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Abstract In this paper, we consider the problem of spherical distribution of 5 points,
that is, how to configure 5 points on the unit sphere such that the mutual distance sum
is maximal. It is conjectured that the sum of distances is maximal if the 5 points form
a bipyramid distribution with two points positioned at opposite poles of the sphere
and the other three positioned uniformly on the equator. We study this problem using
interval methods and related techniques, and give a computer-assisted proof.

Keywords Spherical distribution · Interval analysis · Computer-assisted proof

1 Introduction

Studies on the problem of optimally arranging points on a sphere date back at least
100 years ago, when Thomson attempted to explain the periodic table in terms of the
“plum pudding” model of the atom. Since then, several related problems have been
proposed, some of which are still unsolved [11]. In general, these problems involve
finding distributions of points on the surface of a sphere that maximize or minimize
some quantity. In physics and chemistry, stable distributions are of interest, namely
distributions that minimize some potential.

The problem has the following general form. Let x1, x2, . . . , xn be points on the
unit sphere Sm−1 of the Euclidean space R

m and set
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V (Xn,m,λ) =
∑

1≤i<j≤n

|xi − xj |λ, (1.1)

where Xn = {x1, x2, . . . , xn} and |xi − xj | denotes the Euclidean distance between xi

and xj .
For λ ≤ 0, let

V1(n,m,λ) = min
Xn⊂Sm−1

V (Xn,m,λ), (1.2)

where

V1(n,m,0) = min
Xn⊂Sm−1

∑

1≤i<j≤n

log
1

|xi − xj | . (1.3)

When m = 3, this is the 7th Problem listed by Steve Smale in Mathematical Problems
for the Next Century [26].

For λ > 0, let

V2(n,m,λ) = max
Xn⊂Sm−1

V (Xn,m,λ). (1.4)

So far, G. Pólya and G. Szegö [22] first studied problems of this type in the 1930s.
Since then, a number of results about V2(n,m,λ) have been obtained. For example,
L. Fejes Tóth [13] proved results for cases when m = 2, λ = 1 and when n = m + 1,
λ = 1. E. Hille [18] considered the asymptotic properties of V2(n,m,λ)/n when
n → ∞ for specific m and λ. K. B. Stolarsky proved bounds on V2(n,m,λ) for spe-
cific m and λ in [28, 29], and gave some properties of point distributions relating to
V2(n,m,λ) when m = 2 and m = 3 in [30–32]. R. Alexander also proved bounds on
V2(n,3,1) in [1], and discussed some generalized sums of distances in [2, 3]. G.D.
Chakerian and M.S. Klamkin proved bounds on V2(n,m,1) in [9]. J. Berman and K.
Hanes proved a property of the point distribution corresponding to V2(n,3,1), and
deduced some numerical results in [8]. G. Harman, J. Beck, T. Amdeberhan proved
bounds on V2(n,m,λ) in [4, 7, 17]. A.V. Kolushov, V.A. Yudin and N.N. Andreev
proved that, for n = 3 and λ = 1, the optimal configurations for m = 4,6,12 are re-
spectively the regular tetrahedron, octahedron, and icosahedron (for λ = −1,0, these
configurations are also optimal [5, 6, 21]). Similar problems were also discussed in
[15, 19, 20, 24].

Call the problem of calculating V2(n,m,λ) the (n,m)-problem. The case of five
points in three dimensions (the (5,3)-problem) is of special significance. One of the
most important recent attacks on general problems of this type is that of H. Cohn
and A. Kumar [10]. Their paper completely solves the (n,m)-problem (and, in fact,
for any completely monotonic potential) provided a “sharp configuration” of n points
exists. Sharp configurations may exist for certain large values of n = n(m), and they
exist (regular n-gons) for all (n,2), n ≥ 2. For (n,3), the case n = 5 is the small-
est value of n ≥ 2 for which no sharp configuration exists [12], hence the special
significance of this case. For the Coulomb potential (V1(5,3,−1)) the details of a
computer assisted proof have been posted by R.E. Schwartz [25]. It is conceivable
that his framework could be modified to provide yet another computer-assisted proof
of the present result.

It is remarkable that [12] proves, without any computer assistance, that V1(5,3,0)

is achieved by the present bipyramidal distribution.
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Fig. 1 The spherical coordinate
system

In this paper, we solve the (5,3)-problem for λ = 1. We show that this maximum
is uniquely achieved by the bipyramidal distribution in which two of the points are at
the opposite poles, and the remaining three points are uniformly distributed around
the equator (an obvious and long-standing conjecture). The proof rests upon computer
implementation of interval analysis.

The main idea of our proof is as follows. Firstly, we express V (X5,3,1) as a
function in a certain coordinate system; secondly, we exclude a domain where the
bipyramid distribution corresponds to the only maximum of V (X5,3,1); and finally,
we subdivide the remaining domain and prove that points in these subdomains cannot
be global maximum of the function. This establishes the conjecture.

2 Mathematical Descriptions of the Problem

2.1 Spherical Coordinate System

We choose the spherical coordinate system as shown in Fig. 1. A point P on S2

is identified by (1, φ, θ), where φ ∈ [−π
2 , π

2 ] is the angle from vector
−→
OH, i.e., the

projection of vector
−→
OP in xoy-plane, to vector

−→
OP, positive if the z-coordinate of

P is positive, and θ ∈ [−π,π) is the angle from x-axis to vector
−→
OH, positive if the

y-coordinate of P is positive.
According to such definitions, we have the following formulas transforming from

spherical coordinates (1, φ, θ) to Cartesian coordinates (x, y, z),
⎧
⎪⎨

⎪⎩

x = cos(φ) cos(θ),

y = cos(φ) sin(θ),

z = sin(φ).

(2.1)
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Considering the spherical symmetry, we can choose the spherical coordinates for
5 points as follows:

A(1,0,0),B(1, φ1,π),C(1, φ2, θ2),D(1, φ3, θ3),E(1, φ4, θ4), (2.2)

where

Θ � (φ1, φ2, θ2, φ3, θ3, φ4, θ4)

∈ D �
([

−π

2
,
π

2

]
,

[
−π

2
,
π

2

]
, [−π,π),

[
−π

2
,
π

2

]
, [−π,π),

[
−π

2
,
π

2

]
, [−π,π)

)
,

(2.3)
then the sum of mutual distances of the above points is

f (Θ) = √
2 + 2 cos(φ1) + √

2 − 2 cos(φ2) cos(θ2)

+ √
2 − 2 cos(φ3) cos(θ3) + √

2 − 2 cos(φ4) cos(θ4)

+ √
2 cos(φ1) cos(φ2) cos(θ2) + 2 − 2 sin(φ1) sin(φ2)

+ √
2 cos(φ1) cos(φ3) cos(θ3) + 2 − 2 sin(φ1) sin(φ3)

+ √
2 cos(φ1) cos(φ4) cos(θ4) + 2 − 2 sin(φ1) sin(φ4)

+ √−2 cos(φ3) cos(φ2) cos(θ2 − θ3) + 2 − 2 sin(φ2) sin(φ3)

+ √−2 cos(φ2) cos(φ4) cos(θ2 − θ4) + 2 − 2 sin(φ2) sin(φ4)

+ √−2 cos(φ3) cos(φ4) cos(θ3 − θ4) + 2 − 2 sin(φ3) sin(φ4). (2.4)

The Hessian matrix of f is denoted by

H(Θ) =
(

∂2f

∂Θi∂Θj

)

7×7
. (2.5)

2.2 Bipyramid Distribution

There is a Θ in D corresponding to a bipyramid distribution, that is,

Θbp =
(

−π

3
,
π

3
,π,0,−π

2
,0,

π

2

)
, (2.6)

as shown in Fig. 2.
We have

f (Θbp) = 3
√

3 + 6
√

2 + 2

≈ 15.68143380, (2.7)
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Fig. 2 The bipyramid
distribution

and

H(Θbp) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−√
3

2

√
3

4 0 −√
2

4

√
6

4
−√

2
4

−√
6

4√
3

4
−√

3
2 0 −√

2
4

−√
6

4
−√

2
4

√
6

4

0 0 −2
√

3−3
√

2
24

−√
6

16

√
2

16

√
6

16

√
2

16

−√
2

4
−√

2
4

−√
6

16
−3

√
2−4

8 0 −1
2 0

√
6

4
−√

6
4

√
2

16 0 −3
√

2−4
8 0 1

2

−√
2

4
−√

2
4

√
6

16
−1
2 0 −3

√
2−4

8 0

−√
6

4

√
6

4

√
2

16 0 1
2 0 −3

√
2−4

8

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (2.8)

The matrix H(Θbp) is negative definite, so the bipyramid distribution corresponds
to a maximum of f .

2.3 Mathematical Description

As a matter of fact, what we are to prove is

Conjecture 1 Without considering spherical symmetry, the function f (Θ) in (2.4)
has the unique maximum point Θbp in D.

In the remaining part of this paper, we will prove this conjecture according to
following outlines.

1. Giving some results to demonstrate that we only need to analyze f over a domain
contained in D, i.e., D(1) ∪ D(2) (see Conjecture 2).

2. Analyzing interval Hessian matrices (Theorems 4.3 and 4.5) to prove that Θbp

is the unique local maximum point of f in its neighborhood D̊bp ⊆ D(1) ∪ D(2),
where D̊bp denotes the interior of Dbp (see Proposition 4.1).
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3. Analyzing interval Hessian matrices (Theorems 4.4 and 4.6) to prove that f can-
not attain its maximum in a subdomain of D(1) ∪ D(2), i.e., D̊p (see Proposi-
tion 5.1).

4. Making use of related results and interval computation (Sect. 4.1.1) to prove that
in the remaining domain, i.e., (D(1) ∪ D(2))\(D̊bp ∪ D̊p), points are spherically
symmetric to Θbp , or not maximum points of f in D(1) ∪ D(2) (see Sect. 6.3).

3 Simplified Problem

3.1 Some Results

We need following results so as to simplify the problem.

Proposition 3.1 If some distribution of 5 points corresponds to larger distance sum
than f (Θbp), and AB is the second largest distance among

(5
2

) = 10 distances, φ1
should satisfy

φ1 ≥ −2 arccos
(√

3/6 + √
2/3

)
. (3.1)

Proof From (2.7), we know that in order to attain a larger distance sum than f (Θbp),
the second largest distance must be not smaller than

((
3
√

3 + 6
√

2 + 2
) − 2

)
/9 = √

3/3 + 2
√

2/3.

With the condition that AB is the second largest distance, the result required can be
deduced immediately. �

Proposition 3.2 If 5 points are on the same half sphere, f cannot attain its global
maximum.

Proof Without loss of generality, suppose the z-coordinates of 5 points are all non-
negative. If the z-coordinate of some point is positive, we move it to the symmetric
position with respect to the xoy-plane, then we will get a larger distance sum. If 5
points are all distributed on the xoy-plane, the maximal distance sum is 5 cot π

10 (5
points form a regular pentagon [13]), which is obviously smaller than f (Θbp). �

Proposition 3.3 If a partial derivative of the function f does not vary signs in a
domain, then there exists no critical point of f in this domain.

Theorem 3.1 [30] Suppose 5 points are placed so that f is maximal, then any dis-
tance between two points cannot be less than 2

15 .

Theorem 3.2 [8] Let p1, . . . , pn be points on the unit sphere S2 in R
3, f : S2 → R

be a function defined as f (x) = ∑n
i=1 |x − pi |. If f has a maximum at p, then p =

q/|q|, where q = ∑n
i=1(p − pi)/|p − pi |.
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3.2 Some Assumptions

In order to find a distribution with the distance sum larger than f (Θbp), we can make
the following assumptions.

Assumption 3.1 AB is the second largest distance among
(5

2

) = 10 distances.

Assumption 3.2 (By the spherical symmetry) D is on the left-half sphere (i.e.,
yD ≤ 0), C,E are on the right-half sphere (i.e., yC, yE ≥ 0), C is above E

(i.e., zC ≥ zE).

Assumption 3.3 (By Proposition 3.1) φ1 ≥ −2 arccos(
√

3/6 + √
2/3).

Assumption 3.4 (By Proposition 3.2) Five points are not on any half sphere.

Assumption 3.5 (By Theorem 3.1) Any distance between two points is larger
than 2

15 .

Under these assumptions, the bipyramid distribution (corresponding to the
maximal distance sum conjectured) and the pyramid distribution (corresponding to
another critical point of f ) each corresponds to a unique Θ . Furthermore, we only
need to consider f (Θ) over the following two subdomains of D according to As-
sumptions 3.1–3.3.

1. D is on the upper-half sphere (denote this domain by D(1)):

φ1 ∈ [−2 arccos(
√

3/6 + √
2/3),0

]
,

φ2 ∈ [−π/2,0],
θ2 ∈ [0,π],
φ3 ∈ [0,π/2],
θ3 ∈ [−π,0],
φ4 ∈ [−π/2,0],
θ4 ∈ [0,π].

2. D is on the lower-half sphere, C is on the upper-half sphere (denote this domain
by D(2)):

φ1 ∈ [−2 arccos(
√

3/6 + √
2/3),0

]
,

φ2 ∈ [0,π/2],
θ2 ∈ [0,π],
φ3 ∈ [−π/2,π/2],
θ3 ∈ [−π,0],
φ4 ∈ [−π/2,π/2],
θ4 ∈ [0,π].
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Now, we are to prove the following conjecture which is equivalent to Conjecture 1.

Conjecture 2 Under Assumptions 3.1–3.5, f (Θ) attains its unique global maximum
in D(1) ∪ D(2) at Θbp .

4 Domain Near Coordinates Corresponding to the Bipyramid Distribution

4.1 Interval Methods

We first briefly introduce the interval methods we used in our proof.

4.1.1 Interval Computation

An interval is defined as a set [27]:

X = [a, b] = {x : a ≤ x ≤ b}, (4.1)

where a, b ∈ R. X,X respectively denote the left and right vertices of the interval X.
For intervals X and Y , if x > y for each x ∈ X and each y ∈ Y , we say that

X > Y . Other interval relations are understood the same way. An n-tuple of intervals
X = (X1, . . . ,Xn) can be used to denote some rectangular domain in R

n. Let IR be
the set of intervals over R, and IR

n be the set of n-tuples of intervals.
There exists an imbedding from R to IR defined as follows

μ(x) = [x, x],
thus for numbers in R, we can also consider them as intervals.

Interval arithmetic over IR is defined as

X ◦ Y = {x ◦ y : x ∈ X,y ∈ Y }, (4.2)

where ◦ is “+, “−”, “∗” or “/”, and for Y containing 0, we prescribe that X/Y

is the smallest interval containing {x/y : x ∈ X,y ∈ Y \ {0}}. Furthermore, for an
elementary function f , a corresponding elementary interval mapping can be defined
as

f (X) = {
f (x) : x ∈ X

}
. (4.3)

When operands of interval arithmetic or arguments of elementary functions are in-
tervals, we consider underlying computations as interval computations defined above,
and the interval computation is of the same precedence as the corresponding arith-
metical computation.

Under above definitions, an arbitrary elementary function f : R
n → R can be

expanded to a mapping over IR
n → IR:

f̃ (X) = f (X). (4.4)
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Through such f̃ , we can get an interval which contains the range of f over rectangu-
lar domain X.

As a matter of fact, there are related programs used to process interval computa-
tion, such as the procedure evalr in the Maple system which can be used to implement
interval computation without errors. But in practice, errorlessness is not necessary,
what we need are just intervals containing the ranges of functions over domains.
Another problem is that performing such errorless interval computation is always
time-consuming, thus it cannot meet our needs.

Considering the efficiency and the accuracy, we wrote a package IntervalArith-
metic based on the Maple system. The package uses rational numbers as interval
vertices, thus the computational result of f (X) is slightly different from its definition
in (4.3), i.e., the package uses an enlarged rational interval to represent the interval
{f (x) : x ∈ X}. In the end, the computational result of f̃ (X) is also a larger rational
interval containing its definition in (4.4); however, the difference can reduce to zero
as intervals of X shrink to points, and the variable “Digits” in the Maple system which
controls the number of significant digits in software floating-point computations be-
comes infinity.

The following example may be considered as a simple illustration about how we
use interval computation in our computer-assisted proof.

Example 4.1 D(2)
1 = (Φ1,Φ2,Θ2,Φ3,Θ3,Φ4,Θ4) is a rectangular domain con-

tained in D(2), where

Φ1 =
[
−70736064244757919

50000000000000000
,−23578688081585973

25000000000000000

]
,

Φ2 =
[
−7853981633974483097

5000000000000000000
,−7853981633974483097

7500000000000000000

]
,

Θ2 =
[

0,
5235987755982988731

5000000000000000000

]
,

Φ3 =
[

0,
7853981633974483097

15000000000000000000

]
,

Θ3 =
[
−31415926535897932387

10000000000000000000
,−31415926535897932387

15000000000000000000

]
,

Φ4 =
[
−7853981633974483097

5000000000000000000
,−7853981633974483097

7500000000000000000

]
,

Θ4 =
[

0,
5235987755982988731

5000000000000000000

]
.

Suppose g̃(X) is the expanded mapping corresponding to g(Θ) = f (Θ) − f (Θbp),
as is defined in (4.4). Following the rules prescribed above, we can calculate that
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cos(Φ1) =
[

15544216366986277489

100000000000000000000
,

14681082495913117063

25000000000000000000

]
,

2 cos(Φ1) =
[

15544216366986277489

50000000000000000000
,

14681082495913117063

12500000000000000000

]
,

2 cos(Φ1) + 2 =
[

115544216366986277489

50000000000000000000
,

39681082495913117063

12500000000000000000

]
,

√
2 cos(Φ1) + 2 =

[
760079654927647295278245640930483049783

500000000000000000000000000000000000000
,

222713612336317234663256453820176749269

125000000000000000000000000000000000000

]
,

...
√−2 cos(Φ3) cos(Φ4) cos(Θ3 − Θ4) + 2 − 2 sin(Φ3) sin(Φ4)

=
[

11048543456039805064938434576854386221

7812500000000000000000000000000000000
,

2500000000000000000170806153595479857903

1250000000000000000000000000000000000000

]
,

...

Step by step, finally we can get

g̃(D(2)
1 ) =

[
−64195023638006381129

10000000000000000000
,−12440205351457241497

25000000000000000000

]

⊆ [−6.4196,−.4976],

thus f (Θ) − f (Θbp) < 0 when Θ takes values in D(2)
1 .

4.1.2 Interval Matrices

Relations of real matrices of the same order are understood componentwise. An in-
terval matrix is defined as the following set of matrices:

([aij , aij ]
) = [

A,A
] = {

A ∈ R
n×n : A ≤ A ≤ A

}
,

where

A = (aij ), A = (aij ).
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When A and A are symmetric, we call the set of symmetric matrices in [A,A] a
symmetric interval matrix which is also denoted by [A,A].

For a interval matrix [A,A], denote its midpoint matrix by Ac = A+A

2 , and

its radius matrix by Aδ = A−A
2 . For a real symmetric matrix A, it is well know

that all its eigenvalues are real, we denote them in decreasing order by λ1(A) ≥
λ2(A) ≥ · · · ≥ λn(A), and denote the spectral radius of A (i.e., the maximum
eigenvalue modulus) by ρ(A). For bounds on eigenvalues of matrices in an inter-
val matrix, it can be directly deduced from the Wielandt–Hoffman theorem [16]
that

Theorem 4.1 For a symmetric interval matrix [A,A], the set

{
λi(A) : A ∈ [

A,A
]}

is a compact interval, denote this compact interval by

[
λi

([
A,A

])
, λi

([
A,A

])]
, 1 ≤ i ≤ n,

then

[
λi

([
A,A

])
, λi

([
A,A

])] ⊆ [
λi(Ac) − ρ(Aδ), λi(Ac) + ρ(Aδ)

]
, i = 1, . . . , n.

In fact, λ1([A,A]) and λn([A,A]) can be found explicitly [23], that is,

Theorem 4.2 A real symmetric interval matrix

([aij , aij ]
) = {

A ∈ R
n×n : A ≤ A ≤ A,A = (aij ),A = (aij )

}

corresponds to the following 2n−1 vertex matrices:

Ak = (akij ), 0 ≤ k ≤ 2n−1 − 1,

where we denote the binary representation for k by k = (k1k2 · · · kn)2, and

akij = 1

2

(
aij + aij + (−1)ki+kj (aij − aij )

)
.

For matrices in this symmetric interval matrix, the minimal (or maximal) eigenvalues
of them attain the minimum (respectively, maximum) at some vertex matrix Ak .

For a real symmetric interval matrix [A,A], [A,A] � 0 ([A,A] � 0) means that
A is positive (semi)definite for each A ∈ [A,A], and [A,A] �� 0 ([A,A] �� 0) means
that A is not positive (semi)definite for each A ∈ [A,A]. Symbols ≺,�, �≺, �� can be
defined similarly.

From Theorem 4.2, we have the following necessary and sufficient criterion for
determining whether a symmetric interval matrix [A,A] satisfies [A,A] � 0.
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Theorem 4.3 The real symmetric interval matrix

([aij , aij ]
) = {

A ∈ R
n×n : A ≤ A ≤ A,A = (aij ),A = (aij )

}

satisfies ([aij , aij ]) � 0 if and only if the following 2n−1 vertex matrices are all posi-
tive definite:

Ak = (akij ), 0 ≤ k ≤ 2n−1 − 1,

where Ak is defined as in Theorem 4.2.

From Theorem 4.1, we have the following sufficient criterion for determining
whether a symmetric interval matrix [A,A] satisfies [A,A] �� 0.

Theorem 4.4 Suppose [A,A] is a symmetric interval matrix, then [A,A] �� 0 if

λn(Ac) + ρ(Aδ) < 0,

where Ac and Aδ are the midpoint matrix and the radius matrix of [A,A], respec-
tively.

With the help of the above theorems, we can use the following results to determine
extreme points of a function in a domain.

Theorem 4.5 [14] Suppose K is an open, convex set in R
n, f ∈ C2(K), x0 ∈ K is

a critical point of f , and the Hessian matrix H(x) of f is positive definite for all
x ∈ K , then x0 is the unique minimum point of f in K .

Theorem 4.6 [14] Suppose K is an open, convex set in R
n, f ∈ C2(K), and the

Hessian matrix H(x) of f is not positive semidefinite for all x ∈ K , then there exists
no minimum point of f in K .

4.2 Neighborhood of Θbp

Now we introduce a perturbation [− π
377 , π

377 ] on coordinates of Θbp , and obtain a
rectangular domain, i.e.,

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

φ1

φ2

θ2

φ3

θ3

φ4

θ4

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

∈

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

[− 380
1131 π,− 374

1131 π]
[ 374

1131 π, 380
1131 π]

[ 376
377 π, 378

377 π]
[− 1

377 π, 1
377 π]

[− 379
754 π,− 375

754 π]
[− 1

377 π, 1
377 π]

[ 375
754 π, 379

754 π]

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (4.5)
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In this domain, θ2 varies in [ 376
377 π, 378

377 π], which exceeds the bound we prescribed for
θ2 in (2.3). But due to the periodicity of f , it is of no error. In fact, interval vertices are
represented by rational numbers in the Maple package IntervalArithmetic, so these
intervals whose vertices contain π are enlarged to their rational representations. We
denote this rectangular domain by Dbp .

The interval Hessian matrix V of f over Dbp can be calculated by interval com-
putation. Through Theorem 4.3, we can judge that the symmetric interval matrix V
satisfies V ≺ 0, and by Theorem 4.5, the bipyramid distribution indeed corresponds
to the maximum of f in D̊bp , that is, we have

Proposition 4.1 Θbp is the unique local maximum point of f in D̊bp .

5 Domain Near Coordinates Corresponding to the Pyramid Distribution

Under the assumptions in Sect. 3.2, the coordinates representing the pyramid distrib-
ution are unique. Since they correspond to a critical point of f , and the value of f at
this point is too close to f (Θbp), we discuss it separately.

5.1 Pyramid Distribution

If Θ ∈ D(1) ∪ D(2), the pyramid distribution is unique, i.e.,

A(1,0,0),

B(1,−2ω1,π),

C

(
1,

π

2
− ω1,π

)
,

D(1,ω2,−ω3),

E(1,ω2,ω3),

(5.1)

where

ω1 = arcsin

(
−3

4
+

√
2

2
+

√
41 − 28

√
2

4

)
,

ω2 = − arcsin

((
−3

4
+

√
2

2
+

√
41 − 28

√
2

4

)

×
√

1 −
(
−3

4
+

√
2

2
+

√
41 − 28

√
2

4

)2
)

,

ω3 = arccot

⎛

⎜⎜⎝
(− 3

4 +
√

2
2 +

√
41−28

√
2

4 )2

√
1 − (− 3

4 +
√

2
2 +

√
41−28

√
2

4 )2

⎞

⎟⎟⎠ ,
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Fig. 3 The pyramid distribution

as shown in Fig. 3. The corresponding Θ for this distribution is

Θp =
(

−2ω1,
π

2
− ω1,π,ω2,−ω3,ω2,ω3

)
.

We have

f (Θp) ≈ 15.67482117. (5.2)

5.2 Neighborhood of Θp

Similarly as in Sect. 4.2, we introduce a perturbation [− π
791 , π

791 ] on the coordinates
of Θp , and finally obtain a rectangular domain Dp .

The interval Hessian matrix W of f over Dp can be calculated by interval com-
putation. Through Theorem 4.4, we can judge that W satisfies W �� 0. So by Theo-
rem 4.6, we know that f cannot attain the maximum in D̊p , i.e.,

Proposition 5.1 There exists no maximum point of f in D̊p .

6 The Other Domain

In this section, we will analyze f (Θ) for Θ ∈ (D(1) ∪ D(2))\(D̊bp ∪ D̊p), and prove
that Θbp is the unique global maximum point of f in D(1)∪ D(2) (without considering
spherical symmetry).
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6.1 Verification Criterions

We divide (D(1) ∪ D(2))\(D̊bp ∪ D̊p) into small rectangular domains, and verify these
domains one by one. If all points in a rectangular domain D0 satisfy one of following
conditions:

1. (By Assumption 3.2) C is below E

2. (By Assumption 3.4) A,B,C,D,E are in the same half sphere
3. (By Assumption 3.5) The distance between some two points of A,B,C,D,E is

less than 2
15

4. (By Assumption 3.1) AB is not the second largest distance in all 10 distances
5. f (Θ) < f (Θbp)

6. (By Theorem 3.2) One of following equations

xq

xp

= yq

yp

= zq

zp

, p ∈ {A,B,C,D,E} (6.1)

is not satisfied for all Θ ∈ D0, where q = ∑4
i=1(p − pi)/|p − pi |

7. (By Proposition 3.3) A partial derivative of f does not change signs in this domain

then we can exclude this domain. Indeed, if Conditions 1 or 4 are satisfied, each point
in D0 is spherically symmetric to some point in (D(1) ∪ D(2))\D0; if Conditions 3, 6
or 7 are satisfied, points in D0 cannot be local maximum points of f in D(1) ∪ D(2);
if Conditions 2 or 5 are satisfied, points in D0 cannot be global maximum points of
f in D(1) ∪ D(2).

To check a condition for a rectangular domain, we first construct corresponding
elementary functions which should be greater than, less than, or not equal to zero
over this domain. Then through the interval computation introduced in Sect. 4.1.1,
we can obtain intervals containing ranges of function values over the domain, as
we do in Example 4.1, which, in fact, has checked Condition 5 for the rectangular
domain D(2)

1 . If the intervals do not contain zero, then we could make a judgement
whether the condition is satisfied for the domain.

For example, in order to verify whether each point in a rectangular domain D0

satisfies Condition 6, we first set p to be A, whose Cartesian coordinates are (1,0,0).
From (6.1), we construct functions as follows

g1(Θ) � xqyp − xpyq = −yq,

g2(Θ) � xqzp − xpzq = −zq,

where

yq = − cos(φ4) sin(θ4)√
2 − 2 cos(φ4) cos(θ4)

− cos(φ3) sin(θ3)√
2 − 2 cos(φ3) cos(θ3)

− cos(φ2) sin(θ2)√
2 − 2 cos(φ2) cos(θ2)

,
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and

zq = − sin(φ4)√
2 − 2 cos(φ4) cos(θ4)

− sin(φ3)√
2 − 2 cos(φ3) cos(θ3)

− sin(φ2)√
2 − 2 cos(φ2) cos(θ2)

− sin(φ1)√
2 cos(φ1) + 2

.

Denote by g̃i the expanded mapping of gi , as defined in (4.4), and let Xi = g̃i (D0),
i = 1,2. If 0 is not contained in X1 or X2, then (6.1) is not true for all Θ ∈ D0, thus
Condition 6 is satisfied. Similar steps can be taken when p is set to be B,C,D, or E.

We choose appropriate verification criterions and the verification order for a do-
main to be verified. If verifications are not successful, we subdivide the interval with
maximal width into two intervals of equal width, and verify the two subdomains re-
cursively. We set a positive number, if the largest interval width of a domain we get
in the above process is less than this number, we stop subdividing this domain, and
record it. The recorded domains may contain coordinates corresponding to distribu-
tions of points with larger distance sums then f (Θbp). This process terminates when
all subdomains have been verified or recorded.

The detailed algorithm is described in Appendix.

6.2 Subdivision Process

If the size of a domain is too large, the recursive verification process may take too
much memory, thus reducing the efficiency of the algorithm. We first need to sub-
divide D(1) and D(2) into domains of appropriate sizes. After some experiments,
we finally subdivide them the way that each interval of them is trisected, so we get
37 = 2187 subdomains for each. Denote them respectively by

D(1)
1 , D(1)

2 , . . . , D(1)
2187,

and

D(2)
1 , D(2)

2 , . . . , D(2)
2187.

If some of these subdomains are difficult to verify successfully, we can again sub-
divide them the same way. Actually, the following domains need to be subdivided
again:

D(1)
62 , D(1)

158, D(1)
239, D(1)

863, D(1)
1102, D(1)

1105, D(1)
1106, D(1)

2114, D(1)
2132,

D(1)
1105−1101, D(1)

1106−834, D(1)
1106−861, D(1)

1106−1099, D(1)
1106−1100,

D(1)
1105−1101−1100, D(1)

1106−834−725, D(1)
1106−834−726,

D(1)
1106−834−725−1752, D(1)

1106−834−726−1507, D(1)
1106−834−726−1750,

(6.2)
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where D(1)
1105−1101 denotes the 1101st subdomain in all 2187 subdomains of D(1)

1105,
other similar notations are understood the same way.

6.3 Verification Result

The Maple Package fivepoints implements algorithms described in the above sec-
tions. The following is verification time for various domains (may differ on different
computers, it is the time used by computers with Pentium IV 3.0 GHz CPU, and 1 GB
RAM):

1. Time used to verify domain D(1)\(D̊bp ∪ D̊p): 782534.203 seconds.
2. Time used to verify domain D(2)\(D̊bp ∪ D̊p): 8797.600 seconds.
3. Total time: 791331.803 seconds.

In the end, no domain has been recorded.

6.4 Conclusion

Denoted by Ei , i = 1, . . . ,7, respectively, the unions of domains verified successfully
through the 7 criterions in Sect. 6.1. Note that if a domain satisfies one condition, then
the domain is excluded, and no other condition needs to be tested for this domain.
Thus E1, . . . , E7 have no common interior points and

(
7⋃

i=1

Ei

)
∪ D̊bp ∪ D̊p = D(1) ∪ D(2).

Moreover,

1. Points in ES � E1 ∪ E4 are spherically symmetric to some points in (D(1) ∪
D(2))\ES .

2. Points in EG � E2 ∪ E5 cannot be global maximum points of f in D(1) ∪ D(2).
3. Points in EL � E3 ∪ E6 ∪ E7 ∪ D̊p cannot be local maximum points of f in D(1) ∪

D(2).

Thus we have

D(1) ∪ D(2) = ES ∪ EG ∪ EL ∪ D̊bp. (6.3)

Since f should have a global maximum point in (D(1) ∪ D(2))\ES , and this point is
not in EG or EL, it must be in D̊bp . From Proposition 4.1, we can see that

Proposition 6.1 Θbp is the unique global maximum point of f in (D(1) ∪ D(2))\ES .

This, in fact, completes the proof of the conjecture about the (5,3)-problem for
λ = 1.

Acknowledgements Our sincere thanks are due to the two anonymous referees for providing construc-
tive comments and help in improving the contents of this paper.
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Appendix: Algorithm for checking domains contained in
(D(1) ∪ D(2))\(D̊bp ∪ D̊p)

Algorithm 1: CheckDomain
Input: rectangular domain D0, methods, notcheckbipyramid, notcheckpyramid
Output: true/false
begin1

checkbipyramid ← not notcheckbipyramid; checkpyramid ← not notcheckpyramid;2
if checkbipyramid then3

if D0 ⊆ D̊bp then4
add “bipyramid” to checkprocess5
return true6

if some interval in D0 disjoints the corresponding interval in D̊bp then7
checkbipyramid ← false8

if checkpyramid then9
if D0 ⊆ D̊p then10

add “pyramid” to checkprocess;11
return true12

if some interval in D0 disjoints the corresponding interval in D̊p then13
checkpyramid ← false14

while methodsi ∈ methods do15
if D0 is successfully checked through methodsi then16

add methodsi to checkprocess;17
return true18

dim ← the widest interval position in the interval tuple D019
if the width of the dim-th interval in D0 < 1/10000 then20

add D0 to notchecked21
{notchecked records domains that cannot be checked successfully}22
add “record” to checkprocess;23
return false24

add dim to checkprocess25
{dim designates the interval to be subdivided, and is recorded in checkprocess}26

S ← subdomains divided from D0 at the dim-th interval27
cur ← true28
foreach Si ∈ S do29

if not CheckDomain(Si , methods, not checkbipyramid, not checkpyramid) then30
cur ← false31

add cur to checkprocess32
return cur33

end34
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