,
n
X hn1([x1, o )P [ ] I (T, B!
j=1

x T(u e N, AyP))da,x1 ...da,xn dhdu.

We split the integral into the two parts max;—1, . ,u; <h <0andh < max;—,_
and substitute u +— —u, h — —h. The main part of the expected volume difference
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is

EV,Cn)= Y d(f) R

veFo(P)
with
min u;
IZ=a" f / (1 — ayhy—1 QR N H_ )N " (3.15)
DAY
n
th.../An_l([xl,...,xn])zl_[J(Tx‘/.,H)_ldxl ...dx, dhdu,
ORLNH)Y, j=1
o0
= / / (1 = Ap_1,4, (DA, P N H_ )N (3.16)
Snflminu,-

xh/ /,, W(xg, - xn])ZHJ(TX],H) Yda,x1...da,x,dhdu.

(@A, PNH)",

The asymptotically dominating term will be 13. In Sect. 3.5 we determine the precise
asymptotics. Equation (3.27) will tell us that

12 = cpay/ =D N=1=/=D (1 4 (N~ @=D@-2)))

with some constant ¢, > 0 as N — 0o. The error term E2 can be estimated by

E} < (2a)" / / (1 —ah,1(0A,P N H )Y (3.17)

S"—l min u;

Xh/ / n—1([x1, ... xn]) HJ(Tx] H)_ dxy...dx,dhdu,

(0A, PNH)?,
where a, a are as in (3.11). In Sect. 3.6, (3.36), we show that
Eg — O(anf(nfl)/(n72))'
It remains to estimate
EV,(Dv) =B P\[PvuU [ [F, vl
FeFu-1(Pn)
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The following argument is proved in detail in the paper of Affentranger and Wieacker
[1, p. 302] and will only be sketched here.

If y € Dy, then the normal cone N (y, [y, Py]) is not contained in any of the
normal cones N (v, P) of P, v € Fy(P). Hence N (y, [y, Py]) meets at least two
neighbouring normal cones N (vy, P), N'(vz, P), and thus the normal cone of the
edge e = [v1, v2] € F1(P). This implies that there exists a supporting hyperplane H
of P with H N P = e with the property that the parallel hyperplane through y does
not meet Py.

We apply an affine map A, similar to the one defined above which maps e = [v, w]
to the unit interval [0, e,], v to the origin, and the image of other edges containing
v contain the remaining unit intervals [0, e;]. After applying this map the situation
described above is the following: for x = (x1, ..., x,) = A,y € A, Dy the supporting
hyperplane A,H = H(0, u) to A, P intersects A, P in the edge [0, ¢,]. The parallel
hyperplane H ({x, u), u) contains x and cuts off from A, P a cap disjoint from A, Py.
This cap contains the simplex

[0, min(1, x{)eq, ..., min(1, x,—1)e,—1, e,].
Hence if x € A, Dy then
[0, min(1, x{)eq, ..., min(1,x,_1)e,—1,e,] N A Py = 0.
The probability of this event is given by

P[0, x1e1, ..., Xp—1€n—1, €] N A, Py =)

_ . . N
= (1 = 21 (A7 ' ORL N[0, min(1, x1)er, ..., min(1, X,—1)en—1, ex])))
< (1= @by 1 OR N[0, min(1, xper, ..., min(1, xo—1)en—1, D))",

withsome a > 0. We denote by d, the involved Jacobian of A !'and by d the maximum
of d,. This implies the estimate

EV,(Dy) = /IP(X € Dy)dx

P
< Z de | (1= arn—1(dR"

eE]:](P) AP
N0, min(1, x)ey, ..., min(1, x,—1)e,—1, e,1))" dx
sfl(P)E/ (1 —ar,—1(OR,
[0,z]"
N[0, min(1,xper, ... min(L, xy—1)en—1, en))" dx
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assuming again that A, P C [0, t]" for all e. In Sect. 3.7 we prove that
EV,(Dy) = O(N~(=D/n=2)), (3.18)

Combining our results we get

N\ _ (-1
B(Va(P) = Va(P¥)) = ) ¢(;)ﬂ ]+ ED 4 EVa(D)
veFo(P)
=cy, Z dgau—n/(n—l)N—n/(n—l)(l + O(N—l/((n—l)(n—Z))))
veFo(P)
=, PN—n/(ﬂ—l)(l + O(N—l/((n—l)(n—Z))))’ (3.19)

which is Theorem 1.2.

3.3 Random Simplices in Simplices

Foru € Sj’__l,h > 0,and H = H(h, u) we set

&WW=/W/MMWWWMﬁHH%JMMWWMWWm
ORYNH), j=1
(3.20)

which is the (not normalized) k-th moment of the volume of a random simplex in
R’} N H(h, u) where the random points are chosen on the boundary of this simplex
according to the weight functions J(Ty;, H(1, 1))~ L. Recall that for almost all Xj,
T; is the supporting hyperplane at x;. In fact it is the coordinate hyperplane which
contains x;.

Lemma 3.1 For k > O, there are constants &, f > 0 independent of u, such that

i=1 i=1

n n+k
h Uy
S R W [ A R Y
n}; !

Proof For a point x; in the coordinate hyperplane el.L, the weight function J(Ty;,
H(1,u))~! is the sine of the angle between ¢; and u. Thus

J(Te,  H(1L,u) = |lul, .| = (1 —u})'/? (3.21)

and hence is independent of / as long as u is fixed. In (3.20) we substitute x; = hy;
with y; € H(1, u). The (n — 1)-dimensional volume is homogeneous of degree n — 1,
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hence

At (IX1 o X0 D) = B R (yns -+ YD),

and since x; are in the (n — 2)-dimensional planes R, N H (k, u) we have dx; =
/’ln_zdyj.

E(h, u) = B~ Dktnn=2) /f A1 (D15 -+ ya)F

(Zi]R’fFﬂH(l,u))’;g

n
< [T7(T; HALu) ™ dyr ...dy, (3.22)
j=1
— h(n—l)k+n(n—2)5k(1’ l/l)

To evaluate & (1, u) we condition on the facets in ef-, R ej- of R, N H(1, u) from
where the random points are chosen. Thus for

fell,....n}"
we condition on the event y; € e};. Because {y,...,y,} € QR N H(, u))';é,
which means that not all points are contained in the same facet, we may assume that
fefl, ..., n};’é where we remove all n-tuples of the form (i, ..., i) and denote the
remaining set by {1, ..., n};'é. Recalling (3.21), we obtain
n
Guwy= > J]a-uj)"'? (3.23)

fell,nyyi=1

n
x // Iy D[ [1Gi € ep)dyr .. dy.
i=1

ORLNH (1,u)

A short computation shows that H (1, u) meets the coordinate axis in the points
(1/u;)e;. We substitute z = Ay, y = A~!z, where A is the affine map transforming
H(1,1,) into H(1, u). Here 1, is the vector (1, ..., 1)7. The map is given by

A= : " . (3.24)
The volume of the simplex R’} N H_(1, u) is given by (1/n!) [T/_,(1/u;), thus the

‘base’ R1 N H (1, u) of this simplex has (n — 1)-volume (1/(n — 1)!) ]_[?Zl(l/ui).
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The regular simplex R’} N H (1, 1,) has (n — 1)-volume J/n/(n —1)!. Hence

n

k
1A 2 AT ) = a7k (]_[ i) hnet (215 -5 2D

i=1""

The (n—1)-volume of the simplex spanned by the origin and the facet of IR/} NH (1, u)
in el.J- is givenby (1/(n—1)!) ]_[j#i(l/uj),its height by [|(u1, ..., ui—1, uig1, un)| "
=({- uiz)_l/2 and hence the (n — 2)-volume of the facet of IR, N H (1, u) in el.J- is

NV
n €L - (1 ”i) 1
)‘-n72(aR+mei ﬂH(l,u)) = le#ll Z

Comparing this to the volume +/n — 1/(n — 2)! of the facet of the simplex dRR", N
H(1,1,)in eiL which equals the volume of Ri_l NH(1,1,_1) shows that the Jacobian
in e}; of the map A is

M2 (AR Net N H(1, u)) _
M2 (@R% Net N H(1,1,))

1
(=172 —w) 2 ] —1G € ef).
i#f

Combining these Jacobians with (3.23) we obtain
"y n+k ,
S, u) =n"*2(n —1)™"/? — :
(L) =n =1 > \ITy) Tlws
fe{l,..., n}’;,: i=1 i=1

n
« /f Jca @zt ) [[ 11 € eb)dzy .. dz,
ARLNH(1,1,) i=l

"y n+k ,
— k20, _ 1yn/2 —
=:n n—17" Z (Hu> Euﬁgk,f,

fell . nyy \i=l !

where & ¢ is independent of u. Together with (3.22) this finishes the proof. O

In Sect. 3.6 we need an estimate for y(h, u) in the case when thereisak < n — 1
such that

h h h
— ., — <1 and e, — >1, (3.25)
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see (3.29). Then H meets the coordinate axes in the points (h/u;)e; € [0, 1]" for
i =1,...,k, and the other points of intersection are outside of [0, 1]*. We set

n
gé(h’u) = / HJ(T)C_/aH)_l
@[01nHyr 1=1

n
x ]_[ L({x1. ... xa) Nef| <n—1)dx;...dx,.
f=1

Lemma3.2 Letk < n — 1 be given such that (3.25) holds. Then we have

1 k h n k U mj
. ;
Eg(h,u) < cpih H(;) > ]_[(7)
Jj=1 fe{l,..n) j=1
withmj =m;(f) =Y 0_ 1(fi = j) <n—1forj <k and ¥j_;m; <n.

Proof First we compare the intersection of H with the facet of [0, 1]" in ej% to the
intersection of H with the opposite facet of [0, 1]" in e + e}-, f=1,...,n. For
i # f the hyperplane H meets the coordinate axes lin{e;} in e% in points (h/u;)e;.
It meets the shifted coordinate axes ey + lin{e;} in the opposite facet in the points
er+ ((h—uy)/uj)e;. Because u € Sﬁlr_l we have u ¢ > 0. This shows that the facet
of HN O, 1]" in e# contains the simplex

{ﬁei} . (3.26)
[ Ui Ji<k,i#f

The opposite facet contains either the smaller simplex

h —
)
Ui i<k,itf

if f>k+1andh/uy > 1, and otherwise the intersection is empty, (H N[0, 1]") N
(ef + e%) = (). The simplex (3.26) has volume

1 1 1—[ h
’ 2\— o
(k=2)! hQ1 —uf) 172 i<kitf Uj

for f <k, and

1 1 h
k—1! (- u2f)_1/2 g u;
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for f > k + 1, the volume in the opposite facet clearly is smaller for f > k + 1 or
vanishes for f < k. Weuse J (T, H(h,u))™' = J (T, H1,u))"' = (1 — uf‘-)*l/z

forx € e}. For f < k this proves

/ J(Te, ) 'dx = (1—uf)™'/? / dx

([o,l]an)me]% ([o,l]anme;
(n— k)02 1 h
SERRCETR N §
(k —2)! i<kif

since (n — k)1/2 is the diameter of the (n — k)-dimensional unit cube. In this case there
is no simplex in the opposite facet. Analogously, for f > k + 1

(I’l — k- 1)(11—/(—1)/2 1 h
(k —1)! nlly,

f J(Te, H) ' dx <
([0,1]"mH)me}

B (n—k—1)r—k=b/2 h
J(Ty, H) Vdx < STTE.
/ (T, H) " dx = *k—1)! hnu~

; i
L i<k
([0,1]’lmH)ﬂ(€f+€f)

Again we condition on the facets 9[0, 117" N H (1, u) from where the random points
are chosen. Because of the term T (|{x{, ..., x,} N ej;| < n — 1), it is impossible that

all points are contained in one of the facets in ej%. Thus for f < k we have at most
n — 1 points in ([0, I]" N H) N ej; and no pointin ([0, 1]" N H) N (ef + ej;) because
this set is empty. For f > k + 1 we have at most n — 1 points in ([0, 11" N H) N ej;
and maybe some additional points in ([0, 1]" N H) N (ey + e}).

Now for j =1, ..., nthereis some f; such that x; is either in the facet [0, 1]" ﬂej;j

or in the opposite facet [0, 11" N (e £t ej;j ). This defines a vector

fell,...,n}",

and we take into account that for f <k,
n
mp=>Y_1(fj=f) <n—L
j=1

This yields

Showy = > ] J (T, H) ™' (x; € ey dx;
fE{] ..... njt jfjfk 3[0,11"NH
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< T] / J(To, H) '1(x; € e]%_], U (e, +e}j))dx,-
Ji fizk+1 \ 0,1 nH

k mj

o fi) 2 G

U
j=1 3" fell,mt j=1

withmj =m;(f) =Y, 1(fi =j) <n—lforj <kandYym; <Y |m =n.
o

3.4 The Crucial Substitution

In the next sections we will end up with integrals over u € Sﬁlr_l and where we split
the integrals in the part where 7 > min;<; <, #; and the part where 7 < minj<;<, u;.
Then the following substitution is helpful.

Lemma3.3 Let f: (R1+)" — R be an integrable function such that both sides of the
following equation are finite. Then

h h -
/ /f(u—l,...,u—>h(”“)dhdu = /---ff(tl,...,tn)]_[t,-‘zdn...dtn.
n i=1

sl Ry (Ry)"

In particular we will make extensive use of the following version where we use that
the range of integration 0 < h < u; foralli =1, ..., n,is equivalentto t; € [0, 1]:

ming<;<p{u;}

. N—n n N\ —(n+148)+m;
(1 —a&h"_l> h—<n+1)]_[<”—’) dhdu
[T PN

st
1 1 N—n .
n—l+e—m;
[ f(r-eXTTs)  TTodn...d,
0 0 i i=1

where ¢ € {0, 1}, N is the number of chosen points and the m; are as in Lemma 3.2.

Proof The goal is to rewrite the integration dhdu over the set of hyperplanes into an
integration with respecttotq, ..., t, where these are the intersections of the hyperplane
H(h, u) with the coordinate axis. First, the substitution » = h~! leads to dh =
—r~2dr. Then we pass from polar coordinates (r,u) to the Cartesian coordinate
system: for h,r € Ry andu € S’}:l this gives

D ghdu = "V drdu = dxy...dx,.
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Now we substitute x; = 1/¢; and take into account that

i=1

Thus finally we have

n
WD ghdu = Hzlfz dty ...dt,
i=1

with A~ u; = ru; = x; = ti_l.

3.5 The Main Term

By (3.10) and (3.15), for ¢ € {0, 1} we have to investigate

min u;
1,}+8=ag/ f(l—av)\,,_l(ammH_))N—"hg
st 0

;
X/.../An_l([xl,...,x,,])”eHJ(ij,H)’ldxl...dxndhdu
(ORLNH)?, J=l

min u;
—al [ [ (e @R N v dhd,

v

-1
st 0

where we use the notation from (3.20). Recall that H = H (h, u) meets the coordinate
axis in the points t;e; = (h/u;)e;, and hence

l Zui hn71
n—0! [Tui

A1 @RL N H_) =

We plug this and the result of Lemma 3.1 into Il}*‘a, setm; = Zj 1(f; = i), and
obtain

1 ORGP Y

v

fell,.., n}’;é
min u; _
ay Zui . N—n
X 1-— . h
(n—D! JJu
gm0
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n
pe D T4
(5

—(n+1+e)+m;
) dhdu.

Note that ) m; = n. We use the substitution introduced in Lemma 3.3 and use the

notation from Lemmata 2.3 and 2.4, in particular we use the function 7 ( - ) introduced
in (2.6),

LY =n R -2 — 1) Y Eipey

fell,.., n}:&
1 1 N—n n
ay n—1+e—m;
x// 1—(n_1)!21_[tj [ dt; ...dt,
0 0 i j# i=1
=0 OPa DA =D Y Erge s Tm— (L4 o)1),
fetl )y

withm = (my,...,my). Inthe case ¢ = 1,

L=nPa-D"Pdm-0"" Y & pTm—2-1),
fell,..., n}’;

and Lemma 2.3 (with L = —n) implies with a constant ¢, , that depends on m and n,

12 = a7 0D 78y e N7 D (14 o (N =D 0-2)))
f (3.27)
= ;"D N==n/=D (1 4 o (N~ @=Da-2)))

where the implicit constant in O(-) may depend on a,. Because ¢, , > 0, all terms
with f € {1,..., n};',é contribute. Geometrically this means that the contribution for
the volume difference comes from all facets of Py.

In the case ¢ = 0 the asymptotic results from Lemma 2.4 (with L = 0) give

Ly=n""a—-D"2a) Y & yTm—1)

=cn Y. EpdmaN"(InN)" 21+ O((nN)™) (3.28)
Figtm;>01=2

e ), OWNT'(IN)")
f:#{mi>0}=3

= ¢, N7"(InN)"2(1 + O((In N)™ 1),

where only those terms contribute for which f; is concentrated on two values, and
where the implicit constant in O(-) may depend on a,. We can apply Lemma 2.4
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as (3.8) holds. Geometrically this implies that the main contribution comes from that
facets of Py whose vertices are on precisely two facets of P.

3.6 The Error of the First Kind

Denote by diam(K) the diameter of a convex set K. By (3.17) and (3.12), for the error
term we have to estimate

diam(A, P)
E™ < (Qa)" f / (1 — ahn1 (0AP NV H)VRE
n—l min u;

n
/ /n 1([x1,...,xn])1+81_[J(ij,H)_ldxl...dxndhdu

(A, PNH) j=1
diam(A, P)
< Qay" / f (1= ahn_1(0A,P N H)VIE
S;tr—l min u;

n
X dn_1(AyP N H)FE f/ ]_[J(TXJ,H)—ldxl...dxndhdu

@A, POH)Y, I

for ¢ = 0, 1. Recall that the hyperplane H = H (h, u) meets the coordinate axes in
the points (4/u;)e;. Hence the halfspace H_ contains at least one unit vector since
h > minu;. W.lo.g. we multiply by (}), assume that it contains ex41, ..., €,, and
thus the points of intersection satisfy

h h h h
—,...,— <1 and v, —>1 (3.29)
uj Uk Uk+1 Un

withsome 0 < k < n—1.Thentheconvex hullof (h/uy)ey, ..., (h/ur)ek, €xti, ..., en

is contained in A, P N H_ and we estimate

A—1(0A PN H_) = —— 1)! 1;[ ( z)
h
- (n— ! Z 1_[ _1

(3.30)

Fork =0, 1 wehave A,_1(dA, PNH_) > 1/(n—1)!and thus E, = O (e~4N/("=D1),
so serious estimates are only necessary in the cases 2 < k < n — 1. Next we use that
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Ay P C [0, t]" for all A, and for some t > 0. Thus

k

h
hnt1(AvP NH) < dyo1 (0. 7' N H) < cuh ™ [T =2"7F (331)
S U
i=1
because H meets the first k coordinate axes in h/u1, ..., h/uj. This gives
n—1 n
1 — —k)(1
E,z" < 2a)"cy, Z <k>r(” )(1+e)
k=0
N

a h —1
Xf / 1_(n—1)!z. | o

L
§1 B j=liski#]
+ hzuk+15'~'7uﬂ

k 14¢ n
h _
x | |<u_l> f/ | |J(Tx‘/.,H) ldxl...dxndhdu.
1

(A, PNH), j=1

Now we deal with the inner integration with respect to x1, . .., x,,. We want to replace
dA,P N H by 9[0, 11" N H. The main point here is to estimate J (7, H)~ ! for
x ¢ 0R'}.

In general we have J (T, H) € [0, 1] by definition. Recall that x € H. The critical
equality J (T, H) = O canoccuronly if 7, = H, thus if H is a supporting hyperplane
H(ha,p(u),u)or H(hy,p(—u), —u) to A, P. Since u € Sfl, in the second case we
have ha,p(—u) =0and x € IR}

To exclude the first case we assume that A,,_1(0A, P N H_) < 1/2. In this case
H_ cannot contain the point n~Y0=Dq, . 1T since otherwise dA, PN H_ would
contain dA, P Nn~/#=D[0, 1] (recall that u € §".~ ') and this part has surface are 1.
Now we claim that there is a constant ¢4, p > 0 such that

J(Te, H) > cayp if dyo1(@A,PNH_) <~ and x € dA,P\ dR".

(3.32)

R =

If such a positive constant would not exist then (by the compactness of d A, P) there
would be a convergent sequence (xi, Hy) — (xo, Ho) with J(Ty,, Hy) — 0, where
X; € Hy yields xo € Hyo = H (hg, uo), ug € Sﬂlr_l. But in this case also

J(Tx,, Hp) - 0

and Hy is a supporting hyperplane at xp. Since ug € Sﬁlr_l this leads to two cases. The
first case is that

xo € Hy = H(ha,p(—uo), —uo), xo € dA,P NIRY,
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but x; is not in dA, P N dRR’ and thus contained in some other facet of A, P. This
implies J (T, , Hy) - 0 as xy — xo, which is impossible. The second case is that xg
is contained in Hy = H(ha,p(uo), uo) where (1, ..., DT e Hy_. Since this point
isin A, P, but all Hy_ do not contain n=/@=D (1, ..., DT this again contradicts the
convergence Hy — Hy. Hence such a sequence x; cannot exist, and (3.32) holds with
some constantc4, p > 0. Thus from now on we assume thatA,,_1 (0A, PNH_) < 1/2,
take into account an error term of order

R RRY 3.33
(1-3) - o

and obtain by (3.32) that

/ J(Ty, H) Vdx

94, P\OR")NH
04 PAIRS) (3.34)

< ¢ prna@0. 71" N H) = ¢!y / dx
a[0,7]1"NH

because A, P is contained in the larger cube [0, 7]".

In the following we denote by F, the union of the facets of A, P contained in dR"} ,
and by Fj the union of the remaining facets which cover A, P\oR" ,0A, P = F.UFy.
Then

// [/ B) " dx ...dx, 5// [/ H) " dx .. dx,

(9A, POHY, j=1 (FeNHY., j=1

+kz<z> // [T/ By dx ...dx,
=1

(FonH)* x (F.NH)"—* j=l
Because of (3.34) and using F, C 9[0, t]", we obtain the upper bounds

fl_[J(TXI,H) Vdxy .. dxk<cAPf /dxl X%

(FonH)* ([0, 7]"NH)k

and

[ [T /. o s

(F,ﬂH)';k Jj=k+1
f f ]"[ J(T, H) ™ dxpyr .. dxy,
@0, NHY j=ktl
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where (F, N H)”_k = (F,.NH)" ¥ fork > 1. Combining these we get for k > 1
#

// [T/, By "dx .. .dx,

(FonH Yk x (FonHyn—k 1=1
n
<Cap / l_[ J(Ty,, H) 'dxi ...dx,.

[0, z]"NH)" Jj=k+1

Observe that for the (n — 1)-dimensional polytope [0, t]" N H the area of each
(n —2)-dimensional facet is bounded by the sum of the areas of all other facets. Hence
excluding a facet from the range of integration of the inner integral with respect to x
can be compensated by a factor 2,

n
dx; <2 / ]_[11(|{x1,...,xn}mef%| <n—1)dx.
[0, 71" NH a0,z 1nnH f=1

Since J(Ty ., H) is always less or equal one, this yields
J

// [/ 5) " dx .. .dx,

@A, P, J=!

schfPZC:) /f [T/, @'
k=0

@10,712NH)r J=1

n
X 1_[]1(|{x1,...,xn}ﬂejz| <n—1)dx;...dx,
f=1

n
<o [ [ T1o

@[0,z1nH)n J=1

n
X Hﬂ(|{x1,...,xn}ﬂe}| <n-— 1)dx1 coodxy.
f=1

Substituting x; by tx; we obtain

n
h
/f HJ(TX_/,H)_ldxl co.dxy 52”r"("—2>c;jpgg <;,u>

(A, PNH) j=1
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with 5(} () defined in front of Lemma 3.2. We make use of Lemma 3.2 for 5(; and the
error term (3.33): for m; = Zj 1(f; =1) we get

N

h
Elfe < / / -2 g -e+n
CPZ (n—l)!.z.( u;

=0 Sn L h<uy,..., U J=li<k,i#j
h>Ufy1,....Un

k h n+l+e j
x 1‘[(5) Z ]‘[( ) dhdu + O(e~M)
j=13"

fell,..n}t j=1

withm; <n—1forj <k, Z'f m; < n,and where ¢, p dependsonn, ca,p, maxcy i
and 7. Next we use the substitution from Lemma 3.3:

N

E1+s<anPZ Z / / 1= (n_l)vz l_[
k=0 fe{l,...,n}" <1 j=1i<k,i#j
teakJrl ..... th>1

n
—l4+e—m; -2 —cN
" m 1_[ t72dn ... dty + 0(e™M).
i=k 11

X
I~
~T

The integrations with respect to tx 41, . . . , f; are immediate since the only terms occur-
ring are ti_z, and we have

N

n—1 1 1
B sanry. ¥ [ofl1-ot5 2
0 0

k=0 fe(l,...,n}" j=li<k,i#j
k
x [0 an Ly + 0N,
withO <m; <n—1.Wesetl; =m; — (n —k + 1+ ¢)). To apply Lemma 2.4 in

the case ¢ = 0 we have to check that there are i # j with/;,[; > L/(k — 1) — 1. Set
M = le‘ m; < n. We have

L 1 &
b=yt =mi- (n—k+1>—m;(mj—(n—k+1»+1

and equality holds only if M = nand m; = 0. But M = n and m; < n — 1 imply
that there are at least two different indices i, j with m; > 0. Hence we may apply
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Lemma 2.4 (and if m; > 1 for all i even Lemma 2.3) which tells us that the integral
is bounded by

O(N—k-‘rL/(k—l)(ln N)k_2) — O(N(M—nk)/(k—l)(ln N)n—3) — O(N—n(ln N)n—S)
This finally proves
El=O(N™"(nN)"7%). (3.35)

In the case ¢ = 1 we have [; = m; — (n — k + 2), and with M = Z]f m; < n this
gives

k
L 1
li—le+l:m,-—(n—k+2)—kj;(mj—(n—k+2))+l

n+1—-—M
=mi+—-+->0

k—1
since M < n. Thus the integral is of order

O (NTHHLIK=D) = o (NM=kB+D)/k=D) — o (N—n=(=D/(1=2))

and

EZ=O(N"(n=D/=2)), (3.36)

v

3.7 The Error of the Second Kind

Here we have to evaluate the following estimate of IEV,,(Dy) of (3.18),

T T
f1(P) 3/. . / (l—gkn_l(alﬁﬁ_ N[0, min(1, x1)eq, ..., min(1, x,—1)e,—1, en]))N
0 0
dxy...dx,.

The integration with respect to x, is immediate. We may assume without loss of
generality that for k = 0, ..., n — 1 precisely k of the coordinates of x are bounded
by 1,

x13-'~s-xk517 xk+ls~'-7xn—121'

For k = 0, 1 we have

T T N
__ 4 — O(o—aN/(n—1)
//(1 (n—l)!) dxl...dxnfl—O(e )
0 0
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So we assume 2 < k < n — 1. Then the volume of the boundary of the simplex is
given by

An—1(0RY N[0, min(1, xp) ey, ..., min(1, X,—1)en—1, €n])
"o Koo
= Z—(n T l_[ .mln(l,x,’) > Z—(ﬂ T 1_[ .x,-.
j=1 i<n,i#j j=1 i<k,i#j

Therefore we obtain

T T N
a
/ / — ﬁ Z Xi d)C] .. .dxn_l
0 0 " Cj=liskii#)
1 1 ik N—k
< [ 6| dn...di
< 1) i 1...dty—1
o o Cj=li<k,itj
k—1 \ —k/(k=1) k
art _ 1 k(e
x " (W) (k=1 lF(m) N7HE=D (1 4 0(1)),

where we used Lemma 2.3 with [; = k — 2, L = k(k — 2), which implies /; >
L/(k—1)—1=k—-2—-1/(k—1). Ask <n — 1 we obtain

EV,(Dy) = O(N~(=D/n=2)),
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Appendix: Some Asymptotic Expansions
Appendix A: A Useful Substitution

Let S, is the set of all permutations of {1, ..., n}. We start with the following obser-
vation.
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LemmaA.1 Let f: (0, 00)" — (0, 00)" be defined by

fiy =]~ j=1....n
i#

(i) The inverse function to f is g: (0, 0c0)" — (0, 00)" given by

WA 1/(n—1)
gi(x) = v (H xk) .

(ii) f maps the open set (0, 1)" bijectively onto

n
{ye(O,l)” Vi:l,...,n:l_[yk<yi"1}. (A.37)
k=1
(iii) The set
n
{xe(O,,B)” Vi=1,...,n:]_[xk<,3.x;"} (A.38)
k=1
equals
U Gty - X)) | x € M), (A.39)
eSS,

where M is the set of all x € (0, 00)" with x, < xy—1 < ... < x| and

B x3 > x1 - x2,

,3~x§ > X] - X - X3,

(A.40)
Bexp > xy Xy
Proof (i)Forall j =1,...,n
1 n 1/(n—1)
fi(g()) = g gi(x) = g x,- (L{1 xk) =X,
andforalli =1,...,n
-1 1/(n—1)
gi(fen=g| [T []x]|=|]]x [T1Tx = Xj.
k£l k#n ki j=1k#j
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(i) We show that f maps an element x € (0, 1)" to an element of the set defined
by (A.37). Indeed, for all x € (0, 1) we have

[[xie©.

J#i
Moreover,
n—1
n n n
[Ts@=TT1Tx =TT
j=1 j=1k#j j=1
Since foralli = 1,...,n wehave x; € (0, 1) wegetforalli =1,...,n

n—1

[Tro<|[]x] = s
j=1 JF#

Thus f maps (0, 00)" into the set defined by (A.37). Now we show that g maps an
element y of the set defined by (A.37) to an element of (0, 1)". Since [ [;_; v« < »/' -1

1 n 1/(n—=1)
gi(y)=— 1_[ Yk < 1.
Yi \j=1

(iii) We show that the set defined by (A.39) contains the set defined by (A.38). Let x
be an element of the set defined by (A.38). There is a permutation 7 such that

Xg(n) = Xg(n—1) = ... = Xg(1)
andforalli =1,...,n,
n
[]xr0 < Bxly- (A.41)
k=1

We prove by induction that (xz(1), ..., Xz@m)) € M. The last inequality of (A.41)
follows from (A.38) fori = n. Suppose now that we have verified the last k inequalities,
i.e.,

-2
BXy oy > Xa (1) Xx(n=2) * X (n—1),

-3
ﬂxz(n_l) > Xg(l)  Xn(n—-2)>

k-1
'ijr;(n—k-&-l) > Xx(1) - Xm(n—k)-
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By (A.40),
1
71'1[(n k) = Hxﬂ(/)

We substitute for x;,, . .., x,—k+1 using the above inequalities already obtained.

1/(n—1)
Xr(n—k) = E l_[xn(j)
1\ *+1/(=2)n=l o) 1/(n—1) a1 1/(n—2)
e
g (E) [T = —Hxﬂm
Jj=1
1\ 1+1/(n=3) n=2 ) l/n=2) = 1/(n=3)
e
- (5) [+ = gl—[xnm
J=1 j=1
1 14+1/(n—k—1) n—k ot 1/(n—k) ln_k 1/(n—k—1)
ek
- (E) [T = EHXW)
Jj=1 j=1
or, equivalently,
n—k—1

k—2
2(n 0~z l_[ X (j)

aslongasn —k —2 > 1. Thus the last inequality is x3 > (1/8) - x| - x2. Now we show
that (A.39) is contained in (A.38). It is enough to show that M is a subset of (A.38).
Let x € M. By the last inequality of (A.40)

X1 X2 ... Xp <,3x,’f_1
Since x;, < xp,—1 <...<xywegetforalli=1,...,n
xl-xz-...-xn<ﬂx,’11_l<ﬂxlf“_l O
Recall the definition (2.6):
1 1 " N—n "
g = [ [{1-aX[s) [T0"dn...a.
0 0 i=1 j#i i=1
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LemmaA.2 Letra > 0, andl = (Iy,....1,), L = > 11, withl; < n — 1 for all
i=1,...,n. Then we have

1 n—L/(n—1) 1
j(l)=(a(N—n)) n—1

a(N—n) oa(N—n) (

1 n N—n , , /
i—L/(n—1)
1 — — s,'> Hsi ds, ...ds.
N-—ni= i=

0 0
[ —

Vil sy <@ - Ve,

Proof By the assumption/; < n — 1 foralli = 1, ..., n the integral is finite. We use
the transformation of Lemma A.1: Fori, j = 1,...,n,

1 n 1/(n—1)
vi=[]s and &= - (]_[ vk> : (A.42)
b \k=1

i#]j

The partial derivatives of ¢ with respect to v are for i # j

1/(n—1
dt; | 1 (li[ )”” )
p—— _ Vg
dv; n—1 vjvy; palle

and fori = j

1 —1
d; 1 ) ll[ /o=h
— = —1)—= v .
du  \n—-1 2\ k

This allows computation of the Jacobian

at n
J = det (—')
j /i j=1

1+ 1 1 1 1 1 1 1 1
n—1 v% n—1 vy n—1 v n—1 v
ween| L LA R S R B
n—1 vjiv n—1)y2 n—1 w3 n—1 vy
= Hvk 2
k=1
1 1 1 1 1 1
. . . oo (=14 _
n—1 vy n—1 vy n—1 wv3vy n—1)2
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The remaining determinant can be calculated explicitly by use of the formula

I+x 1 1--- 1
1 l4xl-- 1 n n
, , =[Tx+>_(T]x (A.43)
) ) : i=1 i=1 \ j#i
1 11 14,

which yields, with x; = 1 —n,

n —(n=2)/(n—1) n —(n—2)
B (_1)}171 B (_l)nfl
J = ﬁ 1_[ Uk = ﬁ ll_!ll . (A44)

k=1

Applying the transformation theorem gives

1 1
1 li—L/(n—1)
I =—— // (1—a2vi> [Tvf " v, ...dvr.
0 0

i=1

In the last step we substitute v; = s; /(o (N — n)) and obtain

a(N—n) «a(N—n)

1 n—L/(n—1) 1 / / | 1 n N—n
a(N —n) n—1 N—n,lsl

0 0 1=
——

vi: [T s}/(n_])5(0{(N—n))1/<"*1)si

n
X nsfi_L/(n_l)dsn ...dsy.
i=1

LemmaA3 Leta > 0, andl = (Iy,...,1,), L = Y\ l;, withl; < n — 1 for all
i=1,...,n. Then we have

1 n—L/(n—1) 1
ja)z(oc(N—n)) n—1
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Viz3:(sposio1/(@(N—m) V=D <s;

n
Ley—L/(n—1
X Hsi” /o )dsn...ds1.

Proof By the assumption /; < n — 1 foralli = 1, ..., n the integrals are finite. The
result follows from Lemmas A.1 and A.2. O

Appendix B: Proof of Lemma 2.3
Our goal is to prove Lemma 2.3, which is the asymptotic formula
1 N=n n

Jd) :/ / 1—a) [t Hti"_z_l"dtl...dtn

0 i j# i=1

a—I’L-‘rL/(n 1)(n 1)—1

n
L .
F l _ 1 N*l’H‘L/(n*l) l 0 Nf(mmk lka/(n71)+l)/(n72)
< [Tr(i- 25 +1) (1+0f )

as N — oo, wheren > 2,0 <« < 1/n,andl = (Iy,...,1,), L = Y |, with
n—1>0L>L/n—1)—1.

Proof By Lemma A.2 we have

1 n=L/(n=1)
0=(=) o

a(N—n) a(N—n)
H]l((a(]\]_n)) 1/(n— 1)1_[ 1/(n 1) <S>

0 0

| n N—-n 4,
X (1 N s,-) Hsfi_L/('l_l)dsn ...dsy.

i=1

Because ¢/ (1 —1) > (1 +1)(1 —1) = (1 —¢?) for |¢| < 1 and (1 — 2" > 1 — mt?,
we have
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2

<e

< N —n (B.45)

for [x| < N — n. This yields

1 n—L/(n—1) 1
j(l)=<a(N—n)> n—1

a(N—n) a(N—n) n

n =i si
- / 1_[]1 <(a(N — n))—l/(n—l) HS}/(n—l) < Si)
i=1 i=1

0 0

n n
X (1 +0 (N1 Zs?)) Hsz{i_L/(n_l)dsn ...dsy.
i=1

i=1

Integrating the terms containing O(N -1 p sl2) yields incomplete Gamma func-
tions times a term O (N ~"TL/("=D=1) The main term gives

a(N—n) «a(N—n) n

n
. / 1_[ ﬂ((a(N —n))~V@=D l_[s}/(n—l) < Si) o= i si
i=1 1

0 0
n
X sll'_L/(n_l)d n...dsy
i=1
n L n
< Hr(li - + 1) _ e~ izl i Hsl{"iL/(nil)dsn ...dsy,
i=1 " D i=1

where Dy is the set where at least one of the terms
n
/(- 1/(n—1
]l<(a(N — )" V@=D ]_[sj/(” ) <si <a(N — n))
1

equals zero. Thus Dy is covered by the unions of the sets

Dyi={sk:sk =a(N-n), Dyp={sc:sp > <@N-m)"]]s
Ak

Integration on the set Dy j gives

n
[ T T Vs, s

Dy i=1
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e e]

L o L—L/(n—
[roestie) [ ot

i#k a(N—n)
-0 (e—aNNl,-—L/(n—l))

A

and the contribution of the sets D), , gives

n
/ o~ Li=1Si Hsfi_L/(n_l)dSn ...dsy

i=1
Diy

< (@(N = n))~ L/ =D/ (=2)

n
% // e—Zn&ksfl_[sf"_”(”_l)dsn...dsl
-0 i=1

Si=
k<[5
— 0(Nf(lka/(nfl)Jrl)/(an)).
Hence the error term of the integration over Dy is of order

O (N~—(mink k=L /@=D+1)/n1=2))

forl; —L/(n—1)+1 > 0. O

Appendix C: Proof of Lemma 2.4

Our next goal is to prove Lemma 2.4 which deals with the case when some of the /;
are extremal in the sense thatl; = L/(n — 1) — 1. If for at least three different indices
i, j, k we have the strict inequality that [;,[;,l; > L/(n — 1) — 1, then we want to
prove that

1 1 N—n "
J @) =// =) [t [1a4 " an...dn,
0 0 i i i=1
— O(N—rH—L/(n—l)(ln N)n—?:).
If for exactly two different indices i, j we have the strict inequality that [;,[; >

L/(n—1) — 1 and equality Iy = L/(n — 1) — 1 for all other /i, then we will show
that

L
T = cnoz_"+L/("_1)F(li -+ 1)
P

L
x r(l,- — -+ 1>N”+L/("‘)(1n N)"2(14+ 0((nN)™ 1)
P
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with some ¢, > 0. First we show that 7 ({) is at least of order N " +L/(1=1 (]n N)yn=2,
and thus the strict inequality ¢, > 0.

Lemma C.1 There is a constant ¢, o > 0 such that foralln —1 >1; > L/(n—1)—1
we have

j(l) Z Cn aan‘l’L/(n*l) (ln N)#{i”,':L/(l’l*l)*l}
for N sufficiently large.
Proof We use Lemma A.2. Since the integrand is positive, for N sufficiently large,
a(N—n) o(N—n)

1 n N—n
J) = Cn,a(N - n)—n+L/(n—1) / . / (1 B — Si)
N —n “
0 0 i=
—
vi:TT1 Sjl'/(n_])S(a(N—n))l/("*l)x,-

n
X Hsfi_l‘/(n_l)dsn ...dsq

1 1
RN B B (B
0 0

vi: [T} s]l./(" 1)5((;((1\1_,1))1/(11 Dy

n
X Hsfi_L/(n_l)dsn ...dsy

1 1
_ _ 1<

> cpo(N —n) n+L/(n—1) // (1—N_n2si>
0 0 i=1

Vi:l<(a(N—n))l/n=Dyg;

xl_[ L= e ds

i=1

1 n N-—n

—n

1 1

n N—n
> c,,a(N—n)"+L/<"‘><1 — ) / /
- N—n

(@(N=m) V@D (@(N=n))=1/ (=D

n
li—L/(n—1
xl_[sl- /(n )dsn...ds1

n A\ ] glimL/o=D

— —_ — n—

= cpa(N —n) n+L/(n 1)<1 — N—n) / ds;.
= W=y -1/
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For those i withl; — L/(n — 1) = —1,

1

S?i_L/(n_l)dS' _ II‘IO{(N —n) - In N
i ! n—1 ~2m-=1)
(@(N—=n))=1/@n=D

and for those i withl; — L/(n — 1) > —1,

\ 1 — a(N — p)~lGi—L/(=D+D/(n—=1)

li—L/(n—1)+1

S!{i—L/(n—l)dsi

(@(N=n))=1/(=1)
1
2 9
20 —L/(n =D+ 1

both for N sufficiently large. O

To show that this yields in fact the correct order we introduce in the light of Lemma A.3
integrals of the type

a(N—n) s; Sn—1 1 n N—n 5,
S(q) = / [/ (1_N—nzsi> l_[s?idsn...dsl.
0 [ i=1

0 0 1=
——

Vi=3:(sp-sio1 /(@(N—m) /=D <y

Lemma C.2 Assume o < 1/(2n), and that ¢ = (q1,...,qn) € R", ¢; > —1, and
there arei # j with q;, q; > —1. Then there is a constant ¢4 , > 0 independent of a
such that

S(g) = cgn(InN)""% + O((n NY" )
as N — oo. More precisely, if q1,q» > —land g3 = ... = g, = —1, then

Sqi,q2,—1,...)+S(q2,q1,—1,...) (C.46)
=c,(g1 + DT (g2 + DAn N)* 2 4+ 0 ((In N)" )

with some ¢, > 0. If there exists an m > 3 with g, > —1, then ¢y, = 0 and
S(g) = O((nN)" ). (C.47)

In other words, the only asymptotically contributing terms are those with g1, g2 > —1
and g3 = ... =g, = —1. We will prove Lemma C.2 below and before this show that
it implies Lemma 2.4.
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Proofof Lemma 2.4 Forl = (I1,...,1,), L = Y | l;, with]; < n — 1, Lemma A.3
tells us that

1 n—L/(n—1) 1
JO = (a(N—n)) n—1

a(N—n) 51 Sp—1 | n N—n
7T€Sn 0 0 0 i=1
—

Viz3: (s1esim1/(@(N=m) V=D <;

n
Leiy—L/(n—1)
sti() / ds, ...ds;

i=1
1 n—L/(n—1)
:<a<N—n>> ZS( - )

neS,,

Assume that [; > L/(n — 1) — 1 for all 7, and there exists some tuple i # j with
l,‘,lj > L/(I’l — 1) —1. Ifln(l),ln(z) > L/(I’l — 1) — 1l and lﬂ(,') = L/(n — 1) — 1 for
all i > 3, we have that

L
S(I,, - ) = ¢t~ w/n-1a (I N)"72 + O((In N)" )

where the constant is non-negative. If [ ;) > L/(n — 1) — 1 for some i > 3, then

S(l,, B ) = O0((InN)"3).
n—1

Hence, dependingonl = (I, ..., [,), there are two cases.

e We have [ = L/(n — 1) — 1 for all except two indices i # j: Then there are
(n —2)! permutations which bring /;, /; into the first two places with order (/;, [;),
resp. (/;,1;) and allow for an application of (C.46). All other permutations add
terms of order O ((In N)"~3). Summing over these possibilities, we have

1 SN )Y L
70= (=) rer(ne )

x I‘(l- _ L + 1>(lnN)”_2(l +0((nN)™hH
Ton—1
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L L
=cpa T - 1) - —— +1
n—1 n—1

x N~"HL/=Dn Ny =2(1 4 0((In N) ).

495

o There exist at least three different /;, [, [y > L/(n — 1) — 1. This yields
j(l) — O(N_n+L/(n_1)(ln N)n—3).

The implicit constants in O( - ) may depend on «. These estimates imply Lemma 2.4.
(]

Proof of Lemma C.2 The proof of the lemma is divided into four parts. Lemmata C.3
and C.5 give the crucial estimates. Equation (C.46) when g3 =

. = g, = —1follows
from Lemma C.4,

S(q1,q2,—1,..., 1)
a(N—n) s1 n Nen
_ 51+ 52
=c,In(N —n)" 2 / /(1 — N—n) s1 szzdszdsl
0 0

+0((InN)"3).

We replace (1 — (s; + 52)/(N — n))Y =" by the exponential function using (B.45):
a(N—n) sy Nen
/ <1 — s]17+sz) st sP dsyds)
—n
0
a(N—n) 51

— /e*m“z)(l + ON" (51 +52)%)) 5755 dsadsy
0

0

0
o0 o0
= //]l(sz 5s1)e_(S“Hz)sflsgzdszdsl
0 0

o0 N

_ / / —(S]-‘rSz) 41 quSstl +0(N 1)
a(N—n) 0

Clearly the integral in the last line is of order O (e~ N4). Hence

S(qi.q2. —1, ...~ +S(g2. q1. =1, ..., —1)
=, (g1 + DT(g2 + DAn N)" 2 + O((n N)"73).

(C.47) is proved in Lemma C.6. ]
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Lemma C.3 Assume s, <...<s; <a(N —n),3 <m <n, and s;,—1 < 1. Then for
o < 1/(2n) and k > 0 we have

N—n
1 1 ol 1 81 Sm—1 ket
LY U IR
k+1 N—n . m—2 a(N —n)

—(=In sy ! —2r(k + 2))

m

Sm—1 | N—n
< / (1 N Zsl) s,ﬁl(—lnsm)kdsm

(1-5mt /@(N =) Y n=2) !

N—n
- ; L ;m—ls' ~ 1 . S| Sm_l k+1
k41 N —n ' m—2 o(N—n)

1
—(—lnsm_nk“) .

Proof We use the notation S := ( ﬁ"_l si)/(N — n). By assumption o < 1/(2n).
This implies

§_ 1 mz—l o ns| - <1
T N-n T sl_N—n_na_Z'
And for § < 1/2 and x > 0 we have
1-5950-2x)<0-E +x)=<1-S. (C.48)

The essential observation is that fora, b € (0, 1) and k > 0,

b —Ina 00
/ (—lns)kds=/ r"e—fdtgf tfe'dt =Tk +1)  (C.49)
a —1Inb 0

and

)k+l b (—1In b)k+l (— lna)k—H
= — . (C.50)
a k+1 k+1

b
1
/ sl (CIns)eds = — 218
g k+1

Because of (C.48) and (C.50) we obtain

Sm—1

s N—n
1—S—an> s (—Ins,) dsy
(51Sm—1/(@(N—n)))1/m=2)
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Sm—1

< (1 =8N / s, (= Insy)Kdsy

(s1+++8m—1/(@(N—m)))/n=2)
- k+1
_ =T Jn 2L Smol — (= Ins,— ).
k+1 m—2" aN —n) "

Again by (C.48) and (C.50), by the elementary inequality (1 — V¥ > (1 — ky) for
y < 1 and by (C.49)

Sm—1

s N—n
[ —_ s N (—Insy) ds
o s
(s1-Sm—1/(a(N—n)))1/(m=2)

Sm—1
> (1-=§N™" / (1 = 25)5,, (= Ins,)K dsyy,
(s1-+Sm—1/(@(N—=n))1/(m=2)
1—S§)N=n 1 st
= ( ) — In all Sm—1 —(—In sm_l)kJrl
k+1 m—2 o(N —n)
=2+ DIk + 1)) .
This proves the lemma. O

With the help of this lemma we determine the asymptotic behavior of the dominant
terms.

Lemma C.4 There is a constant c,, such that for q1,q> > —1 and @ < 1/(2n) we
have

S(qla q27 _15 LI} _1)
a(N—n) s; n Nen
— S1 §2
= c,(In(N — n))" 2 / / (1 -V n) sT'sT dsads
0 0

+0((InN)").
Proof We denote the range of integration of S(g) by I and dissect this along the sets
h={0<sp<...<sk =1 <sk-1 =...<s3}
fork=3,...,n,and

Liy1:={1<s, <...<s3}.
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The dominant term is the one with I N I3 = I N{0 < s, < ... <53 < 1} as range
of integration. Hence in the first part of the proof we assume s; < 1 fori =3, ..., n.
Form =2,...,n — 1 we define

Sn—m(sla ey Sm)

Sm Sn—1 | n N—n

(515 / (@(N=m)) V=D (5151 / (@(N—m))) /1=

n
-1
X 1_[ s dsy ... dsmy
i=m+1

and claim that

N-—n
1 m
Spom (St ey Sp) = (1 -~ ;sl) [Pucm(In(N —n),Ins1, ..., Insy)

+En,m(ln(N—n),lns1,...,lnsm)] (Cs1)

where P,_,, is a homogeneous polynomial of degree n — m independent of «, and
the error term E,_,, is a function whose absolute value is bounded by a polynomial
Qn—m—1 of degree at most n —m — 1 whose coefficients may depend on «. To shorten
the following formulae we suppress the arguments of P,_,,, E,_,, and Q,—,,—1 from
now on.

We use induction in m, starting with m = n — 1 and going down to m = 2. For
m = n—1and Py = 1inthe first step we obtain S| = (1—(N—n)’1(z si)(P1+Eq)
by Lemma C.3 (where k = 0) with

1 1 1 1
In——-2=-Qp<E <— In— " and
n— o n—2 «

1 Sl.-.sn_l
— In +Ins,—q.
n-2 " N—n Snt

P =
Assume that (C.51) holds. Then

Sn—m+1(sl» ey Sm—1)

Sm—1

1 m N-—n
= / (1 - m;si) (Pr—m +En7m)sn_11dsm
=

(s1-++sm—1/(a(N—n)))1/(m=2)

with
n—m

Py = Z(_ In Sm)kpn—m—k (CSZ)
k=0
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where the coefficients p,_,,— are polynomials in In(N — n),Insq, ..., Ins,_1 of
degree n — m — k independent of «. And the absolute value of E,_,, is bounded by a
polynomial Q,,_,,—1 of degreen —m — 1.

In Lemma C.3 both bounds are—up to the term (1 — )" ~"—polynomials of degree
k 4+ 1 where the sum of the monomials of top degree k + 1 is denoted by Hy and is
independent of «. We have

| 1V s W
Hepy = — [ [ —— In "1} (CIns,_F).
k+1 k+1<<m—2) (H N —n ) (—1Inspy—1)

Thus by Lemma C.3 the integration of P,_,, yields homogeneous polynomials Hj
of degree k + 1, and hence a homogeneous polynomial P,_,,1| of degreen —m + 1:

n—m

Pomy1 = Z Hir1 Prn—m—k»
k=0

independent of «. The other terms of lower degree and the error term in Lemma C.3
produce error terms which can be bounded by a polynomial of degree k. Multiplied
by the polynomials p;,_,,— from the representation (C.52) this yields an error term
E;_, . bounded by a polynomial Q) inIn(N —n),Insy, ..., Insy,— of order
n—m,

’ ’
|En7m+1| = Qn—m'

For the absolute value of the integration over E,_,, we obtain

Sm—1 1 m N—n
|E)y | = / <1 -v Zs,) Ep_ms;, dsm

(51-Sm_1 /(N —n))}/m=3) i=1

Sm—1

| m N-—n
= / (I‘EZ&') |En-mlsy," dsi
5151/ @(N =) 1/ 1= =

Sm—1

1 m N—n
< / (1 — m ;&') Qn—m—ls;1 dsy < QZ—mv

(s1 '“Sm—l/(a(N_n)))l/(m_3)

where in the third line we used Lemma C.3 again which leads to a polynomial Q) _,,

of degree n—m.Hence E;y 1 := E,,_,, . +E,_, . isboundedby O, , +0Q; .,
a polynomial of degree n — m. This proves (C.51). On I N I3 we take min(s>, 1) as

the upper limit of integration with respect to s3. Thus we obtain on 7 N I3 that
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S|+ 82

N—n
S,_2(s1, ) = (1 N —n ) (P,,,z(ln(N —n),Insy, In(min(sy, 1)))

+ Ep—2(In(N — n), Insy, In(min (s, 1)))).

It remains to consider the last two integrations with g1, g> > —1. The dominating
term in Lemma C.4 is the term of P,_» with (In(N — n))"~2,

a(N—n) sy n Nen
(In(N —n))"~2 / /(1 - s;] SZ) sT's dsyds. (C.53)
—n
0 0

For the terms (In (N —n)) (In s1)/! (In (min (s2, 1)))2 withk = n—2—j1—jo <n—2
we obtain

a(N—n) s1 Nen
/ <1 — %) |(n (N — n))¥(In 1) (In (min (s2. 1)))257' 522 | dsy dis)
0 0

oo 0
< (In(N —n))¥ f / e 172 In sy | [In 55|25 582 dsads) = O((n(N — n))b)
0 0
(C.54)

with k < n — 3, since integrals of the form fooo etk |In tlj dt are convergent. For the

integral over the error term we get

a(N—n) 51

S|+ 52 N—n
/(l -V _n) Ep—>(In(N —n),Insy, Insy)s{' s3> dsrds
0 0
a(N—n) s; Nen
S
N —n
0 0

0n—3(In(N — n), Insy, In(min(sz, 1)))s7' s3> dsads) = O((In(N —n))"~3).

Combining these estimates yields Lemma C.4 for s3 < 1,1i.e.,on I N I3.

It remains to show that the integration over I3 U- - - U I,,4 1 is of order O ((In N y=3y,
Consider the range of integration I N Iy, k > 4, with

I i ={0<s, <...<sy <1 <s_1=<...<s3}.

@ Springer



Discrete & Computational Geometry (2023) 69:453-504 501

Then the integrations up to s just yield (C.51) and in the remaining integrations we

have
( 1
1—
N_
N

k

N nop_q
) l_[S Snk+1(51, -, Sg—1) dsg—1 ...ds)

00 00 _
< f /exp< Zsl} 1Sn—ka 1 (ST, vy S—1)| dsk—1 - .. ds (C.55)
1 1 i=1
= 0((In(N —n)" ) = 0((n(N —n))"™),
since S,—k+1 is bounded by polynomials in In(N — n),Insy, ..., Insg_; of order

n — k + 1, and all occurring integrals

o0 o0
/ / ex { } (ns)?' ... (Insg_)* "V dsg_y .. .ds
1 1 i=1

are finite. This finishes the proof of Lemma C.4. O

For the second part of Lemma C.2, i.e., for (C.47), we investigate the terms with
gm > —1forsomem € {3, ..., n}. We start by restating the following simple analogue
of Lemma C.3. We recall that S = (Zf"z_ll 5i)/(N —n).

LemmaC5 Forgq, > —1, k>0, sp,—1 <1, and sp,—1 < 52 we have

Sm—1
Sm N—n q
I1-S5— " (—Insy,) ds
o n) (=T s, dsy,
(s1°Sm—1/(@(N—=n))1/m=2)
=< Ckyg, (1 — S)N_"sg"'+1(— In sp_1)¥.
Proof We use that the antiderivative of e ~'t* is given by e~ Py(r) where Py is a

polynomial of degree k:

Sm—1

5 N—n
1—S—an> sIm (= 1n s,)K dsm
(s1+Sm—1/(@(N—=n)))1/m=2)

o0 o0

< (1 _ S)an / e*t(qurl)[k dt = (qm + 1)*(k+1)(1 _ S)an / e*ttk dt
—Inspy—1 —(gm=+1) In sy
= (@n + D" DA =N e PO 0y

< gy (1= HV s sy < crg, (1= HN 59 (= In s, )F.

O
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Lemma C.6 Assume that q,,...,qm+1 = —1, gu > —1 for some m > 3, and
qm—1,---,q1 > —1. Then we have

S(q1s .-, qn) = O((In(N —n))"3).

Proof We proceed precisely as in the previous proof of Lemma C.4. We denote the
range of integration by I and dissect this set by
I ={0<s, <...<sk <1 <s;1 =<...<s3},

fork = 3,...,n+ 1. First we deal withthe termwith I NIz = I N{... <s3 < 1} as
range of integration, hence we assume s; < 1 fori =3, ..., n. We define

Snem(S1, ...y Sm)

. (1_

(515 / (@(N—=m)) V=D (51051 /(@(N—n))) 1/ (#=2)

1 n N—n
V)
n
X 1_[ sfl dsy...dsp41.
i=m+1
We know from the proof of Lemma C.3 that
[Sn—m(S1s s 8m)| < Poon(In(N —n), Insy, ..., Insy,).

Because g, > —1, the next integration by Lemma C.5 yields as a bound a polynomial

of again degree n — m in In(N — n), Insy, ..., Ins,_; times sg’"ﬂ.
Proceeding in this way, each integration with respect to s; with g; = —1 increases

the degree of the polynomial bound by one, and each integration with respect to s,

with g, > —1 leads to a polynomial bound again of the same degree and multiplies

this new polynomial bound by sg'”ﬂ. Thus we obtain on I N I3 that

Sn—2(s1,52) = P;_(In(N — n), In sy, In(min (s, 1)))sg+

where we put g— = Y )3 1(q = —1) and g = Y |_5(q1 + 1)1(¢; > —1). This
now yields

a(N—n) sy

N-—n
/(1 - S]if Sz) P, (In(N — n), In sy, In(min(sy, 1)))s7 s250 dsy dsy
—n
0 0
as a bound for S(qi, ..., gn). By our assumption g_ < n — 3, g4 > 0, thus

@ +qg+>—-1 and q1+qg2+g++1>—1.
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Hence S(q1, - - -, gn) is bounded by

a(N—n) s;

e~ P (In(N — n), Insy, In(min(sy, 1)))s7 s8279 dsy ds,

0 0
1 o0
<——— f e P, (In(N —n),Insy, In(min(sy, 1 shitataetl g0
_@+%+1/ ) (n(N — n), Insy, In(min(sy, 1))’ \
0

= O0((In(N —n)*) = O((In(N —n))"?)

onINI3.0n INI; withk > 4,theterm S(q1, . - ., ¢n) is by monotonicity (observe that
Sks---,Sp < 1) bounded by S(q1, ..., qk—1,—1, ..., —1) which in turn is bounded
by

as
to

k-1 k—1
/ exp §— Zsi Hsf‘ [Pok—1+ Epk—1ldsg—1...ds
i i=1 i=1

< O((In(N — )"

in the proof of Lemma C.4, (C.55). Hence the integration over /4 U I5 U ... leads
a term of order O ((In(N — n))”’3). This proves our lemma. O
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