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Abstract It is an intriguing open problem to give a combinatorial characterisation
or polynomial algorithm for determining when a graph is globally rigid in R

d . This
means that any generic realisation is uniquely determined up to congruence when
each edge represents a fixed length constraint. Hendrickson gave two natural neces-
sary conditions, one involving connectivity and the other redundant rigidity. In gen-
eral, these are not sufficient, but they do suffice in two dimensions, as shown by
Jackson and Jordán. Our main result is an analogue of the redundant rigidity condi-
tion for frameworks that have both direction and length constraints. For any generic
globally rigid direction-length framework in R

d with at least 2 length edges, we show
that deleting any length edge results in a rigid framework. It seems harder to obtain a
corresponding result when a direction edge is deleted: we can do this in two dimen-
sions, under an additional hypothesis that we believe to be unnecessary. Our proofs
use a lemma of independent interest, stating that a certain space parameterising equiv-
alent frameworks is a smooth manifold. We prove this lemma using arguments from
differential topology and the Tarski–Seidenberg theorem on semi-algebraic sets.

Keywords Rigidity · Global rigidity · Direction-length frameworks

1 Introduction

A finite configuration of points in Euclidean space with local constraints may be
informally described as globally rigid if the constraints determine the point set
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up to congruence. This concept has applications in chemistry and for sensor net-
works, where one wants to deduce the global structure of a configuration from lo-
cal measurements. A d-dimensional length framework (G,p) consists of a graph
G = (V ,E) and a map p : V → R

d . We say that (G,q) and (G,p) are length-
equivalent if ‖q(u) − q(v)‖ = ‖p(u) − p(v)‖ for all uv ∈ E and length-congruent if
‖q(u)− q(v)‖ = ‖p(u)−p(v)‖ for all u,v ∈ V . Then we say that (G,p) is globally
length-rigid if any framework (G,q) length-equivalent to (G,p) is length-congruent
to (G,p). To exclude pathologies arising from algebraic relationships between the
coordinates of vertices it is natural to consider generic maps p. A graph G is globally
length-rigid in R

d if (G,p) is globally length-rigid for every generic p : V → R
d .

A combination of results of Connelly [1] and Gortler, Healy and Thurston [2] gives
an algebraic characterisation of global length-rigidity for generic frameworks and im-
plies that it depends only on the structure of the underlying graph G. On the other
hand, there is no known combinatorial characterisation or polynomial algorithm for
determining when a graph G is globally length-rigid in R

d . It is easy to see that
every complete graph is globally rigid in R

d . Hendrickson [3] gave two necessary
conditions for graphs G which are not complete:

(i) G must be d-connected, and
(ii) G must be redundantly length-rigid in R

d , i.e. G \ e is length-rigid for any edge
e of G.

(Informally, a framework is length-rigid if it does not admit continuous motions
other than to congruent frameworks, and a graph G is length-rigid in R

d if (G,p) is
length-rigid for every generic p : V → R

d .) For general d , these conditions are not
sufficient for global length-rigidity, as shown by Connelly [1]. They do suffice for
d = 2, as shown by Jackson and Jordán [4], who proved that a 2-dimensional generic
length framework (G,p) is globally length-rigid if and only if either G is a complete
graph on at most 3 vertices, or G is 3-connected and redundantly rigid.

In this paper, we consider frameworks in which the local constraints can involve
both lengths and directions. We consider mixed graphs G = (V ;D,L), where D and
L are edge sets representing direction and length constraints. Given maps p,q from V

to R
d we say that the direction–length frameworks (G,p) and (G,q) are equivalent

if q(u) − q(v) is a scalar multiple of p(u) − p(v) for all uv ∈ D with p(u) �= p(v),
and ‖q(u)− q(v)‖ = ‖p(u)−p(v)‖ for all uv ∈ L. They are congruent if (G,q) can
be obtained from (G,p) by a translation and a dilation by ±1. Similarly to before,
we say that (G,p) is globally rigid if any framework (G,q) equivalent to (G,p) is
congruent to (G,p), and is rigid if every continuous motion of (G,p) results in a
congruent framework. These concepts are illustrated in Fig. 1. We will investigate
when G is globally rigid, i.e. (G,p) is globally rigid for any generic map p.

Suppose (G,p) is a d-dimensional generic direction–length framework. It is cer-
tainly necessary for G to be connected if (G,p) is to be rigid, let alone globally rigid.
Also, 2-connectivity is necessary for global rigidity, as if x is a cutvertex of G then
we can obtain a realisation (G,p′) that is equivalent but not congruent to (G,p) by
inverting one component of G \ x about the point p(x), without changing the rest
of the realisation. On the other hand, if G = (V ;D,L) is 2-connected and D = L

then (G,p) is globally rigid if and only if G is 2-connected, see [5, Theorem 7.2],
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Fig. 1 Two equivalent but non-congruent frameworks. We use thick or thin lines to indicate edges repre-
senting length or direction constraints, respectively. The frameworks are rigid but not globally rigid

so 3-connectivity is no longer necessary for global rigidity in R
d . However, an ana-

logue of Hendrickson’s connectivity condition may be obtained by considering more
restricted cuts: if (G,p) is globally rigid then there can be no cutset X ⊆ V of size
at most d such that there is a component C of G \ X that contains only length edges,
as then we could obtain a realisation (G,p′) which is equivalent but not congruent
to (G,p) by reflecting C in a hyperplane containing the points p(x), x ∈ X. The
main result of [5] is that this connectivity condition is both necessary and sufficient
for the global rigidity of redundantly rigid 2-dimensional generic direction–length
frameworks when |D ∪ L| = 2|V | − 1, i.e. D ∪ L is a circuit in the corresponding
rigidity matroid.

Now we turn to an analogue of Hendrickson’s redundant rigidity condition. Our
main theorem achieves this when a length edge is deleted.

Theorem 1.1 (Length-redundant rigidity) Suppose that (G,p) is a generic globally
rigid direction-length framework in R

d with at least 2 length edges. Then G \ e is
rigid in R

d for any length edge e of G.

The proof uses the following lemma of independent interest, established using
arguments from differential topology and the Tarski–Seidenberg theorem on semi-
algebraic sets. (The framework space parameterises frameworks equivalent to (G,p)

and will be formally defined in the next section, as will the rank of (G,p).)

Lemma 1.2 (Manifold Lemma) Suppose (G,p) is a generic direction–length frame-
work in R

d with rank d|V | − d − t , for some t ≥ 1, and v0 ∈ V . Then the framework
space SG,p,v0 is a smooth manifold of dimension t .

It is also natural to consider the result of deleting a direction edge, rather than
a length edge, from a d-dimensional generic globally rigid direction–length frame-
work. This can reduce the rank of the rigidity matrix by up to d − 1, so we expect a
more complicated behaviour for d ≥ 3. However, in the special case d = 2, we can
obtain the following weakening of Hendrickson’s redundant rigidity condition.

Theorem 1.3 Suppose (G,p) is a 2-dimensional generic globally rigid direction–
length framework, e is a direction edge of G and G \ e has a rigid subgraph with
more than one vertex. Then G \ e is either rigid or unbounded in R

2.
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2 Definitions

Our graphs will not have loops but may have parallel edges. A mixed graph G =
(V ;D,L) consists of a graph G on a vertex set V in which the edge set E is parti-
tioned into two parts D and L. We refer to edges in D as direction edges and edges
in L as length edges.

A d-dimensional direction–length framework is a pair (G,p), where G =
(V ;D,L) is a mixed graph and p is a map from V to R

d . We say that (G,p) is
a direction–length realisation of G in R

d . We will identify p with the vector in R
d|V |

obtained by concatenating the vectors p(v) for v ∈ V (in some fixed order). Given
a fixed vertex v0 ∈ V , we say that p is in standard position (with respect to v0) if
p(v0) = 0 ∈ R

d . In this case, we will identify p with the vector in R
d|V |−d obtained

by concatenating the vectors p(v) for v ∈ V \ {v0}. Also, we identify any function f

defined on the set of standard position realisations with a function on R
d|V |−d , and

also with a function on {p ∈ R
d|V | : p(v0) = 0}.

Two direction–length frameworks (G,p) and (G,q) are equivalent if q(u)− q(v)

is a scalar multiple of p(u) − p(v) for all uv ∈ D with p(u) �= p(v), and ‖p(u) −
p(v)‖ = ‖q(u)−q(v)‖ for all uv ∈ L, where ‖ · ‖ denotes the Euclidean norm in R

d .
They are congruent if there exists a λ ∈ {1,−1} such that p(u) − p(v) = λ(q(u) −
q(v)) for all u,v ∈ V , i.e. (G,q) can be obtained from (G,p) by a translation and a
dilation by ±1.

The direction–length framework (G,p) is globally rigid if every framework which
is equivalent to (G,p) is congruent to (G,p).

The framework space SG,p,v0 ⊆ R
d|V |−d consists of all q in standard position

with respect to v0 with (G,q) equivalent to (G,p). We claim that SG,p,v0 is a
closed set. To see this, consider any convergent sequence q1, q2, . . . in SG,p,v0 and
let q = limi→∞ qi . For each uv ∈ D we have [qi(u) − qi(v)] · [p(u) − p(v)] = 0,
and hence [q(u) − q(v)] · [p(u) − p(v)] = 0. Similarly, for each uv ∈ L we have
‖qi(u) − qi(v)‖ = ‖p(u) − p(v)‖ and hence ‖q(u) − q(v)‖ = ‖p(u) − p(v)‖. Thus
q ∈ SG,p,v0 , so SG,p,v0 is closed.

We say (G,p) is rigid if there exists an ε > 0 such that if a framework (G,q)

is equivalent to (G,p) and satisfies ‖p(v) − q(v)‖ < ε for all v ∈ V then (G,q)

is congruent to (G,p). Equivalently, every continuous motion of the points p(v),
v ∈ V respecting the length and direction constraints results in a framework which is
congruent to (G,p).

A direction–length framework (G,p) is bounded if there exists a real number
K such that ‖q(u) − q(v)‖ < K for all u,v ∈ V whenever (G,q) is a framework
equivalent to (G,p).

A point v ∈ R
d is generic if its coordinates are algebraically independent over

the rationals. A direction–length framework (G,p) is generic if the set containing
the coordinates of all of the vertices is algebraically independent over the rationals.
We say (G,p) is quasi-generic if it is congruent to a generic configuration. Note
that if (G,p) is generic and v0 ∈ V then the realisation (G,p0) defined by p0(v) =
p(v) − p(v0) is quasi-generic and in standard position.

We say that a property P of frameworks is generic if whenever some generic reali-
sation of a graph G has property P then all generic realisations of G have property P.
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If P is a generic property then we say that a graph G has property P if some generic
realisation of G has property P (or equivalently, all generic realisations of G have
property P).

Given a realisation p of G and a direction edge e = uv we let Be be a (d − 1) × d

matrix whose rows are a basis for the subspace of R
d orthogonal to 〈p(u) − p(v)〉 if

p(u) �= p(v), and Be = 0 otherwise. A rigidity matrix for (G,p) is a ((d − 1)|D| +
|L|) × d|V | matrix R(G,p) constructed as follows. We first choose an arbitrary ref-
erence orientation for the edges of D, and use the notation e = uv to mean that e

has been oriented from u to v. Each edge in D corresponds to d − 1 consecutive
rows of R(G,p), each edge in L to one row of R(G,p), and each vertex in V to d

consecutive columns of R(G,p). The submatrix of R(G,p) with rows labelled by
e = uv ∈ D and columns labelled by x ∈ V is Be if x = u, is −Be if x = v, and is the
(d − 1) × d zero matrix otherwise. The submatrix of B(G,p) with row labelled by
e = uv ∈ L and columns labelled by x ∈ V is p(u) − p(v) if x = u, is p(v) − p(u)

if x = v, and is zero otherwise.
Let Z(G,p) be the null space of R(G,p). We refer to vectors in Z(G,p) as

infinitesimal motions of (G,p). The labelling of the columns of R(G,p) allows us to
consider each infinitesimal motion z as a map from V to R

d with the properties that
Buv(z(u)− z(v)) = 0 for all e = uv ∈ D and (p(u)−p(v)) · (z(u)− z(v)) = 0 for all
uv ∈ L. For e = uv ∈ D the condition Be(z(u)−z(v)) = 0 is equivalent to z(u)−z(v)

being parallel to p(u) − p(v), so Z(G,p) depends only on the framework (G,p):
it is independent of the choice of the bases Be, e ∈ D. In particular, dimZ(G,p)

and hence rank R(G,p) depend only on the framework (G,p). We will refer to rank
R(G,p) as the rank of (G,p).

Given a realisation (G,p) of G, we say that an edge e = uv ∈ D is vertical in
(G,p) if the last coordinate of p(u) − p(v) is zero. When (G,p) has no vertical
direction edges, it will be helpful to refer to a particular rigidity matrix which we
call the standard rigidity matrix. This is defined as follows: for each e = uv ∈ D

and p(u) − p(v) = (a1, . . . , ad), we take the rows of Be as the vectors b1, . . . , bd−1,
where bi is equal to ad in coordinate i, to −ai in coordinate d , and 0 in the other
coordinates.

It will also be useful to construct the standard rigidity matrix via the Jacobian
matrix of the following map. For x = (x1, x2, . . . , xd) ∈ R

d , let l(x) = ‖x‖2, and
when xd �= 0 let t (x) = (x1/xd, x2/xd, . . . , xd−1/xd). Let G = (V ;D,L) be a graph
with D ∪L = {e1, e2, . . . , em}. Choose a reference orientation for the edges of D ∪L.
Let T be the set of all points p ∈ R

d|V | such that (G,p) has no vertical direction
edges. For each p ∈ T and ei = uv ∈ D ∪ L let fi(p) = t (p(u) − p(v)) if ei ∈
D, and fi(p) = l(p(u) − p(v)) if ei ∈ L. The rigidity map fG : T → R

(d−1)|D|+|L|
is defined by putting fG(p) = (f1(p), f2(p), . . . , fm(p)). Now consider any edge
ei = uv and write p(u) = (a1, . . . , ad), p(v) = (b1, . . . , bd). If ei ∈ L then fi(p) =∑d

j=1(aj −bj )
2, so for 1 ≤ j ≤ d we have ∂fi(p)

∂aj
= 2(aj −bj ) and ∂fi(p)

∂bj
= −2(aj −

bj ). (Derivatives with respect to variables not appearing in p(u) or p(v) are of course
zero.) Thus the row in the Jacobian corresponding to ei is obtained by multiplying that
of the standard rigidity matrix by 2, which does not affect the rank. Next suppose that

ei ∈ D. Then fi(p) ∈ R
d−1 has j th coordinate fi(p)j = aj −bj

ad−bd
. We have

∂fi (p)j
∂aj

=
1

ad−bd
and

∂fi (p)j
∂ad

= − aj −bj

(ad−bd )2 . Multiplying these rows through by (ad − bd)2 we
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obtain the same basis of the space orthogonal to p(u) − p(v) that is used in the
standard rigidity matrix.

Note that fG(q) = fG(p) for those q ∈ SG,p,v0 such that fG(q) is defined. How-
ever, there may be some points q ∈ SG,p,v0 such that fG(q) is undefined: this occurs
when the endpoints of some direction edge coincide in q .

For any a ∈ R
d the translation given by z(v) = a for all v ∈ V is an infinitesi-

mal motion, so dimZ(G,p) ≥ d and rank R(G,p) ≤ d|V | − d . We can ‘factor out’
translations by restricting attention to realisations p that are in standard position, i.e.
satisfy p(v0) = 0 for some fixed v0 ∈ V . Write R(G,p)v0 for the matrix obtained
from R(G,p) by deleting the d columns corresponding to v0 and let Z(G,p)v0

be its null space. Since all translations belong to Z(G,p) \ Z(G,p)v0 we have
dimZ(G,p)v0 = dimZ(G,p)−d , so rank R(G,p)v0 = d|V |−d−dimZ(G,p)v0 =
d|V | − dimZ(G,p) = rank R(G,p). We say that the framework (G,p) is infinitesi-
mally rigid if rank R(G,p) = d|V |−d , and is independent if the rows of R(G,p) are
linearly independent. Infinitesimal rigidity and independence are both generic prop-
erties of graphs, as the rank of R(G,p) is the same for all generic realisations of G.
We denote the rank of the rigidity matrix of a generic realisation of G in R

d by rd(G).
Then G is independent in R

d if rd(G) = (d − 1)|D| + |L| and infinitesimally rigid if
rd(G) = d|V |−d . We refer the reader to [11] for further details of the 2-dimensional
case.

It is shown in [7] that a generic framework (G,p) is rigid if and only if it is
infinitesimally rigid, and is bounded if and only if the augmented framework (G+,p)

is infinitesimally rigid. ((G+,p) is obtained from (G,p) by adding a direction edge
between all pairs of vertices of G which are joined by a length edge.) It follows that
rigidity and boundedness are both generic properties of direction–length frameworks.
It is not known whether global rigidity is also a generic property.

3 Differential Topology Preliminaries

In this section, we recall some basic concepts and facts of differential topology. We
refer the reader to [9] for an introduction to this subject. Let X be a smooth manifold,
f : X → R

n be a smooth map, and k be the maximum rank of its derivative df |y
over all y ∈ X. A point x ∈ X is a regular point of f if rankdf |x = k, otherwise x

is a critical point. A point y ∈ f (X) is a critical value if y = f (x) for some critical
point x, otherwise y is a regular value. A fundamental theorem of Sard states that the
set of critical values of f has measure zero (see [9, Chap. 3]).

Theorem 3.1 (Sard) Let f : U → R
n be a smooth map defined on an open subset U

of R
m and C be the set of critical points of f . Then f (C) has Lebesgue measure zero

in R
n.

We also need the fact that if y is a regular value then f −1(y) is an (m − k)-
dimensional manifold (see [9, p. 11, Lemma 1]).

Lemma 3.2 Let X be a smooth manifold of dimension m and f : X → R
n be

a smooth map. Suppose that x ∈ X and that f (x) is a regular value of f with
rank df |x = k. Then f −1(f (x)) is an (m − k)-dimensional smooth manifold.
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Next we recall the Inverse Function Theorem: if U is open in R
k , f : U → R

k

is smooth and the derivative df |x : R
k → R

k is non-singular, then f maps any suffi-
ciently small open neighbourhood U ′ of x diffeomorphically onto an open set f (U ′).
The following lemma is a simple consequence of this.

Lemma 3.3 Let U be an open subset of R
m, f : U → R

n be a smooth map and
x ∈ U be a regular point of f . Suppose that the rank of df |x is n. Then there exists
an open neighbourhood W ⊆ U of x such that f (W) is an open neighbourhood of
f (x) in R

n.

Proof Choose a linear map L : U → R
m−n such that L is injective on the null space

of df |x and define F : U → R
m by F(y) = (f (y),L(y)). Then rankdF |x = m, so

by the inverse function theorem, there exists an open neighbourhood W of x such
that F(W) = f (W)×L(W) is diffeomorphic to W . Hence f (W)×L(W) is an open
subset of R

m and so f (W) is an open subset of R
n. �

Next we need a lemma for computing the rank of the derivative when a function
is restricted to a submanifold.

Lemma 3.4 Let M be a smooth manifold and x ∈ M . Suppose θ : M → R
a and

F : M → R
b are smooth maps, and define H : M → R

a+b by H(y) = (θ(y),F (y)).
Suppose θ(x) is a regular value of θ , let X be the submanifold θ−1(θ(x)) of M , and
let f be the restriction of F to X. Then rankdf |x = rankdH |x − rankdθ |x .

Proof Let S be the tangent space of M at x and T the tangent space of X at x. Then
T = {y ∈ S : dθ |x(y) = 0} and dimT = dimS − rankdθ |x by Lemma 3.2. Also, the
null spaces of df |x and dH |x are equal, as

Z(df |x) = {
y ∈ T : df |x(y) = 0

} = {
y ∈ S : dF |x(y) = dθ |x(y) = 0

}

= {
y ∈ S : dH |x(y) = 0

} = Z(dH |x).
Therefore,

rankdf |x = dimT − dimZ(df |x) = dimS − rankdθ |x − dimZ(dH |x)
= rankdH |x − rankdθ |x. �

An important corollary of the previous lemma is that of restriction to a fixed sub-
space.

Lemma 3.5 Let A be an m × n real matrix and X = {y ∈ R
n : Ay = 0}. Suppose

F : R
n → R

t is a smooth map and let f be the restriction of F to X. Let x ∈ X and
let B be the Jacobian of F evaluated at x. Then rankdf |x = rank

(
A
B

) − rankA.

Proof Apply Lemma 3.4 with M = R
n and θ : R

n → R
m defined by θ(y) = Ay. �

Finally, we need a result showing that the quotient of a smooth manifold by a group
action is again a smooth manifold, under appropriate conditions. Suppose that a finite
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group G acts on a smooth manifold M . The action is smooth if x �→ gx is a smooth
map from M to M for every g ∈ G. The action is free if gx �= x for every g �= 1 and
every x ∈ M . The following statement is well-known, and can be easily deduced, e.g.
from [8, Theorem 9.19]. (See [8, Chap. 9] for the definition of the smooth structure
on M/G and further details.)

Theorem 3.6 Suppose a finite group G acts smoothly and freely on a smooth mani-
fold M . Then the quotient space M/G is a smooth manifold.

4 Redundant Rigidity

In this section, we will assume the manifold lemma (Lemma 1.2) and prove our theo-
rems on redundant rigidity. We first illustrate the proof technique by considering the
framework (G,p) of Fig. 1. We can show that (G,p) is not globally rigid by con-
structing the equivalent but non-congruent framework (G,q) in two different ways.
We first delete the length edge e = uv. The resulting framework (G \ e,p) is not
rigid. We may move it continuously keeping the vertex u fixed, rotating w around the
circle through p(w) which is centred on p(u), and moving v along the line through
p(u) and p(v). We will eventually reach the framework (G\e, q) which is equivalent
to (G \ e,p) and also satisfies ‖q(u) − q(v)‖ = ‖p(u) − p(v)‖. This is essentially
the proof technique of Theorem 1.1. Alternatively, we can delete the direction edge
f = wv. Then (G \ f,p) is not rigid. We may move it continuously keeping the ver-
tices u and v fixed and rotating w around the circle through p(w) which is centred
on p(u). We will eventually reach the framework (G \ f,q) which is equivalent to
(G \ f,p) and in which q(w) − q(v) is a scalar multiple of p(w) − p(v). This is
essentially the proof technique of Theorem 1.3.

We will need the following result, which is Lemma 8.2 in [7], to prove Theo-
rem 1.1.

Lemma 4.1 Suppose that (G,p) is a generic globally rigid direction–length frame-
work in R

d with at least two length edges and e is a length edge of G. Then G \ e is
bounded.

Proof of Theorem 1.1 Suppose for a contradiction that H = G \ e is not rigid. We
have rd(G) = d|V | − d as G is rigid, rd(H) < rd(G) as H is not rigid, so rd(H) =
d|V | − d − 1, as the rigidity matrix R(H,p) is obtained from R(G,p) by deleting a
single row corresponding to the length edge e. Fix v0 ∈ V and let p0 be the realisation
obtained from p by translating v0 to the origin, i.e. p0(v) = p(v) − p(v0) for all
v ∈ V . Then p0 is quasi-generic and we can identify p0 with a generic vector in
R

d|V |−d . By the Manifold Lemma (Lemma 1.2), the framework space SH,p,v0 is a
smooth 1-dimensional manifold. Also, SH,p,v0 is bounded, since H is bounded by
Lemma 4.1, and we observed in Sect. 2 that it is closed.

Next note that −q ∈ SH,p,v0 for every q ∈ SH,p,v0 . Also, 0 /∈ SH,p,v0 , as H has
at least one length edge. Then we can identify q with −q for all q ∈ SH,p,v0 to
obtain a smooth 1-dimensional manifold X = SH,p,v0/{−1,1} that is closed and
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bounded. This last statement follows from that the fact that the action of the group
{−1,1} by multiplication is smooth and free (see Theorem 3.6). Let C be the con-
nected component of X containing p0. Then C is diffeomorphic to a circle by
the classification of 1-manifolds (see the appendix to [9]). Write e = xy and let
M = (Rd|V |−d \ {0})/{−1,1}, which is a smooth manifold by the same argument
as for X. We will abuse notation and let q ∈ R

d|V |−d \ {0} also denote its equivalence
class {q,−q} in M . Then F : R

d|V |−d → R given by F(q) = ‖q(x)−q(y)‖2 is well-
defined. Let f be restriction of F to C. We can view the rigidity maps fG and fH as
being defined on M . Note that the rigidity map fG is obtained from fH by adding a
coordinate corresponding to F .

Since p is generic, fH (p) is a regular value of fH . Applying Lemma 3.4 with
θ = fH and H = (θ,F ) = fG, for q ∈ C we can calculate rankdf |q = rankdH |q −
rankdθ |q = R(G,q) − R(H,q). When q = p0 we have R(G,p0) = rd(G) and
R(H,p0) = rd(H) < rd(G), so rank df |p0 = 1. It follows that f (p0) is not an ex-
tremal value of f (q) for q ∈ C, i.e. we can find q1 and q2 in a neighbourhood of p0 in
C with f (q1) < f (p0) < f (q2). Since there are two paths in C joining q1 and q2, by
the intermediate value theorem we can find q ∈ C, q �= p0 with f (q) = f (p0). Then
(G,q) is equivalent to but not congruent to (G,p), contradicting our assumption that
G is globally rigid. We deduce that H = G \ e is rigid. �

For Theorem 1.3, we will need the following lemma, which is Lemma 3.4 in [6].

Lemma 4.2 Suppose G is a rigid mixed graph, p is a quasi-generic 2-dimensional
realisation of G and (G,q) is equivalent to (G,p). Then q(u) �= q(v) for all uv ∈ D.

Proof of Theorem 1.3 Suppose H = G\e has a rigid subgraph H0 with |V (H0)| ≥ 2,
and suppose for a contradiction that H is bounded but not rigid. Fix v0 ∈ V (H0) and
let p0 be the realisation obtained from p by translating v0 to the origin. Similarly to
the proof of Theorem 1.1, the connected component C of SH,p,v0 containing p0 is
diffeomorphic to a circle (here we do not quotient out by {−1,1}). Also, we claim that
−p0 /∈ C. To see this, fix v1 ∈ V (H0) with v1 �= v0. Since H0 is rigid and q(v0) = 0
for all q ∈ C we have q(v1) = p0(v1) for all q ∈ C. (This is because {q ∈ C : q(v1) =
p0(v1)} is an open subset of C by definition of rigidity, and it is clearly closed, so
must be all of C.) Since p0 is a realisation we have p0(v1) �= p0(v0) = 0, so p0(v1) �=
−p0(v1), and we deduce that −p0 /∈ C.

Write e = xy, and for q ∈ R
2|V |−2 with q(x) �= q(y) define F(q) = q(x)−q(y)

‖q(x)−q(y)‖ .

Then F is a smooth map defined on an open subset of R
2|V |−2 taking values in

the unit circle C′ ⊆ R
2. Also, G is rigid (since it is globally rigid) and any reali-

sation q of H with q(x) = q(y) would also be a realisation of G with q(x) = q(y),
which is impossible by Lemma 4.2. Therefore, F is defined at all points of C and
we can let f be the restriction of F to C. For any connected open subset U ⊆ C′
not containing (−1,0) or (1,0), we can define t : U → R by t (a1, a2) = a1/a2.
Note that t is a diffeomorphism between U and an open interval t (U) ⊆ R. For
q ∈ U the rigidity map fG is obtained from fH by adding a row corresponding
to t ◦ F . Applying Lemma 3.4 with θ = fH and H = (θ, t ◦ F) = fG, for q ∈ C

we can calculate rankd(t ◦ f )|q = rankdH |q − rankdθ |q = R(G,q) − R(H,q).
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Since p is generic we can choose U to contain p0. We have R(G,p0) = rd(G) and
R(H,p0) = rd(H) < rd(G), so rankd(t ◦f )|p0 = 1. It follows that (t ◦f )(p0) is not
a critical value of t ◦ f , and so f (p0) is not a critical value of f .

To finish the proof, we show that we can find q ∈ C, q �= p0 with f (q) equal to
f (p0) or −f (p0). For suppose that −f (p0) /∈ f (C). Let s : C′ \ {−f (p0)} → R be
a diffeomorphism, e.g. stereographic projection. Then s ◦ f is a smooth map from
C to R and (s ◦ f )(p0) is a regular value of s ◦ f . Thus we can find q1 and q2 in a
neighbourhood of p0 in C with (s ◦ f )(q1) < (s ◦ f )(p0) < (s ◦ f )(q2). Since there
are two paths in C joining q1 and q2, by the intermediate value theorem we can find
another realisation q ∈ C, q �= p0 with (s ◦ f )(q) = (s ◦ f )(p0), i.e. f (q) = f (p0).

We have shown that there is q ∈ C, q �= p with f (q) equal to f (p0) or −f (p0).
Then (G,q) is equivalent to but not congruent to (G,p), contradicting our assump-
tion that G is globally rigid. We deduce that H = G \ e is rigid. �

5 Proof of the Manifold Lemma

In this section, we will prove the Manifold Lemma (Lemma 1.2). We will require the
Tarski–Seidenberg decision procedure, which can be formulated in terms of semi-
algebraic sets as follows. A subset S of R

n is semi-algebraic over Q if it can be
expressed as a finite union of sets of the form

{
x ∈ R

n : Pi(x) = 0,1 ≤ i ≤ s and Qj(x) > 0,1 ≤ j ≤ t
}
,

where Pi ∈ Q[X1, . . . ,Xn] for 1 ≤ i ≤ s, and Qj ∈ Q[X1, . . . ,Xn] for 1 ≤ j ≤ t .1

Theorem 5.1 (Tarski–Seidenberg [12]) Let S ⊆ R
n+k be semi-algebraic over Q and

π : R
n+k → R

n be the projection onto the first n coordinates. Then π(S) is semi-
algebraic over Q.

Given a quasi-generic realisation (G,p) of a mixed graph G = (V ;D,L) in
R

d we use R(G,p) to denote that the standard rigidity matrix of G. Recall that
rankR(G,p) = rankR(G,p)v = rd(G) for all v ∈ V . For F ⊆ D ∪ L we will use
GF to denote the mixed graph with vertex-set V and labelled edge-set given by F .
Note that R(GF ,p) is the submatrix of R(G,p) containing the rows indexed by F .

Proof of Lemma 1.2 Suppose G = (V ;D,L) is a mixed graph, v ∈ V0, (G,p) is
a generic direction–length framework in R

d , and rd(G) = d|V | − d − t , for some
t ≥ 1. We need to prove that the framework space SG,p,v0 is a smooth manifold of
dimension t . It will be convenient to construct this space in two stages using the pure
frameworks GD and GL. In the first stage, we ‘factor out the direction constraints’
by restricting to the framework space SGD,p,v0 , i.e. the set of all q ∈ R

d|V |−d such

1The usual definition for a semi-algebraic set uses polynomials with coefficients in R, or more generally,
in a real closed field. The fact that the Tarski–Seidenberg Theorem holds for semi-algebraic sets over Q

follows from the original papers [10, 12].
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that (GD,q) is equivalent to (GD,p). Since direction constraints are linear, SGD,p,v0

is a subspace of R
d|V |−d of codimension rd(GD).

We let p0 be the realisation obtained from p by translating v0 to the origin, and
identify p0 with a generic vector in R

d|V |−d . Note that R(G,p0) = R(G,p). Define
F : R

d|V |−d → R
|L| where for each q ∈ R

d|V |−d the coordinate of F(q) correspond-
ing to e = uv ∈ L is ‖q(u) − q(v)‖2. Let f be the restriction of F to SGD,p,v0 . Then
we can write the framework space for (G,p) as SG,p,v0 = f −1(f (p0)). We will
show that f (p0) is a regular value of f and that rankdf |p0 = rd(G)− rd(GD). Then
Lemma 3.2 will imply that SG,p,v0 is a smooth manifold of dimension dimSGD,p,v0 −
rankdf |p0 = d|V | − d − rd(GD) − (rd(G) − rd(GD)) = t , as required.

We divide the argument into the following 5 steps:

Step 1 introduces a projection h of f and shows that rankdf |p0 = rankdh|p0 =
rd(G) − rd(GD).

Step 2 shows that p0 is a regular point of both f and h.
Step 3 defines a semi-algebraic set K such that if p0 /∈ K then h(p0) is a regular

value of h.
Step 4 shows that p0 /∈ K .
Step 5 deduces that f (p0) is a regular value of f .

Step 1. To compute the rank of df at p0 we apply Lemma 3.5 to F and f , where
A = R(GD,p)v0 , X = SGD,p,v0 and B = dF |p0 = 2R(GL,p)v0 . Since multiplying
rows by a constant does not change the rank, we get rankdf |p0 = rankR(G,p)v0 −
rankR(GD,p)v0 = rd(G) − rd(GD). Also, we can choose L′ ⊆ L so that |L′| =
rd(G) − rd(GD), and writing G′ = (V ;D,L′) we have rd(G′) = rd(G). Let H :
R

d|V | → R
|L′| be obtained from F by projection onto the coordinates corresponding

to edges in L′. Let h be the restriction of H to SGD,p,v0 . We can similarly apply
Lemma 3.5 to H and h, where A = R(GD,p)v0 , X = SGD,p,v0 and B = dH |p0 =
2R(GL′ ,p)v0 to see that rankdh|p0 = rankR(G′,p) − rankR(GD,p) = rd(G) −
rd(GD) = rankdf |p0 .

Step 2. Next we claim that p0 is a regular point of both f and h. We need to show that
rankdf |q ≤ rankdf |p0 and rankdh|q ≤ rankdh|p0 for any q ∈ SGD,p,v0 . Say that q

is degenerate if q(u) = q(v) for some uv ∈ D, otherwise q is non-degenerate. Sup-
pose first that q is non-degenerate. Then each row of R(GD,q) is a non-zero multi-
ple of the corresponding row in R(GD,p), so rankR(GD,q)v0 = rankR(GD,p)v0 .
We also have rankR(G,q)v0 ≤ rankR(G,p)v0 as p is generic, so rankdf |q =
rankR(G,q)v0 − rank R(GD,q)v0 ≤ rankdf |p0 . On the other hand, if q is degen-
erate we consider a sequence of points (qi)i≥1 ∈ SGD,p,v0 such that each qi is non-
degenerate and (qi) converges to q . Then rankdf |qi

≤ rankdf |p0 for all i ≥ 1, and
taking the limit we obtain rankdf |q ≤ rankdf |p0 . The same argument applies with
h instead of f .

Step 3. Now we will reformulate our definitions using semi-algebraic sets. Let x =
(x1, . . . , xd|V |−d) and y = (y1, . . . , yd|V |−d) be vectors of indeterminates, which
we think of as representing standard position frameworks. We define polynomi-
als Pe(x, y) = H(x)e − H(y)e for e ∈ L′ and Pi(x, y) = R(GD,x)i · y for each
row R(GD,x)i of R(GD,x). We also let M(G′;x, y) be the matrix

( R(GD,x)

R(GL′ ,y)

)
,

and for each rd(G) × rd(G) minor N we define PN(x, y) = detM(G′;x, y)[N ].
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Then we let K0 ⊆ R
2d|V |−2d be the (semi-)algebraic set defined by setting all of

these polynomials to equal zero and let K = {x : ∃y, (x, y) ∈ K0} be the projec-
tion of K0 onto the first d|V | − d coordinates. Note that (x, y) ∈ K0 if and only if
H(x) = H(y), y ∈ SGD,x,v0 and rankM(G′;x, y) < rd(G). Also, Lemma 3.5 im-
plies that rankdh|y = rankM(G′;p0, y) − rd(GD) for any y ∈ SGD,p,v0 . Now if
h(p0) were not a regular value of h, then there would be some y ∈ SGD,p,v0 with
H(y) = H(p0) and rankdh|y < rankdh|p0 . This would give rankM(G′;p0, y) =
rankdh|y + rd(GD) < rankdh|p0 + rd(GD) = rd(G), and so p0 ∈ K . It therefore
suffices to prove that p0 /∈ K .

Step 4. Suppose for a contradiction that p0 ∈ K . By Theorem 5.1, K is semi-
algebraic over Q. Since p is generic we have Q(p0) �= 0 for all Q ∈ Q[X1, . . . ,

Xd|V |−d ], so we can write K = {x ∈ R
m : Qi(x) > 0,1 ≤ i ≤ t} for some

Q1, . . . ,Qt ∈ Q[X1, . . . ,Xd|V |−d ]. Then by continuity some open neighbourhood
U of p0 in R

d|V |−d is contained in K . Let T be the set of all points q ∈ R
d|V |−d

such that (G,q) has no vertical direction edges. Note that p0 ∈ T , since p is generic.
Also, T is open in R

d|V |−d , so we can assume that U ⊆ T . Let W = U ∩ SGD,x,v0 .
Then W is an open neighbourhood of p0 in SGD,x,v0 .

We claim that h(x) is a critical value of h for every x ∈ W . For consider
any x ∈ W . Then x ∈ T is non-degenerate, so each row of R(GD,x) is a non-
zero multiple of the corresponding row in R(GD,p). Also x ∈ K , so there is
some y ∈ SGD,p,v0 with h(x) = h(y) and rankM(G′;x, y) < rd(G). Repeating
the calculation above, we see that rankdh|y = rankM(G′;p0, y) − rd(GD) =
rankM(G′;x, y) − rd(GD) < rd(G) − rd(GD), which proves the claim.

Since p0 is a regular point of h, Lemma 3.3 implies that we can choose an open
neighbourhood W ′ ⊆ W of p0 in SGD,x,v0 such that h maps W ′ diffeomorphically
onto h(W ′). In particular, it follows that the set of critical values of h has non-zero
measure, which is in contradiction to Sard’s Theorem (Theorem 3.1). We deduce
that p0 /∈ K .

Step 5. By Steps 3 and 4, it follows that h(p0) is a regular value of h. It follows
that f (p0) is a regular value of f , as f −1(f (p0)) ⊆ h−1(h(p0)), so for every
x ∈ f −1(f (p0)) we have rankdf |x ≥ rankdh|p0 = rankdf |p0 . Since rankdf |p0 =
rd(G) − rd(GD) by Step 1, Lemma 3.2 implies that SG,p,v0 = f −1(f (p0)) is
a smooth manifold of dimension t , as required. �

6 Concluding Remarks

Theorem 1.1 would become false if we removed the hypothesis that the mixed graph
has at least two length edges. This can be seen by considering a mixed graph G =
(V ;D,L) which is rigid in R

d and has a unique length edge e. Let (G,p) be a generic
realisation of G in R

d and (G,q) be an equivalent realisation. Then (G \ e,p) is not
rigid since it has only direction edges so admits an arbitrary dilation. On the other
hand, rd(G \ e,p) = d|V | − d − 1 and so (G \ e,p) is direction globally rigid by
results of Whiteley [13]. Thus (G,q) can be obtained from (G,p) by a translation
and a dilation. The existence of the length edge e now implies that the only possible
dilations are by ±1. Hence (G,q) is congruent to (G,p) and (G,p) is globally rigid.
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Fig. 2 Let e be the direction edge joining v0 and v1. Then the unique motion of (G \ e,p) which keeps
v0 fixed is a rotation about the point p(v0). It follows that the connected component of the framework
space SG\e,p,v0 which contains p has a unique point q �= p such that (G,q) is equivalent to (G,p). Since
(G,q) can be obtained from (G,p) by a dilation by −1 through the point p(v0), (G,q) is congruent to
(G,p). Note that the framework (G,p) is not a counterexample to Conjecture 6.1 since it is not globally
rigid: we can obtain an equivalent but non-congruent framework by reflecting (G,p) in the line through
p(v0) and p(v1). The problem is that we cannot reach this realisation by a continuous motion of (G\ e,p)

Theorem 1.3 would become false if we removed the possibility that G \ e is un-
bounded in R

2. This can be seen by considering a mixed graph G = (V ;D,L) in
which all pairs of vertices of V \ {v} are joined by both a direction and length edge
and v is joined to two distinct vertices x, y by two direction edges e = vx,f = vy.
It is easy to see that for any generic realisation (G,p) of G in R

2, (G,p) is globally
rigid and (G \ e,p) is unbounded.

We believe that the hypothesis of Theorem 1.3 that ‘G \ e has a rigid subgraph
with more than one vertex’ may not be necessary for mixed graphs with at least two
length edges.

Conjecture 6.1 [7] Suppose (G,p) is a 2-dimensional generic globally rigid
direction–length framework with at least two length edges and e is a direction edge
of G. Then G \ e is either rigid or unbounded in R

2.

The framework in Fig. 2 illustrates the difficulty in using the proof technique of
Theorem 1.3 to verify this conjecture.
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