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Abstract We show that every n-point tree metric admits a (1 + ¢)-embedding into
Elc(g)l()g", for every ¢ > 0, where C(¢) < 0((%)4 log %)) This matches the natural
volume lower bound up to a factor depending only on ¢. Previously, it was unknown
whether even complete binary trees on 7 nodes could be embedded in 610(10g") with

O (1) distortion. For complete d-ary trees, our construction achieves C(g) < O (Slz)

Keywords Dimension reduction - Metric embeddings - Bi-Lipschitz distortion

1 Introduction

LetT = (V, E) be afinite, connected, undirected tree, equipped with a length function
on edges, len : E — [0, 0o). This induces a shortest-path pseudometric,

dr (u, v) = length of the shortest u—v path in 7.

(This is a pseudometric because we may have d(u, v) = 0 even for distinctu, v € V.)
Such a metric space (V, dr) is called a finite tree metric.
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Given two metric spaces (X, dy) and (Y, dy), and a mapping f : X — Y, we
define the Lipschitz constant of f by

d b
1 llip = dy (f (). FO)

x#yeX dx(x,y)

An L-Lipschitz map is one for which || f||Lip < L. One defines the distortion of the
mapping f to be dist(f) = || fllLip - | f -1 lLip, where the distortion is understood to
be infinite when f is not injective. We say that (X, dx) D-embeds into (Y, dy) if there
is a mapping f : X — Y with dist(f) < D.

Using the notation Ell‘ for the space R¥ equipped with the || - ||| norm, we study the
following question: How large must k = k(n, €) be so that every n-point tree metric
(1 4 &)-embeds into 6’1‘ ?

1.1 Dimension Reduction in £

A seminal result of Johnson and Lindenstrauss [8] implies that for every ¢ > O,
every n-point subset X C ¢, admits a (1 + ¢)-distortion embedding into €%, with

k=0 (losgzn) On the other hand, the known upper bounds for £; are much weaker.
Talagrand [19], following earlier results of Bourgain—Lindenstrauss—Milman [3] and
Schechtman [17], showed that every n-dimensional subspace X C £ (and, in partic-

ular, every n-point subset) admits a (1 4 &)-embedding into €%, with k = O (" lszg”).

For n-point subsets, this was very recently improved to k = O(n/e?) by New-
man and Rabinovich [15], using the spectral sparsification techniques of Batson
et al. [4].

On the other hand, Brinkman and Charikar [2] showed that there exist n-point sub-
sets X C {1 such that any D-embedding of X into E']‘ requires k > nS2(1/ D?) (see
also [10] for a simpler proof). Thus the exponential dimension reduction achievable
in the ¢, case cannot be matched for the £; norm. More recently, it has been shown
by Andoni et al. [1] that there exist n-point subsets such that any (1 + ¢)-embedding
requires dimension at least n' =91/ log(e™1) Regev [16] has given an elegant proof of
both these lower bounds based on information theoretic arguments.

One can still ask about the possibility of more substantial dimension reduction for
certain finite subsets of £1. Such a study was undertaken by Charikar and Sahai [5].
In particular, it is an elementary exercise to verify that every finite tree metric embeds
isometrically into £, thus the £; dimension reduction question for trees becomes a
prominent example of this type. It was shown' [5] that for every & > 0, every n-point

tree metric (14-¢)-embeds into Z’l‘ withk = O (lof#) Itis quite natural to ask whether
the dependence on n can be reduced to the natural volume lower bound of 2 (logn).
Indeed, it is Question 3.6 in the list “Open problems on embeddings of finite metric
spaces” maintained by Matousek [13], asked by Gupta et al.> As noted there, the ques-

! The original bound proved in [5] grew like log3 n, but this was improved using an observation of A. Gupta.

2 Asked at the DIMACS Workshop on Discrete Metric spaces and their Algorithmic Applications (2003).
The question was certainly known to others before 2003, and was asked to the first-named author by Assaf
Naor earlier that year.
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tion was, surprisingly, even open for the complete binary tree on n vertices. The present
paper resolves this question, achieving the volume lower bound for all finite trees.

Theorem 1.1 For every ¢ > 0 and n € {1,2,3,...}, the following holds. Every
n-point tree metric admits a (1 4 €)-embedding into E’f withk = O ((é)4 log % log n)
If the tree is a complete d-ary tree of some height, the bound improves to k =
0((1)*logn).

The proof for the general case is presented in Sect. 3.1. The special case of complete
d-ary trees is addressed in Sect. 2. We remark that the proof also yields a randomized
polynomial-time algorithm to construct the embedding.

By simple volume arguments, the ®(logn) factor is necessary. Regarding the
dependence on ¢, it is known [9] that for complete binary trees, one must have
k > Q(%), showing that, for this special case, Theorem 1.1 is tight up to
alog(1/¢) factor.

1.2 Notation

Foragraph G = (V, E), we use the notations V (G) and E (G) to denote the vertex and
edge sets of G, respectively. For a connected, rooted tree T = (V, E) and x,y € V,
we use the notation Py, for the unique path between x and y in 7', and Py for P,
where r is the root of T'.

We use N for the set of positive integers {1, 2, 3, ...}. For k € N, we write [k] =
{1,2, ..., k}. We also use the asymptotic notation A < B to denote that A = O(B),
and A < B to denote the conjunction of A < B and B < A.

1.3 Proof Outline and Related Work

We first discuss the form that all our embeddings will take. Let T = (V, E) be a finite,
connected tree, and fix arootr € V. Foreach v € V, recall that P, denotes the unique
simple path from r to v. Given a labeling of edges by vectors A : E — R¥, we can
define ¢ : V — R by

o(x) = Z r(e). )

ecE(Py)

The difficulty now lies in choosing an appropriate labeling A. An easy observation is
that if we have ||[A(e)||1 = len(e) for all e € E and the set {A(e)}c.ck is orthogonal,
then ¢ is an isometry. Of course, our goal is to use many fewer than |E| dimensions
for the embedding. We next illustrate a major probabilistic technique employed in our
approach.

Re-randomization. Consider an unweighted, complete binary tree of height 2. Denote
the treeby Tj, = (Vj,, Ep), letn = 2h+1 _ 1 be the number of vertices, and let r denote
the root of the tree. Let k € N be some constant which we will choose momentarily.
If we assign to every edge e € Ej, alabel A(e) € R, then there is a natural mapping
7, 0 Vi = {0, 1}¥" given by

7). (v) = (A(e1), Ale2), ..., A(ex),0,0,...,0), 2)
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where E(Py) = {e1, €2, ..., e}, and the edges are labeled in order from the root to v.
Note that the preceding definition falls into the framework of (1), by extending each
A(e) to a (kh)-dimensional vector padded with zeros, but the specification here will
be easier to work with presently.

If we choose the label map A : E;, — {0, 1}* uniformly at random, the probability
for the embedding 1, specified in (2) to have O(1) distortion is at most exponentially
small in n. In fact, the probability for 7, to be injective is already this small. This is
because for two nodes u, v € Vj, which are the children of the same node w, there is
(1) probability that 7y (#) = 1) (v), and there are 2 (n) such independent events. In
Sect. 2, we show that a judicious application of the Lovasz Local Lemma [6] can be
used to show that 7, has O(1) distortion with non-zero probability. In fact, we show
that this approach can handle arbitrary k-ary complete trees, with distortion 1 + &.
Unknown to us at the time of discovery, a closely related construction occurs in the
context of tree codes for interactive communication [18].

Unfortunately, the use of the Local Lemma does not extend well to the more difficult
setting of arbitrary trees. For the general case, we employ an idea of Schulman [18]
based on re-randomization. To see the idea in our simple setting, consider 7}, to be
composed of a root r, under which lie two copies of 7j,_1, which we call A and B,
having roots ra and rg, respectively.

The idea is to assume that, inductively, we already have a labeling A,,_1 : Ej—1 —
{0, 1}¥*=D guch that the corresponding map 7, , has O(1) distortion on 7;,_;. We
will then construct a random labeling A, : E; — {0, 1}* by using A,_; on the
A-side, and mw(A,—1) on the B-side, where m randomly alters the labeling in such a
way that T (,_,) is simply 7;,_, composed with a random isometry of K'l((h_l). We
will then argue that with positive probability (over the choice of 7), 7;, has O(1)
distortion,

Let wy, 7m0, ..., wp—1 : {0, 1} — {0, 1}* be i.i.d. random mappings, where the
distribution of 1 is specified by

(X1, X2, .0, X)) = (p1(x1), p2(x2), ..., P (X))

where each p; is an independent uniformly random involution {0, 1} + {0, 1}. To
every edge e € Ej_1, we can assign a height a(e) € {1,2,...,h — 1} which is its
distance to the root. From a labeling A : Ej—1 — {0, 1}, we define a random labeling
a(A) : Ep—1 — {0, 1}¢ by

w(A)(e) = Ty(e) © A.

By a mild abuse of notation, we will consider 7 (1) : E(B) — {0, 1}*.
Finally, given a labeling Aj,— : Ep—; — {0, 1}, we construct a random labeling
An o Ep — {0, 1}¢ as follows:

0,0,...,0) e=(r,ra),
(1,1,...,1) e=(r,rp),
A—1(e) e € E(A),
T(Ap—1)(e) e € E(B).

An(e) =
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By construction, the mappings 7y, |v(a)u(r} and 7, |v(s)ur) have the same distor-
tion as 7y,_,. In particular, it is easy to check that 7;,_,) is simply 7, , composed
with an isometry of {0, 1}<("—D,

Now consider some pairx € V(A)andy € V(B).Itissimple to argue that it suffices
to bound the distortion for pairs withm = dr, (r, x) = dr, (r, y) form € {1,2, ..., h},
so we will assume that x, y have the same height in 7},.

Observe that 73, (x) is fixed with respect to the randomness in 7, thus if we write
v = 1y, (x) — 73, (y), where subtraction is taken coordinate-wise, modulo 2, then v
has the form

UE(1’1""71’b1’b2,...,b,((m_1))

K

where the {b;} are i.i.d. uniform over {0, 1}. It is thus an easy consequence of Chernoff

bounds that, with probability at least 1 — e™"</8, we have
K -dr,(x,y)
T2, () — T, D11 = Ml = hT

Also, clearly [Ty, llLip < k.
On the other hand, the number of pairs x € V(A), y € V(B) withm = d7, (r, x) =
dr, (r,y) is 220m=1) thys taking a union bound, we have

h
P(dist(tkh) > max{4, dist(rthl)}) < Z 22m=1) g—mi/8

m=1

and the latter bound is strictly less than 1 for some x = O(1), showing the existence
of a good map t;,,.

This illustrates how re-randomization (applying a distribution over random isome-
tries to one side of a tree) can be used to achieve O (1) distortion for embedding 7}
into Elo(h). Unfortunately, the arguments become significantly more delicate when we
handle less uniform trees. The full-blown re-randomization argument occurs in Sect. 5.

Scale Selection. The first step beyond complete binary trees would be in passing to

complete d-ary trees for d > 3. The same construction as above works, but now one

has to choose ¥ < logd. Unfortunately, if the degrees of our tree are not uniform,

we have to adopt a significantly more delicate strategy. It is natural to choose a single

number k(e) € N for every edge e € E, and then put A(e) € ﬁ{O, 1)@ (this

ensures that the analogue of the embedding 7, specified in (2) is 1-Lipschitz).
Observing the case of d-ary trees, one might be tempted to put

Kk(e) = |710g :ZH,

where e = (u, v) is directed away from the root, and we use T; to denote the subtree
rooted at v. If one simply takes a complete binary tree on 2 nodes, and then connects
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a star of degree 2" to every vertex, we have k(e) =< h for every edge, and thus the
dimension becomes O (h?) instead of O (h) as desired.

In fact, there are examples which show that it is impossible to choose « (u, v) to
depend only on the geometry of the subtree rooted at u. These “scale selector” values
have to look at the global geometry, and in particular have to encode the volume
growth of the tree at many scales simultaneously. Our eventual scale selector is fairly
sophisticated and impossible to describe without delving significantly into the details
of the proof. For our purposes, we need to consider more general embeddings of type
(1). In particular, the coordinates of our labels A(e) € R will take a range of different
values, not simply a single value as for complete trees.

We do try to maintain one important, related invariant: If P, is the sequence of edges
from the root to some vertex v, then ideally for every coordinate i € {1, 2, ..., k} and
every value j € Z, there will be at mostone e € P, for which A(e); € [2/,2/%1). Thus
instead of every coordinate being “touched” at most once on the path from the root to
v, every coordinate is touched at most once at every scale along every such path. This
ensures that various scales do not interact. For technical reasons, this property is not
maintained exactly, but analogous concepts arise frequently in the proof.

The restricted class of embeddings we use, along with a discussion of the invariants
we maintain, are introduced in Sect. 3.2. The actual scale selectors are defined in
Sect. 4.

Controlling the Topology. One of the properties that we used above for complete d-ary
trees is that the depth of such a tree is O (log, n), where n is the number of nodes in the
tree. This allowed us to concatenate vectors down a root—leaf path without exceeding
our desired O (log n) dimension bound. Of course, for general trees, no similar property
need hold. However, there is still a bound on the fopological depth of any n-node tree.

To explain this, let T = (V, E) be a tree with root r, and define a monotone
coloring of T to be a mapping x : E — N such that for every ¢ € N, the color
class x ~!(c) is a connected subset of some root—leaf path. Such colorings were used
in previous works on embedding trees into Hilbert spaces [7,11,12], as well as for
preivous low-dimensional embeddings into €1 [5]. The following lemma is well-known
and elementary.

Lemma 1.2 Every connected n-vertex rooted tree T admits a monotone coloring such
that every root—leaf path in T contains at most 1 4 log, n colors.

Proof For an edge e € E(T), let £(e) denote the number of leaves beneath e in T
(including, possibly, an endpoint of e). Letting £(T) = max,.cg £(e), we will prove that
for£(T) > 1, there exists amonotone coloring with at most 1+log, (£(T")) < 14log, n
colors on any root—leaf path.

Suppose that r is the root of 7. For an edge e, let T, be the subtree beneath e,
including the edge e itself. If r is the endpoint of edges ey, e2, . . ., ex, we may color the
edgesof T, Te,, . .., T,, separately, since any monotone path is contained completely
within exactly one of these subtrees. Thus we may assume that r is the endpoint of
only one edge e1, and then £(T) = £(ey).

Choose a leaf x in T such that each connected component of 77 of T\ E(Py,) has
L(T") < L(e1)/2 (this is easy to do by, e.g., ordering the leaves from left to right in
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a planar drawing of T). Color the edges E(P,,) with color 1, and inductively color
each non-trivial connected component T’ with disjoint sets of colors from N \ {1}.
By induction, the maximum number of colors appearing on a root—leaf path in T is at
most 1 4+ log,(¢(e1)/2) = 1 + log,(£(T)), completing the proof. O

Instead of dealing directly with edges in our actual embedding, we will deal with
color classes. This poses a number of difficulties, and one major difficulty involving
vertices which occur in the middle of such classes. For dealing with these vertices,
we will first preprocess our tree by embedding it into a product of a small number
of new trees, each of which admits colorings of a special type. This is carried out in
Sect. 3.1.

2 Warm-Up: Embedding Complete k-ary Trees

We first prove our main result for the special case of complete k-ary trees, with an
improved dependence on ¢. The main novelty is our use of the Lovdsz Local Lemma
to analyze a simple random embedding of such trees into £;. The proof illustrates the
tradeoff between concentration and the sizes of the sets {{u, v} C V : dr(u, v) = j}
foreach j =1,2,...

Theorem 2.1 Let Ty j, be the unweighted, complete k-ary tree of height h. For every

2
e > 0, there exists a (1 + ¢)-embedding of T, into 610((h logh)/e%),

In the next section, we introduce our random embedding and analyze the success
probability for a single pair of vertices based on their distance. Then in Sect. 2.2,
we show that with non-zero probability, the construction succeeds for all vertices. In
the coming sections and later, in the proof of our main theorem, we will employ the
following concentration inequality [14].

Theorem 2.2 Let M be a non-negative number, and X; (1 < i < n) be independent
random variables satisfying X; < E(X;) + M for 1 < i < n. Consider the sum
X = >"" | X; with expectation E(X) = > E(X;) and Var(X) = >_"_, Var(X;).
Then we have

)2
PX—EX) = 1) < exp (2(Var(X) n M,\/s))‘ )

2.1 A Single Event

Firstk,h € Nand ¢ > 0. Write T = (V, E) for the tree T} ; with rootr € V, and let
dr be the unweighted shortest-path metric on 7. Additionally, we define

BE

and

m = t[logk]. (5)
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Let {v(1),...,v(t)} be the standard basis for R’. Let by, ba, ..., b,, be chosen
i.i.d. uniformly over {1, 2, ..., t}. For the edges ¢ € E, we choose i.i.d. random labels
A(e) € R™*! each of which has the distribution of the random vector (represented in
matrix notation),

. v(br)
— : (6)
m\ _

v(bp)

Note that for every e € E, we have |L(e)||1 = 1. We now define a random mapping
g: V — RMA=DXt a5 follows: We put g(r) = 0, and otherwise

A(er)
Alej
sy = M| ™
0
where ey, e, ..., e; is the sequence of edges encountered on the path from the root

to v. It is straightforward to check that g is 1-Lipschitz. The next observation is also
immediate from the definition of g.

Observation 2.3 Foranyv € Vandu € V(P,),wehavedr(u,v) = ||g(u)—g)| .

Form,n € N,and A € R™*", we use the notation A[i] € R" to refer to the ith row
of A. We now bound the probability that a given pair of vertices experiences a large
contraction.

Lemma 2.4 For C > 10,andx,y €V,
Plllg(x) — g1 < (1 — Ce)dr(x, y)] < k= Cdr@y/2, ®)

Proof Fix x,y € V, and let r’ denote their lowest common ancestor. We define a
family of random variables {X;;};e[n—1], je[m] by setting £;; = (i — 1)m + j, and then

Xij = 181 — g1l + g1 — g1
—lg)[Eij1 — gMLijlll1- 9
Observe thatif i < dr(r, r’) then X; i = 0forall j € [m] since all three terms in
(9) are zero. Furthermore, if i > min(dr (r, x), dr (v, y)) + 1, then again X;; = 0O for

all j € [m], since in this case one of the first two terms of (9) is zero, and the other is
equal to the last. Thus if

R =[h — 11N [dr(r,r") + 1, min(dr (r, x), dr (r, ))],
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theni ¢ R = X;; = Oforall j € [m], and additionally we have the estimate

dT(X, )’)

|R| = min(dy (r, x),d7(r, y)) —dr(r,r') < 5

(10)
Now, using the definition of g in (7), we can write

lg(x) — gl
= Z (g1 — (i1l + g Wij] — g1 — Xij)

ie[h—1],je[m]

=lg@) =g+ g —gtHlh— D X

ielh—11,je[m]

Dy (e, ry + dr(y.r) — > X
ielh—1], jelm]

=dr(x,y) — Z Xij.

ielh—11, jelm]

We will prove the lemma by arguing that

P[ Z X;j < Cedr(x, y)] < fCdrx)/2,
i€lh—1],j€lm]

We start the proof by first bounding the maximum of the X;; variables. Since, for
every ¢, we have

1
lgCole] — g(HIell, llgel = gGhiell € {0, Z}’

we conclude that

2

nmx{XU:ie[h——H,je[mI}f;; (11

Fori € R and j € [m], using (6) and (7), we see that (g(x)[£;;] — g(r’)[Zij]) =

%T)(a) and g(y)[¢ij]1 — g(rNLij] = %U(,B), where « and § are i.i.d. uniform over
{1,...,t}. Hence, fori € R and j € [m], we have

1
PLX;; # 0] = -

We can thus bound the expected value and variance of X;; fori € R and j € [m]
using (11),

2
E[Xij] < % (12)
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and
4

Using (10), we have

h—1 m
> > EIXil=) Z E[X;j] <
i=1j

=1 i€eR je[m ieR

(12§~ 2 (10 dT(x dr(x,y)
2.7 (14)
t

and

h—1 m

(13) (10)
ZZVar(X,-j) = 2lier 2 jeim Yar(Xij) < Xicr S M' (15)

i=1 j=I

We now apply Theorem 2.2 to complete the proof:

[ X xR

ielh—1],jelm] !

Z dr(x,y) (dr()tc,y))]

:IE”[ Xij -T2 = (-

ielh—1],je[m]

(154)19( S ox-E Y ”]>(C_1)(M))

ielh—11, jelm] ielh—1],j€lm]
- —((C = Ddr(x.y)/1)°
= €xXp ( 2 )
Z(Zie[h_l],je[m] Var(X;;) + (C — 1)(dr (x, y)/f)(;)/3)
. ( —((C = Ddr(x, y)/1)? )
- 2(2dr(x, y)/(tm) + (C — D)(dr (x, y)/1)(£)/3)
—(C—-1)? m

= -—d , .

exp (4(1 TC-D3) 1 T(x y))

An elementary calculation shows that for C > 10, we have ﬁ > % Hence,

P[> Xy=Cedr(x,y)]
i€lh—1],j€[m]
(14

dr(x,y) Cm
<IP’[ Z Xij > C(%y)] §exp(— Tth(x,y))
ielh—11,j€[m]
Q y—cdren)2

completing the proof. O
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2.2 The Local Lemma Argument

We first give the statement of the Lovasz Local Lemma [6] and then use it in conjunction
with Lemma 2.4 to complete the proof of Theorem 2.1.

Theorem 2.5 Let A be a finite set of events in some probability space. For A € A, let

I'(A) C Abesuchthat A is independent from the collection of events A\ ({A}UT (A)).
If there exists an assignment x : A — (0, 1) such that for all A € A, we have

P(A) <x(A) [] d—x@B).

Bel'(A)
then the probability that none of the events in A occur is at least [ [ . 4(1—x(A)) > 0.
Proof of Theorem 2.1 We may assume that k > 2. We will use Theorem 2.5 and

Lemma 2.4 to show that with non-zero probability the following inequality holds for
allu,veV

lg@) — gl = (A — 14e)dr (u, v).

Foru,v € V, let £,, be the event {||g(u) —gW| <A —14e)dr(u, v)}. Now,
foru, v € V, define

xuv — k—3dT(u,v)‘

Observe that for vertices u, v € V and a subset V' C V, the event &,, is mutually
independent of the family {£,/,/ : u’,v" € V'} whenever the induced subgraph of T
spanned by V' contains no edges from P,,. Thus using Theorem 2.5, it is sufficient
to show that forall u, v € V,

IF)(“;uv) < Xuv H (1 — xg). (16)
s,teV:
E(Ps)NE(Pyy)#9

Indeed, this will complete the proof of Theorem 2.1.
To thisend, fix u, v € V.Fore € E and i € N, we define the set

Se.i = {(s, t)y:s,t€V,dr(s,t) =i, ande € E(Ps,)}.

Since T is a k-ary tree,
i
1Seil < D KN KT =i kT < kL (17)
j=1
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Thus we can write

Xuv H (1 — x51)

s,tevV:
E(Ps)NE (Pyy)#Y

= X H H H 1 _ xvt _ k—?dT(u v) H H H k—?z

ecE(Pyy) ieN (s,1)€S,,; ecE(Pyy) ieN (s,1)eSe,;
17
k—3d7‘(u v) H H 3l > k—3d7~(u v) H H k21 k 3l))
ecE(Pyy)ieN e€E(Pyy)ieN

— f3dr(u,v) H H (] _

ecE(P,y)ieN

For x € [0, %], we have ¢ 2¥ < 1 — x, and since k > 2, we have k— < % for all
i € N, hence

) H (1 — xg)

s,teV:
E(Ps)NE (Pyy)#Y

> o 3dr ) H HCXp (;_12) — f—3dr(u,v) H exp ( — 22 kil)

ecE(P,y)ieN e€E(Pyy) ieN
—2/k —4
— k—3dT(M,v) ex > k—3dr(u,v) ex R
H p(l—l/k)_ H p(k)
ecE(Pyy) ecE(Pyy)
—4dr(u, v)

= k3T exp ( P )-

Since k > 2, we conclude that

D [ Gy

s,tevVv:
E(Pst)NE (Pyy)#Y

On the other hand, Lemma 2.4 applied with C = 14 gives
Plllg() — g1 < (1 = Me)dr (u, v)] < k=70,

yielding (16), and completing the proof. O

3 Colors and Scales
In the present section, we develop some tools for our eventual embedding. The proof

of our main theorem appears in the next section, but relies on a key theorem which is
only proved in Sect. 5.
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3.1 Monotone Colorings

Let T = (V, E) be a metric tree rooted at a vertex r € V. Recall that such a tree
T is equipped with a length len: £ — [0, 00). We extend this to subsets of edges
S C E vialen(S) = >, len(e). We recall that a monotone coloring is a mapping
x : E — N such that each color class x !(c) = {e € E : x(e) = ¢} is a connected
subset of some root—leaf path. For a set of edges S C E, we write x (S) for the set of
colors occurring in S. We define the multiplicity of x by

M(x) = max |x (Py)].
veV
Given such a coloring x and ¢ € N, we define

leny (¢) = len(x ' (c)).

and len, (S) = D .cgleny, (c) if S € N.
For every 6 € [0, 1] and x, y € V, we define the set of colors

Cy(x,y:8) = {c :len(Pry N x 71 (€)) < 8-leny ()} N (X (P)AX(P))).

This is the set of colors ¢ which occur in only one of Py and Py, and for which the
contribution to Pyy is significantly smaller than len, (c). We also put

Py (X, y:8) = leny (C(x, y: 8)). (18)
We now state a key theorem that will be proved in Sect. 5.

Theorem 3.1 Foreverye,§ > 0, thereis avalue C (e, §) = O((é%—log log %)3 log é)
such that the following holds. For any metric tree T = (V, E) and any monotone
coloring x : E — N, there exists a mapping F : V — Elc(e’é)(log"+M(X)) such that

forallx,y eV,

(I —e)dr(x,y) =8 py(x,y:8) < |[F(x) = F(Y)lli =dr(x,y). 19)

The problem one now confronts is whether the loss in the p, (x, y; 8) term can be
tolerated. In general, we do not have a way to do this, so we first embed our tree into a
product of a small number of trees in a way that allows us to control the corresponding
p-terms.

Lemma 3.2 For every ¢ € (0, 1), there is a number k < % such that the following
holds. For every metric tree T = (V, E) and monotone coloring x : E — N, there
exist k metric trees Ty, T», . . ., T with monotone colorings {x; : E(T;) — N}i.‘:1 and
mappings {f; : V — V(Ti)}i-‘:1 such that M (x;) < M(x), and |V (T;)| < |V| for all
i € [k], and the following conditions hold for all x,y € V:
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(a) We have

1 —

k
Zdn(ﬁ(X)y fiy) = A —e)dr(x,y). (20)
i=1

(b) Foralli € [k], we have

dr, (fi(x), fi(y) = (A +e)dr(x,y). 2L

(c) There exists a number j € [k] such that

—(k+1) K

edr(x,y) 2 =—— > py (i), fi(»); 27¢). (22)
i=1
i#]

Using Lemma 3.2 in conjunction with Theorem 3.1, we can now prove the main
theorem (Theorem 1.1).

Proof of Theorem 1.1 Lete > 0 be given, let T = (V, E) be an n-vertex metric tree.
Let x : E — N be a monotone coloring with M(x) < O(logn), which exists by
Lemma 1.2. Apply Lemma 3.2 to obtain metric trees 77, ..., T with corresponding
monotone colorings x1, . .., Xy andmappings f; : V — V(T;).Observethat M (y;) <
O(logn) for each i € [k].

Let F; : V(T;) — EIC(S) 08" pe the mapping obtained by applying Theorem 3.1 to
T; and ;, for each i € [k], with § = 2~*+D_ where C(¢) = 0(81—3(10g 1)). Finally,
we put

F=—((Fiofi))®(F0f)®: & (Fco fi))

| =

sothat F : V — ¢0(@) log 1ogm) e will prove that F is a (1 + O (e))-embedding,
completing the proof.

First, observe that each F; is 1-Lipschitz (Theorem 3.1). In conjunction with con-
dition (b) of Lemma 3.2 which says that || f;[lLip < 1 + ¢ for each i € [k], we have
I FllLp < 1+e.

For the other side, fix x,y € V and let j € [k] be the number guaranteed in
condition (c¢) of Lemma 3.2. Then we have

I1F(x) = F(l

k
1
= 2 2 Fi o fid) = (Fro )l
i=1
a9 1 —(k+1) . y—(k+1)
> 2 2 (A =e)dr(fi0), i) =27V (fi), fi; 27D
i#]
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22 /1
= (5 ;a — o) dp, (fi@), fi(»)) = edr(x, )
i#]

1< 1
> (£ 2 =0 dr (fi). fi3) = 7 dr, (f @) 500 = edr(x. )
i=1

en/l <
= (£ 20 = dn (i), i) -

i=1

1+4+¢
k

dT(-xv y) _SdT(-xs )’)

(20) 14+¢
> (1 —e)dr(x,y) —

> (1= 0())dr(x,y),

dr(x,y) —edr(x,y)

where in the final line we have used k < %, completing the proof. O

We now move on to the proof of Lemma 3.2. We begin by proving an analogous
statement for the half line [0, 00). An R-star is a metric space formed as follows: Given
a sequence {a;}:°, of positive numbers, one takes the disjoint union of the intervals
{[0, a1], [0, a2], ...}, and then identifies the O point in each, which is canonically
called the root of the R-star. An R-star S carries the natural induced length metric
ds. We refer to the associated intervals as branches, and the length of a branch is the
associated number g;. Finally, if S is an R-star, and x € S\ {0}, we use £(x) to denote
the length of the branch containing x. We put £(0) = 0.

Lemma 3.3 Foreveryk € Nwithk > 2, there exist R-stars Sy, . .., Sy with mappings
fi 110,00) = §;

such that the following conditions hold:

(1) Foreachi € [k], f;(0) is the root of S;.
(ii) Forall x,y € [0, 00), %Zle ds, (f;(x), fi() = (1= Plx —yl.
(iii) Foreachi € [k], f; is (1 + 27K -Lipschitz.
(iv) For x € [0, 00), we have £(f; (x)) < 2¢1x.
(v) For x € [0, 00), there are at most two values of i € [k] such that

ds; (fi(0), fi(x)) < 27% £(fi(x)).

(vi) Forall x,y € [0, 00), there is at most one value of i € [k] such that f;(x) and
fi(y) are in different branches of S; and

2750 + € fi () > 2 |x — vl

Proof Assume that k > 2. We first construct R-stars S1, ..., Sx. We will index the
branches of each star by Z. For i € [k], S; is a star whose jth branch, for j € Z, has
length 2i=1+k(j+1) We will use the notation (i, j, d) to denote the point at distance d
from the root on the jth branch of S;. Observe that (i, j, 0) and (i, j, 0) describe the
same point (the root of S;) for all j, j € N.
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Now, we define for every i € [k], a function f; : [0, co) — S; as follows:

(i, j. (x =20FM) /(1 = 217K)) for 277 x € [2M, 2KUFD=T),
fit) = (i, j, 2HkGHD —x) for 271 x e [2kU+D=T 2k(+D)y,
Condition (i) is immediate. It is also straightforward to verify that
I filluip = (1 =217971 < 142754, (23)
yielding condition (iii).
Toward verifying condition (ii), observe that for every x € [0,00) and [ €
{0,1,...,k— 2} we have
ds, (f; (), £i(0)) = (x — 2t (1 — 2176y >y — pllowad™,

when i = ([log, x] — /) mod k. Using this, we can write

k Llog, x] Llog, x]
Dlds(fi), iy = > x=2=k-Dx- > 2
i=1 I=|log, x| —k+2 I=|log, x| —k+2

> (k — Dx — 202X > (& — 3)x., (24)

Now fix x,y € [0,00) with x < y. If x < y/2, then we can use the triangle
inequality, together with (23) and (24) to write

k
1
2 2 ds (fi@). fi»)

i=1

k
1
>z > (ds, (fi(). fi(0) — ds; (fi(x). £i(0)) = (1 =3/k)y — (142" F)x
i=1

>0 =3/k)y—-0+1/k)x =1 =T/k)(y —x) +4y/k —8x/k
> (1 =7/k)(y —x).
Inthecasethat% <x <y, forl €{0,1,...,k— 3}, we have

ds, (fi(x), i) = (v —x)/(1 =2 =y —x
when i = ([log, x] — ) mod k. From this, we conclude that

k 3

k
1
Ez;ds,-(ﬁ(x),ﬁ(y)) > —Z(y—x) > —(y—x) (25)
yielding condition (ii).
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It is also straightforward to check that
Z(ﬁ(x)) S 2|_10g2xj+k—1 S 2k—1x’

which verifies condition (iv).

To verify condition (v), note that for x € [0, 00), the inequality dg, ( f; (x), f;(0)) <
x/2 can only hold for i mod k € {[log, x], |log, x| 4 1}, hence condition (iv) implies
condition (V).

Finally we verify condition (vi). We divide the problem into two cases. If x < y/2,
then by condition (iv),

CCFi) +(fi() < 25T+ y) <28 1@2y) < 291 (y — ).

In the case that y/2 < x <y, fi(x) and f;(y) can be mapped to different branches of
S; only for i = |log, y| (mod k), yielding condition (vi). O

Finally, we move onto the proof of Lemma 3.2.

Proof of Lemma 3.2 We put k = [7/¢] and prove the following stronger statement
by induction on |V |: There exist metric trees 77, T2, ..., Ty and monotone colorings
xi - E(T;) — N, along with mappings f; : V — V(T;) satisfying the conditions
of the lemma. Furthermore, each coloring x; satisfies the stronger condition for all
veV,

|Xi (P = [x (Py)l. (26)

The statement is trivial for the tree containing only a single vertex. Now suppose
that we have a tree T and coloring x : £ — N. Since T is connected, it is easy to see
that there exists a color class ¢ € x (E) with the following property. Let y, be the path
whose edges are colored c, and let v, be the vertex of y, closest to the root. Then the
induced tree T’ on the vertex set (V \ V (y,)) U {v.} is connected.

Applying the inductive hypothesis to 7’ and x| g7y yields metric trees 7}, 75, . . .,
T, with colorings x/ : E(T;) — N and mappings f/ : V(T') — V(T}).

Now, let Sy, ..., Syand{g; : [0, 00) — S;}be the R-stars and mappings guaranteed
by Lemma 3.3. For each i € [k], let S,f be the induced subgraph of S; on the set
{gidr(v,v:)) : v € V(y.)}, and make Si’ into a metric tree rooted at g;(0), with
the length structure inherited from S;. We now construct 7; by attaching S to T/
with the root of S’ identified with the node f/(v.). The coloring x/ is extended to T;
by assigning to each root-leaf path in S/ a new color. Finally, we specify functions

fi 1V — V(T;) via

fi (), veV(T),

= eitdr e, v)). v e VAV,

It is straightforward to verify that (26) holds for the colorings {x;} and every vertex
v € V. In addition, using the inductive hypothesis, we have |V (7;)| < |V| and
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M(x) < M(y;) for every i € [k], with the latter condition following immediately
from (26) and the structure of the mappings { f;}.

We now verify that conditions (a), (b), and (c) hold. For x, y € V (T"), the induction
hypothesis guarantees all three conditions. If both x, y € V (y,) \ {v.}, then conditions
(a) and (b) follow directly from conditions (ii) and (iii) of Lemma 3.3 applied to the
maps {g;}. To verify condition (c), let j € [k] be the single bad index from (vi). We
have for all i # j,

oy (Fi (), fi(3); 27 %Dy < 28+ lgr(x, y).

Since there are at most two colors on the path between x and y in any 7;, by condition
(v) of Lemma 3.3, there are at most four values of i € [k] \ {j} such that

Py (fi (), fi(y); 27Dy £ 0,

hence

4 . 0k+1
dr(x,y) < &2 ldr(x, y).

1
Zszi (f:(x), fi(y); 2~ *+Dy <
i%i

Since || fillLip is determined on edges (x, y) € E, and each such edge has x, y €
V(ye) or x,y € V(T'), we have already verified condition (b) for all i € [k] and
x, y € V. Finally, we verify (a) and (c) for pairs with x € V(T’) and y € V(y,). We
can check condition (a) using the previous two cases,

==

k k
D dr (fi0), i) = 7 D (dr; (fix), fi(We) +dr (fi (), fi(ve)))
i=1 i=1

| =

(I =&)dr(y,ve) + (1 — &)dr (x, ve) = (1 — e)dr(x, y).

v

Towards verifying condition (c), note that by condition (v) from Lemma 3.3, there
are at most two values of i, such that

Py (fi (), £i(3): 275Dy — o (i), fi(ve); 274D
= 0y (i), five); 27*FDy £ 0,

By the induction hypothesis, there exists a number j € [k] such that

—(k+1)

edr(x,ve) > k

Z Py (fi (o), fi(x); 27KFD),
oy
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Now we use condition (iv) from Lemma 3.3 to conclude

2—(k+1) ’ 2—(k+1)
2 P (i), fi; )
i#]j
. - (ve); 27 k+D : 0y p—(k+1)
= > (o i), £iw: 274D) 4 0 (i), fitwe: 274))
i#]
2—(k+1) i
< edr(x,ve) +2( ) @ dr(y, vo) < edr(x,v.) +edr(ve, y)
=edr(x,y),
completing the proof. 0

3.2 Multi-scale Embeddings

We now present the basics of our multi-scale embedding approach. The next lemma
is devoted to combining scales together without using too many dimensions, while
controlling the distortion of the resulting map.

Lemma 3.4 For every ¢ € (0, 1), the following holds. Let (X, d) be an arbitrary
metric space, and consider a family of functions {f; : X — [0, 11};cz such that for
all x,y € X, we have

D2 fix) = fiy)] < oo, 27)
i€Z
. . 2+[log {1
Then there is a mapping F : V. — £, ¢ such that forall x,y € X,

(A=) D 2 fi(x) = i) =20, NIF) = FIh< D21 fix) = £y,

icZ icZ
where

c,y = > 20 = D= LA = fiID.
P i
Proof Letk =2 + [log1/e], and fix some xo € X. Fori € [k], define F; : X - R
by
Fi(x) = D" 2% (Fipyi (¥) = fjari (x0)). (28)

JEZ

It is easy to see that (27) implies absolute convergence of the preceding sum. We will
considerthemap F = F1 @ F, ®--- @ Fy : X — 6’1‘. It is straightforward to verify
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that for every x, y € X,

IF@) = FOl < > 20 /i) = fi)l:

i€Z

Now, for i € [k], define

Gilx,y) = > 25 ki 0 = Firai D=L i 6) = Fireri 01D
Sek+i (x])—aflzfil »)#0

One can easily check that Zle gi(x,y) < ¢(x,y), thus showing the following for
i € [k] will complete our proof of the lemma,

|Fi(x) = Fi(»)] = (1= &) D Q" firgi(0) = fieri 0D — 26 (x, y). (29)
JEZ

Toward thisend, fixi € [k]andx, yeX.LetS = {j€Z : | fjx+i (x)— fix+i ) I=1},
and T ={j € Z:0 < |fjr+i(x) — fjk+i(y)| < 1}. Clearly we then have

[Fi(x) — Fi(y)|
= | D2 (fjpeni 0 = Fireri ) + D 27 (i (0) = Firei ).

Jj€S jer

If SUT = ¢, then (29) is immediate. Now, suppose that S # #, and let ¢ =
i + k - max(S). Observe that max(S) exists by (27).
We then have

2 i (60) = firai )]

JEZ
<204 D 2T Y N f 0 — fijri ()]
jesur JjeT
j<max S Jj>max §
<24 > 29 g, y) <2042 S gy
Jj<max §

<20+ 2"y f g, y) < (1 4+6/2)2° + i (x, ).
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On the other hand,

|Fi(x) = ;)1 = | D0 297 (fksi (00) = Fiwsi )]

JEZ
>20— D 2 N N f () = firi ()
jesur JjeT
j<max S J>max §
>20— > M g(a,y) 226 — 2. 2KmSTDH gy
j<max §

>2¢(1 =2'7K) —gi(x, y) = (1 — £/2)2° — i (x, ).
Therefore,

(1 =) D297 firpi (0) = fiari ()]
JEZ
< (I—e)((1+8/2)2° + &i(x, y) < (1 —£/2)2° + & (x, y)
< |Fi(x) = F (0| +26(x, y),

completing the verification of (29) in the case when S # ¢.
In the remaining case when S = #and T # 0, if the set T does not have a minimum
element, then

D 29 () = fiji (D] = G (xL ),

jeT

making (29) vacuous since the right-hand side is non-positive.
Otherwise, let £ = min(7"), and write

IFi(x) — F(y)|
= |29 (figi () — fiji )]
jeT
= 2% fori () = Fueri N = | 2 297 (figi ) = i 0]

JeT,j>t
> 2% frri (0) = foksi O] = Gi(x, )
= D29 fij i () = fijri )] — 25 (x, ).

JEZ
This completes the proof. O
In Sect. 5, we will require the following straightforward corollary.

Corollary 3.5 For every ¢ € (0, 1) and m € N, the following holds. Let (X, d) be a
metric space, and suppose we have a family of functions {f; : X — [0, 11"};cz such
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that forall x,y € X,

S 2 £ = W < oo

i€Z

m(2+[log 11)
1

Then there exists a mapping F : V — ¢ such that forall x,y € X,

(1= > @I — i) =280y < IF@) = FMIE < D201/ = fimli,
ieZ i€l

where

cn =2 > 20— Al = LAk~ HOID. (G0)
k=1 i3j<i

Ji Q= fi Mk #0

and we have used the notation xy, for the k-th coordinate of x € R™.

4 Scale Assignment

Let T = (V, E) be a metric tree with root r € V, equipped with a monotone coloring
x : E — N. We will now describe a way of assigning “scales” to the vertices of T'.
These scale values will be used in Sect. 5 to guide our eventual embedding. The scales
of a vertex will describe, roughly, the subset and magnitude of coordinates that should
differ between the vertex and its neighbors. First, we fix some notation.

For every ¢ € x(E), we use ¥, to denote the path in T colored ¢, and we use v, to
denote the vertex of y, which is closest to the root. We will also use the notation 7 (c)
to denote the subtree of 7' under the color c¢; formally, T (c) is the induced (rooted)
subtree on {v.} U V(T,) where u € V is the child of v. such that x (v., u) = ¢, and
T, is the subtree rooted at u.

We will write p(v) for the parent of a vertex v € V, and p(r) = r. Furthermore, we
define the “parent color” of a color class by p(c) = x (ve, p(v.)) with the convention
that y(r,r) = co, where c9 € N\ x(E) is some fixed element. Finally, we put
T(cp)=T.

4.1 Scale Selectors

We start by defining a function « : x (E) U {co} — N which describes the “branching
factor” for each color class,

IE(T(p(C)))IJ

31
|E(T ()] Gh

K(c) = Llogz
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Moreover, we define ¢ : x(E) U {co} — N U {0} inductively by setting ¢(co) = 0,
and

p(c) =k(c) + @(p(c) (32)
forc € x(E).
Observe that for every color ¢ € x (E), we have
|E(T (p(c)))]
TCE D SR D SR (R Ly
/ . , [E(T ("))
c'ex (E(Py.))U c} ' ex (E(Py.))U c}
< M(x) +log; |E| (33)

Next, we use ¢ to inductively define our scale selectors. Let
m(T) = min{len(e) :e € E and len(e) > 0}.

We now define a family of functions {z; : V — N U {0}};c7.
Forv € V,letc = x (v, p(v)), and put

m(T) )J’

i =0 fori 1 -
W =0 fori < log o +10m 12

and otherwise,

7 (v)
dr (v, ve) — min (dr (v, ve), Y52 2T (v)
= min ( |_ . J

= Je@- > mwn).

c'ex(E(Py))

(A)

(B)
(34)

The value of 7;(v) will be used in Sect. 5 to determine how many coordinates of
magnitude = 2/ change as the embedding proceeds from v, to v. In this definition,
we try to cover the distance from root to v with the smallest scales possible while
satisfying the inequality

@)=t + D Tive),

c'ex (E(Py))

Forv € V \ {r}, let c = x (v, p(v)), for each i € Z, part (B) of (34) for 7; (v.)
implies that

() Splp(e) — D, Tive).

c'eX(E(Py.))
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Hence,

p@)— D T
cex(E(Py))
=)~ 1) — D, ) =) —g(p() =k() = 1. (39)

c'ex (E(Py.))

Therefore, part (B) of (34) is always positive, so if 7x(v) = 0 for some

k > |log, (A’I(X)m'i‘(—l{)gﬂE\)J then 7;(v) is defined by part (A) of (18). Hence

Zl;;]_ . 2/t j(v) > dr (v, v:) and the following observation is immediate.

Observation 4.1 Forv € V and k > | log, (
i >k, 1,(v) =0.

() ; —
ll/[()()m—i-—logzlE\)J . if 'L'k(v) = 0 then for all

Comparing part (A) of (34) for 7;(v) and t;4+1(v) also allows us to observe the

following.

Observation 4.2 For v € V and k > | log; (5757 55085727) |- if part (A) in (34) for
7 (v) is less than or equal to part (B) then for all i > k, 7;(v) = 0.

4.2 Properties of the Scale Selector Maps

We now prove some key properties of the maps «, ¢, and {7;}.

Lemma 4.3 For every vertex v € V with ¢ = x (v, p(v)), the following holds. For
all i € Z with “LELD < 2=1, e have 7; (v) = 0.

Proof If dr (v, v.) = 0, the lemma is vacuous. Suppose now that dr (v, v.) > 0,
and let k = [log, (dTK(“C;’”)} We have dr (v, v;) > m(T) and k(c) < log, |E| + 1,
therefore

(T)
k= Llogz (M(X)m+ log, |E|)J'

It follows that for i > k, 7;(v) is given by (34).

If 74 (v) = 0, then by Observation 4.1, for all i > k, 7;(v) = 0.

On the other hand if 74 (v) # O then either it is determined by part (B) of (34), in
which case

a =9 — D w)=¢©@-u@)— D %)
cex(E(Py)) cex(E(Py.))
> ¢(c) —@(p(c)) = k(c),
implying that

k
D V) = k@2 = dr (v, ve).

j=—00
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Examining part (A) of (34), we see that 741 (v) = 0,and by Observation4.1, 7; (v) = 0
fori > k. Alternately, 74 (v) is determined by part (A) of (34), and by Observation 4.2
7;(v) = 0 for i > k, completing the proof. O

The next lemma shows how the values {t; (v)} track the distance from v, to v.

Lemma 4.4 For any vertex v € V with ¢ = x (v, p(v)), we have

o0
dr(v,v) < D 2'5(v) < 3dr(v, v).

i=—00

Proof If dr (v, v:) = 0, the lemma is vacuous. Suppose now that dr (v, v.) > 0, and
let

k = max{i : 7;(v) # 0}.
By Lemma 4.3, the maximum exists.

We have 7441 (v) = 0, and thus inequality (35) implies that part (A) of (34) specifies
Tk+1(v), yielding

k 00
dr(v,ve) < D 2mw) = D 2'n).

I=—00 I=—00

On the other hand, since 7, (v) > 0, we must have dr (v, v.) > Zl__oo 207 (v),
and Lemma 4.3 implies that 2k < 2dr (v, v.), hence,

; S ([dr v = 321 276)
er(u)< er,(v)+2[ = ]
i=—00 i=—00

k—1
dr (v, ve) — 42121 (v)
< X no e (T )
i=—00
=1 k=1
= > Ya@+ 2+ (drw. v - Y. 2m)
I=—00 I=—00

<dr(v,ve) +25 <3dr(v, v.).

O

The following lemma shows that for any color ¢ € x (E) the value of 7; does not
decrease as we move further from v, in y,.

Lemmad4.5 Let u,w € V be such that c = x(w, p(w)) = xu, p(u)), and
dr(w, ve) <dr(u,ve). Then for all i € 7, we have

7 (w) < 7 (u).
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Proof First let k be the smallest integer for which

dr(w, v.) — min (dr (w, v,), k;l_OOij‘(w)
’7 - ( - 2k zj . )—‘ <g() — Z % (Vo).

c'ex(E(Py))

This k exists since, by (35), the right-hand side is always positive, while by
Lemma 4.3, the left-hand side must be zero for some k € Z large enough.

For i > k, by Observation 4.2 we have, 7;(w) = 0. Therefore, for i > k, we have
7;(u) > t;(w). We now use induction on i to show that for i < k, 7;(u) = 7;(w),
and for i = k, 7%(u) > Tx(w). Recall that, for i < | log, (W)"1+(—1€)g2w)J, we have
7;(w) = 1; (1) = 0, which gives us the base case of the induction.

Now, by definition of &, part (B) of (34) for 73— (w) is an integer strictly less than
part (A), hence

k-1 k-2
Z 2t (w) =25 (w) + z 2/t (w)
j=—00 j==oo
3 k=2
< 2k_1((d7(w, ve) szlll—ooz rJ(w)-l )+ Z 2/ i (w)

j=—00

dr(w, ve) — S22 2ii(w) k=2
<2k_1( ! zkjl / )+ z 277 (w)

j=—00
<dr(w, ve). (36)

For | log, (A’[(X;n‘f'(—l{)gﬂE\)J <i <k, by (36), and as dr (u, v.) > dr (w, v.), we have

i—1
min (dr (w, v). " 277;(w))

i—1 T i—1
> 2w = min (dr v, Y 2/ew)). (37)

j=—00 j=—00
By our induction hypothesis for all j < 7, 7;(w) = 7;(u), so using (37) we can write

i—1
dr(w, ve) = min (drw, v, > 2/t (w))
j=—00
i—1
< dr(u, v,) — min (dT(u, ). > 21 (u)). (38)

j==o0

Since x (w, p(w)) = x(u, p(u)),foralli € Z part (B) of (34) is identical for 7; () and

7; (w). Therefore, using (38), and the definition of k, for all Llogz (M(x)+log2 7 )J <
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i <k, part (B) of (34) specifies 7; (1) and 7; (w), hence

L) =t =) - > ).

c'ex(E(Py))

For the case that i = k, part (B) of (34) is identical for 7z (u) and 7z (w), and
inequality (38) implies that part (A) of (34) for 7z (u) is at least as large as part (A) of
(34) for 7 (w), completing the proof. m]

The next lemma bounds the distance between two vertices in the graph based
on {7;}.

Lemma 4.6 Letk > Llogz (1\/1()()m+(—l?g2|E\)J be an integer. For any two vertices w and

u such that t.(u) # 0, te—1(w) = 0 and x (w, p(w)) = x(u, p(u)), we have
dr(u, w) > k=1

Proof By Observation 4.1, 7 (w) = 0. Letting ¢ = x (u, p(u)), by Lemma 4.5 we
have dr (ve, u) > dr(ve, w). Using Lemma 4.5 again, we can conclude that for all
i € Z,ti(u) > ti(w). Since t5—1(w) = 0, inequality (35) implies that part (A) of
(34) specifies tx—1(w). Therefore,

k=2 k=2
D Yuw) = D 2nw)

i=—00 i=—00

k—1
(> 2uw) - 2w (39)

i=—o00

dr(w, ve)

IA

Since 7 (#) > 0, using part (A) of (34), we can write

k—1

dr(u,ve) > Y. 2'w). (40)

i=—00

Observation 4.1 implies that tx—1 (1) # 0, thus tx—1(#) > 1, and using (39) and (40),
we have

dr(w, u) = dr(u, v;) — dr (w, ve) > 2571,

completing the proof. O

The next lemma and the following two corollaries bound the number of colors ¢ in
the tree which have a small value of ¢(c).

Lemma 4.7 For any k € N U {0}, and any color ¢ € x (E), we have

#{c’ € X(E(T () : p(c) — p(c) =k} < 2~.
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Proof We start the proof by comparing the size of the subtrees T'(¢’) and T (c) for

¢’ € x(E(T(0))).
For a given color ¢’ € x (E(T (c))), we define the sequence {c;};cn as follows. We
putc; = ¢’ and fori > 1 we put ¢; = p(c;—1). Suppose now that ¢,, = ¢, we have

m—1 m—1
S |E(T (ci41)| |E(T©)
olen) = glen = T i) 2 ;10{9’2( ) =10 (e @D

This inequality implies that
|E(T (c))| < 2¢O |E(T ().

It is easy to check that for colors a, b € x (E(T (¢))) such that ¢(a) = ¢(b), subtrees
T (a) and T (b) are edge disjoint. Therefore, for k € N U {0}, summing over all the
colors ¢’ such that ¢(c’) — ¢(c) = k gives

#{c € Y (E(T(0))) : ¢(c") — ¢(c) =k}
k / /
Z 28 |E(T ()] _ ok z |E(T (c))] <ok

E(T(c E(T(c -
c'ex (E(T(c))) [ET ()] dex(E(T(c))) [ET @)
() —p(c)=k o(c)—p(c)=k

=<

The following two corollaries are immediate from Lemma 4.7.
Corollary 4.8 For any k € N, and any color ¢ € x(E), we have
#c € X(E(T(©) 1 9(c) —p(e) < k} < 2T,

Corollary 4.9 For any color ¢ € x(E), and constant C > 2, we have

Z 2—Clo()=p(c)) _ 92-C
c'ex (E(T(0)\{c}

The next lemma is similar to Lemma 4.6. The assumption is more general, and the
conclusion is correspondingly weaker. This result is used primarily to enable the proof
of Lemma 4.11.

Lemmad4.10 Let u € V and w € V(P,) be such that ¢(x(u, p(u))) >
o(x (w, p(w))). For all vertices x € V(T,), and k € Z with

ok = ( 6dr(x,w) ) 42)
~ \o(x(u, pw)) — p(x(w, p(w))/’

we have t;(x) = 0.
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Proof In the case that dr (x, w) = 0, this lemma is vacuous. Suppose now that
dr(x,w) > 0. Let ¢y, ..., ¢,y be the set of colors that appear on the path Py (),
in order from x to p(w), and for i € [m], let y; = v.,. We prove this lemma by
showing that if

6dr(x,w) )

k> 1
= 082 (gp(x(u, pw))) — (x (w, p(w)))

(43)

then part (A) of (34) for 7 (x) is zero. Firstnote that o (x (u, p(u)))—¢(x (w, p(w))) <
M (x) + log, |E| and d7 (x, w)>m(T), hence (43) implies

kz Llogz (M(X)m—l-(lTo)g2 |E|)J'

By Lemma 4.4, we have

mz_zzk—lrk_l(m < mf i 2% () sz_‘f3dT()’i7Yi+l) =3dr(y1, ym—1)-
i=1 i=1 j=—o0 i=1 (44)
Now, using (42) gives
p(c) —oem) = o(x @, p(w)) — e(x(w, p(w)))
. 6dr(x, w) . 6dr(x,ym—1). 45)

2k 2k

Using the above inequality and (44), we can write

dr(x, y1) = dr(x, yu—1) —dr (Y1, Ym-1)
2k—l m—2
S GORICIED I SI0))

i=1

First, note that ¢;;, = x (Vm—1, P(ym—1)). Now, we use part (B) of (34) for tx (yin—1)
to write

2k—l m—2
dre ) = S (pen—(maOn-t DL weaa) = 2 m1on)
cex(E(Py, ) i=1
k—1

ng<<p(c1)— > Tk—1(vu))

c'ex(E(Px))

=2 e pn = D me), (46)

c'ex(E(Py))
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Therefore, either part (A) of (34) specifies tx—1(x) in which case by Observation 4.2,
7i(v) = 0 for i > k, or part (B) of (34) specifies tx_1(x) in which case by (46) we
have

71 ()28 > dr(x, 1),

and part (A) of (34) is zero fori > k. O

In Sect. 5, we give the description of our embedding and analyze its distortion.
In the analysis of the embedding, for a given pair of vertices x, y € V, we divide
the path between x and y into subpaths and for each subpath we show that either
the contribution of that subpath to the distance between x and y in the embedding is
“large” through a concentration of measure argument, or we use the following lemma
to show that the length of the subpath is “small,” compared to the distance between x
and y. The complete argument is somewhat more delicate and one can find the details
of how Lemma 4.11 is used in the proof of Lemma 5.15.

Lemma 4.11 There exists a constant C > 0 such that the following holds. For any
c € x(E)yand v € V(T(c)) with v # v, and for any ¢ € (0, %], there are vertices
u,u’ € Vwithu # u' and dr (u, v) < edr(u, u’), and such that

u,u' €{v,ac X(E(Pyy))} U {v}.

Furthermore, for all vertices x € V(Py,) \ {u'}, forallk € 7Z,

x Cdr(u,u’)
() £0 = 2 <( )
e(p(x (u, p(u))) — ¢(x (ve, p(ve))))
Proof Let r’ = v, and let cy, ..., ¢, be the set of colors that appear on the path
Py, in order from v to r/, and put ¢, 1 = x (', p(r')). We define yp = v, and for

i € [m],y; = v. Note that {yo, ..., ym} = {v} U{v, : a € x(E(Pyy,))}, and for
i <m, x(yi, p(yi)) = cit+1. We give a constructive proof for the lemma.

For i € N, we construct a sequence (a;, b;) € N x N, the idea being that P. ai Vb
is a nonempty subpath Py, such that for different values of 7, these subpaths are edgé
disjoint. At each step of the construction either we can use (a;, b;) to find u and u’
such that they satisfy the properties of this lemma, or we find (a;+1, bi+1) such that
bi+1 < b;. The last condition guarantees that we can always find u and u’ that satisfy
the conditions of this lemma.

We start witha; =m and by =m — 1. If dr (v, yp,) < edr (Ya;, yb,) then

( 2d7 (ym, ym—1) ) _ 2d7(yay, yb,)

X m-1, POm-1))) —@(x (", p(r'))) K(c)

and by Lemma 4.3 the assignment u’ = y,, and u = yj, satisfies the conditions of
this lemma if C > 1. Otherwise, for i > 1, we choose (a;+1, bi+1) based on (a;, b;),
and construct the rest of the sequence preserving the following three properties:
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1) @(ep+1) — @lca+1) = @lcg+1) — e(x (', p(r'));
(i) d7 (yp;» v) > edr (Yp; s Ya;)s
(iii) a; > bi.

Let j € {0, ..., m} be the maximum integer such that edr (y;, yp;) > dr (v, y;). Note
that j < b;, and the maximum always exists because yp = v. We will now split the
proof into three cases.

Case I p(cj+2) — @(ch+1) = 2(p(cp+1) — @(ca+1))-
In this case by condition (iii), ¢(cp,+1) — ¢(cq;+1) > 0. Hence j 4+ 1 < b;, and we
can preserve conditions (i), (ii) and (iii) with

(@i+1, bit1) = (bi, j +1).
Case IL: ¢(cj12) — @(cp+1) < 2(p(cp+1) — ¢(cq;+1)) and @(cjy1) — @(cp+1) =

6(¢(ch+1) — 9(cqi+1))-
In this case by (32) we have

k(cj+1) = @(cj+1) — @(cjt2) = (p(cj+1) — p(cp+1)) — (@0(cj+2) — @(Ch+1))-

Using the conditions of this case, we write

k(cjr1) = (@(cj+1) — @(cp+1)) — (p(cjt+2) — p(cb+1))
> 6(p(ch+1) — 9(cq+1)) — (@(cj+2) — @(cp+1))
= (2(@(cpt1) —@(ca+1)) +4(@(ch+1) —9(Cai+1)) — (@(cj2) —@(ch+1))
> (2(@(ep+1) =9(Ca+1)+2(0(cj42) =9 (ch+1))) = (9(cj+2) —@(ep+1)),

and by condition (i),

k(cjr1) > ((elen+1) — @) + (@ (car1) — @(x (', p(r')))
+2(p(cjp2) — @lcn+1))) — (9(cj+2) — @(cp+1)
= ¢(cjr2) —o(x (', p(r'))). (47)
Thus if d7(yj11,v) = edr(yj, yj+1), then (a;11,biy1) = (j + 1, j), satisfies
condition (i) by (47), and it is also easy to verify that it satisfies conditions (ii) and

(iii). If d7 (y41. v) < £dr(y;. yj+1). then by (32),

e(x(yj, P(¥j))) = @(cj+1) = k(cj+1) + ¢(cj+2)

and by (47),
( 2d7 (v, yj+1) )
(X (i, pyj))) —e(x (', p(r'))))
_ ( 2dr(yj, yj+1) ) - dr(yj, yj+1)
k(cjt1) +@(cjr2) —o(x (', p(r'))) k(cjy1)
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Hence Lemma 4.3 implies that the assignment 1’ = y; 4 and u = y; satisfies the
conditions of this lemma if C > 2.

Case IIL: ¢(cj+1) — @(cp+1) < 6(p(ch+1) — ¢(Ca;+1))-
In this case we use Lemma 4.10 to show that the assignment u = y; and u’ = yy,
satisfies the conditions of the lemma. We have

e(x (> i) — (X (', p(r'))
=(cjy1) —o(x (', p(r))
= (p(cjr1—9(ch+1)) + (@(cp41) — @(car1)+(@(ca+1) — (X (', p(r'))))
< 6(@(ch;+1) —@(Car 1))+ (@ (e 11) — 9(ca; 1))+ (@(ca+1) —@(x (', (),

and by condition (i),
e(X i PN = e(x (', p(r))) < 8(@(cn;+1) — (Cart1))-

Condition (ii) and the definition of y; imply that

&

dr(yj, yp;) = (1 = &)dr (v, yp;) = e(1 — &)dr Ya;» Yb;) = EdT(yuiv Vb;)-
Hence,
( 6()dr (v yb,) )= ( 6dr (b Ya;) )
Loy, pOp) — o, per) = Nplen 1) — plea i)/’

and by applying Lemma 4.10 with u = y,;, and w = y,, we can conclude that
the assignment u = y; and u’ = yj, satisfies the conditions of this lemma with
C =96. O

5 The Embedding

We now present a proof of Theorem 3.1, thereby completing the proof of Theorem 1.1.
We first introduce a random embedding of the tree T into £1, and then show that, for a
suitable choice of parameters, with non-zero probability our construction satisfies the
conditions of the theorem.

Notation: We use the notations and definitions introduced in Sect. 4. Moreover, in
this section, for ¢ € x(E) U {x(r, p(r))}, we use p~'(c) to denote the set of colors
¢’ € x(E) such that p(c’) = c, i.e. the colors of the “children” of c. For m,n € N,
and A € R™ " we use the notation A[i] to refer to the ith row of A and A[i, j] to
refer to the jth element in the ith row.
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5.1 The Construction
Fix 8, ¢ € (0, 1], and let
t =[e~" +log[log, 1/871 (48)
and
m = [1*(M(x) + log, |E). (49)

(See Lemma 5.15 for the relation between ¢ and 8, and the parameters of Theorem 3.1.)
For i € 7Z, we first define the map A; : V — R™*! and then we use it to construct
our final embedding.

Foravertex v € V and ¢ = x (v, p(v)), leta = ZC/EX(E(PU)) 127 (ve), and

dr (ve, v) — 3471 20 (v) J)

B = a + min ([2-51-(1)), L 2[/t2

Note that 8 < m since

w4+ > T <) < M(x) +log, |E|.
ceX(E(Py))

For j € [m], we define

(3,0,0...,0) ifa<j<§p,
t i ;
A )] = 4 (@ e v = (( =02 @) + (B —)%),0.0...,0) (50)
if j=p+1land B —a < 127;(v),
(0,0...,0) otherwise.

Observe that the scale selector t; chooses the scales in this definition, and for
veVandi € Z, A;(v) = 0 when 7;(v) = 0. Also note that the second case in the
definition only occurs when t;(v) is specified by part (A) of (34), and in that case
D= 2fte(v) > d(v, ve).

Now, we present some key properties of the map A; (v). The following two obser-
vations follow immediately from the definitions.

Observation 5.1 Forv € V and i € Z, each row in A;(v) has at most one non-zero
coordinate.

Observation 5.2 For v € V and i € Z, let @ = > ¢ (g(p,) T (ve). For j ¢
(o, @ + t27; (v)], we have

Ai(Wj1=(,...,0).

Proofs of the next four lemmas will be presented in Sect. 5.2.
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Lemma 5.3 For v € V, there is at most one i € Z and at most one couple (j, k) €
[m] x [t] such that A; (v)[], k] ¢ {0, tz—;}.

Lemma 54 Let ¢ € x(E), and u,w € V(y.)\{vc} be such that dr(w, v.) <
dr(u,v.). Foralli € Z and (j, k) € [m] x [t], we have

Aiw)l), k1 = Aij(w)lj, k].

Lemma 5.5 Forc € x(E), andu,w € V(y.) \ {vc}, we have

dr(w,u) = D 14 @) — A(w)ll; (51)
i€Z
and
dr (e, u) = D 1A @)1 (52)
i€’

Lemma 5.6 For ¢ € x(E),u,w € V(y.) \ {vc},i > j and k € [m], if both
||Ail(u)[k] —Aj(w)lklllt #0, and | A;)[k] — Aj(w)[k]ll1 # O, then dr (u, w) >
277

Re-randomization. For ¢t € N, let 7; : R’ — R’ be a random mapping obtained
by uniformly permuting the coordinates in R’. Let {0;};c[m] be a sequence of i.i.d.
random variables with the same distribution as 7r;. We define the random variable
Ty 2 R — R™*T ag follows:

r o1(ry)

'm om(rm)

The Construction. We now use re-randomization to construct our final embedding.
For ¢ € x(E), and i € Z, the map f,c : V(T(c)) — R™ will represent an
embedding of the subtree T'(c) at scale 2¢ /> Recall that

varen=veou( U vaen ).

cep~l(e)

Let {I1; o : i € Z,c' € ,o_l(c)} be a sequence of i.i.d. random variables which
each have the distribution of 7, ,,. We define f; . : V(T'(c)) — R™*! as follows:

0 if x = ve,
fie®x) =1 Aix) ifx e V(ye)\ {veh (53)
A (ve) + T o (fi (X)) ifx € V(T () \ {vp} for some ¢’ € o).
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Re-randomization permutes the elements within each row, and the permutations
are independent for different subtrees, scales, and rows. Finally, we define f; = f; ¢,
where co = x (r, p(r)). We use the following lemma to prove Theorem 3.1.

Lemma 5.7 There exists a universal constant C such that the following holds with
non-zero probability: Forall x,y € V,

(1= Ce)dr(x,y) =8 py (x,:8) < D 1fitx) = il <dr(x,y). (54)
i€l

We will prove Lemma 5.7 in Sect. 5.3. We first make two observations, and then use
them to prove Theorem 3.1. Our first observation is immediate from Observations 5.1
and 5.2, since in the third case of (53), by Observation 5.2, A; (v..) and IT; o (f; o/ (x))
must be supported on disjoint sets of rows.

Observation 5.8 For any v € V and for any row j € [m], there is at most one
non-zero coordinate in f; (v)[j].

Observation 5.2 and Lemma 5.5 also imply the following.

Observation 5.9 For any v € V and u € P,, we have

dr(u,v) = D11 fi@) = fi@)]h,
i€Z
Using these, together with Corollary 3.5, we now prove Theorem 3.1.

Proof of Theorem 3.1 By Lemma 5.7, there exists a choice of mappings {g;};c7 such
that forall x, y € V,

dr(x,y) = D llgi(x) — g = (1 = 0(e)dr (x, y) — 8py (x, y: 8).

ieZ
We will apply Corollary 3.5 to the family given by { fi = '22#}[ <z, to arrive at an
. tm(2+[log 17) e
embedding F : V — £, such that G = F/t“ satisfies

dr(x,y) 2 1Gx) =Gl = (1 — O@e)dr(x, y) —dpy (x,y:8).  (55)

Observe that the codomain of f; is R"*!, where mt = ©((1 + loglog(}))*logn),
and the codomain of G is R, where d = ©(log (L + loglog(}))* logn).

To achieve (55), we need only show that for every x, y € V, we have % <

~

edr(x,y), where ¢(x, y) is defined in (30). Recalling this definition, we now restate

¢ in terms of our explicit family { f; = '22#}1. <7 We have
¢(x,y)
tzy = Z Z hi(x, y; k1, k2), (56)
(ky,kp)elm]x[t]  i3j<i

g (0)[k1,kal#g; (V)k1,k2]
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where

hi(x, y,kl,kz)

2l
= 2 (Sl kol — g0l k|~ |k kel = e )l ).

Fixx,y € V.Forc € x(E(Pyy)), let A, be the induced subgraph on V (Pyy) NV (ye),
i.e. the subpath of Py, where all edges are colored by color c. We have

dr(x,y)= > len(E(r). (57)

CEX(E(Pyy))
If we look at a single term in (56), we have

i

2

For u, v € Pyy, let

Si(u,v) = {(k1, k2) € [m] x [t] : hi(u, v; ki, k2) # O and
3j <i:gj)lki, ka] # g; (W1, kal}.

Now, notice that if & (gl (x)[k1, k2] — gi(¥)[k1, k2]) is fractional, then there must
exist a subpath A, for a color ¢ € x(E(Pxy)), with endpoints u. and w, such that

;(gi(uc)[kl, ko] — gi(we)lk1, ka]) is fractional too. Hence we have

(< Y S At ] 2 ISl<uc, wo)|

cex(E(Pxy)) i€l

Wecall > ;.7 w the contribution of A, for each color ¢ € x (E(Pyy)).

We divide the analysis of the paths A. for ¢ € x(E(Pyy)) into two cases. For
¢ € x(E(Py))Ax(E(Py)), the vertex v, is one endpoint of the path A.. Let u. be
the other. By Lemma 5.3, there is at most one i € Z and (ky, k2) € [m] x [t] such that
hi(ue, ve; k1, ko) # 0, and

| U Si(ue, Uc)| <L

i€Z
By Lemma 4.3, for all i € Z with dr (u, v.) < 2/~!, we have 7; (u.) = 0 and
IA; ()l = l1gi (ue) — gi(ve)llh = 0. (59
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Fori < 14 log,(dr (uc, vc)), by (58) and Lemma 5.3 we can bound the contribution
of A to ¢ (x, y) by

2118 (ue, ve)| 28 2dr(ue, ve)
DTS < G < e S edr (e, o). (60)

JEZ

Note that there is at most one color in x (E(Pyxy)) \ (X (E(Pyx))Ax(E(Py))). If no
such color exists, then by (60),

(57)
(G,y) < > elen(E(h) < edr(x,y).
CEX(E(Pyy))

Suppose now that {c} = x(E(Pyy)) \ (X (E(Py))Ax(E(Py))). Letu,w € V(o)
be the closest vertices to x and y, respectively. For i € Z we will show that if
hi(u, w; ki, ky) # 0, then either d(x,y) > 22, or for all j < i, we have
(gj(x) — gj(¥)lk1, k2] = 0. Then, by Lemma 5.3, there are at most two elements in

gi(u) — gi(w) that are not in {0, tz—;, —tz—;}, therefore we can conclude

21| (u, 201Si (e, ve
R I DD

ieZ ceX(E(P))AX(E(Py)) i€Z
(57)
< dedr(x,y) + >, elen(E (1)
CEX(E(PY))AX(E(Py))
< Sedr(x,y).

Without loss of generality suppose that dr (u, v.) < dr(w, ve). If dr(w, ve) =0
then the contribution of A, to ¢(x, y) is zero. Suppose now that dr (w, v.) > 0, and
let my, = max{i : t;(w) # 0}. By Lemma 4.3 the maximum always exists.

We will now split the rest of the proof into two cases.

Case 1: 7, —1(u) = 0.

In this case by Lemma 4.6 we have dr (u, w) > 2mw=l For (k1, kp) € [m] x [1],

if hi (u, w; k1, k) # 0 then by (50), i < m,, and

21 _ 2Mw 2dr (u, w)
22 -7 2

=

2dr(x, y)
T < sdr ().

Case 2: 7,1 (1) # 0.
Let my, = max{i : 7;(u) # 0}. By Lemma 4.5 and as 7,,,—1(u) # 0, we have
m,, < my < my + 1. Observation 4.2 implies that for all j < m,,

T+ D Tiwe) = e).

c'ex (E(Py))
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We have m,, > m,, and by Observation 4.2,

)+ D, ) =1+ D i) =¢@). (6]

c'ex(E(Pw)) c'ex(E(Py))
Therefore, by Observation 5.2 for j < m, and k € [t2<p(c)],

(g (x) — gj@)Ik]llt = 11(g; (y) — gj(w)k]llr =0, (62)

and by Observation 5.2 and part (B) of (34), for all i € Z, all the non-zero elements
of gi (u) — gi(w) are in the first 12¢(c) rows.

Suppose that there exists k € [m] such that ||(g; (#) — g;(w))[k]||1 # 0. Now, we
divide the proof into two cases again.
Case 2.1: There exists a j < i such that ||(g;(x) —g;j@)[k]ll1 +1I(g;(y) — g&;

(w)[k]llt # 0.
In this case, there must exist some ¢’ € y (E(Px))Ax (E(Py)) such that

(g (er) — g (ue)Ik]lt # 0.

By (53) and (50), we have 7;(u») # 0. Inequality (62) implies j > m,, and finally
by Lemma 4.3,

dr(x,y) = dr(ug, ve) > 2071 > 2=l > gmu=2 > 9i=2, (63)

Case 2.2: [[(g;(x) — g; @)kl + [1(g;(3) — g (w))[k]1 = O forall j < i.

In this case, either for all j < i, ||g;(x)[k] — g;(»)[k]ll1 = O which implies that
for k' e [1], (k, k') ¢ Si(u, w), or ||g;(w)[k] — gj(w)[k]|l1 # O for some j < i.If
llgju)k] — g;j(w)[k]ll1 # O for some j < i then by Lemma 5.6,

dr(x,y) = dr(u, w) > 2~ > 2muw=2 > 9i=2 (64)

For i > m, we have |gi(u) — gi(w)|l1 = O, therefore in both cases if
hi(x,y; ki1, k2) # Oeither for all j < i, ||g;(x)[k] — g;(»)[k]ll1 =0 or

— <

20 Adr(x,y)
5= 3 = 2edr(x.y).

5.2 Properties of the A; Maps

We now present proofs of Lemmas 5.3-5.6.

Proof of Lemma 5.3 For a fixed i € Z, by (50) there is at most one element in A; (v)
that takes a value other than {0, tz—;}.
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We prove this lemma by showing that if for some i € Z, and (j, k) € [m] x [t],

2i
Ai(v)[j’ k] ¢ {Os [_2}’

then for all i’ > i and (j', k") € [m] x [t], we have A;;(v)[j’,k'] = 0. Let ¢ =
x (v, p(v)). Using (50), we can conclude that

2 dr (ve, v) = 35~ 2" (v)
t°1;(v) > L 2’/t2 J

Since the left-hand side is an integer,

dr(ve,v) — 3071 20t (v)
2i /12

27 (v) >

and

D 2w =200 + D 2% w)
l=<i l<i
. (dT(vc, v) = X 20 )
2t

)+ 22" w) = dr (e, v).

l<i

By part (A) of (34), fori’ > i we have t;/(v) = 0, thus ||A;/(v)||; = 0 and the proof
is complete. O

Proof of Lemma 5.4 Fori<| log, (W)J we have || Ag () ||=] A (w)]|;=0.

Let v be the minimum integer greater than Llogz (A/I(x)+(—1{>)gzlEl)J — 1 such that part
(A) of (34) for 7, (w) is less that or equal to part (B). This v exists since, by (35), part
(B) of (34) is always positive, while by Lemma 4.3, part (A) of (34) must be zero for
some v € Z large enough. First we analyze the case wheni < v.

Observation 4.2 implies that part (B) of (34) specifies the value of 7;(w). By
Lemma 4.5 7;(u) > t;(w), but the part (B) for 7;(u) is the same as for t;(w), so
we must have 7; () = t;(w), and the same reasoning holds for ¢ (w) for ¢ < i. Using
this and the fact that part (A) does not define 7; (w), we have

2ri(w) + D2 w) = 2 w) + Y 2" 1) < dr (ve, w) < dr (ve, u).
l<i l<i

Therefore, the second case in (50) happens neither for u nor for w, and for i < v we
have A; (1) = A; (w).

We now consider the case i =v. We have already shown that for £<i, t¢(1)=1¢(w),
and using (50), it is easy to verify that for all (j, k) € [m] x [¢],

Ai)[), k1 = Aj(w)lj, k].
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Finally, in the case that i > v, by Observation 4.2, we have 7;(w) = 0 and
Ai(w)lj, K] = 0. 0

Proof of Lemma 5.5 For all i € Z, recalling the definition « and § in (50) for A; (1),
we have

i—1

LdT(vc, v) _2i/f§_°° 2874 (v) J)

B —a = min (tzr,' (v),
and by definition of A;(«) we have

1Al = min (275 @), dr (e, v) = 3 277 ).

j<i

By Lemma 4.4, we have >, ;2 ti(u) > dr(u,v.), therefore dr(ve,u) =
Ziez IlA; (u)]l1. The same argument also implies that dr (w, v.) = ZieZ A (w)|1.
Now, suppose that dr (u, v.) > d(w, v.). Then Lemma 5.4 implies that

[Ai ) = Ai(w)lli = [1Ai @Il — 1Ai()ll1 = dr (ve, u) — dr (ve, w) = dr (w, u).
]

Proof of Lemma 5.6 Without loss of generality suppose that dr (ve, u) > dr (ve, w).
We have

dr(u, w) = D" [ Aw) = Al = D IARW) = Apw)]
heZ h=j
> |4 ) = M)l + 14 0) — A (w1 (65)

By Lemma 4.5 we have 7;(w) < t;(u). In the definition of 7;(w), if part (B) of (34)
is less than part (A), then by (50), for all & such that

> i) < h <179(c),
c'eX(E(Py))

we have [|[A;(w)[h]lli = tz—; By Lemma 5.4 and Observation 5.2 for k € Z,
Aj(w) = Aj(u). Hence, part (A) of (34) must specify the value of 7;(w). Observa-
tion 4.2 implies that 7; (w) = 0 and by (50), we have ||A;(w)]; = 0.

By (50), since || A; (u)[k]||1 > 0, and « from (50) is a multiple of ¢2 for all ﬂtﬁz | <

h < k we have ||A;(w)[h]||1 = tz—; This implies that

i

2 k 27 k
1A ) — A (w)|y > 72(" ~1 —zth—ZJ) > I—Q(k— 1— ﬂt—zj).
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Moreover, [|Aj(w)[k]ll < f—'zi, and (50) implies that for all k < h < 211+ Z%J, we
have || A j(w)[h]]l; = 0. The same argument also shows that

J

2 k
18 @) = Aj)lln 2 55 ([T + 5| k).

Hence by (65),

2

_lzf'zzf”.

t
dr(u, w) >

5.3 The Probabilistic Analysis

We are thus left to prove Lemma 5.7. For ¢ € x (E), we analyze the embedding for
T (c) by going through all ¢’ € x (E(T (c))) one by one in increasing order of ¢(c’).
Our first lemma bounds the probability of a bad event, i.e. of a subpath not contributing
enough to the distance in the embedding.

Lemma 5.10 For any C > 8, the following holds. Consider three colors a €
x(E),b € p~Ya), and ¢ € x(E(P, w)) for some u € V(T (b)). Then for every
w e V(T (a))\ V(T (b)), we have

]P’[Elx €V(Puy) sz I fia(X) = fia@)lly < (1 = Cé) dr(u, ve)
+ 3 i) = fra@h Hfiedoep 10
ieZ

- _ B+2
< Mo, 1/5] exp (— (C/(2P7%) dr (u, ve)), (66)

where B = max{i : dy € Py \{ve}, i (y) # 0}. (See Fig. 1 for position of vertices
in the tree.)

Proof Recall that R"*7 is the codomain of f; ,. Fori € Z, and j € [m], and z €
V(Pyu,), let

5ij(2) = || fia @1 = fra@ 1] + | fia L]
—fra@il], = | fra@U1 = fia@ILil]; -

We have

S 1 fral) = fra@lli + D 1 fia o) = fra@lh

i€’ i€Z

=D 1fia@ = fia@li+ D sij(@.

ieZ i€Z, jelm]
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Fig. 1 Position of vertices Va
corresponding to the statement
of Lemma 5.10

T(v)

By Observation 5.9, we have dr (1, v.) = ZieZ | fi.a(w) — fi.a(ve)|1, therefore

dr(u,ve) = D sij@= 1fia@ = fra@li = D1 fia@ = fra@lh-
i€Z,jelm] i€Z i€Z
(67)

Let & = {fi» : ¢ € p 1 (a)}). We define Pg[-] = P[- | £]. In order to prove this
theorem, we bound

Pe[3x € V(Pyy,): D, sij(x) = Cedr(u,ve))-
i€Z,je[m]

We start by bounding the maximum of the random variables s;;.

Fori > B we have A;(u) = A;(v.), hence f; ,(u) = fi.4(v.). Using the triangle
inequality foralli € Z, j € [m] and z € Py,y,,

8ij(2) = 2|l fi,aJ1 = fi.a@)j]l1, (68)
Hence for all i € Z and j € [m] by Observation 5.8,

2B+1
5ij(2) < 2\ fia)lj] = fia@jlll < - (69)

First note that, if z is on the path between v, and v, then by Observation 5.9,
5ij(z) = 0. Observation 5.2 and (50) imply that if || f; o (W) [j] — fi,.a(V)[j1lI1 # O
then || fi,«(v)[j1lli = 0. From this, we can conclude that s;;(z) # O if and only
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if there exists a k € [t] such that both f;,(u)[j, k] — fi.«(ve)lj, k] # O and
fi.a@Lj, k]l # 0. Since by Lemma 5.4, for all i € Z,j € [m] and k € [t], we
have f; ,(w)[j, k] > fi.a(2)[J, k], we conclude that for z € Py, if s5;j(z) # O then
sij(w) # 0.

Now, fori € Z and j € [m], we define a random variable

T 0 ifsij(u))=0,
Xij = [ 2 fra @] = fia @i if 1) (w) 2 0. (70)

Note that since the re-randomization in (53) is performed independently on each
row and at each scale, the random variables {X,- j i €L, j € [m]} are mutually
independent. By (68), for all z € Py, ,,, we have s;;(z) < X;;, and thus

Pe[3x e V(Puy): D sy = Cedr(u,vo)]
i€Z,jelm]

=Pe[ D Xy = Cedr(uvo)]. G
i€Z,jelm]

As before, for X;; to be non-zero, it must be that k € []is such that f; ,(w)[j, k] # 0
and f; o()[Jj, k1 — fi.a(ve)lJ, k1 # 0. Since w ¢ V(T (b)) with the re-randomization
in (53) and Observation 5.8, this happens at most with probability %, hence for j € [m],
andi € Z,

Pe[Xij # 01 = Pe[ll fi.a )1 = fia@Ljll1 + |l fi.a W)L)]

1
— fia@U = I fia )1 = fia@jlll #0] < -

This yields

1
E[Xij | €] < =2l fia@lj] = fialill1)- (72)

~

Now we use (69) to write

2/3+2

Var(Xjj | &) <~ (2||fta(“)[J] Fra@olilh)? = 5 Mia@ljl= fia@elilli.

and use Observation 5.9 in conjunction with (72) to conclude that

2 2
Bl 3 Xglé]= 3 ZUAIL - S =S dreaw (73)

i€Z,je[m] i€Z,jelm]
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and

2ﬁ+2 2}f5+2

> Vol = > T lfiwalil = fi@lill = —5-dr (e, w).
i€Z,jelm] i€Z,jelm]

(74)

Define M = max{X;; — E[X;; | £]:i € Z, j € [m]}. We now apply Theorem 2.2 to
complete the proof:

dr(u, v)
> Xy =T

i€Z,jelm]
=IP’5[ S xy- 2dT(u ve) (C_z)(dT(I/;a Uc))]
i€Z,jelm]
Cr[ 3 ox-B[ X xyie]z ()]
i€Z,jelm] i€Z,jelm]
< exp —((C = 2)dy (u, ve) /1) )

2(Xiezjepm Var(Xij | €) + (C — 2)(dr(u, ve)/)M/3)

Since E[X;; | E] = 0, (69) implies M < 2’?—;1. Now, we can plug in this bound and
(74) to write

Bl 3 wze(e)

i€Z,jelm)

<exp —((C = 2)dr(u, ve)/1)? )

T 2(ERdr(u ve) + (C = 2)(dr (u, ve) /2P [12)/3)
—1(C = 2)%dy (u, vo)

- (2(2ﬁ+2 +(C— 2)(2ﬂ+1)/3))

_ Y
(C iCz) /32 )+ 2 (thzgizv )))

=exp(

An elementary calculation shows that for C > 8, % > C, hence

> =T

i€Z,jelm]
< exp (= €1/ dru,vo)
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E T T T

Cdr (u,vc)

() oo (g aresa)

Since there exists a ye P,y \{vc} such that 75(y) # 0, and for all ¢ € x(E),
k(c’) > 1, Lemma 4.3 implies that d7 (u, v.) > 28-1 and for C > 8, we have
% > 1. Therefore,

Pe[3x € VPuy) : D I fial) = frally
i€Z
< (1= Ce) dr(,v) + Y I fra@e) = fra ol ]
i€Z
©7)
< Pg[flx EV(Puy): D sijx) = Cedr(u, vc)]
i€Z,jelm]

05”1?’5[ > Xyz Celdrw)) |

i€Z,jelm]

(458)&”5[ Z ]Xij 2C(a'r(ut, vc))]

i€Z,jelm

A PR

completing the proof. O

The I', Mappings. Before proving Lemma 5.7, we need some more definitions. For
acolora € x(E),wedefineamap ', : V(T (a)) — V(T (a)) based on Lemma 5.10.
Foru € V(y,), we put I'; (1) = u. For all other vertices u € V(T (a)) \ V (y,), there
exists a unique color b € p~'(a) such that u € V(T (b)). We define I';(u) as the
vertex w € V (Pyy,) which is closest to the root among those vertices satisfying the
following condition: For all v € V(P,,) \ {w} and k € Z, 7} (v) # 0 implies

k dT (M, w)

= o, pw)) — g(@)

(75)
Clearly such a vertex exists, because the conditions are vacuously satisfied for w = u.
We now prove some properties of the map I',.

Lemma 5.11 Consider any a € x(E) and u € V(T (a)) such that Ty(u) # u. Then
we have Iy (1) = v, for some ¢ € x(E(Pyy,)) \ {a}.

Proof Letw € V(P,r,w)) be such that I';(u) = p(w). The vertex w always exists
because 'y (u) € V(Py) \ {u}. If x(w, Ta(w)) # x(Ta(u), p(Lq(u))) then T'y(u) is
v for some ¢ € x (E(Pyy,)) \ {a}.
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Now, for the sake of contradiction suppose that y (w, ', (#)) = x (I'g (1), p(Ta(1))).
In this case, we show that for all v € P, pr,w) \ {p(Ta(w))}, and k € Z, 7 (v) # 0
implies

ok dr(u, p(I'a(u)))

. (76)
e(p(x (u, p(w)) — p(a))

This is a contradiction since by definition of I, it must be that I', («) is the closest
vertex to the root satisfying this condition, yet p(I", (1)) is closer to root than I', ().
Observe that

V (P, p(Fa(u))) \{p(Tau))} =V (P, Fa(u))~

We first verify (76) for ', (1) and k € Z with t (I'y (1)) # 0. Since 'y (1) € V(P,),
we have

dr(u, U'q(w)) < dr(u, p(Ua(u))). (77)
Recalling that p(w) = I'y(u), by Lemma 4.5 for all k € Z, w (T'g(v)) < w(w),

therefore for all k € Z, with t (I'; (1)) # 0, we have 7 (w) # 0 as well, hence (75)
implies

ok dr(u, Ta(w)) 7D dr(u, p(Ta)))

. 78
elp(xu, pw))) —¢(a)) — elp(xu, pu)) —¢(a)) 78)
For all other vertices, v € V(Pyr, ) \{T'«()}, and k € Z with 7y (v) # 0 by (75),

k dr (u, Ta(u)) 7D dr(u, p(Ta(u)))
e(p(x(u, pw) —p(@) ~ e(@(x, pw))) — ¢@)’

(79

completing the proof. O

Lemma 5.12 Suppose that a € x(E) and u € V(T (a)). For any w € V(Pyr,w))
such that x (u, p(u)) = x(w, p(w)) we have I'y(w) € V(Pyr,w))-

Proof For the sake of contradiction, suppose that I'y(w) ¢ V(P r,u)). Since w €
V(P,)and I'y(w) ¢ V(Pyr,w)), we have I'y(w) € V(Pr,)) and

dr(u, T'q(w)) < dr(u, I'a(w)). (80)

Since w € V(P,r,w)) by assumption, for all vertices, we have V (P, ) \ {w} C
V(Pur,w)) \ {Fa(m)}. Thus for all v € V(Pyy) \ {w} and k € Z with 7 (v) # 0
by (75),

k_ dr(u, Iy (u)) 0 dr(u, I'g(w))
e(p(x(u, p(uw)) —¢(a)) ~ elp(xw, pw) —¢a))’

(81)
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The fact that w € V (P, ) also implies that dr (w, I';(w))) < dr(u T4 (w))).
Therefore, for all vertices v € V (Py, 1, w)) \{ '« (w)} and k € Z with 7 (v) #0 by (75),

ke dr(w, Ta(w)) - dr (u, U'q(w))

e(p(x (w, p(w))) —p(a)) ~ elp(x(w, p(w))) — ¢(a))
dr (u, Tg(w))
- ) (82)
e(p(x (u, pw))) — ¢(a))

We have

V(Pur,w) = V(Puw) U (V(Pyr,w) \ {Ta(w)}).

Hence, by (81) and (82), for all v € V(Pyr,w)) \ {I'e(w)} and k € Z, 7p(v) # 0
implies

S dr(u pCa(w)
e(p(x (u, p(w)) — ¢(a))’

(83)

This is a contradiction to the definition of I, (1), since I'; () must be the closest vertex
to the root satisfying this condition, yet I', (w) is closer to root than I, (). O

Defining Representatives for y.. Now, for each ¢ € x(E), we define a small set of
representatives for vertices in y.. Later, we use these sets to bound the contraction of
pairs of vertices that have one endpoint in y,.

Fora € x(E)and c € x(E(T (a))) \ {a}, we define the set R,(c) C V (y,), the set
of representatives for y., as follows:

Mog, 31-1
R,(c) = U {u € V(y¢) : u is the furthest vertex
i=0
from ve s.t. To(u) # u and d(u, ve) <27 len(ye)}.  (84)

The next lemma shows when a vertex has a close representative.

Lemma 5.13 Consider a € x(E) and ¢ € x(E(T (a))) \ {a}. For all vertices u €
V (ye) with Ty, (u) # u there exists a w € R,(c) such that

dr(u,v.) <dr(w,v:) <2max (dT(u, Ve), 8 Ien(yc)).
Proof Leti > 0 be such that

dr(u, v)

—i—1 A—i
ey <&k
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Ifi < [log, %'| — 1, then (84) implies that either u € R,(c), or there existsaw € R,(c)
such that

len(yc)
2i

dT(H, UC) < dT(wa vC) S S ZdT(Mv UC)'

On the other hand, if i > [log, %1 — 1, then (84) implies that either u € R,(c), or
that there exists a w € R, (c) such that

len(ye)

dr(u,ve) <drp(w,ve) < ———
2[log2 5]—1

=< 25len(yc),

completing the proof. O

The following lemma, in conjunction with Lemma 5.13, reduces the number of
vertices in V (y,) that we need to analyze using Lemma 5.10.

Lemma 5.14 Let (X, d) be a pseudometric, and let f : V — X be a 1-Lipschitz
map. Forx,y € V,and x', y' € V(Pyy) andh > 0, ifd(f (x), f(y)) = dr(x,y)—h
then d(f(x"), f(y") = dr(x',y") —h.

Proof Suppose without loss of generality that d7 (x’, x) < dr(y’, x). Using the trian-
gle inequality,

d(f&x), fFO) =d(fx), fFO) —d(fx), fF(&) —d(f(y), FO)
> (dr(x,y) —h) —d(fx), f(X') —d(f), fO)
>dr(x,y) —dr(x,x') —dr(y,y) —h
=dr(x/, y/) —h.

The following lemma constitutes the inductive step of the proof of Lemma 5.7.

Lemma 5.15 There exists a universal constant C such that for any color ¢ € x(E)U
{x (r, p(r))}, the following holds. Suppose that, with non-zero probability, for all ¢’ €
,0_1 (¢), and for all pairs x, y € V(T (c')), we have

(1 =Ce)dr(x,y) =8 py(x,y;d) < Z I fio () = fie W <dr(x,y). (85)
i€Z

Then with non-zero probability for all x, y € V(T (c)), we have

(1 =Ce)dr(x,y) =8 py(x,y;6) < Z I fi.e(x) — fieWIl <dr(x,y). (86)
i€Z

Proof Let £ denote the event that, for all ¢’ € p~'(c), and all x, y € V(T (), we
have

dr(x,y) = Z I fio () = fie W = (1 = Ce)dr(x,y) —épy(x,y;8). (87)
i€l
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We will prove the lemma by showing that, conditioned on &, (86) holds with non-zero
probability.
For x, y € V(T (c)) we define

p(x,y) =max{p(a) :a € x(E) andx, y € V(T (a))}.

Note that since x, y € V(T (c)), we have

n(x, y) = ¢(c). (88)

It is easy to see that if (x, y) > ¢(c), then x, y € V(T (¢')) for some ¢’ € p~!(c).
By construction, if ¢’ € p~!(¢) and x, y € V(T (), then

I fi.e(x) = fi,eWI = 1 fi.er(X) = fi.e DI,
hence £ implies that (86) holds for all such pairs. Thus in the remainder of the proof,
we need only handle pairs x, y € V(T (c)) with p(x, y) = ¢(c).
Write x (E(T (¢))) = {c1, ¢2, ..., cn}, where the colors are ordered so that ¢ (c;) <
@(cjy1) for j =1,2,...,n — 1. Let &1 = 24¢, where the constant 24 comes from
Lemma 5.10. And let &5 = 2 - C’¢e, where C’ is the constant from Lemma 4.11.

Fori € [m], we define the event X; as follows: For all j < i, all x € V(y,;) and
y € V(ycj) with u(x, y) = ¢(c), we have

D e = fielh
keZ
> dr(x, y) — e1dr (x, y) — e2d (T (x), Te()) — 8, (x, ¥3 8).  (89)

For all pairs x € V(y,;) and y € V(ycj), the event Xpax(;, j) implies

Z I fi.c () = fr.eOIl = dr(x, y) — (€1 + e2)dr(x, y) — $py (x, y; 6).
keZ

In particular this shows that for C = 2 - C’ + 24, if the events X1, X», ..., X, all
occur, then (86) holds for all pairs x, y € V(T (c)). Hence we are left to show that

PIXiA---AX,|E]>0.
To this end, we define new events {Y; : i € [n]} and we show that for every i € [n],
Pe[Xi Ao AXi | Xi A AXiZI AY] =1, (90)
and then we bound the probability that ¥; does not occur by

P&[Yi] < 7=3(p(c)—p(eN+1 91)
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By Lemma 5.5 and the definition of f; . (53), we have P¢[X1] = 1. Since for all
ie{2,...n},ci € x(E(T(c))) \ {c}, we have

Pe[X1 A A Xyl

n n

Qb “3(p(e)—p(e)+14D) 2-3)

> 1= Pel¥;] >1-) 2730 0O+ _9.2079 =,
i=2 i=2

which completes the proof.
For each i € [n], we define the event Y; as follows: For all j < i, and all vertices
x € R.(¢ci)and y € V(ycj) with u(x, y) = ¢(c), we have

S fie@) = frelh = D M feeTe@) = feel
keZ keZ
> (I —&1/2)dr(x, Tc(x)). 92)

We now complete the proof of Lemma 5.15 by proving (90) and (91).

Proof of (90). Suppose that X, ..., X;_1 and ¥; hold. We will show that X; holds as
well. First note that for all vertices in x, y € V(y,,;), by Lemma 5.5 and the definition
of fi.c (53), we have

dr(x, ) = D N fie: ®) = fres D = D 1 fie@®) = freWlh,

keZ keZ

thus we only need to prove (89) for pairs x € V(y,,) and y € V(y,;) for j < i and
u(x, y) = @(c). We now divide the pairs with one endpoint in y,, into two cases based
onl.

Case I: x € V(y;) withx # I'c(x), and y € V(y,;) for some j < i, and pu(x, y) =

@(c).
In this case, by Lemma 5.13, there exists a vertex z € R.(c;) such that

d(x,ve) <d(z, v) < 2max (8len(E(ye,)), dr(x, ve,)).
Ifd(x, ve;) < dlen (E(y)), thenby (18), we have len(E (y,;)) = py (x, v¢;; 8), hence

dr(z,Te(2)) < dr(ve;, T'e(2)) + 2max(Slen(E(ye,)), dr(x, ve;))
< dr(ve;, T'e(2)) + 2max(8 py (x, ve;; 8), dr (x, ve;))
<dr(ve;, Te(2)) +28 py (x, v 8) +2dr(x, ve,)
<28 py(x,ve58) +2d7r(x, Te(2)). (93)

Since z € R.(ci), by definition we have I'.(z) # z, therefore by Lemma 5.11,
I (z) = vy for some color ¢’ € x(P;y,)\ {c}. The function ¢ is non-decreasing along
any root-leaf path, hence x (I'¢(z), p(T'¢(z))) = c¢ for some £ < i.
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Fig. 2 Position of vertices in the subtree 7' (c¢) for Case I

We refer to Fig. 2 for the relative position of the vertices referenced in the following
inequalities. Using our assumption that Xy, ..., X;—1 and Y¥; hold, we can write

D fre@ = feeOlh

keZ
Yi
> dr(Te(2),2) — (61/2)dr (2, Te(2)) + Z I fr,e(Te(2)) = fi,e(W Il
keZ
Xmax((f,j)

> dr (T'e(2),2)—(e1/2) dr(z, Te(2)) +dr (Te(2), y)
—&2d7(Te(Te(2)), Te(y) — e1dr(Te(2), y) — 8 px (Fe(2), y5 )

> dr(y,z) — (e1/2)dr (2, T'c(2)) — e2dr (Fe(Te(2)), Te ()
—e1dr(Te(2), y) = 8 py (Te(2), y; 9).

We may assume that &1 < 1, otherwise there is nothing to prove. Using the preceding
inequality, and applying Lemma 5.14 on pairs (z, y) and (x, y) implies that

D et = freWlh

keZ
>dr(x,y) —(e1/2)dr(z, T'c(2)) — e2dr (Te(Te(2)), Te ()
—e1dr(T'c(2),y) — 8 py (Le(2), y; 6)

(93)
>dr(x,y) = (€1/2)(2dr (x, Te(2)) + 28 py (x, v;: 8))
—£2dr (Te(T'e(2)), Te(y)) — £1d7(Te(2), y) — 8 py (Te(2), y3 8).

where in the last line we have used the fact that &1 < 1.
We have x(x, p(x)) = x(z, p(z)) = ci. Moreover, since ['.(z) # z, using
Lemma 5.11 it is easy to check that x € P,r,). Therefore, by Lemma 5.12,
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dr(Te(Te(2)),y) <dr(Te(z),y) < dr(T(x),y), and combining this with the pre-
ceding inequality yields

Z I fi.c () = freW 1 = dr(x, y) — (61/2)(2dr (x, Te(2)) + 28 py (x, v, 8))
keZ
—&2dr (e (x), Te(y) —e1d7r(Te(2), y) — 8,0)( (Te(2), y; 8).

Recall the definition of C(x, y;d) in (18). Since by Lemma 5.11, I'c(z) = vy
for some color ¢’ € x(P;y,) \ {c}, we have C(I'c(z), y;8) € C(v,,y;8), hence
Py (We;» ¥ 8) = py (Ce(2), y; §) and thus,

D fre@) = freWlh

keZ
> dr(x,y) — (€1/2)(2dr (x, Te(2)) 4 28 py (x, v;; 6))
—&2dr (Pe(x), Te(y) — e1dr(Te(2), ) — 8 py (Ve ¥3 8)
>dr(x, y)—erdr(x, T'e(@)—e2dr (Te(x), Te(y)) — e1dr (Le(2), y)
—8(py (Ve ¥3 8) + €19y (x, Vg3 8))
>dr(x,y) —e1dr(x,Tc(2)) — e2dr (Te(x), Te(y)) — e1dr(Te(2), y)
_5(/))(()5’ Ve;3 68) + py (Ve;s ¥ 5)),

where in the last line we have again used that ¢ < 1.
The set of colors that appear on the paths Py ve; and qu y are disjoint, therefore

Px (X, ¥;8) = py(x, v¢;5 8) + py (v, y; 8), and

D @) = freh

kel
> dr(x,y) —e1dr(x, Ie(2)
—&2dr(Te(x), Te(y)) —e1dr(Te(2), y) — 8py (x, y; 8)
=dr(x,y) —erdr(x,y) —e2dr(Te(x), Le(y)) — 8py (x, y; 8).

CaseIl: x € V(y;) withx =T'c(x), and y € V(y,) for some j < i, and u(x, y) =
@(c).

In this case, we first note that since ¢ = c1, x ¢ V (y,). Hence we can suppose that
x € V(T(c")) for some ¢’ € p~'(c). Recall that 572 = C’g, where C’ is the constant
from Lemma 4.11. By Lemma 4.11 (with ¢, x, and %2 substituted for ¢, v, and &,
respectively, in the statement of Lemma 4.11), there exist vertices u, u’ € {x} U {v, :
a € x(E(Pxy,))} such that

dr(x,u) < (e2/2)dr (', u). (94)

For all vertices z € V(P,,) \ {«’} and for all k € Z,

dr(u,u) )

0 = 2¢
(@) #0 = 2" < (e(w(x(u, pu) — o(x (v, p(ve))))
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We have y (v, p(v)) = ¢, and this condition is exactly the same condition as (75)
for I'c(u), therefore

dr(x,u) < (e2/2)dr (u', u) < (e2/2) dr (Te(u), ). (95)
Note that the assumption that I'.(x) = x implies that # # x and u = v, for some

colora € x (E(Pyy,))-
We have

S et = fieO = D i@ = fee

keZ keZ
95)
= = > i) = fie@) = — dr(e,u) = dr (e, u) — e2.dp (u, Te(w)
keZ
> dy(x.u) — e2dr (x, Te() = d (x,u) — £2dr (Te(x), Te(w)). (96)

Since u = v, for some color a € x (E(Py vc,)), x(u, p(u)) = cy, for some £ < i and
Xmax(e, j) implies that

Z I fr.c@) = fie,eWI = dr(u, y) —e2dr (Te(), Te(y)) —e1dr(u, y) — 8 py (u, y; 8).
keZ

Recall the definition of C(x, y; ) in (18). We have u = v, for some color a €
(E(Pxv,)), therefore C(u, y; 8) S C(x, y;d), and py (u, y; 8) < py(x, y;§). Now
we can write

D N fie@) = freMlh

keZ
>dr(u,y) —edr(Te(u), Te(y)) —e1dru, y) — 8 py(x,y:8). (97)

Adding (96) and (97) we can conclude that

D e = fielh

keZ
= dr(u,y) +dr(u, x) — &2 (dr (Ue(x), Ue(u))
+dr (Te(u), Ue(y))) —erdr(x, y) — 8 py(x, y; 8)
>dr(x,y) —e2dr(Ce(x), Le(y)) —e1dr(x, y) = 8 py(x, y;6),

completing the proof of (90).

Proof of (91). We prove this inequality by first bounding the probability that (92) holds
forafixed x and all y € V(y,;) (forafixed j € {1,...,i — 1}) with u(x, y) = ¢(c).
Then we use a union bound to complete the proof.

We start the proof by giving some definitions. For a vertex x € R.(c;), let

Sy = {j ef{l,...,i —1}: thereexistsav € V(yc_/.) such that pu(x, v) = (p(c)}.
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For a € Sy, we define w(x; a) as the vertex v € V (y,) which is furthest from the root
among those satisfying u(x, v) = ¢(c). Finally for x € R.(¢;), we put

Br =max {k € Z:3z € Pyr (v \ {Te(®)}, w(z) #0}.
Inequality (75) implies

dr(x, T'e(x))

b o — 2 T
e(p(ci) — ¢(0))

(98)

By definition of R, for all elements x € R.(c;), we have I'.(x) # x. Moreover,
by Lemma 5.11, I (x) = vy for some ¢’ € x(E(Pxy,)) \ {c}. Now, for x € R.(c;)
and a € S, we apply Lemma 5.10 with £1/2 = 12¢ to write

Pe[3y € Puceiare : D e = fre®lh

keZ
(1= £1/2)dr (5, Te) + 3 e ) = freTeten ]
keZ
1 dr(x, e (x))
= Tlogy 1/61°°P ( TR )
(?)exp(—3(<p(c,~) —¢(c)))
[log, 1/4]

IA

99)

Note that, for all y € V (y,,) with u(x, y) = ¢(c), we have y € Py(x:a),0,-

By definition of R.(c;), |R.(c;)| < [log, 8717, We also have p(cj) < @(c;) for
Jj < i, and by Corollary 4.8, |Sy| <i < 2¢(c)—p(oO)+1 Taking a union bound over all
x € R.(¢i) and a € S, implies

— (99 1
Pellil = 3 I8i(o 5o 03wl — 9()

xeR:(ci)

< (Tlogy 6~ 2vte0—v(@+1) ( exp(=3(p(ci) — 9(©)))

flog, 511
— 29(D=0OF ey i 3(p(c;) — @(c))).

Since ¢(c;) > ¢(c), by an elementary calculation we conclude that
P [?z] <2. 2—3(§0(Ci)—tﬂ(6))7

which completes the proof of (91). O

Finally, we present the proof of Lemma 5.7.
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Proof of Lemma 5.7 Let C be the same constant as the constant in Lemma 5.15. For
the sake of contradiction, suppose that

P[Vx, yeV, (I—Ce)dr(x,y) — 8 py(x, y: 6)

= 210 = fimlh = drexy)| =o.

i€’

Now let ¢ € x(E) U {x(r, p(r))} be a color with a maximal value of ¢(c) such that

P[ny y e V(T(c), (1 =Ce)dr(x,y) —8py(x,y:d)

= D 1fie®) = freWlh < dr(x, »)] =0. (100)

i€Z

Fora € x(E), k(a) > 0. Hence, for all ¢’ € p~'(c), by (32), ¢(¢’) > ¢(c), and
by maximality of ¢, for all ¢’ € p~!(c), we have

P[x.y € V(T(), (1= Ce)drx,y) = 8 py(x, v 8)

= D 1) = fie Wl < drx )] > 0,

i€Z
But now applying Lemma 5.15 contradicts (100), completing the proof. O
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