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Abstract We establish an isoperimetric inequality with constraint by n-dimensional
lattices. We prove that, among all sets which consist of lattice translations of a given
rectangular parallelepiped, a cube is the best shape to minimize the ratio involving its
perimeter and volume as long as the cube is realizable by the lattice. For its proof a solv-
ability of finite difference Poisson—-Neumann problems is verified. Our approach to the
isoperimetric inequality is based on the technique used in a proof of the Aleksandrov—
Bakelman—Pucci maximum principle, which was originally proposed by Cabré (Butll
Soc Catalana Mat 15:7-27, 2000) to prove the classical isoperimetric inequality.
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1 Introduction

The classical isoperimetric inequality asserts that for any bounded £ C R" we
have
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Fig. 1 When 2 = {P,'}?:1 C hZ2, its closure and boundary are given as 2 = {Pi}?=1 u {S,-}Z=1 and
02 = {S; }l7= 1» respectively, as in the left figure. The right figure shows the definition of E[£2]
[0E|" |0B1]"
C = -, (1.1)
[E["=" — [By|"~

where | E| and |0 E| denote, respectively, the volume of E and the perimeter of E, and
B, := {x € R" | |x| < r}is aball. This inequality says that among all sets a ball is the
best shape to minimize the ratio given as the left-hand side of (1.1). Topics related to
the classical isoperimetric problem or arguments on its generalization can be found in
the book [5] and the survey paper [22]. See also the recent book [27] for connections
with Sobolev inequalities and optimal transport.

In this paper we are concerned with the case where E is a collection of rectangular
parallelepipeds with a common shape. To describe the situation more precisely we first
define a weighted lattice. For each i € {1, ..., n} we fix a positive constant #; > 0 as
a step size in the direction of x;. Then the resulting lattice is

hZ"' .= (MZ) x - x (h,Z) = {(hlxl,...,h,,xn) eR" | (x1,...,x,) € Z"}.
Consider a subset £2 C hZ". We define £2, the closure of §2, as
Q= {x+ah,~e,~ lxe2,ie{l,...,n}, o e{—l,O,l}},

where {e;}'_;, C R” is the standard orthogonal basis of R”, e.g., ¢; = (1,0, ...,0).

i=1
Note that £2 is not a closure in R”. We also set 952 := 2 \ £2, the boundary of 2.
(See the left of Fig. 1.)
Given a bounded £2 C hZ", we define the volume of §2 and the perimeter of £2 as,
respectively,

Vol(£2) := h" x (#£2), Per(£2) := h" x (i _)
i=1

with

o = 0[] = Y #({x £ hiei} N092),
xe
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where h" := h| x --- x h,, and #A stands for the number of elements of a set A. The
number w; counts the edges that are parallel to the x;-direction and are connecting
points of £2 with points of 3£2. For example, when 2 C hZ? is given as in Fig. 1, we
have w; = wy = 4. Our definitions of the volume and the perimeter are natural in that
if we let

E=E2l:= |/ [xl—}ﬂ,xl—i—ﬂ]x-ux[xn—

2 2
(X1,.0sXp)ESR

hy hy
7,xn+7] (12)

for a given £2 C hZ" (see the right of Fig. 1), we then have Vol(£2) = L"(E),
the n-dimensional Lebesgue measure of E, and Per(£2) = H""YDE), the (n — 1)-
dimensional Hausdorff measure of d E (the boundary of E in R"). We say 2 C hZ"
is connected if for all x, y € §2 there existm € {1,2,...}and z1, ...,z € §2 such
thatz) € {x}, zxp1 € {zx} (k=1,....,m — D) and y € {z,}.

We denote by Q, and Q,, respectively, the open and closed cube in R” centered
at 0 with side-length 2r > 0, i.e., Q, := (—r,r)" C R" and Q, :=[-r,r]" C R".
Let Q, (a) ==a+ Qr for a € R”. The volume and perimeter of Q, are, respectively,
Q.| = (2r)"* and |8Q,| = 2n(2r)"~'. We are now in a position to state our main
result.

Theorem 1.1 (Discrete Isoperimetric Inequality) For any nonempty, bounded and
connected 2 C hZ" we have
Per(§2)" . 10Q: "
Vol(£2)"=1 = |Qq»~1"

(1.3)

Moreover, the equality in (1.3) holds if and only if E[$2] is a cube, i.e., E[2] = Qr (a)
for somer > 0and a € R".

The isoperimetric constant for the cube is [9Q;|"/|Q:1|"~' = (2n)". Although
(1.3) can be regarded as a “continuous” isoperimetric inequality if we identify 2 with
E[$£2] in (1.2), we call (1.3) a “discrete” isoperimetric inequality since our approach
to Theorem 1.1 uses numerical techniques which study functions defined on the lattice
hZ". Note that our result is different from the classical one in that the minimizer of
the left-hand side of (1.3) is a cube. This is a consequence of the constraint by square
lattices; see Example 2.4. We also remark that the equality in (1.3) does not necessarily
hold; consider the two dimensional case where i; = 1 and hp = V2.

Isoperimetric problems on discrete spaces are studied by many authors. The paper
[1] gives a survey, and in the recent book [13, Chapter 8] isoperimetric problems are
studied on graphs (networks). Various results including discrete Sobolev inequalities
on finite graphs are also found in [9]. Isoperimetric problems concerning lattices are
discussed in several previous works; however, their settings and problems are different
from ours. The authors of [2, 15] study planar convex subsets and lattice points lying
in them. In [4] isoperimetric inequalities for lattice-periodic sets are derived. The
reader is also referred to its related work [3,14,24]. Properties of planar subsets with
constraint by a triangular lattice are discussed in [11].
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For the proof of our discrete isoperimetric inequality we employ the idea by Cabré.
As an application of the technique used in a proof of the Aleksandrov—Bakelman—Pucci
(ABP for short) maximum principle, Cabré pointed out in [8] (and the original paper
[7] in Catalan) that the ABP method gives a simple proof of the classical isoperimetric
inequality (1.1).

The ABP maximum principle ([12, Theorem 9.1], [6, Theorem 3.2]) is a pointwise
estimate for solutions of elliptic partial differential equations. In a typical case the
principle asserts thatif u is a (sub)solution of the equation F (V2u) = f(x)inE C R",
where F is a possibly nonlinear elliptic operator and V2u denotes the Hessian of u,
then we have

maxu < maxu + Cl| flonr).
i IE

Here C > 0, || fllznar) = (fF | £(x)|"dx)"/" and T is an upper contact set of u which
is defined as the set of points in E where the graph of u# has a tangent plane that lies
above u in E. Discrete versions of the ABP estimate are also established in a series
of studies by Kuo and Trudinger; see [16,21] for linear equations, [17] for nonlinear
operators, [18,20] for parabolic cases and [19,20] for general meshes.

Unfortunately, the result in [8] does not cover subsets having corners such as (1.2)
since domains E in [8] is assumed to be smooth in order to solve Neumann problems
on E. To be more precise, the author of [8] takes a function u which solves the
Poisson—Neumann problem

[0E| .
— Mzm lnE,
Ju (1.4)
— =—1 ondkFE,
ov

and proves (1.1) by studying the n-dimensional Lebesgue measure of Vu(I'), the
image of the upper contact set of # under the gradient of u. Here v is the outward unit
normal vector to d E. In this paper we solve a finite difference version of (1.4) instead
of the continuous equation. Considering such discrete equations and their discrete
solutions enables us to deal with non-smooth domains.

Our proof is similar to that in [8] except that the minimizers are not balls but
cubes and that a superdifferential of u, which is the set of all slopes of hyperplanes
touching u from above, is used instead of the gradient of u ([16]). However, there
are some extra difficulties in our case. One is a solvability of the discrete Poisson—
Neumann problem. Such problems are discussed in the previous work [23,25,26,28],
but domains are restricted to rectangles [23,26,28] or their collections [25]. For the
proof of our discrete isoperimetric inequality, fortunately, it is enough to require u to
be a subsolution of the Poisson equation in (1.4) and to satisfy the Neumann condition
in (1.4) with some direction v. For this reason we are able to construct such solutions
on general subsets of AZ". Another difficulty is to study a necessary and sufficient
condition which leads to the equality in (1.3). This is not discussed in [8].

This paper is organized as follows. In Sect. 2 we give a proof of the discrete
isoperimetric inequality. Since we use a discrete solution of the Poisson—-Neumann
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problem in the proof, we show the existence of such solutions in Sect. 3. In Sect. 4
we present two results on maximum principles; one is an ABP maximum principle
shown by a similar method to the isoperimetric inequality, and the other is a strong
maximum principle which is used in Sect. 3.

2 A Proof of the Discrete Isoperimetric Inequality
Throughout this paper we always assume

§£2 C hZ" is nonempty, bounded and connected.
We first introduce a notion of superdifferentials and upper contact sets, and then study
their properties. Let u : 2 — R. We denote by 7 u(z) a superdifferential of u on £2
at z € §2, which is given as

0T u(z) == {p eR" |u(x) = (p,x —2) + u(z), Vx € 2},

where (-, -) stands for the Euclidean inner product in R”. It is easy to see that 3 u(z)
is a closed set in R"”. We next define I"[«], an upper contact set of u on 2, as

Tu] :={z € 2|07 u(z) # 0}
={Z € 2 ]3p e R" suchthat u(x) < (p,x — z) +u(z), Vx € ﬁ}

Forx € 2 andi € {1, ..., n} we define discrete differential operators as follows:
5Fulx) = u(x +hje;) — M(x)’ 57 u(x) = _u(x —hiei) — M(x)’
1 h[ 1 hl
5 O 8u(x) =8 u(x)  u(x +hie) + u(x — hie;) — 2u(x)
Siu(x) == = 3 ’
h; hs;
! " u(x+hie)tulx—nhie;) 1
Au(x) = Zaﬁu(x) = Z e = Th R 22 3 u(x).
j=l1 j=1 j j=1"J

Lemma 2.1 Letu : 2 — R. Forall 7 € T[u] we have 8i+u(z) =< §; u(z) for every
ie{l,...,n}and

0 uz) C 87 u@), 87 u(@)] x -+ x [§5u(2), 8, u(2)]. 2.1

Proof Let p = (p1, ..., pu) € 0Tu(z). From the definition of the superdifferential

it follows tlﬁt u(x) < (p,x —z) +u(z) for all x € £2. In particular, taking x =
z+t h;e; € £2, we have

u(z £ hiej) = (p, £hie;) +u(2);
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that is,

u(z + hje;) —u(z)
hi

_u(z —hie)) —u(z)
h; '

[IA

= Di

This implies 61-+u(z) =< §; u(z) and (2.1). O

Remark 2.2 Since 8i+u(z) < §; u(z) atz € I'[u] by Lemma 2.1, we see that Sizu(z) <
Oforalli € {1,...,n}.

In the proof of the classical isoperimetric inequality proposed by Cabré [7,8],
solutions of the Poisson—Neumann problem (1.4) are studied, and actually the proof
still works for a subsolution u of (1.4),1i.e., —Au < |0E|/|E|in E and du/dv = —1
on d E. Similarly to this classical case, for the proof of Theorem 1.1 we consider the
discrete version of (1.4) on £2, which is

Per(£2)

—Aux Q 22
"= Vol(2) ’ 2.2)
9
M _ 1 on a0, 2.3)
av

We denote the problem (2.2) Wiﬁ (2.3) by (DPN). The meaning of solutions of (DPN)
is given as follows. We say u : 2 — R is a discrete solution of (DPN) if

(a) —A'u(x) < Per(£2)/Vol(£2) for all x € £2;
(b) For all x € 052 there exist some i € {l,...,n} and o € {—1, 1} such that
X +ohje; € £2 and

u(x) —u(x +ohie;)
hi B

The condition (b) requires that the outward normal derivative of u be —1 for some
direction v = =e;. This boundary condition is also explained by saying that 8?‘ u(x) =
Lord; u(x) =—1forall x € 9§2. We will prove the existence of discrete solutions
of (DPN) in the next section (Proposition 3.2).

Proof of Theorem 1.1 1.Letu : 2 — R be a discrete solution of (DPN) and let I'[u]
be the upper contact set of u on £2.
We claim

Qc |J oatu@. 2.4)

zel'[u]
Let p € Q. We take a maximum point £ € 2 of u(x) — (p, x) over £2. To show

(2.4) it is enough to prove that X € £2 since we then have £ € I'[u] and p € 3T u(x).
Suppose by contradiction that x € 352. Takeany i € {l,...,n}ando € {—1, 1} such
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that y := X + oh;e; € £2. Since u(x) — (p, x) attains its maximum at x and since p
lies in the open cube Q;, we compute

ux) —u(y) > {p. %) = (p,y) _ (p,—ohiei) > —ipil > —1.
h; h; hi

This implies that u does not satisfy the boundary condition (2.3) atx € 92, acontradic-
tion. Therefore (2.4) follows. We also remark that (2.4) guarantees I'[u] is nonempty.
2. By (2.4) we see

Qil=2'@Qn =" |J aTu@ | = D £'0Tu@). @9
zel[u] zel'[u]
Also, for each z € I'[u] Lemma 2.1 implies

L0 u(z)) = L8 u(z), 87 u(@)] x -+ x [8;u(z), 8, u(2)])
= (87 u(z) — 8] u@) x - x (8, u(z) — 8 u(z))
= W"(=82u(z)) x - - x (=82u(z)). (2.6)

We next apply the arithmetic—geometric mean inequality to obtain

— 2 —_— e — 2 n A/ n
(—3fu(z)) TR (_55,4(1)) §( du(z) (Snu(z)) =( Au(z)) ‘

n n
2.7)

Consequently, combining (2.5)—(2.7) yields

—Au@\" Per(£2)" Per(£2)"

< nm——=) < W < . (28

Q= 2 ( n ) = 2 AVol(£2)" = n"Vol(s2)n-1 (2.8)
zel'[u] zel'[u]

Since n = |0Q1|/]|Q1], it follows that

Per(£2)"

_aQu)” [0Q|"
Vol(2)n—1 =

= o Y= QT

3. We next assume that the equality in (1.3) holds. In view of Step 2, we then have
I'[u] = £2 by (2.8) and

n"|Qi

@ =£( | o7 uw), (2.9)
xef2
L1OTu(x) = L8 ux), 57u(x)] x -+ x [§Tu(x), 8;u(x)]) forall x € £2,
(2.10)
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Su(x) = --- = 82u(x) =: u(x) (= 0) forallx € 2 (2.11)

by (2.5), (2.6) and (2.7), respectively. Here we have derived (2.11) from the equality
case of the arithmetic—geometric mean inequality. We claim

3Tu(x) = [81+u(x), Syu(x)] x -+ x [S,Tu(x), S, u(x)] forallx € 2. (2.12)

One inclusion is known by (2.1). Also, both the sets in (2.12) are closed and have the
same measure by (2.10). Thus they have to be the same set. For the same reason it
follows from (2.4) and (2.9) that

Q = Jotuw). (2.13)
xes
4.Letx,y € 2 besuchthat y = x + hje; forsomei € {1, ..., n}. Then we show
pu(x) = p(y) and
0tu(y) = 0t u(x) + hipoe; (2.14)

with po := p(x), where w(-) is the function in (2.11). Without loss of generality we
may assume x = 0,y = hiej andu(x) = 0. We then notice that u(y) = h15fru(0).Fix
i €{2,...,n}andset pi = Sfu(O)el —i—Siiu(O)el-. Because of (2.12) we see that pi
belong to 3T u(0). Since x = 0 € I'[u], we observe that u(z) < (pi, z) forall z € 2.
In particular, letting z = hie; £ h;e;, we deduce u(z) < h18fru(0) + h,-Siiu(O) =
u(y) £ hi8u(0), ie., 87 u(y) < 8 u(0) and 8, u(0) < 8 u(y). Changing the role
of x and y we also have 8 u(y) = 8;u(0) and §; u(0) = 8; u(y). Thus

5 u(y) = 8 u(0) and 8 u(0) =& u(y) (2.15)

foralli € {2,...,n}. By (2.11) these equalities imply w(x) = pn(y), and then S]iu(y)
are computed as

Sru(n)=8u(x) =87u() + hpo, 87u(y)=87u()+hipo = 8 u(x) + hipo.

Namely, we have [§] u(y), 8Tu(y)] = [§; u(x), Sfru(x)] + h 1o, which together with
(2.15) shows (2.14).

5. By translation we may letO € §2.Set R := [—h1/2, h1/2] X - - - X [—=h, /2, hy /2]
and in view of (2.11) and (2.12) there exists z € R" such that 37« (0) = z + uR with
w = u(0). Since £2 is now connected, as a consequence of Step 4 we see u(x) = u
and 3% u(x) = 0T u(0) + ux = z+ ux + wR forall x € £2. Therefore (2.13) implies

Q = |JG@+px+uR).
xesf
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Finally, from translation and rescaling it follows that

Qi (—2z/w) = |J (x + B) = E[2],

xesN
which is the desired conclusion. O

Remark 2.3 1f a nonempty and bounded subset 2’ C hZ" is not connected, then we
have the strict inequality

Per(£2)" _ il
Vol(2/)n=1 = Q"1

(2.16)

This is shown by docking one connected component with another one. To be more
precise, translating two connected components §21 and §2,, we are able to construct one
connected set whose volume is equal to that of £2; U £2, and whose perimeter is strictly
less than that of £21 U £2,. Iterating this procedure, we finally obtain a connected set 2
such that Vol(£2") = Vol(£2) and Per(£2”) > Per($£2). These relations and Theorem 1.1
imply (2.16).

Example 2.4 In the planar case (n = 2) it is easily seen that round-shaped subsets
are not optimal. Let h1 = hy = 1 for simplicity, and consider 2 C 72 which is
nonempty, bounded and connected. We choose R = {a,a + 1,...,a+ M — 1} x
{b,b+1,...,.b+N—-1} C 72 as the minimal rectangle such that £2 C R. Obviously,
Vol(£2) < Vol(R)if £2 # R. We next consider their perimeters. Since £2 is connected,
foreachx € {a,a+1,...,a + M — 1} there exist (x, y_), (x, y+) € £2 such that
(x,y— — 1), (x,y+ + 1) ¢ £2. This implies w1[£2] = 2M = w1[R]. Similarly, we
obtain w»[£2] = 2N = wy[R], and therefore Per(§2) = Per(R). We thus conclude
that Per(.Q)z/Vol(.Q) > Per(R)2/V01(R), i.e., §2 is not optimal. Moreover, we see
that, among all rectangles R = {a,a+1,...,a+M — 1} x{b,b+1,...,b+N —1},
a square is the best shape since

Per(R)>  {(2(M 4+ N)}* A (M

N
= T+l 42)=42+2)=16
Vol(R) MN N+M+)_(+)

by the arithmetic—geometric mean inequality. Therefore, in the planar case Theo-
rem 1.1 is easily shown. However, the above argument is not valid for n = 3 since the
inequalities w;[§2] = w;[R] do not necessarily hold.

On the contrary, if we define a volume and a perimeter of £2 as #£2 and #(042),
respectively, then it is easily seen that a cube is not an optimal shape. In the article [10]
the author asserts that if £2 has a minimal #0£2, then £2 is roughly diamond-shaped. In
the present paper, however, we do not discuss the problem concerning the functional
(#(082))"/#2)"~.
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Fig.2 @2 = {P; }1'3:1 and 082 = {S; }1'7:1' We solve a system of linear equations for the right lattice, and
then define u(S1) := max{u(Sy,1), u(S1,2)}

3 An Existence Result for the Poisson-Neumann Problem

We shall prove the solvability of (DPN), the Poisson equation with the Neumann
boundary condition which appeared in the proof of the discrete isoperimetric inequal-
ity. Before starting the proof, using a simple example, we explain how to construct the
solutions.

Example 3.1 Consider 2 C hZ? which consists of three points P, P> and P3 in the
left lattice of Fig. 2. We also denote by Sy, ..., S7 all points on d£2 as in the same
figure. In order to determine values of u on £2 we solve a system of linear equations of
the matrix form La = b which corresponds to the finite difference equation (DPN).
However, if we require u to satisfy the Neumann condition (2.3) at S; toward both
adjacent points Py and P3, the linear system may not be solvable since the number of
the unknowns is less than that of equations; in the present example there are 10 and 11,
respectively. Thus it might seem natural to remove one of the equations by imposing
the Neumann condition at S; toward only one of the points P; and P3. We are now
allowed to do this since such a solution is still a discrete solution of (DPN) according
to our definition. Then the number of equations decreases to 10, but, unfortunately, it
becomes difficult to study the linear system since the new matrix L is not symmetric.
In addition, we do not know a priori how to choose the adjacent point toward which
the Neumann condition is satisfied.

To avoid these situations we regard S; as two different points S 1 and S; 2 which
are connected to P; and Ps, respectively, and consider a modified system with new
unknowns u(Sy,1) and u(S72) instead of u(Sy); see the right lattice in Fig. 2. Then
the number of the unknowns in our example becomes 11. Thanks to this increase of
the unknowns, it turns out that the modified linear system admits at least one solu-
tion (u(P1), u(P2), u(P3), u(S1,1), u(S1,2), u(S2), ..., u(S7)). (In the notation of the
proof below we write u(S1,1) = B(1, 1) and u(S;,2) = B(1, 2).) In the process of prov-
ing the solvability we find that the right-hand side of (2.2) should be Per(£2)/Vol(£2).
Also, for its proof we employ the strong maximum principle for the discrete Laplace
equation.

The remaining problem is how to define u(S7). We define u(S;) as the maxi-
mum of u(S;,1) and u(S;2), so that, if u(S1,1) = u(S12), we have —A'u(P3) <
Per(£2)/Vol(§2) since u(S1) = u(S12) and {u(S;) — u(P1)}/hy = —1 since
u(S1) = u(S1.1). In this way we obtain a solution of (DPN).

@ Springer



Discrete Comput Geom (2014) 52:221-239 231

Discrete solutions of (DPN) are not unique as well as the continuous case since
adding a constant gives another solution. Accordingly, the resulting coefficient matrix
of a linear system which corresponds to (DPN) is not invertible even if the number
of unknown is increased. Thus an existence of discrete solutions is established by
determining the kernel of the matrix. It turns out that the kernel is a straight line which
is spanned by a vector (1, 1, ..., 1).

Proposition 3.2 The problem (DPN) admits at least one discrete solution.

Proof 1. We first introduce notations. Let 2 = ({Pi,..., Py} and 02 =
{S1,..., 8Ny}, where M := #£2 and Ny := #(0§2). Foreach i € {1,..., M} we
define subsets M (i) C {1,..., M} and N'(i) C {1,..., Ny} so that m \{P;} =
{Pi}jema YLS;tjen)- We also set s; = #({S;y N 2) fori € {1,..., No}, which
stands for the number of points of §2 adjacent to S;, and N := Zflil sj. Next,
fori € {1,..., No} we define a map n; : {l,...,s;} — {l,..., M} such that
ni(l) <nj(2) <---and (S;J N2 = {Pni(j)}j';l' We denote by ni_1 the inverse map
of n;; that is, P; is the n; ' (j)-th point of (Pu(1), - -, Pu(si)) if Pj € [S;} N £2. (We
illustrate the definitions of the above notations by referring to Fig. 2. When £ C hZ? is
givenasinFig.2,wehave M = 3, Ny = 7, M(1) = {2}, M(2) = {1, 3}, M(3) = {2},
N ={1,2,3, N2) = 4,5, NB) = {1,6,T}, 51 =2, 50 = --- =57 = 1,
N =38 m) = 1L m@2) = 3, n(l) = n3(1) = 1, na(l) = ns(1) = 2,
ne(l) =n7(l) =3.)

For x,y € 2 suchthat y = x + ohje; witho = £l andi € {1,...,n} we set
h(x,y) := h;. Obviously, we then have h(x, y) = h(y, x). We denote by E (i, j) the
(M + N) x (M + N) matrix with 1 in the (7, j) entry and O elsewhere. Given a vector

a="(a(l),...,a(M), B(1, 1), ..., B(1,s1), ..., B(No, 1), ..., B(No, sn,))
e RM+N,

G.1)
where /v means the transpose of a vector v, we define u = u[a] : 2 — R as

o = | e® x=P e ie{l,..., M),
WOV = max(BG, ) 1= j =8} (x=S €92, i € (l,.... No}.

2. We consider the following system of linear equations

Ld = b, (3.2)

where @ € RM*Y s the unknown vector and b = (bk)l]:/[:ﬁN € RM+N g given as

Per(£2)

—_— k=1,..., M),
by = Vol (£2)

- i—1 A, .
— k=M +> s+ with j € {1,..., No}, i € {l,...,5;}).
h(Sj. Pu;iiy) 200 /
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Here so = 0. Also, the (M + N) x (M + N) matrix L is defined by

E(i, M+ X2y si+n;'(0))
h(P;, Sj)?

M
61y 0 EG, J)
L := —E E R E
( 0 0) ‘ S~ h(Pian)2+. .
i=1 | jeM(@) jeN (@)
Mo 5 E(M+XI2) st M2 s+ 1) = E(M+X00 s+ 1.0 0))

+ZZ h(Sj, Pn;i))?

j=1i=1

’

where Iy is the identity matrix of dimension M and 6 := 2> (1 /hiz). (See
Example 3.4, where we will give a small sized matrix L along the example of
Fig. 2.) By definition L is symmetric. To check the symmetricity we first take
i € {l,...,M} and j € M(i). Then the (i, j) entry of L is —l/h(Pi,Pj)z.
Since j € M(i), we see P; € {P;}. Thus P; € {P;} and this implies i € M(}).
As a result, it follows that the (j, i) entry of L is —1/h(P;, P;)2. We next let
i €{l.....M}and j € N(i), so that the (i, M + 3} s +n;'(i)) entry of L
is —1/h(P;, $;)%. In this case we have S; € {P;}, and so P; € {S;}. By the def-
inition of n; it follows that n;(t) = i for some t € {I,...,s;}, e, = n;l(i).
Since (M + zljz_ol s+ n;l(i), )= (M + le:_ol s;+1,n;(1)), we conclude that the
VESY +n;‘(i), i)entry of Lis —1/h(S}, Py;1))* = —1/h(S;, Pi)*. Hence
the symmetricity of L is proved.

3. We claim that if a € R¥*V is a solution of (3.2), then u = u[a] is a discrete
solution of (DPN). Let x € £2,i.e., x = P; for some i. Without loss of generality we
may assume x = Pj. Since a satisfies (3.2), comparing the first coordinates of both
the sides in (3.2), we observe

B n7 (1)

Per(s2) — ba(l) — Z & Z

N2 2
Vol(£2) v h(Py, Pj) v h(P1,S})
u(Pj) u(S;)
> ou(py) — _uth) _ul3j)
20uP) = 2 Gppy T 2 LS
jeM(1) ; jeN (1) ’
=—Au(Py).
We next let x € 0§2. Again we may assume x = Sj. We also let (1, jo) =

max{B(1l, j) |1 < j < s1}. Then the (M + jp)-th coordinates in (3.2) implies

B, jo) — a(ni(jo)) _ -1
h(S1, P, (jo))? h(St, Py (jo))

that is,

uS) —uPui) _
h(S1, Pn,(jo)) '
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Consequently, we see that u is a discrete solution of (DPN) in our sense.
_4. We shall show that (3.2) is solvable. For this purpose, we first assert that Ker L =
Ré&, where KerL is the kernel of L and

='1,1,...,1) e RMHN,

el

By the definition of L we see that the sum of each row of L is zero. This implies
KerL D Rg . We next leta € KerL, i.e., La = 0. We represent each component of d
as in (3.1). Now, by the same argument as in Step 3 we see that u = u[a] is a discrete
solution of

—Au=0 in £, (3.3)
9
M _0 on 99, (3.4)
v

where the notion of a discrete solution of (3.3) with (3.4) is the same as that of
(DPN). We take a maximum point z € §2 of u over 2. If z € 952, there exists
some y € E N £2 such that u(y) = u(z) since u satisfies the Neumann boundary
condition (3.4) at z. Thus u attains its maximum at some point in §2. Since £2 is
now bounded and connected, the strong maximum principle for the Laplace equation
(Corollary 4.5) ensures that # must be some constant ¢ € R on £2. From this it follows
that a(1) = --- = a(M) = c. Also, since La = 0, we have B(i, j) = agni(j)) for
alli € {I,...,Ng}and j € {1,...,s;}. As aresult, we see a = c§ € RE. We thus
conclude that KerL = R§ .

5. Since L is symmetric and Ker L = Rg ,wesee that ImL)L = Rg‘ , where (ImL)+
stands for the orthogonal complement of ImL, the image of L. Thus, for b e RM+N
it follows that #’ € ImL if and only if (£, b') = 0. Noting that —1/ h; appears w; times

in a sequence {bk},’{‘/[;ﬁ,},\’+1 foreachi € {1, ..., n}, we compute
- - Per(£2) -1 Per(2) <= o;
k] b == M + — [ = — —_—= 0.
&= Yorca) ;(h,- X o) = ; hi

Consequently b € ImL, and therefore the problem (3.2) has at least one solution
a € RY+N Hence by Step 3 the corresponding u = u[a] solves (DPN). O

Remark 3.3 We have actually_proved that u, which we constructed as a subsolution,
is a solutionif(2.2) in £2 \ 9£2. Namely, we have —A’u(x) = Per(£2)/Vol(£2) for
all x € £2\ 0£2. This is clear from the construction of u.

Example 3.4 We revisit Example 3.1 and consider §2 given in Fig. 2. Let us solve the
system (3.2). For simplicity we assume & = hy =: h > 0. In the notation used in the
proof of Proposition 3.2, the unknown vector a is given as

‘a=(a() ) a@)||BA, D B(1,2)|B2, 1) BB, 1) ... BT, 1)).

Here «(i) (i = 1,2, 3) represents the value of u(P;). Also, (1, j) (j = 1,2) and
Bk, 1) (k=2,3,...,7) represent the values of u(S, ;) and u(S), respectively. Since
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Vol(£2) = 3h? and Per(£2) = 8 in this example, we see

;- 1(8 8 8
b=—(2 2 2| -1 —-1] -1 -1 -1 -1 -1 -1},
h\3 3 3

and the coefficient matrix L is

4 -1 1 1 -1
14 -1 1
14 -1 1
—1 1
| —1 I
L=—=1-1 1
h -1 1
-1 1
-1 1
—1 1
—1 1

The rest entries in L are zeros. A direct computation shows that agp given as
(o h
dy=3(343]00j001100)

is a particular solution of (3.2). Since the kernel of L is known, we conclude that the
general solution of (3.2)isa =ag +c (1, ..., 1) withc € R.

4 Maximum Principles

In this section we present a few results on maximum principles for elliptic difference
equations. The first one is an ABP maximum principle. The result is more or less
known ([16,17,21]) and technique for the proof is essentially same as them, but we
present it here in order to show how the proof of the isoperimetric inequality is related
to that of the ABP maximum principle. We next prove a strong maximum principle.
The strong maximum principle for the Laplace equation, which was used in Step 4 of
the proof of Proposition 3.2, is well known in the literature. In this paper we study a
wider class of elliptic equations and give a necessary and sufficient condition for the
strong maximum principle. As far as the author knows, such general statement is new.

4.1 An ABP Maximum Principle

We consider the second order fully nonlinear elliptic equations of the form

F(aflu,...,afnu) — f(x) in92, 4.1
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where F : R” — R and f : 2 — R are given functions such that F(0,...,0) = 0.

Let gzu(x) = (8]2u(x), e S%M(X)). We say u : 2 — R is a discrete subsolution
of (4.1)if F(8%u(x)) < f(x) forall x € £2. As an ellipticity condition on F for our
ABP estimate, we use the following:

(F1) =3 X < F(X) forall X € R" with X < 0.

Ijere A > 0. Also, > X = > X for X = (X1, ..., X,,) € R" and the inequality
X < O means that X; < Oforeveryi € {l,...,n}. For K C hZ"and g : K - R
the n-norm of g over K is given as ||g|l¢n (k) := (erK h”lg(x)|”)1/". We also set
diam(£2) := max,eo, yeae |x — yl and |B,| := L"(B,).

Theorem 4.1 (ABP Maximum Principle) Assume (F1). Let u : 2 — R be a discrete
subsolution of (4.1). Then the estimate

max u < max u + Cadiam(€)] f loncrpan “4.2)
2

holds, where C4 = C (A, n) is given as C4 = (An|By |]/”)’1.
A crucial estimate to prove Theorem 4.1 is

Proposition 4.2 Forall u : 2 — R we have

diam(£2)
max u < maxu +

1a na WII — Nullen(rpu)- (4.3)

Proof 1. We first prove By C ¢,y 87 u(2), where d is a constant given as d =
(maxg u —maxyg u)/diam(£2). If d = 0, the assertion is obvious. We assume d > 0,
ie., u(¥) = maxgu > maxyp u for some X € £2. Let p € By and set ¢(x) =
(p,x — x). We take a maximum point z of u — ¢ over £2. Then we have z € £2.
Indeed, for all x € 952 we observe

u(x)—¢(x) < maxu-+|p|-|x — x| <maxu +d - diam(£2) =max u =u(x) — ¢(x).
92 a2 o

Thus z € £2, and so we conclude that z € I'[u] and p € 31 u(z).
2. By Step 1 the estimate (2.5) with B, instead of Q holds. Thus the same argument
as in the proof of Theorem 1.1 yields

—ANu)\" 1
IBa| = Z n" (T =l - AUl rpuyy-
zel[u]

Applying |B;| = d"|B1] to the above inequality, we obtain (4.3) by the choice of d. O
Proof of Theorem 4.1 By Remark 2.2 we have gzu(z) < Ofor z € I'[u], and therefore

the condition (F1) yields —AA'u(z) = —AY.8%u(z) = F(5%u(2)). Since u is a
discrete subsolution of (4.1), we also have F(8%u(z)) =< f(2). Applying these two
inequalities to (4.3), we obtain (4.2). O
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4.2 A Strong Maximum Principle
We study homogeneous equations of the form
F@iu,...,0;u)=0 in Q. (4.4)

From the ABP maximum principle (4.2) we learn that all discrete subsolutions u of
(4.4) satisty

max u < max u
kol Y]

if (F1) holds. This is the so-called weak maximum principle. Our aim in this subsection
is to prove that a certain weaker condition on F actually leads to the strong maximum
principle and conversely the weaker condition is necessary for it. Here the rigorous
meaning of the strong maximum principle is

(SMP) Ifu : 2 — Ris adiscrete sibsolution of (4.4) such that maxg # = maxg u,
then u must be constant on £2.

Following the classical theory of partial differential equations, we consider bounded
and connected subsets £2 C hZ" for (SMP). It turns out that the strong maximum
principle holds if and only if F satisfies the following weak ellipticity condition (F2).
It is easily seen that (F1) implies (F2).

(F2) If X e R", X < 0and F(X) < 0, then X must be zero, i.e., X = 0.

Theorem 4.3 (Strong Maximum Principle) The two conditions (SMP) and (F2) are
equivalent.

To show this theorem we first study discrete quadratic functions. They will be used
when we prove that (SMP) implies (F2).

Example 4.4 Let (Aq, ..., A,) € R". We define a quadratic function ¢ : hZ" — R
as

n
q(x) == Z(hjxj)zAj forx = (hix1, ..., hyx,) € hZ".
Jj=1

Then Sizq is a constant for each i € {1, ..., n}. Indeed, we observe
52 _q(x +hiej) +q(x — hie;) — 2q(x)
iQ(x) - h2
1
h2(xi + D?A; + W3 (x; — D?A; — 2h7x7A;
= ) = 2Al
h:
1

forall x = (hixy, ..., hyx,) € hZ".
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Proof of Theorem 4.3 1. We firstassume (F2). Letu : £2 — Risadiscrete subsolution
of (4.4) such that u(x) = maxg u for some X € £2. This maximality implies that for
eachi € {1,...,n}

u(x + hie;) + u(x — hie;) — 2u(x) _ u(®) +u(¥) —2u(x)

2 N
S2u(R) = = < -
1 1

0.

Thus §2u()?) < 0. Since u is a discrete subsolution, we also have F (§2u()?)) <0.It
now follows from (F2) that 52,,,()2) = 0, and hence we see that u(x) = u(x £ h;e;)
for all i. We next apply the above argument with the new central point X =+ k;e; if the
point is in £2. Iterating this procedure, we finally conclude that u = u (%) on £ since
£2 is now connected. . _

2. We next assume (SMP). Take any X = (X1,...,X,) € R" suchthat X < 0
and F ()? ) < 0. We may assume 0 € §2. Now, we take the quadratic function ¢ in
Example 4.4 with A; = X;/2 < 0. By the calculation in Example 4.4 we then have
82q(x) = X; forall i, i.e., 82q(x) = X. Thus F(32q(x)) = F(X) = 0, which means
that ¢ is a discrete subsolution of (4.4). Next, we deduce from the nonpositivity of
each A; that ¢ attains its maximum over £2 at 0 € £2. Therefore (SMP) ensures that
g =q(0)=0o0n £2, which implies that A; = 0 foralli € {1, ..., n}. Consequently,
we find X = 0. O

A simple example of F satisfying (F2)is F ()} )=-—2 X , and then (4.4) represents
the Laplace equation for u. We therefore have

Corollary 4.5 Let u : 2 —- R If —A'u(x) = 0 forall x € 2 and maxgu =
maxg u, then u is constant on §2.

5 Concluding Remark

The extension of the result presented in this paper to general lattices rather than
rectangular lattices is an interesting open problem. However, in such a case we must
address the following issues in a consistent way:

(1) definitions of a volume and a perimeter;

(2) a definition of a discrete Laplace operator A’;

(3) an optimal estimate for £" (37 u(z)) by —A’u(z), where z is a point of the upper
contact set of u;

(4) solvability of the Poisson—Neumann problem —A’u = Per/Vol, du/dv = —1.

One of possible definitions of A’ is the definition appearing in the finite volume method
in numerical analysis which is related to the Voronoi diagram for the set of points.
Since the idea of the Voronoi diagram will also be needed when we derive an inclusion
relation of the type (2.4), such definition seems to be natural. However, it seems non-
trivial to complete the proof. We hope the ABP method presented in the present paper
could be extended in the future.
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