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Abstract By the spectrum of a polygon A we mean the set of triples («, 8, ) such
that A can be dissected into congruent triangles of angles «, 8, y. We propose a tech-
nique for finding the spectrum of every convex polygon. Our method is based on the
following classification. A tiling is called regular if there are two angles of the trian-
gles, @ and B such that at every vertex of the tiling the number of triangles having
angle o equals the number of triangles having angle 8. Otherwise the tiling is irreg-
ular. We list all pairs (A, T') such that A is a convex polygon and 7 is a triangle that
tiles A regularly. The list of triangles tiling A irregularly is always finite, and can be
obtained, at least in principle, by considering the system of equations satisfied by the
angles, examining the conjugate tilings, and comparing the sides and the area of the
triangles to those of A. Using this method we characterize the convex polygons with
infinite spectrum, and determine the spectrum of the regular triangle, the square, all
rectangles, and the regular N-gons with N large enough.

Keywords Tilings with congruent triangles - Regular and irregular tilings

1 Introduction

This paper is concerned with the following problem. Suppose we are given a convex
polygon A. Decide, whether or not A can be dissected into congruent triangles, and
if there is such a dissection, find all triangles 7 such that A has a dissection into
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congruent triangles similar to 7. By a dissection (or tiling) we mean a decomposition
of A into pairwise nonoverlapping polygons. No other conditions are imposed on the
tilings. In particular, it is allowed that two pieces have a common boundary point,
but do not have a common side. By the spectrum of the polygon A we mean the set
of triples («, B, y) such that A can be dissected into congruent triangles of angles
o, B,y.

A complete solution to this problem would be an algorithm producing the spec-
trum of every given convex polygon. Although we cannot solve the problem in this
algorithmic sense of the word, we present a method which seems to work in most
(and possibly, for all) cases. Our method is based on the following classification of
tilings introduced in [3]. Suppose that A is dissected into triangles similar to 7 (we
do not assume that the triangles are congruent). We say that the tiling is regular if
there are two angles of 7', say o and B such that at each vertex V of the tiling, the
number of triangles having V as a vertex and having angle « at V is the same as the
number of triangles having angle 8 at V. If this condition is not satisfied, then the
tiling is called irregular. Thus the problem of finding the spectrum is divided into two
separate questions: given A, determine those triangles 7" for which A has a regular
(resp. irregular) tiling with congruent triangles similar to 7'.

We give a complete solution to the question concerning regular tilings. In Theo-
rem 2.1 we list all pairs (A, T') such that A is a convex polygon, T is a triangle, and
there is a regular tiling of A with congruent triangles similar to 7'. In fact, this is the
main result of the paper, and its proof occupies Sects. 4-9.

As for irregular tilings, our starting point is [3, Theorem 4] stating that for every
polygon A, the number of distinct non-similar triangles 7 such that A has an irreg-
ular tiling with triangles similar to T is finite. More precisely, the number of these
triangles is at most cN 6. where N is the number of vertices of A and c is an absolute
constant. The proof of [3, Theorem 4] is effective, and gives a list of triples («, 8, y)
such that the angles of every triangle which tiles A irregularly are given by one of the
triples of the list.

As we shall see in Sect. 3, in many cases this list can be reduced considerably
by using the system of equations satisfied by the angles, and considering conjugate
tilings as in [1]. Then, assuming that the tiling consists of congruent triangles, we
may compare the sides and the area of the triangles to those of A in order to obtain
further number theoretical restrictions on the triples (o, 8, ). Discarding all triples
violating these conditions, we arrive at the list of all triangles that tile A irregularly.

There can be two problems with the application of this argument. The first prob-
lem is that we cannot guarantee that the reduced list obtained by considering the
equations, conjugate tilings and number theoretical restrictions only contains triples
corresponding to a tiling. (Proving this fact would result in an algorithmic solution
of the problem.) However, as we shall see in Sect. 3, in all cases we consider, each
triple contained by the reduced list actually tiles A. One can hope that this happens
to every convex polygon A.

The other problem is that when we arrive at a list of triples from which we cannot
eliminate any item, we have to produce tilings corresponding to these triangles. In
principle, this could be the most difficult step in the procedure. However, in the actual
cases we consider, the existence of these tilings is either trivial (as in the case of
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rectangles or regular N-gons with N large enough), or relatively easy (as for the
regular triangle). One can hope that this shows a general tendency.

The applications of the method outlined above will be given in Sect. 3. As an ap-
plication of Theorem 2.1 we characterize the convex polygons with infinite spectrum
(Theorem 3.1). Then we determine the spectrum of the regular triangle, the square, all
rectangles, and the regular N-gons with N large enough (Theorems 3.3, 3.6, Corol-
lary 3.7 and Theorem 3.4).

2 Regular Tilings of Convex Polygons

We recall the definition of regular tilings. Let A be a polygon with vertices
Vi, ..., Vy, and suppose that A is decomposed into nonoverlapping similar trian-
gles Ay, ..., A; of angles o, B, y. Let V1, ..., V,, (m > N) be an enumeration of the
vertices of the triangles Ay, ..., A;. For every i = 1, ..., m we shall denote by p;
(resp. g; and r;) the number of those triangles A; whose angle at the vertex V; is «
(resp. B and y). If i < N and the angle of A at the vertex V; is §;, then

pia+qiB+riy =4 ()
If i > N then we have either

pie+qif+riy=2n 2
or

pia+qip+riy=m. (3)

Namely, (2) holds if V; is in the interior of A and whenever V; is on the boundary of
a triangle A; then necessarily V; is a vertex of A ;. In the other cases (3) will hold. It
is clear that the coefficients p;, g;, r; must satisfy

m

m m
Yo=Y =) ri=t “
i=1 i=1

i=1

The tiling will be called regular, if one of the following statements is true:

e p;=gq;foreveryi=1,...,m;
o pj=riforeveryi=1,...,m;
o gi=r;foreveryi=1,...,m.

Otherwise the tiling is called irregular. We call a polygon rational, if its sides are
pairwise commensurable.

Theorem 2.1 Let A be a convex N-gon, and suppose that A has a regular tiling with
congruent triangles of angles «, B, y such that at each vertex of the tiling the number
of angles o is the same as that of B. Then one of the following statements is true.

(i) A is a parallelogram of angles y and o + 8, and the ratio of the sides of A is
a rational multiple of sina/ sin 8.
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(i1) A is a rational polygon, N — 2 of its angles equal y, the other two angles are

integer multiples of o + B, and sina, sin B, siny are pairwise commensurable.
(iii) A is a rational polygon, N — 2 of its angles equal o + B, the other two angles
are integer multiples of y, and sinw, sin 8, siny are pairwise commensurable.

(iv) A is a regular triangle, y =m/3 or y =2 /3, and sina, sin B, siny are pair-
wise commensurable.

(v) A is a centrally symmetric rational N-gon, N =2k > 8, each angle of A equals
o + B, and the side lengths of A are ay, ..., ak,ai, ..., ag in this order, where
ai,...,ax—| constitute a geometric progression of quotient q = sina/sin 8,
and ay > qk_1 -ai.

(vi) A is a centrally symmetric rational hexagon, each angle of A equals 2w /3,
y =m/3 ory =2m/3, and sina/ sin B is rational.
(vii) A is a regular N-gon,a = B = (w/2) — (w/N) and y =27 /N.
(viii) A is a rational N-gon with N < 6, each angle of A equals 7w /3 or 27 /3, o =
B=m/6and y =2m/3.
(ix) A is a rational hexagon, each angle of A equals 27 /3, y = 7 /3, and either
a=m/6, B=nw/20ora=m/2, B=m/6.

We shall prove Theorem 2.1 in Sects. 4-9. In this section first we discuss the most
immediate consequences of Theorem 2.1. Then we show that the cases listed in the
theorem correspond to existing tilings.

Theorem 2.2 The set of those non-similar convex polygons which are not parallelo-
grams and have a regular tiling with congruent triangles is countable.

Proof It is enough to check that the set of those non-similar convex polygons which
satisfy the conditions formulated in the cases (ii)—(ix) of Theorem 2.1 is countable.

First note that the set of non-similar rational triangles is countable, and thus the
set of those triples («, 8, y) for which sina, sin 8, sin y are pairwise commensurable
is countable. From this observation it is clear that the set of those non-similar convex
polygons which satisfy the conditions of cases (ii)—(iv) is countable.

Now consider the case (v). Then the angles of A are equal w — (27 /N). Since
the sides of A are commensurable, it is clear that the number of these polygons is
countable.

The statement concerning the cases (vi)—(ix) is trivial. Il

Remark 2.3 The analogous statement about irregular tilings is false. In fact, for every
N, there are continuum many non-similar convex N-gons that have irregular tilings
with congruent triangles. To see this, let XY Z be a triangle such that XY = X Z and
the angle y = Y XZ« satisfies y < /(N — 2). Let T; denote the triangle obtained
from XY Z by rotating it about the vertex X by the anglei -y (i =0,..., N —3).
Then A, = U;V:B3 T; is a convex N-gon tiled with the triangles Ty, ..., Ty—3. It is
clear that different values of y lead to non-similar polygons A, .

One can show that the set of non-similar convex N-gons having irregular tilings
with congruent triangles can be decomposed into countable many families depending
on some continuous parameters. Unfortunately, the description or enumeration of
these families seems to be difficult.
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Theorem 2.4 Let A be a convex N-gon, and suppose that A has a regular tiling with
congruent triangles of sides a, b, c. Then at least one of the following statements is
true.

(i) N <6.
(i) A is a regular N-gon.
(iii) A is rational and centrally symmetric.
(iv) The lengths a, b, c are pairwise commensurable.

Proof This is clear from Theorem 2.1. O

We close this section by showing that each case listed in Theorem 2.1 occurs. More
precisely, we show that in each case (with the possible exception of (ix)), whenever
the polygon A and the angles «, 8, y satisfy the conditions, then A has a regular tiling
with congruent triangles of angles «, 8, y.

(i) Let A be a parallelogram of sides di, d» and angles y and o + B such that
di/d» = (p/q) - (sina/sin B), where p and g are positive integers. Then we put
t=d|/(psina).Ifa=tsinc andb =rtsinf,thend; = p-aandd, = ¢q-b. Thus A
can be decomposed into pg congruent parallelograms of sides a and b. Each of these
parallelograms can be decomposed into two congruent triangles of angles «, 8, y and
of sides a, b and ¢ = tsiny. It is clear that the tiling obtained is regular.

Next suppose that A and «, B, y satisfy the conditions formulated in (ii) or (iii).
Then cos y is rational, since

sin® « + sin® B — sin’ y

oSy = 2sin« sin 8

Therefore, putting § = y if A satisfies (ii) and § = « + B if A satisfies (iii), we find
that cos § is rational, N — 2 angles of A equal §, and the other two angles are integer
multiples of 7 — 8.

Now it can be shown by induction on N that under these conditions A can be de-
composed into finitely many nonoverlapping rational symmetric trapezoids of angles
6 and m — §. (See also Lemma 8 of [3], where a more general statement is proved,
except that the rationality of the polygon A is not supposed, and thus the trapezoids
obtained are not necessarily rational either. However, one can check that if A is ratio-
nal and cos$ is rational, then the construction of [3, Lemma 8] yields rational trape-
zoids.) It follows from Lemma 2.2 of [2] that each of these symmetric trapezoids can
be tiled with congruent copies of a triangle of angles «, 8, y. Then, by Lemma 2.1
of [2], A itself can be tiled with congruent copies of a triangle of angles «, 8, y. It is
easy to check that the tiling obtained this way is regular.

(iv) See Theorem 3.1 of [2].

(v) By assumption, ¢ = ay/a is a positive rational number. The conditions imply
thata + B =m — 2a/N),and y =21 /N =7 /k.

Let Vi,...,Vn = Vi be the vertices of A listed counterclockwise such that
Vi1V =a; foreveryi =1,..., N (see Fig. 1). For every i =1,..., N, let h; be
the halfline starting from V; such that the angle between the side V;_1V; and h;
equals B, and the angle between the side V; V; 11 and h; equals «. Let E be the inter-
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Fig. 1

% W v,

section of iy and hy. Then EV/EVy = sina/sin = ¢, and thus EV| =g - EVj.
Since ViV, =¢q - VoV) and EV| V54 = a, it follows that the triangle E Vi V; is simi-
lar to the triangle E'V( V1, and thus E is the intersection of 41 and />. Repeating this
argument we find that E is on the halflines h; foreveryi=1,...,k— 1.

Since a; > qk -ay, there is a point W on the side Vy_1 Vi such that Vy_1W = qk_
ay. (The point W coincides with Vj if a; = qk -ay.)Since WVi_1 =¢q- Vy_Vx—1 and
EVi_1 WL = «, it follows that the triangle EVy_; W is also similar to the triangle
EVyVi. By ky = we find that the points Vp, E and W are collinear. Thus the
convex polygon Vj, ..., Vx_1 WV, is tiled by k triangles of angles «, 8, y such that
the similarity ratio of any two of these triangles is rational.

The central symmetry of A implies that there is a point W’ on the side Vy_1 Vg
such that Vy_ W' = q"’1 -ay. Also, the convex polygon Vg, ..., Vy_1 W'V, is tiled
by k triangles of angles «, 8, y such that the similarity ratio of any two of these
triangles is rational.

The angles of the parallelogram W' VoWV are a + y and B. Since WV; is a
rational multiple of VoV and VoW is rational multiple of EVp, it follows that the
ratio WV, / VoW is a rational multiple of

L

siny siny
: =q - — .
sin B sino

VoVi/EVy =

Therefore, by (i), the parallelogram W’ VoW Vi can be tiled by congruent triangles of
angles «, B, y. In this way we decomposed A into nonoverlapping triangles of angles
o, B, y. It is easy to check that the similarity ratio of any two of these triangles is
rational.

Let Ay, ..., A, be the triangles of this decomposition, where each A; is similar
to A1. Then there are positive rational numbers r; such that A; is obtained from A
by a similarity transformation with ratio r;. Let p; and g be positive integers such
that r; = p;/q (i =1, ...,n). For every i, we can dissect A; into pl.2 congruent trian-
gles similar to Aj. In this way we obtain a dissection of A into ) ;_, pi2 congruent
triangles similar to Aj. It is easy to see that the tiling obtained is regular.

(vi) Let ay, az, a3, ay, az, az denote the lengths of the sides of A. It is easy to
see that A can be decomposed into three parallelograms of sides ai, a>; a3, a; and
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ay, az, respectively. Therefore, these parallelograms are rational, and their angles
equal /3 and 27/3. By (i), each of them can be tiled with congruent triangles of
angles «, 8, y. In this way we decomposed A into nonoverlapping triangles of angles
o, B, y such that the similarity ratio of any two of these triangles is rational. From this
we obtain a tiling of A into congruent triangles of angles «, 8, ¥ as in the previous
case. Clearly, the tiling obtained is regular.

(vii) Connecting the center of A with the vertices we obtain a tiling of A into
congruent triangles of angles «, 8, y. Then we can label the angles (7/2) — (7w /N)
of the triangles with & and 8 in such a way that we obtain a regular tiling.

(viii) Since A is rational and each angle of A equals 77/3 or 27/3, it follows that
A can be decomposed into congruent regular triangles. We can decompose each of
these triangles into three triangles of angles «, 8, y. It is clear that we can label the
acute angles of these triangles with « and 8 in such a way that we obtain a regular
tiling.

(ix) It is clear that a regular triangle can be tiled with two congruent triangles
having angles « = /2, § = /6, y = /3. Since every rational polygon with angles
/3 and 27w /3 can be tiled with congruent regular triangles, it follows that these
polygons can be tiled with congruent triangles having angles «, 8, y. However, we
are looking for regular tilings, and this extra condition excludes the cases when A
is a triangle or a trapezoid or a pentagon. (We shall prove this in Sect. 8.) It is not
clear whether or not every rational hexagon with angles 27 /3 has a regular tiling
with triangles having angles « = /2, 8 = /6, y = /3. For some hexagons there
is such a tiling. For example, if A is centrally symmetric, then the existence of such
a tiling follows from (vi), since sin¢/ sin 8 = 2.

3 Applications of Theorem 2.1
For every polygon A we shall denote by c(A) the cardinality of the spectrum of A.

Theorem 3.1 Let A be a convex N-gon. Then c(A) = oo if and only if A satisfies
one of the following conditions.

(1) A is a regular triangle.
(i) A is a parallelogram.
(iii) A is rational, and there is a § such that cosé is rational, N — 2 angles of A
equal 8, and the other two angles are integer multiples of 1 — 8.

Proof Let A be a given convex polygon. By [3, Theorem 4], the number of triples
(e, B, v) such that A has an irregular tiling with congruent triangles of angles
(c, B, v) is finite. Therefore, if ¢(A) = oo, then there are infinitely many triples
(o, B, ¥) such that A has a regular tiling with congruent triangles of angles («, 8, y).
In particular, there are such triples different from those listed in cases (v), (vii),
(viii) and (ix) of Theorem 2.1. (Note that in (v) of Theorem 2.1 the triple («, 8, y)
is uniquely determined. Indeed, y must be equal to 27 /N, and then the condition
sina/ sin B = g determines o and 8 as well.) Therefore, A must satisfy one of the
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conditions of (i)—(iv) and (vi) of Theorem 2.1. It is clear that in each case, one of
(1)—(iii) of Theorem 3.1 holds. This proves the “only if” part of the theorem.

Now we prove the “if”” part. If A is a rational triangle and one of its angles equals
/3 or 2 /3 then, by Theorem 3.1 of [2], the regular triangle can be tiled with con-
gruent triangles similar to A. In Lemma 3.2 of [2] it is shown that there are infinitely
many such triangles A, and thus c¢(A) = oo holds for the regular triangle.

If A is a parallelogram of sides a, b and of angles y and = — y, then A can be tiled
with congruent triangles of angles «, 8, y whenever sin«/ sin § is a rational multiple
of a/b. It is easy to see that there are infinitely many such triples («, 8, v), and thus
c(A) = oo.

Next suppose that A satisfies (iii). We claim that there are infinitely many triples
(o, B, ) such that «, 8, y are the angles of a triangle, y = §, and sina, sin 8, siny
are pairwise commensurable. For each of these triples, A and («, B, y) satisfy the
conditions of (iii) of Theorem 2.1 and thus, as we saw in the previous section, there
is a tiling of A with congruent triangles of angles «, 8, y. This will prove c(A) = co.

Let 0 < y < 7 be given such that cos y is rational. Then d = sin>y = 1 —cos? y is
a positive rational number. It is well-known that there are infinitely many points on the
ellipse x> 4+ d - y? = 1 having rational coordinates; moreover, the set of these points
is everywhere dense in the ellipse. Indeed, for every s € Q, the point with coordinates
x =+(s> —d)/(s* +d) and y = 25 /(s> + d) satisfies the equation x> +d - y> =1,
and the set of these points is everywhere dense in the ellipse.

Let (x, y) be such a point with a small positive y. We define o € (0, 7/2) by
sino = y - siny. Then sin¢/ siny = y is rational, and

cosa:x/l—sinza:\/l—y2~sin2y:\/l—y2-d=|x|-

If y is small enough, then o 4+ y < 7, and we can define 8 by 8 =7 —« — y. Then
we have

sinf  sinwcosy + cosa siny

— = - =y-cosy +cose=y-cosy + |x]|,

siny sin y
and thus sin«/ sin y and sin 8/ sin y are both rational. It is clear that this construction
gives infinitely many triples (¢, 8, y) with the required properties. g

In the following applications we consider the cases when A is a regular triangle,
a square, a rectangle or a regular N-gon with N large enough, and determine the set of
triples («, B, y) such that A can be tiled with congruent triangles of angles («, 8, ).
We shall need the following lemma.

Lemma 3.2 Suppose that the convex polygon A has an irregular tiling with congru-
ent triangles of angles a, 8,y . Then «, B, y are linear combinations of the angles of
A with rational coefficients.
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Proof Consider (1), (2), and (3) at the vertices of the tiling. Since the tiling is irregu-
lar, it follows from [3, Lemma 10] that the determinant

1 1 1
Dij=|pi aqi i
pj aj 1

is nonzero for at least one pair of indices (i, j). Then the corresponding system of
equations

at+p+y=m,
pia +qiB +riy =6,
pja+qip+rjy =4

determines «, 8, y (here §; and §; are either angles of A or equal 7 or 27r). Applying
Cramer’s rule, we find that «, B, y are linear combinations of the angles of A and
of  with rational coefficients. Since 7 equals the sum of the angles of A divided by
N — 2, we obtain the statement of the lemma. O

Theorem 3.3 The regular triangle can be tiled with congruent triangles of angles
o, B, y if and only if a permutation of («, B, y) satisfies one of the following condi-
tions:

() a=B=m/6andy =2r/3;
() a=m/6,8=m/2,y =n/3;
(iii) y € {n/3,2n/3} and sine, sin B, siny are pairwise commensurable.

Proof We saw already that if (¢, 8, ) is one of the triples listed in the theorem, then
there exists a tiling with the required properties.

Next suppose that the regular triangle is tiled with congruent triangles of angles
o, B, y. If the tiling is regular then one of (ii)—(iv), (vii) and (viii) of Theorem 2.1
must hold. It is clear that in each of these cases the statement of Theorem 3.3 is true.

Therefore, we may assume that the tiling is irregular. Then, by Lemma 3.2, «, 8, y
are rational multiples of 7. Then we can apply Theorem 5.1 of [2], and find that either
a permutation of («, 8, y) satisfies (i), (ii) or (iii) of Theorem 3.3, or a permutation
of (a, B, y) equals one of the triples

n n In n m 197 w Tm 13w 5

(3’12’ 12>’(3’30’ 30)’(3’30’ 30>' ©)

We prove that none of the triples listed in (5) gives an irregular tiling of the regular

triangle. Suppose first («, B, y) = (/3,7 /12,77 /12). Since the tiling is irregular,

there is an equation pa + gf +ry =§ such that g <r and § € {w/3, 7w, 2 }. Multi-

plying the equation by 12/7 we find that 4p + g + 7r is divisible by 4. Then r — g
is also divisible by 4. However, we have 0 < r — g <r < 3, which is impossible.

Next suppose («, B, y) = (/3,7 /30, 197 /30). Since the tiling is irregular, there

is an equation pa + g +ry = 6 such that g < r. Multiplying the equations by 30/7
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we find that 10p 4+ g + 19r is divisible by 10. Then r — ¢ is also divisible by 10.
However, we have 0 < r — g <r <3, which is impossible.
A similar argument works in the case when (o, 8, y) = (/3, 77 /30, 137 /30). O

Let Ry denote the regular N-gon. Connecting the center of Ry with the vertices,
we obtain a tiling of Ry with congruent triangles of angles « = 8 = (7 /2) — (w/N)
and y = 2m/N. Another tiling is obtained by decomposing each of these isosceles
triangles into two right triangles. The angles of the triangles of the new tiling are
(7/2) — (7/N), /2, w/N. This shows that for every N the regular N-gon can be
tiled with congruent triangles with angles given by any of the triples

T wm w 2w T T wm T ©)
2 N2 N NJ'\2 N 2'N)
For N = 3,4, 6 there are other tilings of Ry. Moreover, in these cases there are
infinitely many other triangles tiling Ry since, by Theorem 3.1, we have c(R3) =

c(R4) = c(Rg) = 0o. Next we show that this behavior is exceptional among the reg-
ular polygons.

Theorem 3.4

(1) If N #£3,4,6, then c(Ry) < 0.
(ii) If N #3,4,6 and Ry has a regular tiling with congruent triangles, then the
angles of the triangles are « = 8 = (w/2) — (w/N), y =2n/N.
(iii) If N > 420, then c(Ry) =2.

Lemma 3.5 If N # 3,4, 6, then Ry cannot be tiled with congruent triangles of an-
glesa=B=n/N,y=n —(2n/N).

Proof Suppose there is such a tiling. We may assume that the sides of the triangles
are a, a, ¢, where a = sina and ¢ = sin(wr — (2n/N)) = sin2« = 2sin« cos«. Then
the side of Ry equals xa + yc, where x, y are nonnegative integers. If the number of
tiles is ¢ then, comparing the areas we obtain

2
xa+ yc T t ., .27
N-ﬂwot—:—&mz—&m—.

4 N 2 N N

Using a = sina, ¢ = 2sina cosa and cot(r/N) = cosw/ sin«, we obtain

g ~(x +2ycosa)’ =1 -sina=1- (1 — cos? )
and
(Ny2 + t) cos®a + Nxycosa + ((Nx2/4) — t) =0. )

Thus the degree of cosw is at most 2. However, by Theorem 3.9 of [5], the de-
gree of cosa = cos(w/N) is ¢p(2N)/2, and thus ¢ (2N) =2 or ¢(2N) = 4. Since
N # 3,4, 6, the only possibility is N = 5. Then cosa = cos7/5 = (+/5 + 1) /4, and
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thus the minimal polynomial of cosa is 4X? — 2X — 1. Then (7) gives Ny? + ¢ =
—4. ((Nx2/4) —t)and Nxy = 2((Nx2/4) — t). From the first equation we obtain
t = N(x*> + y*)/3 > Nx?/4. Thus the second equation gives Nxy < 0, which is im-
possible. This contradiction completes the proof. d

Proof of Theorem 3.4 (i) Suppose c(Ry) = oo. The angles of Ry equal § =
m — (2n/N). Then, by Theorem 3.1, cos§ is rational, and then so is cos2n /N =
—cos(wr — §). Thus cos2w/N = 0,£1/2,£1 by [5, Corollary 3.12], and hence
N € {3,4,6}.

(ii) Let o, B, y be the angles of the triangles of a regular tiling of Ry. If N #
3,4, 6, then Ry has to satisfy one of (ii), (iii), (v) and (vii) of Theorem 2.1. If Ry
satisfies (vii), then there is nothing to prove.

Suppose Ry satisfies (ii). Then y =7 — (27/N) and sine, sin B, siny are com-
mensurable. Since 2cosy = (sin’« + sin> B — sin’ y)/(sina sin B), it follows that
cos y is rational. Then, as we saw above, we have N € {3, 4, 6} which is impossible.

If Ry satisfies (iii), then y = 27 /N and the same argument works.

Finally, suppose that Ry satisfies (v). Theno + 8 =7 — (2n/N) and y =27 /N.
Since the sides of Ry are equal, we have sine/sinf =1, a =8, and « = 8 =
(/2) — (t/N).

(iii) We have to prove that if N > 420 and Ry has a tiling with congruent triangles,
then the angles of the triangles are one of given by (6). By (ii), this is true if the tiling
is regular, so we may assume that it is irregular. By Lemma 3.2, this implies that
o, B, y are rational multiples of 7. Now we shall apply the following result proved
in [4]: Let N > 420, and suppose that Ry has a tiling with similar triangles of angles
o, B,y. If a, B,y are rational multiples of w, then (a, B,y) is one of the triples
of (6), or equals (m — (2w /N), /N, /N). Since, by Lemma 3.5, the latter case is
impossible, this completes the proof. g

It is very likely that c(Ry) = 2 for every N # 3,4, 6. In order to prove this, we
have to show that if N <420 and N # 3, 4, 6, then there is no irregular tiling of Ry.
This amounts to checking a given finite set of triples. Unfortunately, the number of
cases to consider is enormous, and it seems to be hopeless to exclude these triples
without the use of computer. We plan to return to this computation in the forthcoming
paper [4].

Our next aim is to determine those triangles that tile a rectangle.

Theorem 3.6 If the congruent copies of a triangle T tile a rectangle, then T is a
right triangle, and the ratio of the sides of the rectangle is a rational multiple of
the ratio of the perpendicular sides of T. Therefore, a rectangle A can be tiled with
congruent triangles of angles o, B, y if and only if a permutation of («, B, y) satisfies
the following condition: y = m/2 and sina/ sin B is a rational multiple of the ratio
of the sides of A.

We note the following consequence of Theorem 3.6.

Corollary 3.7 The square can be tiled with congruent triangles of angles o, B, y if
and only if a permutation of («, B, y) satisfies the following condition: y = /2 and
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sina/ sin B is rational. Consequently, in every tiling of the square with congruent
triangles, the pieces must be right triangles with commensurable perpendicular sides.

Lemma 3.8 Suppose that a rectangle A is tiled with congruent copies of a right
triangle. Then the ratio of the perpendicular sides of the triangle is a rational multiple
of the ratio of the sides of A.

Proof Let «, B, y be the angles of the triangle, where y = /2 and a > . If @ = 83,
then the triangles are isosceles right triangles, and thus the sides of A are commen-
surable by [1, Theorem 2]. In this case the statement of the lemma is true. Therefore,
we may assume that o > 8, and thus 7 /4 < o < w /2. If the tiling is regular, then one
of (i), (ii), (iii) and (vii) of Theorem 2.1 must hold. It is clear that in each of these
cases the statement of the lemma is true.

Therefore, we may assume that the tiling is irregular. Then there is an equation
pa+qgB+ry =35 with p>gqgand$ € {n/2, 7, 2m}. This implies (p — g¢)a + g (¢ +
B)+ry=4,andthus e + B =y =m/2 gives ma = s /2, where m = p — q and s
are both positive integers. Note that s < 2§/m < 4. Since 7/4 <« < /2, we have
1/2 <s/m < 1, and thus s/m is one of the fractions

A’ A =0 = A (8)

Suppose s/m =2/3. Then « = 7 /3 and 8 = /6. We may assume that the sides of
the triangles are 1, 2, /3. Then the sides of A are x+/3 + y and 74/3 + u, where
X,y,z,u are nonnegative integers. If the tiling contains ¢ triangles, then comparing
the areas we obtain

(x\/§+y)~(zx/§+u)=%-\/§.

This implies x = u = 0 or y = z = 0. In both cases, one side of A is an integer
multiple of sinae = +/3/2, and the other side is an integer multiple of cosa = 1/2;
that is, the statement of the lemma is true.

Next suppose s/m = 3/4. Then ¢« = 37 /8 and B = 7 /8. We may assume that
the sides of the triangles are sino, cosa and 1. Then the sides of A are x cosa +
ysina + z and u cos« + vsino + w, where x, y, z, u, v, w are nonnegative integers.
If the tiling contains ¢ triangles, then, comparing the areas we obtain

t
(xcosa + ysina +2) - (ucosa + vsina + w) = 2 -coso - sina. )

By Theorem 3.9 of [5], the degree of the algebraic numbers cosa and sino
equals four. On the other hand, tana = V2 + 1, and thus each of the numbers
cos?a, sin? o, sina cosa, tan o belongs to the field @(\/5). Thus the left hand side
of (9) equals I + J, where I = (xw4uz) cosa+ (yw +zv) sina and J = xu cos® o+
(xv 4+ yu) cosa sina + yv sin? @ + zw € Q(v/2). Since the right hand side of (9) be-
longs to Q(+/2), we find that I € Q(+/2), and thus

cosa - [(xw +uz) + (yw + zv) tane| € QW2).

@ Springer



342 Discrete Comput Geom (2012) 48:330-372

By cosa ¢ Q(+/2) we obtain I = 0. Now each term of I is nonnegative, and thus
I =0 implies xw = uz = yw = zv = 0. If z # 0, then we get u = v = 0. Since
ucoso + vsine + w = w equals a side of A, we have w # 0, and thus x =y = 0.
Then the left-hand side of (9) is zw, while the right-hand side of (9) is irrational. This
is a contradiction, and thus z = 0. The same argument shows w = 0. Then, dividing
both sides of (9) by cos? o we obtain

t
(x +ytanw) - (u +vtana) = 3 -tan o

or yvtan®a + (yu + xv — (t/2)) tane + xu = 0. Since the minimal polynomial of
tana = /2 + 1 is X2 —2X — 1, it follows that xu = —yv, and thus xu = yv =0.
Then we have either x = v =0 or u = y = 0. In both cases, one side of A is an
integer multiple of sin«, and the other side is an integer multiple of cos «; that is, the
statement of the lemma is true.

Finally, suppose that s/m #%2/3, 3/4. Then s/m is one of the fractions 3/5, 4/5,
4/7. We can see, applying Theorem 3.9 of [5], that in each case the degree of sin«
is greater than the degree of cos«. Consequently, sin is not an element of the field
Q(cosa). Note also that cos « is irrational.

We may assume that the sides of the triangles are sinc, cose and 1. Then the
sides of A are x coso + ysina + z and u coso + vsino + w, where x, y, z, u, v, w
are nonnegative integers. If the tiling contains ¢ triangles, then, comparing the areas
we obtain (9). Since sin? « € Q(cos ) but sina ¢ Q(cosw), (9) implies

xuc0s2a+ch0sa+yvsin2a—i—uzcosoz+zw=0 (10)

and
[(xv + yu)cosa + (yw —l—zv)] -sina = (t/2) - cosa - sina. (11

By (10) we have xu = xw = yv = uz = zw = 0. Also, (11) gives (xv + yu) coso +
(yw 4+ zv) = (t/2) - cosa. Since cos is irrational, this implies yw = zv = 0. Since
max(x, y,z) > 0 and max(u, v, w) > 0, these equations imply either x =z =v =
w=0ory=z=u=w=0. In both cases, one side of A is an integer multiple of
sin «, and the other side is an integer multiple of cos «, which completes the proof. [J

Proof of Theorem 3.6 Suppose that the rectangle A is tiled with congruent copies of
a triangle T. By [1, Theorem 23], one of the following must hold: (i) T is a right
triangle; (ii) the angles of T are (;r/6, /6,27 /3); or (iii) the angles of T are given
by one of the following triples:

T w Sm T o Sm T 1w 2w (12)
8478 )J7\4’3 12) \1274° 3 )

If T is a right triangle, then the statement of the theorem is true by Lemma 3.8.
Suppose that the angles of T are (;r/6, 7/6, 27/3). We may assume that the sides
of the triangles are 1, 1, /3. Then the sides of A are x+/3 + y and 3+ u, where
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X, Yy, z,u are nonnegative integers. If the tiling contains ¢ triangles, then, comparing
the areas we obtain

(x«/g—f-y)-(z«/g—f-u):%w/g.

This implies x = u = 0 or y = z = 0. In both cases, there is a side XY of A such
that XY is an integer. Let X = Uy, Uy, ..., Uy =Y be a division of XY such that
each subinterval U;_1U; (i =1,...,k) is a side of a triangle 7; of the tiling. Since
U;_1U; =1 for every i, it follows that the angle of 7; at one of the vertices U;_; and
U; equals 27 /3. However, the angle of 77 at Uy = X and the angle of Ty at Uy =Y
must be 7/6, and thus there is a 0 < i < k such that the angle of both 7;_; and 7; at
U; equals 2 /3. Then the triangles 7;_1 and T; overlap, which is impossible.
In order to complete the proof of Theorem 3.6, we have to prove the following.

Lemma 3.9 Suppose that the angles of T are given by one of the triples of (12).
Then no rectangle can be tiled with congruent copies of T .

Proof First we suppose that a rectangle A of vertices Vi, Va2, V3, V4 is tiled with
congruent triangles with angles « = /8, B =57/8, y = /4. We may assume
that V; is the origin and V5 is the point (1, 0). Since each of the numbers cotx /8 =
V241, cotSm/8 = V2 —1and cotm/4 =1 belongs to Q(ﬁ), it follows from [1,
Theorem 2] that the coordinates of the vertices of the triangles belong to Q(W2).

Let a, b, ¢ denote the sides of the triangles. Then a/c = (sinx/8)/(sinw /4) and
b/c = (sin5m/8)/(sinm/4). By Theorem 3.9 of [5], the degree of sinz/8 and of
sin577/8 equals 4, and thus the ratios a/c and b/c do not belong to Q(+v/2).

There is a division V| = Uy, ..., U = V, of the side V;V, such that U; _;U; is
the side of a triangle 7; of the tiling for every i = 1, ..., k. Let x; denote the first
coordinate of U;. Since x; — x;j_1 € Q(ﬁ) foreveryi =1,...,k and a/c,b/c ¢
Q(\/E), it follows that either x; — x;_1 = U;_U; € {a, b} for every i, or x; — x;_| =
U;_1U; =c foreveryi.

Suppose U;_1U; = c for every i. Then the angles of T; at the points U;_; and U;
are /8 and 577/8 in some order. Since 57/8 > /2, it follows that the angle of 77 at
Up = V) and the angle of T} at Uy = V, must be /8, and thus thereisa 0 <i <k
such that the angle of both 7;_; and 7; at U; equals 57/8. Then the triangles 7;_
and T; overlap, which is impossible. This proves that U; _1U; € {a, b} for every i.

Next we prove that either U;_U; = a for every i, or U;_1U; = b for every i. In
order to prove this we shall need to consider a conjugate tiling as described in [1].

Let ¢ denote the automorphism of the field Q(+/2) defined by ¢(x + y/2) =
X — y\/f (x,y € Q). Then @ (x1, x2) = (¢(x1), ¢ (x2)) defines a collineation on the
set of vertices of the tiling. Let X’ denote the image of X under &. Then V| = V| and
V, = V1. The points V|, V;, Vi, V, are the vertices of a rectangle A" and, according
to [1], the images of the triangles are nonoverlapping and constitute a tiling of A’.

Since the images of the triangles 7; are nonoverlapping, it follows that the
points Uy, ..., U, constitute a division of the segment V|, V, in this order. Since
Ui’ = (¢ (x;), 0) for every i, it follows that the sequence (¢ (xi))fzo is strictly increas-
ing.
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Suppose that there are indices 1 < i, j < k such that x; — x;_1 =a and x; —
xj—1=>b.Then¢(x;) = (x;—1) +¢(a) and ¢ (x;) = ¢ (x;_1) +¢(b). Therefore, the
numbers ¢ (a), ¢ (b) are positive. On the other hand, a/b = (sinw/8)/(sin57/8) =
/2 =1, and thus

¢(@)/$(b) =d(a/b)=—v2—-1<0,

which is a contradiction. This proves that either U; _1U; = a for every i, or U;_1U; =
b for every i.

Thus V1V is an integer multiple of either a or b. The same is true for the side
V> V3, and thus the area of A is an integer multiple of one of the numbers a?, b?%, ab.
On the other hand, the area of any of the triangles is ab(cosy)/2 = ab+/2/4, and
thus the area of A is an integer multiple of ab~/2/4. Therefore, one of the numbers
(abv/2)/a?, (ab+/2)/b*, (ab/2)/(ab) is rational. However, a/b = +/2 — 1, and thus
each of these numbers is irrational, a contradiction. This proves that no rectangle can
be tiled with congruent triangles with angles « = /8, § =57/8, y =n /4.

Next suppose that a rectangle A of vertices Vi = (0,0), Vo = (1,0) and V3, V4
is tiled with congruent triangles with angles « = /4, g =57/12, y = /3. Since
each of the numbers cotr/4 = 1, cotSm/12 =2 — /3, cotm/3 = +/3/3 belongs to
Q(\/g), it follows from [1, Theorem 2] that the coordinates of each vertex of A and
of each triangle belong to Q(\/g).

Let a, b, c denote the sides of the triangles. Then

ajc = (sinm/4)/(sin/3) =2/3/3 ¢ Q(V/3).
Since sin57/12 = (+/3 + 1)/(2«/5), we have
b/c = (sin57/12)/(sin7/3) = (v/3 + 1)/(+/6),

and thus b/c does not belong to Q(ﬂ) either.

There is a division V| = Uy, ..., U = V; of the side V;V; such that U; _1U; is the
side of a triangle T of the tiling for every i = 1, ..., k. Since a/c,b/c ¢ Q(+/3), it
follows that either U;_1U; € {a, b} for every i, or U;_1U; = c for every i.

Suppose U;_1U; = c for every i. Then the angles of 7; at the points U;_; and
U; are w/4 and 5 /12. It is clear that the angle of 77 at Uy = V| must be /4 and,
similarly, the angle of T} at Uy = V, must be 7 /4. Therefore, there exists an index
0 < i < k such that the angle of 7;_; at U; is 57r/12 and the angle of T; at U; is also
S5 /12.Since r —2- (57 /12) = /6 < min(e, B, ¥), this is clearly impossible. Thus
U;_1U; €{a, b} for every i.

Next we prove that either U;_U; = a for every i, or U;_1U; = b for every i. Let
¥ denote the automorphism of the field Q(+/3) defined by ¥ (x 4+ yv/3) = x — y4/3
(x,y € Q). Then ¥ (xy,x3) = (¥ (x1), ¥(x2)) defines a collineation on the set of
vertices of the tiling. Let X’ denote the image of X under ¥. Then V| = V| and
V, = V. The points V/, V;, V3, V, are the vertices of a rectangle A’ and the images
of the triangles are nonoverlapping.

Therefore, the points U, ..., U; constitute a division of the segment V/, V in this
order. Let x; denote the first coordinate of U;. Then U l.’ = (Y (x;), 0) for every i, and
hence the sequence (1,h(x,-))f.‘:O is strictly increasing.
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Suppose that there are indices 1 <1i, j <k suchthatx; —x; 1 =aandx; —x; 1 =
b. Then ¥ (x;) = ¥ (x;—1) + ¥(a) and ¥(x;) = ¥ (x;j—1) + ¥ (b). Therefore, the
numbers ¥ (a), ¥ (b) are positive. On the other hand, a/b = (sinm/4)/(sin5m /12) =
V3= 1, and thus

Y (@)/¥(b) =¥(a/b)=—/3—1<0,

which is a contradiction. This proves that either U;_U; = a forevery i, or U;_1U; =
b forevery i.

Thus ViV, is an integer multiple of either a or b. The same is true for the side
V> V3, and thus the area of A is an integer multiple of one of the numbers a2, b?, ab.
On the other hand, the area of any of the triangles is ab(cosy)/2 = ab+/3/4, and
thus the area of A is an integer multiple of ab~/3/4. Therefore, one of the numbers
(ab~/3)/a?, (ab~/3)/b%, (abv/3)/(ab) is rational. However, a /b = +/3 — 1, and thus
each of these numbers is irrational, a contradiction. This proves that no rectangle can
be tiled with congruent triangles with angles « = /4, B =5n/12, y =n/3.

Finally, suppose that a rectangle is tiled with congruent triangles with angles o =
/4, B=m/12, y =2 /3. Itis easy to check that the conjugate tiling corresponding
to the automorphism of the field Q(+/3) defined by ¥ (x + ywW3)=x—y/3(x,ye
Q) is a tiling of a rectangle with congruent triangles with angles « = /4, 8 =
Sn/12, y =m/3 (see [1], p. 291). As we proved above, this is impossible. g

4 Proof of Theorem 2.1: Some Preliminary Results
We start with the following simple observation.

Lemma 4.1 Let A be a parallelogram of angles y and w — y . Suppose that A is tiled
with congruent copies of a triangle of angles «, B, y and of sides a, b, c. If one of the
sides of A is an integer multiple of a, then the ratio of the sides of A is a rational
multiple of sina/ sin B, and thus (i) of Theorem 2.1 holds.

Proof If the other side of A is of length d, then the area of A equals kad - siny
with an integer k. Since the area of each triangle of the tiling equals (absiny)/2,
we obtain 2kadsiny =t - absiny and d = (t/2k) - b, where ¢ is the number of
triangles of the tiling. Thus the ratio of the sides of A equals ka/d = (2k*/t)-(a/b) =
(2k?/t) - (sina/ sin B). O

In the sequel we fix a regular tiling of the convex polygon A with the congruent
triangles Aq, ..., A; of angles «, B, y such that equations (1)—(3) are of the form
pila+B)+riy =6, pila + B) +riy =2m and p;(a + B) +riy = 7, respectively.
The vertex V; of the tiling is called normal, if p; = r;. If p; # r; and V; is not a vertex
of A, then we say that the vertex V; is exceptional. Whenever

pla+p)+ry=vr (13)

is an equation satisfied by «, 8, y, then we shall call (p —s)(¢ +8) + (r —s)y =
(v — s)m the reduced form of (13), where s = min(p, r). Thus the reduced form of
the equation at a normal vertexisO- (¢ +8)+0-y =0-m.
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Let a, b, ¢ denote the sides of the triangles A; opposite to the angles «, 8, y. Then
a/b=sina/sinB and b/c =sinB/siny.

We shall say that a triangle A is supported by a segment UV, if one of the sides
of Aisasubsetof UV.

First we assume that a is not a linear combination of b and ¢ with nonnegative
rational coefficients. We define a directed graph I, on the set of vertices of the tiling
as follows. Let XY be a maximal segment belonging to the union of the bound-
aries of the triangles A; (i = 1,...,1), and suppose that the segment XY lies in
the interior of A, except perhaps the endpoints X and Y. Then there are divisions
X=Up,Up,....,.Uy =Y and X =V, V1,..., Vg =Y of the segment XY such that
each subinterval U;_1U; (i =1, ..., k) is aside of a triangle 7; of the tiling supported
by XY and lying on the same side of the segment XY, and each subinterval V;_; V;
(j=1,...,¢) isaside of a triangle ij of the tiling supported by XY and lying on the

other side of XY. Suppose that exactly one of the lengths UpU; and VoV equals a.
By symmetry, we may assume that UgU; = a # Vo V. Since a is not a linear com-
bination of » and ¢ with nonnegative rational coefficients, it follows that there is a
unique index 1 <ip < k such that U;_1U; = a for every i <iy and U; U +1 #a. If
all these conditions are satisfied, then we connect the vertices X and U;, by a directed
edge X—>U10 Note that U;, belongs to the interior of A and is different from each of the
points V; (j =0,...,£). Thus Uj, is in the interior of one of the sides of the triangle
ij for a suitable j.

Let I, denote the set of all directed edges defined as above. It is clear that the
in-degree of any vertex is zero or one. As we saw above, a vertex V can have an
incoming edge only if V belongs to the interior of A and if V is in the interior of one
of the sides of a triangle of the tiling.

Lemma 4.2 Suppose that a is not a linear combination of b and ¢ with nonnegative
rational coefficients. If V is a normal vertex and V is the endpoint of an edge of I,
then at least one edge of I, starts from V.

Proof Let XV be an edge, and let V = U;,, where XY is a maximal segment belong-
ing to the union of the boundaries of the triangles A;, and X = Up, Uy, ..., Uy =Y
and Ty, ..., Ty are as in the definition of the graph. Put T = T}, and T = Tio+1. Then
the side of T lying on the segment XY equals a, and the side of T’ lying on the
segment XY is different from a, and thus the angle of T off the line XY is «, and the
angle of T’ off the line XY is different from «. Since V is normal, the equation at V
must be & + B + y = m. Therefore, V is the common vertex of three triangles.

Fig. 2
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Fig. 3
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Considering all possible positions of the angle « in these triangles, we can see that
in each case at least one edge starts from V (see Fig. 2). Note that a % b and a # ¢. J

Lemma 4.3 Suppose that a is not a linear combination of b and ¢ with nonnegative
rational coefficients. Let XY be a side of A, and suppose that every vertex V lying
in the interior of the segment XY is normal and is such that no edge of the graph I,
starts from V. Then each of the following statements is true.

(1) At least one of the angles of A at X and Y is such that the corresponding equa-
tion is of the form p(a + B) = 8 with a positive integer p.

(ii) If there is a triangle A supported by XY such that its angles on the side XY
are 8 and y, then every triangle supported by XY is a translated copy of A. In
particular, the length of XY equals k - a, where k is a positive integer.

(iii) If no edge of the graph I, starts from X or from Y then at least one of the
angles of A at X and Y is such that the corresponding equation is different from
a+p=34.

Proof There is a division X = Uy, Uy, ..., Uy =Y of the segment XY such that each
subinterval U;_1U; (i =1,...,k) is a side of a triangle 7; of the tiling supported by
XY. By assumption, U; is normal, and no edge starts from U; forevery 1 <i <k —1.
It is easy to check, by inspecting the possible cases, that either 7;1 is a translated
copy of 7;, or one of the four cases presented in Fig. 3 holds.

It follows from the convexity of A that the equation at X is of the form p(a + 8) =
8 or ry = 4. Suppose it is ry = §. Then the angle of 77 at the vertex Uy = X is y.
Then, considering the possible cases according to Fig. 3, we can see that each triangle
T; is either a translated copy of 77, or its angle at the vertex U; is «. This implies that
the angle of Ty at Y is « or B, and thus the equation at Y is p(a + B) = 4. This
proves (i).

If 7; has angles 8 and y on XY then, considering again the possible cases ac-
cording to Fig. 3, we can see that each triangle 7 is a translated copy of 7;. This
proves (ii).

Suppose that the equation at the vertex X is of the form o 4+ 8 = §. If no edge
starts from X, then either the angle of 77 at X is 8 and at Uj is y, or its angle at
the vertex X is «. In the first case each triangle 7; must be a translated copy of 77.
Then the angle of T} at Y equals y, and thus the equation at Y cannot be of the form
o + B = 4. Suppose that the angle of 77 at X is «. Then, as Fig. 3 shows, the angle
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Fig. 4

of T; at U;_1 is « for every i. In particular, the angle of Ty at Uy_1 is «. If the angle
of Ty at Y equals y, then the equation at Y cannot be of the form o + 8 = . On the
other hand, if the angle of T} at Y equals 8 and the equation at Y is « + 8 = §, then
there is an edge starting from the vertex Y. This proves (iii). g

Next we consider the case when ¢ is not a linear combination of a and b with
nonnegative rational coefficients. We define the directed graph I, the same way as
we defined I, except that we replace a by c in the definition.

Lemma 4.4 Suppose that c is not a linear combination of a and b with nonnegative
rational coefficients. Let XY be a side of A, and suppose that every vertex V lying
in the interior of the segment XY is normal and is such that no edge of the graph I',
starts from V. Then

(1) atleast one of the angles of A at X and Y is such that the corresponding equation
is of the from p(a + B) = & with a positive integer p; and

(i) ifthere is a triangle A supported by XY such its angles on the side XY are o and
B, then every triangle supported by XY is a translated copy of A. In particular,
the length of XY equals k - c, where k is a positive integer.

Proof There is adivision X = Uy, Uy, ..., Uy =Y of the segment XY such that each
subinterval U;_1U; (i =1,...,k) is a side of a triangle 7; of the tiling supported
by XY. It is easy to check, by inspecting the possible cases, that either 74 is a
translated copy of T;, or one of the presented in Fig. 4 four cases holds. Then we can
repeat the argument of the proof of Lemma 4.3. g

Lemma 4.5 Suppose that c is not a linear combination of a and b with nonnegative
rational coefficients. Let the segment XY belong to the union of the boundaries of the
triangles, and let T and T’ be two triangles supported by XY and lying on the same
side of XY . Suppose that T and T' have a common vertex V on the segment XY and
that V is either on the boundary of A, or is an inner point of a side of a triangle. If
the side of T lying on XY equals ¢ and the side of T’ lying on XY is different from
c, then there is an edge of I starting from V.

Proof If V is normal, then we can easily check that an edge starts from V (see Fig. 2
with « replaced by y).
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Suppose the vertex V is exceptional. Then the equation at V is of the formry =7
or p(a + B) = m. If the equation is ry = m, then neither of the triangles T and T’
can have a side of length ¢ lying on XY, which is impossible. Thus the equation is
pla+pB)=m.LetTy,..., T, denote the triangles having V' as a vertex listed clock-
wise. We may assume, by symmetry, that 7y = T and 7>, = T". There are halflines
h; (i =0,...,2p) starting from V such that 7; lies in the angular domain bounded
by hij_1 and h; foreveryi =1,...,2p. Let ; and B; denote the angles of 7; at its
vertices lying on the halflines #; 1 and h;, respectively. Then oy # y and B2 = ¥
by the conditions on 7 and T’. Since the angle of 7; at V is different from y for
every i, it follows that there exists an index i < 2p such that ; # y and B;41 =y or
o; =y and B4+ # y. Then an edge of I starts from V along the halfline /;, which
completes the proof of the lemma. O

Lemma 4.6 Ifa and b are commensurable and c is not a rational multiple of a, then
the graph I'. is empty: it has no edge.

Proof By Lemma 4.5, the in-degree is not greater than the out-degree at each vertex.
Therefore, the in-degree equals the out-degree at each vertex. Since no edge arrives
at the boundary of A, it follows that no edge of I, starts from the boundary of A.
Suppose that I, is not empty, and let G denote the set of vertices of nonzero out-
degree. Then each vertex V € G is the starting point of an edge and also the endpoint
of another edge. Let V be a vertex of the convex hull of G. Then V € G, and thus V is

the endpoint of an edge )ﬁ)/ .Let V = Uj,, where XY is a maximal segment belong-
ing to the union of the boundaries of the triangles, and let X = Uy, Uy, ..., Uy =Y
and 71, ..., Ty be as in the definition of the graph. Since X € G, it follows that the
segment V'Y is outside the convex hull of G, and thus no edge starts or arrives at any
point of VY exceptat V.

Suppose that an inner point W of the segment XY is the endpoint of an edge ﬁV
Then W is an inner point of a side of a triangle which must be supported by XY . Thus
the starting point Z of the edge must be either X or Y. It cannot be Y, as Y is outside
the convex hull of G, and thus ¥ ¢ G. Thus Z = X, and then W = V. Therefore,
among the vertices that are inner points of XY only V belongs to G.

Let ¢ be the smallest positive index for which U, is a common vertex of triangles
lying on different sides of XY. Then iy < £ < k. It follows from Lemma 4.5 that
for every ig < i < £, the length of the segment U;_U; is either a or b. Therefore,
XUy, = igc + ra with a positive rational r.

Letd, ..., d, be the side lengths of the triangles supported by XU, and lying on
the side opposite to the triangles 7;. Then either each d; equals ¢ or each is different
from c. Indeed, otherwise an edge would start from an inner point of XY different
from V which is impossible. Thus the length XUy is either k’c with a positive integer
k" or sa with a positive rational s. Since both of the equation igc + ra = k’c and
ipc + ra = sa implies that ¢ is a rational multiple of a, both cases are impossible. [J

Lemma 4.7 Ifa and b are commensurable and c is not a rational multiple of a, then
the sides of A are pairwise commensurable.
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Proof Since I is empty, the situation described in Lemma 4.5 cannot happen. In
particular, if XY is a side of A then either all triangles supported by XY have sides of
length ¢ on XY, or all have sides of length different from ¢ on XY. Thus the length
of each side of A is either an integer multiple of ¢ or a rational multiple of a. We
prove that only one of these cases can occur. It is enough to show that if X, Y, Z are
consecutive vertices of A, then side lengths XY and Y Z are commensurable.

Let T1, ..., T; denote the triangles having Y as a vertex listed counterclockwise.
The equation at Y is of the form ry = § or p(a + B) = §. If the equation is ry =4,
then s = r, and the sides of 77 and 7, lying on the boundary of A are of length a
or b. In this case the lengths of XY and of YZ are rational multiples of a, hence
commensurable.

Suppose that equation at Y is p(« 4+ 8) = 4. Then s = 2p, and there are halflines
h; (i =0,...,2p) starting from Y such that 7; lies in the angular domain bounded
by h;—1 and h; forevery i =1,...,2p. Let o; and §; denote the angles of 7; at its
vertices lying on the halflines /;_; and A;, respectively. Since no edge starts from Y,
foreveryi =1,...,2p — 1 we have either 8; = ;41 =y or o; = B4+ = y. This
implies that we have either a; = 8, =y or a1 # y, B2p # y. In the first case the
lengths of XY and of Y Z are rational multiples of a, and in the second case they are
integer multiples of c. In both cases, they are commensurable. g

Lemma 4.8 Suppose that a and b are commensurable and c is not a rational multiple
of a. Then the triangles that have their side of length c in the interior of A come in
pairs. The triangles of each pair have a common side of length c, and thus they form
a quadrilateral which is either a parallelogram of sides a, b and of angles y, o + B,
or a kite of sides a, b and of angles 28, y,2a, y .

Proof Let A be a triangle of the tiling such that its side UV of length c lies in the
interior of A (except perhaps the endpoints). The side UV is contained in a segment
XY with the following properties: XY belongs to the union of the boundaries of the
triangles, X and Y are common vertices of triangles lying on different sides of XY,
and no point in the interior of XY has this property. Then it follows from Lemma 4.5
and from the fact that I, is empty that every triangle supported by XY and lying on
the same side of XY as A has a side of length ¢ on XY. Thus the length of XY is
an integer multiple of c¢. Since c is not a linear combination of @ and b with integer
coefficients, it follows that the triangles supported by XY and lying on the other side
of XY also have their sides of length ¢ on XY . Therefore, there exists a triangle A’
such that the sides of length ¢ of A and of A’ coincide. g

Let G be an additive subgroup of the reals such that w € G. We shall denote by
P the family of all simple, closed polygons satisfying the condition that for every
side XY of P, the angle between the line going through the side XY and the x-axis
belongs to G.

Suppose that x : G — C is a multiplicative function; that is, x satisfies the
functional equation x (61 + 62) = x(61) - x(62) (61,602 € G). Also, we assume that
x(@)=—1.Then x (0 +m)=—x(0) and x (0 + 27) = x (0) hold for every 6 € G.

For a polygon P € Pg, let Xo, ..., Xx—1, Xy = Xo be the vertices of P listed
counterclockwise, let /; denote the halfline starting from X;_; and going through X;,
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and let 6; denote the directed angle between the positive x-axisand h; (i =1, ...,k).
Then we define

k
S(P)=Y X6 Xi_1X;. (14)
i=1
The definition makes sense, as the function x is periodic mod 2m. Using the fact
that x (0 + w) = —x(0) for every 6 € G it is easy to see that the function @ is
additive in the following sense: if P is decomposed into the nonoverlapping poly-
gons Py, ..., P, € Pg,then @(P) = Z?:l @ (P;). Itis clear that @ is invariant under
translations. Also, it follows from the multiplicative property of x that if P € Ps and
P’ is obtained from P by a rotation of angle 6 € G, then @ (P’) = x(0) - D (P).
Let «; be the angle of P atthe vertex X; (i =1, ..., k), and put alf = —a;. Since
the halfline ;1 is obtained from /; by a rotation of angle o/, it follows that

0 =0 +a)+ - +a,_; (mod2m)
for every 1 <i <k.Thus x(6;) = x(01) - x(a})--- x(et;_,) forevery 1 <i <k, and
®(P)=x(01)- (XoX1+ x (o)) - X Xa -+ x(e]) - x(a4_1) - Xa—1Xx). (15)

Now we turn to the proof of Theorem 2.1. We shall consider the following five
cases separately: y > mw/2 and y #2n/3; y <mw/2and y #7/3; y =2n/3; vy =
w/3;y =m/2.

5 Casel:y >mn/2, y #2n/3

In this case, in each of equations (1), if r; > 0, then the equation must be of the
form y = §;. We claim that in each of equations (2) and (3) we have r; < p;. Indeed,
otherwise the reduced form of the equation in question would be ry = v, where r is
a positive integer and v = 1 or 2. However, as 7/2 < y < and y # 27/3, no such
equation is possible.

Let P(e + B) + Ry = (N — 2)m be the sum of equations (1). Then, by (4), we
have P < R.If N =3 then P(a + ) + Ry =, and thus P < R gives P =0 or
P=R=1.1f P=0then Ry =m which is impossible. If P = R =1, then at one
of the angles of A the equation is « = § which contradicts the regularity of the tiling.
Thus N = 3 is impossible, and we have N > 4.

By P(@+B)+ Ry =(N —2)m and P < R we have R > N — 2, and thus the
possible values of Rare N —2, N — 1 and N. If R = N — 2, then necessarily P =
N —2, and in each of the equations (2) and (3) we have p; =r;.

If R=N — 1, then N — 1 of the angles of A equal y. The equation P(x + B) +
(N -1y =(N—2)m gives Pl +B)+ (N — 1)(m —a — ) = (N — 2) and
m=(N —1- P)(a+ B). There must exist an equation p;(« + B) + riy = vm with
ri < p; and v = 1, 2. The reduced form of this equation is p(x + B) = vm, where
we have p = (N — 1 — P)v. Since Y p; = > _r;, it follows that p + P < R; that is,
(N—1—P)v+P < N —1.Thus v =1, and there is no other vertex withr; < p; and
J > N. Therefore, apart from the vertices of A, there is only one vertex of the tiling
with p; # r;, and the reduced equation at this vertex equals (N — 1 — P)(e + ) =7.
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Finally, if R = N, then each angle of A equals y. Thusoe+ 8 =7 —y =2n/N.
There must exist an equation p; (o + ) +riy = vm withr; < p; and v =1, 2. The
reduced form of this equation is p(x + B) = vmw, where we have 2p = Nv. Since
> pi = _ri, it follows that p + P < R; thatis, N - (v/2) < N. If v =2, then there
is no other vertex with r; < p; and j > N. If v =1, then there is one more such
vertex, where the reduced equation is (N /2) - (@ + ) = . Therefore, apart from the
vertices of A, there are at most two vertices with p; # r;. If there is one such vertex,
then the equation at this vertex is N (o + ) = 2w, and if there are two such vertices,
then N is even and the corresponding reduced equations are (N/2) - (¢ + ) = .

Summing up: there are three cases. In the firstcase P=R =N —2,and p; =r;
for every i > N; that is, every vertex other than the vertices of A is normal. In this
case N — 2 of the vertices of A equals y, and the other two vertices equal p(« + 8)
and p’(a + B), where p+ p' =N — 2.

In the second case R = N — 1, every vertex other than the vertices of A is normal
with one exception. In the exceptional vertex the reduced equationis (N —1— P) (e +
B) = . In this case N — 1 of the vertices of A equals y, and one equals P(« + 8).

In the third case R = N, every vertex other than the vertices of A is normal with at
most two exceptions. If there is only one exceptional vertex, then the corresponding
equation is N (o + ) = 2m; and if there are two exceptional vertices, then their
reduced equations are (N/2) - (¢ + ) = &. In this case each angle of A equals y.

5.1 Subcase Ia

First we assume that a is not a linear combination of b and ¢ with nonnegative rational
coefficients. Then we may consider the directed graph I7,.

Suppose that P = R = N — 2. Then there is no exceptional point other than the
vertices of A and thus, by Lemma 4.2, the out-degree is not smaller than the in-
degree at each vertex. Therefore, they are equal everywhere, and thus the graph I,
is the union of disjoint directed cycles. Since the in-degree is zero at each vertex
belonging to the boundary of A, it follows that no edge starts from the boundary
of A. Therefore, by (i) of Lemma 4.3, A does not have two consecutive vertices with
angle y. However, we know that A has N — 2 vertices where its angle is y. Since
N —2>2,itfollows that N =4. Then P = 2, and thus two equations at the vertices
of A are of the form « 4+ 8 = §. In other words, A is a quadrilateral with angles
y,a+ B, Y, + B in this order. Therefore, A is a parallelogram.

Let X be a vertex of A with angle y, and let T be the unique triangle of the tiling
having X as a vertex. Let U be the vertex of T with angle 8, and suppose that U is
on the side XY. Then, by (ii) of Lemma 4.3, the length of the side XY equals ka,
where k is a positive integer. Therefore, by Lemma 4.1, (i) of Theorem 2.1 holds in
this case.

Next suppose that R = N — 1. Let V denote the exceptional vertex where the
reduced equation is (N — 1 — P)(«¢ + B) = m. If, at the vertex V, the out-degree
is not smaller than the in-degree then, as this is also true at every other vertex, it
follows that the out-degree is equal to the in-degree everywhere, and I, is the union
of disjoint directed cycles. Since the in-degree is zero at each vertex belonging to the
boundary of A, it follows that no edge starts from the boundary of A. We know that
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N — 1 > 3 vertices of A equals y, and thus there are at least N — 2 > 2 sides of A
such that A has angle y at each endpoint. However, the exceptional point V can be an
inner point of at most one of these sides, so there is a side without exceptional point
and outgoing edge such that A has angle y at each endpoint. By (i) of Lemma 4.3,
this is impossible.

Therefore, the out-degree is smaller than the in-degree at the vertex V. This means
that there is an edge arriving at V, but no edge starts from V. Then V is an inner point
of A, and thus there is no exceptional point on the boundary of A. Since the out-
degree is not smaller than the in-degree at the vertices different from V/, it follows
that I, is the union of disjoint directed cycles and one path arriving at V. Therefore,
on the boundary of A there is at most one vertex with positive out-degree. Then we
can find again a side of A without exceptional points and without outgoing edge such
that A has angle y at each endpoint, which is impossible.

Next we consider the case R = N. Then all angles of A equal y, and then there
are N > 4 sides such that the angles of A at the endpoints equal y. We know that
there are at most two exceptional points, where the out-degree can be smaller than
the in-degree. The deficit can be at most two, and thus I, is the union of disjoint
directed cycles and at most two paths arriving at the exceptional point(s). Considering
the possible cases according to the number of exceptional points on the boundary of
A, we can check that in each case there is a side of A without exceptional points
and without outgoing edge such that A has angle y at each endpoint. But this is a
contradiction again. This completes the proof in the subcase when a is not a linear
combination of » and ¢ with nonnegative rational coefficients.

5.2 Subcase Ib

Suppose that b is not a linear combination of a and ¢ with nonnegative rational coef-
ficients. Since the roles of a and b are symmetric in the conditions as well as in the
statements of the theorem, this subcase can be treated similarly to Subcase Ia.

Therefore, we may assume that a is a linear combination of b and ¢ with nonneg-
ative rational coefficients, and b is a linear combination of a and ¢ with nonnegative
rational coefficients. This implies that either a, b, ¢ are pairwise commensurable, or
a and b are commensurable and c is not a rational multiple of a.

If a, b, ¢ are pairwise commensurable, then sine, sin 8, siny are pairwise com-
mensurable, and so are the sides of A. We show that this implies P =R =N — 2,
and thus in this case statement (ii) of the theorem holds. Indeed, if R=N — 1 or
R = N, then « and B satisfy an equation of the form p(« + B) = vr, and thus y is
a rational multiple of . Since cosy = (62 —a? - b2) /(2ab) is rational as well, it
follows that y = m/2, w/3 or 27 /3 (see [5, Corollary 3.12]), which is not the case.

5.3 Subcase Ic

Thus we are left with the case when a and b are commensurable and ¢ is not a rational
multiple of a. Then the graph I, is empty by Lemma 4.6.

If P=R = N — 2, then using (i) of Lemma 4.4 and the corresponding argument
above, we can see that A is a parallelogram. Since A is rational by Lemma 4.7, we
find that the case (i) of Theorem 2.1 holds.
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The cases R= N — 1 and R = N are impossible. Indeed, in these cases there is
a side XY of A such that the angle of A at the vertices X and Y equals y, and XY
does not contain exceptional points. This, together with the fact that I, is empty,
contradicts (i) of Lemma 4.4.

6 Casell: y <n/2, y #7/3

In this case, in each of equations (1), if p; > 0, then the equation must be of the form
o + B = ;. We claim that in each of equations (2) and (3) we have r; > p;. Indeed,
otherwise the reduced form of the equation in question would be p(« + B) = vm,
where p is a positive integer and v = 1 or 2. However, as 7/2 <o + 8 < 7 and
o + B # 27 /3, no such equation is possible.

Let P(¢ 4+ B) + Ry = (N — 2)r be the sum of equations (1). Then, by (4), we
have P > R.If N =3 then P(x + 8) + Ry = &, and thus P > R gives R =0 or
P=R=1.If R=0then P(x + ) = m which is impossible. If P = R = 1, then at
one of the angles of A the equation is « = §; which contradicts the regularity of the
tiling. Thus N = 3 is impossible, and we have N > 4.

By P(a + B8) + Ry = (N —2) and P > R we have P > N — 2, and thus the
possible values of P are N —2, N — 1 and N. If P = N — 2, then necessarily
R = N — 2, and in each of the equations (2) and (3) we have p; =r;.

If P=N —1, then N — 1 of the angles of A equal o + 8. The equation
(N —-D(a+B)+ Ry =(N —2)mr gives (N — 1 — R)y = m. There must exist an
equation p;(« + B) + riy = vwr with r; > p; and v = 1, 2. The reduced form of this
equation is ry = vm, where we have r = (N — 1 — R)v. Since Y_ p; = >_r;, it fol-
lows that, apart from the vertices of A, there is only one vertex of the tiling with
pi # ri, and that the reduced equation at this vertex is (N — 1 — R)y = .

Finally, if P = N, then each angle of A equals @ + 8. Thus y =7 — (@ 4+ ) =
27 /N. There must exist an equation p;(« + 8) +riy = vmw withr; > p; andv =1, 2.
The reduced form of this equation is ry = vmw, where we have 2r = Nwv. Since
> pi =Y_ri, it follows that, apart from the vertices of A, there are at most two ver-
tices with p; # r;. If there is one such vertex, then the reduced equation at this vertex
is Ny = 2m, and if there are two such vertices, then N is even and the corresponding
reduced equations are (N/2)y = .

Summing up: there are three cases. In the first case P=R =N — 2, and p; =r;
for every i > N. In this case N — 2 of the vertices of A equals « + S, and the other
two vertices equal ry and r'y, where r +r' = N — 2.

In the second case P = N — 1, and p; = r; for every i > N with exactly one
exception, where the reduced equation is (N — 1 — R)y = . In this case N — 1 of
the vertices of A equals « + 8, and one equals Ry .

In the third case P = N, and p; = r; for every i > N with at most two excep-
tions. If there is only one exceptional vertex, then the corresponding equation is
Ny = 2m, and if there are two exceptional vertices, then their reduced equations
are (N/2)y = . In this case each angle of A equals o + 8.
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6.1 Subcase Ila

First we assume that a is not a linear combination of b and ¢ with nonnegative rational
coefficients, and consider the graph I,. If R = N — 2, then there are no exceptional
points apart from the vertices of A, and the in-degree equals the out-degree at every
vertex. Thus no vertex starts from the boundary of A. By (iii) of Lemma 4.3 this
implies that there are no adjacent vertices of A with angle o 4 8. As in case I, we can
infer that A is a parallelogram, and using an analogous argument, we can check that
in this case the statement (i) of the theorem holds. Repeating the analogous argument
of case I, we can also see that the cases R=N — 1 and R = N are impossible.

6.2 Subcase IIb

Since the roles of a and b are symmetric, we have the same conclusion if b is not a
linear combination of a and ¢ with nonnegative rational coefficients.

Therefore, we may assume that a is a linear combination of b and ¢ with nonneg-
ative rational coefficients, and b is a linear combination of a and ¢ with nonnegative
rational coefficients. This implies that either a, b, ¢ are pairwise commensurable, or a
and b are commensurable and c is not a rational multiple of a. If a, b, ¢ are pairwise
commensurable, then (iii) of the theorem is true. Indeed, if R=N —1or R=N,
then y is a rational multiple of 7, which is impossible (see the analogous argument
in case I).

6.3 Subcase Ilc

In this subcase we assume that ¢ and b are commensurable and c¢ is not a rational
multiple of a. Then the graph I is empty by Lemma 4.6.

Lemma 6.1 Ifa and b are commensurable and c is not a rational multiple of a, then
either (i) of Theorem 2.1 holds, or P = N; that is, each angle of A equals o + B.

Proof Let X, Y, Z be consecutive vertices of A, and suppose that the equation at X
is ry = 5. We show that if there are no exceptional points on the sides XY and Y Z,
then the equation at Z is also of the form ry = §. Indeed, by (i) of Lemma 4.4, the
equation at Y must be « + = §. The proof of Lemma 4.4 also shows that there is a
triangle T} supported by the side XY, and there is a point Uy_1 in the interior of XY
such that Uy_1Y is a side of T}, and the angle of Ty at Uy_; is y.

Let T}, ..., T, bethe triangles supported by the side Y Z, andlet Y = Vj, ..., V,, =
Z be a division of Y Z such that V;_;V; is a side of Tl.’ foreveryi =1,...,m. Then
the angle of 7/ at the vertex Y equals o or 8. Since no edge of I, starts from ¥ and
the angle of Ty at Ux_; equals y, it follows that the angle of 7| at V| must be y.
Now the vertices V; are normal by assumption, and no edge of I starts from any of
them. Therefore, each 77 has angle y at the vertex V; (see Fig. 4). In particular, T},
has angle y at V,, = Z, and thus the equation at Z is of the form ry = 4.

Suppose R = N — 2. Then there are no exceptional points, and thus it follows from
what we proved above that the equation at every second vertex of A is of the form
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ry =46. Then N =4 and A is a parallelogram. By Lemma 4.7, the sides of A are
commensurable. Since a/b is rational, it follows that (i) of Theorem 2.1 holds.

Next suppose P = N — 1. Then there is one single exceptional point. Let
Z1,Y1, X, Y2, Z> be consecutive vertices of A such that the equation at the vertex
X is of the form ry = §. (The vertices Z; and Z, may coincide.) Since only one of
the sides Z1Y1, Y1X, XY2, Y2Z, can contain the exceptional point, it follows that
the equation at either Z; or Z; is of the form ry = §. This, however, contradicts the
assumption P = N — 1. Therefore, the only remaining possibility is P = N, which
completes the proof. g

Therefore, we are left with the case when P = N. If N =4, then A is a rectangle.
Since ¢ + B = /2, sin/sin B = a/b is rational and A is rational by Lemma 4.7,
it follows that (i) of Theorem 2.1 holds. Thus we may assume that N > 5. Our next
aim is to show that in this case (v), (vi) or (vii) of Theorem 2.1 holds. The rest of the
section is devoted to the proof of this statement.

In Lemma 4.8 we proved that those triangles of the tiling that have their side of
length ¢ in the interior of A come in pairs, and each pair forms a quadrilateral which
is either a parallelogram of sides a, b and of angles y, o + 8, or a kite of sides a, b
and of angles 28, v, 2w, y .

Lemma 6.2 Suppose that a and b are commensurable, c is not a rational multiple of
a,and P = N. Then among the pairs described above only parallelograms can occur.
More precisely, there are no kites, unless o« = 8 when each kite is a parallelogram.

Proof Suppose this is not true; that is, « 7 8 and there exists at least one kite. We

shall denote by I the set of those directed segments )ﬁ/) for which the segment
XY is the common side of two triangles having angles « at X and g at Y. Then the

line going through the edge )ﬁ)/ of Iiite is the axis of symmetry of a kite described
in Lemma 4.8.

If XY is an edge of [iie, then Y is in the interior of A. Indeed, the left hand side
of the equation at Y is of the form p(a + B) + ry with p > 2. Sincer > p > 2, we
have p =r =2, and the equation at ¥ is 2« + 28 + 2y =27.

By Lemma 4.8, the triangles having Y as a vertex and having angle o or g at Y
come in pairs. Each pair forms a quadrilateral which is either a parallelogram having
angle @ + B or y at Y, or a kite having angle 2« or 28 at Y.

Since p =r =2, it follows that the arrangement of the triangles around Y must be
one of two cases presented in Fig. 5.

Since there is exactly one kite having angle 2« at Y, it follows that there is exactly
one edge of i starting from Y. Therefore, Ikje is the union of disjoint cycles, and
every vertex of ke is in the interior of A. Note also that each cycle of [ is a
simple polygon of angles o + B or o« + 2y + B.

We shall need another graph on the set of vertices. Let X Z be a maximal segment
contained by the union of the boundaries of the triangles A; and such that X Z belongs
to the interior of A except perhaps the endpoints X and Z. There are divisions X =
Up,Uy,...,Uy=Zand X =Wy, V1, ..., Vg = Z of the segment X Z such that each
subinterval U; _1U; (i =1,...,k) is a side of a triangle 7; of the tiling supported by
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XZ and lying on the same side of the segment X Z, and each subinterval V;_V;
(j=1,...,%) is a side of a triangle T]f of the tiling supported by XZ and lying on
the other side of XZ. Suppose that the angle of 77 at the vertex U; and the angle
of Tl’ at the vertex Vi both equal y. Then there is a maximal index 1 <ip < k such
that the angle of 7; at the vertex U; equals y forevery i =1, ..., ip. Similarly, there
is a maximal index 1 < jp < € such that the angle of T; at the vertex V; equals y
for every j =1, ..., jo. Then we connect the vertices X and Y by a directed edge
XY where ¥ = Ui, if Uj, is closer to X than V;,, Y = V;, if Vj; is closer to X than
Uiy, and Y = U;, =V, otherwise. We denote by Iexcept the set of these edges. (The
notation will be justified later, when we show that each edge of Itxcept starts from a
vertex of A and arrives at an exceptional point.)

Let )ﬁ)’ be an edge of Iexcept- We show that (i) no inner point of the segment XY
can be a vertex of Ikiwe, and (1) Y is a vertex of Ik or Y is an exceptional point.

In the proof of these statements we shall use the notation of the definition of the
graph Iexcept. By symmetry, we may assume that ¥ = U;. Let V be an inner point
of XY, and suppose that V is a vertex of Ije. Then the arrangement of the triangles
around V cannot be as shown by (B) of Fig. 5 since 2o+ y # 7w and 28 + y # 7. But
it cannot be as shown by (A) of Fig. 5 either. Indeed, if i and j are such that T;, Tj(
have V as a vertex, then they are supported by the segment XZ and have angles y
at V. However, those two triangles in (A) of Fig. 5 which have angle y at the given
point are not supported by a common segment. This proves (i).

Next suppose that Y is not a vertex of Ik, and that Y is normal. Since Y = Uj,,
we have either Up = V, or Uy is closer to X than V. This implies that either Y is in
the interior of a side of one of the triangles T; ,or Y is the vertex of a triangle Tj( such
that the angle of ij at Y equals y. In the first case the equationat Y isa + 8+ y =7,
and the angle of T;, at Y equals y. By Lemma 4.6, no edge of I, starts from Y. This
implies that the angle of the triangle T; y; at the point U; 11 must be y. (Indeed,
by considering the possible arrangements of the angles around Y we can see that
otherwise an edge of I, would start from Y.) This, however, contradicts the choice
of ip, since ip was the largest index such that 7; has angle y at U; for every i < ij.

In the second case there are two triangles supported by the continuation of the
segment XY and having angle y at Y. Since Y is normal, there are four other triangles
having Y as a vertex, and their angles at Y are «, «, 8, 8. The two triangles with angle
o at V cannot be adjacent, because in that case, depending on the location of their
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angle y, either there would be an edge of I starting from Y, or Y would be a vertex
of I'kiee. Thus the angles of the four triangles at V are either «, 8, «, B or B, «, B, in
this order. Thus Y is an inner point of the segment X Z. Then we can check, the same
way as in the previous case, that the angle of T;,1 at the point U;, | must be y. This,
again, contradicts the maximality of iy, which completes the proof of (ii).

If P is a simple polygon, then the bounded component of R? \ P will be denoted
by P°.

Let C be a cycle of Ikje. We shall also denote by C the polygon formed by the
edges belonging to C. Let X be a vertex of C such that the angle of C at X is convex;
that is, equals o + B. (For short, in this case we shall say that X is a convex vertex
of C.) Let h denote the halfline starting from X as in (B) of Fig. 5. Then there is a
point Y on & such that )ﬁ)’ is an edge of Iexcept. Since 4 intersects C°, and no interior
point of XY can be a vertex of Ikje, it follows that one of the following must hold:
(1) Yisavertexof C; (1) Y € C°and Y is a vertex of Iiie; or (iil)) Y € C°and Y is
exceptional.

Note that in case (i) the angle of C at Y is concave; that is, equals « + 2y + .
Indeed, Y must be a vertex of C as in (B) of Fig. 5. Since the halfline & arrives at Y
from C°, it follows that the angle of C at Y equals o + 2y 4 8.

Our next aim is to show that for every cycle C of Ik, C° contains all exceptional
points. In order to prove this we may assume that C° does not contain any vertex of
Ikite- Indeed, if C° N Ikje # @, then we take a cycle Cy of Ikjee belonging to C° and
having minimal area. Then C} does not contain any vertex of ke, and if C} contains
all exceptional points then so does C°.

As we proved above, if V is a convex vertex of C, then there is an edge W/ of
Texcept such that either W is a concave vertex of C or W € C° and W is exceptional.
(Here we used the fact that C° does not contain any vertex of Ije.) If # and v denote
the number of convex and concave vertices of C, respectively, then we have

ula+B)+vla++2y)=w+v—2)m.

Since y =2n/N and o + 8 = (1 — (2/N)), this implies u = v + N. Let V and
V'’ be distinct convex vertices of C, and let WV, W be the corresponding edges
Of Iexcept. It is clear that if W and W' are concave vertices of C then they must be
distinct (see (B) of Fig. 5). Since u = v+ N, it follows that there are at least N convex
vertices of C such that the corresponding edge aWV) arrives at an exceptional point
belonging to C°. This proves the claim if there is only one exceptional point. Suppose
there are two exceptional points: E and F. Then N is even, and the equation at E
is either (N/2)y =m or @ + B+ ((N/2) + 1)y = 2x. In both cases, the number
of edges of Iexcept €nding at E is at most N /2; this follows from the fact that if an
edge arrives at E then there are two triangles having E as a vertex and such that they
are supported by the same segment, and their angles at E equal y. The same is true
for F. Since there are at least N edges arriving at exceptional points belonging to C°,
it follows that both E and F must be in C°. This proves our claim.

Let Cy and C; be disjoint cycles of Ikjee. Since both of C7 and C3 contain the ex-
ceptional points, we have C7 N C3 # @, and thus we have either C, C C} or Cy C C3.
Therefore, we may list the cycles of [ as Cy, ..., Cs, where Cj11 C C; for every
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i=1,...,5s — 1, and Cg contains all exceptional points. In particular, there are no
exceptional points in A \ C7.

We prove that C; is convex. Suppose this is not true, and let V be a concave vertex
of Cy. Then there is an edge WV Of Iexcept starting from V' (see (B) of Fig. 5). Since
the edge starts from A\ C} and A \ C7 contains no vertex of I'kjte and no exceptional
points, it follows that W belongs to the boundary of A\ C7. That is, either W is in the
boundary of A, or W is a vertex of C;. But W cannot be a boundary point of A, since
W is either a vertex of I or is exceptional. Hence W is a vertex of C;. Clearly,
the segment V W is in the exterior of C; (except the points V and W). The argument
above proves that for every concave vertex V of C; there is another vertex W of C;
such that the segment VW is in the exterior of C;. These segments VW are pairwise
disjoint, since any intersection would be an exceptional point.

For every concave vertex V, the vertices V and W divide C; into the subarcs o*lv
and ozv. Let Pl.V denote the simple polygon (VW) U aiV (i =1,2). We may choose
the indices in such a way that (PIV)o is disjoint from C?, and (sz)o contains C7.
Let V be a concave vertex of C; for which the area of (P1V)° is minimal. Since

(PIV)0 N C; =, it follows that there exists a concave vertex V' in the subarc olv.

If W is the edge of I'except starting from V' then, as the segments VW and V'W’
disjoint, W’ belongs to O’IV. Then the area of (PIV,)O is smaller than that of (PIV)",
contradicting the choice of V. This contradiction proves that Cy is convex. Then
every angle of Cy equals @ + 8 = (1 — (2/N))=, and hence C; has N vertices.

Let X be a vertex of A. Since no edge of I starts from X, the triangles having X
as a vertex must be arranged as in Fig. 6.

Suppose that they are arranged as in (B) of Fig. 6. Let XY be a side of A. Let
X =Uy,...,Ur =7 be a division of XY such that each U;_{U; is the side of a
triangle 7; of the tiling. Since the angle of 77 at the vertex Uj is y and every vertex
on XY is normal, it follows that the angle of 7; at the vertex U; is y for every i (see
Fig. 4). In particular, the angle of T} at the vertex Uy =Y is y, which is impossible.

Therefore, the triangles 7 and 7’ having X as a vertex must be arranged as in (A)
of Fig. 6. Then the angles of T and of T’ opposite to the sides on the boundary of

—
A equal y, which means that there exists an edge XW of Ixcep starting from X.
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Fig. 7

Vi

Since A\ C} contains no vertex of Ikt and no exceptional points, it follows that W
belongs to the boundary of A \ C7. We can check, using a previous argument, that
W is a vertex of Cp. Clearly, the segment XW is in the exterior of C; (except the
point W).

Let V1, ..., Vy = Vj denote the vertices of A such that V;_; and V; are adjacent
foreveryi =1,..., N. As we saw above, there are vertices W; of C; such that V,—W)l
is a vertex of Iexcept forevery i =1,..., N. The segments V; W; are pairwise disjoint,
since an intersection of two of them would be an exceptional point.

Since C; is an N-gon, it has no vertices other than Wy, ..., Wy. Put Wy = Wy.
Then W;_; and W; are adjacent vertices of C| for every i =1, ..., N. Indeed, sup-
pose that Wi, W;, W;, ..., W is a list of the consecutive vertices of Cy, where 2 <
i<N.Then P={ViVo...ViW;WVi}and Q ={V;Vi11...Vy, Vi, W1, W;, V;} are
simple polygons. If W; € P°, then all vertices of C other than Wy and W; belong to
P°, since the sides of Cy, with the exception of W, W, Wi W; and W; W;, are disjoint
from the boundary of P. Since Wy ¢ P°, this is impossible. If W; € 0°, then we ob-
tain a contradiction by W € P°. This shows that W; and W; can be adjacent vertices
of Cy only if i =0 or i = 2. We find, in the same way, that W;_; and W; are adja-
cent for every i = 1, ..., N. Therefore, the quadrilaterals R; = {V;_1, V;, W;, W;_1}
(i=1,...,N) form a ring along the boundary of A as shown in Fig. 7.

Now we prove that this is impossible (assuming « # ). Since the equations at
the vertices of A are of the form o + 8 = §, the angles of R; at the vertices V;_
and R; are equal to either o or B. We shall assume that the angle of R; at the vertex
Vo equals «. (The same argument applies if it equals B.) Let T denote the triangle

having Vy as a vertex and lying in Rj. Since VO—WB is an edge of Iexcept, the angle
of T opposite to the side supported by Vo V] equals y. By (ii) of Lemma 4.4, each
triangle supported by VpV] is a translated copy of 7. This implies that the angle of
R at the vertex V) equals §. Then the angle of R, at the vertex V| equals «, and (ii)
of Lemma 4.4 gives that the angle of R; at the vertex V; equals 8. Continuing the
argument we find that for every i, the angle of R; at the vertex V;_; equals «, and its
angle at the vertex V; equals .

The vertex Wy is a vertex of [k, and it is the endpoint of the edge WWB of
Iexcept- Therefore, the angle of R at the vertex Wy equals either y +« or y + B
(see (B) of Fig. 5). Suppose it is y + «. Then the angle of R; at the vertex W; equals
y + B, since 2r —a — B — (y + ) =y + B. Thus the angle of R, at the vertex W
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equals y + o, and its angle at W equals y + 8. Continuing the argument we find that
for every i, the angles of R; are as in (A) of Fig. 8. If the angle of R at the vertex Wy
equals y + B, then we find that for every i, the angles of R; are as in (B) of Fig. 8.

Now we prove that both cases are impossible if o % §. First suppose that each
R; looks like (A) of Fig. 8. There is a point Y on the segment V;_1V; such that
ViciWi_1Y£ =y and W;W;_1Y £ = «. Then the segments Y W;_; and V; W; are
parallel to each other. Thus the quadrilateral Y'V; W; W; _1 is a trapezoid. If « > §, then
(y + B) + B < m, and hence V; W; > Y W;_;. The angles of the triangle V;_1Y W;_4
are «, 8, ¥, and thus the condition @ > B implies Y W;_; > V;_1 W;_1. Therefore,
o > B implies V; W; > V;_1W;_1 for every i. Thus

ViWi<WWy <--- < VyWyn < V1Wq, (16)
which is impossible. If « < B, then a similar argument gives
ViWi>WmWy,>--.> VyWy > ViWq, a7

also impossible. Next suppose that the quadrilaterals R; look like (B) of Fig. 8. Then
the sides W;_1 W; and V;_;V; are parallel to each other. There is a point Y on the
segment V;_1V; suchthat V,_ W;_1Y £ = y and W; W1 Y4 = B.Then YV; W; W;_4
is a parallelogram, and thus V; W; = YW, _;. Suppose « > f. Then, as the angles of
the triangle V;_1 Y W;_ are «, B, y, we have Y W;_| > V;_1 W;_1. Therefore, « > 8
implies V; W; > V;_1W;_; for every i, which implies (16). If @ < §, then a similar
argument gives (17). Since both are impossible, the proof is complete. g

Lemma 6.3 Suppose that a and b are commensurable, c is not a rational multiple
of a,and P = N; that is, each angle of A equals a + . Then one of (v), (vi) or (vii)
of Theorem 2.1 holds.

Proof We shall use the notation introduced in the proof of Lemma 6.2. We proved

there that if XY is an edge of Iexcept, then Y is either a vertex of Ije, Or is an excep-
tional point. (Note that the argument proving this statement did not use the condition
o # B.) If o # B, then e is empty, and thus ¥ must be an exceptional point. The
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same conclusion holds if « = 8. Indeed, suppose that « = 8 and the endpoint Y is
normal. Then Y is a vertex of e, and the triangles around Y are arranged as in
Fig. 5. It is clear that the case of (A) is impossible. In the case of (B), the halfline # is
a continuation of the segment XY, since o« +o +y =« + B + y = . Now the two
triangles supported by & have angle y at their vertices lying on %, which contradicts
the fact that Y is an endpoint of an edge. Indeed, in the definition of Iexcept Y is de-
fined as U;,, where i¢ is the maximal index such that the triangle 7; has angle y at
U; for every i <ig, while, in (B) of Fig. 5, ip + 1 also has this property. This proves
that ¥ must be exceptional.

In the proof of Lemma 6.2 it was also shown that each vertex of A is a start-
ing point of an edge of Itxcept. (This argument was also independent of the con-

dition o # B.) Let VL—W)I be an edge of Iixcep for every i =0,..., N, where
Wi, ..., Wy = W) are exceptional points.

As we saw earlier, we have either W;_|V;_1V;4£ =« and V;_| V; W; £ = B for ev-
eryi=1,...,Nyor W;_1Vi_1Vi=Band V;_ | V;W;{ =« foreveryi =1,..., N.
Since the roles of & and § are symmetric, we may assume the former.

Suppose that there is one exceptional point, E. Then W; = E for every i, and the
edges WE) (i=1,...,N) decompose A into the nonoverlapping triangles V;_| V; E.
Since EV;_1Vid =« and V;_1V;EL = for every i = 1,..., N, the triangles
V;_1V; E are similar to each other. If VoE > V| E, then V;_E > V;E for every i,
and we obtain

VE >--->Vy_1E>WE,

which is impossible. We get a similar contradiction if VoE < V1 E. Thus Vo E = V1 E,
o = f, A is aregular N-gon, and we obtain (vii) of Theorem 2.1.

Next suppose that there are two exceptional points, £ and F. Then N is even,
N =2k, and the equation at E is either ky =mw ora + B+ (k+ 1)y =2m. Itis clear
that in the first case the number of edges of Iexcept With endpoint E is at most k — 1,
and in the second case this number is at most k. The same is true for F. Since there
are (at least) N = 2k edges arriving at E and F, it follows that the equations at E
and F mustbe o + 8 + (k+ 1)y = 2x. In particular, E and F are in the interior of
A, and both of them are the endpoints of k£ edges. By shifting the indices we may
assume that there is an index 1 < j < N such that W; = E foreveryi =0, ..., j — 1,
and WN—l = Wj =F.

The edges starting from the vertices of A are pairwise disjoint, except the end-
points. This implies that E is in the interior of the simple polygon {Vy_1, ..., V;, F},
and thus W; = F forevery i = j,..., N — 1. Therefore, we have j =k, Wy =-.- =
Wi_1=E and Wy, ..., Wy_1 = F. (See Fig. 9.)

The polygons P = {Vy,..., Vk—1, E} and Q = {Vk,..., Vy_1, F} are convex,
since their angle at £ and F, respectively, equal (k — 1)y = (1 — (1/k))w. Put
q =sina/sin B = a/b. Then, as a and b are commensurable, ¢ is rational. The trian-
glesEV,_1Vi(i=1,....k—1)and FV;_1V; i =k+1,..., N) are similar, and we
have

ViVigr/VieitVi=q (0 #0,k). (18)

This implies that P and Q are similar polygons.
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Let D denote the middle point of the segment Vj V. We show that A is centrally
symmetric with center D.

Let ¢; denote the line going through the vertices V;_; and V;. Since each angle of
Aequals o+ 8 = (1 — (1/k))m, it follows that the lines eg and e are parallel to each
other.

Let p denote the reflection about the point D. Then p(Vy) = Vy and p(ep) =
er. Since Vy_1 € e, it follows that p(Vy_1) € ex. Now we have Vy_|VpEL =
Vic1VikF4 = B, and thus p(F) is on the halfline starting from V{ and going
through E. Since the triangles {Vy, Vi—1, E} and {Vk, Vy_1, F} are similar to each
other and p(Vy_1) is on the line ¢, it follows that p({ Vi, Vy—1, F}) coincides with
o({Vo, Vik—1, E}). Thus p(Q) = P and p(A) = A; that is, A is centrally symmetric.

By Lemma 4.7, A is a rational polygon. Then, it follows from (18) and ¢ =
sina/ sin B that (vi) of Theorem 2.1 holds if N = 6, and (v) of Theorem 2.1 holds
if N > 8. This completes the proof of the lemma. d

7 Caselll: y =2 /3

In this case each angle of A equals /3 or 27 /3. Thus A can be a regular triangle,
a parallelogram, a trapezoid, a pentagon or a hexagon. If A is parallelogram or a
trapezoid then two of its angles equal 77 /3 and the other two angles equal 277/3; if A
is a pentagon then one of its angles equals /3 and the other angles equal 277 /3; if A
is a hexagon, then all its angles equal 27/3.

7.1 Subcase Illa

First we assume that a is not a linear combination of b and ¢ with nonnegative rational
coefficients. Then we consider the directed graph I7,.

Lemma 7.1 Suppose that a is not a linear combination of b and ¢ with nonnegative
rational coefficients. Then

(i) the out-degree of I'; equals the in-degree at each vertex;

(i) no edge of I, starts from the boundary of A; and
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(iii) every vertex lying on the boundary of A but different from the vertices of A is
normal.

Proof 1t is easy to check that the equation at an exceptional point must be one of
3y =2n,3a+38=m,4a+48+y =2, 60 + 68 =2m.

In order to prove (i) it is enough to show that if the in-degree of a vertex X is
positive, then so is the out-degree of X. If X is normal, then the out-degree at X is
positive by Lemma 4.2. If X is exceptional then the equation at X must be 3« +
38 =m, since X is an interior point of a side of a triangle. Let T7, ..., Ty denote the
triangles having X as a vertex listed counterclockwise, and let /; denote the halfline
starting from X and supporting the triangles 7; and T;1 (i = 1,...,5). Three of the
triangles 7; have angle $ at X, and at least two of them are of the same orientation
in the sense that a rotation about the point X brings one of them onto the other. Let
T; and T} be such triangles. If j =i + 1, then an edge of I, starts from X along the
halfline h;. If j > i + 1, then an edge of I, starts from X along one of the halflines
h; and hj_1, depending on the location of the angle y in 7; and T;. This proves (i).

The argument above shows that if the equation at a vertex X is 3« + 38 =7,
then an edge of I, starts from X. Since no edge arrives at any boundary point, we
obtain (ii) from (i). Therefore, if X is a boundary point and not a vertex of A, then
the equation at X cannot be 3« 4+ 38 = 7. Since the right hand side of all other
equations at exceptional points equals 27, it follows that X must be normal, which
proves (iii). O

It is easy to check that if the equation at a vertex is X is 3y = 2, then the in-
degree of X is zero and the out-degree of X is positive. Since this contradicts (i) of
Lemma 7.1, it follows that the equation cannot be 3y = 2 at any vertex. Therefore,
we have r; < p; for every i > N. Let P(a + ) + Ry = (N — 2)mr be the sum of
equations at the vertices of A. Then we have R > P. In particular, we obtain R > 0,
and thus N =3 is impossible.

Suppose N = 4. By (i) of Lemma 4.3, there are no adjacent vertices of A at which
the equation is y = 4. Thus R <2, and then P < R implies that P = R =2, and that
the angles of A mustbe @ + 8, ¥, o + 8, y in this order. Thus A is a parallelogram.
Since R > 0, there is a side XY of A such that the equation at X is y = §, and the
triangle having X as a vertex has angles y at X and has angle § at its vertex lying on
the side XY. By (ii) of Lemma 4.3, the length of XY is k - a with a positive integer k.
Therefore, by Lemma 4.1, (i) of Theorem 2.1 holds.

Next suppose N = 5. Since there are no adjacent vertices of A at which the equa-
tion is y =4, we have R < 2. Then P > 3, which contradicts P < R.

Finally, if N = 6, then R < 3, and thus there are at least three vertices of A where
the equation is 2(o + 8) = 8. Thus P > 6, which contradicts P < R again. This
completes the proof in the subcase when a is not a linear combination of » and ¢ with
nonnegative rational coefficients.

7.2 Subcase IIIb

Suppose that b is not a linear combination of a and ¢ with nonnegative rational coef-
ficients. Since the roles of a and b are symmetric in the conditions as well as in the
statements of the theorem, this subcase can be treated similarly to Subcase Illa.
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Therefore, we may assume that a is a linear combination of b and ¢ with nonneg-
ative rational coefficients, and b is a linear combination of a and ¢ with nonnegative
rational coefficients. This implies that either a, b, ¢ are pairwise commensurable, or
a and b are commensurable and c is not a rational multiple of a.

If a, b, c are pairwise commensurable, then so are the sides of A. We know that
Aisan N-gon with3 < N <6.If 4 < N <6, then A has N — 2 vertices with angle
2 /3, and the other two angles of A are integer multiples of 7 /3. Thus, in these
cases, (ii) of Theorem 2.1 holds. If N = 3, then (iv) of Theorem 2.1 holds.

7.3 Subcase Illc

Thus we are left with the case when a and b are commensurable and ¢ is not a rational
multiple of a.

If A is a parallelogram, then (i) of Theorem 2.1 holds, since A is rational by
Lemma 4.7, and sin«/sin 8 = a/b € Q. Therefore, we may assume that A is not a
parallelogram; that is, A is a triangle, a trapezoid, a pentagon or a hexagon.

We show that « is not a rational multiple of 7 except when o = /6. Indeed, we
have

b sinf  sin((n/3)—a) 3

- - — -cota — —,
a sina sin o 2 2

and thus \/3 .cota is rational. Thus tan? « is rational, and then so are cosla =1 /(1 +
tan” ) and cos 2a. By [5, Corollary 3.12]), this implies cos 2o = 0, 1, £1/2. Since
o < /3, wehave 0 < 2o < 2m/3, and thus 2o = /3 or /2, and ¢« = /6 or 7 /4.
If @ = 77/4, then +/3 - cotar = /3 is irrational, so the only possibility is « = 7/6.

If « =m/6, then B = /6 and, taking into consideration that A is rational by
Lemma 4.7, we find that (viii) of Theorem 2.1 holds. Therefore, we may assume that
o/ is irrational.

Let G denote the set of real numbers n - (7r/3) + m - «, where n,m € Z. Then G
is an additive subgroup of the reals such that w € G. Recall that we denote by Pg
the family of all simple, closed polygons such that, for every side XY of P, the angle
between the line going through the side XY and the x-axis belongs to G.

We may assume that the x-axis contains one of the sides of A. Then A € Pg and
A; € Pg foreveryi =1,...,t.Indeed, let T be any of the triangles A;, and let e be a
line containing one of the sides of 7'. Then there is a sequence of triangles Ty, ..., Tx
and there is a sequence of lines eg, €1, ..., er such that Ty = T, e is the x-axis,
ex = e, and ¢; contains a side of both T;_ and T; for every i =1, ..., k. Then the
angle 6; of ¢;_1 and ¢; isone of o, B = (7/3) —« and 27 /3 forevery i =1,...,k,
and thus the angle between e and ep equals Zf:l ;i €G.

If0=n-(r/3)+m-a where n, m € Z, then we put x (8) = (—1)". Then y is well-
defined on G.Indeed, ifn-(w/3)+m-a=n'-(w/3)+m’-a where n,n’,m,m’ € Z,
then n =n’ by a/m ¢ Q. Clearly, x : G — {1, —1} is a multiplicative function; that
is, x satisfies the functional equation x (61 + 62) = x(61) - x(62) (61,62 € G). Also,
we have x(r) = —1, and thus x (60 +7) = —x () and x (0 + 27) = x () for every
0 € G. We also have x(—0) = x(0) for every 6 € G. Let @ : Pg — C be defined
by (14).

@ Springer



366 Discrete Comput Geom (2012) 48:330-372

Let Vi, ..., Viy = Vj be the vertices of A listed counterclockwise. We may assume
that the side XX lies on the x-axis. Moreover, we shall assume that if N = 4, then
XX and X, X3 are parallel sides of A, and if N = 5, then the only acute angle of A
is at the vertex X1. We putd; = X;_1 X; foreveryi=1,..., N.

Lemma 7.2 If N =3, then ®(A) =3d,.If4 < N <5, then ®(A) =3ds. If N =6,
then

PA)=di —dr+d3 —ds+ds — ds. (19)

Proof Using (15) and x(£m/3) = —1, x(£27/3) =1 we find that if N = 3, then
DP(A)=d| +dr +d3=3d;.

If N =4, then A is a trapezoid, and thus d, = ds and d| = d3 + d4. Therefore, we
get ®(A) =d| +dr —d3 +dy=3ds.

If N =5, then A is a pentagon, d| = d3 +ds and d» = d4 + ds. Therefore, @ (A) =
di +dr —ds+dy — ds = 3dy.

It is clear that if N = 6, then (19) holds. O

In Lemma 4.8 we proved that those triangles of the tiling that have their side of
length c in the interior of A come in pairs, and each pair forms a quadrilateral which
is either a parallelogram of sides a, b and of angles y, o 4+ B, or a kite of sides a, b
and of angles 28, y, 2a, y. Let Q1, ..., Oy be alist of these quadrilaterals. We prove
that @(Q;) =0foreveryi =1,...,u. Thisis clear if Q; is a parallelogram. Suppose
Q; isakite. Since x 2a) =1, x(28) = x((2n/3) —2B) =1 and x (27 /3) =1, (15)
gives @(Q;) = x(01)(a—b+b —a) = 0. Therefore, if the quadrilaterals Q1, ..., O,
tile A, then @ (A) =0. By Lemma 7.2, this implies N =6 and d| —d> +d3 — da +
ds —de =0.

It is easy to check, using the fact that each angle of A equals 2 /3, that d| +dp =
ds+ds and dr + d3 = ds + dg. Thus d| — dp +d3 — dy + ds — dg = 0 implies d| =
ds, dr =ds and d3 = dg. Therefore, A is centrally symmetric. Since A is rational by
Lemma 4.7 and sina/sin 8 = a/b € Q, it follows that (vi) of Theorem 2.1 holds.

Next we suppose that Q1, ..., Q, do not tile A. Then, by Lemma 4.8, there is a
triangle of the tiling that has its side of length c on the boundary of A. Let 71, ..., T,
be a list of all these triangles. Then we have

DA =) BQ)+ Y D(T) =) &(T). (20)

i=1 j=1 j=1

Since the graph I is empty by Lemma 4.6, it follows from Lemma 4.5 that there is a
side XY of A which is covered by the sides of length ¢ of the triangles T; supported
by the side XY. Since A is rational by Lemma 4.7, we find that each side of A has
this property; that is, the boundary of A is covered by the sides of length ¢ of the
triangles T1,...,T,. Thus d; = k; - ¢ (i =1, ..., N), where ki, ..., ky are positive
integers.

It is easy to check, using x (o) =1, x(B) = —1 and x(y) = 1, that if a triangle
T; is supported by X¢ X1, then @(7;) = ¢ +a — b. Then we find by checking each
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case that if N = 3, then

v
qu(Tj) =3ki(c +a —b) =3d; + 3k (a — b),
j=1

and if 4 < N <5, then

v
Z@(T,») = 3ka(c +a — b) = 3ds + 3ka(a — b).
j=1

Since a # b by a/7 ¢ Q, it follows from (20) and Lemma 7.2 that these cases are
impossible. Thus we have N = 6, when

v
D 0(T)) = (ki —ky + k3 — ks + ks — ke) - (c +a — b)
j=1

=(d —dy+d3s—ds+ds —de) +k-(a—Db),

where k = k1 — ko + k3 — k4 + ks — kg. By (20) and Lemma 7.2 we have k = 0, and
thus di —dy +d3 —dy +ds — de =k - ¢ =0. As we proved above, this implies that
A is centrally symmetric, and that (vi) of Theorem 2.1 holds.

8 CaselV:y=mx/3

If y = /3 then, similarly to the previous case, each angle of A equals 7 /3 or
2m/3. Thus A can be a regular triangle, a parallelogram, a trapezoid, a pentagon
or a hexagon. If A is parallelogram or a trapezoid then two of its angles equals 7 /3
and the other two angles equal 27t /3; if A is a pentagon then one of its angles equals
/3 and the other angles equal 27r/3; if A is a hexagon, then all its angles equal
21 /3.

8.1 Subcase IVa

First we assume that a is not a linear combination of b and ¢ with nonnegative ratio-
nal coefficients. Then we consider the directed graph I,. Unfortunately, it can happen
that the in-degree is different from the out-degree at certain points (unlike in the pre-
vious case). Therefore, we define another directed graph as well. We shall denote by

Iy the set of those directed segments XY for which the segment XY is the common
side of two triangles having angles y at X and 8 at Y. We shall consider the set
I, U Iy of all directed edges belonging to either I, or I.

We show that the in-degree of I, U I is zero or one at each vertex. Indeed, if
the in-degree of I, is positive at a vertex V, then V is an inner point of a side of a
triangle, and then either V is normal or the equation at V is 3y = m. The in-degree
of I}, at the vertex V is zero in both cases. On the other hand, it is easy to see that the
in-degree of I'; is at most one at every vertex.
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Lemma 8.1 Suppose that a is not a linear combination of b and ¢ with nonnegative
rational coefficients. Then

(1) the out-degree of I'; U Iy equals the in-degree at each vertex;
(ii) no edge of I'; U Iy, starts from the boundary of A; and
(iii) every vertex lying on the boundary of A but different from the vertices of A is
normal.

Proof 1t is easy to check that the equation at an exceptional point must be one of
3y =m,6y =21,3a+38=2n1,a+ B +4y =2m.

In order to prove (i) it is enough to show that if the in-degree of a vertex X is
positive, then so is the out-degree of X.

First assume that X is the endpoint of an edge of I,. If X is normal, then the
out-degree at X is positive by Lemma 4.2. If X is exceptional then the equation at X
must be 3y = 7, since X is an interior point of a side of a triangle. It is easy to see
that in this case either an edge of I, or an edge of I starts from X.

Next assume that X is the endpoint of an edge 5)( of I';. Then the equation at X
is2a 42842y =2 or3a+38 =2m.Let Ty, ..., Ts denote the triangles having X
as a vertex listed counterclockwise, and such that the common side of 7 and Tg is the
segment ZX. Then the angles of 77 and T at Z and X equal y and B, respectively.
Let h; denote the halfline starting from X and supporting the triangles 7; and 7T
(i=0,...,5), where we put Ty = T¢.

Suppose that the equation at X is 3o + 38 = 2w. Then the angle between #;
and h; is different from 7 for every i # j. Indeed, otherwise pa + g = would
hold for some integers 0 < p,q < 3. Since « + B = 2x/3, this implies either « =
B =m/3 or {«, B} = {7 /6, /2}. However, in each case we would have a/b € Q,
which contradicts the assumption that a is not a linear combination of b and ¢ with
nonnegative rational coefficients. Therefore, no two of the halflines Ay, ..., h5 can
form a line.

Since three of the triangles 7; have angle § at X, at least two of them are of the
same orientation in the sense that a rotation about the point X brings one of them
onto the other. Let T; and T} be such triangles. If j =i + 1, then an edge of I, starts
from X along the halfline &;. If j > i + 1, then an edge of I, starts from X along one
of the halflines /; and &, depending on the location of the angle y in 7; and T;.

Next suppose that the equation at X is 2« + 28 + 2y = 27. One can check, by
considering the possible cases, that if the angle between &; and £ is different from
m for every i # j then an edge of I, U I'y must start from X. If there are i # j such
that the angle between h; and & equals , then pa + gB +ry = holds for some
integers 0 < p,q,r < 2. It is easy to see that the only possibility is p =g =r = 1.
In this case the triangles 77 and 73 are supported by a line which is the union of the
halflines /¢ and /3. It is easy to check that in this case either an edge of I, starts from
X, or the common side of 73 and 74 is an edge of [ starting from X. This proves (i).

Since no edge arrives at any boundary point, we obtain (ii) from (i). Therefore,
if X is a boundary point and not a vertex of A, then the equation at X cannot be
3y = m. Since the right hand side of all other equations at exceptional points equals
27, it follows that X must be normal, which proves (iii). O
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The equations at the vertices of A must be of the forma 4+ =4,y =4 or2y =4.

Suppose that the angle of A at the vertex V equals /3. Then the equation at V]
is y = 4, and there is a triangle 77 of the tiling such that V; is a vertex of 77 and
the angle of 77 at Vi is y. We may assume that 7 has angle 8 at its vertex lying on
the side Vi V,. By (ii) of Lemma 4.3, every triangle supported by V1 V> is a translated
copy of T, and thus the length of V;V; is an integer multiple of a.

There is a triangle T} such that T} is supported by Vi V,, V; is a vertex of T, and
Ty is a translated copy of T7. Then the angle of T} at V5 is B, and thus the equation
at V5 is a + B = 8. Then there is a triangle Tl/ supported by V, V3 such that V5 is
a vertex of 7} and the angle of 7} at V3 equals a. Let Vo = Uy, ..., Uy = V3 be a
division of V; V3 such that each U;_ U; is the side of a triangle Tl./ of the tiling. Then
every triangle 7, has angle « at the vertex U;_; (see Fig. 3). In particular, 7, has
angle o at Uy, and then the angle of T, at V3 is different from «. If it is 8, then the
equation at V3 is o + 8 = 2. However, in this case an edge of I, would start from
V3 which is impossible. Thus the angle of 7 at V3 is y. Then the equation at V3 is
y = 4§ or 2y = §. The latter is impossible, because in that case an edge of I, U I
would start from V3. Thus the angle of A at V3 equals /3. Since the angle of A at V;
is also 7 /3, it follows that A is a parallelogram such that the length of its side V; V>
is an integer multiple of a. Then, by Lemma 4.1, (i) of Theorem 2.1 holds.

Next suppose that no angle of A equals 7 /3. Then each angle of A equals 27/3,
and the equations at the vertices of A are 2y =d ora + 8 =34.

Suppose that there is a vertex of A where the equation is 2y = §. Let V| be such a
vertex. Since no edge of Iy starts from Vi, one of the triangles having V; as a vertex
must have angle § at its vertex lying on the boundary of A. Let 7} be such a triangle;
we may assume that 77 is supported by Vi V5. By (ii) of Lemma 4.3, each triangle
supported by ViV is a translated copy of 77. Then the equation at V3 is o + 8 = 8>.
Then there is a triangle T} supported by V> V3 such that V, is a vertex of T} and the
angle of 7| at V, equals «. Following the argument above we can see that in this case
the angle of A at V3 is /3 which is impossible.

Finally, suppose that the equation at every vertex of A is @ 4+ = §. Then, since
no edge of I, starts from Vi, one of the triangles having V; as a vertex must have
angle § at V; and angle y at its vertex lying on the boundary of A. Let 77 be such a
triangle; we may assume that 7 is supported by V;V;. By (ii) of Lemma 4.3, each
triangle supported by ViV is a translated copy of 77. Then the equation at V5 is
2y = §, which is impossible. This completes the proof in the subcase when a is not
a linear combination of b and ¢ with nonnegative rational coefficients.

8.2 Subcase IVb

Suppose that b is not a linear combination of a and ¢ with nonnegative rational coef-
ficients. Since the roles of a and b are symmetric in the conditions as well as in the
statements of the theorem, this subcase can be treated similarly to Subcase I'Va.

Therefore, we may assume that a is a linear combination of b and ¢ with nonneg-
ative rational coefficients, and b is a linear combination of a and ¢ with nonnegative
rational coefficients. This implies that either a, b, ¢ are pairwise commensurable, or
a and b are commensurable and c is not a rational multiple of a.
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If a, b, c are pairwise commensurable, then so are the sides of A. We know that
Aisan N-gon with3 < N <6.If 4 < N <6, then A has N — 2 vertices with angle
27 /3, and the other two angles of A are integer multiples of 7 /3. Thus, in these
cases, (iii) of Theorem 2.1 holds. If N = 3, then (iv) of Theorem 2.1 holds.

8.3 Subcase IVc

Thus we are left with the case when a and b are commensurable and c is not a rational
multiple of a.

If A is a parallelogram, then (i) of Theorem 2.1 holds, since A is rational by
Lemma 4.7, and sine/sin 8 = a/b € Q. Therefore, we may assume that A is not a
parallelogram.

Suppose that N < 4; that is, A is a triangle or a trapezoid. Then the angle of A
equals /3 at two consecutive vertices, say, X and Y, and the corresponding equa-
tions at X and Y must be y =§. Since I is empty, it follows from (i) of Lemma 4.4
that there is an exceptional vertex in the interior of XY.Let X = Uy, ..., Uy =Y be a
division of XY such that each U;_1U; is the side of a triangle T; of the tiling. Let i be
the smallest positive index such that U; is exceptional. Since 77 has angle y at Uy, it
follows that 7; has angle y at U;_; forevery j =1,...,i (see Fig. 4). In particular,
T; has angle y at U;_1, and thus the angle of T; at U; is different from y. However,
as U; is exceptional, the equation at U; must be 3y = &, which is a contradiction.
Therefore, we have N > 5, and thus A is a pentagon or a hexagon.

We prove that A must be a centrally symmetric hexagon, and thus (vi) of Theo-
rem 2.1 holds.

First we assume that /7 is irrational. Then we consider the group G, the mul-
tiplicative function x : G — {—1, 1} and the additive function @ : Pz — R as in
the Subcase Illc. Repeating the argument of Illc we find that A must be a centrally
symmetric hexagon.

Finally, we consider the case when «/m is rational. We prove that this happens
only if « =7 /6 or « = 7 /2. Indeed, we have

b _sing sin(2r/3)—a) /3

1
—— . cot -,
2 *t3

a sina sino
and thus +/3 - cota is rational. Thus tan« is rational, and then so are cos’a =
1/(1 +tan? «) and cos 2¢.. By [5, Corollary 3.12]), this implies cos 2o =0, £1, £1/2.
Since o < 27 /3, we have 0 < 2o < 47 /3, and thus 2« € {7 /3,7 /2,27 /3, w} and
o €{n/6, /4, )3, m/2}. If @ =7 /4 then /3 - cotar = +/3 is irrational, which is
impossible. If « = 7 /3, then « = f = y and a = b = ¢, which contradicts the con-
dition that c¢/a is irrational. Therefore, we have either « = 7 /6 or is @ = /2. If
o = /6 then B = /2. Since the roles of o and 8 are symmetric, we may assume
that « = /2 and 8 = /6. Then we have a = 2b.

Now we prove that A has to be a hexagon.

By Lemma 4.8, the triangles having their side of length c in the interior of A come
in pairs. The triangles of each pair have a common side of length ¢, and thus they
form a quadrilateral which is either a parallelogram of sides a, b and of angles y =
/3,0 4+ B =2 /3, or a kite of sides a, b and of angles 28 =n /3,y =n /3,20 =
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7,y = /3. Note that the kites are, in fact, regular triangles of side 2b. For every kite
QO we denote by V(Q) the vertex of Q with angle labeled with 28, and by W(Q)
the middle point of the side opposite to V(Q). Since the tiling is regular, it has the
property that for every kite Q, we have V(Q) = W(Q’) and W(Q) = V(Q") for
some kites Q" and Q”.

We divide each parallelogram into two rhombuses of side b and of angles
w/3,2m/3. Thus A is tiled with regular triangles of side 2b and rhombuses of side
b and of angles 7 /3,27 /3. In addition, each triangle Q of the tiling has a selected
vertex V (Q) and a point W (Q) opposite to V (Q) with the property described above.
We show that the existence of such a tiling implies that A is either a parallelogram or
a hexagon.

Suppose this is not true, and let A be a counterexample with a minimal number of
pieces of the tiling. Since A is not a hexagon, it has a vertex X where the angle of A
is w/3. Then X cannot be a vertex of a triangle Q, because in that case either V (Q)
or W(Q) would be in the boundary of A, which is impossible. Thus X is the vertex of
arhombus Rj. Let Y be a vertex of A adjacent to X. Then R; has a vertex U; on the
side XY.If Uy # Y, then U] is also the vertex of a triangle Q1 or a rhombus R;. But
U, cannot be the vertex of a triangle Q1, because in that case either V(Q1) or W(Q1)
would be a point of XY, which is impossible. Thus U is the vertex of a rhombus R».
Let U be a vertex of Ry lying on XY and different from U;. If Uy # Y then, by
repeating the argument we find that U, is the vertex of a rhombus R3 etc. In this way
we obtain a division X = Uy, Uy, ..., Ur =Y of the segment XY and a sequence of
rhombuses Ry, ..., R such that U;_{U; is a side of R; foreveryi =1, ..., k.

Then P = Ry U --- U Ry is a parallelogram. Since, by assumption, A is not a
parallelogram, we have P # A. Then A \ P is a convex polygon tiled with triangles
and rhombuses satisfying the condition described above. Now, the number of pieces
in the tiling of A \ P is smaller than that of the tiling of A, and thus A \ P is either
a parallelogram or a hexagon. However, A \ P has an angle 7 /3, and thus it cannot
be a hexagon. Therefore, A \ P is a parallelogram, and then so is A, which is a
contradiction. This proves that A is a hexagon, and thus (ix) of Theorem 2.1 holds.

9 Case V:y =m/2

Under this assumption each angle of A equals /2, and thus A is a rectangle. Our
aim is to prove that in this case (i) of Theorem 2.1 holds.

9.1 Subcase Va

First we assume that a is not a linear combination of b and ¢ with nonnegative rational
coefficients. Then we consider the directed graph I,.

Lemma 9.1 Suppose that y = /2 and a is not a linear combination of b and c with
nonnegative rational coefficients. Then

(1) the out-degree of I', equals the in-degree at each vertex;
(i) no edge of I'; starts from the boundary of A; and
(iii) the length of one of the sides of A is an integer multiple of a.
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Proof In order to prove (i) it is enough to show that if the in-degree of a vertex
Y is positive, then so is the out-degree of Y. If Y is normal, then the out-degree
at Y is positive by Lemma 4.2. If Y is exceptional then the equation at ¥ must be
20 +2B =m or 2y = m, since Y is an interior point of a side of a triangle. An
inspection of all possible cases shows that at least one edge of I, starts from Y.

Since no edge arrives at any boundary point, (ii) follows from (i).

Let X be a vertex of A. In order to prove (iii), first we show that there is a triangle
T such that X is a vertex of T and the side of T of length a is on the boundary
of A. This is clear if the equation at X is y = §. Therefore, we may assume that the
equation at X is o + 8 = 4. Let T be the triangle having X as a vertex and having
angle B at X. Since, by (ii), no edge of I, starts from X, it follows that the vertex of
T with angle « is not on the boundary of A. Then, the side of T of length a is on the
boundary of A.

We proved that there is a side XY of A and there is a division X = Uy, ..., Uy =Y
of XY such that each U;_1 U; is the side of a triangle 7; of the tiling, and UyU; = a.
We prove that U;_1U; = a for every i. Suppose this is not true. Then there is an
1 <i <k such that U;_1U; = a and U;U;+1 # a. Then an edge of I, must start
from Uj; this can be shown by considering the same cases as in the proof of (i). This,
however, contradicts (ii). Thus U;_{ U; = a for every i, which proves (iii). O

Now Lemma 4.1 and (iii) of Lemma 9.1 imply that (i) of Theorem 2.1 holds,
which completes the proof in the subcase when a is not a linear combination of b
and ¢ with nonnegative rational coefficients. The same argument applies if b is not a
linear combination of a and ¢ with nonnegative rational coefficients.

Therefore, we may assume that a is a linear combination of b and ¢ with nonneg-
ative rational coefficients, and b is a linear combination of a and ¢ with nonnegative
rational coefficients. This implies that either a, b, ¢ are pairwise commensurable, or
a and b are commensurable and c is not a rational multiple of a.

If a, b, ¢ are pairwise commensurable, then so are the sides of A, and we find that
(1) of Theorem 2.1 holds again.

Finally, if a and b are commensurable and c is not a rational multiple of a, then
the sides of A are commensurable by Lemma 4.7, and we have the same conclusion.
This completes the proof of Theorem 2.1.
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