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Abstract Let R be a real closed field and D C R an ordered domain. We describe
an algorithm that given as input a polynomial P € D[X1, ..., Xi] and a finite set,
A = {p1,..., pm}, of points contained in V = Zer(P, Rk) described by real uni-
variate representations, computes a roadmap of V containing .A. The complexity of
the algorithm, measured by the number of arithmetic operations in D, is bounded

by (XL, Dl.o(]ogz(k)) + 1)(k]°g(k)d)0(k1°g2(k)), where d = deg(P) and D; is the
degree of the real univariate representation describing the point p;. The best pre-
vious algorithm for this problem had complexity card (A)?Md 0u) (Basu et al.,
ArXiv, 2012), where it is assumed that the degrees of the polynomials appearing in
the representations of the points in A are bounded by d°®. As an application of our
result we prove that for any real algebraic subset V of R¥ defined by a polynomial
of degree d, any connected component C of V contained in the unit ball, and any
two points of C, there exists a semi-algebraic path connecting them in C, of length at
most (k1°8%) ) Oklogtk)) " consisting of at most (k'°8H%) ¢) O klog)) cyrye segments of
degrees bounded by (k'°8®)7)0Kklogtk) "Wwhile it was known previously, by a result
of D’Acunto and Kurdyka (Bull Lond Math Soc 38(6):951-965, 2006), that there
always exists a path of length (O (d))*~! connecting two such points, there was no
upper bound on the complexity of such a path.
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1 Introduction

Let R be a fixed real closed field and D C R an ordered domain. We will denote by C
the algebraic closure of R. We consider in this paper the algorithmic problem of given
a polynomial P € D[X(y, ..., Xi], determining the number of semi-algebraically
connected components of the set, Zer (P, Rk), of zeros of P in R*. Moreover, given
two points x, y € Zer(P, R ), described by real univariate representations (see below
for precise definition), we would like to decide if x, y belong to the same semi-
algebraically connected component of Zer(P, R¥), and if so, to compute a semi-
algebraic path with image contained in Zer(P, R¥), connecting them. We measure the
complexity of an algorithm by the number of arithmetic operations performed in the
ring D.

The problem of designing an efficient algorithm for solving the problem described
in the previous paragraph is very well studied in algorithmic semi-algebraic geometry.
It follows from Collins’ algorithm [6] for computing cylindrical algebraic decompo-
sition [6] that this problem can be solved with complexity dzo(k), where d = deg(P)
[20]. Notice that this complexity is doubly exponential in k. Singly exponential algo-
rithms for solving this problem were introduced by Canny in [5], and successively
completed and refined in [1,10-14,22], the best complexity bound being d ) [1].
However, these results remained unsatisfactory from the complexity point of view for
the following reason. It is a classical result due to Oleinik and Petrovskii [17], Thom
[21] and Milnor[16] that the number of semi-algebraically connected components of
a real algebraic variety in R* defined by polynomials of degree at most d (in fact, the
sum of all the Betti numbers of the variety) is bounded by d(2d — 1)]‘_1 = O(d)k.
Indeed, the Morse-theoretic proof of this fact had inspired the so called “critical point”
method, that is at the base of many algorithms in semi-algebraic geometry. The best
algorithms using the critical point method often have complexity d°® when applied
to real algebraic varieties in R* defined by polynomials of degree d. It is the case
for testing emptiness, computing at least one point in every connected component,
optimizing a polynomial and computing the Euler—Poincaré characteristic (see for
example [2]). In contrast, for counting the number of semi-algebraically connected
comgonents and computing semi-algebraic paths, the best complexity bound remained
dou,

All known singly exponential algorithms for deciding connectivity of a semi-
algebraic set S rely on computing a certain one dimensional semi-algebraic subset,
which is referred to as a roadmap of S. The definition of a roadmap of an arbitrary
semi-algebraic set S (not just a real variety) is as follows.

Definition 1.1 A roadmap for S is a semi-algebraic set M of dimension at most one
contained in S such that M satisfies the following conditions:
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e RM; For every semi-algebraically connected component D of S, D N M is non-
empty and semi-algebraically connected.

e RM), For every x € R and for every semi-algebraically connected component D’
of S, =8N nl_l({x}), D' N M # ¢, where 7y : R¥ — R is the projection on the
first coordinate.

Once roadmaps are computed with singly exponential complexity, questions about
connectivity are reduced to the same questions in a finite graph, and can be answered
with complexity no greater than polynomial in the size of the roadmap itself.

All known algorithms for computing roadmaps follow a certain paradigm which
can be roughly described as follows. Given a semi-algebraic set V C R¥ (might be
assumed to satisfy certain additional properties, such as being a bounded, non-singular
hypersurface), one defines

(1) acertain semi-algebraic subset VY ¢ v, with dimension of V° bounded by p <k,
(2) a finite subset of points of N' C R”.

The set VO and the finite set A are not arbitrary but must satisfy certain intricate
conditions. A crucial mathematical result is then proved: for any semi-algebraically
connected component C of V, C N (V? U V) is non-empty and semi-algebraically
connected, where Vyr = V N nﬂﬁlp] N, with 7y ) - RF — RP? the projection on
the first p coordinates (see, for example, Proposition 15.7 in [2] for the special case
when p = 1, Theorem 14 in [8], Proposition 3 in [3], or Proposition 3.4 of the current
paper).

The actual algorithm then proceeds by reducing the problem of computing a
roadmap of V to computing roadmaps of V° and of the fibers V/, each such roadmap
containing a well chosen set of points including the intersection of V° and the fibers
V. The roadmaps of fibers are then computed using a recursive call to the same
algorithm and the remaining problem is to compute a roadmap of V°.

In the classical algorithm (see, for example, Chap. 15, [2]), p = 1, and thus yo
has dimension at most one, and is already a roadmap of itself. The complexity of
this algorithm for computing the roadmap of an algebraic set V C R, defined by a
polynomial of degree d in k variables, is d 0k The exponent O (k%) remained a very
difficult obstacle to overcome for many years, and the first progress was reported only
very recently.

A fully general deterministic Baby-step Giant-step algorithm with complexity
dO®") for computing the roadmap of an algebraic set V C R, defined by a poly-
nomial of degree d in k variables, is given in [3]. Its recursive scheme is similar to
the one introduced in [8] where a probabilistic algorithm of complexity d°®”) for
computing roadmaps of smooth bounded hypersurfaces of degree d in k variables is
given. In [3], the parameter p is chosen to be ~2+/k, the roadmaps of the fibers are
computed recursively using the same algorithm, while that of V is computed using
the classical algorithm. The main reason for having such an unbalanced approach, and
not using recursion to compute a roadmap of V? as well, is that the good properties
of V under which the mathematical connectivity result is proved, are not inherited
by V0. This difficulty is avoided by making a call to the classical roadmap for V°.
The classical roadmap algorithm can be modified so that its complexity is d?P%) for

@ Springer



Discrete Comput Geom (2014) 52:278-343 281

special algebraic sets of dimension at most p. Having an unbalanced approach where
the dimension p of V? is much smaller (roughly p = +/k) compared to the dimension
of the various fibers (roughly k — +/k), the complexity of the algorithm in [3] can be
bounded by ko),

It is reasonable to hope that a more balanced algorithm in which p =~ k/2, and
where the roadmaps of both V” and the Vs are computed recursively using the same
algorithm, by a divide-and-conquer method, can compute a roadmap with a complexity
d?® where we denote by O (k) any function of k of the form k log@W (k).

We prove the following theorem which is the main result of this paper (definitions
of real univariate representations are given in Sect. 7.2).

Theorem 1.2 LetR be areal closedfieldand D C R anordered domain. The following
holds.

o There exists an algorithm that takes as input:

(1) a polynomial P € D[ X1, ..., Xi], with deg(P) < d;

(2) afinite set, A, of real univariate representations whose associated set of points,
A={pi1,..., pm}, is contained in V = Zer(P, Rk), and such that the degree
of the real univariate representation representing p; is bounded by D; for
1<i<m;

and computes a roadmap of V containing A. The complexity of the algorithm is

bounded by

m
2 2
(1 T Z DZ_O(IOg (k))) (klog(k)d)O(klog (k)).

i=1

The size of the output is bounded by (card(A) + 1)(k'02®) g)0klog®) \ypile the
degrees of the polynomials appearing in the descriptions of the curve segments and
points in the output are bounded by

( max D,»)O(k’g(k)) (klog(k)d)O(klog(k)).

1<i<m

o There exists an algorithm that takes as input a polynomial P € D[ Xy, ..., Xt],
with deg(P) < d, and computes the number of semi-algebraically connected com-
ponents of V = Zer(P, R¥), with complexity bounded by

(klog(k) d) O (klog? (k)

o There exists an algorithm that takes as input:
(1) a polynomial P € D[X1, ..., Xx], with deg(P) <d;
(2) two real univariate representations whose associated points are contained in
V = Zer(P, RK), and whose degrees are bounded by D1 and D» respectively;
and decides whether the two points belong to the same semi-algebraically con-
nected component of V, and if so computes a description of a semi-algebraic path
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connecting them with image contained in V. The complexity of the algorithm is
bounded by

2 2 2
(D10(10g (9)) + D20(10g () + 1) (klog(k)d)o(klog (k))_

The size of the output as well as the degrees of the polynomials appearing in the
descriptions of the curve segments and points in the output are bounded by

max(1, Dy, DZ)O(log(k)) (klog(k)d)O(k log(k))'

In fact we prove the following more technical result.
We need the following definition.

Definition 1.3 A semi-algebraic set S C R is strongly of dimension < ¢ if for every
y€E RY, Sy = {x € § | mr11,09(x) = y} is finite (possibly empty), where 7[1 ¢ denotes
the projection to the first £ coordinates. (Note that the notion of being strongly of
dimension < ¢ is not invariant under arbitrary change of coordinates. However, if a
semi-algebraic set S C RF is strongly of dimension < ¢, then any semi-algebraic
subset of S is strongly of dimension < ¢.)

Theorem 1.4 Let R be a real closed field and D C R an ordered domain. Then the
following holds. There exists an algorithm that takes as input:

(1) a polynomial P € D[X1, ..., Xi], with deg(P) < d such that V = Zer(P, R¥)
is bounded and strongly of dimension < k/,

(2) a finite set, A, of real univariate representations whose associated set of points,
A = {p1,..., pm}, is contained in V, and such that the degree of the real uni-
variate representation representing p; is bounded by D; for 1 <i < m;

and computes a roadmap of V containing A. The complexity of the algorithm is
bounded by

m
201/ / 201/
(1 + ZDiO(log (k)))(klog(k)d)O(kIOg *)

i=1

The size of the output is bounded by (card(A) + 1)(k1°g(k/)d)0(k log®) yyhile the
degrees of the polynomials appearing in the descriptions of the curve segments and
points in the output are bounded by

0 (log(k")) , ,
( max D,-) (klog(k )d) Oklogk"))
1<i<m

The bounds on the complexity of the roadmap given in Theorem 1.2 give an upper
bound on the length of a semi-algebraic curve required to connect two points in the
same connected component of a real algebraic variety in R¥. In [7], the authors proved
that the geodesic diameter of any connected component C of a real algebraic variety
in R¥ defined by a polynomial of degree d and contained inside the unit ball in R¥, is
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bounded by ( O(d))*~!. This result guarantees the existence of a semi-algebraic path
connecting any two points in C of length bounded by (O (d))*~!. Unfortunately, the
complexity of this path (namely, the number and degrees of the polynomials needed to
define it) is not uniformly bounded as a function of k and d. We obtain a path of length
bounded by (k1°8®)7)0*log) "yt moreover with uniformly bounded complexity.
We have the following theorem.

Theorem 1.5 Let V. C R¥ be a real algebraic variety defined by a polynomial of
degree at most d, and let C be a connected component of V contained in the unit
ball centered at the origin. Then any two points x, y € C can be connected inside C
by a semi-algebraic path of length at most (k'°8®) d)0*10e®) consisting of at most
(k102 gy O tklog®) cypye segments of degrees bounded by (k'8 q)© klog(k),

Note that the algebraic case dealt with in this paper is usually the main building
block in designing roadmap algorithms for more general semi-algebraic sets (see for
example Chapter 16 in [2]). We believe that with extra effort, the improvement in the
algebraic case reported here could lead to a corresponding improvement in the general
semi-algebraic setting.

We prove Theorem 1.2 by giving a divide-and-conquer algorithm for computing a
roadmap based on two recursive calls to subvarieties whose dimensions are at most
half the dimension on the given variety V (see Algorithms 6 and 9 in Sect. 7 below).

Such a divide-and-conquer roadmap algorithm would be quite simple if it was the
case that the sub-varieties of V obtained by iterating the following two operations in
any order:

(1) taking the sub-variety consisting of the set of critical points of G, for some poly-
nomial G € D[ X, ..., Xi], restricted to the fibers, V), = V N At ({y}), where
7 is a projection map to a subset of the coordinates (see Definition 2.3 below for
a precise definition of critical points of G restricted to the fibers of V);

(2) fixing a subset of coordinates (i.e., taking fibers of V);

had good properties, e.g. the number of critical points of G remains finite as the
parameters vary.

Suppose for simplicity that k — 1 is a power of 2. Then, the following simple algo-
rithm for constructing a roadmap would work, namely, in the very first step consider
the projection map, 7, to the first p/2 coordinates, where p = dim(V) = k — 1. For
every y € RP/?, let Vy=Vn 77 1({y}) be the corresponding fiber and let V)(,) cVy
be the set of critical points of G restricted to V), and VO = U yeRP/2 Vyo LetMcCV
be the set of G-critical points of V, and MV the (assumed finite) G-critical points of
VO Let N = (M U MP?). It can be proved that a roadmap of V can be obtained by
taking the union of

e aroadmap of V° containing V&’
e and roadmaps of V), containing the points of V0 above for y € N.

Both V0 and the Vy,y € N, are of dimension p/2. If p/2 = 1, then the roadmaps
of V0 and the Vy, y € N, coincide with themselves. Otherwise, these roadmaps can
then be computed by recursive calls to the same algorithm.
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The description given above, which we are using as a guide, is flawed in a funda-
mental way. We know of no way to ensure that all the intermediate varieties that occur
in the course of the algorithm have good properties even if the original variety V has
them.

In order to get around this difficulty we use perturbation techniques, in the spirit
of several other prior works on computing roadmaps. The main difficulty is to ensure
that good properties are preserved for the variety V? as we go down in the recursion.

In the divide-and-conquer scheme pursued in this paper, it is imperative, for com-
plexity reasons, that V9 and the fibers V, have the same dimension (namely, % dim(V)).
So we cannot resort to the classical roadmap algorithm for V? any more and we need
to ensure good properties for V0 (which is no more an hypersurface even if V is) as
well.

While the general principle—that of making perturbations to reach an ideal
situation—is similar to that used in [3] for the Baby-step Giant-step algorithm for
computing roadmaps, there are many new ideas involved which we list below.

We start the construction with an algebraic hypersurface V, defined as the zero set
of one single polynomial P.

(1) We make a deformation P of P using an infinitesimal, and consider the algebraic
set V defined by P with coefficients in a new field R consisting of algebraic
Puiseux series (with coefficients in R) in this infinitesimal.

(2) Instead of considering critical points of the projection map onto a fixed coordinate,
we consider critical points of a well chosen fixed polynomial G. This is done to
ensure more genericity. Geometrically, we sweep using the level surfaces of the
polynomial G.

(3) Forevery y € RP/2, let Vyo C Vy be the set of critical points of G restricted to \7y

and VO = U yeRp2 ‘7)9. The closed semi-algebraic set V? is naturally described
as the projection of some variety involving extra variables. This causes a problem,
since we need an explicit description of V in order to be able to make a recursive
call. We are able to express V0 as the union of several pieces (charts), each
described as a basic constructible set of the form

N P=0)r(Q#0).

PeP

(4) The preceding decomposition of V into open charts is not very easy to use, so
we modify the description using instead closed sets (by shrinking slightly the
constructible sets). We are able to cover (an approximation of) Vo by basic semi-
algebraic sets of the form

AP =0nrQ=0).

PeP

(5) This necessitates that in our recursive calls we accept as inputs not just vari-
eties, but basic semi-algebraic sets of a certain special form having only a few
inequalities in their definitions.
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(6) The Morse-theoretical connectivity results needed to prove the correctness of the
new algorithms have to be extended to take into account the two new features
mentioned above. The first new feature is that instead of considering projection
map to a fixed coordinate, we are using the polynomial G as the “Morse function”.
Secondly, instead of varieties we need to deal with more general semi-algebraic
sets. We define a new variant of the notion of “pseudo-critical values” introduced
in [2] which is applicable to the semi-algebraic case and which takes into account
the polynomial G, and prove the required Morse theoretical lemmas in this new
setting.

(7) The covering mentioned in (4) above means that we are replacing each semi-
algebraic set, by several basic semi-algebraic sets, the union of whose limits
coincides with the given set. In order that the union of the limits of the roadmaps
computed for each of the new sets gives a roadmap of the original one, we need
to make sure that the roadmaps of the new sets contain certain carefully chosen
points. Very roughly speaking these points will correspond to a finite number of
pairs of closest points realizing the locally minimal distance between any two
semi-algebraically connected components of the new sets.

(8) The construction involves a perturbation using four infinitesimals at each level of
the recursion. Since there will be at most O (log(k’)) levels, at the end we will
be doing computations in a ring with O (log(k”)) infinitesimals. At the end of the
algorithm we will need to compute descriptions of the limits of the semi-algebraic
curves computed in the previous steps of the algorithm. We show that these limits
can be computed within the claimed complexity bound. For this the fact that we
have only O (log(k’)) infinitesimals, and not more, is crucial.

The rest of the paper is organized as follows. In Sect. 2, we state some basic results
of Morse theory for non-singular varieties of higher codimension, including definitions
of critical points on basic semi-algebraic sets and their properties.

In Sect. 3, we prove the connectivity results that we will require. We introduce a
set of axioms (to be satisfied by a basic semi-algebraic set S and certain subsets of
S) and prove an abstract connectivity result (Proposition 3.4) which forms the basis
of the roadmap algorithm in this paper. The main differences between Proposition
3.4 and a similar result in [3, Proposition 3] are that Proposition 3.4 applies to basic
semi-algebraic sets (not just to algebraic hypersurfaces), and that there is an auxiliary
polynomial G which plays the role of the X-coordinate in [3].

In Sect. 5, we discuss certain specific infinitesimal deformations that we will use
in order to ensure that the properties defined in Sect. 3 hold. In Sect. 4, we explain a
deformation technique to reach general position and prove that the set of G-critical
points is finite for a certain well chosen polynomial G. The techniques used in this
section are adapted from [15]. In Sect. 4.2, we define a new notion of pseudo-critical
values for semi-algebraic sets with respect to a given polynomial G and state their
connectivity properties, generalizing to this new context results from [2]. In Sect. 5,
we discuss how the deformations are used to ensure the connectivity properties defined
in Sect. 3.

Section 6 is devoted to a description of the set of G-critical points using minors of
certain Jacobian matrices and the properties of the set of G-critical points.
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Section 7 is devoted to the description of the Divide and Conquer Roadmap Algo-
rithm. We first define the tree that is computed, explain how it gives a roadmap, and
finally describe the Divide and Conquer Algorithm first for the bounded case (Algo-
rithm 8), and then in general (Algorithm 9).

In the Annex (Sect. 8), we include certain technical proofs of propositions on critical
and pseudo-critical values stated in Sects. 2.2 and 4.2 and used in the paper.

2 Critical Points of Algebraic and Basic Semi-algebraic Sets

In this section we define critical points of a polynomial first on an algebraic set and
then on a basic semi-algebraic set and discuss their properties.

2.1 Critical Points of Algebraic Sets

Definition 2.1 Let G e R[X, ..., Xx]and P ={Py, ..., Py} C R[Xy,..., Xi] be
a finite family of polynomials.

We say that x € Zer(P, Rk) is a G-critical point of Zer(P, Rk), if there exists
k= (X0, ..., Ap) € R satisfying the system of equations CritEq(P, G)

Pi=0, j=1,....m,

m
aP; G
AMi—L —hg— =0, i=1,...,k, 1
jZl jaX,‘ 03X,' ! M

m
dai-1=o0.
Jj=0

The set Crit(P, G) C R* is the set of G-critical points of Zer (P, Rk), i.e., the projec-
tion on R¥ of Zer (CritEq(P, G), R¥*1). Note that geometrically, in the case the
polynomials P define a non-singular complete intersection, Crit(P, G) is the set of
points x € Zer(P, RX), such that the tangent space at x of Zer(P, R¥) is orthogonal to
grad(G)(x). In case Zer (P, R¥) is singular, then the set of G-critical points includes
the set of singular points of Zer (P, R¥), which is clear from (1).

2.2 Critical Points of Basic Semi-algebraic Sets

Notation 2.2 Given two finite families of polynomials P, Q@ C R[X{y, ..., Xk], we
denote by Bas(P, Q) the basic semi-algebraic set defined by

Bas(P, Q) = {x eR A\ PI=0A A Q(x)zO}.
PeP 0e€Q

Definition 2.3 Let G € R[Xy, ..., X;]. We define Crit(P, Q, G), the set of G-
critical points of Bas(P, Q), by

Crit(P, O, G) = Bas(P, Q) N ( | citpu e, G)).
QcQ
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Definition 2.4 We say that the pair P, Q is in general position with respect to
G € R[Xy,...,Xy] if Zer(P,R¥) is bounded, and for any subset Q' C Q,
Crit(P U @', G) C R¥ is empty or finite.

Remark 2.5 Note that in this case Zer(P, R¥) has only a finite number of singular
points; moreover if card(P) = k, Zer(P, R¥) is finite (possibly empty).

The properties of G-critical points used later in the paper are now given in the
following two Morse-theoretic lemmas. The proofs, which are slight variants of the
classical proofs, are included in the Annex (Sect. 8).

Notation 2.6 Let T C R¥, G a function R¥ —> R, and suppose that a € R. We
denote

To=a ={x €T |Gx)=a},
To<a ={xeT|Gx) <al,
Tgea ={xeT|Gkx) <al.

LetP, O C R[Xy, ..., Xr],S = Bas(P, Q), Sbounded, and M = Crit(P, 9, G).

Lemma 2.7 Suppose thatb & D = G(M). Let C be a semi-algebraically connected
component of Sg<p. Ifa < b and (a, b1ND is empty, then C <, is semi-algebraically
connected.

Now assume that P, Q are in general position with respect to G (cf. Definition 2.4).

Lemma 2.8 Let C be a semi-algebraically connected component of Sg<p such that
CgG=p is not empty.

(1) Ifdim(C) = 0, C is a point contained in M.

(2) Ifdim(C) # 0, then Cg <p is non-empty. Let By, . . ., By be the semi-algebraically
connected components of CG<p. Then
(a) foreachi,1 <i <r, BN M = 0;
(b) ifthere existi, j, 1 <i < j <r such that B N l§j # (), then BN B_j cM;
(¢) Ui_, Bi = C, and hence | J;_, B; is semi-algebraically connected.

3 Axiomatics for Connectivity

In this subsection we identify a set of properties, to be satisfied by a basic semi-
algebraic set Bas(P, Q), a polynomial G, and certain finite subsets of points contained
in Bas(P, Q), and prove a key connectivity result (Proposition 3.4 below) for such a
situation, which plays a key role in our recursive algorithm later. In Sect. 5 we will
explain how to use a perturbation technique to reach the ideal situation described here.

Notation 3.1 Let 7y ¢ be the projection map from RF to RY forgetting the last k — ¢
coordinates. For every T C R¥and A c R, we denote Ty = T' N rr[_llel(A). For

w € R, wedenote T, = T N n[jﬁlz]({w}).
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Definition 3.2 Let 1 < ¢ < k, G € R[Xq, ..., X¢],and let P, Q@ C R[X1, ..., Xi]
be in general position with respect to G. Let S = Bas(P, Q), and suppose that S is
bounded.

We say that a tuple (S, M, ¢, 0 DO MO) is special if it satisfies the following
Properties 1, 2, 3, and 4.

(1) M = Crit(P, Q, G) is the finite set of critical points of G on S.

(2) S° ¢ S is a semi-algebraic set strongly of dimension < ¢ such that for every
w € RY, Sg) meets every semi-algebraically connected component of S,,, and for
each semi-algebraically connected component C of Sy, SS) contains a minimizer
of G over C.

(3) DY C R is a finite set of values satisfying for every interval [a, b] C R and ¢ €
la, b], with {c} D PN [a,bl,if Disa semi-algebraically connected component
of Sg ~G<p» then Dg—. is a semi-algebraically connected component of S?;: o

4) M c Y s a finite set of points satisfying the following properties:
() G(M)=D",
(b) MO meets every semi-algebraically connected component of Sg: ,, Tor all
a e DO,

Definition 3.3 For asemi-algebraic subset S C T, we say that S has good connectivity
property with respect to T, if the intersection of § with every semi-algebraically
connected component of 7 is non-empty and semi-algebraically connected.

With the definition introduced above we have the following key result which gen-
eralizes Proposition 3 in [3] (see also Theorem 14 in [8]).

Proposition 3.4 Let (S, M, £,5°, D°, MP) be a special tuple. Then, for every finite
N D gMU MO), the semi-algebraic set S° U Sxr has good connectivity property
with respect to S.

In the proof of Proposition 3.4 we will use the following notation.

Notation 3.5 If § C R¥ is semi-algebraic set and x € S, then we denote by Cc(x, §)
the semi-algebraically connected component of S containing x.

Notation 3.6 Given a real closed field R and a variable ¢, we denote by R(e) the real
closed field of algebraic Puiseux series (see [2]). In the ordered field R(¢), ¢ is positive
and infinitesimal, i.e., smaller than any positive element of R. We denote by lim, the
mapping which sends a bounded Puiseux series to its constant term.

Notation 3.7 If R’ is a real closed extension of a real closed field R, and S C R* is
a semi-algebraic set defined by a first-order formula with coefficients in R, then we
will denote by Ext (S, R’) C R’* the semi-algebraic subset of R defined by the same
formula. It is well known that Ext (S , R’ ) does not depend on the choice of the formula
defining S (see [2] for example).

Proof of Proposition 3.4 Let S! = Sap.0(MUM,)- We are going to prove that sous!
has good connectivity property with respect to S, which implies the proposition.
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For a in R, we say that property GCP(a) holds if (SOU S! )G<q has good connectivity
property with respect to S.

We prove that for all a in R, GCP(a) holds. Since S is assumed to be bounded, the
proposition follows immediately from this claim, since it is clear that the proposition
follows from GCP(a) for any a > max,cs G(x).

The proof uses two intermediate results:

Step 1 For every a € D U D, and for every b € R with (a,b] N (DUD') = @,
GCP(a) implies GCP(b).
Step 2 For every b € D U D', if GCP(a) holds for all @ < b, then GCP(b) holds.

The combination of Steps 1 and 2 implies by an easy induction that the property
GCP(a) holds for all a in R, since for a < min,¢s(G(x)), the property GCP(a) holds
vacuously. So the proposition follows from Steps 1 and 2.

We now prove the two steps.

Step 1 We suppose that a € DU D’ and GCP(a) holds, take b € R, a < b with
(a, bIN(D U D') = @, and prove that GCP(b) holds. Let C be a semi-algebraically con-
nected component of Sg<j. We have to prove that C N (S° U S!) is semi-algebraically
connected.

Since (a,b] N (DU D') = @, it follows that M,.G<p = ¥, and it follows from
Lemma 2.7 that Cg<, is a semi-algebraically connected component of Sg<,. Now,
using property GCP(a), we see that Cg<, N (S U S') is non-empty and semi-
algebraically connected.

Letx € C N (S°U S"). We prove that x can be semi-algebraically connected to a
point in Cg<, N S9 by a semi-algebraic path in C N (S° U S!), which is enough to
prove that C N (S° U S') is semi-algebraically connected.

There are three cases to consider.

Case 1 x € S!. In this case, consider Ce(x, Sjm‘“(x)) = Cc(x, S7lr[1 a(X))' Then, by

Definition 3.2, Part (2), there exists x” € Cc(x, S,,[]qu(x))ﬁSO such that x’ is a minimizer
of G over Ce(x, Sq; (x)) 1€

G(x') = min G(x").
X”ECC(XsSJr[ll](x))

In particular, x’ € Cc(x, Sgsb) C C. Connecting x to x" by a semi-algebraic path
inside Cc(x, SJ]T[1 Z](x)) we reduce either to Cases 2 or 3 below.

Case2 x € SO, G (x) < a. In this case there is nothing to prove.

Case3x € S°, G(x) > a. By Definition 3.2, Part (3) applied to Cc(x, Sc(l)<G<h)
we have that a € G(Cc(x, 52<G<b)) and Cc(x, 52<G<b)G=a is non-empty. ﬁen;:e,
there exists a semi-algebraic paEh Eonnecting xtoa p;)in7t in Ce(x; S2 ~G<p)G=a iNside
Ce(x, S2<G<b). Since Cc(x, SS<G<b) c $%and Ce(x, S2<G<b) C C., it follows that
Cel(x, SS;G;b) C €N S° and we are done. o
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This finishes the proof of Step 1.

Step 2 We suppose that b € D U D', and GCP(a) holds for all a < b, and prove that
GCP(b) holds.

Let C be a semi-algebraically connected component of Sg<p.

If dim(C) = 0, C is a point belonging to M c (S° U §') by Lemma 2.8. So
C N (S°U S is semi-algebraically connected.

Hence, we can assume that dim(C) > 0. If Cg—; = ¢ there is nothing to prove.
Suppose that Cg—p is non-empty, so that Cg < is non-empty by Lemma 2.8.

Our aim is to prove that C N (S® U S!) is semi-algebraically connected. We do this
in two steps. We prove the following statements:

(a) if B is a semi-algebraically connected component of C¢ ~p, then BN (sPush
is non-empty and semi-algebraically connected, and
(b) using (a) C N (SOuU shis semi-algebraically connected.

Proof of (a) We prove that if B is a semi-algebraically connected component of Vi p,
then B N (SO U S!) is non-empty and semi- algebraically connected.

Since B contains a pomt of M it follows that B N (S° U S') is not empty.

Note that if BN (SO U SY) = B N (8% U S1), then there exists a with

max ({G(x) |x e BN (SOUSI)}) <a<b,

such that B N (S U 8" = (B N (5° U §'))G<4, and using Lemma 2.7, Bg<, is
semi-algebraically connected. So B N (S U S') is semi-algebraically connected since
GCP(a) holds.

We now suppose that (B\B)N(SPUsh)is non-empty. Taking x € (B\B)N(S%ush),
we are going to show that x can be connected to a point z in BN S° by a semi-algebraic
path y inside B N (S° U S1). Notice that G(x) = b.

We first prove that we can assume without loss of generality that x € Sy. Otherwise,
since x € S° U S', we must have that x € S,, with w = mr1,e(x) and Sy, C S'. Let
A = Cc(x, Sy, N B). We now prove that A N Sg) # (. Using the curve section
lemma, choose a semi-algebraic path y : [0, ] — Ext(B, R (¢)) such that ¥ (0) = x,
lim, y (¢) = x and y ((0, e]) C Ext(B, R {¢g)). Let we = my1,¢)(y (¢)) and

Ae = Cc(y (e), Ext(B, R (8))w8).

Note that x € limg; A, C A.

By the Tarski—Seidenberg transfer principle [2], Ext(B,R (g)) is a semi-
algebraically connected component of Ext(Sg<4, R (¢)) which implies that A, is a
semi-algebraically connected component of Ext(S, R {(&)),,,. By Definition 3.2, Part
(2), and the Tarski—Seidenberg transfer principle,

Ext(S°, R (¢) )y, N Ae # 0.
Then since Ext(S°, R (€))w, N Ag is bounded over R,
lim (Ext(S%, R (€))u, N A¢)
£

is a non-empty subset of SS) NnA.
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Now connect x to a point in x’ € SS, by a semi-algebraic path whose image is
containedin A ¢ B, C (B \B)N (S° U S1) such that x’ is a minimizer of G on A.
If G(x) < b, take z = x'. Otherwise, replacing x by x’ if necessary we can assume
that x € S as announced.

There are four cases—namely,

(1) x e MUMY;

2) x ¢ MUMOand Cc(x, S%_,) B;

3) x g MUMO, Ce(x,S%_,) C Band b € D%
) x ¢ MUMO, Ce(x, S2_,) C Band b ¢ D;

that we consider now.

(1) x e MUMO:

Define w = 7y ¢)(x), and note that S, C (S0 U S1). Since x € B, and B is
bounded, w € JT[L@](B) = 71, u(B) Now let ¢ > 0 be an infinitesimal. By
applying the curve selection lemma to the set B and x € B, we obtain that
there exists x, € Ext(B,R{e)) with lim;x, = x, G(x;) < G(x) and x €
lim, Ext(S, R(¢)),, where w, = m[1,¢] (x¢). By Definition 3.2, Part (2), and the
Tarski—Seidenberg transfer principle, we have that Ext(S°, R(g))w, is non-empty,
and contains a minimizer of G over Cc (xg, Ext (S, R(e))wg). Let

x; € Ext(SO, R{g))w, N Cec(xe, Ext(B,R (8))%)

be such a minimizer and let x’ = lim, x. Notice that G (x,) < G(x). Since
lim; x, = x and lim, Cc(x,, Ext(B, R (¢)),,) is semi-algebraically connected,

lim Cc(x., Ext(B, R (¢))u,) C Cc(x, By).
&

Now choose a semi-algebraic path y; connecting x to x’ inside Cc(x, By) (and
hence inside SO U Sl since Cc(x, By) C Sy € SO U S), and a semi- algebraic
path y»(¢) joining x’ to x, inside Ext(SO, R(e)). The concatenation of y1, y2 (&)
gives a semi-algebraic path y having the required property, after replacing ¢ in
y2(¢) by a small enough positive element of # € R. Now take z = y» ().

2) x ¢ MU MO and Ce(x, S&_,)B:
There exists x’ € Cc(x, Sg:b), x' ¢ B and a semi-algebraic path y : [0, 1] —
Ce(x, Sg:b), with (0) = x, y(1) = x'. Since x” ¢ B, it follows from Lemma
2.8 (2) that for r; = max{0 <t < 1|y(t) € B}, y(t1) € M. We can now connect
x to apoint in z € B N S” by a semi-algebraic path inside B N (S° U ') using
what has been already proved in Case (1) above.

(3) x ¢ MUMO, Ce(x, S%_,) C Band b € D"
Since b € DY, by Definition 3.2, Part (4b) there exists x” € Ce(x, S&_,) N MP.
Thus, there exists a semi-algebraic path connecting x to x’ € M with image
contained in B N (S° U S'). We can now connect x’ to a pointinz € BN S% by a
semi-algebraic path inside B N (S U S!) using what has been already proved in
Case (1) above.
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4) x ¢ MUMO, Ce(x, S%_,) C Bandb ¢ D°:

Since b & Dy, for all a < b such that [a, b] N Dy = @, Cc(x, S2<G<b)G:b =
Ce(x, S%_,) and Ce(x,SY_;_,)G=a # ¥ by Definition 3.2, Part (3). Let
x" e Ce(x, S2<G<b)G:a' We can choose a semi-algebraic path y : [0, 1] —
Ce(x, S0_;p) with y(0)=x, y(1)=x". Let ty =max{0 <t <1 | y(t) € S2_,}.
Then either y (t;) € M and we can connect y (¢1) to a point in B N (SPu sh by
a semi-algebraic path inside BN S2ush using Case (1); otherwise, by Lemma
2.8 (2b), for all small enough r > 0, Bi(y(t1),r) N Cg<p is non-empty and
contained in B. Then, there exists ; € (#1, 1] suchthatz = y () € BN S0, and
the semi-algebraic path y [0 s,] gives us the required path in this case.

Taking x and x’ in B N (§° U S!), they can be connected to points z and 7’ in B N Sy
by semi-algebraic paths y and y’ inside B N (S° U S') such that, without loss of
generality, G(z) = G(z’) = a. Using GCP(a), we conclude that GCP(d) holds.
Proof of (b). We have to prove that C N (S° U S') is semi-algebraically connected.

Let x and x” be in C N (S° U S!). We prove that it is possible to connect them by a
semi-algebraic path inside C N (S° U S1).

Since we suppose that dim(C) > 0, Cg<p is non-empty by Lemma 2.8 (2c). Using
Lemma 2.8 (2c), let B; (resp. B;) be a semi-algebraically connected component of
C_; such that x € B; (resp. x’ € B_j).

Ifi = j, x and x’ both lie in B; N (S° U S') which is semi-algebraically con-
nected by (a). Hence, they can be connected by a semi-algebraically connected path in
B;N(SPush ccn(s®ush.

So let us suppose that i # j. Note that:

— by Lemma 2.8 (2a), B; N M and B i N M are not empty,

— by (a) B; N (S°U S and B_j N(SOuU St are semi-algebraically connected,

— by definition of S U §', M c SOuU S
Then one can connect x (resp. x') to a point in B; N M (resp B N M) so that one
can suppose without loss of generality that x € B; N M and x’ € B N M.

Let y : [0, 1] — C be a semi-algebraic path that connects x to x',and let I =
y ' (CnM)and H = 1[0, 1]\ 1.

Since M is finite, we can assume without loss of generality that [ is a finite set of
points, and H is a union of a finite number of open intervals.

Since y (1) ¢ M c S® U S, it suffices to prove that if # and ¢" are the end points
of an interval in H, then y (¢) and y (¢') are connected by a semi-algebraic path inside
cn(soush.

Notice that y ((z, 1)) N M = @ so that y(¢) and y(t ) belong to the same By by
Lemma 2.8 (2b) Hence, y (1), v (t') both belong to B, N (S° U S'), and we know that
By N (S° U SY) is semi- algebraically connected by (a). Consequently, v (¢) and y (¢')
can be connected by a semi-algebraic path in By N Sushcen@s®ush. o

4 Good Rank Property

In this section, we introduce matrices having the “good rank property” and derive two
geometric consequences of this property which will be important for us later.
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Notation 4.1 Letm > 0, B = (b; j)o<i<m,1<j<k € R+Dxk guch that every j x j
sub-matrix of B with 1 < j < m 4 1 has rank j. We say that the matrix B has good
rank property.

4.1 A Deformation of Several Equations to General Position

Our first application of matrices having good rank property is to use such a matrix to
define a deformation of a finite set of polynomials with the property of being in general
position which is what we describe now (see Proposition 4.4 below). We discuss first
how to deform a given system of equation, following an idea introduced in [15], so
that the number of critical points of a certain well chosen polynomial G is guaranteed
to be finite.

Notation 4.2 Let Q € R[X1, ..., X, b = (bo, b1, ..., br) € R¥1 andd > 0. Let
¢ be a new variable. We denote

Def(Q, ¢, b,d) = (1 = )0 = ¢ (bo + b1 X{ + - + b X}). )
In the special case when b = (1, ..., 1) and d = 2deg(Q)+2, we denote

Def(Q, ¢) = Def(Q, ¢, b, d). 3)

Notation 4.3 Let m > 0, B = (bi,j)o<i<m,0<j<k € R+HDX(+D "3 matrix having
good rank property and by = (1,2, ...,k).Fori =0, ..., m,letb; = (bj o, ..., bi k)
denote the i-th row of B.

LetP ={Py,..., Py} CR[Xy,...,Xs],and ¢ = ({1, ..., &) new variables.

For any d > 0, we denote by Def(P, ¢, B, d) the polynomials

Def(Pl’ g]ablvd)v"'aDef(va é‘mabmad)a (4)
and denote
k
Gg =boo+ Zbo,jX;?. (5)
j=1

The following proposition and its proof are similar to results in [15]. We include it
here for the sake of completeness.

Proposition 4.4 Suppose that B = (b; j)o<i<m,0<j<k € R™HDXk pas good rank
property. Let 0 < £ < k, and d > 2maxi<j<y deg(P;). Then for each w € R,
and ¢ = (¢1,...,¢m) € R\ {OD™, Def (P, ¢, B, d)(w, -) is in general position with
respect to Gg(w, ).

Proof Fixw € R%,and ¢ € (R \ {0})". We prove that Crit (Def(P, ¢, B, d)(w, ), G)
is finite (possibly empty).

Consider the following system of bi-homogeneous equations defining a sub-variety
W C P x P
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(Def(P;, &, by, d)(w, ' =0, i=1,...,m,

m h h

0 (Def(P;, ¢, b;, d)(w, - G ) 6
Z)»i (Def(P;, &i, bi, d)(w, -)) — o d(w)’ =tttk (6)
= 0X; 0X;

Letr : IP"(‘;( x P¢ —> P¢ be the projection map to the second factor.
It follows from the definition of Crit (Def(P, ¢, B, d)(w, -), G4) that this set is
contained in the real affine part of 7 (W), and thus in order to prove that

Crit (Def(P, ¢, B, d)(y, ), G4)

is finite (possibly empty), it suffices to show that the complex projective variety (W)
is a finite number of points (possibly empty). So, we prove that the projective variety
m(W) C P¢ has an empty intersection with the hyperplane at infinity defined by
Xo=0.

Substituting Xo = 0 in the system (6), we get

G X3+ +bipX) =0, i=1,...,m, ©)

m
d(Z;iAibi,,—,\obo,j)xj?—l —0, j=t+1,... k. (8)

i=1
There are two cases to consider.

Case1l m > k — ¢: In this case, since the matrix of coefficients in the first set of
equations

bier1 - - bix
bm,Z+1 ot bm,k

has rank £ — £ which follows from the given property of the matrix B, we get

that Xy = --- = X} = 0, which is impossible.
Case 2 m < k — £: Consider the second set of equations involving the Lagrangian
variables A, ..., A,. Since the matrix B has the property that every

(m 4+ 1) x (m + 1) sub-matrix has rank (m + 1), we have for every choice
J C €+ 1,k], card(J) = m + 1, the system of equations

P
> Gikibij—hoboj =0, je€J,

i=1

has an empty solution in P, and hence at least k —m — £ amongst the variables

X¢+1, ..., Xi must be equal to 0. Suppose that X141 = -+ = Xx = 0.
Now, from the property that the all m x m sub-matrices of B have full rank
we obtain that the only solution to system (7) with X, 441 =--- = X; =0
is the one with Xyy1 = -- - = X} = 0, which is impossible.
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This proves that in both cases the projective variety (W) C P¢ has an empty inter-
section with the hyperplane at infinity defined by Xo = 0, and hence 77 (W) is a finite
number of points which finishes the proof. O

4.2 (B, G)-Pseudo-critical Values

We now describe a second application of matrices with the good rank property. Given
a finite family of polynomials P = {Py,..., Ps} C R[Xy, ..., X¢], a matrix B =
polynomial G € R[X(y, ..., Xi], we define a finite set D(P, B, G) C R which we
call the (B, G)-pseudo-critical values of the family P.

These (B, G)-pseudo-critical values are used to ensure good connectivity properties
in the case of basic closed semi-algebraic sets.

Definition 4.5 Let P = (P, ..., Py} C R[Xy,...,Xk]l, B = (bi j)1<i<s,0<j<k

e R™®+D 3 matrix having good rank property (see Notation 4.3), and let
G e R[X,..., Xx]. Wedenote for1 <i <,

k
H;i = bjo+ Zbi,jxf,
j=1

where d is the least even number greater than max pcp deg(P). For I C [1, s], and
o € {—1, 1}, we denote

751,:7,3 ={P;+yo()H; |i € I}.

We say that ¢ € R is a (B, G)-pseudo-critical value of P if there exists I C [1, s]
with card(l) < k, o € {—1, 1}, (x, 1) € R(y)¥ x R(y)€ad)+D) poynded over R,
such that

¢ =1imG(x),
Y

and (x, 1) € Zer(CritEq(Py 0,5, G), R(y)ktead(D+1) (see Definition 2.1, (1)). We
denote set of all (B, G)-pseudo-critical values of P by D(P, B, G).

The property of (B, G)-pseudo-critical values used in the paper is the following
result. Its proof is postponed to the Annex (Sect. 8).

Proposition 4.6 Let P, Q C R[X1, ..., Xi], B = (i j)1<i<card(P)+card(Q),0<j<k €

R(card(P)teard(@)x*k+D) - 4 marrix having good rank property, and G € R[X1, ...,

X1, where d is the least even number greater than max pcp deg(P). Suppose that

S = Bas(P, Q) is bounded. Then

(1) the set D = D(P U Q, B, G) is finite;

(2) for any interval [a, b] C R and c € [a, b], with {c} D D N [a, b], if D is a semi-
algebraically connected component of Sy <G <p, then D= is a semi-algebraically
connected component of SG—c-
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5 Deformation to the Special Case

Our aim in this section is to associate to a basic semi-algebraic set § = Bas(P, Q) a
deformation S of S, and a special tuple (S, M, ¢, S0 DO, MO) (cf. Definition 3.2).

Notation 5.1 We fix for the remainder of this section:

(1) peN1=<p=k

(2) two finite sets of polynomials P C R[Xy,..., X;], @ = {QO1,...,04} C
R[Xq, ..., Xl;

(3) d = maxpepug deg(P);

@) G = Gagro=1+ XF_ ix?+2,

5.1 Deformation of Bas(P, Q) to Bas(75, Q)

Notation 5.2 Let Hy x = (hij)o<i<n,0<j<k be an (N + 1) x (k + 1) matrix with
integer entries defined by h; ; = j“rl and foreachi,0 <i < N,0<j <k.

Notice that the matrix H y x has good rank property (see Notation 4.1), since every
submatrix of Hp x is a generalized Vandermonde matrix (see for example [18], page

43).

Notation 5.3 Given a finite list of variables ¢ = (¢1, ..., {), we denote by R(¢) =
R{¢1, ..., &) the field R(¢y) - -- (&) and for any £ € R(¢q, ..., &) bounded over
R{¢1,..., &), i < t, we denote by limg, , (§) the element (lim;,, o--- o limg,)(§)

of R(¢1, ..., ¢). For an element f = za ce¢® € D[y, ..., &), we will denote by
0¢(f) = g € N’ such that %0 is the largest element of supp(f) = {¢* | co # 0} in
the unique ordering of the real closed field R(¢). For o, 8 € N’, we denote a > B if
¢ = ¢l

We now define families 7 and O such that Bas(75, Q) is a deformation of
Bas(P, Q).

Notation 5.4 Let

k
Hi=h;o+ Zh,‘jX?d-ﬂ,
j=1

where d = max pcpyg deg(P), and the h;;’s are the entries in the matrix Hy—p14.k,
and let

Pf=(1—€)ZP2+§(Xf,‘_ﬁ2+---+X,§d+2+xf,+1+---+X,§),
PeP

. AP

L0y

P ={Pf. ... P[_,}.

, 2<i<k-p,
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Forl <i <k —p,let
Pi = (1 —¢) P’ — ¢H,
andfor1 < j <gq,let
0j=(1=3Q;+8Hp4j.
Finally, define

P={P ..., P_p},
Q={01,..., 04}

Proposmon 5.5 Suppose that Bas(P, Q) is bounded, and that for each y € R?,
Zer(P, RF )y is a finite number of points (possibly empty). Let Bas(P, Q) C
R(¢, &, 8)k. Then

Bas(P, Q) = lizm (Bas(75, Q))

Proof Itis clear thatlim, (Bas(P, Q)) C Bas(P, Q). We now prove that Bas(P, Q) C
lim;(Bas(’ﬁ, Q)). Let x = (y,z) € Bas(P, Q), where y € R” and z € R*=P. For
each (of the finitely many) z € R*=P such that x = (v, z) € Bas(P, Q), there exists a
bounded semi-algebraically connected component C,, of the non-singular hypersurface
Zer(Py(y, -), R(¢)¥7P) such that lim, (C;) = z.

Now, the system P*(y, -) has only simple zeros in R(¢)*~7 (see [2], Proposition
12.44) and contains the non-empty set of X , | -extremal points of C;.Letz’ € R(¢)k=>
be an X . 1-extremal point of C,. Then since z’ is a simple zero of the system P*(y, -),
there must exist z” € Zer(P, R(Z, &, 8)P) such that lim,(z”) = z’. Moreover, it is
clear that x” = (y, z”) € Bas(P, Q), and that lim; (x”) = x, which finishes the proof.

O

5.2 General Position and Definition of M

Suppose now that Zer (P, Rk) is strongly of dimension < p, andlet S = Bas(P, Q) C
R, Let

S = Bas(75, Q) C R{¢, e, S)k

following Notation 5.4.

Proposition 5.6 For every £ < p and for every w € R(¢, ¢, 8)¢, Pw, —), O(w, —)
is in general position with respect to G(w, —).

Proof Follows from Definition 2.4 and Proposition 4.4 noting that &,§ # 0 in
R(¢, ¢, 8). O
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Corollary 5.7 The set M = Cr(P, Q, G) is finite.
Corollary 5.8 Zer(P, R¥) and Bas(P, Q) are strongly of dimension < p.

Proof Applying Proposition 5.6 with £ = p, and noting that card(P) = k — p,
we get that for every w € R{(¢, ¢, )7, Zer(P, R(Z, &, 8)%),, is finite (p0551b1y
empty) by Remark 2.5. It then follows from Definition 1.3 that, Zer(P R{¢, ¢, 8) )is
strongly of dimension < p. The same then holds for Bas(P, Q), since Bas(P, Q) C
Zer(P,R(¢, €, 8)0). O

5.3 Definition of A

Since we have replaced Bas(P, Q) by Bas(75, Q), we need to associate to any given
finite set of points A C Bas(P, Q), acorresponding finite set of points A c Bas(P, Q)
whose limits contain .4, and which moreover ensures certain connectivity properties
(see Proposition 5.13).

In our constructions we will often require to choose a finite subset of a given
semi-algebraic set § which meets every semi-algebraically connected component of
S. Since the relevant connectivity properties of the constructions will not depend on
how these points are chosen it is convenient to have the following notation. Later in the
descriptions of our algorithms we will specify precisely how these points are chosen.

Notation 5.9 For any closed and bounded semi-algebraic subset S C R¥, we denote
by Samp(S) some finite subset of § which meets every semi-algebraically connected
component of S.

Notation 5.10 We associate to two closed and bounded semi-algebraic sets S1, S» C
R¥ a finite set of points MinDist(S1, S») C S7 defined as follows. Let M be the set of
local minimizers of the polynomial function F (X, Y) = Zle (X; — Y;)? on the set
S; x S, and let 71, 2 : RF x R¥ —> R be the projections on the first and second
components respectively. Let

MinDi(Sy, S2) = 71 (Samp(M)) U o (Samp(M))

using Notation 5.9.

Proposition 5.11 Let T C R(¢)* be a closed semi-algebraic set bounded over R, and
x € limg (T). Then MinDi(T, {x}) # @, and x € lim; (MinDi(T, {x})).

Proof Let C be the semi-algebraically connected component of lim; (7") containing
x. Then, there exists semi-algebraically connected components C1, ..., Cp, of T such
that C = U;"zl lim; (C;). Hence, there exists i, 1 < i < m, such that x € lim;(C;).
Since C; is bounded over R, the subset M; , C C; of points which achieve the minimum
distance from x to C; is non-empty. Every semi-algebraically connected component
of M; « is a semi-algebraically connected component of the set My C T of points
which achieve the minimum distance from x to 7. Hence, M; , contains one point, X,
which is included in MinDi(7', {x}). It is now clear that MinDi(7, {x}) # @, and that
x = limg (%) € lim; (MinDi(T', {x}) # 9). O
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Proposition 5.12 Let T, T>» C R(¢)X be closed semi-algebraic sets bounded over
R. Then, for every C,D semi-algebraically connected components of Ti and T>
respectively, such that lim; (C) N lim¢ (D) is non-empty, lim; (C N MinDi(T7, 13)) N
lim, (DNMinDi(Ty, T»)) is non-empty, and meets every semi-algebraically connected
component of lim, (C~‘) N lim, (D).

Proof Let M denote the semi-algebraic subset of R(Z)*xR(¢)* consisting of the local
minimizers of the polynomial function F (X, Y) = Z;‘:] (X; = Y)?on T x T». Also,
note that the function F is proportional to the square of the distance to the diagonal
A CR(OF xR,

Let B be a semi-algebraically connected component of lim, n lim, (D). Notice
that (B x B) N A is a semi-algebraically connected component of (lim, (C) x
lim; (D)) N A. Let (it tp) € C x D such that lim, (ii9) = lim, (%) € B. Notice
that lim (F (i1g, Vo)) = F(lim¢ (itg), lim; (Vo)) = 0, and hence F (i, o) is infinites-
imally small. Let

U={(i,5) e C x D | F(ii, ) < F(iio, Vo) }-

Since the image under lim; of a bounded, semi-algebraically connected set is semi-
algebraically connected (see Proposition 12.43 in [2]), for any semi-algebraically
connected component V of U, lim; (V) is either contained in (B x B) N A or disjoint
from (B x B)NA. Denote by U’ the union of semi-algebraically connected components
V of U such that lim; (V) C (B x B) N A, and denote by U’ C C x D the closure of
U’.If U’ is empty then (i, Tp) is a local minimizer of F on C x D and we are done.
Otherwise, the minimum of F on U’ is strictly smaller than F (iig, 0g), and it must be
realized at a point of U’, since F(ii, 1) = F(iig, Do) for all (i, 7)) € U’ \ U’, and we
are done. O

We now let A C S be a fixed finite set of points contained in S.
Let (using Notation 5.10)

A = MinDi(8, A) UMinDi(8, ).

Proposition 5.13 The finite set A C S has the following properties.

(1) limg (A) D A;

(2) for every pair of semi-algebraically connected components C,D of S such that
lim, @n lim, (D) is non-empty, lim, (CnAn lim, (DN A) is non- empty, and
meets every semi-algebraically connected component of lim, €©)n lim, (D);

(3) A meets every semi-algebraically connected component of S.

Proof Part (1) follows from Proposition 5.11 after observing that MinDist(S, ~/Zl) =
Usea MinDi(S, {x}) (see Notation 5.10), and the fact that A contains MinDist(S, A).
Part (2) follows directly from Proposition 5.12 with 71 = T» = S and the fact that
A contains MinDi(S’ , S’).
Part (3) is a special case of Part (2), with 71 = 15 = S,and C = D. m|
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Corollary 5.14 Let x, x' € S such that limg (x") € Ce(limg (x), S). Then there exist

elements Xo = x, ..., Xopt] = x' 0f§ such that

(1) foralli =1,...,n, limg, (X2i—1) = limg (32;),
() foralli =0,...,n, %41 € Cc(iai, 5),
3) foralli =1,...,2n,%; € A

Proof Follows clearly from Part (2) of Proposition 5.13.

5.4 Definition of S°

We want to consider G-critical points parametrized by R.

Notation 5.15 Let G € R[X,..., Xg]land P = {Py, ..., P,} C R[X1,
a finite family of polynomials.
Let 0 < £ < k and consider the system of equations CritEq, (P, G)
Pi=0, j=1,...,m,

m

The set Crit; (P, G) C R¥ is the projection to R¥ of
Zer (CritEq, (P, G), R¥ x Rmax(mA+1y,
Note that for every w € RY,
Critg(P, G)y = Crit(P(w, -), G(w, -)).

Wenow fix £,1 <€ < p.
Notation 5.16 Let Q' C Q. Define

§9Q) =cCr(PUQ,G)NS,

3= | 59).

9cO
Proposition 5.17 For each w € R(Z, ¢, 8)*:

@) 58) is a finite set;

..., Xr] be

2 38) meets every semi-algebraically connected component of Sy, and contains for
every semi-algebraically connected component C of Sy, a minimizer of G over C.
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Proof Part (1) is immediate from Proposition 5.6.

Part (2) follows from the fact that for each semi-algebraically connected component
C of S‘w, there exists some Q’ such that the minimizer of G over C is a local minimizer
x € (Zer(75 ug, R{¢, ¢, 8)))W of G over (Zer(75 ug, R(¢, ¢, 8)))W, and then x

clearly belongs to Cry (75 U Q’, G)N S. Si{lce Sw is closed and bounded, every semi-
algebraically connected component C of S,, must contain a minimizer of G over C,
and hence SS) meets every semi-algebraically connected component of Sy,. O

5.5 Definition of DY, M°

Notation 5.18 Let

where

PeCrEq,(PUQ’.G)
We denote (see Definition 4.5)
D = D({F} U Q. Heard(Q)+1.24— p+card(Q)+1 G) )
considering the polynomials in {F'} U Q as elements of
RIZ & 81[X1, oo Xk 200 s A—ptcard(Q) |-

Let M = Samp( Ueepo S'G:c) be a finite set of points meeting every semi-
algebraically connected component of | J,.po SG—-

Lemma 5.19 The sets D° and M have the following properties:

(1) for every interval [a, b] C R(¢, ¢,8) and ¢ € [a, b], ~with {c} D DY N [a,b), if
D is a semi-algebraically connected component of (So)agng, then Dg—. is a
semi-algebraically connected component of (S°)G—e;

(2) M° meets every semi-algebraically connected component of (8°)G—q for all
a e D

Proof Part (1): notice that D is the finite set of (B, G)-pseudo-critical values of the
family {F} U O, for the matrix B = Heard(Q)+1,2k— p+card(Q)+1 Which has the good
rank property. Hence, using Part (2) of Proposition 4.6 we have that for every interval
[a,b] C R{¢,¢,8) and ¢ € [a, b], with {c} D DP°N[a, b),if Disa semi-algebraically
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connected component of (Bas({F}, Q))L,S(;Sb, then Dg—. is a semi-algebraically
connected component of (Bas({F}, Q))G:c-

To finish the proof of Part (1) observe that S9 is the image of Bas({F}, Q) C
R(¢, &, 8)F x R(z, &, §)kPTeard@+1 ypder projection to R(Z, &, 8)¥, and the fibers
of this projection are intersections of linear subspaces with the unit sphere in

R(¢, &, 8)k—pTeard(Q+1 and the polynomial G is independent of the A’s. Hence, the
semi-algebraically connected components of (S )a<G<p and (SO)G —c are in corre-
spondence with those of (Bas({F}, Q))asGsh and (Bas({F'}, Q))G_c, respectively.

Part (2) is clear from the definition of MP. O

Remark 5.20 Note that the elements of D° are the (B, G)-pseudo-critical values of
the family {F} U O, for the matrix B = Heard(Q)+1,2k— p+card(Q)+1, and thus satisfy
the properties of Proposition 4.6 with respect to the level sets of the polynomial G
restricted to Bas({F}, Q) C R(Z, &, )k x R(¢, &, §)kPHeard(Q+1 part (1) of Lemma
5.19 implies that the same properties also hold for S with respect to the values
DO (recall that S is defined in Notation 5.16 as the projection of Bas({F}, 0) to

R(Z, €, 8)0).

5.6 Definition of A/, S!, and B

We will use the two following propositions which use the definitions given above.

Proposition 5.21 The tuple (S‘, ./\;l, l, S‘O, DO MO is special (cf. Definition 3.2).

Proof Follows from Lemma 5.19 and Definition 3.2. O
We denote N = 71 ¢)(M U MO U A), §' = Sy and B = (8% . Note that

0N S =B.

Propositi0~n 5.22 The semi-algebraic set S°US' has good connectivity property with

respect to S.

Proof Follows from Propositions 5.21 and 3.4. O

6 Critical Points and Minors

In the previous section, S° is described as the image of a projection applied to the
basic semi-algebraic set Bas({F'}, Q) (see Remark 5.20). This means that we cannot
hope to compute a roadmap of S° by a divide-and-conquer algorithm directly since
the input to such an algorithm should be a basic semi-algebraic set. In this section, we
give an alternative description of S0 (see Proposition 6.4 below) as a (limit of) union
of basic semi-algebraic sets which allows us to get past this problem.

6.1 Description of Critical Points

In the case when P = {P1,..., P}, m < k, is in general position with respect to
G e R[X|, ..., X¢], we can describe Crit(P, G) C R¥ as follows.
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Define the Jacobian matrix

oG 3P 3Py
dX; o X1
Jac = : : :
3G  8PL . 3Pu
IXr Xy IX1

whose rows are indexed by [1, k] and columns by [0, m].

For J C [1,k] and J' C [0, m], let Jac(J, J') the matrix obtained from Jac by
extracting the rows numbered by elements of J, and the columns numbered by elements
of J'.

We use the following convenient notation in what follows. For any finite set X, and
any integer r > 0, we will denote by ( ) the set of all subsets of X of cardinality r.

[0,
ForeachO < r <m, and each J € ( ; ), J e ( rm ),let
jac(J, J) = det(Jac(J, J")).

Foreveryi € [1,k]\ J,and i’ € [0, m] \ J', let

Eq(J,J)) =PU U jac(J U {i}, J U {i'}),
el1,kN\J,i"€[0,m\J’
and
Cons(J, J") = {x € Zer(Eq(J, J"), Rk) | jac(J, J')(x) # 0}.
Proposition 6.1 If P = {Py, ..., Py} is in general position with respect to G €

R[X1, ..., Xi], the finite variety Crit(P, G) is the union of the various

, [1, k] , [0, m]
Cons(J,J"), 0<r <m, Je( . ), JG( )

r

Proof We first prove that Crit(P, G) is contained in the union of the various
Cons(J,J),0 <r <m,J € ([];k]), J e ([O’rm]). It follows from Definition 2.1
that each x € Crit(P, G) is contained in the projection to R¥ of the set of solutions to
the system of equations, CritEq(P, G) (cf. (1)).

Substituting X = x in the above system, we obtain the following system of homo-

geneous linear equations in A = (Xq, ..., Ay).

Ao—(x)+z,\jax x)=0, i=1,... k (10)

Let the rank of the matrix of coefficients of the above system be r,. Then r, < m,
since there must exist a A = (Ao, ..., A;y) satisfying (10) and A # (0, ..., 0) since it
has to satisfy also the equation
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m
ZA?—]:O.
j=0

Then there exists J C (“,’f]), J' c ([Or’:”]) such that the r, x r, sub-matrix of the

matrix of coefficients with rows indexed by J and columns indexed by J' has full rank
and hence jac(J, J')(x) # 0. Then clearly foreveryi € [1,k]\ J,andi’ € [0, m]\ J’,

jac(J U {i}, J'U{i'D(x) = 0.

Hence, x € Cons(J,J') using the definition of the set Cons(J, J'). This
completes the proof that Crit(P, G) is contained in union of the various
Cons(J,J),0 <r <m,J e ("M, 77 e (O).

To prove the reverse inclusion fix, 7, 0 < r < m, J € ([l;k]), J e ([O’r’"]),
and let x € Cons(J, J'). Then jac(J, J')(x) # 0, and for each i € [1,k]\ J and
i’ € [0,m]\ J/, jac(J U {j},J U {i’h(x) = 0. We now show that there exists
A = (Ao, ..., Ap) such that (x, 1) satisfy the system of equations (1). It follows from
Cramer’s rule that for each i € J, the equation

G o AP
Mg ) +;A,axi (x) =0

is satisfied after making the substitution

AN IO

b= jac(J, ) (x) Ay (i

J'eIN\i}
foreach j € J'.

Moreover, substituting the expressions in (11) in the equations indexed by i €
[1,k]\ J in (1), clearing the denominator jac(J, J')(x), we have that the coefficient
of Ay for i’ € [0,m] \ J' equals jac(J U {i}, J' U {i"})(x), and hence equal to 0.
Thus, the equations indexed by i € [1, k] \ J in (1) are satisfied as well. Finally since
r <m < m + 1, we can assume that there exists A = (Ag, ..., An) € R(C, &, 8)’”“‘1
with not all coordinates equal to 0, such that (x, A) satisfy all but the last equation in (1),
and it follows that there exists A such that (x, 1) satisfy (1), and hence x € Crit(P, G).
This proves the reverse inclusion. O

6.2 Description of SO Using Minors

Notation 6.2 Following Notations 5.1 and 5.4:

(1) Letl < p<k, O CcQandPUQ ={Fy,..., Fy).
(2) Define the matrix

G 9F . 0Fy
0Xp+1  0Xep1 X1
Jac(t, Q) = : :
0GR 0F
X Xk X
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whose rows are indexed by [£ + 1, k] and columns by [0, m].
Foreacha = (9,7, J, J) with @' € 0,0 <r < m, J € (1K) " e (1)
denote by

jac(er) = det(Jac(¢, Q) (J, J')).
Moreover, foreachi € [£ + 1,k]\ J,i’ € [0,m]\ J', let
jac(e, i,i") = det(Jac(£, Q) (J U {i}, J' U {i'}).
Let

Poa) =PUQ' U U {iac(a, i, ")}, (12)
ie[l+1,k1\J,i’€[0,m\J’
Q% (@) = QU fjac(e)* — v} (13)

where y is a new variable.
(3) Define

S%a) = BaS(PO(a), Qo(a)) CR{ &8, )k

Notation 6.3 Fixing P, O, twith0 < ¢ < p <k, we denote by Z(P, Q, ¢) the set of
quadruples o = (Q',r, J, J)with Q' C 0,0<r <m, J € (“1 k]) J e ([O’m]).

r

Proposition 6.4

<0 _ 15 L. 0
§Y = lim,, (UaeI(P,Q,Z) S (Ol)).

Proof We first prove that

= |J {reBas(P'@), Q) | jac(e)(x) # 0}. (14)
aeZ(P.Q.0)

Using Notation 5.16, notice that for each 9 c Q SO(Q ) is the set of G-critical
points of Zer(PU Q' (w, 1), R(¢, &, 8)) contained in S, as w varies over R(¢, &, 8)¢,
and S0 = U O5co SO(Q/ ). It follows from Proposition 6.1 that for each 9 c O,

§°(Q') = {x e Bas(P(a), Q) | jac(ar) (x) # 0}, (15)

and this proves (14). ~
Noticing that all the sets {x € Bas(P%(@), Q) | jac(a)(x) # 0} C R(z, ¢, 8)¥ are
bounded, it follows from the definition of S°(«) that

lim $%a) = {x € Bas(P%(a), Q) | jac(a)(x) # 0}, (16)
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using [2], Proposition 11.56.
Also, since SY is closed it follows from (15) that

= |J (xeBas(P'@). Q) | jac(@)(x) # O}
aeZ(P,0.0)

The proposition now follows from (16). O

Remark 6.5 Note that if the description of S does not involve any inequality, this is
the first time that an inequality appears in the construction.

6.2.1 Definition of A(x)

Since we have covered S° by the (limit of the) union of the 50 (o), we need to choose
a finite set of points ensuring connectivity properties.

Notation 6.6 For each o € Z(P, O, £), we denote (using Notation 5.10)

A(a):MinDi(SO(a),B)u( U MinDi(SO(oz),SO(,B))).
BEL(P.Q.0)

We have the following property of the finite sets A(x), @ € T (P, 0, 0).

Proposition 6.7 For every a, B in T (P, O, €) the following are true.

@)) UaeI(ﬁ,Q,l) lim,, (A(a)) D B.

(2) For C and D semi-algebraically connected components (not necessarily distinct)
of S°(a) and S°(B) such thatlim,, (C) Nlim,, (D) is non-empty, lim, (C NA(a))N
lim, (D N A(B)) is non-empty, and meets every semi-algebraically connected
component of lim,, (C) N lim,, (D).

(3) A(a) meets every semi-algebraically connected component of S°(a).

Proof Part (1) follows from Proposition 5.11.
Part (2) follows from Proposition 5.12.
Part (3) is a special case of Part (2). O

7 Divide and Conquer Algorithm
7.1 Description of the Tree Tree(V, A), and its Associated Roadmap

We first describe the tree which is going to be constructed in the algorithm, using the
definitions in the two former sections. We then prove that the (limits of the) union of
the leaves of the tree give a roadmap.

Since new infinitesimals will be added at each level of the tree, we need the following
notation.
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Notation 7.1 We consider an ordered domain D contained in a real closed field R. We
denote by D; the polynomial ring D[7] and we denote by R, the real closed field R (n)
where n = (1, ..., n;) and n; = (&, €;, i, ¥i). By convention Rg = R and Dy = D.

7.1.1 Description of the Tree Tree(V, A)

We start with a bounded real algebraic variety V = Zer(P, R¥), strongly of dimension
< k’ (assumed to be a power of 2 for simplicity), and suppose that A C V is a finite set
of points meeting every semi-algebraically connected component of V. The algorithm
constructs a rooted tree, which we denote by Tree(V, A).

More precisely, the root, t, of Tree(V, A) has level 0, contains the empty string
s(t), the real algebraic variety Bas(t) = V, and the finite set of points A(r) = A. A
node n of the tree Tree(V, A) at level ¢ # 0 contains a string s(n) € {0, 1}/, a basic
semi-algebraic set Bas(n) = {w(n)} x Bas(P(n), Q(n)) C Rf, such that Bas(n) is
strongly of dimension < k'/2', w(n) € Rfix(n), defining

t

Fix(n) = Z s(n);k' /2",

i=1

and a finite number of points .A(n) C Bas(n) meeting every semi-algebraically con-
nected components of Bas(n). A node n of the tree Tree(V, A) of level ¢ # 0 is either
a left child, if the last bit of s(n) is 0, or a right child if the last bit of s(n) is 1.

If the level of the node n is < log(k’), we construct the left ﬁflildren and right
children of n as follows. We replace Bas(n) by a semi-algebraic set Bas(n) = {w(n)} x
Bas(P(n), Q(n)) C Rf (see Notation 5.4) such that

(1) limg, (%(n)) = Bas(n) (using Proposition 5.5), and
2) §a§(n) is strongly of dimension < k’/2' (using Corollary 5.8).

We define semi-algebraic subsets Eﬁls(n)o, Eﬁls(n)l of Eag(n), with B_;l/s(n)l strongly
of dimension < k’/2'*!, by the method described in Sect. 5, with p = k’/2!, £ =
p/2 =k /21t

We define N (n), fi(n), and B(n) as in Sect. 5. For every w € N (n) we have a right
child m of the node n, with

s(m) =s(n)1,

w(m) = (wn), w),

_ 17
Bas(m) = Ext (Bas(n)w(m), Rt) , a7

A(m) = (Am) U B(n))

w(m)”
Recall that Eja_g(n)0 C R,(§f+1,8,+1,8,+1)k is defined as an image of a cer-

tain semi-algebraic set under a projection along Lagrangian variables. We are
able to identify (by the method of Sect. 6.2, using Notation 6.3) a finite family
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(Bas(m)(@))gezm (With Z(n) = Z(P(n), Q(n), k'/2't1) of basic semi-algebraic
subsets of Ext (Bas(n)o, R,+1), with each

Bas(m)’(a) := {w(n)} x Bas(P’(@), Q°(@)) C RF,,,

such that

J lim (Bas(m)’(@)) = Bas(n)°

1
weZm T

using Proposition 6.4.
For each o € Z(n) we include a left child node n(«), with

s(m(a)) = s(m)0,
wn(a)) = wn),
Bas(n(«)) = Bas(m)?(a),
Am(a)) = A(x) (using the definition in Sect. 6.2.1).

If the level of the node n is log(k’), then n is a leaf of Tree(V, A). Note that the
basic semi-algebraic set Bas(n) contained in a leaf n is strongly of dimension < 1.

Definition 7.2 We denote by Leav(V, A) the set of leaf nodes of Tree(V, A). When
nis a node in Tree(V, A), we denote by

(1) Leav(n) the set of leaves of the subtree of Tree(V, A) rooted at n,

2) Leavl(n) the set of leaves [ of the subtree of Tree(V, A) rooted at n with s(I)
consisting of s(n) followed only by 1,

3) Leavo(n) the set of leaves [ of the subtree of Tree(V, A) rooted at n with s([)
consisting of s(n) followed only by 0.

Note that for every node n of level 7 of Tree(V, A) we have

Amc | lim(A®), (18)
i1
teLeav! ()
Bmc J lim(A®D). (19)
| Yi+1
leLeav (n)

A useful fact is the following.

Proposition 7.3 Suppose that Ay, Ay are finite subsets of V, and A = A; U Aj.
Then

U Bas(l) = U Bas([).

leLeav(V,Aj)ULeav(V,Ay) [eLeav(V,A)

Proof We prove by induction on the level ¢ the two following statements.
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(1) For each node m of Tree(V, A;) (respectively Tree(V, Ac)) with level(m) = ¢,
there exists a node m’ of Tree(V, A) with level ¢ such that

(w(m'), s(m’), P(m’), O(m)) = (w(m), s(m), P(m), Q(m)),

(20)
Am’) O A(m).

(2) For each node m of Tree(V, A) with level(m) = ¢, either there exists a node m;
of Tree(V, A;) with level ¢ such that

(w(my), s(my), P(my), O(my)) = (w(m), s(m), P(m), Q(m)),

(21)
A(my) = A(m),
or there exists a node my of Tree(V, A¢) with level 7 such that
(w(m2), s(ma), P(m2), O(m2)) = (w(m), s(m), P(m), Q(m)), @2)

A(mz) = A(m),

or there exists a node m; of Tree(V, A;) and anode m; of Tree(V, A), both with
level ¢ such that

(w(my), s(my), P(my), O(my)) = (w(my), s(ma), P(my), Q(my))
= (w(m), s(m), P(m), O(m)), (23)
Amp) U A(mp) = A(m).

The base case is when ¢ = 0, and in this case the claim is obviously true. We now

prove the inductive step from r — 1 to ¢.

(1) Suppose that the node m is a child of n. Since level(n) = ¢ — 1, by induction
hypothesis there exists a node n’ in Tree(V, A) with level r — 1 such that

(w®), s(’), P(n'), Q")) = (w(n), s(n), P(n), On)),
A D An).

The existence of a child m’ of the node n’ satisfying (20) is now clear from the
definition of Tree(V, .A) (following the description given in Sect. 7.1.1). This
completes the induction in this case.

(2) Suppose again that the node m is a child of n. Since level(n) = ¢ — 1, by induction
hypothesis there exists either a node n; of Tree(V, A;) with level # — 1 such that

(w(ny), s(m1), P(ny), Qnp) = (w(n), s(m), P(n), Q(n)),

(24)
Any) = A,
or there exists a node ny of Tree(V, Ay) with level r — 1 such that
(w(n), s(n2), P(n2), Qnz)) = (w(n), s(n), P(n), Qn)), @5)

Amz) = A),

@ Springer



310

Discrete Comput Geom (2014) 52:278-343

or there exists a node ny of Tree(V, Ay) and a node ny of Tree(V, A3) both with
level t — 1 such that

(w(ny), s(my), P(ny), O(ny)) = (w(n2), s(n2), P(m2), O(ny))
= (w(n), s(n), P(n), On)), (26)
Amy) U Any) = A(n).

It follows from the description of Tree(V, A;) givenin Sect. 7.1.1 that (21) implies

that there exists a child my of the node n; satisfying (24). Similarly, it is clear

that (22) implies that there exists a child m, of the node n, satisfying (25). Now

suppose that (23) hold. If m is a left child of n, then clearly there exists a child

m; of the node ny, and a child m, of the node n, satisfying (26). If m is a right

child of n, then there are several cases.

(a) Case w(m) € (1 Fix(m)] (A(ny) N A(ny)): In this case there exists a child m;
of the node ny, and a child m; of the node n, satisfying (23).

(b) Case w(m) € 7} Fix(m)] (A \ A(np) N A(np)): In this case there exists a
child m; of the node n; satisfying (21).

(c) Case w(m) € 7y Fix(my (AMm2) \ A1) NAn2)): In this case there exists a
child m; of the node n, satisfying (22).

This completes the induction in this case.

The proposition follows by applying the result proved above to the leaf nodes of the
trees Tree(V, A;), Tree(V, Ay) and Tree(V, A). O

7.1.2 Roadmap Associated to Tree(V, A)

We now prove that the union of the (limits of the) sets contained in the leaves of
Tree(V, A) form aroadmap. Most of this section is devoted to the proof of the following
theorem, which is the key result needed to prove the correctness of our algorithms.

Theorem 7.4 The semi-algebraic set

DCRM(V, A):= | J  lim(Bas())
leLeav(V,.A) &

contains A, and is a roadmap of V.

Theorem 7.4 will follow from the following more general proposition.

Proposition 7.5 Let n be a node in Tree(V, A) of level t. Then the semi-algebraic set

DCRM(Bas(n), A(n)) := U lim(Bas(l))

[eLeav(n) G

contains A(n), and is a roadmap of Bas(n).
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Fig. 1 Tree of leaves 1111
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Several intermediate results will be used in the proof of Proposition 7.5 and Theorem
7.4.

The following relation defined on elements of {0, 1}’ will be used to define a notion
of “neighbor” amongst the leaf nodes of Tree(V, .A) which in turn will be used to
prove the existence of connecting paths in the roadmap of V defined by Tree(V, A)
having some extra structure.

Definition 7.6 We define a symmetric and reflexive relation N; on elements of {0, 1}’
by induction on ¢ as follows.

(1) Ifr =1, 0N, 1.
(2) Foralls,s” € {0, 1}, sN,s" implies that Os N;;10s’, and 1s N;111s.
(3) Finally, 017! N, 1’ forall t > 1.

Remark 7.7 The relation N; defined in Definition 7.6 induces the structure of a tree
on the set {0, 1}. This tree in the case t = 4 is displayed in Fig. 1. The edges in the
tree correspond to pairs of elements s, ¢ € {0, 1}4, with s Nat.

The following proposition which uses the relation defined in Definition 7.6 above
will be used to prove the existence of connecting paths in the roadmap. These con-
necting paths will have a certain special structure—and this structure will be defined
using the relation defined in Definition 7.6.

Proposition 7.8 Let n be a node of Tree(V, A) withlevel(n) = ¢, [, ' € Leav(n), and
x € AD, x" € A(l'), such that lim,_ | (x) € Cc(limg,,, (x), Bas(n)). Then there exist
[=1p,...,Iy = € Leav(n), and for each i,0 < i < N, xp;, x2i+1 € A(l;) such
that

(1) xo =x, xon41 = x';

(2) foralli =1,..., N, limg, (x2;—1) = limg,, (x2;);
(3) foralli =0, ..., N, xzi+1 € Cc(xa;, Bas(ly));

@) foralli =0,....N — 1, 5(;) Niogers (s1).

The proof of Proposition 7.8 will use the following lemma.

Lemma 7.9 Let my, my be two distinct children of a node n of Tree(V, A) with
level(n) = ¢, and for i = 1,2, let B; be a semi-algebraically connected com-
ponent of Bas(m;). Suppose that lim,,_ ,(B1) N lim,,_,(B2) # ¥. Then there exist
[} € Leav(my), [ € Leav(my), and x; € A(ly), xo € A(lp), such that
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lim(x;) = lim(xy),

i1 1+1
lim(x;) € B; fori =1, 2,
Ci42

and
5 () Niogrrys (12).

Proof There are four cases to consider.

(1) my is a left child and m; a right child of n. Let m; = n(«) for some o € Z(n).
Since B(n) = Bas(n)’NBas(n)!, and lim,, , (B2) Nlimy,,, (B1) # @, there exists
apointx € lim,, , (B2)Nlim,,,, (B1) C B(n). Moreover x € lim,,, (A(a)N By)
by definition of A(w) (see Notation 50), since B(n) = I’?»TaJs(n)O ﬂl?aJs(n)l is finite.
Moreover x € B(n)Nlim,,_ (By) C B(n)Nlim,, , (Bas(my)) C lim,,_, (A(m2))
using (17).

Using (19), there exist for i = 1,2,[; € Leav(m;), and x; € A(l;), with
limy, , (x;) = x. Then lim¢, ., (x;) = lim,,, (x), and lim¢, , (x;) € B; and

s(h) =s(m;)1---1. 27

Since in this case, s(m;) = s(n)0, and s(my) = s(n)1, it follows from Definition
7.6 and (27) that s (I1) Niogkys (12).

(2) my is a right child and m; a left child of n. This case is similar to the one above
with the roles of m; and m; reversed.

(3) Both my, my are right children of n. In this case, Bas(m;) N Bas(my) = 0,
and hence lim,,, (Bas(m;)) N lim,, , (Bas(m)) = ¥, since the descriptions of
Bas(mj) and Bas(m;,) do not depend on y,41. Thus, there is nothing to prove in
this case.

(4) Both mj, m; are left children of n. In this case there exist a1, > € Z(n) such that
fori = 1,2, m; = n(w;). Inthis case there exists fori =1, 2, xlf € A(a;) such that
lim,,,, (x}) = lim,,,, (x}) € lim,,, (By) Nlim,,  (B>) (using Proposition 6.7).
Moreover, using (18), there exist fori = 1,2, [; € Leav!(m;), and x; € A(;)
such that x! = limg, , (x;). Notice that, fori = 1,2, s(l;) = s(m;)1--- 1.Itis now
easy to check that s () = s([), and that the tuple (x1, 1, x2, [) then satisfies the
required properties. O

Proof of Proposition 7.8 The proof of the proposition is by induction on ¢ = level(n).

The base case is when n is a leaf node, in which case the statement clearly holds.

Otherwise, suppose that the proposition is true for all nodes having level greater than

t.

Using Corollary 5.14, we can assume without loss of generality that

lim(x) € Cc(lim(x'), Bas(n)).
Yi+1 Yi+1

Since by Proposition 5.22, Bas(n) U Bas(n)! has good connectivity property
with respect to Bas(n), and since
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U lim(A(I)) C Bas(n)? UBas(n)',
(childofn

it follows that lim,,,, (x") € Cc(lim,,,, (x), %(u)o U ﬁ&é(n)l). So there exists a
sequence m = my, ..., m, = m’ of children of n, for each i/,0 < i < n, a semi-
algebraically connected component B; of Bas(m;), with

By = Cc(lim(x), Bas(my)), B, = Cc(lim(x"), Bas(m,)),

Cr42 Cr42

and foreachi,0 <i <n —1,lim,,_, (B;) Nlimy,  (B;y1) # 0.
Applying Lemma 7.9 we have that for each i, 0 < i < n, there exist [p;, [rj+1 €
Leav(m;),andforeach j, 1 < j <2n,x; € A([j) such that foreachi,0 <i <n-—1,

Lim(x2;4+1) = lim(x;+2),
+1 Ci41

lim (xy;), lim(x2i+1) € B;,

142 t+2
and
5 (L) Niogkrys (li1). (28)
Let also
X0 = x,
Xong1 = X/,
=1
lpt1 =T

We now apply the induction hypothesis to each of the pairs x»;, X241, 0 < i < n, and
use (28) to complete the induction. m]

Proposition 7.10 Let n be a node of the tree Tree(V, A), with level(n) = ¢, and
Leav(n) be the set of leaves of the sub-tree of Tree(V, A) rooted at n. For any two
leaves Land ' in Leav(n) and any two points x € lim¢, (Bas(l)), x" € lim¢,_, (Bas(['))
such that x' € Cc(x, Bas(n)), there exists a semi-algebraic path I" connecting x to x’
such that:

(1) I' is a concatenation of semi-algebraic paths Iy, ..., I, where each I; C
limg,,, (Bas([;)), for some |; € Leav(n);
(2) foreachi,0 <i <m —1, s(l;) Niogrys (li+1)-

Proof ITmmediate consequence of Proposition 7.8. O

The following two propositions will be used in the proof of Proposition 7.5.
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Proposition 7.11 Let n be a node of the tree Tree(V, A) with level(n) = t, and let
Leav? (n) be the set of leaves m of the subtree of Tree(V, A) rooted at n such that s ()
contains no 1 to the right of s(n). Then the semi-algebraic set

L= |J lim(Bas(m))

Crt1
meLeav? (n)

is such that for all x € Ry, L(y(n),x) meets every semi-algebraically connected com-
ponent of Bas(n) (), x)-

Proof The proof is by induction on ¢ = level(n). If n is a leaf node with |s(n)| = 0,
then Leav®(n) = {n} and there is nothing to prove. Now assume that the proposition
is true for all n’, with level(n’) > t.

Note that the left children of n are precisely those children m of n with s(m) =
(s(n), 0), and these are in 1-1 correspondence with o« € Z(n). Denote by n(«) the left
child of n corresponding to @ € Z(n) .

We denote (with a slight abuse of notation) Ext (E:E(n)o, R;41) by Bas(n)? and
Ext (EEE (n), Rt+1) by §E§(n), and make the following claims.

1. For each w € R’ |, where £ = k'/2'*1, ﬁzg(n)(w(m ) Meets every semi-

+1°
algebraically connected component of Bas(n)(w(n) w) (Propos1t10n 5.17). It fol-

lows immediately (since £ > 1) that for each x” € Ry, Bas(n) (w(n).x/) MeEELs

every semi-algebraically connected component of Bas (M) (w(n),x')-

2. Also, limg, | (Bas(n)) = Bas(n) C Rk (Proposition 5.5). It follows that for any
x € Ry, and C a semi-algebraically connected component of Bas(n) (y(n),x), there
exists x" € Ryy1 with limg,, (x') = x, and a semi-algebraically connected com-
ponent D of Bas(n) n),x7) such that lim¢,, (D) C C.

3. Using Claim 1. there exists a semi-algebraically connected component D of
’B_zlg(n)(()w(n)’x,) which is contained in D.

Now since

Bas(n)? = U 11mBas(n(cx))
aeZ(n)

there exists a left child n(a) of n and a semi-algebraically connected component Dy q)
of Bas(n()) such that lim,,, , (D)) C D°.

Noting that being the left child of n, level(n(a)) > level(n), and noting that the
fact s(n(a)) = s(n)0 implies that Fix(n(«e)) = Fix(n), we can apply the induction

hypothesis to obtain that L’ (w(n).x) Meets D), Where

L = U 11m(Bas(m))
0 Si42
meleav’ (n(a))

Now limg,,, (L") C L, which implies that lim,,, (L(w(n) ) € L(.x)- Moreover,
L/(w(n) o N D@y # 9, 1limy,,, (Da@)) C DY ¢ D, and limg,,, (D) C C. Together

they imply that L,y x) N C # . O

@ Springer



Discrete Comput Geom (2014) 52:278-343 315

Corollary 7.12 DCRM(Bas(n), A(n)) meets every semi-algebraically connected
component of Bas(n).

We are now ready for the proof of Proposition 7.5, and as an immediate consequence
Theorem 7.4.

Proof of Proposition 7.5 The fact that A(n) is contained in the set

DCRM(Bas(n), A(n)) = U lim(Bas([))

[eLeav(n) L

follows from (18). The roadmap property RM; follows from Proposition 7.10 and
Corollary 7.12. The property RM, follows from Proposition 7.11. O

Proof of Theorem 7.4 Follows immediately from Proposition 7.5, setting n = ¢, and
observing that A = A(t) by construction, and that Fix(t) = 0. O

7.2 Preliminary Definitions and Algorithms

In this subsection we introduce certain notation, definitions and algorithms that will be
used in Algorithm 5 (Divide) in the next subsection. Recall that in the description of
the tree Tree(V, A), at each node n of Tree(V, A), some coordinates have been fixed
and the basic semi-algebraic set Bas(n) is contained in the fiber over the point w(n)
consisting of the fixed coordinates. We now explain how we represent algebraically
the points that fix the fibers in our construction, and also the necessary algorithms to
compute these points. We refer the reader to [2] for any missing detail.
A root of a univariate polynomials is going to be described by a Thom encoding.

Notation 7.13 Let P be a univariate polynomial of degree p in D[X]. We denote
by Der(P) the list P, P/,..., P(” . Let P € D[X] and o € {0, 1, —1}P®) a sign
condition on the set Der(P) of derivatives of P. The Thom encoding of a root x of P
in R is equal to o if the sign condition taken by the set Der(P) at x coincides with o.

Note that two different roots of P have different Thom encodings (see [2] Proposition
2.28).

Because we need to fix successively blocks of coordinates of decreasing size, tri-
angular Thom encodings appear naturally.

Definition 7.14 A triangular system of polynomials with variables T = (T1, ..., T;)
isatuple 7 =(Fy, ..., F;) where

FieDI[Th,....T;], 1=<i=<t,
such that Zer (7', R?) is finite. A triangular Thom encoding specifying

0=(...,0)cR
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is a pair (7, t) where 7 is a triangular system of polynomials, and t = 71, ..., T
is a list of Thom encodings, such that 7; is the Thom encoding of the real root 6; of
Fi0,...,0,_1,T;) fori =1,...,1t.

Moreover, we need to describe points in the corresponding fibers, which is done
using real univariate representations.

Definition 7.15 A k-real univariate representation u over a triangular Thom encod-
ing T, T specifying € R’ is of the form

u=(f(T,U),o0, F(T,U)),
where f(T,U), F(T,U) = (fo(T,U), ..., fi(T,U))isak-+2-tuple of polynomials

in D[T, U] such that f(6, U) and fy(6, U) are co-prime, and o is the Thom encoding
of a real root x of f(6, U). The point associated to u is the point

(fl(Q,X) fk(Q,X)) c RK
fo0,x)" 77 fo(6,x) '

For 1 < p < k, we call the real univariate representation u<, = (f(7,U),o,
F<,(T,U)) where F<,(T,U) = (fo(T,U), ..., fp(T, U)), over the initial real tri-
angular Thom encoding 7, t to be the projection of u to the first p coordinates. Geo-
metrically this corresponds to forgetting the last k — p coordinates of the associated
point.

We now give a few auxiliary algorithms. The first one computes the limit of a Thom
Encoding and is used in the determination of the (B, G)-pseudo-critical values needed
in our construction.

In the following algorithm & = (e1, ..., &) is a tuple of infinitesimals.

ALGORITHM 1. [Limit of a Thom Encoding]

e Input: a Thom encoding (fz,0z) , fz € D[g, U], representing x; € R;( " ¢)
bounded over R.
e Output: a Thom encoding (f o), f € D[U], representing

x = lim(xz) € R.
&1

e Complexity and degree bounds: If D; (resp. D) is a bound on the degree of f;
with respect to U (resp. &) the number of arithmetic operations in D is bounded
by Dlo (1>D20 @, Moreover, the degrees in U of the polynomials appearing in the
output are still bounded by D;.

e Procedure:

e Step1.Replace f; by £ (/&) f; (see Notation 5.3). Denote by f (') the polynomial
obtained by substituting successively &; by 0, and then &;_1 by 0, and so on, and
finally &1 by 0, in fz.

e Step 2. Compute the set ¥ of Thom encodings of roots of f(7') using Algorithm
10.11 (Sign Determination) from [2].
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e Step 3. Identify the Thom encoding o using Algorithm 10.13 (Univariate Sign
Determination) from [2], by checking whether a ball of infinitesimal radius 6 (1 >
6 > € > 0) around the point x represented by the real univariate representation
f, o contains x;z.

Proof of correctness Follows immediately from the correctness of Algorithm 10.11
(Sign Determination) and Algorithm 10.13 (Univariate Sign Determination) in [2]. O

Proof of complexity and degree bounds Follows from the complexity of Algorithm
10.11 (Sign Determination) and Algorithm 10.13 (Univariate Sign Determination) in
[2]. The fact that the degree in U of the polynomials in the output are bounded by D
is clear. O

Remark 7.16 Our algorithms use several algorithms from [2] such as Algorithm 12.16
(Bounded Algebraic Sampling), Algorithm 14.9 (Global Optimization), Algorithm
15.2 (Curve Segments), and Algorithm 11.19 (Restricted Elimination) with one impor-
tant modification. Each of these algorithms described in [2] has an associated structure
which is an ordered domain in which all computations (i.e., arithmetic operations and
sign evaluations) take place. In the calls to these algorithms in this paper, this ordered
domain will be of the form D;[#], where 6 € R}" is specified by a triangular Thom
encoding (7, t) and involves 4t infinitesimals (see Notation 7.1). Each element of
D, [6] is represented by some polynomial in D,[T] = D[», T1, ..., T,] and arith-
metic operations are performed as ordinary polynomial arithmetic in the ring D,[T'].
For the evaluation of the sign of an element in D,[6] represented by a polynomial
f € Dy[T] we also use an algorithm from [2], namely Algorithm 12.10 (Triangular
Sign Determination) with input f, 7, .

Suppose that the degree of the output (and of the intermediate computations) of a
particular algorithm in [2] is bounded by some function f(d, k, s) of the degrees d,
the number of variables k, and the number of polynomials s. If &/, k’, s” is a bound on
the degrees, number of variables and number of the input polynomials (considered as
polynomials with coefficients in D;[#]) in a call to that algorithm in this paper, then
the degree bound of the output (and intermediate computations) is f(d’, k', s”) in the
ring D;[6].

But we want to evaluate the complexity in the ring D. Denoting by N a bound on
the degrees in T, n of the input polynomials, we have the following:

e thedegreesin T, n of the output (and of the intermediate computations) are bounded
by O(Nf(d'. K, s"),

e if the complexity of a particular algorithm in [2] is bounded by some function
F(d, k, s), then the number of arithmetic operations and sign evaluations in D;[60]
of the call to that algorithm in this paper is bounded by F(d’, k’, s) , while the cost
of the call to that algorithm in this paper, i.e., the number of arithmetic operations
and sign evaluations in D, is bounded by NO"" D F(d’ k', s").

These statements do not follow immediately from the complexity results on the algo-
rithms given in [2]. It is necessary to inspect the algorithms in [2] carefully, noticing
that they are all based on linear algebra subroutines and determinant computations.
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We now describe an algorithm for computing the (B, G)-pseudo-critical values of

a family of polynomials (cf. Definition 4.5), using Notation 7.1.

ALGORITHM 2. [(B, G)-pseudo-critical values over a Triangular Thom Encoding]

Input:

(1) a triangular Thom encoding (7, t) with 7 C D,[T], fixing a point 6 € R,
m <t

(2) a family of polynomials P = {Py, ..., Ps} C D[T, X1, ..., Xi] such that
Zer(P(6, -), R¥) is bounded;

(3) amatrix B = (b; j)1<i<s,0<j<k € NSX(kH) having good rank property;

(4) apolynomial G € D[ X1, ..., Xi].

Output: a set of Thom encodings ( f, o) over (7, t) specifying a finite subset of

R containing the (B, G)-pseudo-critical values of Zer(P (9, ), Rf).

Complexity and degree bounds: s¥ DO+ g0®) arithmetic operations in D,

where D is a bound on the degree of 7 with respect to T', n, and d is a bound on the

degrees of the polynomials in P and of G. The degrees in 7',  of the polynomials

appearing in the Thom encodings over (7',7) output are bounded by O(d)*D

while the degree in the new variable U is bounded by O (d )k,

e Procedure:
e Step 1. For each I C [1,s] with card() < k, 0 € {—1, 1}/, compute using

Algorithm 12.16 (Bounded Algebraic Sampling) from [2] with ring D,[6, y]
and input CrltEq(PI B, G) (see Definition 4.5 for the definition of P; p) a set
of real univariate representations over (7, t) with associated points meeting
every semi-algebraically connected component of Zer(CritEq(751, B, G)U{G —
7}, R,(y)“card(’)“).

Step 2. For each real univariate representation
(fs g07 glv cee gk» g)\,()v RN} g)\,card(l)y gz)s o

over (7, t) output in the previous step, where
180,815, 8ks 8rgs - -+ » Bhewarry» 82 € DilT, v, U1,
eliminating U from the equations
f(T,U), Zgo(T, U) — gz(T, U)
obtain a Thom encoding (A(T, y, Z), ) over (7 ,t) describing a pointa € R;(y).
Step 3. Compute a Thom encoding describing lim,, (a) using Algorithm 1 (Limit

of a Thom Encoding).
Step 4. Output the set of all real univariate representations computed in Step 3.

Proof of correctness The correctness of Algorithm 2 is a consequence of the correct-
ness of Algorithm 12.16 (Bounded Algebraic Sampling) and Algorithm 12.14 (Limit
of bounded points) from [2] given the definition of (B, G)-pseudo-critical values (see
Definition 4.5). O
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Proof of complexity and degree bounds 1t follows from the complexity of Algorithm
12.16 (Bounded Algebraic Sampling) and Algorithm 12.14 (Limits of bounded points)
from [2] and from Remark 7.16, that the complexity is bounded by

skDO(m+l)dO(k)-

Moreover, it follows from the complexity analysis of Algorithm 12.16 (Bounded Alge-
braic Sampling) from [2], and that of Algorithm 1 (Limit of a Thom Encoding), that
the degrees in T, n of the polynomials appearing in the Thom encodings over (7 ,7)
output is bounded by O(d)* D, and the degree in U is bounded by O (d)*. O

As mentioned earlier, we will need to compute certain well chosen finite sets of
points which correspond to points that minimize locally the distance between pairs of
semi-algebraically connected components of some basic semi-algebraic set described
in the input. For technical reasons, we need such an algorithm in two different versions.
In the first algorithm (Algorithm 3) the input is a basic semi-algebraic set and a point,
while in the second algorithm (Algorithm 4) the input is a pair of basic semi-algebraic
sets.

We use again Notation 7.1.

ALGORITHM 3. [Closest Point over a Triangular Thom Encoding]

e Input: A triangular Thom encoding (7, 7), 7 C D,[T], fixing a point 6 € R™,
finite subsets P, Q@ C D;[T, X1, ..., X;] with Bas(P (8, -), Q(0, -)) bounded, and
a real univariate representation u = (g, o, G) over (7, 7) with associated point x.

e Output: A finite set of real univariate representations over (7, ) with associated
points MinDi(Bas(P (9, -), Q(6, -)), {x}).

e Complexity and degree bounds: Let card(Q) < ¢, degy(P,Q) < d,
degn,T(T) < D, degn’T’U(u) < D, and degn’T(P, Q) < dD. Then the num-
ber of arithmetic operations in D is bounded by d?® DO+ The degrees in
T, n of the polynomials appearing in the Thom encodings over (7,7) output are
bounded by O (d Y% D, while the degree in the new variable U is bounded by O (d ),

e Procedure:

e Step 1. Let S C R* x R be the semi-algebraic sets defined by

S :=Bas(P(®, ), Q0 -)) x {x},
where, with G = (go, - . ., gk), the point x associated to u is defined by
k
D (o(T, U)Y; — &i(T, U))*.
i=1
e Step2.Let F = 2151' < (Xi— Y;)%. Apply Algorithm 14.9 (Global Optimization)
from [2] with ring D[6, 6,], where (0, 6;) is associated to the triangular Thom
encoding ((7, g), (z, 0)), and the pair (S, F) as input, and project the set of real

univariate representations over ((7, g), (t, o)) that are output, to the first k coor-
dinates.
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e Step 3. For each univariate representation w = (h(T,U, V), o, H(T, U, V))
outputin Step 2, use Algorithm 12.16 (Bounded Algebraic Sampling) from [2] with
ring D[] and the polynomials {g, /} to obtain a set of real univariate representations
v=(e(T,T), 0., E = (e.eu, ev)). Substitute the rational functions ee—g ee—‘(; for
U, V in the real univariate representation w, and output the resulting real univariate
representation over (7, 7).

Proof of correctness The correctness of Algorithm 3 is a consequence of the cor-
rectness of Algorithm 14.9 (Global Optimization), and of Algorithm 12.16 (Bounded
Algebraic Sampling) from [2]. The degree bounds follow from the complexity analysis
of the above algorithms. O

Proof of complexity and degree bounds 1t follows from the complexity analysis of
Algorithm 14.9 (Global Optimization) from [2], and Remark 7.16, that the complex-
ity of Step 2 is bounded by d O(k) pOm+1) Moreover, the degrees in n, T, U, V of
the polynomials appearing in the real univariate representation w are bounded by
Dd%®  The cardinality of the set of real univariate representations output is bounded
by 2/d2® Tt follows from the complexity of Algorithm 12.16 (Bounded Algebraic
Sampling) from [2] and Remark 7.16 that the degrees in n, T, T’ of the e, E are
bounded by DO d?® and that the complexity of Step 3 is bounded by d9® DO

O

ALGORITHM 4. [Closest Pairs over a Triangular Thom Encoding]

e Input: A triangular Thom encoding (7, t),7 C D,[T], fixing a point § € R}
and finite subsets Py, Q1, P2, @2 C D;[T, X1, ..., Xk] such that Bas(P; (9, -),
Q1(0, ) and Bas(P; (6, -), Q»(6, -)) are bounded.

e Output: A finite set of real univariate representations over (7, ) with associated
points

MinDi(Bas(P1 (6, -), Q1(6, 1)), Bas(P2(0, -), Q2(6, ).

e Complexity and degree bounds: Suppose that
(1) card(Q1), card(Q2) <1,
(2) degx(P1, Q1, P2, Q2) < d,
(3) deg, 1(7) < D,
(4) and deg, 7(P1, Q1, P2, Q2) <dD.
Then the number of arithmetic operations in D is bounded by d°® DO+ The
degrees in T, n of the polynomials appearing in the Thom encodings over (7 ,1)
output are bounded by O (d)* D, while the degree in the new variable U is bounded
by O(d)*.
e Procedure:
e Step 1. Let S € R* x R* be the semi-algebraic sets defined by

S = Bas(P1(0, ), Qi1(6, -)) x Bas(P2(6, -), Q(6, ).

o Step2.Let F =2, (X; — Y;)%. Apply Algorithm 14.9 (Global Optimization)
from [2] to the pair (S, F') with ring D,[6] and project the output set of real uni-
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variate representations over (7, t) to the first k-coordinates as well as to the last
k-coordinates.

Proof of correctness The correctness of Algorithm 4 is a consequence of the correct-
ness of Algorithm 14.9 (Global Optimization) from [2]. O

Proof of complexity and degree bounds 1t follows from the complexity of Algorithm
14.9 (Global Optimization) from [2] and Remark 7.16 that the complexity of Step 2 is
bounded by d9® DO+ The degree bounds follow from the complexity analysis
of the Algorithm 14.9 (Global Optimization) from [2]. |

7.3 The Divide Algorithm

We now describe Algorithm 5 (Divide) which will be used later to create the left and
right children of a node of the tree, Tree(V, A), described in Sect. 7.1.1 above.
ALGORITHM 5. [Divide]

e Input: A tuple (s, (7, 7), P, O, A) satisfying the following.
(1) s € {0, 1}%.
(2) (T, 1) is a triangular Thom encoding fixing 6 € RI™®! where 7 is a tri-

angular system with variables Thx(s) = (T}, .. ., Ti‘ﬁm)‘), ij € fix(s) = {i |
Si = 1}.
(3) P C D Tixs), Xpix(s_)H, ..., X¢] is a finite set of polynomials, where

Fix(s) = Z;:I sik’ /2", and Q C D[ Ttix(s)» XFix(s)+1- - - - » Xk 1s a set of
t — card(fix(s)) polynomials, defining a semi-algebraic set

Bas(P(, -), Q(Q’ D)) C Rf—Fix(s)

(cf. Notation 7.1).

(4) Aisafinite setof real univariate representations over 7 , with associated points
A C S =Bas(P@, ), Q(0, -)), meeting every semi-algebraically connected
component of S.

(5) Zer(P@, "), Rf_FIX(S)) is strongly of dimension < p = k’/2',if t # 0. More

precisely, for every z € R?, Zer(P(0, -), Rf_FiX(S))Z is a finite set (possibly
empty).
e Output:

A tup1~e (P,Q,A,N, B, (P’x), ), A(O‘))aez(ﬁ,é,p/z)) where:

(1) P C Dy [Gr1. &41] [Tix(s)» XFix(s)+1+ - - - Xk, is a finite set of polynomials
with card(P) = k — Fix(s) — p.

(2) Q C Dy [t €415 8111 ] [Thixs)» X Xpixps» - - - Xk1 is a finite set of polyno-
mials with card(Q) = card(Q) = ¢ — card(fix(s)).

(3) Aisasetofreal univariate representations over (7', 7) whose set of associated
points is A C § = Bas(P(, -), 9, -)).

(4) N is a set of real univariate representations, u = (h, o, H), over (7, t) with

p/2

associated points N C R} 1(and new variable 7).
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5) B = UueN B(u), where for each u = (h,o0, H) € N output in (4),
B(u) is a set of real univariate representations over ((7, h), (t, o)) describ-
ing 0’ = (0,x,) € RFIX(S)Jrl whose set of associated points is B(u) C
Bas(P, (@', ), O, (9’ -)). We denote the set of associated points of B by B.
(6) Foreverya € 7 (73 , p/2) (see Notation 6.3),

P(a), Q%) C Dyt 1| Tiix(s)» XFix(s)+15 - - - Xk

are finite subsets with card(Q%(«)) = card(Q) + 1, and A(«) is a set of real
univariate representations over 7, whose set of associated points is A(a) C
§%a) = Bas(P°(a)(©, ), Qo(a)(Q ).
The tuple (P, Q, A, N, B, (P°(a), Q%), A(x))
lowing properties. Let

weT(P Q.p/z)) satisfies the fol-

Sozum( U So(a)),

aeZ(P,0,p/2)

(1) limg, (S) = S.
(2) SOU S! has good connectivity properties with respect to S.

(3) 5% and S are both strongly of dimension < p/2.

@ A= MlnDl(S AU MlnDl(S S) N D TU[Fix(s)+1,Fix(s)+p/2] (.A)
(5) B=5"nS"

(6) A(a) = MinDi(5 (), B) U ( Uﬁez(ﬁ’él)

(7) For every @« € 7, A(x) C SO(er) meets every semi-algebraically con-
nected component of S%), and for every o, B in Z, and C (resp. D)
semi-algebraically connected component of S9%a) (resp. $9(B)) such that
lim,,, (C)Nlim,,,, (D) is non-empty, lim,, ,, (CNA(a))Nlim,,,, (DN.A(B))
is non-empty, and meets every semi-algebraically connected component of
lim,,,, (C) Nlim,,_, (D).

e Complexity and degree bounds: In order to simplify the complexity analysis,
we are going to make the following assumptions which are going to be satisfied
for each call to this algorithm in Algorithm 6 (Divide and Conquer Roadmap
Algorithm for Bounded Algebraic Sets). Let the triangular system 7 in the
input be 7 = (F1,..., Ffixs)|), where for each s, 1 < h < card(fix(s)),
Fy, € Dy[T;, ..., T;,]. Also denote n = (&1,61,081,¥1.-.,8 &6, y¢) and
Nr41 = (&r+15 €141, 0141, Ye+1) (as in Notation 7.1). Let ¢ > O be a constant.
We assume that:

(1) degy (P, Q) < (2k)'d;

2) degTﬁm) (P, Q), deg,](P, Q), degTﬁX(j)(Fh), degn(Fh) are all bounded by
D! (kY )M

(3) The degrees in 7, Tfx(s) of the polynomials (belonging to D;[Tfix(s), T411)
appearing in the univariate representations A are bounded by

MinDi(5° (), S°(8))).
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((2/{) d) th

while the degrees in 7;4 are bounded by D. o
With the above assumption on the input parameters, the output tuple (P, Q,A, N,
B, (P%a), Q%«), A(O‘))aeI(P 5. p/2)) satisfies the following, for ¢ large enough.

(1)

( ) 2(2k)'d,

(P. Q) < 20! (@0)'d)
deg, (P, Q) < 2D'(2k)'d)™,

ckt

2

degy (P°(a), Q% (@) < (2k)'dk,
degTﬁx(s) (PO(O[), Qo(a)) < Dt+l((2k)t+1d)ck(t+1)’
degn (7)0(6()7 QO(Q)) < Dt+1((2k)t+ld)ck([+l).

(3) The univariate representations in A, N, B, A(x) have degrees in the new vari-
able T;11, as well as in 141, bounded by D((2k)'T1d)* | and have degrees
at most D'1((2k)!+1d)* (D in the variables 7, Thy(s). The cardinalities of
the sets A, N, B, A(x) are all bounded by (card(A) + (k) dyek.

The complexity of the algorithm is bounded by

(card(A) + D 0@ (' d) 0w

e Procedure:

e Step 1. Define P and Q as in Notation 5.4.

e Step 2. Compute M as follows. For each subset @' ¢ Q and P U Q' =
{Fi, ..., Fn}, compute, using Algorithm 12.16 (Bounded Algebraic Sampling)
from [2] in the ring D,[#], a finite set of real univariate representations, M (Q/ )
over (7, T) whose associated points are the real solutions to the system

and projecting the real univariate representations to the first k coordinates.
Let

= m(@).

Qco

Note that the associated set of points, M of M, is the finite set of critical points of
G onBas(P(¥, -), Q@, -)).
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e Step 3. Compute a set, DY, of Thom encodings over (7, 7) as follows.
Let

F=[] F(Q)
QcQ

where

CIEEED M

rPeCrEq,(PuQ’,G)

Compute using Algorithm 2 ((B, G)-pseudo-critical values over a Triangular Thom
Encoding), a set, DY, of Thom encodings over (7, t), whose set of assgciated
values, D?, contain the (B, G)-pseudo-critical values of the set { F(6, -)} U Q(#, -),

with B = Hcar d(Q)+1.k—pix (s)-+card (P)+card(O)+2 (see Notation 5.2).

e Step 4. Compute MO as follows. For each (h, ) € DY, use Algorithm 12.16
(Bounded Algebraic Sampling) from [2] in the ring D,[0'] (where 6’ is specified
by T U{h(Tsx(s), U)}, (t, T4)) with input the set of polynomials PUQU {G-U},
to obtain real univariate representations (f, o ¢, F)), where f € Dy11[Tfix(s), U, V1.
Use Algorithm 12.16 (Bounded Algebraic Sampling) from [2] in the ring D,[6]
again with input {A, f} to obtain a real univariate representation u = (e, T, E)
over (7, 1) with e € Ds11[Tfix(s), Tt+1]. Substitute the rational functions, in E
corresponding to U, V into the polynomials in F' to obtain F,,. Output the resulting
set of real univariate representations (e, ., F,) over (7, 7).

e Step 5. Compute N as follows. First compute A by applying Algorithm 3 (Closest
Point over a Triangular Thom Encoding) with input ((7, t), (75, Q), u) for each
u € A and Algorithm 4 (Closest Pairs over a Triangular Thom Encoding) with
input (7, 1), (75, 9), (P, 9)). Keeping the first p/2 coordinates of these real
univariate representations, obtain a set of real univariate representations, N, over
(T, v), with associated set of points N' = 7[Fix(s)+1,Fix(s)+p/2] (MUMOU A)
(identifying those which are equal). For each w € A/, with corresponding real
univariate representation (f, o, F), let (7, t,) denote the real triangular Thom
encoding ((7, f), (t,0)).

e Step 6. Compute B as follows. For each univariate representation u =
(e, 7., E) € N, substitute the rational functions in u, for the block of variables
XFix(s)+1> - - - » XFix(s)+p/2» in the polynomials F,Q to obtain F,, Qu Now apply
Algorithm 12.16 (Bounded Algebraic Sampling) from [2] in the ring D, [6”] (where
6" is specified by (7, e), (t, .))) with input the polynomials F,, Q,,, and project
to the coordinates XFgix(s)+p/2+1; - - - » Xi to obtain B(u).

e Step 7. Forevery a = (Q.r, 1,7 eZ(P, O, p/2), compute

PoUa) :=PUQ'U U {jac(a, )},
i €[Fix(s)+p/2+1,k1\fiX (s)

Q%) := QU fjac(a, i)* — y}.

(see Notation 6.2).
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e Step 8. Compute A(x) by applying for each 8 € (P, Q, p/2), Algorithm 3
(Closest Point over a Triangular Thom Encoding) with input

((T. 7). P), Q). u)

foreachu € B computedin Step 6, and Algorithm 4 (Closest Pairs over a Triangular
Thom Encoding) with input

(T, 7), Pe), Q%(er), PO(B), Q°(B)).

Proof of correctness The correctness of the algorithm follows from the correctness of
the various algorithms called inside the algorithm, and Propositions 5.5, 5.11, 5.12,
5.21,and 6.1. O

Proof of complexity and degree bounds We first prove that the bounds stated in (1),
(2), and (3) are true.

1. It is clear from Step 1 and Notation 5.4 that the degrees of the polynomials in P
(respectively, Q) are at most twice the degrees of the polynomials in P (respectively,
Q). It follows from the assumptlons on the mput that degy (P, degy (Q) <2(2k)'d,
and degrﬁx(x) (P), degr ) Q), deg,,(P), degn(Q) < 2D'((2k)'d)°** . It also follows

from Notation 5.4 that deg,, " (75), deg,, » (Q) = 1. This proves Part (1) of the com-
plexity estimate of the output.

2. Part (2) is an easy consequence of the degree bounds on P and O proved above
in (1), and the definitions of P°(«) and Q°(«).

3. We now bound the degrees of the univariate representations in M ,DO, M O, A, N.
They have degrees in the new variable, as well as in 7,41, bounded by ((2k)"+!d)k,
and have degrees at most D ((2k)'*'d)**+1 in the variables Txs), 1.

i. The univariate representations in M are obtained by applying Algorithm 12.16
(Bounded Algebraic Sampling) from [2] to the set of equations in CritEq,, » (PU

Q/ , G), for each subset Q/ C Q, and then projecting the real univariate representations
to the first k coordinates. The number of variables (including the Lagrangian variables
A;’s) is at most 2k. The degrees in X of the polynomials in CritEq, (PUQ,G)are
bounded by the degrees in X of the polynomials in P and Q which are at most 2(2k)'d
(using the bounds in (1)), and the degrees in the Lagrangian variables are all equal to
1. The degrees in Tfx(s) and 7 in CritEq » /2(75 U Q’, G) are bounded by their degrees
in P and Q which are at most 2D’ ((2k)'d)*" (using the bounds in (1)). Finally, the
degrees in 77,41 of the polynomials in CritEq, (PUQ', G) are at most 1. Now using
the complexity analysis of Algorithm 12.16 (Bounded Algebraic Sampling) from [2],
we get the following bounds.

e The degrees in the new variable 7741 and the new infinitesimals 7,4 are bounded
by
(22k)'d)*",
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where ¢ > 0 is a constant; choosing ¢ to be sufficiently large compared to ¢y,

2c1k

(20k)'d)* ™" < (k) *+'a)*.

e The degrees in Tfix(s) and n are bounded by
2Dt+1 ((Zk)td)th (2(2k)td)zclk < DH—] ((2k)t+1d)0k([+l),

given the choice of c.

ii. The real Thom encodings, u € D over 7, are computed using Algorithm 2
((B, G)-pseudo-critical values over a Triangular Thom Encoding), with the polyno-
mial

F= ] F(Q) (29)
QcQ
as input, where
F(Q) = > P2,
pPeCrEq,(PuQ,G)

The number of polynomials, F (9, appearing in the product in (29) is bounded by

pcard(Q) < 2" < k. Using the facts noted about the degrees in the various variables of
the polynomials in 72,Q we obtain that the degree in X of F is bounded by 2+ (2k)’d.
The degrees in the Lagrangian variables are bounded by 2’. The degrees in the variables
Tix(s)» and n are bounded by 2+ D ((2k)!d)*' . Finally, the degree in 7, in F is at
most 2’. The number of variables is at most 2k.

Using the complexity analysis of Algorithm 2 ((B, G)-pseudo-critical values over
a Triangular Thom Encoding) we get the following bounds.

e The degree in the new variable U is bounded by
(21 2k d)
where ¢y > 0 is a constant, while the degree in 7,41 is bounded by
2 (21 2k d) >,
choosing ¢ to be sufficiently large compared to ¢;, and noting that 2" < k,
2 (2 k') < (@b a) .
e The degrees in Tix(s) and 7 are bounded by
241D 2Ky d) ™ (21 2k)'d) > < D' (k)T a) Y,

given the choice of c.
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iii. In Step 4 (computation of M?), the degrees of the polynomials in the real
univariate representation ( f, oz, F') computed are bounded as follows.

e The degrees in the new variable Vand ;4 are bounded by
(22k)'d) "D

using the complexity of Algorithm 12.16 (Bounded Algebraic Sampling) from [2].
e The degrees in Tfy(s), and n are bounded by

20! (2k)'d) ™ (22K d) " Y.
Using again the complexity analysis of Algorithm 12.16 (Bounded Algebraic Sam-

pling) from [2] we obtain that the degrees of the polynomials in u in the various
variables are bounded as follows.

e The degrees in the new variable 7,4 and in 7,41 are bounded by
(max (2 .ot (2t+l (2k)td)2czk, 2(2(2k)td)cl (k+l)))2C1 < ((Zk)t—i-ld)ck
using the complexity of Algorithm 12.16 (Bounded Algebraic Sampling) from [2]
and the degree bounds in U and V of the polynomials D° and f, and choosing ¢
sufficiently large.
e The degrees in T (s) and n are bounded by the maximum of the degrees in Tf(s),

and 7 in the polynomials D° and f multiplied by ((2k)'*1d)°¥. It follows that these
degrees are bounded by

Dt ((2k)l+ld)0k(l+l).
iv. Using the complexity of Algorithm 4 (Closest Pairs over a Triangular Thom
Encoding), and Algorithm 3 (Closest Point over a Triangular Thom Encoding) and

the degree estimates of P and Q and of the univariate representations in A, we obtain
that the degrees in the univariate representations in A are bounded as follows.

e The degrees in the new variable T;41 and 714 are bounded by
D(22k)'d)* ",
where ¢; > 0 is a constant; and given the choice of ¢, we have that
(22k)'d)* "™ < (k)" +'a)*™.
e The degrees in Tix(s) and n are bounded by
2D (2 d) N (220" d) > < D (k) a) Y,

given the choice of c.
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e Finally, the cardinality of A is bounded by (card(A) + 1)((2k)’ +1gyck using the
complexity analysis of Algorithm 4 (Closest Pairs over a Triangular Thom Encod-
ing) and Algorithm 3 (Closest Point over a Triangular Thom Encoding).

Together, (i), (ii), (iii), and (iv) above imply that the univariate representations in
M D% M° A, N have degrees in the new variable, as well as in T;1, 1:41, bounded
by D((2k)’+1d)6k, and have degrees at most D' ((2k)/*1d)* !+ in Tgy (), n. More-
over, the cardinalities of M, D°, M° are bounded by ((2k)'+d )k (taking into account
that the number of polynomials in the call to Algorithm 2 ((B, G)-pseudo-critical val-
ues over a Triangular Thom Encoding) in Step 3 is bounded by 7 4 1). The cardinalities
of A, N are bounded by (card(A) + 1)((2k)"T'd)*.

Using the bound on the degrees of F and the univariate representations in N obtained
above, and the degree estimates of the output of Algorithm 12.16 (Bounded Algebraic
Sampling) in [2], we get that the degrees of the polynomials appearing in B in the new
variable are bounded by

(22k)'d)*"* < (k)" +'a)*,
while the degrees in Ty (s), n are bounded by
Dl‘+1 ((zk)t+]d)5k(t+])(2(2k)td) (2(2k)td)2¢]k < Dl+1 ((2k)t+ld)0k(t+l).

Finally, the degrees in T;41, 141 are bounded by

D(22k)'d)* ™ (22k)'d)* ™ <

((2 k) +! d)
The cardinality of B is bounded by (card(A) 4+ 1)((2k) T'd)¥.

The degree estimates, as well as the estimates on the cardinality of A(«) are now a
consequence of the bounds on the degrees of PY%a), Q%«) and B, and the cardinality
of B proved above, and the complexity of Algorithm 4 (Closest Pairs over a Triangular
Thom encoding), and Algorithm 3 (Closest Point over a Triangular Thom encoding)).
This proves Part (3) of the complexity of the output.

It follows from the complexity estimates of the algorithms used in various steps of
Algorithm 5, namely Algorithm 12.16 (Bounded Algebraic Sampling) in [2], Algo-
rithm 14.9 (Global Optimization) in [2], Algorithm 2 ((B, G)-pseudo-critical values
over a Triangular Thom Encoding), Algorithm 4 (Closest Pairs over a Triangular Thom
Encoding), and Algorithm 3 (Closest Point over a Triangular Thom Encoding)), and
Remark 7.16, as well as the degree estimates proved above, that the complexity of the

whole algorithm is bounded by (card(A) + 1) DO (k! d) 00, o

Remark 7.17 Notice that we never reduce any intermediate polynomial obtained in
the computation, modulo 7, and that (7, ) is used only if the sign of an element of
D, [60], represented by a polynomial, is required. As a result the degrees in the 7’s and
also in the infinitesimals occurring in 7 grow. We analyzed this growth carefully in
the complexity analysis of Algorithm 5 (Divide). This is a point of difference between
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the algorithm presented in the current paper, and that in [3]. In the Baby-step Giant-
step algorithm presented in [3] a process of pseudo-reduction was necessary since the
degree growth in 7 would have spoiled the overall complexity of the algorithm. This
phenomenon does not occur here because the number of different blocks of variables
(and hence the size of the triangular systems) in the algorithm of this paper is much
smaller (O (log(k))) compared to O(JE) in the Baby-step Giant-step algorithm) and
hence we can tolerate the growth in degree in the current paper without resorting
to reducing in each step. This is fortunate, since pseudo-reduction is not anymore
an option for us, as the growth in the degrees in the various infinitesimals in this

divide-and-conquer approach would reach d O(kz), and will be unacceptably large.

7.4 Computation of the Tree Tree(V, A)

In this subsection we describe an algorithm computing the tree Tree(V, A), using in
a recursive way Algorithm 5 (Divide) and analyze the complexity of this algorithm.
The description of the algorithm will use the following notation.

Notation 7.18 A node n of level t = level(n) is a tuple

(s(m), T(n), W(n), P(n), Qn), A(n)),

where

(1) s(n) € {0, 1};

(2) T(n), T(n), W(n) is a block triangular system fixing a point 8 (n) € RE 4™
and w(n) € Rfix("), where

fix(n) = {i [ s(n); = 1},

t
Fix(n) = Zs(n)ik//2i§
i=1

(3) P(m) C Ry[Thxmy, XFixmy+15 - - - » Xkl
4) Q) C Ryl Thixny, XFix(ny+1> - - - » Xkl, card(Q(n)) = ¢t — card(fix(n));
(5) A(n) is a set of real univariate representations over 7 (n), with associated points

A(n) C Bas(P(m)(0(n), ), Q) (@ (w), ).

ALGORITHM 6. [Computation of the tree Tree(V, A)]

e Input: A polynomial P € D[X}, ..., Xi] such that V = Zer(P, R¥) is bounded
and strongly of dimension < k’, and a set A of real univariate representations with
associated set of points A C Zer(P, Rk).

e Output: The tree Tree(V, A).

e Complexity and degree bounds: Let d = deg(P) and suppose that the degrees of
the polynomials appearing in the real univariate representations in A are bounded
by D. The complexity is bounded by

(card(A) + I)DO(logz(k’))(klog(k/)d)O(klogz(k/).
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For each leaf node n of the tree Tree(V, A) output by the algorithm, the degrees in
Trix(n)» as well as in the variables 7’s, of the polynomials in 7 (n), as well as those
in P(n) and Q(n), are all bounded by

Dlog(k/)—H (klog(k’)d) O (klog(k')) )

The degrees in Xrixm)+1, - - -, Xk of P(n) and Q(n) are bounded by
(0 (k)" ).

e Procedure:
e Step 1. Initialize t to be the node with
(1) s() = 0;
(2) 7T(v), t(r), W(r) is empty;
(3) P(v) :={P};
@) Qv) :=0;
5) A(v) .= A.
Initialize the set Nodes := {t}.
e Step 2. Repeat until level(n) = log(k’) for all n € Nodes;
— Select n € Nodes, such that level(n) < log(k’).
— Remove n from Nodes.
— Call Algorithm 5 (Divide) with input (s(n), 7 (n), t(n), P(n), Q(n), A(n)).

e For each o output by Algorithm 5 (Divide) add a node m to Nodes with

(1) s(m) := (s(m), 0);

(2) (T (m), t(m)) := (T (n), T(n)); W(m) := W(n);

(3) P(m) :=P°(@) C Ret1[Thix(my, Xrix(my+15 - - -» Xil;
) Qm) := Q%) C Res1[Thix(m)» XFix(my+1s - - - » Xl
5) A(m) = A(a).

e For each real univariate representation u,, = (fy, Fy), T, in N, repre-
senting a point w € N, with f,,, Fyy C D;[Thixn), Tr+11, output by the
algorithm, add a node m to Nodes with

(1) s(m) := (s(n), 1);

(2) (T (m), t(m)) := (T (n), fuw), (t(n), 7); W(m) := (W), uy);
(3) P(m) :=Pm)y C Re[Thixmy, XFix(my+1 - - - » Xkl;

4) Qm) := Q) C Re[Thix(my)» XFix(my+1- - - » Xkl

5) A(m) := A(n)y, U B(n)y,. R

e Denote by A(m) (respectively, 5(m), A(m)) the set of points associated
to A(m) (respectively, B(m), A(m)).

Proof of correctness The correctness of the algorithm follows from Theorem 7.4 and
the correctness of Algorithm 5. O

Proof of complexity and degree bounds We first observe that for each call to Algo-
rithm 5 (Divide) in Algorithm 6 the input satisfies the estimates used in the complexity
analysis of Algorithm 5 (Divide). This is obvious when Algorithm 5 (Divide) is called
with n = t, and in the other cases it follows inductively from the bound on the degrees
proved in the complexity analysis of Algorithm 5 (Divide).
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Using the complexity analysis of Algorithm 5 (Divide) the number of right children
of any node n of level ¢ in the tree created by the algorithm is bounded by the cardinal-
ity of N (n), which in turn is bounded by (card(A(n)) + 1)((2k)" 1 d)°k . The number
of left children of n is bounded by k x card(Z(P(n), Q(n), k' /21y = O (1)k,
Thus, the total number of children of a node n of level ¢ is bounded by (card
(Am)+D (o) a) ™.

Now let m, m’ be two distinct right children of n. Then clearly A(m) N A(m') = @,
and using the complexity analysis of Algorithm 5 (Divide) we have

Z card(A(m)) < card(B(n)) + card(A(n))

m right child of n
< 2(card(Am)) + D (k) *'a)~.

Moreover, for each left child m of n, card(A(m)) < card(A(n))((2k)"'d)** again
using the complexity analysis of Algorithm 5 (Divide). But since there are only O (1)
left children of n we obtain that

> (card(Am)) + 1) < 3(card(Am) + D (k)1 d)*

mchild of n

< (card(A(m)) + (k) a)* 30)

for some ¢’ > 0.
We now prove by induction on ¢, with base case r = 0, that

ck(t+1)

> (card(Am) + 1) < (card(A) + 1) (2t d) (1)

level(n)=t

for some ¢” > 0.
For the base case,

card(A(v)) + 1 < (card(A) + 1)(2kd)“ ¥

For the inductive step (from r — 1 to t) we have

> (cad(Am) + D= > > (card(Am)) + 1)

level(m)=¢ level(n)=t—1 mchild of n
< > (card(Am) + D((2k)"d)** (using (30))
level(n)=r—1
(card(A) + D)((2k)'d)* ¥ (2k) d)°*
(using the induction hypothesis)
< (card(A) + 1)(2k)" @) K+D),

IA

taking ¢” large compared to ¢’
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Using the complexity analysis of Algorithm 5 (Divide) and (31), we now obtain
that the total cost of the calls to Algorithm 5 (Divide) for all nodes of the tree at level
t is bounded by

(card(A) + 1)((Zk)t+ld)c//k(t+l)Do(tz)(ktd)o(tzk)
— (card(A) + 1) DO (ki @) 00

Since the tree has depth log(k’) the total cost of the calls to Algorithm 5 (Divide) is
bounded by

(card(A) + 1) DOUOE K (log) g) Oklee D),

From the complexity analysis of Algorithm 5 (Divide) we also get that for each n €
Leav, the degrees in TFix(n), and the variables n’s, of the polynomials in 7 (n), as well
as those in P(n) and Q(n), are all bounded by

plogk)+1 (klog(k’) d) Ok 10g(k’)).

The degrees in Xgix(n)+1, - - . » Xk of P(n) and Q(n) are bounded by 0 k)e®) g, o

Remark 7.19 Note that in the above analysis of the degrees in the variables 7"’s and the
infinitesimals 7n’s of the polynomials in P(n), Q(n) depends on s(n). It is instructive
to work out the actual bound on the degrees in the following three cases (in the special
case where A = ):

1. s(n) = 0": In this case, the polynomials in P(n), Q(n) do not have any 7”s in
them, and the degrees in 7 is bounded by O (k)'d. It is not difficult to see that the
complexity of Algorithm 5 (Divide) at such a node is bounded by d9® O —
40K O Klog(k))

2. s(n) = 1": In this case, the degrees of the polynomials in P(n), Q(n) in T’s and
n’s are bounded by O (d)*/ 27 Asa consequence, it is not difficult to see that the
complexity of Algorithm 5 (Divide) at such anode is bounded by ¢ ¢ © kO log(k"))

If these were the only types of nodes in the tree computed by Algorithm 6 then
we would obtain an algorithm with complexity d9* log(k) g O(klog* k) Ty fact the
complexity is worse and this is caused by paths in the tree which are away from the
extreme left and right ones. For example consider a node n with level 7, and with
s(n) = 0101.... The polynomials in P(n), Q(n) will depend on T3, T4, ... while
since Free(m) > ’% for each node m along the path from the root to n, the degrees in
each of the 75; can only be bounded by (k'd) Oki) "and is thus (k! d)O(k’ ) in the worst
case. As a result the complexity of the call to Algorithm 5 (Divide) at the node n can
only be bounded by (ko) )0 * logz(k/)), and this dominates the complexity of all
calls to Algorithm 5 (Divide) in Algorithm 6.
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7.5 Divide and Conquer Roadmap

We are going to construct the roadmap of V from the tree Tree(V, .A), by taking
limits of the basic semi-algebraic sets associated to the leaves, which are strongly of
dimension < 1. Theorem 7.4 then guarantees the correctness of the algorithm. Thus,
we need to know how to compute limits of points and curve segments, and this what
we explain below.

In the following € = (g1, ..., &) is a tuple of infinitesimals.

ALGORITHM 7 [Limit of a Bounded Point]

e Input:
(1) A Thom encoding (fz, 0s) , fz € D€, U], representing x; € R(g) bounded
over R.
(2) A real univariate representation (gz, 7z, Gz) over (fz, 03), where gz, Gz C
D[e, U, V], representing a point zz € R{¢)” bounded over R.
e Output: a real univariate representation (g, r, G) representing

z = lim(zz) € R.
€1

e Complexity and degree bounds: If D is abound on the degrees of the polynomials
in fz, gz and G, with respect to U, V and &, then the degrees of the polynomi-
als appearing in the output are bounded by D), and the number of arithmetic
operations in D is bounded by p@1 DO®,

e Procedure:

e Step 1. Using Algorithm 12.16 (Bounded Algebraic Sampling) from [2] in the
ring D [g] with input {f3, gz} obtain a set of univariate representation u =
(hg, H = (hg, hy, hy)). For each such u, substitute the rational function Z—z for U
in f; and its derivatives with respect to U. Similarly, substitute the rational func-
tions Z—g, f;l—‘(; for U, V in gz and its derivatives with respect to V to obtain fz ,, 5.4
and Der (f3),,Der (gz),,-

e Step 2. Using Algorithm 10.13 (Univariate Sign Determination) from [2] with input
he, Der (he) and Der ( fz),,Der (gz),, determine a real univariate representation
u = (hz, 4, E = (ho, hy, hy)) whose associated point is (uz, vz) where u; is
associated to the Thom encoding ( f;, 0z) and v; is associated to the Thom encoding
(gs, 1s) over (fs, 0z). Substitute the rational functions ]Z—ﬁ’ Z—‘g for U,V in Gg,
to obtain Gz, and replace (gz, Tz, Gz) by the new real univariate representation
(e, Te, Gg,u), where e € D[£,T].

e Step 3. Replace (see Notation 5.3) gz by £ % (89) gz Denote by g(T') the polynomial
obtained by substituting successively &, by 0, and then &, by 0, and so on, and
finally € by 0, in gz. Similarly denote by G(T) the polynomials obtained by
substituting successively &; by 0, and then &;_1 by 0, and so on, and finally ¢; by
0, in G;.

e Step 4. Compute the set ¥ of Thom encodings of roots of g(7) using Algorithm
10.13 (Univariate Sign Determination) from [2]. Denoting by w, the multiplicity
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of the root of g(7') with Thom encoding o, define G, as the (i, — 1)-st derivative
of G with respectto 7.

e Step 5. Identify the Thom encoding ¢ and G, representing z using Algorithm
11.13 (Univariate Sign Determination) from [2], by checking whether a ball of
infinitesimal radius § (1 > 6 > & > 0) around the point z represented by the real
univariate representation g, o, G, contains zz.

Proof of correctness The correctness of the algorithm follows from the correctness
of Algorithm 12.16 (Bounded Algebraic Sampling) and Algorithm 10.13 (Univariate
Sign Determination) from [2]. O

Proof of complexity and degree bounds Using the complexity analysis of Algorithm
12.16 (Bounded Algebraic Sampling) from [2] the number of arithmetic operations in
the ring D [£] is bounded by p?M DO The degrees in T, & of the polynomials in
H,as well as fz 4, gz.u, are also bounded by DO From the complexity analysis of
Algorithm 10.13 (Univariate Sign Determination) from [2], the number of arithmetic
operations in D [£] in Step 2 is bounded by D Tt also follows that the number of
arithmetic operations in D of these two steps is bounded by DY From the bound
on the degrees in £ it follows that the complexity of Step 3 is bounded by p@" DO®),
Since the degrees do not increase in Step 3, it follows again from the complexity
analysis of Algorithm 10.13 (Univariate Sign Determination) from [2] that the number
of arithmetic operations in D in Steps 4 and 5 is bounded by p@) DO Thus, the total
complexity is bounded by p@ DP® and the degrees of the polynomials appearing
in the output are bounded by DO O

Definition 7.20 Let (g1, t1), (g2, 72) be Thom encodings above a Thom encoding
(h, o). We denote by z € R the point specified by (4, o), and by (z, a), (z, b) the
points specified by (g1, 1) and (g2, 12).

A curve segment representation(u, p) on (g1, t1), (g2, 72) over (h, o) is:

e a parametrized univariate representation with parameters (X<;), i.e.,
u=(f(Z, X,U0), fo(Z,X,U), fi(Z,X,U),..., fi(Z,X,U)) CcDI[Z, X, U],

e asign condition p on Der( f) such that for every x € (a, b) there exists a real root
u(x) of f(z,x,U) with Thom encoding p and fy(z, x, u(x)) # 0.

The curve segment associated to u, p is the semi-algebraic function v which maps a
point x of (a, b) to the point of R defined by

1@z, x, ux)) fk(Z,x,M(X)))_

U(x):(x,
fol(z, x, u(x)) Sfo(z, x, u(x))

It is a continuous injective semi-algebraic function.

In the following algorithms we will need to compute descriptions of the limits
of certain curve segments. These limits are computed using a slight modification of
Algorithm (Limit of a Curve) from [3].
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ALGORITHM 8. [Divide and Conquer Roadmap Algorithm for Bounded Algebraic Sets]

e Input: A polynomial P € D[X1, ..., Xk] such that Zer(P, R*) is bounded, and
aset A = {uy,...,u,} of real univariate representations with associated set of
points A C Zer(P, RY).

e Output: A roadmap, DCRM(Zer(P, R¥), A), of Zer(P, R¥) containing A.

e Complexity and degree bounds: Let d = deg(P) and suppose that the degrees of
the polynomials appearing in the real univariate representation in A with associated
point p; be bounded by D;. The complexity is bounded by

m

21/ / N2

(1 + ZDiO(log (k )))(klog(k)d)O(kIOg(k) .
i=1

Moreover, the degrees of the polynomials appearing in the descriptions of the curve
segments and points in the output are bounded by

O (log(k")) / 1
( max D,-) (Kloe®) ) O loelE)
1<i<k

e Procedure:

e Step 1. Foreachi, 1 <i < m, call Algorithm 6 with input P and {«;}, and denote
by Leav the collection of the leaves of Tree(V, {u;}),i =1, ..., m.

e Step 2. Define

r:= |J Basm).

neleav

Compute limg, (I") as follows.
(1) For each n € Leav, let

F) = Z e Diog(ey [ Tixm |-
feT ()

(2) Compute using Algorithm 12.16 (Bounded Algebraic Sampling) from [2]
in the ring Dyogk)[0(n)] and F(n) as input, and compute a real univariate
representation uy = (hy, oy, Hy) whose associated point w(n) € RE)I;((;))

(3) Forevery Q' C Q(n), apply Algorithm 15.2 (Curve Segments) from [2] with
input the Thom encoding (1n, ow,) specifying cy € Ryog k) and the polynomial

Gn) = Z gt e Dioge)y [Us XFix(my+1 - - - » Xk]-
gep(n)1411UQ/u‘1

with parameter Xix(n)+1 to obtain a set, I, of curve segments with associated
sets contained in {w(n)} x Rfogscl,x(n) Subdivide the interval of definition of
each curve segment into pieces above which the sign of Q(n) remains fixed
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on the curve segment, and retain only those contained Bas(P (n), Q(n)) using
Algorithm 11.19 (Restricted Elimination) from [2].

(4) Now apply Algorithm (Limit of a Curve) from [3] to the curve segments output
in Step 3, with the following modifications:we use Algorithm 7 (Limit of a
Bounded Point) instead of the corresponding algorithm in [3] and replace the
various instances of substituting ¢ by 0 by substituting successively n; by 0,
and then 7;_1 by 0, and so on, and finally 1 by O.

Proof of correctness Follows from the correctness of Algorithms 6, 7, Algorithm
(Limit of a Curve) from [3], and Proposition 7.3. O

Proof of complexity and degree bounds The complexity of Step 1 is

m
201/ / 21!
(1 + 2 : DiO(IOg (k ))) (klog(k )d)O(klog (k"))
i=1

by the complexity of Algorithm 6. Now using the complexity analysis of Algorithm
12.16 (Bounded Algebraic Sampling) from [2], as well as those of Algorithm 15.2
(Curve Segments) from [2], and Algorithm 11.19 (Restricted Elimination) from [2],
the number of arithmetic operations in D[] in Steps 2(i), 2(ii), and 2(iii) is bounded
by

m
(l + Z DiO(log(k ))) (klog(k/)d)O(k log(k ))'
i=1

So using the fact that the degrees in 7 are bounded by Dio(log(k/)) (klog®") g) O (klog(k")

in the complexity analysis of Algorithm 6, the number of arithmetic operations in D
is bounded by

7 2010 ’ 210
(1 + Z DiO(IOg (k )))(klog(k)d)O(kIOg (k ))'

i=1

Note also that the degrees (in the parameters as well as in 1) of the polyno-
mials used to describe the curve segments output in Step 2(iii) are bounded by
Dl.O(log(k ) )(klog(k/)d)o(k log(k)) Finally using the complexity analysis of Algorithm
(Limit of a Curve) from [3], as well as that of Algorithm 7 (Limit of a Bounded Point),
we get that the complexity of Step 2(iv) is bounded by

m
201/ ’ 201/
(1 + Z DiO(IOg (k ))) (klog(k )d)O(kIOg (k"))
i=1
as well. Thus, the total complexity is bounded by
m
21/ / 201/
(1 + Z DiO(IOg (k )))(klog(k)d)o(klog (k )).

i=1
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Moreover, it follows from above and the complexity of Algorithm (Limit of a Curve)
from [3], and Algorithm 7 (Limit of a Bounded Point), that the degrees of the poly-
nomials appearing in the descriptions of the curve segments and points in the output
are bounded by (maxj<; <k Di)o(log(k/))(klog(k/)d)o(k log(k)) O

We are now in a position to describe a divide-and-conquer algorithm for computing
a roadmap of a general (i.e., possibly unbounded) algebraic set. The procedure of
passing from the bounded case to the unbounded one is the same as that used in [1]
as well as in [3]. We include it here for the sake of completeness.

We first need a notation.

Notation 7.21 Let F' € D[X] be givenby F' = a,X? + --- + a,X9. We denote

-1
P

c(P) = Z

i=q

aj
aq

ALGORITHM 9. [Divide and Conquer Roadmap Algorithm for General Algebraic Sets]

e Input: A polynomial P € D[X1, ..., Xi] such that Zer(P, Rk) is bounded and
strongly of dimension < k’, and a set A = {uy, ..., u,,} of real univariate repre-
sentations with associated set of points A C Zer(P, RK ).

e Output: A roadmap, DCRM(Zer(P, R¥), A), of Zer(P, R¥) containing A.

e Complexity and degree bounds: Let d = deg(P), and suppose that the degrees of
the polynomials appearing in the real univariate representation in A with associated
point p; are bounded by D;. The complexity is bounded by

m
201/ / "2
(1 + ZDZQ(IOg (k)))(klog(k)d)O(kIOg(k) .

i=1
The degrees of the polynomials appearing in the descriptions of the curve segments

and points in the output are bounded by

( max Di)O(log(k’)) (klog(k’)d) O(k log(k’)).

1<i<k

e Procedure:
e Step 1. Introduce new variables X4 and ¢ and replace P by the polynomial

k+1

P. =P+ (ez(g}x,?) ~1)

2

e Step 2. Replace A by A, the set of real univariate representations representing the
elements A, of Zer(P;, R(¢)¥) above the points represented by A using Algorithm
12.16 (Bounded Algebraic Sampling) [2].
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e Step 3. Call Algorithm 8 (Divide and Conquer Roadmap Algorithm for Bounded
Algebraic Sets) with input P, A, performing arithmetic operations in the domain
D [¢]. The algorithm outputs a roadmap

DCRM (Zer(P;, R(e)**1), A,)

composed of points and curves whose description involves ¢.
e Step 4. Denote by L the set of polynomials in D [¢] whose signs have been deter-
mined in the preceding computation and take

a = min c(F
FeLl (F)

using Notation 7.21.
Replace ¢ by a in the polynomial P, to get a polynomial P,. Replace ¢ by a in the
output roadmap to obtain a roadmap which when projected to R¥ gives a roadmap
of Zer(P, RF YN By (0, %) (where By (x, r) is the k-dimensional closed ball of center
x and radius r) containing the finite set of points A.

e Step 5. In order to extend the roadmap outside By (O, %) collect all the points

(V15 - - -» ks Ykt1) € R()**1 in the roadmap
DCRM (Zer (Pe, R(e)F1), A4,),

which satisfies ¢92(y12 +---+ y,%Jr]) = 1. Each such point is described by a real uni-
variate representation involving €. Add to the roadmap the curve segment obtained
by first forgetting the last coordinate and then treating ¢ as a parameter which varies
over (0, a] to get a roadmap DCRM (Zer (P, R¥), A).

Proof of correctness The correctness follows from the correctness of Algorithm 8
(Divide and Conquer Roadmap Algorithm for Bounded Algebraic Sets), taking into
account that a bounded algebraic set is always strongly of dimension < k — 1. O

Proof of complexity and degree bounds 1t is clear that the complexity is dominated
by that of the third step. The degree bounds on the polynomials in the output follow
from those of Algorithm 8 (Divide and Conquer Roadmap Algorithm for Bounded
Algebraic Sets). O

7.6 Proofs of Theorems 1.4, 1.2 and 1.5

Proof of Theorem 1.4 Clear from the the proofs of correctness, complexity and degree
bounds of Algorithm 8 (Divide and Conquer Roadmap Algorithm for Bounded Alge-
braic Sets). O

Proof of Theorem 1.2 Clear from the proofs of correctness, complexity and degree
bounds of Algorithm 9 (Divide and Conquer Roadmap Algorithm for General Alge-
braic Sets). O

@ Springer



Discrete Comput Geom (2014) 52:278-343 339

Proof of Theorem 1.5 Using Theorem 1.2, we have that x, y can be connected by a
semi-algebraic path, consisting of at most (k°8%)7)0*1og®) cyrve segments, and
each curve segment has degree bounded by (k1°¢%)7) 0 klog(0)) Tt is clear that a curve
segment of degree bounded by D meets a generic hyperplane in at most O (D?) points.
It now follows immediately from the Cauchy—Crofton formula [19] that the length of
each curve segment appearing in the path is bounded by (k2% 7) O klogtk) and finally
that the total length of the path is also bounded by (k02 )0 klog(k) O

8 Annex: Auxiliary Proofs

The main purpose of this Annex is to prove Lemmas 2.7, 2.8 and Proposition 4.6
which were stated earlier in the paper. We first prove an auxiliary proposition that will
be needed in the proofs of Lemma 2.8 and Proposition 4.6.

Proposition 8.1 Let P, Q C R[Xy, ..., Xi] be a finite set of polynomials and let
G € R[Xq, ..., Xg]. Suppose that [a, b] C R is such that G(Crit(P, Q, G)) N (a, b)
is empty. Let S = Bas(P, Q) be bounded. Then for any c € (a, b) the semi-algebraic
set Sq <G <p IS homeomorphic to Sg=c X (a, b) by a fiber preserving homeomorphism.
In particular, for each semi-algebraically connected component C of Sg<G<p, CG=c
is non-empty and semi-algebraically connected.

Proof The condition that G (Crit(P, Q, G)) N [a, b] is empty implies that S, G5 is
a Whitney-stratified set with strata Zer(P U Q’, Rk)a<G<;, NS, Q@ C Q, where the
dimension of Zer(P U Q', R¥),_Gp is equal to k — (card(P U Q') if non-empty.

The proposition now follows from a basic result in stratified Morse theory (see for
example, Theorem SMT Part A in [9]). ]

8.1 Proof of Properties of G-Critical Values
Proof of Lemma 2.7 Let x and y be two points of Cg<, and y : [0,1] — C be
a semi-algebraic path connecting x to y inside C. We want to prove that there is a
semi-algebraic path connecting x to y inside Cg<,.
If Im(y) C Cg<, there is nothing to prove. If Im(y) ¢ Cg<q4,
dc e R,Va <d < c,Im(y) N Sg=q # 0.
Let ¢ be a positive infinitesimal. Then

Ext(y ([0, 11), R{e)) N Ext (S, R(€))G=q+c # ¥

using [2, Proposition 3.17].
Since

{u € [0, 1] C R{e) | Ext(y, R (e))(u) € Ext (S, R(€))Ggre }

@ Springer



340 Discrete Comput Geom (2014) 52:278-343

and
{u €10, 1] C R(e) | Ext(y, R (e))(u) € Ext(S, R(e)use<G<p) }

are semi-algebraic subsets of [0, 1] C R{e) there exists by [2, Corollary 2.79] a
finite partition B of [0, 1] C R(e) such that for each open interval (u, v) of ‘L3,
Ext(y, R (¢))(u, v) is either contained in

Ext (S, R<5>)G<a+e >

or in
Ext (S, R(e)44e<G<b] »

with y (1) and y (v) in Cg=g+s-

If Ext(y, R (¢))(u, v) is contained in Ext(S, R{&))[44-<G<p]> We can replace y by
a semi-algebraic path y[’a’ b] connecting y () to y (v) inside CG<4+¢. Note that there
is no critical point of G in Ext (S, R(€)){41.<g<p) by [2, Proposition 3.17].

By Proposition 8.1, if D is a semi-algebraically connected component of

Ext(S, R () a+e<G<b>

DG=q+¢ is a semi-algebraically connected component of Ext(S, R (€))g=q+e-
Construct a semi-algebraic path y’ from x to x" inside Cg<4+¢, obtained by con-
catenating pieces of y inside Ext (S, R{e))G .41 and the paths y(’u, ») connecting
y (u) to y (v) for (u, v) such that Ext(y, R (g))(u, v) C Ext(S,R(e)),1.<G<p- Note
that such a semi-algebraically connected path y’ is closed and bounded. A_pplying
[2, Proposition 12.43], lim.(y'([0, 1])) is semi-algebraically connected, contains x
and x’ and is contained in limg(Cg<4+e) = Cg<q4- This is enough to prove the
lemma. O

Proof of Lemma 2.8 We are going to prove the lemma assuming R = R. The general
case follows from a standard transfer argument that we omit.

Part (1) follows immediately from Proposition 8.1. We now prove Part (2). Since
M is finite, there is a point x € Cg—p Which is not a critical point of G on S. Let
P, ={P € PUQ | P(x) = 0}. Then, since x is not a G-critical point of Zer(P,, R¥),
it follows that T Zer(P,, R¥) is not tangent to the level surface of G defined by
G = b, and hence for ¢ > 0 infinitesimal, By (x, €)gp N TyZer(Py, R(e)¥) is not
empty (where By (x, r) is the k-dimensional open ball of center x and radius r), and
hence By (x, &)gp N Zer(Py, R(e)k) is not empty either. Let y € By (x,&)gp N
Zer(Py, R(s)k). Then, since lim, y = x and y € Zer(Py, R(s)k), we have that for
each polynomial P € P U Q, P(x) and P(y) have the same signs, and hence y € S.
Moreover, since S is closed and lim, y = x € C, we have that y € Ext(C, R{g)).
Now using the transfer principle it follows Cg < is non-empty.

Parts (2a) and (2b) are immediate consequences of Proposition 8.1.

We prove (2¢). Clearly, | JI_; B; C C. Suppose that x € A = C \ |J/_, B;. For
r > 0 and small enough, By (x,r) N Cg<p = ¥ . Note that G(b) = b, since otherwise
x belongs to C<p, and thus to one of the B;’s.
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Applying Proposition 8.1, we deduce from the fact that By(x,r) N Co<p =
By (x,r)g<p N C = ( that x is a G-critical point of Zer(Py, Rk). In other words
x € M. But since by assumption M is finite, this implies that A is a finite set and
is thus closed. Since C is semi-algebraically connected and | J;_, B; is closed and
non-empty, A must be empty. O

8.2 Proof of Properties of (B, G)-Pseudo-critical Values

Proof of Proposition 4.6 We are going to prove the proposition assuming R = R.
The general case follows from a standard transfer argument that we omit. Let F =
{F1,..., Fg},where P = {Fy, ..., F,}, Q ={Fu+1, ..., Fs}.

(1) It follows from the good rank property of the matrix B and Proposition 4.4 that for
any I C [1,s],0 € {—1, 1}/, the algebraic sets Zer(]?l,g,g, R(y)¥) have at most
isolated singularities. It now follows from the semi-algebraic Sard’s theorem [4],
that the set of critical values of G restricted to the various Zer(F, 1.6.B> R(y)¥) is
a finite set. This proves that the set D(P U Q, B, G) is finite.

(2) Let

m N
F=J&EF+yH10 |J (F+vH)
i=1 i=m+1

and S = Bas(¥), F) C R(y)X. Clearly, Ext (S, R(y)) C S, and since S is bounded,
there exists a unique semi-algebraically connected component, D of Sa<G <b,such
that D is bounded over R, Ext(D,R(y)) C D, and lim,, D = D. ltis also clear
from the definition of S and the fact that ¢ € R, that Ext (Dg—c, R (y)) C DG—c,
and Dg—. = limy(f)Gzc). Since, D is bounded over R, in order to prove that
Dg—. is non-empty and semi-algebraically connected, it suffices to prove (using
Proposition 12.43 in [2]) that Dg—. is non-empty and semi-algebraically con-
nected. Since lim,, (Crit(]-i],g,g, G)N [a, b] \ {c} is empty for all I C [1,s]
and 0 € {—1, 1}1, it follows that for all / C [1,s] and 0 € {-—1, 1}1,
(Crit(]t},c, B, G)) N [a, b] belongs to the interval [c — §, ¢ + 8] (respectively,
l[a,a + 8] if c =a,and [b — 5, b] if c = b), where § > 0 is a new infinitesimal.
We claim that Ext(D,R(y,S})C,SSGSH(g in case ¢ # a,b (respectively,
Ext(D, R(y.8))a<G=a+s if ¢ = a, and Ext(D,R(y.8)), s_._, if ¢ = b) is
non-empty and semi-algebraically connected. We prove the statement only in
case ¢ # a, b; the proof in the other two cases being very similar.

Let x, y be any two points in Ext(D R(y, 8))c—s<G<c+s-

We show that there exists a semi-algebraic path connecting x to y lying
within Ext(D R(y, 8))c—s<G=c+s- Since D itself is semi- algebra1cally con-
nected, there exists a semi-algebraic path, y : [0,1] — Ext(D,R()/,(S)),
with y(0) = x,y(1) = y, and y(¢t) € Ext(D, R(y,8)),0 < r < 1. If
y(t) € Ext([), R(y, 8))c—s<G<c+s for all t € [0, 1], we are done. Otherwise,
the semi-algebraic path y is the union of a finite number of closed connected
pieces y; lying either in Ext(D, R(y. 8))a<G<c—s. EXt(D, R(y, 8))c—s<G=c+5. OF
Ext(D, R(y, 8))c+s<G=<b-
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By Lemma 2.7 the semi-algebraically connected components of

Ext(D.R(y.8)) 5_, 5
(resp. Ext(ﬁ,R(y, 8))G=c+s) are in 1-1 correspondence with the semi-
algebraically connected components of

Ext(D, R(y, 8))a<G<c—s

(resp. Ext(ﬁ, R(y, 8))c+s<G<p) containing them. In particular, notice that since
D is non-empty being a semi-algebraically connected component of the semi-
algebraic set S,<g<p, D is also non-empty, and hence at least one of the sets

Ext(D,R(y, 8))

a<G=<c-4§’

Ext(D.R(7.8)),_s<g=css°

Ext(D,R(y 5))C+5§G§b

is not empty. Thus, Ext(D, R(y, 8))c—s<G=<c+s # . But, since

lim (Ext(D, R(y. 8)) =D,,
Y

c78§GSc+8)

this proves that D, is not empty.
We can now replace using Proposition 8.1 each of the y; lying in

Ext(D,R(y, 8))

a<G=<c—46

(resp. Ext(ﬁ R(y, 8))c+5<G<p) With endpoints in Ext(b R(y, 8))G=c—s (resp.
Ext(D, R(y, §))g= c+5) by another segment with the same endpoints but lying
completely in Ext(D,R(y, 8))G=c— 5(resp Ext(D, R{y, 8))G=c+s)- We thus
obtain a new semi-algebraic path y’ connecting x to y and lying inside
Ext(D, R(y, 8))c s<G<c+s- This proves that Ext(D, R(y,8))c—s<G=c+s is semi-
algebraically connected and hence so is Dc = lims D¢—_s<G<c+s (by Proposition
12.43 in [2]). O
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