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Abstract A family of sets in the plane is simple if the intersection of any subfamily
is arc-connected, and it is pierced by a line L if the intersection of any member with
L is a nonempty segment. It is proved that the intersection graphs of simple families
of compact arc-connected sets in the plane pierced by a common line have chromatic
number bounded by a function of their clique number.

Keywords Geometric intersection graphs - Chromatic number - x -boundedness

1 Introduction

A proper coloring of a graph is an assignment of colors to the vertices of the graph
such that no two adjacent ones are assigned the same color. The minimum number of
colors sufficient to color a graph G properly is called the chromatic number of G and
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denoted by x (G). The maximum size of a clique (a set of pairwise adjacent vertices)
in a graph G is called the clique number of G and denoted by w(G). It is clear that
x(G) = (G).

The chromatic and clique numbers of a graph can be arbitrarily far apart. There are
various constructions of graphs that are triangle-free (have clique number 2) and still
have arbitrarily large chromatic number. The first one was givenin 1949 by Zykov [16],
and the one perhaps best known is due to Mycielski [11]. However, these classical
constructions require a lot of freedom in connecting vertices by edges, and many
important classes of graphs derived from specific (e.g. geometric) representations
have chromatic number bounded in terms of the clique number. A class of graphs is
called y-bounded if there is a function f: N — Nsuch that x (G) < f(w(G)) holds
for any graph G from the class.

In this paper, we focus on the relation between the chromatic number and the clique
number for geometric intersection graphs. The intersection graph of a family of sets F
is the graph with vertex set 7 and edge set consisting of pairs of intersecting elements
of F. We consider finite families F of arc-connected compact sets in the plane which
are simple in the sense that the intersection of any subfamily of F is also arc-connected.
We usually identify the family F with its intersection graph and use such terms as
chromatic number, clique number or x -boundedness referring directly to F.

In the one-dimensional case of subsets of R, the only arc-connected compact sets
are closed intervals. They define the class of interval graphs, which have chromatic
number equal to their clique number. The study of the chromatic number of intersection
graphs of geometric objects in higher dimensions was initiated in the seminal paper
of Asplund and Griinbaum [1], where they proved that the families of axis-aligned
rectangles in R? are x -bounded. On the other hand, Burling [2] showed that intersection
graphs of axis-aligned boxes in R with clique number 2 can have arbitrarily large
chromatic number.

Since then, a lot of research focused on proving x-boundedness of the families
of geometric objects in the plane with various restrictions on the kind of objects
considered, their positions, or the way they can intersect. Gyarfas [5,6] proved that
the families of chords of a circle are y-bounded. This was generalized by Kostochka
and Kratochvil [8] to the families of convex polygons inscribed in a circle. Kim et
al. [7] showed that the families of homothetic (uniformly scaled) copies of a fixed
convex compact set in the plane are x-bounded. Fox and Pach [3] showed that the
intersection graphs of any arc-connected compact sets in the plane that do not contain
a fixed bipartite subgraph H have chromatic number bounded by a function of H.
This easily implies that the families of pseudodiscs, that is, closed disc homeomorphs
in the plane the boundaries of any two of which cross at most twice, are x-bounded.
Note that families of pseudodiscs are simple. The above-mentioned results of [7] and
[3] are actually stronger—they state that the number of edges of the intersection graph
of a respective family F is bounded by f (@ (F))|F| for some function f.

A family of sets F is pierced by a line L if the intersection of any member of F
with L is a nonempty segment. McGuinness [9] proved that the families of L-shapes
(shapes consisting of a horizontal and a vertical segments of arbitrary lengths, forming
the letter ‘L) pierced by a fixed vertical line are x -bounded. Later [10], he showed that
the triangle-free simple families of compact arc-connected sets in the plane pierced
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by a common line have bounded chromatic number. Suk [15] proved x-boundedness
of the simple families of x-monotone curves intersecting a fixed vertical line. In this
paper, we generalize the results of McGuinness, allowing any bound on the clique
number, and of Suk, removing the x-monotonicity condition.

Theorem 1 The class of simple families of compact arc-connected sets in the plane
pierced by a common line is y -bounded.

By contrast, Pawlik et al. [12,13] proved that there are intersection graphs of
straight-line segments (or geometric sets of many other kinds) with clique number
2 and arbitrarily large chromatic number. This justifies the assumption of Theorem
1 that the sets are pierced by a common line. The best known upper bound on the
chromatic number of simple families of curves in the plane with clique number w is

o
( logn ) (log @) due to Fox and Pach [4].

log w
The bound on the chromatic number following from our proof of Theorem 1 is
double exponential in terms of the clique number.
The ultimate goal of this quest is to understand the border line between the classes
of graphs (and classes of geometric objects) that are x-bounded and those that are not.
In a preliminary version of this paper, we proposed the following two problems.

Problem 1 Are the families (not necessarily simple) of x-monotone curves in the
plane pierced by a common vertical line x -bounded?

Problem 2 Are the families of curves in the plane pierced by a common line
x -bounded?

Rok and Walczak [14] proved recently that the answers to both these questions are
positive. However, the bound on the chromatic number in terms of the clique number
resulting from their proof is enormous (greater than an exponential tower), which is
much worse than the double exponential bound of Theorem 1.

2 Topological Preliminaries

All the geometric sets that considered in this paper are assumed to be subsets of the
Euclidean plane R? or, further in the paper, subsets of the closed upper halfplane
R x [0, 400). An arc between points x, y € R? is the image of a continuous injective
map¢: [0, 1] — R? suchthat¢ (0) = xand (1) = y. Aset X C R?isarc-connected
if any two points of X are connected by an arc in X. The union of two arc-connected
sets that have non-empty intersection is itself arc-connected. More generally, if X
is a family of arc-connected sets whose intersection graph is connected, then | J X
is arc-connected. For a set X C RZ, the relation {(x, y) € X2: X contains an arc
between x and y} is an equivalence, whose equivalence classes are the arc-connected
components of X. Every arc-connected component of an open set is itself an open set.

All families of sets that we consider are finite. A family F of sets in R? is simple
if the intersection of any subfamily of F is arc-connected (possibly empty). A set X
is simple with respect to a family Y if {X} U ) is simple.
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Lemma 2 Let X be a compact arc-connected set and Y be a family of compact arc-
connected sets such that X is simple with respect to ) and the intersections of the
members of Y with X are pairwise disjoint. Between any points x1, x, € X, there is
an arc A C X that is simple with respect to Y.

Proof LetY = {Y1,...,Y,}.Fori € {0, ..., n}, weconstructanarc A; C X between
x1 and x; that is simple with respect to {Y7, ..., Y;}. As X is arc-connected, we pick
Ao to be any arc between x| and x, within X. We construct A; from A;_; as follows.
If A;_1NY; = 0, then we take A; = A;_1. Otherwise, let y; and y, be respectively the
first and the last points on A;_1 that belong to ¥; (which exist as A; NY; is non-empty
and compact). To obtain A;, replace the part of A;_; between y; and y, by any arc
between y; and y; in X N Y; (which exists because X N Y; is arc-connected). Clearly,
A; is simple with respect to Y;. Since X NY; is disjoint from each of Y7, ..., Yi_1, A;
remains simple with respect to Yy, ..., ¥;_1. O

A Jordan curve is the image of a continuous map ¢: [0, 1] — R? such that ¢ (0) =
¢ (1) and ¢ is injective on [0, 1). The famous Jordan curve theorem states that if
C c R?isaJordan curve, then R? . C has exactly two arc-connected components, one
bounded and one unbounded. An extension of this, called Jordan-Schonflies theorem,
adds that there is a homeomorphism of R? that maps C to a unit circle, the bounded
arc-connected component of R2 . C to the interior of this circle, and the unbounded
arc-connected component of R? ~. C to the exterior of the circle.

We will use a special case of the Jordan curve theorem for arcs in the closed upper
halfplane R x [0, 4-00). Namely, if x and y are two points on the horizontal axis
R x {0} and A is an arc between x and y such that A \ {x, y} C R x (0, +00), then
the set (R x [0, +00)) \ A has exactly two arc-connected components, one bounded
and one unbounded. This in particular implies that for any four points x1, x2, y; and
y2 in this order on the horizontal axis, every arc in R x [0, +00) between x| and y;
intersects every arc in R x [0, +00) between x; and y;.

3 Grounded Families

In Theorem 1, a family F compact arc-connected sets in the plane is assumed to be
pierced by a common line. We assume without loss of generality that this piercing line
is the horizontal axis R x {0} and call it the baseline. The base of a set X, denoted by
base(X), is the intersection of X with the baseline.

We fix a positive integer k£ and assume w(F) < k. The intersection graph of the
bases of the members of F is an interval graph, so it can be properly colored with k
colors. To find a proper coloring of F with a number of colors bounded in terms of &,
we can restrict our attention to one color class in the coloring of this interval graph.
Therefore, without loss of generality, we assume that no two members of F intersect
on the baseline and show that F can be colored properly with a bounded number of
colors. Moreover, it is clear that the families F* = {X N (R x [0, +-00)): X € F} and
F~ ={XN[R x (—00,0]): X € F}are simple. It suffices to obtain proper colorings
¢ and ¢~ of F* and F, respectively, with bounded numbers of colors, since then
F may be colored by pairs (¢, ¢ ). We only focus on coloring T, as F~ can be
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Fig. 1 A grounded family of sets

handled by symmetry. To simplify notation, we rename F* to F. Therefore, each set
X € F is assumed to satisfy the following:

e X CR x[0,+400),
e X NR x {0} is a non-empty interval,
e X is compact and arc-connected,

and F is assumed to be simple. Any set that satisfies the conditions above is called
grounded, and any simple family of grounded sets with pairwise disjoint bases is also
called grounded (see Fig. 1).

All the geometric sets that we consider from now on are contained in R x [0, 4+00).
To prove Theorem 1, it suffices to show the following.

Proposition 3 For k > 1, there is & such that x (F) < & holds for any grounded
Sfamily F with o(F) < k.

The case k = 1 is trivial, and the case k = 2 with some additional assumptions
meant to avoid topological pathologies was settled by McGuinness [10].

We write X < Y if base(X) is entirely to the left of base(Y). The relation < is a
total order on a grounded family and naturally extends to its subfamilies (or any other
families of grounded sets with pairwise disjoint bases): for example, X < ) denotes
that X < Y for any Y € ). For grounded sets X; and X; such that X; < X5, we
define F (X1, X2) = {Y € F: X; < Y < X3}. For a grounded set X, we define
F(—oo, X)={YeF: Y <X}and F(X,+o0) ={Y e F: X <Y}.

The proof of Proposition 3 heavily depends on two decomposition lemmas, which
given a grounded family with large chromatic number find its subfamily with large
chromatic number and some special properties. The first one is a reformulation of
Lemma 2.1 in [9].

Lemma 4 Let F be a grounded family with x (F) > 2a(b + 1), where a,b > 0.
There is a subfamily H of F that satisfies x (H) > a and x (F(Hi, Hy)) > b for any
intersecting Hy, H» € 'H.

Proof We partition F into subfamilies 7y < --- < F, so that x(F;) = b + 1 for
0 < i < n. This can be done by adding sets to Fy in the increasing <-order until we
get x (Fo) = b+ 1, then following the same procedure with the remaining sets to form
Fi,and soon. Let FO = U; Fai and F! = U; Fai+1. Since x (FOUFYH > 2a(b+1),
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Fig. 2 An externally supported family of sets

we have x (F¥) > a(b+ 1) fork = 0 or k = 1. We now color each F»; 11 properly
using the same set of b + 1 colors. This coloring induces a partitioning of the entire
F¥ into subfamilies Ho, ..., Hp such that for 0 < i < n,0 < j < b the family
Fi N'H; is independent. We set H = 'H;, where H; has the maximum chromatic
number among Hy, . .., Hp. Since X(]:k) > a(b+1),wehave x (H) > a.Itremains
to show that x (F(Hy, Hy)) > b for H, H € 'H with Hy N H, # (. Indeed, such
sets Hy and H> must lie in different families J; +x and F2;,4«, respectively, so
x(F(Hi, Hy)) 2 x(F2i+k+1) = b+ 1 > b, as required. o

For a set X, we define ext(X) to be the only unbounded arc-connected component
of (R x [0, +00)) \ X. For a grounded family F, we define ext(F) = ext(|J F). A
subfamily G of a grounded family F is externally supported in F if forany X € G
there exists ¥ € F such that Y N X # ¥ and Y Next(G) # @ (see Fig. 2). The
idea behind the following lemma is due to Gyéarfas [5] and was subsequently used in
[9,10,15].

Lemma S Let F be a grounded family with x (F) > 2a, where a > 1. There is a
subfamily G of F that is externally supported in F and satisfies x (G) > a.

Proof For convenience, we restrict F to its connected component with maximum
chromatic number. Let X be the <-least member of F. For i > 0, let F; be the
family of members of F that are at distance i from X in the intersection graph of F.
It follows that 7y = {Xo} and, for |[i — j| > 1, each member of F; is disjoint from
each member of F;. Clearly, x(U; F2i) > a or x(UU; Fai+1) > a, and therefore
there is d > 1 with x (F4) > a. We claim that F; is externally supported in F. Fix
X4 € Fy, and let Xy, ..., Xg be a shortest path from X to X4 in the intersection
graph of F. Since Xy N ext(Fy) # ¥ and Xo, ..., X4 are disjoint from |J Fy, we
have Xo, ..., Xg-» C ext(Fy). Thus Xg_1 Next(Fy) #Vand Xgy_1 N Xg #@. O

4 Cliques and Brackets
Let F be a grounded family with w (F) < k. A k-clique in F is a family of k pairwise

intersecting members of F. For a k-clique IC, we denote by int(K) the only arc-
connected component of (R x [0, +00)) \ |J K containing the part of the baseline
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int(B)

int(K)

K S

Fig. 3 A k-bracket B with k-clique /C and support S

between the two <-least members of KC. A k-bracket in F is a subfamily of F consisting
of a k-clique K and a set S called the support such that S < K or £ < § and
S Nint(KC) # @. For such a k-bracket 13, we denote by int(/3) the only arc-connected
component of (R x [0, +00)) \ |J B containing the part of the baseline between S
and KC (see Fig. 3).

Lemma 6 Let F be a grounded family, X,Y,Z € F, and X NY # (. Let C| and
C»> be any two distinct arc-connected components of (R x [0, +00)) N\ (X UY). Let
7,7 € ZN Cy. If every arc between z and 7' within Z intersects C», then every such
arc intersects both X and Y .

Proof Suppose there is an arc A C Z between z and 7' such that AN X = @ or
ANY =@0.fANX =0Pand ANY =@, then A C Cy,s0 ANC, = (. Now, suppose
ANX=0¢and ANY # @. Let y and y’ be respectively the first and last points of A
in Y. Since Z NY is arc-connected, there is an arc A" in Z that is simple with respect
to Y and goes along A from z to y, then to y’ inside Y, and finally along A to z’. It
follows that A" C C{UY,s0 A’NCy =¢. Thecasethat ANX #@Pand ANY =0
is symmetric. O

Corollary 7 Let F be a grounded family, I be a k-clique in F, and X € F. If
x,y € X Nint(K) (or x,y € X Next(K)) and every arc between x and y within X
intersects ext(IC) (int(kC), respectively), then X intersects every member of K.

Proof Let K = {Ky, ..., K;} and K1 < int(K) < Ky < --- < K. The statement
follows directly from Lemma 6 and the fact that int(K) and ext(K) belong to distinct
arc-connected components of (R x [0, 400)) \ (K1 U K;) for2 < i < k. m]

Corollary 8 Let F be a grounded family and B be a bracket in F with clique K and
support S. Let X € F. If X Nint(B) # @ and X Next(B) # @, then X intersects S
or every member of K.

Proof Letx € XNint(B) and x’ € X Next(B), and suppose X NS = @. By the Jordan
curve theorem, every arc between x and x’ within X must intersect S U int(K) and
thus int(KC). Since x, x’ € X N ext(K), it follows from Corollary 7 that X intersects
every member of /C. O
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5 Proof of Proposition 3

The proof goes by induction on k. Proposition 3 holds trivially for k = 1 with & = 1.
Therefore, we assume that k£ > 2 and that the statement of the proposition holds for
k — 1. This context of the induction step is maintained throughout the entire remaining
part of the paper. A typical application of the induction hypothesis looks as follows: if
F is a grounded family with w(F) < k, G C F, and there is X € F ~\ G intersecting
all members of G, then w(G) < k — 1 and thus x (G) < &—1.

Define B = 8k&Z_ |, Skk = 0,8k j = Br + 20k j1 + 285k—1 (k-1 + k +2) +2
fork — 1> j >0, and finally & = 25t2(8;.0 + 2&_1 + 1).

We say that a grounded set X (a grounded family X) is surrounded by a set S
if X (every member of X, respectively) is disjoint from S U ext(S). For a set S
and a grounded set R such that base(R) is surrounded by S, let cut(R, S) denote
the closure of the unique arc-connected component of R . S containing base(R).
For a set S and a grounded family R of sets whose bases are surrounded by S, let
cut(R, S) = {cut(R, S): R € R}.

First, we present a technical lemma, which generalizes similar statements from
[10] (Lemma 3.2) and [15] (Lemma 4.1), and which we will prove in Sect. 6. Loosely
speaking, it says that one can color properly, with the number of colors bounded in
terms of &, all the members of F surrounded by a set S which intersect cut(R, S) for
any set R € F intersecting S.

Lemma9 Let S be a compact set and R UD be a grounded family with the following
properties:

the base of every member of R is surrounded by S,
every member of R intersects S,

D is surrounded by S,

every member of D intersects | ] cut(R, S),
w(RUD) < k.

It follows that x (D) < Bk.

Suppose for the sake of contradiction that there is a grounded family F with
o(F) < kand x(F) > & = 2"*2(8;{,0 + 2&_1 + 1). A repeated application of
Lemma 5 yields a sequence of families 7 = Fiy1 D Fr D -+ D Fo such that F;
is externally supported in F; 1 and x (F;) > 2/ (8.0 + 281 + 1), for 0 < i < k.
The following claim is the core of the proof.

Claim 10 For 0 < j < k, there are families S, G C Fj and sets S1, ..., S; € S with
the following properties:

(i) G is surrounded by | J S,
(i) x(G) > &),
(iii) the sets Sy, ..., Sj pairwise intersect,
(iv) every member of F intersecting ext(S) and some member of G also intersects
each of Sy,...,S;.
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Proof The proof goes by induction on j. First, let j = 0. Apply Lemma 4 to find
‘H C Fo such that x(H) > 1 and for any intersecting Hy, H» € H we have
x (Fo(H1, H2)) > 8.0 + 2&k—1. Since x (H) > 1, such two intersecting H, H» € H
exist. Let S = {H}, H>} and G be the family of those members of Fy(H;, H>) that
are disjoint from H; U H». It is clear that (i) holds. Since the members of Fo(H1, H>)
intersecting H; U H have chromatic number at most 2&;_1, we have x (G) > 8.0, sO
(ii) holds. The conditions (iii) and (iv) are satisfied vacuously.

Now, assume that j > 1 and the claim holds for j — 1, that is, there are families
S§,G' C Fi—iandsets Sy, ..., Sj_1 € & satisfying (i)—(iv). Let

R ={R € F: base(R) is surrounded by |JS" and RN |J S’ # ¥},
D={Deg:DnJcut(R,US") #0}.

It follows from Lemma 9 that x (D) < Bk and thus x (G'\D) > 28k, j+2&k—1 (k&—1+
k +2) + 2. Since the chromatic number of a graph is the maximum chromatic number
of its connected component, there is G” C G’ \. D such that the intersection graph of
G" is connected and x (G") > 268 j +2&—1 (k&1 +k+2)+2. Partition G” into three
subfamilies X', V), Zsothat X < Y < Zand x(X) = x(2) = &, +(k+Dé&—_1+1.
It follows that x ())) > 2&;_1(k&—1 + 1). Apply Lemma 4 to find H C ) such that
X (H) > &,—1 and for any intersecting Hy, H» € H we have x (Y (Hy, Hy)) > k&c—1.
Since x (H) > &—1, there is a k-clique K C H. The members of ) intersecting | K
have chromatic number at most k&;_1, so there is P € ) that is contained in int(/C).
Since F;_ is externally supported in F;, there is S; € F; such that S; N P #
and S; Next(S") D Sj Next(Fj_1) # ¥. Therefore, since S and G’ satisfy (iv), S;
intersects each of Si, ..., S;j_1 and thus (iii) holds for Sy, ..., S;.

We show that S; < G” or G” < §;. Suppose that neither of these holds. It follows
that base(S;) is surrounded by J &', which yields S i € R. Moreover, base(S;) is
surrounded by | G”, as the intersection graph of G” is connected. Therefore, we have
cut(S;, USHNYJG” # 0, sothereis X € G” such that X Ncut(S;, |JS') # ¥. This
means that X € D, which contradicts the definition of G”.

Now, we have S; Nint(K) D S; NP #Pand S; < Kor K < §;, so the k-clique
IC and the support S; form a k-bracket. Let S = UK U {S;}. If §; < G”, then
S <X < IC. In this case, let G be the family of those members of X that are disjoint
from (J KL U S;. It is clear that (i) holds. Since x (X) > & ; + (k + 1)&;_; and the
members of & intersecting |J K U S; have chromatic number at most (k + 1)&_1,
we have x(G) > 6 j, so (ii) holds. Since ext(S) C ext(K U {S;}), it follows from
Corollary 8 that every member of F intersecting ext(S) and some member of G
intersects S;. Hence (iv) holds. If g’ <S j» then let G be the family of those members
of Z that are disjoint from [ J KL U S;. An analogous argument shows that (i), (ii), and
(iv) are satisfied. O

LetS, G, and Sy, ..., S be as guaranteed by Claim 10 for j = k. By (ii), we have
x(G) > 0,sothereis P € G. Since Fy is externally supported in F, there is Sy € F
such that Sg4+1 N P # @ and Sg1 Next(S) # @. By (iii) and (iv), we conclude that
S1, ..., Sk+1 pairwise intersect. This contradicts the assumption that w (F) < k, thus
completing the proof of Proposition 3.

@ Springer



408 Discrete Comput Geom (2014) 52:399-415

Fig. 4 The setting of the proof of Lemma 9: the set S with a dashed arc S” and three sets from R

6 Proof of Lemma 9

The proof of Lemma 9 goes along similar lines to the proof of Lemma 4.1 in [15]. Since
D is surrounded by S, there is an arc S’ C S such that D is surrounded by S’. We can
assume without loss of generality that base(S") = {p, ¢} for some points p and g on
the baseline such that p < D < gq. For every R € R we have cut(R, S) C cut(R, S’).
Hence every member of D intersects | cut(R, S”) (see Fig. 4).

Claim 11 x (cut(R, S")) < k.

Proof Consider a relation < on cut(R, S’) defined as follows: Rq < Ré if and only
if R} < R} and R} N R, = . Itis clear that < is irreflexive and antisymmetric. It is
also transitive, which follows from the fact that if R}, R}, Ry € R, R{ < R, < R},
and R} N R} # ¢, then R, N (R} U R}) # . Therefore, < is a strict partial order.
The intersection graph of cut(R, §’) is the incomparability graph of <, so it is perfect,
which implies x (cut(R, S")) = w(cut(R, §')) < k. O

By Claim 11, there is a coloring ¢ of R with k colors such that for any Ry, R, € R
with ¢(R1) = ¢(R»), we have cut(R;, S") N cut(R, S) = @. For a color c, let
RE={R e R:¢p(R) =cland D = {D € D: DN Jcut(R, S") # B}. We are
going to show that x (D) < 8&,{271. Once this is obtained, we will have x (D) <
> x (D) < 8kEL | = Pr.

Since the sets cut(R, §’) for R € R¢ are pairwise disjoint, the curve S’ and the
families cut(R¢, S') and D¢ satisfy the assumptions of Lemma 9. To simplify the
notation, we assume for the remainder of the proof that S = S/, R = cut(R, S’)
for every R € R¢, R = cut(R¢, §’), and D = D°. By Jordan-Schonflies theorem,
the segment pg and the arc S form a Jordan curve which is the boundary of a set J
homeomorphic to a closed disc. In this new setting, S is an arc and R UD is a grounded
family with the following properties:

the base of every member of R is surrounded by S,
every member of R is contained in J and intersects S,
the members of R are pairwise disjoint,

D is surrounded by S,

every member of D intersects | R,

w(RUD) < k.
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We enumerate the members of R as Ry, ..., R,, in the <-order, that is, so that R} <
-+ < Ry,. We are going to show that x (D) < 85,?_1.

Claim 12 For 1 < i < j < m, any arc in J between R; and R; intersects all
Rit1,..., Rj—1.

Proof Let A be an arc in J between points x; € R; and x; € R;. For any R €
{Ri+1,..., Rj_1}, base(R) is surrounded by R; UAU R; and we have RN (R; UAU
Rj) #0,as RN S # (. Since R is disjoint from R; and Rj, we have RN A # (. O

A point x € J is a neighbor of R; if there is an arc in J between x and R; disjoint
from all Ry, ..., R, except R;. It follows from Claim 12 that each point in J is a
neighbor of at most two consecutive sets of Ry, ..., R,,. For 1 <i < m, let I; denote
the set of points in J that are neighbors of R; and R; .

Claim 13 Any arc-connected subset of J intersects an interval of sets in the sequence
Rlv 113 R21 T Im—lv Rm-

Proof Let X be an arc-connected subset of J. First, we show that if X intersects R;
and R; 1, then it also intersects /;. This is guaranteed by the compactness of R; and
R;i+1. Indeed, take a C-minimal arc in J between R; and R;;;. By Claim 12, the
interior of this arc is disjoint from all Ry, ..., R, and therefore must lie in /;.

Now, let i be the least index such that X N (R; U I;) # ¢ and j be the greatest index
suchthat XN (/;_1UR;) # . Let A be an arc in X between points x; € X N(R; U ;)
and x; € XN(/j—1UR;). Since x; is aneighbor of R;, there is an arc A; C J between
x; and R; disjoint from all Ry, ..., R, except R;. Similarly, since x; is a neighbor of
Rj, there is an arc A; C J between x; and R; disjoint from all Ry, ..., R, except
R;. Thereisanarc A C A; UA U A; between R; and R;. By Claim 12, A intersects
all Riy1,...,Rj—1. But Rjyy,..., Rj_ are disjoint from A; and A;, hence they
intersect A. m]

For convenience, define Iy = I,, = . For D € D, define leftclip(D) = D ~\ [; and
rightclip(D) = D1, wherei and j are chosen so that R; 1 is the firstand R} is the last
member of R intersecting D (see Fig. 5). This definition extends to families M C D:
leftclip(M) = {leftclip(M): M € M} and rightclip(M) = {rightclip(M): M € M}.

Claim 14 leftclip(D) and rightclip(D) are simple families of compact arc-connected
sets.

Proof We present the proof only for leftclip(D), as for rightclip(D) it is analogous.
The sets Iy, ..., I,,—1 are open in J, as they are arc-connected components of the set
J ~ U R, which is open in J. Each member of leftclip(D) is a difference of a compact
setin D and one of /1, ..., I,,—1 and thus is compact as well.

To prove that leftclip(D) is simple and consists of arc-connected sets, we need
to show that () leftclip(M) is arc-connected for any M C D. Let x,y €
N leftclip(M) C () M. Since (| M is arc-connected, Lemma 2 provides us with
an arc A C ()M between x and y that is simple with respect to R. It suf-
fices to show A C leftclip(M) for each M € M. To this end, fix M € M

@ Springer



410 Discrete Comput Geom (2014) 52:399-415

f T o Ay,

P R I, R, L Rs I Ry I Rs q

Fig. 5 A dashed arc S, sets from R spanned between the baseline and S, and sets from D with D ~
leftclip(D) marked for each D € D

and let R; be the <-least member of R intersecting M. Suppose there is a point
z€ AN (M \ leftclip(M)) C I;_1. Since x, y € leftclip(M) C U?:i(Rj Ulj),it
follows from Claim 13 that the parts of A from x to z and from z to y intersect R;.
This and z ¢ R; contradict the simplicity of A with respect to R;. O

Claim 15 leftclip(D) and rightclip(D) have clique number at most k — 1.

Proof Again, we present the proof only for leftclip(D). Let IC be a clique in leftclip(D).
By Claim 14, each member of /C is arc-connected. Therefore, by Claim 13, each mem-
ber of KC intersects an interval of sets in the sequence Ry, Iy, ..., Ryy—1, In—1, Ry,
the first set in this interval being of the form R;. Since the members of K pairwise
intersect, these intervals also pairwise intersect, which implies that they all contain a
common R;. Thus K U {R;} is a clique, and w(R UD) < kyields [C| < k—1. O

Recall that we need to show x (D) < 85,?_1. Define

e DL = (X € D: base(leftclip(X)) # @},
e DR = (X e D: base(rightclip(X)) # #}.

Since each member of D intersects at least one of Ry, . .., R, we have DEUDR = D.
Therefore, it is enough to show that X(DL) < 4§k2_1 and x (DR < 45,?_1. We only
present the proof of y (D) < 45,(2_1, as the proof of the other inequality is analogous.

By Claims 14 and 15, rightclip(DX) is a grounded family with clique number at
most k — 1. This and the induction hypothesis yield x (rightclip(DX)) < &_;. We fixa
coloring ¢® of DR with & _ colors so that ¢ X (X) # ¢R(Y) forany X, ¥ € DR with
rightclip(X) N rightclip(Y) # @. Let M C DR be a family of sets having the same
color in ¢ In particular, we have rightclip(X) Nrightclip(Y) = @ forany X, Y € M.
It remains to prove that x (M) < 4&;_1.

We show how to construct a coloring ¢ of M with &_; colors such that
leftclip(X) Nleftclip(Y) = @ forany X, Y € M with % (X) = ¢ (Y). We exploit the
fact that members of M have pairwise disjoint intersections with each R; to simplify
the topology of M and Ry, ..., R,. Recall that S is an arc with base(S) = {p, q}.
For 1 < i < m, by Lemma 2, there is an arc Q; C R; between base(R;) and
R; N S that is simple with respect to M. We assume without loss of generality that
base(Q;) = {u;} and Q; NS = {v;}. The points vy, ..., v, occur in this order on

@ Springer



Discrete Comput Geom (2014) 52:399-415 411

S as moving from p to ¢g. Moreover, the arcs Q1, ..., Q,, partition J into m + 1
sets Jo, ..., Jm, each homeomorphic to a closed disc, so that J;_; N J; = Q; for
1 <i < m. Itis clear that each arc-connected subset of J intersects an interval of sets
in the sequence Jo, Q1, J1, ..., Om, Ju- Since Q1, ..., Q,, are simple with respect
toM,soare Jy, ..., Jy.

Since the sets Jy, ..., J;; are homeomorphic to a closed disc and so are rectangles
with bottom sides base(Jy), ..., base(J,,), there are homeomorphisms wo, ..., Umn
such that

e 1i; is constant on base(J;) and maps J; onto a rectangle with bottom side base(J;)
for0 <i < m,
e 1j—1 and u; agree on Q; for 1 <i < m.

Thus poU- - - Uy, is a homeomorphism between J and a rectangle with bottom side
base(J), and it extends to a homeomorphism p of R x [0, +00) whose restriction

to each J; is u;. Let 19, ..., T, be horizontal translations such that () < --- <
7, (1) for a point u on the baseline. Let x1, .. ., x;,;, be the x-coordinates of the points
ui, ..., Un, respectively, so that u; = (x;, 0) for 1 < i < m. Define

o Jo=pu~' (00, x1] x [0, +00)),

° J:, = ,u_l([xi,xiH] x [0, +00)) for 1 < i < m,

o Jp =[x, +00) x [0, +00)),

A

e 0;i = '({x;} x [0, 400)) for I <i < m,
e o, =topufor0<i <m.

Note that J; C JA, and Q; C Qi. For a set X, define

X* = 00(X N Jo) Ulog(X N Q1),01(X N ONIUa(XNJHU---
U 0m—1(X N Om), 0m(X N Q)1 U 0 (X N Ji)

where [Y, Z] denotes the rectangle with left side Y and right side Z. It is clear that the
map X — X* preserves compactness and arc-connectedness and is compatible with
unions and intersections. In particular, M* = {X*: X € M} is a grounded family
with intersection graph isomorphic to that of M (see Fig. 6).

In the remainder of the proof, we will deal with M* and R7, ..., R}, but for sim-
plicity we relabel them to M and Ry, ..., Ry, respectively. We alsorelabel I, ..., I,
toly, ..., In,07,...,0nt001,..., Qp,S*to S, J*to J,and 69(Jp), - .., 0 (Jm)
to Jo, ..., Jn. The following properties clearly follow:

e Jo, ...,y are pairwise disjoint rectangles,

e (J; is arectangle whose left side is the right side of J;_; and whose right side is the
left side of J;, for 1 <i < m,

e every arc-connected subset of J intersects an interval of sets in the sequence
JOa le le e Qma -Im,

e Qi CRiforl <i<m,

o the intersection of any member of M with any J; is arc-connected,

e the intersection of any member of M with any Q; is a rectangle or horizontal
segment spanning the entire width of Q;.
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oo(p) ©o(uy) o1(ur) o1(uz) 0z(uz) 02(u3z) o3(u3) 0O3(q)

Fig. 6 The transformation X — X*; top: a family M before transformation; bottom: the families M*
(including the marked regions) and M™ (excluding the marked regions), and connections of the sets in
M* to the baseline

Claim 16 There is a grounded family M’ with intersection graph isomorphic to that
of leftclip(M).

Proof Let M; = {X € M: XNR; # @} for1 <i < m.]Itfollows that leftclip(X) =
X \[; forevery X € M1 ~ M; and 1 <i < m. We can assume without loss of
generality that each member of M;1| . M; intersects Q; for 1 < i < m, as those
that do not are isolated vertices in the intersection graph of leftclip(M) and thus do
not influence the existence of M’.

ForX € M;y1~M;and1 <i < m,let X denote the part of X to therightof Q;
including the right side of Q; 1 1, thatis, X T = XN(J;11UQ;12UJ;12U---UQ,,UJy).
It follows that X C leftclip(X) € XTUR; 11 and X is compact and arc-connected.
For X € My, let Xt = X = leftclip(X). Let MT = {XT: X € M]}. Since the
intersections of the members of leftclip(M) with each R;4 are pairwise disjoint, the
intersection graphs of M™ and leftclip(M) are isomorphic. We show how to extend
the sets X for which base(X™) = base(leftclip(X)) = ¢ to connect them to the
baseline without creating any new intersections (see Fig. 6).

Letl1 <i <m, X € Mjy1 ~ M;, and base(X+) = @. Thus base(X) C base(J;).
For every Y € M;, it is an immediate consequnce of the Jordan curve theorem and
arc-connectedness of X N J; and (Y U R;) N J; that Y N Q; 41 is empty or lies above
X N Q;41. Therefore, we can connect X to base(Q;1) by an arc inside Q; that
is disjoint from any other Y € M™. Moreover, all these arcs for X € M, 1 ~ M;
with base(X ) = ¢ can be drawn so that they are pairwise disjoint. Doing so for all
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i with 1 < i < m, we transform M into a grounded family M’ with intersection
graph isomorphic to the intersection graph of M™ and hence of leftclip(M). O

Claim 16 allows us to use the induction hypothesis on leftclip(M) to obtain a
coloring ¢ of M with &_1 colors such that leftclip(X) N leftclip(Y) = @ for any
X,Y € M with ¢X(X) = ¢L(Y). Let ' C M be a family of sets having the same
color in ¢*. In particular, we have leftclip(X) N leftclip(Y) = ¢ and rightclip(X) N
rightclip(Y) = ¢ for any X,Y € A. The following claim completes the proof of
Lemma 9. The planarity argument used in the proof applies the ideas of McGuinness
[10].

Claim 17 y(\V) < 4

Proof Define

o Nl =(X e N': X leftclip(X) # 0},
o NR = (X e N: X < rightclip(X) # 0},
o NVl ={X e NE: X \leftclip(X) C Ji} for 1 <i <m,

o NR={Xx e NR: X \rightclip(X) C J;} for 1 <i <m,

o N; = ./\/iL UMR,

° CL to be the arc-connected component of (| J ;) N J; containing X \ leftclip(X),
forXeJ\fL and 1 <i <m,

° CR to be the arc-connected component of (| N;) N J; containing X \ rightclip(X),

forXeJ\/Randl <i<m,

C to be the family of arc-connected components of (| JN;) N J; for 1 < i < m,

thatis,C = {CL: X e NLYU{CE: X e NR).

For X € N;and1 < i < m, the set X N J; is arc-connected and thus entirely contained
in one member of C .Itis clear that Cy L4 Cy R for X € NI N NR. Consider the graph
G with vertex set C and edges connecting C )1; and C § forall X e NE N NR. We are
to show that G is planar.

We construct sets V C E C |J N with the following properties:

(i) V is a finite subset of | J C,

(i1) E is a finite union of arcs with endpoints in V, pairwise disjoint outside of V,
(iii) E N C is arc-connected for every component C € C,
(iv) every X € Nt N AR contains an arc in E between C% and C¥.

The construction proceeds by induction on the members of A. We start with V con-
taining one (arbitrary) point in each member of C, and with E = V. They clearly
satisfy (i)—(iii). Then, for each X € Nl N AR, we enlarge V and E to satisfy the
condition (iv) for X, as follows. Since C)I; UXu C§ is arc-connected, there is an arc
A C CLUXUCEbetween ENC% and E N CE. We can furthermore assume that
ANENCE ={vt}and AN ENCY = {vR}). This implies that A N E = {vl, vF},
as X \ (Ck U C¥) is disjoint from any member of N\ {X}. We add v* and v¥ to V
and A to E. After processing all X € Nl N NR, the resulting sets V and E satisfy
D—(v).

We have thus obtained a planar representation of a graph H with vertex set V and
edge set consisting of maximal arcs in E internally disjoint from V. It follows from
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(iii) that the subgraph of H induced on V N C is connected for every C € C. Consider
the graph obtained from H by contracting VN C forevery C € C. Its vertices represent
members of C, and by (iv), its edges connect the vertices representing C )L( and C )I? for
all X e N'E N AR, Hence this graph is isomorphic to G. This shows that G is planar,
as a contraction of a planar graph is planar.

Since G is planar, there is a proper coloring ¢ of the vertices of G with four colors
{1, 2, 3, 4}. Choose a coloring v : N — {1, 2, 3, 4} so that

e if X € ML, then y(X) = ¢(CE),
e if X € V'R then y(X) # ¢(CEK).

Such a coloring exists, because ¢ (C%) # ¢(CR) forany X € NENNEK. To see that ¥
is a proper coloring of \V, consider some X, Y € N suchthat X < Y and X NY # .
Since ¢L(X) = ¢L(Y) and R (X) = ¢R(Y) we have leftclip(X) N leftclip(Y) = @
and rightclip(X) N rightclip(Y) = @. Therefore,

(X N rightclip(X)) N (Y N leftclip(Y)) = X NY # @.

In particular, we have X € MR and Y € N'L. The set X N Y is arc-connected, so
CR = CL. This yields ¥ (X) # ¢(CR) = ¢(CL) = y(Y). O
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